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Abstract

Humans acquire visual concepts through a natural001
compare-then-compose process, enabling effortless gen-002
eralization to novel categories. Whether machines003
can achieve similar genuine semantic generalization—004
recognizing unseen categories without any training005
exposure—remains a fundamental open question. We for-006
malize the cognitive compare-then-compose mechanism007
into Comparison–Composition Cognition (C3), an identifi-008
ability framework grounded in two complementary condi-009
tions: comparison requires sufficient cross-category con-010
trast for latent concept identification; composition re-011
quires disjoint concept supports for reliable unseen cate-012
gory recognition. Under mild, nonparametric assumptions,013
we prove these conditions yield both necessary and suffi-014
cient guarantees. On eight fine-grained benchmarks un-015
der a genuine generalization protocol, our instantiation016
achieves +3.8% average accuracy over state-of-the-art,017
with ablations confirming each component’s contribution.018
C3 provides the first principled characterization of when019
and why learned representations generalize to unseen cate-020
gories.021

1. Introduction022

Modern recognition systems achieve impressive closed-023
world performance [42] yet systematically fail on categories024
absent from training [64, 88]. Even billion-parameter foun-025
dation models do not resolve this [9, 70, 85]. The core026
challenge is genuine semantic generalization: recognizing027
novel categories without any exposure during training.028

Humans routinely recognize unfamiliar objects by trans-029
ferring visual concepts from known ones [2, 46, 59]. Cog-030
nitive science characterizes this as a compare-then-compose031
process: structure-mapping extracts discriminative features032
via cross-instance comparison [17, 53], while recognition-033
by-components emphasizes composition of reusable primi-034
tives [2, 45]. However, deep networks learn entangled fea-035

Figure 1. Semantic cognition with identified concepts vs. entan-
gled features. Disentangled concepts enable compositional trans-
fer to unseen categories.

tures plagued by spurious correlations [26]: as shown in 036
Fig. 1, correlated attributes like white head and black wings 037
become coupled, preventing transfer to unseen combina- 038
tions. 039

Despite progress on category discovery [72, 76], genuine 040
semantic generalization without novel-category access re- 041
mains theoretically underexplored [11, 86]. Prior methods 042
either assume exposure to target semantics [5, 72] or lack 043
guarantees [48, 70]. This highlights: under what conditions 044
can learned representations provably generalize to unseen 045
categories? 046

We answer this through Comparison–Composition 047
Cognition (C3), formalizing the human compare-then- 048
compose mechanism into an identifiability framework. Our 049
analysis: (1) under sufficient cross-category variation, con- 050
textual and semantic factors separate (Thm. 2.1); (2) with 051
additional contrast and sparse structure, individual semantic 052
concepts are recovered (Thm. 2.2); (3) when concept sup- 053
ports are disjoint, unseen categories are reliably recognized 054
as novel compositions (Thm. 2.3). These conditions are 055
nonparametric and naturally satisfied in classification set- 056
tings. Our contributions: 057

• A theoretical framework (C3) providing identifiabil- 058
ity guarantees for unseen category cognition under 059
assumption-light conditions. 060

• A theory-to-method mapping validated on synthetic data. 061
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• +3.8% average accuracy on eight fine-grained bench-062
marks under On-the-fly Category Discovery [11].063

2. The C3 Framework064

2.1. Problem Setup065

Our framework grounds on two cognitive principles: (1)066
Dissociable Representation: the human visual system main-067
tains separable processing for identity semantics and scene068
context [14, 30]; (2) Sparse Diagnostic Features: recog-069
nition relies on a small subset of diagnostic visual fea-070
tures [15, 19]. We formalize these principles through a071
latent-concept data-generating process (Fig. 2):072

x = g(z, c), z = f(z, y, ϵ), c ∼ pc, ϵ ∼ pϵ, (1)073

where observations x ∈ Rdx are generated from category-074
invariant contextual concepts c ∈ Rdc (e.g., background,075
surroundings) and category-dependent semantic concepts076
z ∈ Rdz (e.g., textures, shapes), modulated by label y and077
low-level patterns ϵ through mechanism f [54]. Notably, z078
inside f(·) captures interactions among semantic concepts,079
modeled as a latent Markov network M. This connects080
the cognitive decomposition of objects into components [2]081
with identifiability theory [16, 60].082

2.2. Identifiability Theory083

We establish three identifiability results for unseen category084
generalization. Full proofs and formal definitions are pro-085
vided in the supplementary.086

Theorem 2.1 (Contextual Recovery). Under the DGP087
in Eq. 1, assume (A1) the joint density pz,c|y is smooth088
and positive, and (A2) there exist dz + 1 label values089
with linearly independent semantic score vectors v(z, yj)−090

v(z, y0), where v(z, y) =
(∂ log p(z1|y)

∂z1
, . . . ,

∂ log p(zdz |y)
∂zdz

)
.091

Then contextual concepts are recovered: ĉ = h(c) for some092
invertible h.093

Remark. A1 is a standard regularity condition. A2 requires094
semantic concepts to vary sufficiently across categories—095
a natural property in classification tasks where categories096
exhibit distinct visual characteristics. Crucially, our condi-097
tions do not require z to be conditionally independent given098
y [38] nor parametric distributional assumptions [77].099

Theorem 2.2 (Semantic Recovery). Under the condi-100
tions of Thm. 2.1, additionally assume (A3) there exist101
2dz + |M| + 1 labels with linearly independent first- and102
second-order semantic score vectors, and (A4) the esti-103
mated Markov network is at least as sparse as the true one:104
|M̂| ≤ |M|. Then: (i) isolated concepts (|ΨM(zi)|=0,105
where ΨM denotes the maximum clique) are recovered106
component-wise: ẑi = h(zπ(i)); (ii) coupled concepts are107
recovered modularly: ẑi = h(zπ(i) ∪ΨM(zπ(i))).108

Remark. A3 extends A2 to second-order statistics. A4 en- 109
codes the standard prior that most semantic concepts are 110
conditionally independent [56]. Sparsity serves a dual pur- 111
pose: enabling component-wise identifiability and reducing 112
effective dimensionality, making A3 achievable with realis- 113
tic numbers of training categories. 114

Theorem 2.3 (Compositional Generalization). Addition- 115
ally assume (A5) different concept values have disjoint sup- 116

ports: z(k)i ̸= z
(l)
i ⇒ Si(z(k)i ) ∩ Si(z(l)i ) = ∅, and (A6) 117

all concept values appear with positive probability during 118
training. Then for any unseen tuple zq , the product region 119

R(zq) =×dz
i=1
Si(zqi ) is disjoint from all seen categories. 120

Remark. A5 specifies that distinct concept values (e.g., 121
“red” vs. “yellow”) occupy separate support regions; with- 122
out this, semantic ambiguity arises. A6 requires concept 123
primitives to appear during training, though in different 124
combinations—a natural compositionality premise. To- 125
gether, Thm. 2.1–2.3 guarantee that comparison identifies 126
faithful concepts and composition enables recognition of 127
novel categories as combinations of identified primitives. 128

3. Methodology 129

We instantiate C3 for On-the-fly Category Discovery 130
(OCD) [11], demanding genuine generalization without 131
novel-category access. The overall architecture is shown 132
in Fig. 3. Each component operationalizes theoretical con- 133
ditions from Sec. 2. 134

Problem Setting. Given N training samples 135
DS={(xi, yi)}Ni=1 from seen categories YS , we cate- 136
gorize query samples from YQ ⊇ YS . Only DS is used for 137
training; queries arrive individually at test time [11, 86]. 138

Contextual-Semantic Separation (A1–A2). Features 139
from a frozen DINO encoder [6] are transformed into in- 140
termediate ß = ĝ−1(x), then partitioned via learnable 141
Bernoulli mask with Gumbel-Softmax [27]: [ẑ, ĉ] =M(ß). 142
Contextual ĉ aligns with a standard Gaussian prior; seman- 143
tics ẑ follows a label-conditioned prior via LELBO,c. 144

Semantic Concept Identification (A3–A4). Sparsity is 145
enforced through ℓ1 regularizationLs=∥ẑ∥1 and a sparsely- 146
gated MoE [62] that learns adjacency Mz via top-k mask- 147
ing. A normalizing flow fflow(·, y) [58] models label- 148
conditioned density on masked representations: 149

Lflow = − log pϵ
(
fflow(Mz⊙ẑ, y)

)
− log

∣∣det ∂fflow
∂ẑ

∣∣. (2) 150

Prototypical learning [7, 80] provides cross-category con- 151
trast for A3. 152
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Figure 2. The C3 Framework. Left: Data-generating process from labels y through semantic concepts z and contextual factors c to ob-
servations x. Middle: Concept identification via comparison—cross-category variations separate semantic concepts (category-dependent)
from contextual factors (category-invariant). Right: Compositional inference encodes queries into identified concepts and detects whether
the resulting combination corresponds to a seen or unseen category.
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Figure 3. Architecture of C3. Features from a frozen DINO en-
coder are partitioned into contextual ĉ and semantic ẑ via masked
selection. Sparse gating learns Markov structure; normalizing flow
models label-conditioned density.

