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ABSTRACT

Language models have consistently grown to compress more world knowledge into
their parametric memory, but the knowledge that can be pretrained into them is
upper-bounded by their parameter size. Especially the capacity of Small Language
Models (SLMs) is limited, leading to factually incorrect generations. This problem
is often mitigated by giving the SLM access to an outside source: the ability to
query a larger model, documents, or a database. Under this setting, we study
the fundamental question of which tokens an SLM can and should learn during
pretraining, versus which ones it should delegate via a <CALL> token. We find
that this is not simply a question of loss: although the loss is predictive of whether
a predicted token mismatches the ground-truth, some tokens are acceptable in that
they are truthful alternative continuations of a pretraining document, and should
not trigger a <CALL> even if their loss is high. We find that a spaCy grammar
parser can help augment the loss signal to decide which tokens the SLM should
learn to delegate to prevent factual errors and which are safe to learn and predict
even under high losses. We propose LaCy, a novel pretraining method based on
this token selection philosophy. Our experiments demonstrate that LaCy models
successfully learn which tokens to predict and where to delegate for help. This
results in higher FactScores when generating in a cascade with a bigger model and
outperforms Rho or LLM-judge trained SLMs, while being simpler and cheaper.

1 INTRODUCTION

Large language models (LLMs) have evolved to be compressed versions of the world’s knowledge.
For instance, SimpleQA (Wei et al.| [2024)) benchmarks models based on whether they know in whose
honor the 1877 Leipzig chess tournament was organized (it was Adolf Anderssen). But|Morris et al.
(2025) and |Allen-Zhu & Li| (2024)) recently found that an LLM’s storage is limited as a function
of its number of parameters. Beyond a certain capacity threshold, exact factual storage becomes
impossible, hence LLMs compress knowledge into lossy statistical predictions over tokens. While
acceptable for some tokens, this inevitably introduces factual errors for others. (Gyorgy et al., 2025)).

This is particularly important for Small Language Models (SLMs, Belcak et al.| [2025). An SLM
has a strongly limited parameter count, often around or below 1B, and is thus neither capable of
learning facts nor is meant to. Their goal is to quickly and cheaply predict tokens that they can
(e.g., from context, or general language) and rely on tools and knowledge databases when they face
factual predictions beyond their capacity. This is implemented by predicting some form of a <CALL>
placeholder for the next token. This evokes two key research questions: (1) how can we keep the
model’s capacity free from trying to learn unlearnable tokens and instead call for help when necessary,
and (2) what to do after we called for help? In this paper, we focus fully on the first question. For
simplicity, for the second question we assume a bigger model to step in when the SLM calls, forming
a model cascade (Varshney & Barall [2022; |Gupta et al.| [2024).

From a learnability theory standpoint, the loss on the true token during pretraining indicates both
whether the SLM predicts the true token correctly and whether it will reliably predict it after training.
Loss-based approaches like Rho-loss and Rho-1 (Mindermann et al., [2022; |Lin et al., [2024)) use this
to decide which tokens to pretrain into the SLM’s parameters and which to skip (or in our setting, to
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Figure 1: Overview of the LaCy framework. We decide which tokens an SLM can and should learn
during pretrained based on its loss signal and a spaCy grammar processor. If it is a fact token that is
too hard for this small model, we train to output a <CALL> token. At inference time, this triggers a
larger model to step in. This enables the SLM to learn what it can predict, mitigating factual errors.

instead learn an explicit <CALL> token). However, an important finding that serves as the foundation
of our work is that the cross-entropy loss is blind to the type of error: while the loss is indeed high for
factual tokens that the SLM is not capable or meant to learn, it is also high when a predicted token just
does not exactly match the ground-truth token because there are multiple acceptable continuations.
For example, “The cat” and “The time” are both valid continuations of “The”.

Rather than strict ground-truth matching via the loss, we propose to strive for acceptability: would
the next token render the sentence factually false? We find that a spaCy-based grammar parser can
detect factual tokens with only one truthful continuation (names, dates, etc.). If the SLM has a high
loss on these tokens, it should <CALL>. Tokens with many acceptable continuations are less likely to
cause factual errors, hence they are worth to learn even if their loss is high. Based on these insights,
we propose LaCy: a novel pre-training method that augments SLM pretraining with this combination
of grammar parsing and loss to decide which tokens to train on and for which to learn a <CALL>
token instead.

This simple and inexpensive change consistently improves the learning signal during pretraining. After
training, the SLM has learned when to predict a <CALL> token and when to rely on its parametric
memory to continue text. In downstream evaluations where we let the SLM write Wikipedia articles
in a model cascade with a larger model, this leads to higher FactScores (Min et al.l 2023) than SLMs
trained to predict <CALL> tokens based on losses (Wang et al.,[2024a; Mindermann et al.| {2022} Lin
et al.| 2024), LLM Judge annotations (Zhao et al.| [2025), or token logits.

2 BACKGROUND

2.1 WHY NOT LEARN ALL TOKENS?

The predominant mantra of foundation model training is to train models on as many tokens as possible.
However, this strategy has come into question with the increasing understanding of how and what
LLMs learn, and where they fail. The key insight is that language models can memorize facts only up
to a limit dictated by their parameter size (Morris et al.,|2025; |Allen-Zhu & Lil |2024). After this,
models seem to start “grokking”, that is, they transition from nearly lossless to lossy predictions by
overwriting and compressing parametric memory (Ghosal et al.|[2025)). While this appears useful for
generalization, it poses a danger to trustworthiness: as pretraining progresses, the model associates
more and more contexts it has seen some time during pretraining with a rough statistical prediction.
Gyorgy et al.|(2025)) argue that not all contexts should be answered with a statistical prediction —
indeed, some contexts, like facts, require exact predictions to prevent hallucinations.

Mitigating the drawbacks of statistical learning is especially important for the increasingly popular
small language models (SLMs, Belcak et al.,2025). On the one hand, they are strictly limited in their
capacity, but on the other hand, they are deployed with access to function calling or web queries to
answer exact queries (Schick et al.,|2023)). Put differently, not only can an SLM not learn all tokens,
it also should not. Rather, it should learn those tokens that are learnable and learn to identify those
that are not and call out for help.
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Figure 2: Results overview for pretraining a 334M SLM. (Left.) The LaCy-trained SLM achieves
the highest FactScore when generating biography with Llama 3.2 1B as cascade partner, confirming
that it successfully generates calls at factual token positions. (Right.) Without calling, LaCy has
lowest fact leakage, meaning the least facts were trained into the limited parametric SLM memory.

2.2  WHICH TOKENS ARE LEARNABLE?

The question of which tokens should be learned has recently received fresh attention. Generally,
methods in this field pursue a selection mechanism and replace all non-learnable tokens with some
instantiation of a <CALL> placeholder token. [Zhao et al. replace all tokens with <CALL>
tokens that GPT-40 (and a derived classifier) flags as factual knowledge. Other works propose
mechanisms that are more adaptive to the model that is being trained. [Chuang et al.| (2025) propose
to analyze which tokens a trained model is wrong on and then retrain the model without them.
similarly proposes to shift logits onto an <IDK> token if a predicted token is wrong.

A second category of methods rank which tokens do not appear learnable based on the difference of
the loss of the SLM under training and of a reference model, which has seen more or higher quality
data. They then disable gradient updates on a customizable portion of them, effectively ignoring
those tokens in the backward step (Wang et all,[2024a} [Lin et al., 2024). The idea is that the reference
model’s loss carries signal about how likely a token is to be wrong after more training. Instead
of ignoring, an SLM can also use this signal to learn explicit <CALL> tokens. This is an instance
of learnability theory. It has roots in domain adaptation (Moore & Lewis| [2010; [Xie et al}, [2023),
distributionally robust optimization [2019), and has recently resurfaced in Bayesian active
learning Mindermann et al.| (2022)) and pretraining efficiency (Lin et al, 2024} Brandfonbrener et al.,
[2025). Our work refines these loss-based approaches by considering the token type.

