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Abstract

We introduce a model for neural scaling laws under sparse activations. In the model, test loss is
often dominated by rare coordinates that are never observed in the training input. This mecha-
nism induces a novel bottleneck absent from dense models. We derive the asymptotic population
loss in both the underparameterized and overparameterized regimes, and show that the loss ex-
hibits a double-descent peak near the interpolation threshold—where the number of parameters is
just sufficient to fit the training data—resulting in a loss curve governed by two distinct scaling
exponents—one for the overparameterized regime and one for the underparameterized regime—
with a gap determined by the degree of sparsity. Additionally, we derive a compute-optimal fron-
tier that favors increasing dataset size over model capacity under fixed compute budgets. We also
analyze gradient-descent dynamics and identify a scaling law for the probability that fixed-step
gradient descent becomes unstable. We further show that the sparsity-induced effect persists under
nonlinear activations. Experiments validating the theory can be found at SparseScaling.

1. Introduction

Despite intense research, a comprehensive theoretical understanding of scaling laws remains elu-
sive. One approach to this challenge models the data as Gaussian with power-law covariance, ap-
plies a random embedding into a lower-dimensional representation, and uses linear regression to
characterize the resulting scaling laws [4, 15, 44, 62]. This framework [44] has been shown, both
theoretically and empirically, to produce the scaling law ¢ (% + %)a and the “Chinchilla”
compute-optimal allocation in which, under a compute budget C' x N D, the optimal choice scales
as N*(C) < D*(C) < C1/2

An important aspect not determined by a framework that yields a compute-optimal exponent
close to % is whether the power-law exponent governing loss decay with model size, a, matches
that governing decay with data size, ap, as empirical studies suggest need not be the case [32].2 In
this work, we propose a simple theoretical model that reproduces the observed scaling asymmetry
and naturally explains the emergence of two distinct exponents in the population loss.> Our model

1. This compute-allocation law arises in this framework both in the Bayes-optimal [4, 44] and one-pass SGD [16, 55]
settings. In the Bayes-optimal case, this scaling can be found by analytically extremizing the loss under the compute
constraint. Results based on random matrix theory support the same scaling in one-pass stochastic gradient descent
(SGD) dynamics.

2. Frameworks that predict ay = ap = a necessarily imply N*(C) = D*(C) = C'/? under the fixed-compute
constraint C' o« N D. However, a small asymmetry between a and avp can still yield compute-optimal exponents
close to % Thus, near-square-root compute-optimal scaling does not by itself imply symmetric scaling.

3. Bordelon et al. [17] also report scaling asymmetry, but there the relevant regimes are controlled by task difficulty
rather than by the sparse-feature mechanism studied here.
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is a random embedding followed by a linear readout, with a sparse input activation structure such

that only a subset of coordinates of x is active. This setup is motivated by the idea that the data-

generating process excites only a sparse subset of high-dimensional feature directions. The resulting
loss displays distinct scaling with NV and D. We derive an asymptotic scaling law in which the
difference between oy and ap arises continuously as the sparsity level is varied.*

Our main contributions are as follows.

* We introduce the notion of scaling laws for sparse activations by introducing a model that captures
the impact of sparsity on optimization and resulting scaling behavior.

* We derive the population loss for the sparse random feature model, yielding a two-exponent
scaling law with an intrinsic asymmetry between the underparameterized and overparameterized
regimes and a double-descent peak near the interpolation threshold [8-10, 24, 29, 45, 49].

* We derive the compute-optimal frontier under a fixed compute budget, and show that increasing
sparsity improves compute-efficiency while shifting the optimal allocation toward larger datasets.

* We analyze the training dynamics and convergence properties of the loss during optimization,
deriving a scaling law for the failure of fixed-step gradient descent (GD).

* We experimentally verify in a nonlinear two-layer network that scaling asymmetry continues to
arise from sparsity rather than from nonlinearity.

Related Work. Empirical scaling laws show power-law loss improvement with model size and
data, and motivate compute-optimal training rules [32, 34]. On the theory side, solvable models
based on random features, kernels, and high-dimensional regression derive closed-form or deterministic-
equivalent scaling predictions [4, 15, 21, 39, 44, 62]. Complementary dynamical models study
protocol- and time-dependent scaling (e.g., one-pass vs. multi-pass training) and can exhibit mul-
tiple scaling phases [16, 17, 55]. In contrast, we focus on sparse feature activation, and show it
can intrinsically yield different exponents in the model-limited versus data-limited regimes even

in Bayes-optimal learning. We thus isolate rare feature coverage as a distinct source of scaling
asymmetry. See Appendix F for additional related works.

2. Statement of Problem

In this section, we motivate the model and outline the main goals of our analysis.

