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Abstract

One persistent challenge in LLM research is the development of attention mech-
anisms that are able to generalise from training on shorter contexts to inference
on longer contexts. We propose two conditions that we expect all effective long-
context attention mechanisms to have: scale-invariant total attention, and scale-
invariant attention sparsity. Under a Gaussian assumption, we show that a simple
position-dependent transformation of the attention logits is sufficient for these
conditions to hold. Experimentally we find that the resulting scale-invariant atten-
tion scheme gives considerable benefits in terms of validation loss when zero-shot
generalising from training on short contexts to validation on longer contexts, and is
effective at long-context retrieval.

1 Introduction

One key challenge in modern LLMs is scaling up context length at inference time, while maintain-
ing model performance. We approach this question of length generalisation by considering scale
invariance. In particular, we are inspired by the “scale-invariant” statistics of natural images (Van der
Schaaf & van Hateren, 1996). Scale invariance, for images, is actually highly intuitive, and means
that there is structure at all spatial scales. For example, in an image there might be big features that
are 100-1000 pixels across, and some small features that are only 1-10 pixels across. In natural
images, features at both spatial scales are important: you cannot remove features at either scale
without radically altering the image (Van der Schaaf & van Hateren, 1996).

For attention over text, instead of pixels, we considered token ranges at different scales:

* 1-10 tokens in the past (e.g. those in the same sentence),

* 10-100 tokens in the past (e.g. those in the same paragraph),

* 100-1,000 tokens in the past (e.g. those in the same section),

* 1,000-10,000 tokens in the past (e.g. those in the same document), and so on.

With this in mind, we define scale-invariant attention as any attention scheme that satisfies two
desiderata: scale-invariant total attention and scale-invariant attention sparsity.

Scale-invariant total attention is the property that the sum of attention weights in each of the above
ranges is roughly similar. Intuitively, that means that the model attends to both the local context (e.g.
10-100 tokens ago) while at the same time taking account of information from the global context
(e.g. 1,000-10,000 tokens ago). Scale-invariant total attention addresses a key issue with attention
mechanisms: as the context gets longer, models tend to pay more attention to distant tokens at the
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Figure 1: Scale-invariant attention controls the entropy without sacrificing attention over the
local context. We consider three metrics for attention schemes: (leff) the global attention entropy,
(middle) entropy within particular ranges of tokens (e.g. 10-100), and (right) total attention to the
previous 100 tokens. The top row uses IID Gaussian logits, following our theoretical approach
in Sec. 3.2. For LogN, the IID logits are multiplied by slog IV, where N is the sequence length
and s = 0.4. The bottom row uses attention logits sampled from models trained with p-RoPE and
‘No scale’, LogN, and our scale-invariant transform. With no logit scaling, the attention becomes
increasingly diffuse as the context grows (i.e. the distribution over logits has high entropy). LogN
scaling reduces the entropy and thus ensures that attention remains sparse even at longer contexts.
However, LogN still forfeits the ability to attend to the local context (e.g. 100 most recent) tokens.
Scale-invariant attention strikes a balance between low entropy and attending over the local context.

expense of the local context (e.g. Fig. 1, right column; the blue and orange lines decay quickly to
zero). While scale-invariant total attention doesn’t entirely eliminate that issue, it does ensure that the
attention paid to the local context shrinks only very slowly as the context length grows (e.g. Fig. 1,
right column; the black lines decay to zero much more slowly).

Total attention tells us the amount of attention a certain region receives. However, scale invariance of
the total attention does not tell us about how the attention will be distributed among tokens in the
region, i.e. whether the attention is spread out among many tokens or concentrated onto only a few
tokens. As the region gets wider (e.g. from 10-100 tokens ago to 10,000-100,000 tokens ago), we
might expect attention to spread out over more tokens simply due to the increased number of tokens.
This “spreading out” of attention is possibly suboptimal for large contexts (Nakanishi, 2025), and
that instead, we should focus attention on only a few of the most relevant tokens. To measure these
effects, we use the entropy, which roughly captures the logarithm of the number of tokens attended to.

Scale-invariant attention sparsity captures this notion. In particular, we define two kinds of scale-
invariant attention sparsity. Strong scale-invariant attention sparsity implies that the number of
tokens attended to in each region is constant. For example, if the model attends to 8 tokens in the
10-100 token range, strong scale-invariant attention sparsity says it will also attend to approximately
8 tokens in the 1,000-10,000 token range. Strong scale-invariant attention sparsity implies an extreme
increase in sparsity as the context gets longer that may be difficult to achieve with practical attention
mechanisms. We therefore also introduce weak scale-invariant attention sparsity, which simply states
that the sparsity increases as the context gets longer (i.e. attention is relatively dense in the region
from 10-100 tokens, and much sparser in the region from 1,000-10,000, but you still attend to more
tokens in the 1,000-10,000 region than the 10-100 region).

Our main contributions are:

* We introduce the concepts of scale-invariant total attention, and weak and strong scale-invariant
attention sparsity as desirable properties when attending over long contexts.



* We derive a simple, position-dependent transformation of attention logits that provably satisfies
scale-invariant total attention, and empirically satisfies weak scale-invariant attention sparsity for
Gaussian logits.

* We implement scale-invariant attention in conjunction with p-RoPE (Barbero et al., 2024b). We
show that our method, ‘scale-invariant p-RoPE’, exhibits improvements in validation loss both
when doing long-context training, and when zero-shot generalising to longer contexts. Our method
also matches the performance of the best alternatives in an out-of-distribution long context ‘needle-
in-a-haystack’ task.

2 Related work

Handling long sequences effectively in Transformer-based models remains a significant challenge
and is of high interest to the deep learning community (Bai et al., 2024; Ye et al., 2024; Jin et al.,
2024; Beltagy et al., 2020; Ding et al., 2023; Munkhdalai et al., 2024; Bulatov et al., 2024; Liu et al.,
2023a; Barbero et al., 2024a; Hu et al., 2024). Below, we discuss several strategies in this literature
relating to our work.