2.3 WHAT TO DO ONCE AN SLM CALLS FOR HELP?

While implementing a lookup mechanism that is triggered after a <CALL> token is generated is
not within the scope of our work—we focus exclusively on the question of when to call—various
approaches have been considered to handle <CALL> tokens. The simplest option is to refrain from
answering the query upon encountering a call (Cohen et al., 2024} [Zhang et al. [Chuang et al.
2025). On the other extreme, a call may trigger a database lookup|Zhao et al.| or a function
call (Schick et all, [2023}; [Komeili et al.,[2021). This may be the most forward-looking perspective
on handling unlearnable contexts, but the mechanism of when to call becomes entangled with these
specialized implementations of the lookup. Hence, in this paper, where we focus on when to call, we
rely on a more generic way of handling calls: model cascades delegate the token to a more capable,
but also increasingly costly, model (Varshney & Baral, 2022} [Narasimhan et al.} 2022} Jitkrittum
let all 2023}, |Gupta et al.| 2024} [Chen et al., [2024; Yue et al, 2024; Ding et al., 2024). This gives
an adaptive and well-performing plug-in for experiments in which we want to measure downstream
improvements in factuality.

3 LOSS ALONE CANNOT IDENTIFY FACTUAL ERRORS

The question of which tokens an SLM should learn depends on the downstream task. A universal
goal is to avoid factual errors and hallucinations. Standard training minimizes the cross-entropy loss,
which measures the model’s likelihood of outputting the exact continuation that happens to be in the
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training document. We argue that the loss is not fully aligned with factual correctness, because some
contexts can be continued in multiple valid ways, while others require very specific continuations.
This discrepancy becomes important for token-selection: out of a limited budget of tokens we make
models <CALL> on, it is crucial to choose those that are most likely to lead to factual errors. In order
to measure how likely a token is to lead to factual errors, we propose the concept of acceptability as a
relaxation of accuracy (whether a model’s proposed next-token matches the ground truth in the data).

Defining Acceptability. Given a context, a proposed next-token is acceptable if, combined with
the context, it produces a statement that is factually and logically consistent with the ground truth
continuation and preserves its meaning. Although continuations that alter meaning may still be
factually correct, we deem them unacceptable, as our goal includes training models to stick to the
original data format and domain.

Examples. An acceptable continuation is: “Entre Campos Station is part of the Lisbon”, if the
original document is “Entre Campos Station is part of the metro system in Lisbon”. An unacceptable
continuation is: “Alan Turing was an English linguist” instead of “Alan Turing was an English
mathematician”.

Experiment. To test which token
types are most prone to errors, We o __ g Nonfacts
measure acceptability in a small-scale 2 o : o
experiment: we pick a single batch 3 ”
(of 112 documents, covering ~ 44k 508 ET
tokens) out of the validation set of $os k)
dwiki (a wikipedia dataset,[Zhao etal, 5., 2806
0 R k3l :

2025)), and score a 1.3B model’s logits g 02 5 <

o . . (9}
after training on 50B tokens. Ateach 7§ & 04
token position of a given document, 00

.. @ 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
we prompt Gemini 2.0 Flash (GOOglC o Ground Truth Token Loss Ground Truth Token Loss
(Quantiles) (Quantiles)

DeepMind} 2024)) to assess acceptabil-
ity of the model’s proposed next token,
given the true context and the ground
truth next token. The details of the

Figure 3: The difference between Accuracy and Accept-
ability. The token loss is predictive of whether a token is
likely to match its exact ground-truth token (/eft). However,

prompting are in Section [A]

We qualitatively find two trends: non-
acceptable tokens are usually pre-
dicted at positions where the ground-
truth next token has high loss and is

this signal is blind to the type of token: Non-factual tokens
are considered equally wrong as factual tokens, although
non-factual tokens with high loss often do not render an out-
put false (right). We utilize a SpaCy grammar parser during
pretraining to tell these two signals apart.

factual. To measure these trends quan-

titatively, we annotate the documents using a grammar parser, spaCy’s small English web model
(en_core_web_sm, [Honnibal et al., [2020) for Named Entity Recognition and linguistic annota-
tion, augmenting it with custom heuristics such as searching for common keywords and occurrence
tracking. The details of the fact annotation can be found in Section[A.2.T]

Figure |3|(right) confirms both observations: factual tokens and high-loss tokens have, on average,
lower acceptability scores than their non-factual and low-loss counterparts. We repeat this experiment
after training on only 10B tokens, and find similar behaviour (see Figure[9]in the Appendix). This
effect is invisible when only considering accuracy (predicted token equals ground truth) or loss
(Figure 3] (left)). Our findings reveal that data selection based on only one of these signals is
suboptimal: only considering loss or accuracy includes acceptable non-factual tokens at the cost of
missing inacceptable factual tokens, whereas simply selecting (a percentage of) factual tokens creates
calls at factual positions that would have been acceptably answered.

Based on these findings, we propose a novel pretraining method, LaCy, that combines the loss
signal with spaCy annotations to delegate via <CALL> tokens. Training with LaCy and retrieving
next-tokens from a larger model at inference time whenever the SLM outputs a <CALL> results in
highly factual texts. We verify this increase in factuality quantitatively in the experiments section, but
first present details of our method.
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Tell me a bio of Errol Flynn. Errol Flynn is an Australian actor , director and producer who has appeared in more
than 50 films since his debut film ” The Adventures of the Black Pirate” (119 Tell Me A Bio). He also starred as the
title character on television series such as ” The Adventures of Robin Hood” which aired from 1955 to 19 Tell Me A
Bio was produced by the Australian Film Institute with assistance from the Australian Film &amp; Television School at
the time it premiered. It won the Academy Award for Best Foreign Language film in 195 6. In addition, he received
a Golden Globe nomination for Best Actor Motion Picture Drama for this role.

Figure 4. Generations from 334 million parameter models. The task is bibliography generation,
the prompt is given in ifalic. <CALL> retrieved tokens from Llama 3.2 1B are highlighted in gray .
Factual statements are colored in green for true, and red for false statements, as scored by FactScore
(Min et al.l 2023). LaCy successfully delegates factual tokens, acquiring information on nationality,
profession and dates.

4 LACY: DON’T LEARN WHAT YOU CAN’T

In this section, we formalize the intuition of refining loss signals with spaCy parsing (LaCy) for SLM
pretraining. Let x = (21, X2, ..., 2N ) denote a data sequence, where each token x; is drawn from
a fixed token dictionary ). Autoregressive language models approximate the data distribution by
next-token prediction, by fitting a distribution p (z;+1 | 1.4;6) , parametrized by 6.

LaCy modifies the standard negative log-likelihood objective by replacing ground-truth targets in
each training batch with <CALL> tokens. LaCy’s token selection combines spaCy-based factuality
with loss-signals. Let Cpacy : V — {0, 1} be our custom function that flags factual tokens according
to Section Our spaCy annotation alone assigns a fact label to 25% of tokens. However, based
on Section |3} we do not want to delegate on all factual tokens, since there are some that may be
predictable even for an SLM. We thus incorporate the loss signal, delegating the factual tokens with
the highest loss. In Section we ablate this design choice. With x; being the i token in a
mini-batch 3, we define the LaCy call mask as:

Cracy (i) = Cpacy (i) - 1 [z is in the top n% of L(B;0)|,

where 1 denotes those tokens that LaCy changes to the <CALL> token. The modified pretraining
objective is:

N
1
Lracy(x:0) = =1 > :[chcy (zi+1)logp (<CALL> | z1.i; 0)
z:l

+ (1 — Cracy (zit+1))log D\ <cares (Tit1 | 21:436) ]7

where p\ <car1> 18 the predictive token distribution excluding the <CALL> token, renormalized to
probability 1.

