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Abstract

In this article, we explore the loss landscape of
next-token prediction with transformers. Specif-
ically, we focus on learning in-context n-gram
language models with cross-entropy loss using
a simplified two-layer transformer. We design
a series of transformers that represent k-grams
(for k < n) for which the gradient of the popu-
lation loss approaches zero in the limit of both
infinite sequence length and infinite parameter
norm. This construction reveals a key property of
the loss landscape: k-grams are stationary points
of the population cross-entropy loss, offering the-
oretical insights for widely observed empirical
phenomena such as stage-wise learning dynamics
and emergent phase transitions. These insights
are further supported by numerical experiments
that illustrate the dynamics of learning n-grams,
characterized by jumps between stationary points.

1. Introduction

Transformers (Vaswani et al., 2017) have become central
to modern machine learning, due to their capabilities such
as in-context learning (ICL) (Brown, 2020)—the ability of
models to perform new tasks by leveraging a few examples
provided within the context, without the need for parameter
updates or retraining.

Recent empirical studies have revealed that the dynamics
that result in in-context learning abilities often deviate from
a simple monotonic decrease in loss, exhibiting complex
behaviors with plateaus such as grokking (Power et al.,
2022) and stage-wise transitions (Olsson et al., 2022) where
the training process frequently lingers in regions of slow
progress before going through a sudden phase transition
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after which ICL abilities are acquired. Mechanistic inter-
pretability studies suggest that after these plateaus, specific
circuits, such as induction heads (Olsson et al., 2022), or syn-
tactic structures (Chen et al., 2024a), are gradually learned.
This raises a natural question:

Why does training linger at plateaus before developing such
abilities?

The setting of Edelman et al. (2024) provides an avenue
to take a closer look at this question with the specialized
task of learning in-context n-grams (Shannon, 1948; Chom-
sky, 1956; Brown et al., 1992). Here, the training unfolds
in a hierarchical, phase-wise manner. It begins with the
transformer making uniform predictions, progresses through
unigram and bigram predictions, and potentially general-
izes to higher-order n-grams. Figure | illustrates how these
training phases overlap with the losses of the sub-n-gram
estimators.

Building on this observation, we provide a theoretical foun-
dation for why training lingers at long plateaus—the loss
landscape of transformers trained on in-context sequential
data exhibit stationary points aligned with sub-hierarchical
or sub-syntactic solutions. These points act as intermedi-
ate solutions where gradients vanish, causing training to
stagnate before transitioning to the next hierarchical level.

Concretely, this paper explores the loss landscape of trans-
former models trained on in-context n-gram language mod-
els to predict the next token. We show a sufficient stationar-
ity condition for the cross-entropy loss that the sub-n-gram
constructions satisfy, shedding light on the incremental and
phase-wise learning phenomena observed during training
for in-context n-grams. Our main contributions can be sum-
marized as follows:

* In Section 3, we provide a sufficient condition for the
solutions to be the stationary points of the cross-entropy
loss in the next-token prediction task when the derivatives
of the model’s logits depend solely on a sub-sequence of
the input history. This characterization provides a power-
ful tool for analyzing the structure of the loss landscape
for various tasks, including but not limited to n-grams.

¢ In Section 4, we demonstrate that a set of solutions repre-
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Figure 1: The stage-wise behavior of the test loss during
training for the 4-gram language model. The dashed lines
represent the cross entropy loss of the k-gram estimators for
k =1,2,3,4. The plateaus of the test loss overlap with the
losses of k-gram estimators.

senting sub-n-gram estimators are near-stationary points,
by verifying that they satisfy the conditions sufficient for
the gradient of the population loss to converge to zero
presented in Section 3 in the infinite weight and sequence
length limit.

* In Section 5, we present empirical evidence that illus-
trates the structural evolution of these models during
training and how transitions between training phases are
in alignment with the predictions of our theory.

1.1. Related Work

In-context Learning. To understand in-context learning
(ICL) (Brown, 2020), previous works have explored various
approaches. One approach is mechanistic interpretability,
which has revealed the emergence of circuits called induc-
tion heads during ICL (Olsson et al., 2022). Another ap-
proach involves studying ICL on specific hypothesis classes
to understand how transformers solve these tasks in context.
A common feature of the training dynamics in these studies
is the presence of plateaus (Chen et al., 2024a; Kim et al.,
2024), after which the models acquire certain capabilities.
Examples include studying ICL on regression tasks (Garg
et al., 2022; Von Oswald et al., 2023; Ahn et al., 2024),
boolean functions (Bhattamishra et al., 2023), regular lan-
guages (Akyiirek et al., 2024), and n-grams.

(In-context) Learning n-gram language models. n-gram
language models, or higher-order Markov chains, are ef-
fective mathematical models for generating sequential data
and capturing certain aspects of natural language (Shannon,
1948; Jelinek, 1998; Jurafsky & Martin, 2024). As a re-
sult, many studies have focused on analyzing transformers
through the lens of Markov sequences. Svete & Cotterell
(2024) examines the representational limits of transform-
ers on n-grams, while Rajaraman et al. (2024) focuses on
the in-context counterpart. Makkuva et al. (2024) explores
the landscape of transformers on data from binary first-
order Markov chains (bigrams) but does not consider the

in-context setting. Bietti et al. (2024) investigates the forma-
tion of induction heads needed to learn bigrams with specific
trigger tokens. Additionally, Nichani et al. (2024) studies
the formation of induction heads through gradient descent
in learning causal structures. A closely related work to ours
is Edelman et al. (2024). They report the stage-wise dy-
namics of transformers while learning in-context n-grams,
and identify that these stages correspond to sub-n-grams.
However, their theoretical analysis is limited to one step of
gradient descent on binary bigrams, while we characterize
the sub-n-grams as near-stationary points for unrestricted
n and vocabulary size, explaining the long plateaus once
the training reaches a state expressing these solutions. Chen
et al. (2024b) study the same in-context n-gram prediction
task, but with an architecture that involves a feed-forward
network layer that does the token selection. However, they
have a threee-stage training procedure and an initializa-
tion scheme that ensures different heads attend to different
tokens from the start, eliminating the stage-wise learning
dynamics we study.

Sequential learning. Fukumizu & Amari (2000) analyzes
the plateaus in the loss curve and their relationship to crit-
ical points for supervised learning with neural networks.
The characterization of dynamics, including jumps between
these stationary points, has also been studied for simpler
models such as matrix and tensor factorization (Razin et al.,
2021; Jiang et al., 2022), matrix sensing (Arora et al., 2019;
Liet al., 2021; Jin et al., 2023), diagonal networks (Gissin
et al., 2020; Berthier, 2022; Pesme & Flammarion, 2023),
linear networks (Saxe et al., 2019; Gidel et al., 2019; Jacot
et al., 2021; Varre et al., 2023), ReLLU networks (Boursier
et al., 2022; Abbe et al., 2023) and transformers with diago-
nal weight matrices (Boix-Adsera et al., 2023).

Large Language Models(LLMs) as n-grams Nguyen
(2024) investigate whether LLM predictions can be approx-
imated by simpler, interpretable statistical rules based on
n-gram frequencies, and show that LLLMs exhibit curricu-
lum learning during training—starting with simpler n-gram
patterns and progressively capturing more complex ones. In
a related vein, Zekri et al. (2025) leverages the equivalence
between auto-regressive models and n-gram models with
long contexts to derive generalization bounds.

2. In-context n-grams and Transformers

In this section, we define the in-context next token predic-
tion loss, the landscape of which we aim to understand for
transformers. Next, we introduce the n-gram language mod-
els and formally describe the disentangled attention-only
transformer architecture.

Notation. Let [S] = {1,2,...S} be a finite alphabet for
S € N. The Kleene star [S]* denotes the set of all finite-
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length sequences whose elements are in [S]. For | < k,
o = {x, 2, ... 20y, 2} € [S]P7H denotes a subse-
quence. When not specified, I = 1. A*~! denotes the prob-
ability simplex over R*. For an element z, in a sequence,
its [-history refers to !~} and its (—I)-token refers to z,_,.
A language model p is a distribution over [S]*. For a matrix
r € RT*4 r[t] € R? denotes the vector representation of
it’s t" row.

2.1. In-context Next Token Predictions

Consider a language model p and a parametric model
p(0,.) : [S]* — AS~1, which predicts the probability for
the next token. Given a sequence 27 € [S]7, the model’s
performance in predicting the next token is evaluated using
the cross-entropy loss (CE):

)= plarn=sla")log (p(6,27)[s]).

sES

(0, x"

In the in-context setting, we assume that the ground truth
language model is a mixture of multiple language models.
Specifically, the language model p, is sampled from a prior
distribution P. Then, given p., the sequence =™ is sampled
accordingly. The in-context population loss is defined as

LO)= E_E £(8,2"). (1)

Pr ~P :ETpr

We focus on the in-context n-gram task case where p,’s are
modeled as n-gram language models.

2.2. In-context n-grams task

We start with the definition of n-gram language model and
discuss some estimators for this setting.

The n-gram Language Model. A language model p,
is an m-gram language model if it satisfies the two key
assumptions:

(a) Markov property: The conditional probability of a token
depends only on the (n—1)-history rather than the entire
history, i.e.,

1— 1

Dr (:I:l|$ =D (‘rl‘xﬁiiurl) ) forl>n

(b) Time Homogeneity: The transition probabilities are inde-
pendent of the position in the sequence. Formally, for all
t,l € [T] and sequences s™ € [S]™,

Dr (xl— e s”’l) =p, (xt—5n|:ct nﬂ—s“’l).

The assumptions above distinguish n-grams from general
language models by limiting the dependency range and as-
suming uniform transition dynamics over time. Although
these assumptions restrict their expressive power, they re-
tain certain key characteristics of natural language, such

as causal dependence on the prior context. Under these
assumptions, the probability of the sequence =™ can be
expressed using the chain rule as

= I p-(@l')

1€[T)

H Pr ‘rl|$1 n+1) .

1€[T)

Estimators. For the next token prediction task with the
in-context n-gram language model, the k-gram estimator is
of particular interest.

Definition 2.1 (k-gram estimator). Given a sequence z”
and ¢ € [S], the k-gram estimator is defined as

Z Haimhy, =

~ T =

Pk ($T+1:Z’x )

T k+2}]l{xl_l}

Z ]].{1‘1 k+1_xT k+2}

Intuitively, this estimator checks whether the (k—1)-
histories match and counts the tokens that follow. For k = 1
(unigram), it computes the empirical frequency of each to-
ken in the sequence. For k = 2 (bigram), the estimator
computes the empirical frequency of tokens that follow
those matching the 7™ token in the sequence. The n-gram
estimator is the “in-context” maximum likelihood estimator
(MLE) for the n-gram language model. Moreover, Han et al.
(2021) shows that the smoothed version of this estimator
achieves the minimax optimal rate for the next-token prob-
ability estimation. We include all the k-gram estimators
where k£ < n, in the definition of sub-n-grams.