Long contexts via the positional encoding: Methods like ALiBi (Press et al., 2021) introduce a
static, causal bias directly into the attention logits. ALiBi endows the model with an inductive bias
towards recent tokens (Kazemnejad et al., 2023), thus helping with longer contexts. Rotary Position
Embeddings (RoPE) (Su et al., 2024) have emerged as the most popular position encoding scheme,
encoding relative positions. RoPE does not generalise to longer sequences out of the box (Peng et al.,
2023), leading to subsequent research improving RoPE’s length extrapolation capabilities (Zhu et al.,
2023; Wang et al., 2024). Many achieve this by modifying RoPE’s frequency spectrum; for example,
Positional Interpolation (PI) (Chen et al., 2023), NTK-aware scaling (bloc97, 2023), YaRN (Peng
et al., 2023), and by simply increasing the RoPE base 6 parameter (Grattafiori et al., 2024; Gemma
Team, 2025; Barbero et al., 2024b; Liu et al., 2023b).

Entropy Control: Beyond positional information, the properties of the attention distribution itself
are crucial, especially in long contexts where attention scores can “smear”/“spread out” across many
tokens. Scalable-Softmax (SSMax), also known as the ‘LogN trick’ (Nakanishi, 2025; Chiang &
Cholak, 2022; Jianlin, 2021; Bai et al., 2023; Llama 4 Team, 2025), addresses this by multiplying the
attention logits by slog IV, where N is the context length and s is a learned scale parameter. This
multiplier has the effect of sharpening/focusing the attention distribution. Li et al. (2025) adopt a
similar approach: controlling the entropy of the attention distribution for better length generalization.

These prior works are perhaps the most similar to our approach. However, the key issue with such
approaches is that they treat the local context (e.g. previous 10-100 tokens) in the same way as
the global context (e.g. 10,000 tokens ago). As the context gets larger, the attention paid to the
100 most recent tokens drops rapidly for the prior approaches, but stays markedly more consistent
with scale-invariant attention (e.g. for LogN see Fig. 1). In contrast, we started off by carefully
specifying how we wanted attention to behave in the local and global contexts (Sec. 3.1) by giving
the scale-invariant total attention and scale-invariant attention sparsity desiderata. This means that e.g.
LogN has a position-independent multiplicative bias, whereas our approach has position-dependent
multiplicative and additive biases for the logits.

Efficient Long-Context Training and Inference: A key observation of Xiong et al. (2023) is that
continual pretraining on long contexts, after initial pretraining on shorter sequences, is often sufficient
and much more computationally efficient. Thus, a simple strategy for improving long-context
performance, given sufficient computational budget, is continual pretraining on longer contexts. This
has been adopted widely (Grattafiori et al., 2024; Gao et al., 2024; Lieber et al., 2024; Yang et al., 2024;
Cohere Team, 2025; Llama 4 Team, 2025; Liu et al., 2024a). Of course, this strategy considerably
increases the complexity and memory cost of the pretraining pipeline, making approaches like ours
that can zero-shot generalise very valuable. Furthermore, one might expect long-context training to
be far easier (e.g. requiring fewer long-context training steps for optimal performance) for approaches
that already have good long-context performance due to zero-shot generalisation.

For inference on sequences exceeding the trained context length, alternative strategies bypass ap-
plying dense attention over the entire context, allowing for ‘infinite attention’ (Munkhdalai et al.,
2024; Liu et al., 2024b; Martins et al., 2021; Chen et al., 2025; Ding et al., 2023). These include
maintaining a fixed-size attention window (Beltagy et al., 2020), retrieving relevant context tokens



using heuristics like top-K proximity (Han et al., 2023), or vector similarity search akin to episodic
memory systems (Fountas et al., 2024; Xiao et al., 2024). While effective, these approaches operate
at a higher level, managing context rather than modifying the core attention mechanism’s ability to
process it directly, which is the focus of our work.

3 Methods

Following FlexAttention (Dong et al., 2024), we define the attention “score” as the dot product of a
query q and keys K,

d
1

Sy = ﬁ )\2::1 Kt (1)

Here, d is the head dimension and A € {1,...,d} indexes the feature, and ¢ indexes the position. We

are using an unusual form for the sequence indices, but this simplifies notation later. Specifically,
we consider a single, fixed query token ¢. Then, ¢ > 0 into the keys/values from previous tokens.
Critically, ¢ counts backwards from the query token, e.g. ¢ = 1 indicates the previous token. Logits
are computed by applying an attention modifier function to the score,

Here, L; is the actual value of the attention logits for the token ¢ steps back from the query, while
L(S;; t) is the function used to compute those logits. Thus, L(.S¢; t) = S; recovers standard attention.

For use later, we define the unnormalised attention weights flt, (normalised) attention weights A;,
and normalisers Z, for a sequence of length 7', as,

_ A r o
Ay = exp (Ly) A== Z =Y A, 3)
t=1

3.1 Formal definitions of scale-invariant total attention and attention sparsity

Scale-invariant total attention. In our examples we have considered ranges of tokens, 10-100,
100-1,000, 1,000-10,000, 10,000-100,000, etc.. Scale-invariant total attention is the property that
the total attention in each of these ranges is somewhat similar, such that the attention allotted to any
one range does not dominate the others. We give a formal definition in Def. 3.1, where using A = 10
gives the ranges from the examples.

Definition 3.1 (Scale-invariant total attention). Consider a set of random variables, { L}, represent-
ing attention logits. The total unnormalised attention in range t; to t is,

to—1 to—1
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We say that the total attention is scale-invariant if, for any integer A > 1, the expected total
unnormalised attention in the range {t,t + 1, ... tA — 1} is asymptotically constant. That is,

E[Z*] =6(1) as t— cc. (5)

The “O(1)” is big-O notation, and means there exist constants ¢, ¢ > 0 and ¢, such that for all
t>tg,c0 <E [ZEA} < co.

Scale-invariant unnormalised attention sparsity. Remember that scale-invariant attention sparsity
means that attention should be denser for the local context (e.g. 10—100 tokens ago) and sparser for
the global context (e.g. 1,000-10,000) tokens ago. To measure attention sparsity, we consider the
number of tokens attended to in a region. To evaluate the number of tokens attended to, one approach
is to use the entropy over tokens. We measure the sparsity in the region from ¢; to to, using the
entropy for the distribution over tokens in this region,
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Figure 2: Expected entropy of scale-invariant attention at different scales is sub-logarithmic.
Here, we sample sequences of independent standard Gaussian logits, and apply the scale-invariant
attention transformation. We estimate the expected entropy in ranges [t, tA), where the size of the
range is controlled by ¢ (x-axis) and A (line color). We see that this expected entropy measure scales

sub-logarithmically (left), and with the right plot suggesting a ~ /log(t) scaling. The dashed lines
show a best linear fit.

where A; is defined in Eq. (3). Defining the unnormalised negentropy as,
~ t2 — 1 ~ ~
Nttf = Z At IOg At, (7)
t=t,
and remembering the definition Z,ff (Eq. 4), we can then write the entropy in range ¢; to ¢ as,
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Thus, it seems reasonable to consider the behavior of the unnormalised negentropy (Eq. 7), because
if NfA and ZfA are asymptotically constant as ¢ — oo, then by Eq. (8) we expect Httf to also be
asymptotically constant. Thus we define:

Definition 3.2 (Scale-invariant unnormalised attention sparsity). Consider a set of random variables,
{L}, representing attention logits. We say that we have scale-invariant unnormalised attention
sparsity if, for any integer A > 0,

E [Nttﬂ =0(1) as t— oo )
where Ntm is the unnormalised negentropy (Eq. 7).