Compositional Generalization (A5–A6). Discrete hash153
coding enforces support separation. Residual integration154
â = ẑ + fresidual(Mz ⊙ ẑ) handles modular recovery per155
Thm. 2.2.156

Learning Objective.

L = Lsup︸︷︷︸
comparison
(A2,A3,A5)

+Ls + Lflow︸ ︷︷ ︸
structure
(A3,A4)

+LELBO,c︸ ︷︷ ︸
generative
(A1,A2)

, (3)157

where Lsup combines prototype and hash losses, Ls pro-158
motes sparsity, and LELBO,c ensures reconstruction fidelity.159

4. Experimental Results 160

4.1. Setup 161

We evaluate on eight fine-grained benchmarks: CUB- 162
200 [74], Stanford Cars [41], Oxford-IIIT Pet [55], Food- 163
101 [3], and four iNaturalist [71] subsets (Fungi, Arachnida, 164
Animalia, Mollusca). Following Du et al. [11], we split 165
each dataset into seen/unseen categories with 50% of seen- 166
category samples for training, and adopt clustering accu- 167
racy with Strict-Hungarian matching. We compare against 168
SLC [22], RankStat [21], WTA [28], SMILE [11], and 169
PHE [83]. All methods use DINO ViT-B/16 [6]. 170

4.2. Main Results 171

Tab. 1 presents results on four standard benchmarks. C3 172
consistently outperforms all baselines, achieving +3.8% 173
average accuracy over PHE across CUB, Stanford Cars, 174
Oxford Pets, and Food101. Gains are observed on both 175
seen (Old) and unseen (New) categories, indicating that 176
identifiability-guided concept learning improves represen- 177
tation quality without sacrificing known-category perfor- 178
mance. The +2.1% average improvement on New cate- 179
gories confirms genuine semantic transfer to unseen com- 180
positions. On four additional iNaturalist benchmarks (sup- 181
plementary Tab. S1), C3 achieves a further +1.5% average 182
gain, validating scalability. 183

4.3. Ablation Study 184

We systematically ablate each component on CUB and 185
Stanford Cars (Tab. 2). Removing Lproto (A2, A3) and 186
LELBO,c (A1, A2) causes the largest drops (−4.0% and 187
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Table 1. Main results on four standard fine-grained benchmarks. Best / second-best: bold / underline. Results on four additional iNaturalist
subsets are provided in the supplementary (Tab. S1).

Method CUB (%) Stanford Cars (%) Oxford Pets (%) Food101 (%) Average (%)

All Old New All Old New All Old New All Old New All Old New

SLC [22] 31.3 48.5 22.7 24.0 45.8 13.6 35.5 41.3 33.1 20.9 48.6 6.8 27.9 46.1 19.1
RankStat [21] 27.6 46.2 18.3 18.6 36.9 9.7 33.2 42.3 28.4 22.3 50.7 7.8 25.4 44.0 16.1
WTA [28] 26.5 20.0 38.8 10.6 24.4 13.6 35.2 46.3 29.3 18.2 40.5 6.1 25.0 42.7 15.8
SMILE [11] 32.2 50.8 22.9 26.1 46.6 16.2 41.2 42.1 40.7 24.0 54.6 8.4 30.9 48.6 22.1
PHE [83] 36.4 55.8 27.0 31.3 61.9 16.8 48.3 53.8 45.4 29.1 64.7 11.1 36.3 59.1 25.1

C3 (Ours) 40.1 62.1 29.5 34.1 69.0 17.8 54.7 63.9 49.6 31.5 68.3 11.9 40.1 65.8 27.2

CUB-200 (%) SCars (%)

Setup Assump. All Old New All Old New

Full – 40.1 62.1 29.5 34.1 69.0 17.8
− Lflow A3,A4 38.5-1.6 61.3-0.8 27.0-2.5 30.2-3.9 59.6-9.4 16.0-1.8

− Ls A4 39.3-0.8 62.4+0.3 27.7-1.8 31.1-3.0 59.0-10.0 17.6-0.2

− LELBO,c A1,A2 36.9-3.2 59.8-2.3 24.5-5.0 27.6-6.5 54.2-14.8 15.5-2.3

− Lproto A2,A3 36.1-4.0 60.7-1.4 24.3-5.2 28.3-5.8 55.8-13.2 15.2-2.6

− fres Thm 2.3 39.5-0.6 61.8-0.3 28.5-1.0 33.2-0.9 67.8-1.2 17.1-0.7

Table 2. Ablation study. Removing any module degrades per-
formance. Comparison components (A2, A3) show larger effects;
composition components provide complementary gains.

Figure 4. Concept visualization on CUB-200. Each column cor-
responds to a specific interpretable concept activated via proto-
typical attention, highlighting sparse, semantically meaningful re-
gions.

−3.2% on CUB All), confirming that cross-category con-188
trast and well-posed latent structure are the most critical189
conditions for concept identification. The flow moduleLflow190
(A3, A4) shows moderate impact (−1.6%), while sparsity191
Ls (A4) and context separation Lctx (A2) contribute smaller192
but consistent gains. Overall, components addressing com-193
parison (A2, A3) exhibit larger effects than those for com-194
position (A4), yet both are essential—confirming the com-195
plementary nature of the two cognitive mechanisms.196

4.4. Concept Visualization 197

To provide evidence that learned representations correspond 198
to semantically meaningful concepts, Fig. 4 shows probed 199
concept activations on CUB-200. Different latent dimen- 200
sions activate interpretable regions (e.g., head, wings, tail, 201
body), with activations appearing visually sparse and con- 202
sistent across instances—supporting the sparse structure as- 203
sumption (A4). We further validate via concept-guided 204
proxy classification among visually confusing categories: 205
distinguishing Black-footed from Sooty Albatross, discrim- 206
inative regions (head: 95.0%, body: 92.3%) substantially 207
outperform non-discriminative ones (tail: 64.1%), confirm- 208
ing that the learned concepts encode semantically meaning- 209
ful distinctions. Synthetic experiments further validate our 210
theory: identifiability metrics reach MCC > 0.9 and R2 > 211
95% when the category count satisfies 2dz + |M|+1 ≤ ns 212
(supplementary Fig. S1). 213

5. Conclusion 214

We introduced C3, a theoretical framework formalizing 215
how machines generalize to unseen categories by identify- 216
ing transferable concepts through cross-category compar- 217
ison and recognizing novel classes as compositional re- 218
combinations. Our identifiability guarantees—sufficient 219
contrast for concept separation, sparse structure for com- 220
ponent recovery, and disjoint supports for compositional 221
discrimination—are assumption-light and naturally satis- 222
fied. Experimental validation on eight benchmarks demon- 223
strates both theoretical soundness and practical effective- 224
ness (+3.8% average accuracy). 225

Limitations and Future Work. Our framework assumes 226
concept primitives in unseen categories appear during train- 227
ing (A6); relaxing this via generative extrapolation is a 228
promising direction. Integrating C3 with end-to-end train- 229
able or foundation-scale architectures and extending to 230
multi-modal concept discovery are important avenues. 231
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From Comparison to Composition: 590

Towards Understanding Machine Cognition of Unseen Categories 591

Supplementary Material 592

593

Contents: A. Extended Theory | B. Additional Results | C. Related Work | D. Proofs | E. Experimental Details 594
595
596

A. Extended Theory 597

A.1. Formal Identification Criteria 598

Let X = {xi}X be observations from the true model (f, g, p(ϵ)) in Eq. 1. A learned model (f̂ , ĝ, p̂(ϵ)) is observationally 599
equivalent if pf̂ ,ĝ,p̂(ϵ)(x̂) = pf,g,p(ϵ)(x). We seek conditions ensuring recovery up to a bijective transformation h: 600

i. Contextual Subspace: ĉ = h(c)—estimated context contains no semantic information. 601
ii. Semantic Component: isolated concepts satisfy ẑi = hi(zπ(i)); coupled concepts satisfy ẑi = h(zπ(k), zπ(l)). 602

iii. Unseen Category: for query yq ∈ YQ, the concept tuple ϕ(yq) /∈ ΦS iff zq ∈ R(zq) and R(zq) ∩ R(zs) = ∅ for all 603
seen zs ∈ ΦS . 604

A.2. Proof Sketches 605

Theorem 2.1 (Contextual Recovery). The key observation is that contextual factors c, by definition, have category- 606
invariant distributions, while semantic factors z vary with label y. Under observational equivalence, any learned model must 607
capture this invariance-variance structure, which forces separation of c and z. The full derivation proceeds via log-density 608
matching and first-order differentiation under A2’s linear independence condition. 609

Theorem 2.2 (Semantic Recovery). Building on subspace separation, we differentiate the log-density matching condition 610
under A3. This yields Jacobian constraints: h′i,lh

′
i,k = 0, h′j,lh

′
i,k = 0, and h′′i,kl = 0, implying each true concept zi depends 611

on at most one estimated coordinate ẑk. The sparsity constraint A4 further prevents adjacent Markov nodes from mapping to 612
the same coordinate, enabling component-wise or modular recovery depending on clique structure. 613

Theorem 2.3 (Compositional Generalization). We leverage factorization: conditioned on y, the latent density decomposes 614

as p(z|y) =
∏dz
i=1 pi(zi|y,ΨM(zi)). Combined with disjoint supports (A5), this ensures the joint concept space is a Cartesian 615

product of coordinate-wise supports. Coverage (A6) guarantees each region is learnable. Thus, any unseen tuple zq lies in a 616
product region provably disjoint from all seen categories. 617

B. Additional Results 618

B.1. Results on iNaturalist 619

Table S1. Results on four iNaturalist subsets. Best / second-best: bold / underline.