We note that our choice of the n-gram language model and
k-gram estimator is primarily for ease of presentation. Our
results naturally extend to more general time homogeneous
causal dependencies in the sequence beyond n-grams as in
Nichani et al. (2024). For example, our results also apply
to causal graphs where a token z; depends only on specific
parent tokens, such as x;_o and x;_4. Similarly, while the
k-gram estimator matches a contiguous (k—1)-history by
definition, a similar estimator can match non-contiguous his-
tories and count what follows. For instance, let the ({1, 3})-
history of a token z; refer to (z;_1,2:—3); an estimator
could leverage this pattern to predict subsequent tokens in
the same way the 3-gram estimator does for the contiguous
2-history. We use the term sub-n-grams also to include such
cases, which we discuss further in Appendix F.2. Next, we
introduce the attention-only transformer architecture used
for this in-context learning task.

2.3. Disentangled Transformer Architecture

Given an input sequence =" €[S]*, the transformer first
maps each token to a d-dimensional embedding using
token-wise semantic and positional embeddings, defined
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as E : [S] = R% and P : [T] — R<. The core of the trans-
former is the self-attention mechanism, which allows the
model to weigh different parts of the input sequence based
on learned similarity scores. Given a sequence embedding
r € RT*? self-attention computes a weighted sum of token
embeddings as

SAQ.x,v) (r)y=0 ((T‘QTKTT)) rV,

where (Q, K, V), are the query, key and value matrices of
the attention head, and the masked soft-max o (-) is defined
as

exp(zij)

o () [i][j] = {me)

0, otherwise

JSt

Traditionally, the outputs of self-attention layers are added
to the residual stream. For ease of interpretation and analy-
sis, we instead consider a disentangled architecture in which
the outputs of individual heads and layers are concatenated
rather than summed. This framework was proposed by Fried-
man et al. (2023) and formalized by Nichani et al. (2024).
The disentangled architecture retains the same representa-
tional power as the standard formulation (see Theorem 3 of
Nichani et al. (2024)) and is formally defined below.

Definition 2.2 (Disentangled Attention-only Trans-
former). Let L be the depth, {h/}sc(z) be the number
of heads per layer, d be the embedding dimension, d,
be the dimension of layer ¢, d;, be the hidden dimension
of the model parameters, and d,,; be the output dimen-
sion. For the A head in the " layer, let Q\ K" ¢
Rénxde Véh) € R%*d_be the query, key, and value ma-
trices of the respective head and layer, let SAgh) () =
SA{QEX")’KEM’VEM} () and let U € Rout XdL pe the un-
embedding matrix. Given an input sequence x”, the dis-
entangled transformer outputs the logits TF(#) for § =

{{QE"), th), Véh)}ze[m,he[hd U U}, given by,

ro = [E(27), P(z")] € RT*4,
re = [rees, SAY (7)), SAMY (r, )
TF(9) =r, U".

To simplify the presentation of our theoretical results, we
consider a two-layer simplified disentangled transformer
with specific design choices. These modifications, detailed
below, include orthogonal token embeddings and a fixed
value matrix in the second layer.

Embeddings. The token embedding S : [S] — R is
orthogonal, which means that the set (s;);c[s) forms an
orthogonal family in R<, Here, s; denotes the embedding

of the token ¢. For such an embedding to exist, d > S. For
any sequence x”, the input is encoded as,
T

€ RT*4,

Ty = [le Szs sIT]

No explicit positional embeddings are used'.

First Attention Layer. The first attention layer contains
m attention heads, and each attention matrix is parame-
terized by a single learned matrix Agh) € RT*T and is
independent of the input embeddings. The output of each
head is therefore given by

W =0 (A) r, (V) e @

This construction is equivalent to a standard attention head
where token embeddings are concatenated with one-hot
positional embeddings and the attention only relies on the
latter. Thus, the output of the first layer is given by

r, = [rﬁo) r rEm)} e RTx(m+D)d (3

where r§°)

=1, is the skip connection.

Second Attention Layer. The second attention layer con-
tains a single attention head, where the value matrix is
fixed to Vgl) = [14;04;...; 0d](m+1)d><d that reads the first

block. Consequently , erél) = rgl)

of the second layer is given by

= 7, and the output

T, =0 (TIQ;—KQ’I"T) ry € RT*4, “)

We note that there is no concatenation to the residual stream
in the second layer, which corresponds to not using a resid-
ual connection in the standard transformer.

Finally, the unembedding matrix is given by
U= Z €; s;, (@)

where (e;)’s are canonical basis of R®. Note that if the
token embedding S is the one-hot encoding, then U is the
identity matrix. Finally, given a sequence =™, the probability
of the next token estimated by the model, denoted by pg (z™)
is

po(x™) = Ury[T].

0 = {Agh), Vgh) }Z;i U {K2,Q2} denotes the set of
parameters of our simplified disentangled model.

"Positional information is implicitly used through the attention
matrix in the first layer.
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3. A Sufficient Stationary Condition for
Population CE on Sequences

In this section, we examine the properties of the gradient of
the population next-token cross-entropy loss for sequential
data, which is crucial for understanding the training dynam-
ics. The following lemma provides an expression for the
partial derivatives of the cross-entropy loss.

Lemma 3.1. Consider any parametric model py(.)
[S]T — AS~! that maps a sequence of states to a probabil-
ity vector on the states. The derivative of the cross entropy
loss function L(0) with respect to a parameter 0; € R is

00,L(0)= E E

Pr ~P T ~pr

<po(wT)*pr (.|z"), Oe, logpa(wT)>,

where Oy, is the partial derivative with respect to 0; and
log(-) denotes component-wise logarithm.

Although presented for an input sequence of length 7', the
above lemma generalizes to sequences of arbitrary length.
This result can be viewed as a generalization of Bietti et al.
(2024, Lemma 1) and Makkuva et al. (2024).

In Lemma 3.1, two key terms arise in the inner product:
() the residue pg(x™)—p; (.| ™), which represents the dif-
ference between the model’s probability estimate and the
true probability for the next token, and (b) the derivative
of the logits of the model’s prediction. We show in the
next proposition that if this derivative depends only on a
certain sub-part of the input sequence, the gradient of the
population loss £ can be further simplified.

Proposition 3.2. For any 6, € RP such that
Op—o, logpe(z™) = g (pr,xT), i.e., the derivative is solely
a function of the context p, and the last T — t + 1 elements
of the sequence x™, the gradient of the population loss L
can be written as

VL(O.)= E E

(po.(@")=p: (21,9 (pr ).
pr~PaTp,

Furthermore, if for such 0, € RP, the model estimates
the conditional probability of the next token p. (.| x7), i.e.,
po, (x7)=p; (.| zT) almost surely for p; ~ P, then 0, is a
Stationary point.

The proposition presents a sufficient condition for a point
in the parameter space that computes the true conditional
probability based only on the suffix, rather than the entire se-
quence, to be a stationary point. The blue is used to highlight
the difference in history compared to the partial derivative
in Lemma 3.1 (2] vs 7). The result of Proposition 3.2 is
not specific to the setting of n-grams and generally holds
for the cross-entropy loss in next-token prediction tasks. We
leverage this proposition to show how the gradient vanishes
for the k-gram estimators, which primarily depend on the

—2"%_Head

First attention layer Second layer matches
creates the (k—1)-history the (k—1)-history and
aggregates the following token
Figure 2: Transformer defined at 6" is a k-gram esti-
mator. % represents that 2"¢ head is deactivated. Hence,
the first layer creates the (1)—history and the second layer
matches with the (1)—history of token T'+1, i.e, x-=2 and
attends and averages the tokens at ¢,t—2, . See the caption
of Figure 4 for more details.

k-history. A generalization of this proposition, applying to
any subset of tokens rather than just contiguous history, is
provided in App. C.2.

4. Theoretical Insights into Stage-wise
Dynamics Through the Loss Landscape

This section begins by providing the representation of the
sub-n-grams with the simplified disentangled transformer
architecture discussed in Subsection 2.3. We then prove that
the sub-n-gram constructions are near-stationary points of
the loss.

4.1. Representing Sub-n-grams with Simplified
Transformer

We construct a disentangled transformer to represent the
n-gram estimator in Definition 2.1. We then extend this
construction to represent k-gram estimators for any k € [n].
Parameters are often expressed as sums of outer products
of orthogonal vectors, emphasizing their role as associative
memories in the spirit of Bietti et al. (2024).
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Transformer representing n-gram. Consider the simpli-
fied transformer model presented in Section 2.3 with (n — 1)
attention heads.” For the 2™ head in the first layer, we make
the following parameter assignments:

T-1 h—1
h T
A(l):c E ee_p +c¢ E ereq s
I=h 1=0

The second layer query and key matrices are assigned as

n—1

S n—
(Q2) Ky =cd > sh'(sh, ©)
j=1h=1

where ¢ > 0 is a constant scaling factor and s? € R"

defined as (sP)" = [07 0 ... s} 07 ... ]
N——— N——
h times n—h—1 times

Intuitively, in the first layer, the A" head attends to the (—h)-
token. The value matrix acts as an identity map, copying
the embedding of the (—h)-token into the A™ block of the
first layer’s output, rfh’). As illustrated in Fig. 4, for any
position ¢, the first layer’s output retains the embeddings of

the previous n—1 tokens (in the limit ¢ — o0), given by:

T T T

rt]=[s;, s smt_n+1]T eR™.  (7)

Next, the second attention layer compares these histories
using the specific structure of the query and key matrices
defined in Equation (6). The pre-softmax attention score
between the first-layer embeddings of the i and ;" tokens
r,[¢] and 7 [4] is computed as:

(Ko (i) (Qa)rlil) = ¢ 3" 1, =i 1}
=1

In summary, the second head compares the (n—1)-history
of the 5™ and (i + 1) tokens as detailed in Fig. 4. Using
this attention matrix, in the limit as ¢ — oo, where the soft-
max converges to the hardmax, py computes the n—gram
MLE estimator since the i token attends exclusively to the
preceding tokens that exactly match (n—1)—history of the
(i+1)™ token (see Appendix B.1 for proof).

Transformer representing sub-n-gram. The construction
representing an n-gram can be directly adapted to represent
a k-gram, where k£ < n. This adaptation relies on the ob-
servation that, in the n-gram construction, the A head is
responsible for computing the (—h)-token. Therefore, to
compute a k-gram counting estimator, it suffices to deacti-
vate the heads responsible for computing the (—h)-token
for h > k as illustrated in Fig. 2. The heads in the first layer
are thus divided into two categories:

The heads can be more than n—1.

a) Activated Heads. The heads which compute (—h)-token
for h < k — 1 are activated.

b) Deactivated Heads. The heads which compute (—h)-
token for h > k, are not activated, outputting a zero
vector to the first layer embedding.

We implement this approach using the following assign-
ments.