To allow fair comparison to LLM judge-based factual annotations (Zhao et al., [2025), who delegate
15% of overall tokens (see Section [A.2.2)), we pick n such that 15% of tokens are calls in each
mini-batch. This means that the 60% highest-loss fact tokens are delegated and the 40% lowest-loss
fact tokens, as well as all non-fact tokens, are learned as normal.

At inference time, LaCy generates text autoregressively until a <CALL> token is generated. The call
is executed by prompting a larger cascade model with the context so-far (excluding the <CALL>
token), and the output is appended to the generations, allowing the base model to continue. Further
details can be found in Section[Al

5 EXPERIMENTS

We evaluate LaCy on factual precision, factual benchmarks, NLU, and validation losses against other
<CALL> methods. In the main paper, we focus on 334M parameter SLMs. We also experimented
with 1.3B models in Section [C] reaching similar conclusions.

Data. We use the dwiki dataset, which consists of 3B tokens from the OLMo?2 project (Groeneveld
et al} 2024), as used by Zhao et al.| (2025). We label the dataset using our strategy outlined in
Section[A.2T] relying on the spaCy grammar parser (Honnibal et al.,2020). To compare to LLM
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judge annotations in our <CALL> delegation setup, we process the annotations of |[Zhao et al.| (2025)
as described in Section[A.2.2]

Pretraining. We pretrain GPT-2 architectures from scratch with the SentencePiece tokenizer (Kudo
& Richardson, 2018)). The standard token dictionary of size 32,000 is extended by the special
<CALL> token. Models are trained for 340 — 440k iterations (~ 50B tokens, ~ 16 epochs), the
exact number picked, similarly to past work (Lin et al.|[2024) to equalize the number of tokens on
which models receive gradient signals to the ground truth next token. We use a context length of
1024 tokens and full precision. Details are in Section[A.4]

Inference and Cascading We use greedy decoding. The cascade model used when an SLM defers
is Llama 3.2 1B (Meta Al 2024). While a relatively small model, we found it to be particularly high-
performing on wiki data, making it a good cascade partner. Whenever the SLM generates a <CALL>
token, we pass the sequence generated so-far (including the prompt and excluding the <CALL> token)
to the cascade model. In generation tasks, models are evaluated on an equal call budget of 22% of
tokens, which we enforce by thresholding the <CALL> logit based on a running quantile that that
adjusts based on the number of <CALL>s generated so far (details are in Section[A.3). Since Llama
does not use the SentencePiece tokenizer, occasionally it returns what in the SentencePiece tokenizer
are multiple tokens, predominantly when retrieving 3-4 digit numeric tokens.

Model comparisons. We compare LaCy to a range of recent methods. For fairness, we reimplement
and pretrain these methods with the same budgets and data.

. : pretrained without <CALL> delegations, evaluated at 340k steps to make up for the 15%
of tokens that other methods do not train on.

* Loss-based calls: pretrained with uniformly sampled <CALL> masks. The SLM learns a constant
prior logit on the <CALL> token, independent of context, and hence at inference time calls whenever
the logits of all other tokens fall below this threshold, similar to Jitkrittum et al.[ (2023)).

. : pretrained with <CALL> delegations from LLM judge annotations (Zhao et al., |2025).

* Rho-1: pretrained with <CALL> delegations chosen with low Rho-score (Lin et al.,2024). The
original paper trains on tokens with high Rho score and skips the rest. We adapt this to our cascade
setup by training on tokens with high Rho score and delegating on tokens with low scores.

* LaCy: pretrained with <CALL> delegations based on spaCy factual annotations and loss signal.

5.1 BETTER FACTUAL ACCURACY IN BIOGRAPHY GENERATION

Since we train on a specific domain, Wikipedia, we use an evaluation that falls into the learned
distribution, both in terms of format and of content. We prompt our models to generate biographies
with their cascade partner.

FactScore Results.  Factual accuracy is measured by FactScore (Min et al., 2023). FactScore
breaks the generated biographies into atomic facts and measures which proportion of generated facts
is supported by the true Wikipedia page. Results are in Figure 2] (left). LaCy outperforms all previous
methods, providing an increase of 7.49% compared to the baseline with no <CALL> augmentation.

LaCy’s strength lies in querying in the right time: as illustrated by a sample generation (Figure ),
LaCy indeed learns to delegate when the next token is factual. Observe that not all facts inserted
by the cascade partner are true (Llama 3.2 1B achieves 34.2% FactScore alone). This indicates
LaCy’s potential to perform even better with more factually accurate cascade partners. In the few
exceptions of non-factual retrievals, such as where the retrieved token is t he, the context suggests the
possibility of a factual continuation. LLM judge qualitatively shows similar behavior (see Figure
in Section [C.2)), but has a slightly lower overall FactScore and a more complex training setup.

RAG-Enhanced Cascade. To increase the correctness of retrieved factual content, we ablate our
cascade setup by using Qwen 3 32B (Qwen Team) 2025)) as cascade partner, enhanced with a RAG
prompt. The details of this setup can be found in Section[A.5] The results (in Section [C.5) stay
consistent with our findings with Llama 3.2 1B cascade partner.

We emphasize that the focus of our work is the fundamental question of which tokens can and
should be learned with an SLM. Our cascade setup is designed to provide a controlled experimental
framework for comparing token delegation methods, and therefore it is intentionally simplified.
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Figure 5: Comparison of validation losses: LaCy distinguishes most the tokens it learns from the
tokens it does not learn. (Left.) Call losses. (Right). Non-call losses. For each <CALL>-augmented
method, we construct its call mask by selecting the top 15% call logits in a batch. Full colors show
the loss values of the <CALL>-augmented methods, while light colors show the loss of a vanilla
baseline evaluated on the same <CALL> mask. LaCy calls on high-loss tokens (baseline call loss is
high), and learns even less about them, achieving a call loss of 5.72. Its non-call loss is competitive
with the factuality-based LLM judge.

5.2 DECREASED FACT LEAKAGE

Factual QA Results. To analyze whether our SLM indeed does not internalize factual knowledge
into its parametric memory (but instead call), we use a second evaluation based on QA datasets.
We turn off calling capabilities by setting the <CALL> logit to —oo and prompt the models with
questions (and sentence starts) on BigBench QA Wikidata (Srivastava et al.}[2022) and the long-tail
subset of PopQA 2024). We then check if the gold answer is contained in the generated
answer. Less contained answers are better in this experiment. The reason we do not only measure
FactScore to assess fact leakage is that FactScore generates long texts and the intervention on the
<CALL> logit could drive subsequent generated tokens out-of-distributon, whereas on QA datasets
we can prompt for isolated facts. Figure 2] (right) shows that LaCy achieves the lowest fact leakage,
confirming its tendency to avoid learning facts.

Validation Losses. LaCy’s low fact leakage is further supported by comparing validation losses
on tokens where each method places calls (“call loss™) versus does not (“non-call loss™) in Figure [5]
Note that Figure[5]should be interpreted with care because the methods choose different tokens to call
on. Hence we provide the matched loss for each method, which is computed on the call or
non-call mask proposed by each call-augmented model. LaCy achieves the largest validation loss of
5.72 on tokens it places calls on (Figure[3] left). Comparison to the baseline reveals that LaCy’s calls
happen on relatively high-loss, hence a-priori difficult tokens, and confirms the message: the tokens
LaCly chooses not to learn, it really does and should not learn. LaCy’s validation loss on tokens
it doesn’t delegate but generates (Figure [3] right) is between non-call losses of solely loss-based
methods (Loss-based calls, Rho-1) and the solely factuality-based LLM judge. This is explained by
the insight that factuality is not always aligned with high loss: we have seen in Section [3]that some
facts have low loss, hence their delegation increases the non-call loss.