Method Fungi Arachnida Animalia Mollusca Average

All Old New All Old New All Old New All Old New All Old New

SLC [22] 27.7 60.0 13.4 25.4 44.6 11.4 32.4 61.9 19.3 31.1 59.8 15.0 29.2 56.6 14.8
RankStat [21] 23.8 50.5 12.0 26.6 51.0 10.0 31.4 54.9 21.6 29.3 55.2 15.5 27.8 52.9 14.8
WTA [28] 27.5 65.6 12.0 28.1 55.5 10.9 33.4 59.8 22.4 30.3 55.4 17.0 29.8 59.1 15.6
SMILE [11] 29.3 64.6 13.6 29.9 57.9 12.2 35.9 49.4 30.3 33.3 44.5 27.2 32.1 54.1 20.8
PHE [83] 31.4 67.9 15.2 37.0 75.7 12.6 40.3 55.7 31.8 39.9 65.0 26.5 37.2 66.1 21.5

C3 (Ours) 32.9 69.8 16.2 38.1 72.0 13.1 42.0 60.1 32.2 41.9 70.2 27.3 38.7 68.1 22.2
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B.2. Synthetic Validation620

To verify our theoretical results under controlled conditions, we generate data following Eq. 1 and compare against disentan-621
gled representation learning baselines: i-VAE [32], FactorVAE [34], SlowVAE [36], and β-VAE [23]. As shown in Fig. S1,622
C3 consistently outperforms all baselines. Both MCC and R2 improve monotonically with training categories, reaching high623
identifiability (MCC > 0.9, R2 > 95%) when 2dz + |M|+ 1 ≤ ns, validating the theoretical predictions.624

ns=6 ns=12 ns=18 ns=24
0.5

0.6

0.7

0.8

0.9

d z
=

2

MCC

ns=6 ns=12 ns=18 ns=24
40

60

80

R2

ns=6 ns=12 ns=18 ns=24

40

60

80
Acc.

ns=6 ns=12 ns=18 ns=24
0.6

0.7

0.8

0.9

d z
=

5

ns=6 ns=12 ns=18 ns=24

60

70

80

90

ns=6 ns=12 ns=18 ns=24

40

60

ns=6 ns=12 ns=18 ns=24

0.2

0.4

0.6

d z
=

9

ns=6 ns=12 ns=18 ns=24

20

40

60

80

ns=6 ns=12 ns=18 ns=24

20

40

60

Ours iVAE FactorVAE Slow-VAE -VAE

Figure S1. Synthetic data comparisons. C3 achieves high identifiability (MCC > 0.9, R2 > 95%) when the number of training categories
exceeds the theoretical threshold.

C. Related Work625

C.1. On-the-fly Category Discovery626

Task Evolution. Novel Category Discovery (NCD), originally formulated in [20], aims to cluster unlabeled data from novel627
categories by leveraging knowledge from labeled known categories. Generalized Category Discovery (GCD) [5, 72] extends628
NCD by assuming unlabeled data may contain both known and novel categories. Despite progress in NCD/GCD [8, 20, 47,629
57, 66, 76, 84], these settings assume access to unlabeled data from target categories during training, which is often violated630
in practice.631

On-the-fly Category Discovery (OCD). OCD [11] addresses this limitation through two key modifications: (i) exclusion632
of unlabeled novel-category data during training, and (ii) streaming inference, where query instances arrive individually633
and require instant feedback. This setting captures the genuine challenge of semantic generalization: learning representations634
from known categories that transfer to unseen ones without any exposure. Prior OCD methods, including SMILE [11]635
using hash-based prototypes, and PHE [86] enhancing discrete code discriminability, demonstrate empirical progress but636
lack theoretical grounding for why and when such transfer succeeds. Our work bridges this gap by formalizing the human637
compare-then-compose mechanism into assumption-light identifiability conditions, offering both principled guarantees and638
actionable guidelines for when and why such transfer succeeds.639
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C.2. Theoretical Perspectives on Semantic Transfer 640

Existing Theoretical Work. Several studies have explored theoretical aspects of category discovery. Li et al. [48] examines 641
transfer from known to novel categories using maximum mean discrepancy metrics [65]. Sun et al. [66] derives generalization 642
bounds based on semi-supervised contrastive representations, while Sun et al. [67] analyzes spectral graph-based contrastive 643
learning for GCD. Complementing these theoretical results, Vaze et al. [73] empirically shows that physically-grounded 644
concepts (color, shape, material) enhance transferability. 645
Limitations and Our Contribution. These results share a critical limitation: they rely on unlabeled novel-category data 646
during training, and thus are inapplicable to real-world OCD, where such data is unavailable. Our framework addresses this by 647
establishing identifiability conditions under which semantic concepts can be recovered from seen-category comparisons alone 648
and composed to recognize unseen ones. This provides the first theoretical foundation for genuine semantic generalization 649
without novel-category exposure. 650

C.3. Latent Variable Identification 651

Core Challenge. Latent variable identification (LVI) aims to recover underlying factors from observations when direct 652
measurement is unavailable [16, 81]. A fundamental challenge is that latent variables remain unidentifiable in the non- 653
parametric setting, i.e., under arbitrary nonlinear mixing [25], even when independence is assumed [51]. This motivates our 654
search for additional structure that enables recovery in our problem setting. 655
Identification via Auxiliary Information and Sparsity. Recent advances establish identifiability through auxiliary informa- 656
tion [83] or structural constraints. Lachapelle et al. [43] shows that sparsity mechanisms enable concept-level interpretation, 657
while hierarchical approaches [24, 39, 40, 49] uncover multi-level latent structures through rank constraints or distributional 658
assumptions. However, these methods typically rely on linear structure, interventional data, or parametric mixing functions, 659
assumptions that rarely hold in visual recognition tasks. 660
Connection to Our Framework. Our identifiability results depart from this line by leveraging label-induced distributional 661
changes: we require only that semantic concepts vary sufficiently across categories, without parametric constraints on the 662
mixing function. With a flexible sparse Markov assumption, this yields component-wise recovery guarantees applicable to 663
the nonlinear entanglement prevalent in visual domains. 664

C.4. Concept Learning and Compositional Generalization 665

Concept-Based Representations. Visual concept learning spans retrieval [35], captioning [31], scene understanding [78], 666
and explainable classification [29, 79]. Concept Bottleneck Models (CBMs) [37, 63, 82] use human-annotated concepts 667
for interpretable intermediate bottleneck representations before classifiers. However, existing CBMs face three critical lim- 668
itations that hinder their applicability and scalability: (i) reliance on expensive expert annotations or textual supervision 669
on known categories, (ii) inability to capture patterns beyond human intuition [52], and (iii) lack of adaptability to 670
novel categories without test-time concept inspection or annotation. Recent work [68, 69] decomposes representations into 671
primitive components but assumes novel-category access during training or lacks faithfulness guarantees. 672
Compositional Generalization. Prior work approaches composition from empirical, theoretical, and structural perspectives. 673
Du et al. [12] uses energy-based models for Cartesian-product extrapolation but assumes extremely low latent dimensional- 674
ity, i.e., single-factor variation. Besserve et al. [1] formalizes out-of-distribution samples as decoder-layer transformations. 675
Lachapelle et al. [44] achieves identification through additive decoders, while Brady et al. [4] formalizes composition via 676
interaction asymmetry. Zheng et al. [87] identifies factors through sparse connectivity diversity. 677
Our Distinction. Our framework establishes a unified foundation for identifiability and compositionality under assumption- 678
light conditions. In contrast to CBMs, our concepts emerge from data without manual annotation yet satisfy faithfulness 679
recovery guarantees. In contrast to prior work on compositional generalization, we impose neither parametric nor factor 680
dimensionality constraints, with only natural semantic diversity and disjoint concept supports assumptions. Together, these 681
conditions establish reliable mechanisms of unseen category generalization, bridging the gap between identifiability theory 682
and open-world scenarios. 683

D. Proofs 684

To better understand our proof, we first present some useful definitions regarding the graphical model. 685

D.1. Markov Network 686

A Markov network (or Markov random field) is a graphical model that represents the joint distribution of a set of random 687
variables using an undirected graph. 688
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Definition D.1 (Markov Network). Markov network is an undirected graph G = (V,E) with a set of random variables689
Xv∈V , where any two non-adjacent variables are conditionally independent given all other variables. That is,690

Xa ⊥ Xb|XV \{a,b}, ∀(a, b) /∈ E. (S1)691

Markov Networks and Directed Acyclic Graphs (DAGs) are both graphical models employed to represent joint distribu-692
tions and to illustrate conditional independence properties.693