T—1 h—1
(h) c ( Yoeel,+ > e,ej) , for he[k—1],
A= I=h =0

arbitrary otherwise,
(8a)
S T
Vgh) _ jgl sjs; for h € [k—1], (8b)
0 otherwise,
S k—1
(Q2) Ky =c) > s '(sh)T. (8¢)
j=1h=1

We denote the point given by Equations (82), (8b), (8c) by
or = ({A" V")l UK UQ,)
in App. (12). The following lemma demonstrates how 6%
implements the k-gram estimator in Definition 2.1 The proof
of the lemma is provided in App. B.1, B.2.

Lemma 4.1. Let a{)) denote the attention score of

the key and query element (i, j) in the h™ head of the
first layer and let agfft) denote the attention score be-
tween elements i,t in the second layer. Let MF =
{ielkt]: (zi2},, =i ,.,)} be the set of tokens which

match the k-history of the next token.

defined precisely

For the parameters 0% defined in Eq. (8), in the limit ¢ — oo,
the attention scores of the activated heads in the first layer,
i.e., for heads h where h < k — 1, are given by,

1 wheni>handj=1—h,
agl.”ih): 1 wheni<handj=1, ) 9

0 otherwise

and the attention scores in the second layer are given by

1
T
a?i_’t) = {(I)j\/[t ‘

In the first layer, the heads h, for h < k — 1 are activated
and attend to the (—h)-token Eq.(9), while the heads h, for
h > k are deactivated through the value matrix and their cor-
responding attention matrices are chosen arbitrarily. In the
second layer, the key-query matrix is similar to that used for
n-gram in Equation (6), but with components related to the
deactivated heads set to zero. This mechanism ensures that

fori € M,

(10)
otherwise
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only the k—histories of the 5™ token and the (i + 1) token
are compared for query ¢ and key j. The last token precisely
attends to the tokens where the k-history matches Eq.(10)
and uniformly averages them, computing the k-gram MLE
estimator.

Other possible constructions. We emphasize that the con-
struction presented above is not unique. Multiple heads may
compute the (—I)-token for some ! < k—1, meaning there
can be several active heads performing this computation.
However, for [ > k, no heads should compute this history.
The second layer compares these histories. The complete
construction is given in Appendix F.

4.2. Sub-n-grams Are Stationary Points

In this subsection, we establish that the k-grams constructed
in the previous subsection are first-order stationary points of
the cross-entropy loss in the large context asymptotic. This
result follows from the general characterization of stationary
points for the cross-entropy loss, provided in Section 3.

Theorem 4.1. For the disentangled transformer py, the
gradients at 6% are given by

[[0p=o L(O)]|

=ve E_E O(lpr (o7 ..) —5e |
pr~Px

)+ O(ty/ce™©)

The theorem presents the norm of the gradient of the
population loss at a point given by Eq. 8, which imple-
ments a k-gram estimator in Definition 2.1. The first term
Ipr (-|27-112)
mator and the ground truth and decays as e~©(T) (Penev,
1991). In the limit of ¢ = ©(T') — oo, the gradient van-
ishes. As the result holds asymptotically as T, ¢ — oo,
leading us to term the k-gram estimator as near-stationary.
Therefore, the theorem reveals a striking property of the
landscape of learning transformers with n-gram language
models: the points in the parameter space that compute the
k-gram estimator are first-order stationary points.

— Dr H2 is the gap between the MLE esti-

Note that we present the result for any sequence length 7',
so it also applies to the commonly used loss function, which
is averaged over sequences of varying lengths, i.e.,

L.(0) =

_t/_|_1z£t

t=t’

where, with a slight abuse of notation, £, refers to £ in
Equation (1) for sequences of length ¢. In the averaged loss,
the gradients from the longer sequences suffer from the
vanishing gradient problem as a result of the above theorem.

4.3. Proof Sketch

The proof consists of two components: (a) demonstrat-
ing that the k-gram estimator converges to the conditional
probability p, (- | z*~'), and (b) proving that the gradient
of the logits at time step T depends solely on the (k—1)-
history. Once these components are established, Proposi-
tion 3.2 can be applied to demonstrate the stationarity of
the sub-n-grams. The first component holds asymptotically
as T' — oo, leveraging the properties of n-gram language
models (see Lemma H.6 in App. for the formal argument).

However, it is not immediately obvious how the gradient of
the logits depends exclusively on the (k—1)-history of token
t. This dependence needs to account for the parameters of
the transformer layers, which include the attention matrices
Agh) and value matrices Vgh) for each head h in the first
layer, as well as the key and query matrices Ko, Qo in the
second layer. The model output writes

Zau N (11

where a(}’,, are the attention scores in the second layer a(’,,

for key 7 and query t are given by Eq. (13) in Appendix.

The derivative with respect to any parameter 1), f2) in the

first and second layer can be written as

apg( f 8100 : 8(1(7 t) 87“1 : 6“5%)
pole) Gpele) 3 S Sl G,

i=1 i=1

Since the softmax function exhibits a self-bounding property,
i.e., its derivative is bounded by the softmax score itself, we
obtain (aéf)t)) o a(?,). As we move forward, this fact plays
a key role in our analysis.

Next, we define a subset of tokens, M; C [t], consisting of
tokens whose k-history matches that of the (¢ 4 1) token.
Formally, M, = {i€[t]: 1 (2=}, , =a' . ,)}. At the
k-gram estimator parameterized by 6, the attention scores

are given by
1 ; k
0@ o J T fori € M7,
o0 0 0.W

Using this approximation along with the self-bounding prop-
erty of the softmax function, we simplify the derivative as

Ope(xt) Ope(z?)
b2y 08

@
day;’ o

”Z ar,[i]

This expression reveals that the derivative is supported
only on tokens in M;. A key result we establish next is
that the derivatives of a(;,,, r,[i] depend exclusively on the
(k—1)—history of token i. Several reinforcing factors con-
tribute to this result. The structure of the key and value

_ok
0=6, iecM,
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matrices in the second layer ensures that the deactivated
heads remain deactivated. This deactivation, in turn, en-
sures that the embeddings after the first layer only contain
the embeddings of the (k—1)-history. Finally, for i € My,
its (k—1)-history is identical to that of token ¢+1. Together,
these factors imply that the derivatives of the second layer
are solely a function of (k—1)-history of token ¢+1. Refer
to App. B.2 for the complete proof.

4.4. Extensions and Perspectives

Beyond contiguous history. As discussed previously in sec-
tion 2.2, an n-gram language model allows for estimators be-
yond k-gram estimators. For example, consider the bigram
estimator which matches the (—1)-token; alternative esti-
mators can instead match the (—i)-token for 1 < i < n—1
(ie., {zj—; = xr+1-:} ). Our construction and results thus
far have focused only on histories that are contiguous suf-
fixes. While our construction is homogeneous for any 7',
relaxing the model to allow parameters to explicitly depend
on T enables us to extend our framework. Specifically, we
can show that there are stationary points for a specific 7,
corresponding to estimators that match arbitrary subset of
the (n—1)-history, rather than only contiguous subsets. For
details, refer to Appendix F.2.

Towards general transformer architecture. In this sec-
tion, we have designed stationary points for a simplified
transformer architecture. However, the same techniques
and methodology extend naturally to a general transformer
architecture. First, positional encodings, which were not
explicitly used in the simplified model, can be incorporated
with a simple extension using one-hot positional encoding.
The concatenation of attention head output and residual
connections can be replaced with a simple addition of em-
beddings. Additionally, the value matrix in the second layer
can be incorporated. However, in this case, the transformer’s
output would no longer be in AS~!, requiring normalization
via softmax at the end. This restriction on the value matrix
can also be alleviated by using an MLP layer to approximate
the logarithm (see Appendix F.1).

Multiple Heads and Causal Structures. Transformers
learns specialized attention heads that attend to syntactic
neighbors of tokens (Voita et al., 2019). In our case, each
head specifically learns to attend to the (—k)—token. Con-
sider the behavior of a gradient-based method at a sub-n-
gram, say 0%, As it is a stationary point, training remains at
this point for a prolonged period, leading to a plateau in the
training curve. However, as training progresses, the model
eventually escapes due to landscape curvature or stochastic
noise, allowing it to learn a new syntactic structure— at-
tending to (—k)-token—before reaching the next stationary
point. This phenomenon is general and has been empiri-
cally reported—emergence of a syntactic structure (Chen

et al., 2024a; Wei et al., 2022), phase transitions (Olsson
et al., 2022; Edelman et al., 2024). By carefully analyz-
ing the loss landscape of a relevant yet simple in-context
task, we demonstrate that the stationary points correspond
to underlying syntactic structures. Consequently, our work
provides insights into why these syntactic structures emerge
following extended plateaus.

Limitations. Note that our results only hold at the asymp-
totic limit of norm(c) and sequence length(7"). The depen-
dence on the norm is mild, as the gradient decays expo-
nentially as e~ for finite c. However, there is an inherent
difficulty in moving beyond the assumption of infinite se-
quence length. Existing works analyzing how transformers
represent in-context n-gram like sequences, such as Rajara-
man et al. (2024) and Nichani et al. (2024), also rely on the
infinite sequence limit. Consequently, it remains unclear
which estimator transformers learn for Markov chains at
finite sequence lengths, even at the end of training. This un-
known makes it particularly challenging to determine what
transformers learn during intermediate stages of training

5. Experimental Evaluation

In this section, we perform experiments on the disentangled
transformer introduced in the previous section to examine
the stage-wise learning behavior and analyze the different so-
lutions the transformer learns during different stages of train-
ing. The code is available at https://github.com/
tml-epfl/sub-n-grams—-are—-stationary.

Experimental Setup. We select a vocabulary of size S =
5. The input sequences have a length of 7' = 32 and are
sampled in-context from a tri-gram language model, i.e.,
n = 3. The transition matrix is sampled from a uniform
Dirichlet prior Dir(«1) with o = .5. We train a two-layer
simplified transformer with 2 heads in the first layer. The
token embedding dimension is set to d = 5, and we use
one-hot embeddings for the input tokens. The transformer is
trained with Adam without weight decay for 2'4 iterations,
with a constant learning rate of 0.01 and a batchsize of 128.
The test loss is evaluated over 216 test sequences.

Discussion. To accurately predict the next token, the model
needs to attend to the previous n — 1 = 2 tokens in the
sequence. Figure 3a shows that learning occurs in distinct
phases, where the model remains in a plateau for an ex-
tended period before quickly jumping to the next one. In
Figure 3b, we illustrate the evolution of the attention maps
from both heads in the first layer at various plateaus during
training, providing a fine-grained view of the structure of
the model at these stages. Initially, the attention maps are
uniform, and the model does not consider token history in its
predictions. Upon reaching the first plateau, both attention
heads focus on the previous token (the (—1)-token), and
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Figure 3: The evolution of the attention heads in the first layer during training. (a) Progression of the test loss during
training. The highlighted points are the iterations on the plateaus for which we demonstrate the attention matrices. (b) The
evolution of attention scores of the heads of the simplified transformer architecture during training representing the tokens
it is attending. First, both of the attention heads attend to all the previous tokens uniformly. At the second plateau, they
both attend to the previous token. Finally, as the model escapes this plateau, the second attention head learns to attend to

(—2)-token at the end of training.

the model behaves like a bigram estimator at this stationary
point. In the later stages of training, the second attention
head learns to shift its focus to the (—2)-token, transforming
the model into a trigram estimator. The same phenomenon
holds for the general attention-only transformers, see Fig 5.