Weak and strong scale-invariant attention sparsity. While the argument above suggests that
scale-invariant unnormalised attention sparsity is an important property, ultimately we are interested
in giving formal definitions of weak and strong attention sparsity.

We define weak scale-invariant attention sparsity such that as input lengths increase — for example,
from 10-100 to 100-1,000 tokens — the number of attended tokens grows sublinearly. In contrast,
standard attention with unscaled logits yields linear growth. Since entropy is roughly the log of the
number of attended tokens (a uniform distribution over k tokens has entropy equal to log k), weak
sparsity requires sublinear growth in entropy with respect to log(t) (see Definition 3.3).

Definition 3.3 (Weak scale-invariant attention sparsity). Consider a set of random variables, {L;},
representing attention logits. We say that the attention sparsity is weakly scale-invariant if, for any
integer A > 1,

E [H[?] =o(logt) as t— oo. (10)
Remember o(log(t)) is ‘little-o’ notation which means that E [H}*| scales strictly slower than

log(t). Strong scale-invariant attention sparsity implies that the number of tokens attended to is
asymptotically constant as we go from e.g. the past 10-100 tokens to the past 1,000-10,000.



Definition 3.4 (Strong scale-invariant attention sparsity). Consider a set of random variables, { L},
representing attention logits. We say that the attention sparsity is strongly scale-invariant if, for any
integer A > 1,

E[H”]=06(1) as t— oo, (11)

i.e. we expect H!™ to be asymptotically constant as t — oc.

3.2 What characteristics of the logits are required for scale-invariant attention?

Next, we ask what properties would be sufficient for scale-invariant total attention and for some form
of scale-invariant attention sparsity. Lemma 1 gives scale-invariant total attention, and Lemma 2
gives scale-invariant unnormalised attention (see Appendix D for the proofs).

Lemma 1. Consider a set of random variables, { L;}, representing attention logits. Let T > 0 be a
lengthscale parameter, and o« > 0 a multiplicative constant. If the attention logits satisfy,

>
t/T+1’

then we have scale-invariant total attention (Def. 3.1).

E [At] - (12)

Lemma 2. Consider a set of random variables, { L}, representing attention logits. Let T > 0 be a
lengthscale parameter, and B > 0 a multiplicative constant. If the attention logits satisfy,

B
t/T+1’

then we have scale-invariant unnormalised attention sparsity (Def. 3.2).

E [At log At] - (13)

To construct an attention mechanism that satisfies Eq. (12) and Eq. (13), we consider a simplified
setting in which the logits are marginally Gaussian and arise from taking Gaussian “base logits”,
L; ~ N (0,1), and transforming them by multiplying by a; and adding a bias, m,,

Lt = atit + my ~ ./\/'(mt, CL%) (14)

Our goal is to find m; and a? such that scale-invariant total attention and scale-invariant unnormalised
attention sparsity hold. In particular that requires,

g =B [A] = e, (15a)
ry- o [flt log AJ = (my + af)em™Her/?, (15b)

where flt = exp (L4). Solving for m; and a;, we have (see Appendix C for details),
ar = /2 [log(t/T +1) —loga + B/al, (16a)
my = —a? + f/a. (16b)

For this solution to be valid, we only require 8 > «/log « since log(¢/7 + 1) > 0 when ¢t > 0. We
formally summarise the above results in Theorem 1 (proof in Appendix F), which tells us that this
approach does indeed give scale-invariant total attention and scale-invariant unnormalised attention
sparsity.

Theorem 1. Suppose attention logits { L.} are marginally Gaussian with mean m; and standard
deviation a; defined by Eq. (16). Assuming o, 3,7 > 0, f > «log «, then we have scale-invariant
total attention and scale-invariant unnormalised attention sparsity.

We therefore propose to scale the logits in real attention using a; and m, defined in Eq. (16). As ¢
increases, the variance, a%, increases as the logarithm of ¢, while the mean decreases as the logarithm
of t.

Finally, note that while we have proven that we have scale-invariant unnormalised attention with this
choice of a; and m;, we have not proven that we have strong or weak scale-invariant attention. We
therefore checked empirically whether using IID Gaussian logits, scaled by a; and m,, gave weak or
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(b) Scale-invariant attention enables zero-shot long-context generalization of at least 16x.

Figure 3: Validation losses throughout training of a 162M parameter GPT-2-like model with different
attention mechanisms (our scale-invariant scheme shown in black). NoPE is omitted in all but top-left
and bottom-left panels to avoid excessive zooming out (due to high loss). The gray dashed line shows
the baseline of 3.28. The validation loss for many methods increases in unison at steps ~1500 and
~3250 (see (b), left) despite aggregating over seeds; this is due to a fixed training and validation data
ordering.

strong scale-invariant attention entropy (Fig. 2). We find that H}” appears to scale with /log(t),
and hence seems to satisfy weak, but not strong scale-invariant attention sparsity.

Hyperparameters. Introducing a; and m; (Eq. 16), appears to have introduced three additional
hyperparameters to tune. We reduce this to one additional hyperparameter, the lengthscale 7, by
specifying a boundary condition — a2 = 1 and mq = 0. This boundary condition corresponds to not
changing the scale of the local tokens. Substituting into Eq. (16b) gives 0 = —1 4+ 3/«. Similarly
Eq. (16a) requires that 1 = —21log o + 23/« Putting these together, we obtain @ = 3 = e°-5.

That leaves us with the lengthscale as the only hyperparameter. Note that when ¢ is small relative to
T, neither a% nor m,; change much. Therefore, the timescale sets the size of a local region in which
attention is approximately unscaled. Intuitively, it therefore makes sense to choose 7 somewhere in
the region of 1-100 tokens. In Appendix H we tried 7 € {1072,1071,10°, 10%, 10?} and find that
7 = 10 performs best in practice.