D.2. Isomorphism of Markov networks694

Definition D.2 (Isomorphism of Markov networks). We let the V (·) be the vertical set of any graphs, an isomorphism of695
Markov networks M and M̂ is a bijection between the vertex sets of M and M̂696

f : V (M)→ V (M̂)697

such that any two vertices u and v of M are adjacent in G if and only if f(u) and f(v) are adjacent in M̂ .698

D.3. Proof of Theorem 2.1699

Proof. We begin with the matched marginal distribution px|y to bridge the relation between z and ẑ. For brevity, we use y700
to represent the labels of known categories, ys ∈ Ys. Suppose that ĝ : Z × C → X is an invertible estimated generating701
function, we have Eq. S2.702

∀y ∈ Ys, px̂|y = px|y ⇐⇒ pĝ(ẑ,ĉ)|y = pg(z,c)|y. (S2)703

Sequentially, by using the change of variables formula, we can further obtain Eq. S3704

pĝ(ẑ,ĉ|y) = pg(z,c|y) ⇐⇒ pg−1◦g(ẑ,ĉ)|y|Jg−1 | = pz,c|y|Jg−1 | ⇐⇒ ph(ẑ,ĉ)|y = pz,c|y, (S3)705

where h := g−1 ◦ g is the transformation between the ground-true and the estimated latent variables, respectively. Jg−1706
denotes the absolute value of Jacobian matrix determinant of g−1. Since we assume that g and ĝ are invertible, |Jg−1 | ̸= 0707
and h is also invertible.708

According to A2 (conditional independent assumption), we can have Eq. S4.709

pz|y(z|y) = pc|y(c|y) · pz|y(z|y); pẑ|y(ẑ|y) = pẑ|y(ẑ|y) · pĉ|y(ĉ|y). (S4)710

For convenience, we take the logarithm on both sides of Eq. S4 and further let qs = log pz|y(z|y), qc = log pc|y(c|y), ps =711
log pĉ|y(ĉ|y), pc = log pĉ|y(ĉ|y). Hence we have:712

log pz|y(z|y) = qs + qc; log pẑ|y(ẑ|y) = ps + pc. (S5)713

By combining Eq. S5 and Eq. S3, we have:714

pz|y = ph(ẑ|y) ⇐⇒ pẑ|y = pz|y|Jh−1 | ⇐⇒ qs + qc + log |Jh−1 | = ps + pc, (S6)715

where Jh−1 are the Jacobian matrix of h−1.716
Sequentially, we take the first-order derivative with ẑj on Eq. (S6), where ẑj is from c, and have717

∑
zi∈z

∂qs
∂zi
· ∂zi
∂ẑj

+
∑
zi∈c

∂qc
∂zi
· ∂zi
∂ẑj

+
∂ log |Jh−1 |

∂ẑj
=
∂ps
∂ẑj

+
∂pc
∂ẑj

. (S7)718

Suppose y = y0, y1, · · · , ynz , we subtract the Eq. S7 corresponding to yk with that corresponds to y0, and we have:719

∑
zi∈z

(
∂qs(yk)

∂zi
− ∂qs(y0)

∂zi

)
· ∂zi
∂ẑj

+
∑
zi∈c

(
∂qc(yk)

∂zi
− ∂qc(y0)

∂zi

)
· ∂zi
∂ẑj

=
∂q̂s(yk)

∂ẑj
− ∂q̂s(y0)

∂ẑj
+
∂q̂c(yk)

∂ẑj
− ∂q̂c(y0)

∂ẑj
.

(S8)720
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Since the distribution of estimated ẑj does not change across different categories, ∂q̂s(yk)∂ẑj
− ∂q̂s(y0)

∂ẑj
= 0. Since ∂qs(yk)

∂zi
does 721

not change across different categories, ∂qc(yk)∂zi
= ∂qc(y0)

∂zi
, ∂qs(yk)∂zi

= ∂qs(y0)
∂zi

for zi ∈ Zs. So we have 722

∑
i∈c

(
∂qs(yk)

∂zi
− ∂qs(y0)

∂zi

)
· ∂zi
∂ẑj

= 0. (S9) 723

Based on the linear independence assumption (A3), the linear system is a nz × nz full-rank system. Therefore, the only 724
solution is ∂zi

∂ẑj
= 0. 725

Since h(·) is smooth over Z , its Jacobian can be formalized as follows 726

Jh =

[
A := ∂z

∂ẑ B := ∂z
∂ĉ

C := ∂c
∂ẑ D := ∂c

∂ĉ .

]
(S10) 727

Note that ∂zi∂ẑj
= 0 for zi ∈ Z and zj ∈ Z means that B = 0. Since h(·) is invertible, Jh is a full-rank matrix. Therefore, for 728

each z, there exists a hi such that z = hi(ẑ). 729

D.4. Proof of Theorem 2.2 730

We begin by presenting a useful lemma from [83], which connects group-wise transformations to component-wise transfor- 731
mations in a Markov network. This lemma is instrumental for the subsequent proof, in particular, it enables us to first recover 732
the latent variables within groups of adjacent nodes in the Markov network. 733

Lemma D.3 (Identifiability of Hidden Causal Variables). If zi is a function of at most one of ẑk and ẑl, and given that zi and 734
zj are adjacent in Markov networkMz, at most one of them is a function of ẑk or ẑl. Then, there exists a permutation π of 735
the estimated hidden variables, denoted as ẑπ , such that each ẑπ(i) is a function of (a subset of) the variables in {zi} ∪Ψzi

. 736

Proof. Step 0 (Setup and change of variables). By Theorem 2.1, there exists an invertible, dimension-preserving h such that 737

h(ẑ) = z =⇒ ph(ẑ) = pz. 738

Let Jh be the Jacobian of h and Jh−1 that of h−1. By the change-of-variables formula, 739

p(ẑ | ŷs) |det Jh−1(ẑ)| = p(z | y) =⇒ log p(ẑ | ŷs) = log p(z | y) + log | detJh(z)|. (S11) 740

Suppose ẑk ⊥⊥ ẑl | ẑ[n]\{k,l} (i.e., k, l are non-adjacent in the Markov network over ẑ). Then for each ŷs, by [50], 741

∂2

∂ẑk ∂ẑl
log p(ẑ | ŷs) = 0. (S12) 742

Differentiate Eq. S11 w.r.t. ẑk: 743

∂

∂ẑk
log p(ẑ | ŷs) =

n∑
i=1

∂ log p(z | y)
∂zi

∂zi
∂ẑk

+
∂

∂ẑk
log |det Jh(z)|. 744

Introduce the shorthand 745

η(y) :=log p(z | y), η′
i(y) :=

∂ log p(z | y)
∂zi

, η′′
ij(y) :=

∂2 log p(z | y)
∂zi∂zj

, h′
i,l :=

∂zi
∂ẑl

, h′′
i,kl :=

∂2zi
∂ẑk∂ẑl

. 746

Differentiating again w.r.t. ẑl and using Eq. S12 yields 747

0 =

n∑
j=1

n∑
i=1

η′′
ij(y)h

′
j,l h

′
i,k +

n∑
i=1

η′
i(y)h

′′
i,kl +

∂2

∂ẑk∂ẑl
log |det Jh(z)| 748

=

n∑
i=1

η′′
ii(y)h

′
i,l h

′
i,k +

n∑
j=1

∑
i:{zj ,zi}∈E(Mz)

η′′
ij(y)h

′
j,l h

′
i,k +

n∑
i=1

η′
i(y)h

′′
i,kl +

∂2

∂ẑk∂ẑl
log | det Jh(z)|. (S13) 749
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Here E(Mz) denotes the edges of the Markov network over z.750

By Assumption A3, pick 2dz + |Mz| + 1 values y(u), u = 0, . . . , 2dz + |Mz|, so that Eq. S13 holds. Subtract the u = 0 instance751
from each u ≥ 1, the Jacobian term cancels, yielding constraints below.752

From the linear independence condition (Assumption A3), we deduce that for any edge {i, j} ∈ E(Mz),753

h′
i,kh

′
i,l = 0, h′

i,kh
′
j,l + h′

j,kh
′
i,l = 0, h′′

i,kl = 0.754

The constraints imply that each zi can depend on at most one of ẑk, ẑl. By contradiction: if h′
i,kh

′
j,l ̸= 0, then h′

i,l = 0 by the first755
constraint, which makes the second constraint force h′

i,kh
′
j,l = 0, contradiction. Thus at most one of an adjacent pair (zi, zj) depends on756

a given recovered coordinate. Hence, isolated zi yield component-wise identifiability (ẑπ(i) = hi(zi)), while nodes in a clique can only be757
recovered modularly. Sparsity ensures most concepts are identifiable as individual components.758

By Lemma D.3, there exists a permutation π such that each ẑπ(i) is a function of {zi}∪Ψzi , where Ψzi are the neighbors of zi in Mz.759
In sparse cases this reduces to invertible component-wise identifiability.760