6. Conclusion

In this work, we investigate the problem of learning in-
context n-grams with transformers, specifically focusing
on a simplified yet insightful setting to gain a deeper un-
derstanding of complex large language models. We have
constructed a set of solutions for the parameters of the sim-
plified disentangled transformer architecture that represents
sub-n-gram solutions. Then, proved that these solutions
correspond to near-stationary points of the population cross-
entropy loss. This analysis sheds light on why training
lingers at long plateaus corresponding to sub-syntactical
solutions before new abilities emerge, i.e., transformer pre-
dictions shift to more complex solutions.

However, our analysis explicitly relies on the loss over the
entire population, which leaves open the question of what oc-
curs with finite sample complexities. The results presented
in this paper are asymptotic in nature, applying to large
sequence lengths, raising the natural question of how trans-
formers behave with sequences of finite length. Additionally,
it remains to be seen whether other estimators implemented
by transformers are optimal in these cases. Another open
question is the impact of explicit weight regularization, such

as weight decay—-commonly used in training—-on the
model’s behavior. Lastly, since this paper focuses on the
loss landscape rather than the dynamics of gradient-based
methods, a characterization of the time evolution of (stochas-
tic) gradient descent, as explored by Nichani et al. (2024),
presents an exciting direction for future work.
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A. Organization of the Supplementary Material

A.l.

Links to Materials Referenced in The Main Text.

First, we present an index of the supporting material referenced in the main text.

A2,

A3.

-

The proofs of Lemma 3.1 and Proposition 3.2 are provided in Section C and the discussion on the stationarity condition
for subsequences beyond suffixes is provided at Remark C.2.

The proof of the construction of k-grams is given in Subsection B.1 and the proof of Theorem 4.1 is provided in
Subsection B.2.

The discussion on the possible alternate representation for the stationary distribution is provided in Section F, and

the extension for a general transformer architecture is given in Subsection F.1. Stationary points conditioned on
subsequences that are not suffixes for a fixed 7" are further discussed in the Subsection F.2

Outline of the Supplementary Material.

Section B, provides the construction of the k-grams and the proof of the stationarity of the construction (in Subsec-
tion B.1 and Subsection B.2 respectively).

Section C provides the proofs of the results on the gradient of the cross-entropy and sufficient stationary conditions,
i.e., of Lemma 3.1 and Proposition 3.2.

Section D provides a technical lemma related to computing the gradient for two-layer simplified transformer.
In Section E, a technical lemma related to the k-gram representations is provided.

In Section I, we discuss the extensions of the results to a general transformer architecture in Subsection F.1 and the
stationary points conditioned on subsequences that are not suffixes in Subsection F.2.

In Section G, we present the derivatives of a single layer self-attention map.

Notation and Definitions

Notations. We use ® to denote the Kronecker product. We use vec operator for flattening the matrix to a vector.

Definition A.1 (Jacobian of a function). Let f : R™*™ — RP be a C;-function defined on a variable X . denotes the
Jacobian which is a function from R™*" — RP*™",
Definition A.2. Define 8% = {Agh), Vgh) }h - U{Kz2, Q2} as the set of parameters given by the following expressions
€n—1
S k-1
Q)" =ve) > s (s, (12a)
j=1h=1
S k-1
Ky =ve) Y sis))T, (12b)
j=1h=1
T-1 h—1
Agh) = cZelelT_h +cZeleOT, (12¢)
l=h =
S T
s;s; forh € [k—1],
Vgh) ==l 7 [ ] : (12d)
0 o.w.
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(a) (b)

Figure 4: Transformer representing a n-gram and k-gram estimator. (a) The task we consider task is learning in-context
tri-grams (n=3). Here, we illustrate how the transformer given by 07" constructed in section 4.1 operates on the sequence
(...,2,2,=0,...,2,0,2,z,=1,...0,r,=2) and computes a tri-gram(k=3) estimator. Skip, 1°*-Head, 2"?-Head denotes
the outputs of the skip connection, 1°* and the 2"¢ head. The first layer creates the (2)—history and the second layer
compares it with the (2)—history of token 7+1, i.e, - = 2. The second layer compares these histories and attends to tokens
at t, i and averages the tokens at that position. (b) % represents that 2"? head is deactivated. Hence, the first layer creates
the (1)—history and the second layer matches with the (1)—history of token 7'+1, i.e, =2 and attends and averages the
tokens at t,t—2, 1.

B. Construction and the Stationarity of the £ —gram solutions
B.1. Representing k-grams with Simplified Transformer

Before presenting the proofs, we give an alternate form of the forward pass of the simplified transformer. First, we express
the embeddings after the first layer as follows:

n—1 7
rli] = WOr[i] + Y- W S el n v ),
h=1 j=1

where the attention scores in the first layer aiijg) for key j and query ¢ for head h and layer 1 and the matrices Wgh) which

are used for concatenation are given by,
R):
exp A{" i, j]
i DI
Sy exp A0,

s
h h T
W) ZZsjsj.
j=1

(1,h) __

(3,%)
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For the ¢ token, the output after the second layer of transformer writes,

t
t] = al?, ol
i=1
where the attention scores in the second layer a,(z ., for key ¢ and query ¢ are given by,

o, = e (Kanil. Qanld) W)

2, exp (Kar[j], Qan[t])

The final output probabilities are given by
t
po(z') = Ur,t] Z al, Ur,li] = Z al?, e,
i=1

We now provide the proof for the k-gram MLE constructions. To support the proofs, we define a subset of tokens, M; C [t].
This subset consists of tokens whose k-history matches the k-history of the (¢ + 1) token. Formally, it is defined as follows:

ME = {z 01 (37::;“ = x:—kJrZ)}

Now we provide two lemmas one for each layer of the transformer, which denotes what tokens they attend to. Intuitively, the
h'" head in the first layer attends to the (—h)-th token, and the second layer attends to the tokens whose k-history matches
the k-history of the (¢ + 1) token. The O notation hides the terms polynomial in ¢ and the sequence length 7.

Lemma B.1. [First-Layer] For the first layer given by the parameter defined in Eq. (12),

(a) Let aﬁ;ff denote the attention score of head h of layer 1 where (i, j) denote the key and query,

1—0(ie ¢) wheni > hand j =i —h,
ah =41—0(ie ) wheni < hand j = 0, . (14)
O(e™°) o.w..

(b) The embeddings of the first layer,
o Rl o ’
' g, T Zszhh—i—O(ze )1 forizk—1,
ri] = . (15)
IZ+ZSM T E st +0(ie™)-1  fori<k-—1.

Lemma B.2. [Second-Layer] With the construction given in Def. A.2, the attention scores after the second layer,

1
o _ | m S fori € M, 16
Qiey O(e™°) (16)
||V|;c| Oo.W.

For the proof of the above lemmas, see Section E.

Proof of the construction for k-gram MLE. We give the proof of construction for any k£ and when £ = n we get the
n-gram estimator. The final output probabilities writes

t

) — @

x') = E aiy e,
i=1

14
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In the limit ¢ — oo, the attention scores from the second layer from Lemma B.2 is given by,

1 . k
@ _ ) fori € My,
Gy =

0 ow.

Using this the output probabilities are only supported by the tokens in M¥ and is given by,

p—Z

zeMk

Now
t 1 N
pe(z!)[s] = M Z 1{i € MF}1{z; = s}.
which exactly matches the k-gram MLE estimator in Definition 2.1.

B.2. Proof of Stationary Points with Simplified Transformer
Theorem 4.1. For the disentangled transformer py, the gradients at * are given by
10901 L(O)|
=Vec E_E Of HpT (| Ly k+2) — Dk Hz) +O(tv/ce™)

pr~P xT

Proof The proof is an application of Lemma D.| for the transformer parameters that compute the k-gram MLE estimator 6%
defined in A.2.

Parameters of the second layer. From Lemma D.1, the derivatives of pg with respect to the second layer are

glpiez o Z EZ)t) ) ® vec (Qgr1 [t](r[i] — f£1>)-r)'r ’
ggi B Za“ b (€2,) @ vee (Ka(ralil = FV)(r[f)T)

Before computing these quantities at 8%, we gather the attention scores and weighted embeddings from Lemma B.1, B.2.

k-1
s9 + Z st +0(ie)-1 forizk—1,

i = : a7
+Zszlh+ Z SIO—FO( €y-1 fori<k—1.
h=i+1
L Olte” )forzeM
2) _ ) IME [MF|2
aiy =\ o) (18)
W O-W-

The average embedding,
t
PO =3"a® il =Y a® i + Y a®,r
1=1 ieMp igMP
The deviation due to finite weights can be controlled as the following,

O(te™©)
Z agy il Z ag, _Slfp 71[8]]l0 = W?
t

i€ My 0 ig My €

15
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as || [i]||c < 1foralliandal), from Eq. (18) fori ¢ My. Now, we consider the summation Y, eMp al, il

1 Ote) =)
(2)
> otonti = 3 [ = S| 1 = g 0

iEMp ieEM¥ ieM¥

Recall that for i € M¥, r,[i] from Eq. (17) gives

+Z sho e ) 1.