2.1. Learning under Sparse High-Dimensional Data

We first specify the data-generation process that yields a sparse power-law structure in the inputs,
then describe the random feature model used to learn from these high-dimensional inputs.

2.1.1. DATA GENERATION PROCESS: BERNOULLI-RANDOM ACTIVATIONS WITH
POWER-LAW COVARIANCE

We consider input data X = [xy,...,Xp] € RM*D with each x; € RM, where D is the number
of training examples (data size) and M is the data dimension. We henceforth drop the d subscript
and simply refer to a single training example as x. We consider a structured data-generation process

4. We note that in training scenarios such as few-pass SGD, the underlying sparsity may be partially or entirely obscured.
This disparity suggests a novel phase transition as the number of epochs increases.
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in which each input coordinate of x € RM is randomly activated according to a heavy-tailed sparsity
pattern. Specifically, for 7 = 1,2, ..., M, the jth coordinate of x is drawn as

P(x] = 0) =1 —j*Cl(lfl7 ]P)(ﬂj‘] = :l:jf(a2+1)/2) — %j*alfl‘ (1)

Hence E[z;] = 0 and Var(z;) = j~17%272 Let p; := P(x; # 0) = j 1. We require
a1 > —1toensure that p; < 1. Additionally, to ensure that the target variance is finite, the sum over
the coordinate-wise variances Zj’;l G2 mygt converge, which holds iff a; + a2 +1 > 0.

This formulation introduces sparsity through Bernoulli input activations: most coordinates of x
are zero, while the few active ones follow a heavy-tailed scaling controlled by o and .

2.1.2. RANDOM FEATURE MODEL

We study a linear model built from N < M features randomly embedded from these inputs, with
M > max{N, D} so that truncation does not affect the power-law tail asymptotics. Each input
x € RM is mapped to features ¢ via a fixed random embedding u € RV*M with u;; ~ N(0,1/N)
and its N x M elements picked i.i.d., ¢ = ux, and the (per-example) prediction is §j(x) = 8T ¢ =
0" ux (and the batched prediction is y = 8'® = 6" uX), with trainable & € RY .5 The target

function is y(x) = w' x = Zjvil w;x;, for random w € RM with wj i.i.d. and Var(w;) = 1.

2.2. Main Goals

Our goal is to characterize the trained-to-completion loss for the random sparse feature model de-
scribed above. The population loss of the trained estimator is (Appendix G)

(Bayes = Ex [(y — g)(x))2] =Ex [(WTX — O*Tux)Q] , ()

where 68* denotes the minimum-£s-norm empirical-risk minimizer, equivalently the solution reached
by GD from zero initialization when the empirical loss is trained to completion. Note that §(x) =
0* " ux corresponds to a linear function of x whose weight vector lies in the row space of u. Conse-
quently, when w ¢ rowspan(u), this feature map cannot recover y = w ' x exactly, and a nonzero
approximation error is unavoidable. We aim to derive the scaling laws and compute-optimal frontier
for this Bayes-optimal loss, emphasizing the dependence on the data distribution and its effect on
optimization. All proofs are deferred to the appendices.

3. Scaling Asymptotics of Sparse Random Features

Our main results are summarized in Figure 1

5. Our model is, in effect, a sketched linear regression. It is random-feature-like in the sense of a frozen random map
followed by a trained linear readout, but it differs from canonical random-features models, e.g. [25, 27, 29], which
study nonlinear feature maps in high-dimensional regimes. Extending those frameworks to the sparse, strongly non-
Gaussian/heavy-tailed designs studied here would require going beyond the Gaussian-equivalence tools used in the
nonlinear random-features literature [28, 33, 45].
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3.1. Loss Scaling from Unmodeled Features

The random feature model reduces to linear regression in the effective weight vector w = u' 6.
The population mean-squared error can be expressed as (W) = Ex[(w'x —W'x)?] = (w —
W)X, (w — W), where &, = E[xx "] is diagonal since the input coordinates are independent. To
expose the scaling mechanism, consider a predictor that matches the first & coordinates of w and
sets all remaining coordinates to zero: w; = w;1y;<y}. Then w — w has entries 0 for j < k and w;
for j > k, and substituting into the expression for £(W) yields £(W) = >_. w]z Var(x;). Under
our assumptions w]z = O(1), the population loss is therefore governed, up to constants, by the
unmodeled input variance ;.\ Var(z;). This calculation suggests that the asymptotic behavior
of the loss is governed by the tail of the variance spectrum of the input distribution:

(Bayes = ZVar(xj). 3)

j>k

3.2. Prior Results: Scaling Law for Uniformly Activated Data with Power-Law Covariance

Phase diagram in (a1, @3)

We first review the scaling laws established 2
for random feature models with fully active
(non-sparse) input coordinates [44].