761

Illustrative Examples of Assumptions This assumption characterizes the discriminative component of the model. The762
condition about the linear independence implies that there exists a unique characteristic of the concept that cannot be linearly763
represented by other variables. To clarify this assumption, we provide two examples [81] to demonstrate scenarios where the764

assumption holds and where it does not. Let ηk = ∂qk(dk,y)
∂dk

.765
Example 1: Violation of the Assumption (Additive Gaussian Noise) Consider a case where the assumption is violated766

due to the presence of additive Gaussian noise. Let y denote the label, and let dk = qk(y) + ϵk, where ϵk ∼ N(0, 1). In767

this scenario, we have: ηk = − log
√
2π − (dk−qk(y))2

2 , and ∂2 logP (dk|y)
∂2dk

= 0. This result violates the assumption because768
the second derivative of the log-likelihood with respect to dk is zero, indicating a lack of discriminative power in the latent769
variables.770

Example 2: Validation of the Assumption (Generalized Normal Distribution) Conversely, consider a case where the as-771

sumption holds. Let ϵk follow a zero-mean generalized normal distribution: P (ϵk) ∝ e−λ|ϵk|
β

, where λ > 0, β > 2, and772
β ̸= 3. Let dk = qk(y) + ϵk, where q is a linear function. If, for each dk, there exists at least one l such that ckl = ∂dk

∂yl
̸= 0,773

the assumption must hold.774
In this case, we derive the following:775

∂3ηk
∂2dk∂yl

= −λ sgn(ϵk)β(β − 1)(β − 2)|ϵk|β−3ckl,776

and777
∂2ηk
∂dk∂yl

= −λβ(β − 1)|ϵk|β−2ckl.778

Here, |ϵk|β−2 and |ϵk|β−3 are linearly independent because their ratio, |ϵk|, is not constant. Furthermore, the functions779
|ϵlt|β−2 and |ϵlt|β−3, for l = 1, 2, . . . , n, are 2n linearly independent functions due to their distinct arguments.780

Suppose there exist coefficients αl1 and αl2 for l = 1, 2, . . . , n such that the weighted sum with respect to wl,t is zero:781

αk1ckl|ϵk|β−2 + αk2ckl|ϵk|β−3 +
∑
l ̸=k

(
αl1cll|ϵlt|β−2 + αl2cll|ϵlt|β−3

)
= 0.782

Since |ϵk|β−2 and |ϵk|β−3 are linearly independent and ckl ̸= 0, the only way for the above Eq. to hold is if αk1 = αk2 = 0 for783
all k. This implies that αl1 and αl2 must be zero for all l = 1, 2, . . . , n. Consequently, the set {wlt} is linearly independent,784
confirming that the assumption holds in this case.785

D.5. Proof of Theorem 2.3786

Proof. By Theorem 2.1, there exist a permutation π of {1, . . . , dz} and invertible, dimension-preserving maps hi : Rdi→Rdi787
such that788

ẑπ(i) = hi(zi), i = 1, . . . , dz. (S14)789
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For a fixed coordinate i and a value zi, let Si(zi) ⊂ Rdi denote the support set from Assumption A5. Define the pushed- 790
forward supports in the recovered coordinates by 791

Ŝπ(i)(zi) := hi
(
Si(zi)

)
⊂ Rdi . (S15) 792

For a full concept tuple z = (z1, . . . , zdz ), define the product (rectangle) regions 793

R(z) :=

dz∏
i=1

Si(zi), R̂(z) :=

dz∏
i=1

Ŝπ(i)(zi). (S16) 794

By Assumption A5, for any two distinct values u ̸= u′ of the i-th concept, Si(u) ∩ Si(u′) = ∅. Since hi in Eq. S14 is 795
bijective, it preserves set disjointness: 796

Ŝπ(i)(u) ∩ Ŝπ(i)(u′) = hi(Si(u)) ∩ hi(Si(u′)) = hi
(
Si(u) ∩ Si(u′)

)
= ∅. 797

Hence, for each coordinate i, the family {Ŝπ(i)(u)}u is pairwise disjoint. 798

For each i, define a decoder ψπ(i) : Rdi→(value set of zi) by membership in the disjoint sets: 799

ψπ(i)(ẑπ(i)) = u ⇐⇒ ẑπ(i) ∈ Ŝπ(i)(u). (S17) 800

The right-hand side determines u uniquely by Step 1, so ψπ(i) is well-defined (ties can only occur on set boundaries, which 801
have probability zero under standard absolute continuity assumptions). Moreover, Eq. S14 and the definition in Eq. S15 give, 802
for any realization from the true model, 803

ẑπ(i) = hi(zi) ∈ hi
(
Si(zi)

)
= Ŝπ(i)(zi), 804

and therefore ψπ(i)(ẑπ(i)) = zi almost surely. 805

Define ψ : Rdz→(value set of z) by 806

ψ(ẑ) :=
(
ψπ(1)(ẑπ(1)), . . . , ψπ(dz)(ẑπ(dz))

)
. 807

Applying Step 2 coordinate-wise gives ψ(ẑ) = z almost surely for any sample generated by the true model and mapped by 808
Eq. S14. Thus the tuple z is a function of ẑ via support membership. 809

Let z ̸= z′ be two tuples. Then there exists some index i such that zi ̸= z′i. By Assumption A5, Si(zi) ∩ Si(z′i) = ∅. 810
Consequently, 811

R(z) ∩R(z′) =
(∏
j ̸=i

Sj(zj) ∩ Sj(z′j)
)
×

(
Si(zi) ∩ Si(z′i)

)
= ∅, 812

whereR is defined in Eq. S16. Hence the rectangles {R(z)} are pairwise disjoint. The same argument on the pushed-forward 813

sets shows {R̂(z)} are pairwise disjoint. 814

Fix an unseen tuple zq = (zq1 , . . . , z
q
dz
) and suppose a test latent z♯ lies in the rectangle R(zq), i.e., z♯i ∈ Si(z

q
i ) for all 815

i. Then ẑ♯π(i) = hi(z
♯
i ) ∈ hi(Si(zqi )) = Ŝπ(i)(zqi ), so by Eq. S17 we obtain ψπ(i)(ẑ

♯
π(i)) = zqi for each i, and therefore 816

ψ(ẑ♯) = zq . By Step 4, R̂(zq) is disjoint from R̂(z′) for any z′ ̸= zq , which implies that the decoding to zq is unique on 817

R̂(zq). 818

Assumption A6 states that for the learned model on seen categories, each coordinate value that may occur at test time 819
is realized by at least one training label through the learned generator f̂ . Operationally, this ensures that every transformed 820
support Ŝπ(i)(·) appearing in Step 2 is estimable from training data in the recovered space, so that the membership-based 821
decoders {ψπ(i)} can be implemented (e.g., by empirical support estimation or consistent plug-in rules). This bridges the 822
population-level identifiability shown in Steps 1–5 with a practical decoding rule learned on seen categories. 823

824
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Proposition D.4 (Prototype learning ⇒ A3 with a Spectral Bound). Assume Eq. 1, the conditions of Theorem 2.1, and825
observational equivalence. Let the prototype layer gp contain m learnable prototype vectors826

P = {j}mj=1, j ∈ Rdz ,827

and define the prototype similarity as828

sj(z) = log
∥z−j ∥22 + 1

∥z−j ∥22 + ϵ
, 0 < ϵ < 1.829

Let the class potentials be linear in similarities:830

ϕy(z) = by +

m∑
j=1

Ujy sj(z), pθ(y | z) =
eϕy(z)∑
y′ e

ϕy′ (z)
.831

Suppose the supervised prototype loss Lproto converges so that pθ(y | z) = p(y | z) (Fisher consistency). If (1) m ≥832
2dz + |M| and the prototypes {j} are in general position, and (2) there exist K := 2dz + |M| labels whose coefficient833
differences βy := U·y − U·0 ∈ Rm are linearly independent, then for any z, Assumption A3 (Semantic Comparison) holds.834
Moreover, letting835

W (z) :=
[
w(z, y1)−w(z, 0) · · · w(z, yK)−w(z, 0)

]
,836

where837
w(z, y) =

(
∂ log p(z|y)

∂z1
, . . . , ∂ log p(z|y)

∂zdz
, ∂

2 log p(z|y)
∂z21

, . . . , ∂
2 log p(z|y)
∂z2dz

)
⊕
(
∂2 log p(z|y)
∂zi∂zj

)
(i,j)∈M

,838

we have839
σmin

(
W (z)

)
≥ σmin

(
G(z)

)
σmin(B) > 0,840

where G(z) ∈ R(2dz+|M|)×m and B := [βy1 · · · βyK ] ∈ Rm×K .841

Proof. By Bayes’ rule, log p(z | y) = log p(y | z)+ log p(z)− log p(y). Differentiating and subtracting the base class y = 0842
removes the y-independent term:843

∇
(
log p(z | y)− log p(z | 0)

)
= ∇

(
log p(y | z)− log p(0 | z)

)
.844

Since log p(y | z) = ϕy(z)− log
∑
y′ e

ϕy′ (z), the partition term cancels in differences, so845

∇
(
log p(z | y)− log p(z | 0)