4 Experiments

In this section, we compare scale-invariant attention with other dense attention methods including
Dynamic NTK interpolation (RoPE+NTK) (bloc97, 2023), LogN scaling/SSMax (Nakanishi, 2025),
p-RoPE (Barbero et al., 2024b), and ALiBi (Press et al., 2021). Our results show that our method,
scale-invariant p-RoPE, has uniformly lower validation loss at a variety of training lengths (4k, 16k,
64k). Additionally, scale-invariant p-RoPE demonstrates stronger zero-shot long-context generaliza-
tion (e.g. in “Train @4k/Val @16k’ and ‘Train @4k/Val @64k’ settings) versus all other methods.
Finally, scale-invariant p-RoPE, along with LogN, saturated“‘needle-in-a-haystack” task.



We pretrained GPT-2-style models (Radford et al., 2019) (with QK-norm, ReLU? activations, etc. (Jor-
dan et al., 2024a)) from scratch on the FineWeb dataset (Penedo et al., 2024), using a fixed training
data ordering and a 10M token validation set. We trained linear layers with Muon (Jordan et al.,
2024b), and remaining parameters with Adam. We implemented scale-invariant attention using
FlexAttention (Dong et al., 2024).

We trained two models: one with 162M parameters and another with 304M. The 162M one were
trained for 4578 steps on 2.4B tokens over a range of context lengths (4k, 16k, 64k). The 304M param-
eter models were trained only on the best length-generalising methods, for 10.9k steps on 10B tokens,
at 4k context length. We give further experimental details in Appendix G. For the 162M parameter
model, we targeted a validation loss of 3.28, following Karpathy’s GPT-2 reproduction (Karpathy,
2024; Jordan et al., 2024a), shown in the figures as a horizontal grey dashed line.

Long-context performance. We examined in-distribution, long-context performance of the different
attention methods by looking at the validation loss for the same context length used for training. Even
in this in-distribution setting, scale-invariant p-RoPE shows strong improvements in validation loss at
all training lengths, 4k, 16k, and 64k (Fig. 3a).

Length Generalization. We evaluate length generalization by measuring validation loss on long
sequences (16k and 64k) when training on 4k tokens. The ‘Train @4k/Val @64k’ setting in particular
represents a considerable jump of 16x between train and validation. Table 1 and Fig. 3b report results
for the 162M model. In the left panel of the Figure, ALiBi, LogN, and our method substantially
outperform other approaches in generalizing to longer sequences. The right panel zooms in and
shows that scale-invariant p-RoPE achieves the strongest generalization overall.

In preliminary experiments we tried other scale-invariant methods. We found that the most obvious
method, scale-invariant RoPE, did not generalise well to long contexts (see Appendix 1.3). The
p-RoPE method is similar to RoPE but excludes low-frequency/high-wavelength components in the
position embedding, possibly suggesting that low-frequency components in RoPE interfere with the
scale-invariant transformation L; +— a;L; +m;. LogN also demonstrates stronger performance when
paired with p-RoPE rather than RoPE. We were surprised that ROPE+NTK struggled to generalise in
the “Train @4k / Val @64k’ setting, but we believe this can be explained by the training context size:
‘Train @16k / Val @64k’ is much better for ROPE+NTK (see Fig. 7 in the Appendix).

Fig. 4 presents pretraining losses for ALiBi, LogN+p-RoPE, and our method on a larger 304M model
— selected due to their performance on the 162M ‘Train @4k/Val @64k’ task. Scale-invariant p-RoPE
maintains its advantage at this larger scale.

Needle in a Haystack. The key benefit of scale-invariant attention is that it balances local and sparse
global attention. As such, we might worry that long-context retrieval performance might suffer versus
other approaches that do not have specific mechanisms to ensure that attention to the local context
does not vanish.

To assess whether long-context information retrieval capabilities suffered, we fine-tuned models
on a needle-in-a-haystack task (note that fine-tuning on this task is unusual, but we found that
prompting alone was not sufficient to perform this task, as bigger models/more pretraining would be
required). Needle-in-a-haystack (Kamradt, 2023) measures a model’s ability to precisely retrieve
specific details (needles) from a large body of text (the haystack). Our tasks constructs prompts by
concatenating text samples from the C4 dataset (Roberts et al., 2019) and embedding “needles” of the
form ‘The special magic <city> number is <7_digit_number>’. We insert three (rather
than one) needles uniformly, at random, into each context for more signal per example, with each
needle contributing separately to the overall accuracy. A successful retrieval requires the model to
output both the city and the associated number correctly. We trained models on sequences of length
4k, and tested at 4k, 16k, and 64k.

Table 2 show that scale-invariant p-RoPE and LogN+p-RoPE perform well, while almost all other
methods fail almost completely at 64k context length. Thus, despite focusing more on local context,
our method does not seem to have suffered in retrieval performance.



Table 1: Final mean validation losses (41 standard error across 3 seeds) for different methods when
training with 4k context length on a 162M parameter GPT-2-style model. The error bars are small

due to consistent training data ordering, and a fixed validation set.

Method Val @ 4k Val @ 16k Val @ 64k

RoPE 3.261 £0.001 3.936 +0.010 5.260 4+ 0.014
p-RoPE 3.260 +0.001  3.984 4+ 0.008 5.735 4+ 0.085
NoPE 3.397 £ 0.000 6.430 +0.059  8.125 4+ 0.062
RoPE+NTK 3.261 £0.001 3.703 +0.007  5.430 4+ 0.026
YaRN 3.261 £0.000 3.958 +0.018 5.353 4+ 0.065
LogN+RoPE 3.260 +0.001  3.273 +0.004 3.378 + 0.011
LogN+p-RoPE 3.256 +£0.001  3.262 +0.002  3.317 4+ 0.005
LogN+NTK 3261 £0.001 3.272 +£0.002  3.394 4+ 0.025
ALIiBi 3.281 £0.001 3.272 +0.001  3.270 4+ 0.000
Scale-invariant p-RoPE (ours)  3.244 4+ 0.001  3.235 4+ 0.001  3.247 £+ 0.001

Train @4k / Val @4k

Train @4k / Val @16k

Train @4k / Val @64k

3.3
— LogN+p-RoPE
— ALiBi
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Figure 4: Validation losses throughout training for a 304M parameter model.