5.3 LACY ABLATIONS

To push the LaCy effect to its extreme, we explore the following ablations of LaCy (details are in

Section[A.4.2):

* spaCy only: We remove loss-based thresholding from LaCy, and instead uniformly sample factual
tokens to delegate, to create 15% calls per minibatch.

* spaCy + Reference Model: Similar to Rho-1, we use a reference model’s loss instead of the SLM’s
own loss. This gives a signal on which tokens are “hard”, independent of the SLM’s training state.

» LaCy + Ignorefacts: We delegate facts using LaCy’s selection, and additionally disable gradient
updates on the remaining facts (~ 10% of total tokens) in the spaCy annotation, effectively ignoring
these tokens. To equalize the number of tokens models receive updates towards the true target, we
allow training for 10% longer.

» LaCy + Ignore: We delegate facts using LaCy’s selection, disable backpropagation on all remaining
facts and additionally on some non-factual and non-grammatical tokens (defined in Section[A2.T)
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with the highest loss. This totals to delegating 15% and ignoring 15% of tokens per minibatch. We

allow for training for 15% longer.

Figure [6] shows that the loss-based selection
component of LaCy is necessary: spaCy only
performs worse both on FactScore and Fact
Leakage. Switching the loss to a reference
model’s loss (spaCy + Reference Model) gives
very minor benefits to FactScore, likely because
the reference loss provides more consistent sig-
nal on which tokens have high loss. However,
this is at the cost of an overhead similar to Rho-1
(Table[2), and requires two-stage training where
first a complete model is trained, only to then
restart training a new model. Ignoring the re-
maining facts (LaCy + Ignorefacts) or even more
tokens (LaCy + Ignore) is slightly beneficial, but
only if the number of backpropagated tokens are
equalized. Figure |l11|in the Appendix shows
that improvements on FactScore disappear once
methods are evaluated on an equal number of
forward steps. We suspect that there are con-
flicting forces at play: while not learning any
facts creates a more consistent <CALL> signal,
as Figure[3]in Section [3|has shown, some facts
can be learned.
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Figure 6: FactScore (with cascade) against fact
leakage (without cascade) for LaCy ablations.
Methods disabling backpropagation on % tokens
are evaluated after 2% more training steps. Loss
signal is beneficial: spaCy (without loss) performs
worse. Using a reference loss or ignoring non-
delegated facts gives marginal improvements on
FactScore at a computational overhead (Table [2)).
Offloading even more tokens is beneficial.

5.4 NOT LEARNING FACTS DOES NOT WORSEN NLU

Factual knowledge and Natural Lan-
guage Understanding (NLU) are con-
sidered separate skills. We test this hy-

Table 1: NLU performance of <CALL> augmented models
without cascade. We confirm that factual offloading does
not significantly degrade Natural Language Understanding

pothesis by evaluating our <CALL> (NLU).
models without cascading on SLM- —

. etrics
appropriate NLU benchmarks. Ta- ARCEasy HellaSwag PIQA SIQA Average
ble [T] confirms, in accordance with ~Random chance — 25.0 350 500 333 333
previous work (Zhao et al., 2025 that  Baseline ' 34.8 28.8 590 359 396
fact offloading neither increases, nor Iﬁgis_'lbased calling 2‘5"(3) %2'2 gg'é gg'g gg-}
decreases NLU ability significantly. 1M judge 338 283 573 368 391
This means that factual knowledge is _LaCy 35.6 285 593 362 399

not needed for NLU tasks, but, inter-

estingly, freeing model capacity by offloading facts does not improve NLU. Table[6]in the Appendix
shows that offloading more than factual tokens degrades NLU performance.

5.5 THROUGHPUT OVERHEAD IS MINIMAL

Both LaCy and the methods we com-
pare against require a certain label-
ing effort before training (except loss-
based, since loss is computed any-
ways during training). In Table 2] we

Table 2: Overhead of producing pretraining labels. LaCy
is the only method (except the loss-based baseline) whose
labeling does not require a GPU, allowing to scale to large
pretraining datasets.

report the overhead that this causes.  \feghod Preprocessing Overhead Device

LLM judge, which uses a large addi- Lossbased N N

tional LLM, implies most cost to iter- 08s-base one  xone

ate over the pretraining dataset. The LLM judge 233 W/IB tokens single A100 GPU
. Rho-1 56 h/1B tokens  single A100 GPU

spaCy labeling that LaCy uses nuns on LaCy 152 h/1B tokens  single CPU core

CPU cores. Not only does this scale

cheaper than GPUs, but it can also be included in the dataloader online during training, without
occupying GPU cycles. This makes LaCy compatible with larger-scale pretraining.
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Figure 7: Validation loss is not correlated with FactScore. Neither the call loss (Right), non-call
loss (Middle), nor the total loss (Left) is predictive of the FactScore of the displayed methods. Findings
linking loss with downstream performance in related work [Kaplan et al.| (2020); [Srivastava et al.
(2022); [Krajewski et al.|(2025). do not transfer to our token-selection setting.

5.6 Lo0SS 1S NOT CORRELATED WITH FACTSCORE

Models’ abilities, especially during pretraining, are often assessed by their validation loss. Indeed, in
most training scenarios, the validation loss correlates with the model’s downstream performance and
reasoning abilities [Kaplan et al.|(2020); |Srivastava et al.| (2022); |Krajewski et al.[(2025)). Interestingly,
we observe (Figure[/) that in our setup, none of the validation losses we consider (call loss, non-call
loss, total loss) are aligned with factual accuracy (measured by FactScore). This is because token-
selection and delegation implicitly changes the models’ target distribution (i.e., which tokens we
evaluate on), hence methods are no longer comparable based on losses alone, even when compared to
a baseline (in Figure[5). We thus recommend to evaluate cascaded models in setups similar to ours
on downstream tasks, like FactScore.

6 CONCLUSION

Our findings suggest that “which tokens to delegate and which to learn into parametric memory”
is a nuanced question in an SLM setting. Human heuristic notions may overcall on tokens that
are predictable even for a small model, such as the word “Party” when already given the context
“politician for the Moderate”. On the other hand, fully automated notions based on the loss are
blind to semantic issues: the model may achieve relatively small loss while predicting a token that
is completely wrong and might have a high loss on a token where it placed probability mass on
an acceptable synonym. The method proposed in this work, LaCy, shows that incorporating these
nuances can lead to effective and yet simple training for SLMs.