)
=

m∑
j=1

βy,j ∇sj(z), (S18)846

∇2
(
log p(z | y)− log p(z | 0)

)
=

m∑
j=1

βy,j ∇2sj(z). (S19)847

with βy = U·y − U·0. For r2j = ∥z−j ∥22,848

∇sj(z) = 2s′j(r
2
j ) (z−j), ∇2sj(z) = 2s′j(r

2
j )I + 4s′′j (r

2
j ) (z−j)(z−j)⊤,849

and s′j(t) = (ϵ− 1)/((t+ 1)(t+ ϵ)) ̸= 0. Stack the entries required by A3 in850

gj(z) :=
(
∇sj(z), diag

(
∇2sj(z)

)
, (∇2sj(z))(i,k)∈M

)⊤
∈ R2dz+|M|,851

and define G(z) := [ g1(z) · · · gm(z) ]. Then for each y,852

w(z, y)−w(z, 0) = G(z)βy. (S20)853

Stacking Eq. S20 across the K labels yields W (z) = G(z)B.854
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Because {j} are in general position and m ≥ 2dz + |M|, some (2dz + |M|) × (2dz + |M|) minor of G(z) is nonzero 855
(its analytic expression is not identically zero), hence rank[G(z)] = 2dz + |M|. The discriminative prototype training 856
induces class-wise exclusivity so B has full column rank K. Therefore rank[W (z)] = 2dz + |M|, implying the vectors 857
{w(z, yi)−w(z, 0)}Ki=1 are linearly independent and A3 holds. Finally, 858

σmin

(
W (z)

)
≥ σmin

(
G(z)

)
σmin(B) > 0 859

by sub-multiplicativity of singular values, meaning that we can leverage prototype learning to sufficiently learn the distinctive 860
concepts. 861

Remarks. σmin(G(z)) captures geometric diversity of prototypes, while σmin(B) reflects class diversity induced by the 862
prototype loss. Their product lower-bounds the degree of semantic comparison, linking prototype learning convergence to 863
A3. 864

E. Methodology Details 865

The identifiability theory in Section 2.2 establishes the conditions guarantees compositional generalization to unseen cate- 866
gorie. This section details how each condition is operationalized in our architectural design. Our design choices are con- 867
sequences of satisfying specific identifiability requirements, following the theoretical hierarchy from subspace separation 868
(Thm. 2.1) to component recovery (Thm. 2.2) and compositional generalization (Thm. 2.3). 869

E.1. Encourage Discriminative Subspace 870

Theorem 2.2 requires that the local geometry of log p(ẑ|y), characterized by gradients and Hessians, varies in a linearly 871
independent directions across category labels (Assumption A3). A standard softmax classifier optimizes a single global 872
projection of ẑ, offering no mechanism for label-wise variation in local curvature. Thus, high accuracy may coexist with 873
geometrically degenerate representations, violating A3. 874

To induce position-dependent curvature tied to category identity, we exploit a prototype layer gp that transforms ẑ into 875
a similarity score vector s ∈ Rm via m learnable anchor points {p1, . . . ,pm}. Unlike standard prototype networks [7] 876
designed for metric-based classification, our formulation specifically targets the geometric diversity condition in A3. Drawing 877
on the similarity computation from ProtoPFormer [80] and its OCD adaptation [86], we define: 878

si→j = gpj (ẑ) = log

(
∥ẑ− pj∥22 + 1

∥ẑ− pj∥22 + ϵ

)
, (S21) 879

where ẑ represents the semantic subspace associated with sample i, and ϵ ensures numerical stability. This logarithmic 880
formulation ensures that gradients and Hessians with respect to ẑ depend explicitly on prototype locations, creating position- 881
dependent curvature. When prototypes are category-assigned and trained via Lproto, different categories necessarily induce 882
different local geometries. The following proposition formalizes this guarantee: 883

Proposition E.1 (Prototype Learning Ensures Semantic Comparison). Under Eq. 1 and the conditions of Thm. 2.1, consider 884

a prototype layer gp with m learnable prototypes P = {j}mj=1 and similarity sj(z) = log
∥z−j∥2

2+1

∥z−j∥2
2+ϵ

for 0 < ϵ < 1. If (i) 885

m ≥ 2dz + |M| with {j} in general position, and (ii) there exist K := 2dz + |M| labels whose coefficient differences 886
βy := U·y − U·0 are linearly independent, then after convergence of Lproto, Assumption A3 holds with spectral bound 887
σmin(W (z)) ≥ σmin(G(z))σmin(B) > 0, where W (z) = [w(z, yi) − w(z, 0) ]Ki=1, G(z) ∈ R(2dz+|M|)×m, and B = 888
[βy1 · · · βyK ]. 889

We use k prototypes per category, yielding m = k · |Y| total prototypes sufficient to satisfy condition (i). Multiple 890
prototypes per category capture intra-class variation while the supervised loss ensures inter-class separation. Additionally, 891
the prototype mechanism separates label-discriminative information into ẑ while leaving category-agnostic variation in ĉ, 892
thereby supporting context invariance (A2). 893

E.2. Encourage Discriminative Component 894

Theorem 2.3 establishes that compositional generalization requires different values of the same semantic concept to occupy 895

disjoint support regions (Assumption A5): k ̸= l⇒ Si(z(k)i ) ∩ Si(z(l)i ) = ∅. In continuous representation spaces, Euclidean 896
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distance dE = |ϵ| can be arbitrarily small when vectors differ by ϵ in one component, so gradient descent may find solutions897
satisfying loss tolerances while violating strict support separation.898

This motivates discrete encoding as an architectural enforcement of A5. In discrete space, the Hamming distance899

dH(b1,b2) =

n∑
i=1

1(b1,i ̸= b2,i), b1,b2 ∈ {0, 1}n, (S22)900

guarantees minimum separation dH = 1 for any distinct codes which is infeasible in continuous space [86]. This ensures901
different concept values cannot occupy overlapping support regions, directly operationalizing A5. Empirical studies in sim-902
ilarity search [75], metric learning [61], and large-scale retrieval [18] corroborate that discrete constraints yield more robust903
separation than continuous embeddings.904

Hash Center Learning. Given semantic representations ẑ, we compute category-level hash centers as the binarized mean905
of within-category samples [86]: b̄y = sign

(
1

|Cy|
∑
i∈Cy

hhash(ẑi)
)
, where hhash is a learnable projection and Cy denotes906

samples of category y. Individual samples are mapped to binary codes bi = sign(hhash(ẑi)). The hash loss enforces within-907
category alignment while maintaining cross-category distinctiveness:908

Lhash =
1

|B|
∑
i∈B

ℓ
(
yi, sim(bi, b̄)

)
, (S23)909

where sim(bi, b̄) is the vector of cosine similarities between bi and all category centers {b̄y}y∈Y .910

E.3. Supervised Contrastive Regularization911

While the prototype mechanism (Sec. E.1) induces geometric diversity and hash encoding (Sec. E.2) enforces support separa-912
tion, neither directly optimizes for the discriminability of semantic content. Assumption A3 requires not only that categories913
have different local geometries, but that these differences arise from discriminative semantics rather than spurious correla-914
tions.915

We incorporate supervised contrastive learning [33] to explicitly encourage intra-class compactness and inter-class sepa-916
ration:917

Lscl =
∑
i∈B

−1
|P(i)|

∑
p∈P(i)

log
exp (sim(θi, θp)/τ)∑
a̸=i exp (sim(θi, θa)/τ)

, (S24)918

where B is the batch, P(i) = {p ∈ B | yp = yi, p ̸= i} indexes same-category samples, θi is the representation of sample919
i, and τ is a temperature parameter. This objective complements prototype and hash losses: Lproto anchors category-level920
geometry, Lhash discretizes concept values, and Lscl shapes the continuous manifold. They jointly satisfy component-wise921
identifiability (Theorem 2.2).922

E.4. Unified Objective923

The complete training objective integrates all components according to their theoretical roles:924

Lall = Lproto + Lhash + Lscl︸ ︷︷ ︸
supervised comparison (A2, A3, A5)

+ λ1Lflow + λ2Ls︸ ︷︷ ︸
semantic structure (A3, A4)

+ Lrecon + λ3Lctx︸ ︷︷ ︸
density & context (A1, A2)

. (S25)925

The supervised comparison terms jointly address multiple conditions: Lproto induces geometric diversity across categories926
(A3) while separating semantic from contextual variation (A2); Lhash enforces discrete support separation (A5); and Lscl927
reinforces discriminability of semantic components (A3). For semantic structure, Lflow provides label-conditioned density928
estimation satisfying the contrast condition (A3), while Ls encourages sparse concept activations (A4). The density terms929
ensure well-posed latent distributions: Lrecon maintains reconstruction fidelity (A1), and Lctx regularizes contextual variables930
toward a label-invariant prior (A2). Assumption A6 (coverage) is a data condition rather than a learning objective.931

E.5. Assumption-Component-Intuition932

To clarify the motivation of each component in our implemented framework, we present a straightforward assumption-933
component-intuition specification in Table S2.934
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Table S2. Mapping from theoretical assumptions (A1–A6) to intuition and concrete components in our implementation.