Table 2: Mean validation accuracies on the needle-in-a-haystack task, 1 standard error. Metrics

were calculated over 3 seeds, after 300 steps of fine-tuning.

Method Val Acc @4k  Val Acc @16k  Val Acc @64k
RoPE 0.962 +0.003  0.000 £+ 0.000  0.000 + 0.000
p-RoPE 0.966 £+ 0.001  0.250 4+ 0.020  0.000 =+ 0.000
NoPE 0.964 + 0.000 0.303 +£0.239  0.000 + 0.000
RoPE+NTK 0.962 +£0.001 0.217 +0.078  0.000 £ 0.000
YaRN 0.969 + 0.001  0.000 £+ 0.000  0.000 + 0.000
LogN+RoPE 0.965 £0.002 0.276 + 0.010  0.064 £ 0.006
LogN+p-RoPE 0.969 + 0.002 0.962 +0.003  0.939 + 0.009
LogN+NTK 0.962 +£0.001  0.253 +0.015  0.056 4+ 0.008
ALiBi 0.957 +0.002  0.020 £ 0.001  0.003 + 0.000
Scale-invariant p-RoPE (ours)  0.965 + 0.000  0.969 + 0.004  0.969 + 0.005

5 Limitations

In this work, we evaluated our methods by pretraining with 162M and 304M parameter models, and
investigated 7B parameter models via continual pretraining in Appendix 1.5. Ideally, we would have
pretrained from scratch at the multi-billion parameter scale, in line with contemporary state-of-the-art
LLMs. While compute resource constraints prevented this, our results, together with the natural
theoretical approach, offer no indication that our conclusions would fail to generalise to larger,
commercially deployed models.

We focused on scale-invariant p-RoPE with dense attention, but the extension to other settings is a
promising direction for future investigation.



6 Conclusions

We have proposed two desirable properties of attention mechanisms, “scale-invariant total attention”
and “scale-invariant attention sparsity”, and presented a straightforward modification to attention
logits that enables these properties in practice. In our experiments, we found that our scale-invariant
attention modification, especially when paired with p-RoPE, substantially improves long-context
language modelling performance and gives zero-shot generalisation from training on short contexts
to testing on long contexts.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly state our contributions of the notion
of scale-invariant attention, a method for implementing it in practice, alongside empirical
evidence that it is effective.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: See our Limitations section (Sec. 5).
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All of our theoretical results (Lemmas 1, and 2, and Theorem 1) all clearly
state assumptions, and we provide proofs and auxiliary results in Appendices B, C, D, E, F.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We give details of the experiments in Section 4, and in Appendix G, which
enables reproducibility.

Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide code in the supplementary materials along with instructions to
reproduce the main results.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We provide extensive details in Section 4 and Appendix G.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We provide mean validation results £ 1 stderr for the results in Table 1 and
Table 2, clearly stating the number of seeds. We do not provide error bars for the plots as
that makes them too messy to be easily interpreted.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We discuss resources required in Appendix G, under Section G.3.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The authors have reviewed the NeurIPS Code of Ethics, and the research
conducted in the paper conforms in every respect.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper contains foundational research pertaining to the attention mechanism
in neural networks. While this has the potential to improve the LLMs in the long-term, the
guidelines suggest it is not necessary to speculate on such matters.

Guidelines:
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» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
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* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper does not release any artifacts at high risk for misuse.
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* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We properly credit and reference all assets used in the reference section. We
declare all licenses in the Appendix.

Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We do not crowdsource or perform research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We do not crowdsource or perform research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [Yes]

Justification: LLMs were not used for the core method development in this research, but
they were used for visualizing data (e.g. creating tables/figures).

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Relating the Indicies in the Paper to Standard Indices

The standard form for attention is,

d
1
S = 7 E QinKjx, (17)
P

where ) indexes the feature, ¢ indexes the query (i.e. the token we’re generating now) and j indexes
the key (i.e. the token we’re attending to). We fix ¢, and take t = ¢ — j, so

S9 = S (18)
where Sy—;_; is given in Eq. 1 in the main text. Then,
LY = L(SY;i — j) = L(Si;t) = Li=i—j, (19)

where L;—;_; is given in Eq. 1 in the main text. Then the unnormalised attention weights, Ald |
normalised attention weights, A% and normalisers, Z"* are,

A = exp (LY), (20)
where, A;_;_ ; is given in Eq. 3 in the main text.
i

i _ 27
4= 1)

where, A¢—;_; is given in Eq. 3 in the main text.
Z7'=Y AV =2, (22)
j=1
where, Z is given in Eq. 3 in the main text.

B E [X*exp(aX)| where X is Gaussian

Assume X ~ N (u,o?), then we can compute the expectation in terms of a moment of a Gaussian,

= 1 (z—)?
k aX71 _ k _oax -5
E[X"e**] = /_Oo:v e Ter 202 dx (23)

_ > k 1 aw—(ziéﬁd 24

") Ve T @9
o 1 1 2 2 2

_ k —7(1‘ —2puzr+pc—2ac’x)

_ [ v dz (25)

I S )
—o  V2mo?
o202 o 1 (z—(ptac?))?

_ Y —tap k oz

= [ e S @n
a?02 ~

=" [XH] (28)

where X ~ N (1/,0'%) = N (11 + ao?,62). In the case a = k = 1, we have,
E [X exp(X)] = (1 + 0®) exp(p + 07 /2). (29)
In the case o« = k = 2, we have,

E [X?exp(2X)] = ((1+20%) + 0°) exp(2u + 207). (30)
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C Deriving a; and m, in the Logit Transformation

From Eq. (15), we wish to find a; and m; such that,

- o _ emt+a?/2
P +1
6 me a?
I11- (mq + af)emtei/2,
We begin by dividing Eq. (32) by Eq. (31),
— =My + G/?,
which can be rearranged to,
my = é — CL%,
o
and a? = B_ my.
o

Now, taking the log of Eq. (31), we have,

my + %af = —log (f —|—1) + log .

(3D

(32)

(33)

(34)

(35)

(36)

Define f; = log (£ + 1) — log cv. Then to solve for a7, we substitute m, from Eq. (34) into Eq. (36),

To solve for m;, we substitute a? from Eq. (35) into Eq. (36)

mt+$(§—mt)=—ft
%mt+%:_ft
mt:_2(ft+%)a

which can also be written as,

Q[

2
my = —a; +
hus, we have,

a? = 2[log(t/T + 1)+ B/a — log ]
my = —2[log(t/T + 1) + 8/a —loga] + 8/«
= —2log(t/T +1) — B/a+2loga.