Uniformly Activated Data with Power-
Law Covariance. In the original formu-
lation of Maloney et al. [44], every in-
put coordinate is active and is modeled as
an independent Gaussian variable with vari-
ance decaying as a power law: x; ~ .
N(0, j—o 1), j=1,....,M, a>0. ata;+1<0
This matches our model’s fully activated co-
variance structure under the choice ov; = —1 I " " ’ ' !
and ag = o @

Figure 1: Phase diagram in (o, a2). Solid black
lines mark the boundary beyond which the model is
well defined. Within it we identify three regimes:
symmetric one-exponent scaling, asymmetric two-
exponent scaling, and a GD-failure regime with its
own scaling law.

Symmetry between Underparameterized
and Overparameterized Regimes. For
this non-sparse data structure, the optimal-
loss scaling law was analyzed in detail
in [44]. We produce a simple intuitive argu-
ment showing why, in this setting, a single
exponent governs the asymptotic behavior of the loss in both the under- and overparameterized
regimes, yielding a symmetric one-exponent law payes (% + )" with ay = ap = a.
As explained above, the random feature model reduces to linear regression in the effective weight
vector. Thus, if a learned predictor resolves the leading & < M coefficients of w, the residual
(unmodeled) variance is > ok —al = f koo = é k~“. With finitely many parameters
N and finitely many samples D, the model can identify at most O(min{ N, D}) coefficients, since
this minimum represents the true bottleneck. This yields the scaling fBayes ~ min{N, D},
so that the exponents satisfy ay = ap = «. In the sparse model of Section 2.1, one still gets a
symmetric one-exponent scaling law when —1 < a; < 0. In this regime, with high probability the
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low-index coordinates are activated sufficiently often across D samples that sparsity is effectively
subdominant. The scaling is therefore still controlled by min{NV, D}, as in the dense case, yielding
any = ap = a1 + az + 1 (Appendix H.1).

3.3. Two-Exponent Scaling Law for Sparse Activations (a; > 0)

We now analyze our model of sparse activations for a; > 0 (Appendix H.2).

3.3.1. UNDERPARAMETERIZED REGIME (N < D).
In this regime, the model fits only the leading high-variance coordinates of w, and the resulting

scaling law coincides with that of the non-sparse case.

Proposition 1 (Underparameterized Scaling) Under the sparse activation model described in
Section 2.1, the Bayes-optimal loss in the underparameterized regime (N < D) satisfies

gBayes,N ~ N_(a1+a2+1), so that any = a1 + o + 1. €))

3.3.2. OVERPARAMETERIZED REGIME (D < N).

A key quantity in this regime is the number of input coordinates that are ever observed (i.e., activated
at least once), K (D)®, see Appendix H.2.2.

Theorem 2 (Overparameterized Scaling) Under the sparse activation model with oy > 0 and
coordinate variances Var(z;) = jT=2=2 the Bayes-optimal loss in the overparameterized
regime satisfies

_otagtl o1 +ag+1
eBaye&D = D artl s so that ap = W (5)
A rigorous proof of Theorem 2 is given in Appendix H.2.2 via a continuous argument.
Together, Proposition 1 and Theorem 2, with ap = %‘flﬂ < aj + az + 1 = ay yield:

lBayes(N, D) = N™lareetl) o prlareth/ientd) = )

This expression makes the asymmetry explicit: model-limited error decays sharply, whereas data-
limited error decays slowly. Since the mechanism depends on sparsity and variance profiles, we
expect it to extend beyond Bernoulli masks to broader sparse distributions.

4. Additional Results

See Appendix for a detailed exposition of supplementary results.

6. the sparse activation model, the relevant comparison is ultimately between N and K (D), which grows sublinearly in
D when a1 > 0.
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Appendix A. Empirical Study of the Scaling Laws

We now empirically validate the theoretical predictions of the previous section by evaluating the
population loss over a wide range of D and N in the sparse random-feature model of Section 2.1.
Computational details are provided in Appendices G and K.

A.l. Scaling Collapse and Universality
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In many models, including ours and oth-
ers such as the Chinchilla scaling law [32],
the test loss exhibits distinct scaling in o]
two regimes: ¢ ~ D7™%P in the data- 0 *
limited regime and ¢ ~ NN in the
parameter-limited regime. A natural ques-
tion is how to interpolate between these two

105 4

i
10° 4 .E
i

Lpayes - N+ @2+ 1

2 e« 10 o
limits. A common ansatz is that the loss s .
takes the form ¢ = L(D~p , N7oN) for o] igs “oggiz | o
some scale-invariant function L satisfying 398 -..
L(cLy,cLy) = cL(Ly, Ly). Simple choices 1000 Mevcnssestmmeror
include L(L1, L2) = max(Ly, Lo) or Ly + o o 12‘;11/(1”)/N T 100 o