Assump. Meaning Intuition Components

A1 Well-posed density over
(ẑ, ĉ | x) and over the
semantic subspace.

The latent variables should have a smooth,
non-degenerate probability landscape, so
that small changes in z or c lead to bounded
changes in log-probability. This motivates
reconstruction objectives with proper regu-
larization.

(i) Reconstruction loss Lrecon ensures a
well-defined joint density with reconstruc-
tion fidelity. (ii) Conditional normaliz-
ing flow with Lflow yields a smooth, strictly
positive density over the semantic subspace.

A2 Context invariance: iden-
tifiability of c without
capturing semantic varia-
tions.

Contextual variables c capture shared back-
ground information (scene, imaging condi-
tions) that is stable across labels. Separa-
tion from semantic information ensures that
changing y does not shift the distribution of
c.

(i) Context regularization Lctx enforces
Gaussian prior alignment on ĉ for category-
agnostic distributions. (ii) Prototype
contrast Lproto pushes label-discriminative
variation into ẑ, separated by the MoE gat-
ing M(s).

A3 Semantic sufficient con-
trast: local shape vectors
of log p(ẑ | y) are lin-
early independent across
labels.

Each label y induces its own local shape of
log p(z | y) via gradients and curvatures.
Linear independence means no class’s local
shape can be reconstructed as a combina-
tion of others, making each concept identi-
fiable.

(i) Prototype loss Lproto encourages ẑ
to span distinct hyperspherical directions
across categories. (ii) Supervised con-
trastive loss Lscl reinforces discriminabil-
ity of semantic components. (iii) Con-
ditional flow Lflow provides explicit label-
conditioned parametrization of log p(ẑ |
y).

A4 Sparse Markov structure
over semantic concepts
with modular dependen-
cies.

Semantic concepts form a sparse depen-
dency graph. When the learned graph is
sparser than the true one, each learned con-
cept corresponds to a true semantic concept
or a small neighborhood around it, preserv-
ing interpretable modular structure.

(i) Sparsely-gated MoE learns a sparse
adjacency structure Mz over semantic con-
cepts. (ii) ℓ1 sparsity loss Ls = ∥ẑ∥1
promotes sparse activations. (iii) Flow
regularization Lflow operates on Mz ⊙ ẑ, so
only selected edges induce non-zero mixed
derivatives.

A5 Support separation: dif-
ferent concept values oc-
cupy distinct regions on
the semantic manifold.

Different values of a concept (e.g., “striped”
vs. “spotted”) occupy separated rather than
overlapping regions in semantic support;
otherwise, the meaning of the same re-
gion becomes ambiguous. This guarantees
unique decoding of concept values.

(i) Hash loss Lhash enforces discrete
codes with minimum Hamming separation,
pushing different semantic values apart.
(ii) The discretization bottleneck archi-
tecturally guarantees disjoint support re-
gions for distinct concept values.

A6 Coverage: unseen cate-
gories share the seman-
tic space with seen cate-
gories.

Under sufficient semantic diversity in seen
categories, unseen categories can be ex-
pressed as new compositions of already
learned primitives.

No explicit loss; satisfied when training
data exhibit sufficiently diverse semantics
across categories.

E.6. Training Algorithm 935

Algorithm 1 presents the complete training procedure, with loss components organized according to their theoretical roles in 936
Eq. S25. 937

F. Implementation Details 938

F.1. Dataset Description 939

We evaluate our method following established benchmarks in the OCD literature [11, 86]. Specifically, we use four chal- 940
lenging fine-grained subsets from iNaturalist 2017 [71] (Fungi, Arachnida, Animalia, and Mollusca), as well as CUB [74], 941
Stanford Cars [41], Oxford Pets [55], and Food101 [3]. Following the standard protocol [11, 86], the categories are split into 942
two subsets (seen and unseen) at the super-category. By default, 50% of the samples from the seen classes are included in the 943
training set DS , while the remaining samples are used in the unlabeled set DQ for evaluation. During inference, test images 944
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Algorithm 1 C3 Training Procedure
Training set DS = {(oi, yi)}Ni=1, pretrained encoder fenc, model components Θ Trained parameters Θ each mini-

batch {(o, y)} from DS x ← fenc(o) Frozen backbone features [ẑ, ĉ] ← Mψ(ĝ
−1
ϕ (x)) Semantic-context separation

// Supervised comparison (A2, A3, A5) Lproto ← prototype similarity loss (Eq. S21) Lhash ← hash center alignment
loss Lscl ← supervised contrastive loss (Eq. S24) // Semantic structure (A3, A4) Lflow ← conditional flow likelihood
on Mz ⊙ ẑ Ls ← ∥ẑ∥1 // Density and context (A1, A2) Lrecon ← − log pθ(x|ẑ, ĉ) Lctx ← KL[q(ĉ|x)∥N (0, I)] //
Combined objective (Eq. S25) Lall ← (Lproto + Lhash + Lscl) + λ1Lflow + λ2Ls + Lrecon + λ3Lctx Θ← Θ− η∇ΘLall

are processed independently as they arrive in a streaming fashion [11].945

Table S3. Statistics of datasets.

CUB Scars Pets Food Fungi Arachnida Animalia Mollusca

|YS | 100 196 38 101 121 56 77 93
|YQ| 200 98 19 51 61 28 39 47
|DS | 1.5K 2.0K 0.9K 19.1K 1.8K 1.7K 1.5K 2.4K
|DQ| 4.5K 6.1K 2.7K 56.6K 5.8K 4.3K 5.1K 7.0K

F.2. Experiments on Synthetic Data946

Data Generation. We generate synthetic data following the generative process in Eq. 1. The latent space has 4 dimensions:947
nzc = 2 (contextual), nz = 2 (semantic), and nd = 2 (high-level). We sample zc ∼ N (0, I) and ẑ ∼ N (µy, σ

2
yI), where for948

each label y (both seen and unseen), µy ∼ Unif(−4, 4) and σ2
y ∼ Unif(0.01, 1).949

Architecture and Training. Since all synthetic data are numerical, observations x directly correspond to generated outputs950
without requiring a pretrained backbone. The VAE encoder and decoder are 6-layer MLPs with hidden dimension 32 and951
Leaky-ReLU activation (α = 0.2). The mappings g, f , and m are also MLPs with Leaky-ReLU activations; m̂ and ĝ are952
estimated using 2-layer MLPs. For density estimation, we use component-wise spline flows [13] with monotonic linear953
rational splines (8 bins, bound = 5). To encourage concept discrimination, we apply cross-entropy loss directly to ẑ and z,954
with an additional sigmoid σ(·) on ẑ to promote component-wise separation.955

Hyperparameters. We train using AdamW for 200 epochs with learning rate 2× 10−3, batch size 128, and weight decay956
10−4. The KL loss weight is β = 0.1.957

F.3. Experiments on Real-World Data958

Implementation Details. Following the basic OCD setting of [11, 86], we use the DINO-pretrained ViT-B-16 [10] as the959
backbone. During training, only the final block of ViT-B-16 is fine-tuned. In our approach, the low-level concept learner960
m̂−1 is a single linear layer with an output dimension set to 768, and then use a MLP to map the 3072, the low-level changing961
concepts z in our case. Each category has k = 10 prototypes. The function m−1 consists of three linear layers with an962
output dimension set to nd = 32. We align all the experiments with setting this dimension for fair comparison. We set963
λ1 = 5× 10−2, λ2 = 1× 10−2, and λ3 = 1× 10−3.964

Comparison with Baselines. Since OCD demands instantaneous inference without access to unlabeled novel-category965
data during training, traditional NCD and GCD baselines are inapplicable. We compare against two state-of-the-art OCD966
methods, SMILE [11] and PHE [86], as well as three alternatives that can operate under the OCD protocol: Sequential967
Leader Clustering (SLC) [22], a classical method for sequential data; Ranking Statistics (RankStat) [21], which identifies968
categories via top-k indices of feature embeddings; and Winner-Take-All (WTA) [28], which constructs category descriptors969
by selecting maximum-value indices within feature groups. All baselines follow configurations established in SMILE [11]970
for consistency.971
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Figure S2. Hyperparameter sensitivity analysis on CUB and Oxford-Pet. Performance remains stable within reasonable ranges.

F.4. Statistical Robustness of Main Results 972

To assess the reliability of our findings, we report the average performance over three independent runs for each experimental 973
setting. Table S4 provides the detailed results for our method, including both the mean and the population standard deviation, 974
thereby quantifying the variability due to stochasticity in training and evaluation.

Table S4. Mean and standard deviation of accuracy across three independent runs for each setting.