D Proofs of Lemmas 1 and 2

37)
(38)
(39)

(40)
(41)
(42)

(43)

(44)
(45)
(46)

Lemma 1. Consider a set of random variables, { L.}, representing attention logits. Let T > 0 be a

lengthscale parameter, and o > 0 a multiplicative constant. If the attention logits satisfy,

(0%

B [4] = et

then we have scale-invariant total attention (Def. 3.1).
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Proof. We want to show that E [Zfllﬂ = O(1) as t; — oo. By definition and linearity of expecta-

tion:
t1A—1

> A

t=ty

t1A—1

- Y E {At} . (47)

t=t,

E|z%| =E

Using the given condition E [flt} = ﬁ:
t1A—1 o t1A—1 1 t1A—14T7 1
Blzi8] = Y ot =ar Y —ar Y - (48)
= t/T+1 ot Mt k
Using the standard integral bounds for the harmonic sum derived by comparison with the integral
(see Appendix E):
HA et HA -1
1n(1 +T>g 3 g1n<1+7>. (49)
th+71 et k th+7—1
As t1 — oo:
1A t1 A
ha+r7 L A2 A (50)
tl + T tl
ttA—-1 t1 A
ha-1+7 ha (51)
t1+7—1 tq

So, the logarithm terms in both the lower and upper bounds approach In(A). By the Squeeze
Theorem:

t1A—1+T1
Z z - In(A) (52)
k=t14+1
Since «, 7, and A > 1 are constants, In(A) is a positive constant. Thus:
B |Z6%] > arin(a) = e(1) (53)
This satisfies the condition for scale-invariant total attention in expectation. O

Lemma 2. Consider a set of random variables, { L}, representing attention logits. Let T > 0 be a
lengthscale parameter, and 3 > 0 a multiplicative constant. If the attention logits satisfy,

o 8
E[Aog Al = -,

1108 4 t/T+1
then we have scale-invariant unnormalised attention sparsity (Def. 3.2).

(13)

Proof. We want to show that E {N;;A} = O(1) as t; — oo. By definition and linearity of
expectation:

) tA-1 . A1 . )
BN =B | S Adogd | = 3 E[Alog ] (54)
t=t1 t=ty
Using the given condition E [/L log flt} = tﬁ%:
t1A—1 5 t1A—1 1
E {NHA} - - 55
t t:zt:l t/T+1 pr t:Ztl t+T1 )

This sum is exactly the same form as in the proof of Lemma 1, just with /3 instead of «. Following
the same steps using the integral bounds for the harmonic sum derived in Appendix E:

t1A—1+7 1
Z 7 In(A) as ¢ = o0 (56)
k=t1+71
Therefore, as t; — oo:
E [Nf;ﬂ — Brin(A) = (1) (57)
This satisfies the condition for scale-invariant unnormalised attention sparsity in expectation. O
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E Bounds for Harmonic Sums
For the proofs of Lemma 1 and Lemma 2, we need bounds on the partial harmonic sum S = Zzza %,

where @ = t; + 7 and b = t; A — 1 + 7. We can obtain these bounds by comparing the sum to the
integral of f(z) = 1/x.

Since f(x) = 1/z is a decreasing function for > 0, we have,

b+l b q boq
— < < —
/a xdx_zk_/ailwdx (58)

Evaluating the integrals gives,

b+1 | b
ln< - ><Zk<1n<a_1>. (59)

F Proof of Theorem 1

Theorem 1. Suppose attention logits {L.} are marginally Gaussian with mean m, and standard
deviation a; defined by Eq. (16). Assuming o, 3,7 > 0, f > «alog «, then we have scale-invariant
total attention and scale-invariant unnormalised attention sparsity.

Proof. We need to show that the given conditions are sufficient for scale-invariant total attention
(Definition 3.1) and scale-invariant unnormalised attention sparsity (Definition 3.2).

1. Scale-invariant total attention: We need to show that E [ZfllA} = O(1) as t; — oo. By

Lemma 1, this holds if E [/L} = Since L; ~ N'(my, a?), the unnormalised attention weight

A, = ebt follows a log-normal distribution. The expectation of a log-normal variable eX where
X ~ N(p,0?)is el+% /2 Therefore,

_a
t/T41°

B [4] = B [eh] = emeteis? (60)
Substituting the given expressions for m; = —a? + 3/a and a? = 2[log(t/7 + 1) — loga + 3/al:
E {/L} — o(—ai+B/a)+a}/2 (61)
— o ai/2+B/a (62)
— o~ llog(t/T+1)—loga+p/al+p/a (63)
— e~ log(t/T4+1)+log a—B/a+B/a (64)
— eloga—log(t/T+1) (65)
— ¢loe(e777r) (66)

a
_ 67
t/T+1 ©7)

Since this condition matches the requirement of Lemma 1, scale-invariant total attention holds in
expectation. The condition 3 > «log « ensures af > 0forallt > 0.

2. Scale-invariant unnormalised attention sparsity: We need to show that E {Ntt jA} =0(1) as
t1 — oco. By Lemma 2, this holds if E {flt log flt} = 7:/7—% We need to compute E [[lt log flt} =
E [LteLf}. Using the formula for E [X eX } where X ~ N(p,0?) from Appendix B, which is

(u+ 02)6’““’2/2:

E [Lie™t] = (my + a2)emitai/? (68)
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Substitute my = —a? + 3/

E [Lie™] = (~af + B/a + af)em tei/? (69)
= (Bfajemteil? (70)
From the previous step, we know et +a:/2 = 77r77- Substituting this:
E [Lie"] = (B/) <a> 1)
t/T+1
= t/f;l 72)

Since this condition matches the requirement of Lemma 2, scale-invariant unnormalised attention
sparsity holds.

Therefore, under the given conditions, we have both scale-invariant total attention and scale-invariant
unnormalised attention sparsity. O

G Further experimental details

We provide experimental details here, and we provide the code used in the supplementary materials.

G.1 Pretraining from scratch

Our base model is a modded-nanogpt (Jordan et al., 2024a) variant, which is similar to GPT-
2 (Radford et al., 2019), but has the following main differences from GPT-2: RMSNorm for layer
normalization (applied before the attention and MLP blocks, as well as to the token embeddings
and the final output layer), squared ReLLU activations, and QK Normalization (RMSNorm on query
and key projections). All models used a vocabulary size of 50304, with text tokenized with the
GPT-2 tokenizer (Wolf et al., 2020). We implemented scale-invariant attention and ALiBi using
FlexAttention (Dong et al., 2024).