Now we use the definition of the set Mf to simplify the above expressions of r,[i] and 7*'. Note that x;_j, = x1_p, for
h € [k — 1],4 € MF. Using this, we have,

k—1
= 4D sk, +O0le) 1,
h=1

k—1
1 0 h —c
||\/|k Z IZ Mk‘ 1’7+Zsf€t+1 h+0(te ) 1
¢ k ieME h=1
Combining them, we get
1 k—1
2 ol = g D sa = D || = Oe™),
ieM¥ tliems h=1 -
1 k—1
T = M sgi + 52t+1 , TO(te™ ) 1
thiemp h=1
For i € M¥,
Zi k Sg.
rfi] =7 = sgi - €|\/|+ +O(te™ ) - 1,
t
Ko (n[i] —77) = (tfe’c) -1,
\stmHl L+ O(tee ™) -1
For all 7,
HQ27“1 [t](r[i] — 77il))—rHoo <V,
([ Ko (rafi] = 72) (i [E) 7| < Ve
Recalling the gradients,
ap, ! T
0 _
8K2 Ef)t) ® vec (Qer[ ]( 1[’6] - T’El))—r) )

e 2 2 (€2,) @ vee (Ka(r, il = 7))

T

16
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We split the gradients supported on M¥ and its complement,

8p9 R _ _ T
0Q ~ Z al?, (ez,) ® vec (Ka(r[i] — 7)) (r[t) ") Ty Z al?, (es,) ® vec (Ka(r[i] = 7)) (r[t) )
ieMk igMFk
O(t\/ce™€) -1
=O(ty/ce ©) -1+ (\ﬁ;k).
M|
The final gradient,
3pg _ O(ty/ce™€) -1
=0O(t UK _— 19
On the similar lines,
k—1 0717
Ope h 0 Zz’EMf Sa; —c
9K, — = \Mk| Z €z, ® vee [Z Saevan | |52 — 7|I\/I,’f| O(ty/ee ) - 1
ieMFk h=1

Denote

k—1

¢($:—k+2) = Z 82t+1,;La
h=1
1
5? = sgi.
|Mt ‘ ieMk
Note that the first term in the above expression is only a function of k-history z;_, . ,. Using this,
ap@ —c
671{2_ ‘Mk| Z Ca; ®VeC( Ty k+2) [53_5?] )—&-O(t\/&i )'1a
ieMy
= M 0—89)) " +O(tv/ee ™) -1
c'/ ||v|k| #{a € M} (ea) ® vec (d(z]_,.) (0 — 5¢)) +O(tv/ce™®)

a€eS

Note that the second term 59 is a function of the k-gram MLE Dy, precisely,

_ . #{lae M}
Pila) = TR

Using this 59 = S°p, where S is the R"®*"? matrix where the first block is the embedding matrix and 0’s everywhere
else. Using this

apo fzpk aj€q ® vec ((rb( €L,_ k+z) [52 - Soﬁk}—r) + O(t\/geic) -1, (20)

a€S

Parameters of the first layer. The derivatives with respect to the first layer parameters are given by,

t

B
P = 3" a, (e — &) (7)) @ (10T QIKWE + (1] - 7 KT QoY)
avi =
Ope -
oA 7] =alhal?, (en, —e”)®
1 7

([T QIR WV (] = 7)o+ (1, [i] = 71) TR QoW VY (ry[j] = 7))

17
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where the averages of embeddings weighted with attention scores are given by,

(1)
€, E a(l t)eml,
7“(0 Jh) § atmp
@, 1)

For the heads that are not activated, the derivatives with Agh) [i, 7] are 0, since the Vgh) is 0. For the activated heads, the
averaged embedding is given by,

FOm = Za(]l Brolg] = roli — h] + O(iexp{—c}) - 1

Now, consider two cases for the derivatives.

(0,h)

e Forj=14—h,r[j] — 7" = O(exp{—c}), hence the derivative is O(icexp{—c}).

* For j # i — h, due to the property of the softmax function, the attention scores are O(exp{—c}), hence the derivative
is again O(cexp{—c}).

For the derivative with respect to Vgh), we again have two cases,

+ For the non-activated heads h > k, KoyW" = ST 525 o' (s#)T - 325 | shs] = 0. Similarly for the other

j=15j J
term, QgWéh) = 0. Hence the derivative is 0.

* For the activated heads h < k — 1, using the previous computations we have,

Ko (r[i] = 77) = O(ty/ee™) - 1,
k—1
t ) = \@Z sZH—l—h + O(tﬁe_c) -1,
h=1

k-1 S S
h h' ¢ h'N\NT h T
O IENG 3D AL O
h'=1j=1 j=1

The product is solely a function of k-history x;_, ., and does not depend on i. Computing the multiplicative factor in
the front,

Zaifl) e, =&)Y (T 1) = Y af,) (e, =€) (7)) + Olexp{—c})

zEMk

Note that 7" = s,, , + O(iexp{—c}) and for i € M}, we have, s, , = Ss,,,_,. Using this,

Z% o ((ea; =) (FO)T) = 3 a,) (e, = &) (s0040-0) ) + Olexn{—c}),

ieMFk

= Z ag?)t) €$7‘) - Z a‘gf)t) 6(1) SIt+1—h)T + O(exp{_c})

ieMk ieMP

The term in the square brackets is O(exp{—c}) (for hard attention it is zero). Hence the derivative with respect to Vgh)
is O(exp{—c}).

k—1

ape h —c
oy = O(exp{—c}) \/EZ A O(ty/ee ) - 1] . 21
1 h=1
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Final Gradients Bringing things together, from Equations (19), (20), (21),

6 _ ot yfeeey 14 2V 1

Q2 IMF| ’
e k—1
P = O(exp{—c}) [ﬁz sZHl_h + O(ty/ce™ ) - 1] ,
1 h=1

8p0 \[Zpk ajeq @ vec (¢’( Ty k+2) [82 - Soﬁk]—r> + (’)(tﬁe_c) -1

Note that the only non-vanishing gradient is the gradient with respect to K5. Now, the gradient can be written as

00— Y Bilalea @ vee (o0t [s2 — 5°0] ) + Ot ) 1
a€S

We use p. to denote the vector p, ( Jak

K +2), the gradient using the difference as,

6p” = Ve Y prla]ea @vee (9(xl_,.) [s = %] ") + Olp- =i ) + Oltv/ee™) -1,

a€S

= 77/1(561’7“2) + O(Hp‘r — Dk H2> + O(t\ﬁe_c) -1,

where psi is appropriately defined. The first term here only depends on the (k)-history and we can use Proposition 3.2, to
show that it does not contribute to the final gradient. To give the final computation,

Of = BB (po(a")p, (|a7), LBRE)Y,

0Ky pr~PaTrp, 0Ky
Olo zT
= E <pk _P'r . T a%()>v
pTNPmTNPT Ks
dlog po(x”) . dlog pe(x”)
T N e A _ T s A
ww%@ T) r (a7) TR >+pEW1§pT||pk pr (27 ) 1558
(pr (125 pT<.\xT>,w(x:,W>>+pngPET Olpr (@5 _,02) = B lI?) - 1+ O(tv/ece™) - 1,

pr NP zT~p,

The first term vanishes due to Proposition 3.2 and this finishes the proof.

C. Supporting Lemmas for The Derivatives of Cross-entropy Loss

In this section, we provide the proofs of the lemmas presented in Section 3 of the main text. In the end, we remark about
extending Proposition 3.2.

Lemma 3.1. Consider any parametric model py(.) : [S]T — AS™ that maps a sequence of states to a probability vector
on the states. The derivative of the cross entropy loss function L(0) with respect to a parameter 0; € R is

00 LO)= E_ B (pola®)=p: (|a"), 0, logpo(a")),

pr~P 2T ~p,
where Oy, is the partial derivative with respect to 0; and log(-) denotes component-wise logarithm.

19
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Proof Recalling the definition of the population cross-entropy loss from Eq. (1), we have,
LO)= E_E ((6,27),
pr~P zT~p,
S
0(6,27) = =) pr(era=sle™)log (ps(8,27)[s]),

s=1

N

Using the fact that pg(z7) € AS~1,

S
S po(a®)ls] = 1
s=1

Taking the derivative of the above expression, we have,

S
> do.po(x")[s] = 0.

Using this gives,

0
89 ZPT IT+1*5“T ) % p0 Zae p9 5 ,

= <p9(xT)—pT (.|zT), Os, 10gp9($T)>
|

Remark C.1. In general, a parametric model computes a function fp : [S]* — RS after which a normalizing function like
soft-max is used to project it onto the simplex A°~!. The gradient in this case simplifies to

0 LO=E_E (pola”)=p: (I2"),00.foa")).

pr~Pal~p,

Proposition 3.2. For any 0, € RP such that 9y—p, log pg(z™ ) = g (pr,al), ie., the derivative is solely a function of the
context p; and the last T' — t + 1 elements of the sequence ™, the gradtent of the population loss L can be written as

VE®)= EE (po. ) -ps (127) .9 (pr,0T)).

pr~PaT~p,

Furthermore, if for such 0, € RP, the model estimates the conditional probability of the next token p. (.| zT), ie.,
po, (x7)=p; (.|2T) almost surely for p; ~ P, then 0, is a stationary point.

Proof From the above lemma, the partial derivative of the population loss is given by,

0 LO= E_E (poa®)=p, (|a"),0, logps(a")).

pr~Pal~p,

Using our assumption in (a), we can rewrite the above expression as,
E (pr(a") 00 logpo@™)) = E (pr (2") g (praD)),
T ~p, aT~p,

now, we split the sequence z” into two parts, (x*~*

E (pr(27).00logpaa™)) = B (p (1@ 2D) . g(pral)), 22

~pr (a:t 1z} )Np,

xT), we can be slightly simplified as,

T

20
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We use the following property on factorization of the expectation, for any two random variables, A, B. Let o(A), o(B) be
the support of the respective random variable, we have the following fact,

E, Pr(- ((A, B))¢(B) - Y ¥ PrA=aB-= b)Pr(~ ‘(A —a,B— b))qS(B),
’ )

beo(B) aco(A

S Pr(B=b)¢(B) Y Pr(A=alB=b) Pr(~ ‘(A —a,B = b)),

beo(B) ac€o(A)

- Y PrB= b)¢(B)Pr(- )B - b),
beo(B)

- Y Pr(B= b)gb(B)Pr(- ’B - b) S Pr(A=dlB=1),
beo(B) aco(A)

S Y PrA=a,B= b)q{)(B)Pr(- ‘B - b)

beo(B) aco(A)

AH,EB PT(. ‘B)d)(B)'

Using the above property, we can rewrite the expression Eq.(22) using A = z'~! and B = z7, the per task loss can be
written as,

E <pT (-[2") , e, logpe(wT)> = E <pr (-127), g (pr, xf)>~
ITNPT ITNPT

This gives us the desired result for (a). The proof of (b) is straight forward as the estimation of probability matches and the

residue vanishes. u

Remark C.2. The proof of the proposition splits the sequence into a prefix and suffix as shown in Eq. (22). This is a choice
we made for the ease of presentation and discussion. The proof works similarly after splitting the sequence into any two
disjoint subsequences that do not have to be a prefix and suffix. Therefore, the result can be extended to conditioning on any
subsequence that is not necessarily a suffix.

C.1. Conditional Probabilities: Definition and Proper Asymptotics

In the main paper, we have used a somewhat informal treatment of conditional probabilities. Here, we provide formal
definitions to supplement our discussion. First, we define them for any general sequences of length " for any generic
probability distribution on [S]*.

Definition C.3. Given the propability distribution p,(z,...,Zr,zr,,) of a sequence of random variables x, ..., zr
taking their values in [S]. We define the following conditional probabilities of the next token given a (7" — ¢)—history is:

r.) = Dppeler =iy

=1
t+1 Zif Dy (xT — Z‘T)

T
mt+1

br <xT+1 =i
where the marginal distribution for sequence length ¢ is given by

p'r(xT _ z’T) _ Z pT($T+1 _ Z'T+1).

iTG[S]

Now, under the assumption that p, is a n—gram language model, it remains to show that we have a time-homogeneous
definition of conditional probabilities and that the k—gram estimators asymptotically converge towards them. This is handled
in detail in the section H.