Dataset All Old New

CUB 39.7±0.18 60.9±1.43 29.1±0.67
Stanford Cars 33.3±0.24 68.3±1.09 17.2±0.51
Oxford Pets 53.7±0.35 62.5±2.16 49.1±1.42
Food101 30.3±0.27 67.0±0.38 11.2±0.46
Fungi 32.6±0.30 69.2±1.53 16.0±0.49
Arachnida 37.6±0.22 70.1±0.88 13.2±0.54
Animalia 41.5±0.33 58.3±1.24 32.6±1.07
Mollusca 41.6±0.29 69.4±2.01 27.0±1.18

975

F.5. Analysis on Hyperparameters. 976

Hyperparameter Analysis. Fig. S2 analyzes three key hyperparameters: semantic dimensionality (dz), contextual dimen- 977
sionality (dc), and structure regularization weight (λflow). Experiments on CUB and Oxford-Pet show consistent patterns 978
across both datasets. Performance peaks at dz = 3072, indicating sufficient capacity is needed for semantic disentanglement, 979
while excessive dimensionality (dz = 4096) introduces redundancy. For contextual representation, moderate dimensionality 980
(dc = 32) performs best; too small values under-represent context while too large values risk encoding semantic information. 981
The flow weight λflow = 0.05 achieves optimal balance: smaller values provide insufficient structure regularization, while 982
larger values over-constrain the latent space. The low performance oscillation across varying hyperparameter values and 983
datasets demonstrates the robustness of our design choices. 984

F.6. Effect of Sparsity Regularization 985

To evaluate the sensitivity of our method to the sparsity regularization coefficient λsparse on the gated network, which is 986
responsible for identifying distinctive concepts and modular concepts, we conduct experiments under four different settings. 987
Table S5 presents the ALL accuracy (mean ± std) across three independent runs. We observe that an inappropriate choice of 988
sparsity coefficient significantly impairs performance. 989

Results on Synthetic Data. As shown in Table S6, several results support the validity of our theoretical insights. The 990
Mean Correlation Coefficiency (MCC) quantifies the degree of component-wise identifiability of z, whereas R2 measures 991
the subspace identifiability of ĉ. Higher values for all metrics indicate better identifiability. First, we observe that both R2 992
and the MCC of our method increase monotonically with the number of known classes within the evaluated range (up to 993
ns=24), at which both subspace and component-wise latent variables achieve high identifiability scores. This confirms our 994
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Table S5. Effect of λsparse for concept selection on C3 performance (mean ± std over three runs). The setting λ = 0.1 corresponds to the
main results in Table 1.

Dataset λ = 0.0 λ = 0.01 λ = 0.1 λ = 1.0

CUB 36.8± 0.5 38.9± 0.3 39.7± 0.2 35.1± 0.6
Stanford Cars 30.7± 0.6 32.6± 0.4 33.3± 0.3 29.4± 0.7
Oxford Pets 49.2± 0.4 51.6± 0.3 53.7± 0.2 48.1± 0.5
Food101 27.9± 0.7 29.4± 0.4 30.3± 0.3 26.5± 0.6

Average 36.1± 0.5 38.1± 0.3 39.2± 0.2 34.8± 0.6

dz Metric ns=6 ns=12 ns=18 ns=24

2
MCC 0.73 0.89 0.90 0.95
R2 62.6 75.3 90.3 95.5

Acc. 51.3 65.7 73.6 79.8

5
MCC 0.81 0.85 0.91 0.92
R2 73.6 77.2 79.3 89.2

Acc. 43.5 59.9 67.0 72.2

9
MCC 0.31 0.65 0.75 0.74
R2 12.6 67.6 82.3 86.1

Acc. 10.9 35.5 40.4 68.4

Table S6. Identifiability Results on Synthetic Data. ns denotes the number of known categories.

Concept Latent Variables Cls Acc. (%) Notes

Body z1, z2 92.3 discriminative latent concepts, comparison
Tail z5 64.1 not discriminative
Wings z3, z4 78.5 not discriminative
Head z8 95.0 discriminative latent concepts, comparison

Table S7. Concept-guided classification results by latent variables.

CUB (%) SCars (%)

Method All Old New All Old New

CLIP (ViT-B/16) 33.5 58.9 21.8 26.7 52.1 14.9
CLIP (ViT-L/14) 28.9 51.0 14.6 22.3 45.5 10.2
Ours (DINO ViT-B/16) 40.1 62.1 29.5 34.1 69.0 17.8

Table S8. Scaling to larger foundation backbones: comparison on CUB and Stanford Cars using CLIP visual encoders.

theoretical prediction and aligns with the intuition that a sufficient number of known classes is necessary for identifiability.995
Specifically, when the condition 2dz + |M| + 1 ≤ ns is not satisfied, both MCC and accuracy drop to impractically low996
values, further validating the assumption that adequate comparisons are required. Notably, we find that strong performance997
can still be achieved with a large number of concepts, e.g., dz = 9, highlighting why our method remains effective even in998
complex fine-grained datasets.999

Scaling to larger foundation model backbones. We evaluate our framework with large vision–language backbones by1000
adopting only the visual encoders from the CLIP family, since the OCD setting provides no language supervision. The CLIP1001
image embeddings are used as inputs to our network without modifying the training protocol. Results are shown below.1002
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Merge setting All (%) Old (%) New (%)

C3 (Fungi only) 32.9 69.8 16.2
C3 (Fungi + Arachnida) 34.5 66.7 19.8
C3 (Fungi + Arachnida + Animalia) 36.4 63.5 22.9
C3 (All four merged) 38.7 60.1 25.8

Table S9. C3 on merged iNaturalist subsets (Fungi, Arachnida, Animalia, Mollusca). As the merge size grows, New improves and Old
decreases modestly, indicating stronger open-set generalization with broader semantics.

# Unknown Labels CUB All (%) CUB Old (%) CUB New (%)

150 23.0 32.1 17.5
120 31.5 51.3 22.3
100 40.1 62.1 29.5

Table S10. Scaling with unknown category count on CUB. Performance improves as the number of unknown labels decreases (more
seen semantics), supporting the scalability of C3 under increasing semantic coverage.

Figure S3. Loss curves in training stage.

Scaling to larger datasets with more semantic categories. We evaluate the scalability of C3 by merging iNaturalist 1003
subsets—Fungi, Arachnida, Animalia, and Mollusca—to substantially increase the number of unseen categories. As shown 1004
in Table S9, as more subsets are merged, New accuracy consistently increases while Old decreases moderately; the overall All 1005
metric also changes accordingly. This confirms that comparison-and-composition benefits scale with available seen semantics 1006
rather than overfitting to them. 1007

Varying the number of unknown labels. We follow the same protocol while adapting the known : unknown ratio and re- 1008
port CUB performance as the number of unknown labels increases (Table S10). Results show consistent gains in All/Old/New 1009
as the unknown set shrinks (i.e., more seen semantics are available). 1010

Ablation on comparison and composition. We perform a leave-one-out ablation to quantify the contribution of each com- 1011
ponent in C3, separating comparison (e.g., Lflow, Lproto, Lctx) from composition (e.g., sparsity LS and residual integration 1012
fres), while the reconstruction term LELBO stabilizes training. As reported in Table 2, removing any single module consis- 1013
tently degrades performance; the full model achieves the best overall results, indicating that comparison and composition 1014
play complementary roles. 1015

Training Stability: Compatible Regularizers. As shown in Figure S3, we include the training curves of the independent 1016
regularizers, including the flow loss, likelihood (ELBO), prototype contrast, and sparsity on the Markov network. 1017

Computational Efficiency and Scalability. We analyze the computational cost and scaling behavior of C3 on CUB. As 1018
summarized in Table S11, the flow and MoE modules introduce only marginal overhead—approximately X% additional 1019
parameters and Y% increase in inference latency—while substantially improving model expressiveness and convergence 1020
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Model Variant Params (M) Training Time (min) Inference Time (ms) GPU Memory (GB)

PHE (baseline) 22.4 70.5 1.18 5.2
Base (w/o Flow, MoE) 23.1 72.3 1.21 6.4
+ Flow Module 24.4 75.8 1.25 6.8
+ MoE Module 24.9 76.2 1.27 6.9
Full C3 (Flow + MoE) 25.0 76.8 1.29 7.0

Table S11. Computational efficiency on CUB dataset. The flow and MoE modules add minimal overhead while improving convergence
stability; both operate in a low-dimensional, sparse regime.

stability. The added costs are limited because both modules operate in a low-dimensional, sparsity-inducing space. Moreover,1021
the training loss exhibits smooth, stable convergence across datasets (Fig. S3), and we observe near-linear scaling with respect1022
to the number of latent variables and input dimensions, indicating practicality for larger-scale applications.1023

G. Discussion1024

Compatibility of A2 and A3. We want to clarify that A2 is a weaker version of A3 (since isolating subspace z and c1025
requires less diversity than disentangling concept), and then, Assumption A2 / A3 are imposed on the data-generating process1026
and is, in fact, a mild requirement for any successful semantic classification: if the latent concepts themselves lack sufficient1027
diversity, neither humans nor machines can distinguish categories meaningfully. However, standard neural networks often1028
fail to capture such diversity in practice, as their training objectives can converge to degenerate local minima that entangle1029
concepts across categories.1030

H. Broader Impacts1031

This work provides theoretical foundations for learning compositional, identifiable representations that generalize to novel1032
categories. By grounding representation learning in identifiability theory, our framework contributes to the broader goal of1033
building AI systems whose learned concepts align with human-interpretable semantics. We anticipate no direct negative1034
societal consequences from this foundational research.1035
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