162M parameter model. The smaller model had 12 layers, 768 hidden dimension, and 6 heads.
We optimized embedding parameters using Adam with learning rate v = 0.3, 5 = (0.9,0.95). We
optimized linear layers with Muon, with no weight decay, v = 0.02 and momentum 0.95. For
remaining parameters (unembedding and LogN scalings, if LogN trick was active), we optimized
with Adam, using v = 0.002, 8 = (0.9,0.95). We trained for 4578 steps. The batch size was
8 X 65536/ Ly, with more gradient accumulation for shorter training lengths. We scheduled the
learning rate with a linear schedule for all parameters, with no warmup, constant learning rate for
3270 steps, and linear cooldown for the remaining 1308 steps. We vary the training context length
when pretraining with this model, from 4096(4k), to 16384(16k), and 65536(64k). We validate at 4k,
16k, and 64k sequence lengths every 125 steps.

304M parameter model. For the larger model, we used the same settings as the smaller model,
but with the following changes. The larger model had 16 layers, 1024 hidden dimension, and 8
heads. We trained the model for 10900 steps, processing approximately 10B tokens. We trained for
2 accumulation steps on 4 GPUs, with 28 sequences per batch. We scaled learning rates following
pParam (Wortsman et al., 2023), which involves multiplying learning rates of the linear layers
by 768/1024, to adjust for changing the model width. Learning rates of other layers (embedding,
unembedding, and LogN scalings if active) were not changed. We used a cosine learning rate
schedule, with no warmup, and a minimum learning rate of O (at the end of training). All runs on
the 304M parameter models were with 4096 training sequence length. We validated at 4k, 16k, 64k
sequence lengths every 250 steps.

RoPE hyperparameters. We used a base 6 of 10,000 for RoPE, and an effective base of 1024
for the angular frequencies in p-RoPE. For RoPE+NTK scaling (note the scaling applies only
when the inference sequence length is longer than the training sequence length), we scaled 6 by
(Ling/ Lu)d/ (d=2) where Ly is the training sequence length, L, is the inference sequence length, and
d is the RoPE head dimension (128 for both models).
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Dataset. We used subsets of FineWeb (Penedo et al., 2024) for pretraining from scratch: a 10B token
subset for the 162M model, and a 100B token subset for the 304M model (from which ~10B tokens
were used for its training). We keep the training data ordering fixed, and we keep the validation set
identical across all runs to reduce variance.

Seeds. We repeat the experiment for 3 different seeds when training at 4k on the 162M parameter
model. We train with 1 seed at 4k on the 304M parameter model, and at 16k/64k on the 304M
parameter model due to compute limitations.

Compute. We trained the smaller (162M) models on single A100 80G GPUs. We trained the 304M
models on 4xH100 grace hopper nodes using distributed data parallelism.

G.2 Needle-in-a-haystack

The Needle in a Haystack experiments were conducted by fine-tuning the pre-trained 162M parameter
models. We fine-tune with the same learning rate as above, but with 100 warmup, 100 constant, and
100 warmdown steps (decaying to v = 0). We use the same optimizers as in the pretraining phase.
We train for 300 steps on sequences of length 4096, and batch size 8 with 8 accumulation steps. We
repeated with 3 seeds.

The task is to generate responses of the form “cityl=needlel;city2=needle2;city3=needle3”,
where the cities and needles are embedded uniformly at random into samples from C4 in the form
“The special magic <city> number is <7_digit_number>.”. We sample several times
from the C4 dataset (concatenating samples) and remove tokens until we have the necessary number
of tokens — 4096(4k) for training, and 4096(4k), 16384(16k), 65536(64k) for validation. Only the
expected response tokens are included in the loss (the prompt/context tokens are masked). We repeat
the task for three different seeds. The validation accuracies presenting in Table 1 are calculated by
the proportion of times that cities and numbers are output correctly.

G.3 Resources required to reproduce experiments

To reproduce results, 80G GPUs are required. We used 80G A100s, and 80G H100 grace hopper
nodes. In terms of time taken to execute each experiment type, we give estimates of the resources
required:

* pretraining 162M parameter model w/o flex attention takes roughly 4/8/22 A100 hours at
4k/16k/64k;

* pretraining 162M parameter model with flex attention takes roughly 8/16/44 A100 hours at
4k/16k/64k;

e pretraining 304M parameter model takes roughly 36 4xH100 node hours;

* fine-tuning on needle-in-a-haystack task takes roughly 3 A100 hours.

To obtain our results, each experiment is executed several times. In particular, needle-in-a-haystack
with 3 seeds per method, pretraining at 4k with 162M model is 3 seeds per positional encoding
method. The remaining experiments are executed once per positional encoding method. This gives
a total of ~ 100 4xH100 hours, ~ 550 1xA100 hours. We estimate that very roughly that amount
again was spent configuring the experiments correctly, and on preliminary/failed experiments.

H The optimal lengthscale, 7, is around 10

By introducing scale-invariant attention, we introduce one extra lengthscale hyperparameter, T,
which represents the size of the ‘chunks’ we attend over. To select 7, we trained at 4k for
7€ {1072,1071,10°, 10, 10%}, and compared validation losses (shown in Fig. 5). Validation
performance is very similar amongst different 7 at the training context length (though 7 = 10 is
strictly best), but as we extend to out of distribution context lengths (64k, 16 the training context
length) the benefit of 7 = 10 becomes clearer.
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Figure 5: Validation losses at 4k (left), 16k (middle), and 64k (right) context lengths, for a GPT-2-like
model trained with scale-invariant attention for varying 7. The models were trained at 4k context
length.
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Figure 6: Scaling of expected entropy-in-range for standard attention with an independent Gaussian
assumption on the logits. We calculate expected entropies in the range [t, tA] for different ¢ and
A € {2,5,10}, with the lengthscale 7 set to 10. The dashed lines show the best linear fit of the data.
We empirically find that standard Gaussian logits give logarithmic entropy (left panel).

I Extra Results

LI.1 Entropy scaling of regular attention

In the main text, we illustrated in Fig. 2 that scale-invariant attention method under a Gaussian
assumption has sub-logarithmic expected entropy. Fig. 6 empirically shows that expected entropy in
arange ¢ to tA for standard/unscaled attention instead scales logarithmically with ¢.