D. Derivatives of The Simplified Transformer

In this section, we focus on the derivatives of the simplified two-layer transformer. Using the derivative of the masked
self-attention map Lemma G.1, the derivatives for the two layers are computed here.

21



Learning In-context n-grams with Transformers: Sub-n-grams Are Near-stationary Points

Lemma D.1. Using the Lemma G.1, define the following quantities which can be seen as embeddings weighted with

attention scores for both the layers,

t
FO = Z al?, r[i], (23)
en = Z a?), eq,, (24)

FOM = Z aﬁj h)) (25)

With the above notations the derivatives of the output probabilities after t tokens with respect to the parameters of the model

are given by,

t

Ipe 2 4 _a T
G = 20t (ea) @ vee (Quni[A(rifi] = 7))

i=1
9pe — Za@) ) @ vec (Ka(r,[t] — 77) (r, [t])T)T
8Q2 (i,t) t ’
0 2 _(1 —(0 ) i
ﬁ _ Z 0o, ((ea, — 20 F)T) ® (7’1 [t]T Q) Ko WM + (r[i] — 7 UTKJQW@)
1
Ope (1,h) - (2) (1)
e Gy (Ex; — € ®
aAgh)[L ] (3,3) (@ )( )

(107 QIKVIIVI (1] = 70 4 (1] = 747) TRG QeWSIVY (1] — 7))

Proof
The final output probabilities are given by

2
po(zt) = Ur,t] E al?, Urli] g al, e,

where the attention scores write

exp (Kor, [i], Qari [t])

. .
> exp (Kor[j], Qar. [t])

Using the Lemma G. 1, the derivatives of the output probabilities after ¢ tokens with respect to the parameters in the second
layer and the embedding of the first layer are given by,

t

Ope . 1 —a T
9, = 2t (ea) @ veo (Quri i = 7))

gg‘;—zaw ) @ vee (Ka(nft] = 7")(n[)")
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For i # t,

or,[t] ) a T
or. M = aEi,)ﬂ (€, — ei )) &® (K;—QQTl [t]) ,

3T2[t] =aq® (e _ é(l)) ® (KTQ r [t])T n Xt:a(l) (6 _ é(l)) ® (QTK (r [Z] _ f(l)))T
or, [t] (t,t) \"T¢ t 2 =27 =t (i,t) \Cx; : PRASIVAY )

For the first attention layer,

n—1 1
r[i] = WO 0] + 3> aly WV [j],
h=1 j=1
where
h)r. .
G/Elh>) _ eXpAg )[Zh]]
J,

i exp A1)

S-1
Wik = Z S?SJT
=1

The derivatives wrt to

or,i] (o T h
= ()T oW,
v
or.i] @m ()37 () i1— 7
—— = g WIIV (7] — O
oA,y oot Vi b=

Combining them, we get,

Ipe : Ope  Or[i] : 1 ~( T T] (monT h
— : =Y a4 ((ep, —eM) @ (Kg Qori[t]) | FO)T @ WM,
avih ol gy ; 2| (<3 Qur.l0)]

t
=3 al, ((er = &) F)T) @ (r [T QI KW + (1] - 7)) TKT QW)
i=1

dpe _ 9pe O [4]
oA, j] Ol oA, 5]
=a;lall, (ep, —eV)®

(T QIKWIIV (ralj] = 700) - (i) = 1) TR QoW VY (ralj] = 707 )

In the above simplifications, we have used the following property of Kronecker product,
(A® B)(C® D) = (AC) ® (BD),

for matrices A, B, C, D of appropriate dimensions.
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E. Proofs of Representation with Simplified Transformers
Lemma B.1. [First-Layer] For the first layer given by the parameter defined in Eq. (12),
(a) Let ag;)’f)) denote the attention score of head h of layer 1 where (i, j) denote the key and query,

1—0O(ie ¢) wheni > hand j =i — h,
al;h =41—0(ie ) wheni < hand j =0,
O(e™¢) o.w..

(b) The embeddings of the first layer,

k=1
. s+ hzl st +0(@e )1 fori>k—1,
mlt = i k—1
9. + hzl shoo+ hz 15’;0 +0@Gie )1 fori<k-—1.
= =1+

Proof Note that the attention scores in the first layer for any head h and query ¢ and key j are given by,
R).
exp A [i, j]
i R). 1’
> 1_1 €XP Ag )[z, 1]

Now for the activated head h, the Agh) is given by Eq. (82),

T-1 h
h
Ag ) =¢ E e, +c E eel
I=h 1=0

Using the above two equations for ¢« > k — 1, we can write the attention scores as,

(1,h) __
@.i) T

AP ] =c1{j =i —n},

S exp AP = (i - 1) + ¢,
j=1

Forj#i—h, ag)) = G- te O(exp{—c}),
and, for j =i =y af;l) = Gy ; = 1= Oliexp(~c}).

Coming to the embeddings after the first layer,

n—1 <

rli] = WOr 0]+ 3 aln WiV P[],
h=1j=1

where,

s
Wi = Z S?S;r.
j=1

(14)

(15)

Note that for A > k the term V%h) =0, and for h < k, the term Vgh) is given by Eq. (8b). Using the above two equations

and r,[i] = s,,, we can write the embeddings after the first layer as,

n—1 1

nli) = Wisa 4 30 3 gl Wi Vs,
h=1j=1
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Note that Vgh)smj = 8., for h < k and W(gh)szj = sﬁj. Furthermore, for j € [S],

h
Isjlloo < 1, and [V s)]|oo < 1.

Using this, the above equation can be written as,

A similar computation for ¢ < h gives the required result.

Lemma B.2. [Second-Layer] With the construction given in Def. A.2, the attention scores after the second layer,

1 O(te™) .
o _ ) e Jori € My,

@ = Y 0(e)
M|

o.W.

Proof The product of the query and key in the second layer from Eq. 8c is given by,
k-1 &
(Qa) ' Ko=c) > 557" ()"
h=1j=1

Using this the attention scores in the second layer for any key 7 and query ¢ are given by,

a® = €xXp <K2T1 [ZL Q2T1 [t]>
(i,t) t .
Zl exp (Kaor, [1], Qar [1])
j:

To compute the inner product,

(Kor, [i], Qars [t]) = (ri[t], Qg Kor, [i])

We know from Lemma B. | that the embeddings after the first layer for ¢ > k are given by,

k—1
rli] = st +0(ie") -1
h=0
Now for ¢t > 14,
k—1 S k—1
(Qo) "Korfi] =cY > st '(sh)T l sho+ O(exp{c}).] ,
h=1j=1 h=0
k—1

sﬁt_h, S"}ELi_—lh > + O(exp{—c}),

k
D S D 8251h> + O(exp{—c}),

(16)
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M gh2 are orthogonal for ¢ # j or hy # hs. Using this, we can write the above

Now we use the fact that the embeddings s, s,

expression as,

k—1

(1 [1],(Q2) TKar [i]) = e 3 (shih, shh ) + Ofexp{—c}),
h=1
k-1

= CZ H{z,_p = xp1n} + O(exp{—c}).

h=1

If the k-history of ¢ + 1 and ¢ match, i.e., i € M¥, then the summation is maximum at (k — 1)c? otherwise it will be
< (k- 2)c2 as there is atleast one mismatch. Using this, we can write the attention scores as,

Zexp (Ko [5], Qari[t]) < [Mi|exp{(k — 1)c} + ( — [My[) exp{(k — 2)c}.

Hence, the attention scores are given by neglecting the terms with double exponentiation (i.e., exp{exp{—c}}),

exp (k — 1)c? S exp (k — 1)¢2
; exp (Kor [7], Qar [£]) IM¢| exp{(k — 1)c} + (t — |M¢]) exp{(k — 2)c}

Forie M}, a®?, =

| (t - [Mi]) exp{(k — 2)c} ‘M|
—— —a® < < exp{—c
M 0 S MM explGr— D) + (1 — M) ep{(k—2)e)] S ME P
. & o o XD (k—2)c _ B
Fori ¢ My, a{, < Ty exp Ok — T)e O(exp{—c}) o.w..

Hence, the attention scores are given by,

Fori e M, a® = I tO(exp{—c})
to (i,t) |M?| |Mé€| ,

Fori ¢ My, a®, = O(exp{—c}) o.w.

This completes the proof of the lemma. u

F. Possible Extensions of The Results

In this section, we discuss the possible extensions of the results presented in the main text. First we discuss how the results
can be extended to a general transformer architecture. Then we discuss the possible constructions for stationary points and
beyond suffixes.

Other stationary points. Before we begin, we note that there are other possible constructions of the stationary points.
In the main text, we focus on the case where one head activates for the (-h)-tokens, while the other heads are turned off.
However, there can be multiple heads computing the (-h)-tokens for A < k — 1. Since these heads are symmetric, the
gradients of these heads can be shown to vanish, similar to the proof of Theorem 4.1, by leveraging this symmetry.

For example, consider the bigram MLE estimator, the consturctions is done when one head is activated which computes the
(—1)—token and the other heads are turned off. However, it can also be the case where all the heads are activated and the
(—1)—token is computed by all the heads as seen in Figure 3. Our proof of Theorem 4.1 works in this case too, with the
arguments of symmetry the gradients of these heads will vanish. This can be shown using the same arguments as in the
proof of Theorem 4.1. We give an explicit construction for this simple bigram case.

26



Learning In-context n-grams with Transformers: Sub-n-grams Are Near-stationary Points

S n—1

— O h
=ve) > s
j=1h=1
S n—1

ORI

j=1h=1

T-1
Agh) = CZ e, forh € [n—1],
=1

v = \stjsj for h € [n—1].

Jj=1

(26a)

(26b)

(26¢)

(26d)

Here all heads are switched on and the (—1)—token is computed by all the heads. The query is used to compare the x; token
with all the previous heads (notice 0 in blue in the superscript for all A in Q2). This can be generalized to any k-gram, where

the (—h)-token for h < k is computed by different heads with varying multiplicities.

F.1. General Transformer Architecture

The results presented in the main text are given for a simplified transformer architecture. In this section, we discuss how the
results can be extended to a general transformer architecture. We particularly discuss adding the value matrix in the second

layer and moving beyond concatenation of head embeddings of the first layer.

Token and position embeddings. First we define some block embeddings in a dimension R? and later lift them into the

dimension of the transformers, i.e., nd and sequences upto length 7.

Token embeddings — sg, s1,...,55-1 € R?

Position embeddings — po, p1,...,pr—1 € R,
The embeddings are mutually orthogonal, i.e.,

s; L sj, foralli# j € [N].
pi L pj;, foralli # j € [T).
p; L sj, foralli € [T], j € [N].