However, we note that this study is an explorative pilot study. The model sometimes tries to predict
factual tokens it should not, which we believe is mostly because it was trained at a small scale. We are
confident that larger-scale training will make the behaviors more robust, because they are consistent
across experiments and follow what we expect theoretically. A second point to follow up on is the
question we excluded from this paper: what to do once the SLM calls. Previous work has proposed
exciting joint architectures both with cascade models and classical knowledge bases. We expect that
our improvements on when to call will transfer to the overall performance of those systems.
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IMPACT STATEMENT

The tension between language models being regarded more and more as conveyor of information
while technically being statistical, and thus lossy, predictors, has sparked societal debates about
trustworthiness. Technically, hallucinations arise as a simple consequence of statistical predictions,
of knowledge that has been compressed into the model parameters during pretraining and is being
retrieved approximately. Recent research has shown that this compression rate, and thus the risk
for hallucinations, is more severe for models with less parametric capacity, that is smaller language
models. We thus believe that especially such models can not be trained solely under the typical
pretraining paradigms of lossy compression in all contexts, but must actively flag and reach out for
help when it comes to generating information about facts. We believe that such mechanisms that are
grounded in factuality by design will allow the safer deployment of these systems. We do note that the
mechanism of when to call for help is still the result of a statistical prediction, and hence imperfect
yet especially for the experimental models presented here. However, we believe the paradigm “call
for help whenever outputting something that looks like a fact” is easier to learn by a model robustly
than “output some facts without flags and call on some others”, especially if it is a small language
model.
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A IMPLEMENTATION DETAILS

A.1 ASSESSING ACCEPTABILITY IN SECTION[3]

We assess the acceptability of predicted tokens using an LLM as a judge. We fix a validation batch of
size 112. Starting from token 1, at each position of each tokenized document, we record the model’s
proposed next token (corresponding to the highest logit, i.e., greedy decoding) alongside the the
ground truth next token.

We prompt Gemini 2.0 Flash to score the semantic and factual validity of the proposed next token
using the prompt below. We manually verified that this matches our intended intuition of acceptability.

Prompt for Judging Acceptability.

# Task
You must evaluate whether a proposed next token is a valid
continuation of a given text.

# Input

You will receive three pieces of information:

1. xxstarting_text+*: The initial text segment

2. *xproposed_next_tokenxx: A token that could continue the
starting_text

3. xxreference_next_tokenx**: A reference token for comparison

# Evaluation Criteria

The proposed_next_token is VALID if:

- Joining starting_text + proposed_next_token creates a statement
that is logically and factually compatible with starting_text +
reference_next_token

- The two resulting statements do not contradict each other

- The two resulting statements have similar meaning

The proposed_next_token is INVALID if:

- Joining starting_text + proposed_next_token creates a statement
that contradicts, conflicts with, or significantly changes the
meaning of starting_text + reference_next_token

# Output Format

Provide:

1. xxexplanation**: Your reasoning for the decision

2. xxoutput**x: A binary label (1 = valid, 0 = invalid)

# Examples

## Example 1: Invalid Continuation

+*xstarting_textxx: ‘Wolfgang Amadeus Mozart\n\n (27 January 17/

**xproposed_next_tokenxx: 6’

x+*reference_next_tokenx*: ’5’

*+explanation**: The proposed_next_token does not match
reference_next_token. Completing with ’6’ would create ’'Wolfgang
Amadeus Mozart (27 January 176...", while the reference creates
r...175...". Mozart was born in 1756, and the reference token
5’ indicates the correct continuation is 1756 (starting with
175). The digit ’'6’ creates a factual conflict because it would
lead to an incorrect year.

*xoutputx*: 0

## Example 2: Invalid Continuation
*+xstarting_textx*x: 'Alan Turing was an English '
**xproposed_next_tokenxx: ’linguist’
*xreference_next_token**: 'mathematician’
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*xexplanation**: The proposed_next_token does not match
reference_next_token. Completing with ’linguist’ would create '
Alan Turing was an English linguist’, while the reference
creates 'Alan Turing was an English mathematician’. This creates

a significant difference in meaning. Hence the continuation is
invalid.

*xoutputxx: 0

## Example 3: Valid Continuation
*xstarting_textxx: ’'Entre Campos (Lisbon Metro)\n\nEntre Campos
station is part of the '/
**xproposed_next_tokenxx: ‘metro’
x+*reference_next_tokenx*: ’'Yellow’
*xexplanation**: The proposed_next_token does not match
reference_next_token, but it does not create a factual conflict.
The reference would create ’"Entre Campos station is part of the
Yellow [line]’, while the proposal creates ’'Entre Campos
station is part of the metro [network/system]’. Both statements
have similar meaning and are factually true and compatible - the
station IS part of the Yellow line AND part of the metro system
These are not contradictory facts.
*xoutputxx: 1

# Your Task
*xstarting_textxx: ' {}’
*xproposed_next_tokenxx: 7 {
*+xreference_next_tokenx*: '/
*+explanation#x:

’

}
{}’

For each query, the outputted score is extracted and averaged across all model queries.

A.2 DATA PREPARATION

We use the dwiki dataset, which consists of (~3B tokens) from the OLMo?2 project (Groeneveld et al.|
2024), previously used by |Zhao et al.| (2025).

A.2.1 DATA PROCESSING WITH SPACY

We implement an NLP-based token classification system that categorizes each token in a document
into one of three semantic classes: grammatical (e.g. prepositions, punctuation), factual (first
occurrences of informative content), and other (repeated or not factually-essential content). In the
main paper, we then use the differentiation factual vs non-factual (grammatical and other). We use
spaCy’s small English web model (en_core_web_sm,Honnibal et al.||2020) for an initial linguistic
labeling, and augment it with custom heuristics to improve entity recognition and occurrence tracking.
We further customize fact annotation from word to token-level to make it suitable for autoregressive
language model training.

Before detailing each step, there is one key ingredient when deciding when an SLM should delegate.
As autoregressive language models, the first mentions of entities and concepts are hard-to-learn facts,
and should be delegated due to the SLM’s limited parametric knowledge capacity. When predicting
the second mention of an entity, autoregressive models have access to the previous mention in the
context, and hence parametric knowledge is not needed for predicting the second mention. Therefore,
our approach differs from fact annotation: these words are factual per se, but for the purpose of
training SLMs, factual knowledge is not needed for learning them, and so we do not label them as
factual tokens.

Our pipeline annotates words in a document as facts in the following steps:
1. Named Entity Processing. We process spaCy’s named entities and log their occurrence.

Only the first mention of a named entity is classified as a fact. For PERSON type words, we
check if any name component was seen before (for example, Wol fgang can be a second
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mention for Wol fgang Amadeus Mozart). For other named entity categories (such as
ORG and DATE), only the full entity counts as a repetition.

2. Supplementary Entity Detection (beyond spaCy’s Named Entity Recognition). First,
we process spaCy’s noun chunks as follows: noun chunks spanning whitespace boundaries
(e.g., newlines) are split into separate sub-chunks to ensure accurate word boundary detection.
Then, we process these chunks, and classify their first occurrence as a fact whenever

* They are likely PERSON based on
— syntactic role: subjects (Marie Curie discovered radium.) and appos-
itives (The physicist, Marie Curie, discovered radium.) sug-
gest person names;
— contextual cues are present (following verbs like born or died, preceding titles
like Dr or Professor)

* They are likely an ORG: keywords such as committee, council, university
appear in the noun sequence, or there is a leading definite article the

* They are proper nouns (capitalized words denoting specific entities, e.g. Mount
Everest)

* They are common nouns, but are likely factual: words serving as predicative at-
tributes (She was a lawyer), direct objects (She studied physies), or ap-
positives (Marie Curie, a physicist, discovered radium.) are con-
sidered factual, while those governed by manner prepositions (he was a lawyer
by training) are not.

* They are numeric (likely DATE) words: we classify all first occurrences of numeric
words as facts (where multiple-digit numbers like 1987 are treated as a single number)

3. Classification of grammatical words. We assign grammatical label to determiners (e.g.
an, this, my, each), prepositions (e.g. on, until), conjunctions (e.g. and,
unless), auxiliaries (e.g. have, might), and punctuation (e.g. —, ?).

4. Classification of other words. Words not classified so far are labeled other. For the
purpose of some ablations (Table[3)), we distinguish the other category from the grammatical
category, but we merge them in the main paper.

After word-level annotation, we tokenize each document using the SentencePiece tokenizer (Kudo &
Richardson, |2018)) and assign classes to subword tokens based on the class of the source word they
belong to. When a word is split into multiple subword tokens, all resulting tokens inherit the label of
the original word.