1.2 Pretrain @16k

For completeness, we include validation losses when training at 16k in Fig. 7. We see again that
scale-invariant p-RoPE outperforms other methods over a range of validation lengths, with the
improvements becoming more noticable at the longest validation length of 64k.

1.3 Alternative scale-invariant attention variants

In Section 3 we presented scale-invariant p-RoPE as our proposed method. In preliminary experiments
however, it was very natural to also consider scale-invariant RoPE and scale-invariant NoPE. We show
results when training at 4k in Fig. 8. Scale-invariant RoPE performs almost as well as scale-invariant
p-RoPE when evaluating at the training context length, but underperforms more as we move to 16k and
64k. On the other hand, scale-invariant NoPE underperforms scale-invariant p-RoPE, yet generalises
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Figure 7: Validation losses at 4k / 16k / 64k context lengths, for a 162M parameter GPT-2-style
model trained at 16k. NoPE omitted on the right-most plot to avoid excessive zooming.
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Figure 8: Validation losses at 4k / 16k / 64k of scale-invariant NoPE, RoPE, and p-RoPE, for a 162M
parameter GPT-2-style model trained at 4k .

to long contexts. We hypothesised that scale-invariant RoPE does not long-context generalise due to
RoPE’s low frequences (i.e. high wavelengths) interfering with the position-dependent scale-invariant
transformation, L; — a;L; + my.

1.4 Infini-Attention

During the review process, we were asked to compare scale-invariant attention to Infini-
attention (Munkhdalai et al., 2024). Since infini-attention is a method for compressing the KV-cache,
it is slightly different to the other methods we compare to (which primarily control entropy), and
so we include these results separately. See Table 3, which shows that while infini-attention gives
long-context generalization, it is not as strong as our method.

LI.5 Larger models

We also investigated the ability for scale-invariant attention to generalise to longer contexts in larger
models by continual pretraining Llama 2 7B (Touvron et al., 2023). We chose Llama 2 for this
experiment because it is one of the few models that have not already mid-trained at a longer context
length.

Specifically, we continually pretrained at 4k context length after replacing the default attention
mechanism with various other methods, and we looked at validation loss at out-of-distribution lengths
(4k/16k/64k). We trained using the Torchtune (2024) library, using data from FineWeb (Penedo et al.,
2024), with AdamW and a learning rate of 2 x 107°.

We see in Table 4 that changing the attention mechanism degraded the loss at the training context
length, but the performance of scale-invariant p-RoPE far exceeds the other methods at 16k and 64k.
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Table 3: Final mean validation losses (41 standard error across 3 seeds) for different methods when
training with 4k context length on a 162M parameter GPT-2-style model.

Method Val @ 4k Val @ 16k Val @ 64k

RoPE 3.261 £0.001 3.936 +£0.010 5.260 +0.014
Scale-invariant p-RoPE (ours)  3.244 4+ 0.001  3.235 4+ 0.001  3.247 4 0.001
Infini-RoPE 3.296 +0.003  3.302 £+ 0.004  3.310 £ 0.008
Infini-p-RoPE 3.295 £0.003 3.303 £0.005 3.311 £ 0.009

Table 4: Validation performance when fine-tuning Llama-2 7B with different attention methods on
~50M tokens. RoPE and RoPE+NTK (denoted *) were not fine-tuned.

Method Val loss @4k  Val loss @16k  Val loss @64k
RoPE* 1.968 7.036 8.815
p-RoPE 2.029 3.504 6.800
NoPE 4.152 6.172 7.730
RoOPE+NTK* 1.988 3.090 7.523
YaRN 1.957 7.004 8.763
LogN+RoPE 1.966 6.932 8.726
LogN+p-RoPE 2.049 2.984 6.224
LogN+NTK 1.966 3.063 7.413
ALIiBi 2.750 2.745 2.744
Scale-invariant p-RoPE (ours) 2.163 2.193 2.252

J Checking Gaussianity of attention logits

In our analysis in Section 3.2 we assume that the unmodified logits (query-key products), L;’s, are
standard Gaussian. In this section, we empirically verify that the logits are Gaussian by looking at

QQ-plots.

We consider several sizes of model, including 1B and 8B Llama variants (Grattafiori et al., 2024),
and Gemma 2 27B Team et al. (2024). We calculate logits with the introduction paragraph of a
Wikipedia page ! as the input. In Figs. 9,10,11,12,13,14 we show quantiles of {L; };~0’s (i.e. lower
triangular part of the QK7 matrix) for each layer, aggregated over the input and the attention heads
in each layer. Note that we do not aggregate over the ‘beginning of sequence’ token, as it is an outlier
attention sink (Gu et al., 2024).

"https://en.wikipedia.org/wiki/New_England
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Figure 9: Quantile-Quantile (QQ) plots of attention logits (without RoPE applied) in a Llama-1B
model (blue line), with theoretical quantiles of a Gaussian shown by the red line.
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Figure 10: Quantile-Quantile (QQ) plots of attention logits (with RoPE applied) in a Llama-1B model
(blue line), with theoretical quantiles of a Gaussian shown by the red line.
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Figure 11: Quantile-Quantile (QQ) plots of attention logits (without RoPE applied) in a Llama-8B
model (blue line), with theoretical quantiles of a Gaussian shown by the red line.
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Figure 12: Quantile-Quantile (QQ) plots of attention logits (with RoPE applied) in a Llama-8B model
(blue line), with theoretical quantiles of a Gaussian shown by the red line.
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Figure 13: Quantile-Quantile (QQ) plots of attention logits (without RoPE applied) in a Gemma 2
27B model (blue line), with theoretical quantiles of a Gaussian shown by the red line.
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Figure 14: Quantile-Quantile (QQ) plots of attention logits (with RoPE applied) in a Gemma 2 27B
model (blue line), with theoretical quantiles of a Gaussian shown by the red line.



K Licenses

» This project uses a modified version of modded-nanogpt, https://github.com/
KellerJordan/modded-nanogpt which is MIT licensed.

» This project uses a 10B subset of the fineweb dataset, https://huggingface.co/
datasets/kjjO/fineweb10B-gpt2, which is MIT licensed.

* This project uses a 100B subset of the fineweb dataset, https://huggingface.co/
datasets/kjjO/fineweb100B-gpt2, which is MIT licensed.

* This project uses the C4 dataset, https://huggingface.co/datasets/kjjo/
fineweb100B-gpt2, which licensed under the Open Civic Data Attribution License (OCD-
BY).
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