For h € [k + 1], we denote the s? , p? € R™ the lift of the block embeddings which are defined as the following,

h blocks
Sh:x/—’A
i 0404 - - s - -
n_ 10404 - pi - -
by = N~—~——
h blocks

The embedding layer maps to gy € RT*"? where each row i is the embedding of i element in the sequence along with its

positional embedding, i.e., go[i] = s + p{ € R™%.

The attention layers. The first layer has k attention heads and also has a skip connection. For a head h € [k], let

Qgh), K fh), Vl(h) denote the query, key and value matrices. The forward pass on gy writes

-
I —ToJrZ ( (h) TK(h) T) To (Vg(h))> ,

Here o (.) is a row-wise softmax operator with a causal masking. Note that here we are adding in comparison to the

simplified architecture where we are concatenating.
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The second layer has just one head and also no skip connection (the skip connection can be included and the value matrix
should be scaled appropriately so that it is ignored after normalization). Let K2, 2, V2 be the key, query and value matrices
of the second layer. The forward pass for the second layer writes

ro =0 (r, (Qa) Ko ) 7, (Vo)

Now that r, are not normalized, we have to normalize them using a softmax operator to get the final output. In this case, the
counting algorithm (MLE) implemented by the transformer cannot compute logits, hence we use an MLP layer to compute
the logits.

An MLP layer. Furthermore, there is an MLP layer which computes the logarithm of a input. let M be the set of parameter
m be the function implemented, m(.) : RS — R® does component wise logarithm m(z) = log(|z| + €) for some small
epsilon.

Writing it together, the forward pass of the transformer writes,

- _TOJFZ ( (W) TR, ) " (Vgh)))T’

T, =0 (Tl (Qa2) 'Ky 7} ) T (VQ)T,
po(z') = log r,t]

This model improves on the previous simplified model by adding a value matrix in the second layer and moving beyond
concatenation of head embeddings of the first layer and also using positional encoding explicitly. Since this model is a
generalization of the simplified model, the representation results of the simplified model can be extended to this model.
However, to show that the gradient vanishes needs a bit of work particularly for the value matrices.

For the ¢ token, the output after the second layer of transformer writes,

@)
E ai, Var,[i]

where the attention scores in the second layer a“ ., for key ¢ and query ¢ are given by,

a® = €xXp <K27‘1 Ma Qa7 [t]>
(it) ¢t :
'21 exp (Kar, [7], Qa7 [t])
j=

The final output probabilities are given by
pe(z') = Ur,|t] Z al, Ur,li] Z al? eq,.

Here, we show that the gradient with respect to V5 vanishes. The others follow the same pattern as the simplified model and
will be not be precisely computed here. The partial derivative with respect to gradient gives us,

or,[t _
s - Z ay Is @ il = Is © 712
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Define 8% by

T-1
-
c pi_pp; where forhe k-1
(") TK{" ={ h &, Pk b= (28)
0 ow
S h(0\NT /\/’
'(s9)', forhe
y {JZ1 s7(s7) ’ 29)
0 ow
S
(@) TKy=2¢) > st (shT, (30)
j=1heN
S
Va=> ei(sHT. (31)
j=1

Intuitively, this is just an expansion on simplified transformer with lifting in the first layer and multiplication with value
made explicit. Recalling 39 = ﬁ > iems Sa,» using this,

k—1
7751) = ﬁEg + Z sZtJrl—h, +O(exp{—c}).
h=1

At the limit T — oo, 59 depends only on the context and k-history of the token ¢ + 1 and the other summation only depends
on the k-history of the token ¢ + 1. Hence, the gradient vanishes as ¢ — co. This gives a glimpse to how the computation
can be extended to a general transformer architecture.

F.2. Other Constructions for Stationary points and Beyond Contigous history

Note that we only consider estimators conditioned on the suffices. Consider again the simple example of bigram, which is
conditioning on a single element in the n-history. There can be many such estimators, for example, conditioning on the first
element in the n-history p(z, = .|x,—1), the second element in the n-history p(x,, = .|z, —2), and so on. It is natural to
wonder and extend our results to all these possible estimators.

To generalize this, we define N'—MLE estimators for some set N’ C [n — 1]. For N, we define a subsequence z‘, =
(z¢—n)nen as N-history and the A'-MLE estimator is given by,

T
S ey = o5} U = i)
=0

T
> Hayy =ay'}
1=0

which compares the A -history of the token ¢ + 1 with the A/-history of all the tokens in the sequence.

There is a small technical challenge for a transformer to implement this. To compare the N -history, it must compare the
(—h)-token of i with the (—h)-token (¢+1) (not ¢) for h € N This essentially requires comparing the (—h)-token of i with
the (—(h — 1))-token ¢. As a result, an induction head must attend to the (—(h — 1))-token in the first layer. When A/ forms
a suffix, this step isn’t explicitly necessary since h — 1 will also be in A/. Otherwise, it must be computed explicitly using
additional heads or changing the attention matrix specifically depending on the last token.

When the inputs are of fixed length the later approach could be used. We specify the construction first and then give the
intuition on why it would work.
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j=1 heN
S
K, = ﬁz sh(sh)T,
j=1 heN
T2
Agh) =c erne, +er_nel  forhelN,
I=h
5 55T forh € N
Vgh) _ \/Ejgl S]Sj orn € y
0 ow

(32a)

(32b)

(32¢)

(324d)

The main modification is in the attention matrix of the first layer, i.e., now head h computes (—h) token for i # T but
(=(h — 1)) token for ¢ = T'. The last token acts as a special token (Nichani et al., 2024) and the attention matrix is modified
accordingly. The gradients of the heads will vanish similar to the proof of Theorem 4.1. However the major drawback is
that it only works for fixed length inputs and does not even work for shorter sequence lengths. This is not the case for the
previous constructions for suffix.

G. Derivatives of the self attention map.

We calculate the derivatives of the masked self-attention map with respect to key, value, query and the input embeddings.
Let ¢ € RT*? be the input embeddings, Q, K, V € R%*? be the query, key and value matrices. Let ¢; denote the i row of
q. For any t, the output embeddings of the t"-token of the transformer layer can be written as

t
4 = piVa,
i=1
exp (Kq;, Qqr)

- .
;eXp (Kq;,Qq)
=

pi =

Lemma G.1. For a self attention map, defined by

Define

exp (Kq;, Qqy)

- :
-21 exp (Kq;, Qqt)
i=

t
G = piVa, where p;=
=1
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The partial derivatives are given by,

g :
g :;”i (¢ ®1a) =q" ®1a,
95t ¢ T
8% = ij (Vg;) @ vec (QQt(Qj - @)T) ;
=1
95 ¢ T
% = ij (Vg;) ® vec (K(Qj - CY)%T) )
j=1
) g _ T T
Forz;ét,Tq:invai(V(Qi—Q))@(K Qa)
aq,?L B _ T
th*PtVert V(g — ) ® (K" Qqr) +ZP3 V) ® (Q K(gs

Proof First taking the derivative with respect to the value V' gives us,

8Qt sz ql ®Id

The derivative wrt to g; gives us

g, ; dp
=pV v <,
aqz D + ; ( .7) Y a i
dgi _ < p
— Va. I
Jj=1
RS 9p;
= v =1
To compute the derivative of p wrt ¢, @, K, we begin with definition of intermediate functions,
g:R" - RY where g(z)= tex&j
> expx;
j=1

b R R 5 R4 5 RE where  W(K,Q,q) = (Kqi, Qqr))_,

Using the above definitions, p can be written as

= g(h(K,Q,q)).
The partial derivative of g writes

a .

a%i =g;1(k=J) — gry;,

ohy [ 1{k =i} (KTQq) , fori#t,

00  \(Q Kg)T +1{k=1} (K'Qq) , fori=t.
=1{k =i} (K"Qa) +1{i =1}(Q" Kq)"

oh T
T; = vec (Q th;gr) )

Ol
oQ

= vee (K aral) '
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Using the chain rule to take the derivative gives us,

t

k=1
t

8%‘ Ohy, 5%‘ ’

=3 I 10k =)~ paps] [1{E = i} (KT Qar) " + 100 = tHQTKaw)T|,

=1

=

pi 1= (K7Qa) " +1{i = tH(Q"Kqy)"]

— oy (KTQa)  —L{i=t}p; > pu(Q Kai) .
k=1
t t

Ip; 05 Ohie NSy kZ ) — s T
oK _;ahk K ~ & [p;1 (k= j) — prpj] vec (Qaray )

t
=pivec (Qag) ) —p; Y prvee (Qaal )
k=1

t

Deﬁne a: Z DPrdk,
k=1

Op; T
S = Pivee (Qa(g;—7") -

t

Wy N~y O N T
5Q—kz=:13hk 90 =Y [p1(k=j) = prpj]vee (K aa )

t
= pyvec (K qjq)) ' —p; Y prvee (Qana))
k=1

= pjvec (K(g; — af) .

Substituting the following derivates,

A T

o =Pivee (Qule; —D)T)

6p PR T

5q — Pivee (K(g; - Da) -
R 0K _§ 0’
5K = 2 (Vg;)® p; = j;pj (Vgj) @ vee (Qar(g; — @) ')
g < M < al) "
% = Z (Vgj) ® 6763 = ij (Vig;) ® vec (K(qj - q)q;r) ’

j=1 J=1

Coming to the derivatives wrt ¢;, we have,

% =p; [1 =1} (K7 Q)" +1{i = thQ" Kqy) ]

t
—pip; (K7Qa) —1{i = t}p; Y pu(Q Kaqi) T
k=1
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Writing the above expression on case by case basis, we get,

T N\ T . )
pe(1=pe) (K'Qqr) +p; (QTK(g;—q)) , wheni=j=t,
T o
op; _ Jpi(1—p;) (KTQq:) , wheni=j #t,
9 —DiDj (KTth)—r , wheni # j and 1 #t,
T ~\ T . . .
—ppj (K'Qqt) +p;j (Q"K(g; —q)) , wheni=t and i# j,

First computing the derivative wrt to ¢; for i # t, we get,

aq; : Ap;
i—PiV+Z:(qu)@<>a%].,
j=1 ’

g
.
=piV+pi (Va) ® (K Qqr) —pzij V) @ (K'Qqr)

=piV+p(Vg)® (KTQ%) -pi(Vg) ® (KTQ(]t) ;
=piV+pi(V(ei—7q)® (KTth)—r

9 N\ T
aqqt =V 49 (Va) ® (KT Qa) —pi ij (Vay) (K" Qqr) +ij Va) @ (Q'K(g; — )
4 J=1
T i T
=p VA (Ve —9)® (K'Qa) +> pi(Va) @ (QTK(g; — 7)) -
=1
This proves the lemma. u

H. Higher Order Markov Chain

Definition H.1 (Higher Order Markov Process). A Markov process p, of order k generates a sequence of random variables
X1, Xy, ... € [S] such that the conditional distribution of x,, given x* depends only on z! ie., forany t > k,

t\ t
pr <xt+1 T > =Dr <xt+1 'Tt—lc+1> :

Now, we define the transition tensor with is given by p..
Definition H.2 (Transition Tensor). The transition tensor of a Markov process of order k is a k-dimensional tensor P such
that

zF = z’“) .