The full annotation pipeline, including tokenization, requires 22.5 hours on 32 CPUs (the results in
Table [2]reports slightly faster values because it reports pure throughput within the loop, without setup
costs). We chose an offline annotation because we ran multiple training runs, but the above speed and
simplicity of the method would also allow to run it online as a part of the dataloader when working
on large-scale pretraining datasets.

A.2.2 LMLM DATA PROCESSING

For fair comparison with LMLM’s data selection driven by an LLM judge annota-
tor (Zhao et all 2025), we process their entity-level factual annotations (available at
kilian-group/LMLM-pretrain-dwiki6.1M) to be compatible with our cascaded setup.
This consists of removing database lookup calls, and turning each delegated word into a sequence
of <CALL> tokens. This creates <CALL> and <NONCALL> labels for every token in the dataset.
During training, the clean data is passed to the model, the <CALL> labels are only included as targets
in the loss function. An example is given below.

Clean example snippet: Napoleon was born on August 15, 1769.

Snippet processed by [Zhao et al.| (2025): Napoleon was born on <|db_start|>
Napoleon <|sep|> Birth Date <|db_retrieve|> August 15, 1769. (where
August 15, 1769, is filled in automatically after the lookup)

Processed example (used as target in the loss function): Napoleon was born on <CALL>
<CALL><CALL>, <CALL><CALL><CALL><CALL>.
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We note that this is not a critique of their labeling. We just convert to our format in this study to focus
fully on when to call, rather than in which format to call.

A.3 MODEL ARCHITECTURES

We train GPT2 style transformers (Radford et al.| [2019) of two different scales, 334 million and
approximately 1.3 billion parameters. The architectures are described in Table 3] We fix the
vocabulary size to 32,001 (including the special <CALL> token, and the sequence length to 1,024.
We use the SentencePiece tokenizer (Kudo & Richardson, 2018)). Computations are performed with
precision bfloat16, apart from normalization layers and softmax in self-attention, which we compute
with precision float32, following standard practices (Rabe & Staats, 2021;|Wang et al., 2024b)).

Model Size Parameters Dim Heads Layers

Medium 334m 1024 16 24
XL 1.27B 2048 16 24

Table 3: Model configurations for different sizes of GPT models. All models share the same
tokenizer with vocabulary size of 32,001 and MLP dimension equaling 4 times the dimension of the
model. We include the embedding layer in the parameter count.

A.4 PRETRAINING

A.4.1 HYPERPARAMETERS

Model Batch Size Total Steps Learning Rate Warmup Precision
334m calling models 128 400k 2e-4 2560 FP32
334m baseline model 128 340k 2e-4 2560 FP32
1.3B calling models 112 400k le-4 6400 FP32
1.3B baseline model 112 340k le-4 6400 FP32
1.3B (reference models) 112 2540k 1.5e-4 6400 FP32

Table 4: Training hyperparameters.

We train most of our models on 8 A100-80GB GPUs, except for those requiring a reference model.
For these, we compute the reference model loss online, sharding both reference and target models
across 2 A100-80GB GPUs. Training on 8 GPUs finishes in 3 days. To allow for large batch
sizes, we use gradient accumulation across 4 steps. We use AdamW with a weight decay of 0.1.
Hyperparameters such as learning rate, and warmup steps are detailed in Table[d, We don’t use any
learning rate schedule (except for warmup). Calling models receive gradient signals on only 85%
of tokens, which is why they are trained 15% longer than their corresponding baseline models. The
only exception is the method “Loss + Ignorefacts”, where we further compensate for the 10% of fact
tokens that are neither learnt, nor delegated. We train these models for 440k steps. Reference models
are trained on 2,540,000 steps, which includes 1,280,000 steps of initial pretraining on RedPajama
V2 (Weber et al., 2024).
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A.4.2 TRAINING LOSSES

Letx = (21,2, ...,2y) denote a data sequence, where each token z; is drawn from a fixed token
dictionary V. Autoregressive language models approximate the data distribution by next-token
prediction, by fitting a distribution p (x;41 | £1.4;0) , parametrized by 6, which typically denotes the
parameters of a neural network, and is obtained by minimizing the negative log-likelihood:

N
1
L(x;0) = N leogp(le | £1.:;0) . @)
In this work, we focus on token selection, and either delegate or ignore unselected tokens. This gives
rise to modified objectives. Let I, C is an arbitrary binary masks that define which tokens to ignore
and call on, respectively.

Training loss with Ignore Tokens.

1 N
L(x;0) =— 1 =TI (zi41)) -logp (zip1 | 1:450), )
(x;0) Zivv:l(lff(ﬂfi));( (Tit1)) - logp (it | )

Training loss with Call Tokens.

N
1
= NZ C (xit1)) - logp\<carrs (Tit1 | 2145 0) 3

+ C(ZL’H_l) . 10gp(<CALL> | X1:45 9), (4)

where p\ <ca11> denotes the operation of setting the <CALL> token’s logit to —oco. Combining the
two losses, we obtain

Training loss with Ignore and Call Tokens.

N
1
L(x;0) = N (1=C(wig1)) - (1 = I (w541)) - log pr<carrs> (Tit1 | T1:4;0) 5
=1
+ C(l‘i+1) . 10gp(<CALL> | X145 9), (6)

Notice that the context x.; is unchanged, hence token-selection is only applied at backpropagation.

Token-Selection Masks. Let L : V — {0,1} be a labeling function that flags facts, and let
Li1M judge and Lgpacy denote the labeling functions corresponding to each data processing technique.
For token z; within batch B, our token-call masks and ignore masks are defined in Table E}

18



Published at the ICLR 2026 Workshop on Memory for LLM-Based Agentic Systems.

“[oleq Yora Ul paIousT SU0} 9, G oI 1Y) Jey) Yons uasoyd sI & ‘aI0uS[ + Ae]
U] "yojeq yoea UI S[[ed I8 SuaY0) JO 9,G[ Jey) Yons uasoyd sAem[e oIe sysew [[ed oy ], added Ino ur Spoyjou [[e 10§ SySew I0USI pue [[ed Jo suonmuyd( S 9[qel,

? HRWUES\Gr) 7 §0 9% do) Ul syuel L I

Tm ‘g)7 Jo 9u doy oy ur syuer L I- (f)fordsy Q10u3[ + ADe]
H(2)D — 1) ()9

((*x) — 1) - (P)fovdsy T% ‘9)7 30 %u doy oyy ur syuer L [ - (to)fds  syoejerousy + AT

QUON Tm ‘g ) PPONRETY J0 94u doy oy ur syuer L I - (t)fovdsy ssopgay+ADeds

QUON T% ‘g)T 3o 9u doy oy ur syuer L I- (f)fordsy £oeq

QUON () Aovdsy £oeds

QUON ()80t WT Ty a3pnl INTT

QuON | (g:g)RPONRET — (9:g)T JO %G WONOq A} UT UL 7| [-ouy

JuoN (¢T0)ureg ~ aaroym ‘a = (*z))H S[[ed PIseq-sso]

QUON QUON surpeseyg

(*) [ MseN da0ugy (*) D ASeN 118D swreN oy

19



Published at the ICLR 2026 Workshop on Memory for LLM-Based Agentic Systems.

A.4.3 VALIDATION LOSSES

We reserve a randomly chosen 10% of the dwiki dataset as validation set. For calling models, we
decode 15% of predictions as <CALL>s as follows. We record the positions where the call logit is
the top logit. If this occurs for more than 15% of tokens, we cap to 15%, keeping the positions with
highest call logits. If the call logit is the top logit for less than 15% of tokens, we add the next highest
call logits to reach 15% calls. This way, we extract a call mask C; from each model. We can then
define

Call loss:
N

1
ZCM (zit1) - logp (@it | 21:4:0) (N

Lea(x;0,Cp) = ——x——
Zilil Cu () i=1

Non-call loss:

N
-1
LiNon-cat(X; 0, Car) = (1= Cn (zig1))-logprccarrs (Tiv1 | 21:4;6) (8)
Sty (L= Car(x:) 2

When comparing call and non-call losses of model M to a baseline (such as in Figure[20), the baseline
model’s loss is computed using the call mask C;.

A.5 INFERENCE AND CASCADING

Inference. We fix a maximum generation length of 256, and use greedy decoding with a repetition
penalty 1.2.

Cascade Model. For delegation, we use the off-the-shelf model Llama-3.2-1B, which we load with
its own tokenizer.

Cascade for Open-Ended Generation. The cascade is carried out as follows. Whenever a <CALL>
token is generated, we pass the sequence generated so-far (excluding the <CALL> token) to the
cascade model. We extract the highest-probability token and append to the generated text. The map
from the cascade model’s tokenizer to the base model’s tokenizer is not bijective. If the retrieved
token is not present in the base model’s token dictionary, we choose the second highest-probability
token of the cascade model. There are some cases when the retrieved token maps to more than one
token in the base model’s dictionary. In these cases, to avoid wasting the expertise of the cascade
model, we append all of these tokens to the generated text. This happens in around 15% of retireval
queries, and no more than three tokens get retrieved in a single query. The most notable example is the
mismatch between the tokenization of numbers: Llama-3.2-1B encodes three-digit numbers as single
tokens, whereas our SentencePiece tokenizer handles each digit separately (Kudo & Richardson)
2018).

RAG Setup. To increase factual accuracy, we evaluate SLMs with cascade partner Qwen 3 32B
(Qwen Team, [2025) enhanced with a RAG prompt given below. The background information
wiki_content is obtained by using the full text from the wikipedia entry corresponding to each
given person, truncated to 8000 characters (roughly 2000 tokens). For those few entities who do not
have a unique wikipedia page, no background information was provided. We use Qwen 3 32B with
greedy decoding and a repetition penalty of 1.2. The Qwen 3 32B + RAG setup, when evaluated on
its own, achieves a FactScore of 79%.

f"""<|im_start|>system
You are an assistant who writes biographies of famous people
and events. Continue any given text naturally and fluently
.<|im_end]|>
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<|im_start |>user

Write a short biography about {person_name}. Here is some
background information:

{wiki_content}<|im_end]|> # No \n between the last sentence
end and <|im_end]|>

<|im_start|>assistant

<think>

</think>

{original_text}"""

Calibration of the Calling Ratio. In order to assess models in equal conditions, we calibrate the
<CALL> token’s appearance rate by estimating a running threshold on the <CALL> token’s logit
during generation. Due to the nonstationarity of the call logits during generation, the 15% target
calling ratio corresponds to an actual calling ratio of about 22% across all methods.

B EVALUATION TASKS

FactScore.  We evaluate factual precision using FactScore (Min et al.} [2023), a benchmark for
open-ended biography generation. Given a generated biography, FactScore uses GPT models to
extracts a set of atomic facts and computes the proportion that is supported by a trusted knowledge
source. We generate biographies for the 183 entities provided in the benchmark. We follow Zhao et al.
(2025)) in constructing a prompt template suitable for non-instruction-tuned models, given by "Tell
me a bio of <name>. <name> is". Factuality is validated using retrieval-augmented
prompting with GPT 3.5 turbo (Min et al., 2023)).

NLU Tasks. We use multiple-choice Natural Language Understanding tasks to evaluate out models
both with and without cascading. We focus on benchmarks appropriate for small-scale models (Du
et al., 2024): ARC-Easy (Clark et al.| 2018)), HellaSwag (Zellers et al., 2019), PIQA (Bisk et al.,
2020) and SIQA (Sap et al.| 2019). Although ARC-Easy requires subject-level knowledge, we follow
previous work (Zhao et al.,[2025) in treating it as a general language benchmark rather than factual
QA. We omit Commonsense QA (Talmor et al.,|2019), as our models did not exceed chance-level
performance on this benchmark. We use the eval-harness library. Models are evaluated in the standard
way, comparing the loglikelihoods of the possible answers (A, B, C, etc).

Factual Benchmarks. = We evaluate on two factual question answering tasks: BigBench QA
Wikidata (Srivastava et al.|[2022) and the long-tail subset of PopQA (Asai et al.| |2024]), which contains
1399 queries about rare entities (fewer than 100 monthly Wikipedia page views), Asai et al. (2023).
Both tasks are evaluated with three shots. Performance is measured by checking whether the gold
answer is contained in the model output. To help models understand the Q&A format, we provide
3 examples in front of each query. Furthermore, following [Zhao et al.|(2025), we prompt Gemini
2.0 Flash to rephrase the PopQA queries into a knowledge-completion task, which reduces the need
for instruction-following ability. This way, the query "What is Ufa the capital of?"
becomes "What is Ufa the capital of? Ufa is the capital of".
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C ADDITIONAL RESULTS

C.1 ANALYSIS EXPERIMENT IN EARLY TRAINING
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Figure 8: The difference between Accuracy and Acceptability after training on 10B tokens.
The token loss is predictive of whether a token is likely to match its exact ground-truth token (left).
However, this signal is blind to the type of token: Non-factual tokens are considered equally wrong as
factual tokens, although non-factual tokens with high loss often do not render an output false (right).

We utilize a SpaCy grammar parser during pretraining to tell these two signals apart.
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Figure 9: The difference between Accuracy and Acceptability after training on 50B tokens (as
shown in Figure[3]in the main text). The token loss is predictive of whether a token is likely to match
its exact ground-truth token (left). However, this signal is blind to the type of token: Non-factual
tokens are considered equally wrong as factual tokens, although non-factual tokens with high loss
often do not render an output false (right). We utilize a SpaCy grammar parser during pretraining to

tell these two signals apart.
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C.2 GENERATIONS FOR 334M MODELS

Tell me a bio of Errol Flynn. Errol Flynn is Baseline: the name given to an American film starring Errol Flynn,directed
by John Ford and produced by William Bowers. The screenplay was written by Robert L. Lippert based on his 1957 novel
"The Man in the Tron Mask”. Tt tells the story of a man who becomes involved with a woman he meets at a nightclub.
The film was released theatrically in the United States on June 24, 1960, by Republic Pictures. Plot. In New York
City, wealthy businessman Errol Flynn (Ferns) has been having an affair with his secretary, Jeanette (Bonnie Barnes).
He is also secretly married to her, but she is not interested in him because he does not want to be seen as a husband for her.

Tell me a bio of Errol Flynn. Errol Flynn is Rho-1: an American actor, director and producer. He has been
nominated for 4 Academy Awards (winning one in the category Best Actor for his performance as Captain James
Bond) and won two Tonys. In addition to acting, he also directed "The Adventures of Tintin”, 7 The Lion King”
and ”A Star Is Born”. He was born on October 10, 29 , 1876 in New York City; died January 3, 1959 in Los Angeles

from cancer at age ninety-three. Early life. Errol Flynn grew up with three brothers and a sister in Brooklyn’s
Flatbush section . His father worked as a tailor while his mother ran a dress shop .