Now, we lift the process into the higher dimension and write it as a simple Markov process of order 1. We create a Markov
chain Z on the space [S]" of order 1 Markov chain with transition matrix 7. Index the states by i* € [S]". Now the
transition probabilities for this are defined as

k) _{;Ao if Y* = (i%,i,,), for some iy, € [S],

t—k+1°

Pirt1 = pr ($k+1 = ik+1

T(Y*|:
( =0 otherwise

The transition probabilities are explicitly given by

ik> = ,P,L‘k+1 .
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Stationary distribution. Letw € RISI" denote the stationary distribution of the chain =, i.e.,
o' T=n'.

In the summation form , for the coordinate indexed by ¢5**

E k41
7Tjk . T (12
jk

, we get that,

e\
] ) —7Ti72€+1.

j’“) = 0 whenever j¥ # i%. Using this, we get,

#) =St (0] ) (i o afis =},
jk
=S e (| i =),
jk
J1
=S T (i’;“ z) .

Using this expansion, we get the following stationarity condition,

_ § : k41
71'i12c+1 = 7Tik7- <12
i1

Note that T (i’;“

E k41
7Tjk . T <22
jk

i") . (33)

In this subsection, we show the subsequences of length % follow the stationary distribution when generated from the Markov
Chain =. To generate sequences from the Markov Chain =, we do the following generation,

H.1. Generating Sequences with The Markov Chain =

a) Generate a sequence of length k& sampling from the stationary distribution 7 (say i*)
b) Sample the next token from the distribution Pjx () say iy,

c) After generating a sequence i‘ of length ¢ > k, the next token is generated by the sampling from the distribution
i ger1o ()

Lemma H.3 (Stationarity of k-tuples). Let x* be the random variable representing the sequences generated from =, the

distribution of subsequence x,_, _, of length k is given by .

Proof We will prove this using induction. For the base case, observe that for [ = k, the value is sampled from 7 by
construction. Use the induction hypothesis, any k length subsequence of ' obeys the law given by 7. It remains to show

that 2}*; , are distributed according to 7.

pr (@, =i0h.) = ) pr (@ =),

,L'l—k+1

Z pr (2" =1i")ps <x,+1 =l

l—k+1

= i’)
l sl
xl—k-f—l - Zl—k+1> *

Using the Markov property of the sequence generation, we have,

T N =
X _7,> = Pr <xl+1_ll+1

34
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Substuting this expression, we have,

Pr (x;t}wz = Z;t}ﬁa) = Z Pr (zl = Zl)P <x1+1 =1l

l gl
CCl—lc+1 - Zl—k+1) )
Gl—k+1

Z ZPT (' =1i")p- (xlﬂ =l

i—kt1 ik

Z Zpr (' =4")| pr <~TL+1 =i

il—k+1 Lil—Fk

1 '
‘Tl—k+1 - Zlk+1) ’

l _
msz+1 - sz+1) .

Using the fact that > . . p, (2! =i') = p;(z!_,,, =i _,.,). Using the induction hypothesis, we have that
Pr (xi—k+l = Zlé—k-u) =

Tl .
U—k+1

I+1 g1 _ _ 1 o
pr (l'l,k+2 - Zl—k+2) - E Wi§7k+1p7' <xl+1 =Upr | Ly — sz+1> )
k41
_ 41 .
= g T T . .
i ( I—k+2 lk+1>
1 k41

Using the Eq. (33),

1+1 gl _ § : 141
br (xsz+2 - Zl—k+2) - 7Ti§7,§+17- (sz+2

k1

-1
Zlk+1> ?

This proves the hypothesis for length [ + 1. Hence, by induction, the hypothesis holds for any length. |

= T.l+1 .
Y— k42

Lemma H.4 (Stationarity of sub-k-tuples). For anyt > 0 and l < k, we have the following shift invariant property for the
marginals,

1 tH-1 Zl)

Pr (3j = il) =DPr (-Tt

Proof Using Lemma H.3, we have that the distribution of the subsequence ™"~ is given by 7 for any ¢ > 0, i.e.,

br (xk = Zk) =DPr (xi*—k_l = Zk) = ik
Summing the above expression over all possible values of i;, ,, we get,
St =) =Y pe e =) = Y
,ik' ik ik
I+1 1+1 I+1
We know that
Zp'r (zk :Zk) = Dr (zl 7:[)3
,L'k
+1
S b (=) = pr (a7 =)
i
This proves the lemma. |
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H.2. Lower-order Conditional Probabilities

The following lemma show that the lower order conditional probabilities are time homogenous and are given by the stationary
distribution 7.

Lemma H.5. For the sequences generated by the markov chain =, for | < k, we have,

Z T k+1
e 2
pr ($T+1 =. x;—wrl = il) =DPr (xlﬂ =. |2 = ZI) ==
Z Tk
k-1
Proof For [ = k, this holds due the Markov property of order k and
Dr <$T+1 =. |25, = i’“) =p, (mkﬂ =.|2"= z’“) .
Now, for [ < k, we have,
: T y Pr (x;tllﬂ = Z'Hl)
Pr\Tryr = Upr | Tpyyq =2 = e N
br (1’sz+1 =1 )
Using the shift-invariant property of the marginals, we have that,
pr (e, =) = pe (0 =) = Y,
Z‘f+2
br (‘r;—l+1 = il) =DPr (ml = il) = Zﬂ—zk
i;c+l
This proves the lemma. u

Conditional Probability for Any Subset of Sequence. Previously, we defined it for contiguous history; now, we can extend
the definition to any subset of sequence as well. Consider any set K C [0,S — 1], [S] —K is an ordered set defined as
{k —1i:i € K}. We define the sequence x'°)=¥ as the ordered set {x; : i € [S] —K}. We define the conditional probability
of the next token given the sequence x!¥'-¥ as

,P[S]fK (i[s]fxa ik+1> =DPr (xk+1 =1y ‘x[s]_K =1

pr (xk+1 = Tpy1s zlK =l
Dr (I[S]*K = i[s]*K)

Z Dy (wk,+1 — ik+1)

™
s
S
B
kol
I

Consistency of the sub-k counting estimators. Here, we use the ergodic properties of the chain = to show that the lower
order estimators convergence as 1" — oc.

Lemma H.6. Consider the |+1-gram estimator p; for 0 <1 < k — 1, thenas T — oo, pi(z") — p-(.|z").
Proof Using the ergodicity of the chain = (Penev, 1991), the k+1—gram estimator converges to the stationary distribution

as it equivalent to counting the empirical frequency on the chain of higher order. Now we write the | —gram estimator in the
following way:

T : s
i+l gk+1
~ Zj:l ]]‘{xj—H—l - lk—H—l

pl(ik+1|7;]1:4+1) = =T i :
Dot U =i,
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Now we can write the following expression as

T
Z ]l{xi+ll+1 = Z+;+1} = ZZ ﬂ{xj+}c+1 = k+1}=
i J

j=1
T

Z]l{xj — p l+1 _Zzﬂ{x_] k+1_i b
j=1 it j=1

Now, using the ergodicity of the lifted markov chain, we can say that
Yo et =47
T — ’/Ti15+1,
L Mot =kt

3 > '} 3
j—k+1 2 t—o00
— T k41
T ‘2
i

1
5]

Using the similar argument, the ratio can now be written as

Z ]L{xi*hl = Zﬁﬂﬂ . Zzé ﬂ-i’;'*'l

=pr (T = tepa|t =45 )
ZjZI ]]'{l‘j*li»l = Zlc‘—l+1} Ezl Tk e o S

The last equality flows from the lemma H.5. |

I. More Experiments
I.1. Experiments with Attention Only Transformer

In this section, we repeat the main experiment in the paper with the common non-disentangled transformer architecture,
demonstrating the generality of our results. Figure 5, shows the evolution of attention matrices during training with both
one-hot and learned embeddings for the general architecture.

For the transformer experiments, we use vocabulary size S = 3. The length of the input sequences is 7' = 32, and the
sequences are sampled from an in-context tri-gram language model, i.e., n = 3. The transition matrices for a fixed context
are sampled from a Dirichlet prior with & = 1. The embedding dimension is set to d = S + T, to be consistent in both
setups, and we use one-hot or learned embeddings for both positional and semantic embeddings in different experiments.
The transformer is trained with Adam with a weight decay of 0.0001 for 4096 iterations, with a constant learning rate of
0.005 and a batch size of 128. The test loss is evaluated over 21 test sequences.

I.2. The Contiguous Solutions are Preferred during Training

In Figure 6, we repeat the procedure in Figure 3 for different seeds and plot the attention heads in the second plateau.
Through all the experiments transformer more often attends to the (—1)-token first, rather than the (—2)-token. Recall that
the underlying mechanism behind the sub-n-gram estimators is checking if the history of the token x7 1 and x; matches
and adding x; if they do. We conjecture that, since the token x is always provided through the skip connection, it is easier
to learn to match xr with x;_ than, for example, z7_1 and x;_o.

L.3. Plot of norms of the gradients along the trajectory

In Figures 7, 8, we plot the norm of the gradient during training along the similar lines as (Odonnat et al., 2025). The plots
demonstrate how the norm of gradients stays low during the plateau stages and spikes during the jump between the plateaus.
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Figure 7: Norms of gradients for simplified transformer. A two layer simplified transformer for S = 5 and a sequence
length of L = 128 from a 3-gram language model. The plots show that the norm of gradients stays low during the plateau
stages and spikes during the jump between the plateaus.
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Figure 8: Norms of gradients for transformers with MLP layers. A two layer simplified transformer for S = 5 and a
sequence length of L = 64 from a 3-gram language model. The plots show that the norm of gradients stays low during
the plateau stages and spikes during the jump between the plateaus. However, there is only a single intermediate plateau,
unlike attention-only transformers, as a single head attends to both the (—1, —2)-tokens, and it emerges after the plateau.
The plateau corresponds to the unigram.
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Figure 5: The evolution of the attention heads in the first layer during training of an attention-only transformer with one-hot
(a-b) and learned embeddings(c-d). (a-c) Progression of the test loss during training. The highlighted points are the iterations
on the plateaus for which we demonstrate the attention matrices. (b-d) The evolution of attention scores of the heads of the
transformer during training representing the tokens it is attending. First, both of the attention heads attend to all the previous
tokens uniformly, i.e., the induction heads are not formed. At the second plateau, they both attend to the previous token, or
one head is not formed yet while the other attends to the previous token. Finally, as the model escapes this plateau, the
second attention head learns to attend to (—2)-token at the end of training.
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Figure 6: Attention maps of the two heads in the second plateau for different random seeds denoted by s. It shows how the
transformers attends to (—1)-token first and never attends the (—2)-token before attending (—1)-token across 5 random

seeds.
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