Tell me a bio of Errol Flynn. Errol Flynn is LLM judge calls: an Australian actor, director and producer who has
appeared in more than 50 films since the early days of his career. He was born in 1897 in Sydney to parents from
Ireland; he died on 14 August 1959 at age 62. Errol Flynn’s first film was The Adventures of Tom Jones (193 2),

which starred him as "Teddy”. His other notable roles include Captain Blood in "The Wizard of Oz” (1, 19, 19)
with Clive Owen, and the title role in  "Sonny Boy”, starring Mickey Rooney. In addition to acting, Flynn also
produced and directed several short films including ” A Christmas Carol = (1193 6).In December 1936 it became
known that Flynn had been approached by the British Film Institute for their upcoming feature film ” Captain Blood.”

Tell me a bio of Errol Flynn. Errol Flynn is LaCy: an Australian television personality, actor and film producer who
has appeared in more than 100 films since the 193 0s as well as numerous TV series including ” The Adventures of
Robin Hood” (as Robin ), "The Adventures of the Black -clad Man”, ” Above &amp; Beyond”. He was also known for
his role on the children’s program ” The Adventures of Robin Hood.” Early life. Born in 1897 at home to parents

John and Mary Flynn he grew up with his brother John Jr. His father died when he was young leaving him motherless.
In 1905 he moved from rural Victoria to live nearer family where he attended school until moving back into the city
after finishing highschool. Career. Acting career. He began acting professionally aged 16 .

Figure 10: Generations from 334 million parameter models. The task is bibliography generation,
the prompt is given in italic. <CALL> retrieved tokens from Llama 3.2 1B are highlighted in gray .

Factual statements are colored in green for true, and red for false statements, as scored by FactScore

(Min et all] [2023). LaCy and LLM judge call successfully delegate factual tokens, acquiring
information on nationality, profession and dates. Rho-1 retrieves many useless tokens and has

to rely on its own factual knowledge.
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C.3 LACY ABLATIONS
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Figure 11: FactScore (with cascade) against fact leakage (without cascade) for LaCy ablations,
evaluated at an equalized number of 400k training steps. Loss signal is beneficial: spaCy
(without loss) performs worse. Using a reference loss or ignoring non-delegated facts gives marginal
improvements on FactScore at a computational overhead (Table[2). Offloading even more tokens is
no longer beneficial once training steps are equalized.

Table 6: NLU performance of <CALL> augmented models, including ablations, without cascade.
We confirm that offloading facts only does not significantly degrade Natural Language Understanding
(NLU). However, ignoring more tokens (as in Lacy+Ignore) harms NLU performance.

Metrics
Model ARC Easy HellaSwag PIQA SIQA Average
Random chance 25.0 25.0 50.0 333 333
Baseline 34.8 28.8 59.0 359 396
Loss-based calling 34.3 28.6 57.1 36.3 39.1
Rho-1 35.0 28.6 56.8 359  39.1
LLM judge 33.8 28.3 573  36.8 39.1
LaCy 35.6 28.5 593 362 399
LaCy + Reference loss  34.8 28.6 57.1 35.7 39.1
LaCy + Ignorefacts 34.0 28.7 57.4 35.9 39.0
LaCy + Ignore 30.8 27.6 55.1 34.3 37.0
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C.4 MAIN RESULTS: FACTSCORE AND FACT LEAKAGE
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Figure 12: Results overview for pretraining a 334M SLM. (Left.) The LaCy-trained SLM achieves
the highest FactScore when generating biography with Llama 3.2 1B as cascade partner, confirming
that it successfully generates calls at factual token positions. (Right.) Without calling, LaCy has
lowest fact leakage, meaning the least facts were trained into the limited parametric SLM memory.
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Figure 13: Results overview for pretraining a 1.3B SLM. (Left.) The LaCy-trained SLM achieves
the highest FactScore when generating biography with Llama 3.2 1B as cascade partner, confirming
that it successfully generates calls at factual token positions. (Right.) Without calling, LaCy has low
fact leakage, meaning the least facts were trained into the limited parametric SLM memory.
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C.5 RESULTS IN THE RAG SETUP
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Figure 14: FactScore results using RAG-enchanced Qwen 3 32B as cascade partner. (Left.)
334M parameter SLM. (Right.) 1.3B SLM. The LaCy-trained SLM achieves the highest FactScore
when generating biography with RAG-enhanced Qwen 3 32B as cascade partner, confirming that it
successfully generates calls at factual token positions.
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Figure 15: FactScore (with cascade) against fact leakage (without cascade) for LaCy ablations
in the RAG setup, for 334M parameter SLMs. Methods disabling backpropagation on 2% tokens
are evaluated after % more training steps. Loss signal is beneficial: spaCy (without loss) performs
worse than LaCy. Using a reference loss or ignoring non-delegated facts does not give improvements
on FactScore despite computational overhead (Table[2). Offloading even more tokens (LaCy+Ignore)
is not beneficial.
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C.6 FULL RESULTS ON LOSS VS FACTSCORE
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Figure 16: Validation loss is not correlated with FactScore, 334M SLMs. Neither the call loss
(Right), non-call loss (Middle), nor the total loss (Left) is predictive of the FactScore of the displayed

methods. Findings linking loss with downstream performance in related work |Kaplan et al.| (2020);
Srivastava et al.| (2022)); [Krajewski et al.| (2025)). do not transfer to our token-selection setting.
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Figure 17: Validation loss is not correlated with FactScore, 334M LaCy ablations. Neither the
call loss (Right), non-call loss (Middle), nor the total loss (Left) is predictive of the FactScore of the

displayed methods. Findings linking loss with downstream performance in related work |[Kaplan et al.
(2020); [Srivastava et al.|(2022); [Krajewski et al.| (2025). do not transfer to our token-selection setting.
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Figure 18: Validation loss is not correlated with FactScore, 1.3B SLMs. Neither the call loss
(Right), non-call loss (Middle), nor the total loss (Left) is predictive of the FactScore of the displayed
methods. Findings linking loss with downstream performance in related work Kaplan et al.[(2020);

Srivastava et al|(2022); [Krajewski et al.|(2025). do not transfer to our token-selection setting.

22 L ®
-2 @
& 221
e
S 224
9]
3]
2 224
[
21+
. T T T T
5.00 6.00 7.00 8.00
Call Loss T
Baseline

mmm spaCy only

1.3B Model + Llama 3.2 1B

(] [ ® (]

22+ L 22- )
- o - ®
8 8
< 20 < 201
() o
= —
o o
O O
0 0
T 18- S 18-
© ©
28 5

161 16

2.00 2.50 3.00 200 250 3.00 350

Non-call Loss |
mmm spaCy+Reference Model
mmm [aCy-+Ignorefacts

mmm LaCy+Ignore

Total Loss |
LaCy (ours)

Figure 19: Validation loss is not correlated with FactScore, 1.3B LaCy ablations. Neither the
call loss (Right), non-call loss (Middle), nor the total loss (Left) is predictive of the FactScore of the
displayed methods. Findings linking loss with downstream performance in related work [Kaplan et al.|

(2020); Srivastava et al.[(2022); Krajewski et al.| (2025). do not transfer to our token-selection setting.
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C.7 COMPARISON OF VALIDATION LOSSES

For each <CALL>-augmented method, we construct its call mask by selecting the top 15% call logits
in a batch. Full colors show the loss values of the <CALL>-augmented methods, while light colors
show the loss of a vanilla baseline evaluated on the same <CALL> mask. Across 334M and 1.3B
parameter scales, LaCy calls on high-loss tokens (baseline call loss is high), and learns even less
about them. Its non-call loss is competitive with the factuality-based LLM judge.
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Figure 20: Call loss comparison for 334M parameter models
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Figure 21: Non-call loss comparison for 334M parameter models
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Figure 22: Total loss comparison for 334M parameter models
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Figure 23: Call loss comparison for 1.3B parameter models
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Figure 24: Non-call loss comparison for 1.3B parameter models
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Figure 25: Total loss comparison for 1.3B parameter models
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