Lo, but more refined analyses [44, 70] show
that L often exhibits a peak near L; ~ Lo, Figure2: Scaling collapse and double descent. We
a phenomenon known as double descent [9, plot the rescaled loss £Bayes - NV as a function of
29].7 Using the scale invariance of L, we (D%P/NON)L/@N across a wide range of values for
may write £ - NN = [ (ﬁ:i? , 1>, so the D. N, for fixed (a1 = 1.0,a2 = 0.3). All curves
rescaled Toss £ - NN becomes a universa] COHapse onto a single universal function S, a,, ver-
function of the compute ratio = := 183113- ifying 'a universal_scale—invgriant structure consis-
We therefore expect the rescaled loss curves tent with the p redlcteq Scah“g law. A sharp peak
from different (D, N) to collapse onto a sin- emerges near Ecyit cgns1stent V.Vlth the double descent

=\. 1 . . phenomenon at the interpolation threshold.
gle curve Sy, o, (Z): a dimensionless scaling

function of the rescaled compute ratio.

Empirical Scaling Collapse. In Figure 2, we find that the full loss curve across a wide range
of (D, N) pairs collapses onto a single universal function after appropriate rescaling: /payes -

1 — = —a
Nevtas+l — g (%DW} where S(u) = L(u=",1), so that L(2=22 1) = Sa, 0y (€).

N—aN7

. « 1 1/(a1+1 .o . . .
with ¢ := (£em) /N _ %. This implies that knowing the loss curve for one setting of

(D, N) suffices to predict its shape at other scales via a simple rescaling transformation. This col-
lapse supports the two-regime scaling theory and recovers the predicted asymptotic behaviors: in
the underparameterized regime, £ ~ N~ with ay = a1 + g+ 1, while in the overparameterized
regime, { ~ D™D with ap = (a; + a2 + 1) /(a1 + 1).

Double Descent Peak. In the underparameterized limit, the loss scales as £ ~ N~ (@1taat1)
while in the overparameterized limit it scales as £ ~ D~(e1+e2+1)/(e1+1) This suggests a crossover
at N ~ DV(@1+D) which coincides with the point at which the number of model parameters N
matches the number of activated (and hence learnable) coordinates K (D) from Lemma 8. The
shape of Sy, o, (§) in Figure 2 reveals a prominent double descent phenomenon near:

1
fcri = 7\ (7)
()

1+aq

7. The double-descent peak is a feature of benign interpolation under ridgeless fitting, rather than of the scaling-law
picture itself. Regularization or early stopping smooths it out [29].
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corresponding to the threshold where K (D) matches N, with location determined universally by
the sparsity exponent ;.

Appendix B. Compute-Optimal Scaling Laws

We now analyze how to allocate data and model size under a fixed compute budget so as to minimize
the loss. We adopt the compute model C' = ND - min{N, D} as a unified proxy for the cost of
training to completion in our setting; see Appendix I for discussion. We then minimize (N, D) ~
NN 4+ D™D gubject to fixed compute C' to derive the compute-optimal scaling laws.

Proposition 3 (Compute-Optimal Frontier) Let the Bayes-optimal loss, for oy > 0, scale as
U(N,D) ~ N"N 4+ D™D withany = a1 +ag + L and ap = %’fﬁl Under a fixed compute
budget C = ND - min{N, D}, the unique compute-optimal allocation lies in the underparameter-

ized regime N < D, and the optimal allocation and resulting loss scale as
r(C) ~C™%,
N*(C) N CaD/(aN—i-QaD) — Cl/(a1+3)7 D*(C) ~ Cl—2aD/(aN+2aD) _ C(a1+1)/(a1+3),

anNap ar+ag+1
ac ay + 2ap a1+ 3 )

Remark 4 (Absence of Overparameterized Optimum) The compute-optimal solution always lies
in the underparameterized regime: N*(C) < D*(C) for all C. An overparameterized optimum
N > D, with C = ND?, yields N*(C)/D*(C) ~ Clep—on)/Qan+tep) « 1 contradicting the
assumed regime N > D. Hence the only valid optimum satisfies N < D.

Remark 5 (Impact of Sparsity on Optimal Scaling) As o increases, individual samples become
more sparse, carrying less information per example. At the same time, increasing o also steepens
the marginal variance spectrum Var(z;) = j —=2=2 ¢ the residual tail loss decays more rapidly
once coordinates are resolved. Consequently, for fixed ao < 2, the compute-optimal exponent
ac = %’f;l increases monotonically with oy, approaching 1 as vy — 00. As «q increases,
the optimal model size, N*(C'), grows more slowly with compute, while the optimal dataset size,
D*(C), grows more rapidly. As a result, the allocation shifts toward spending a larger fraction of

compute on data rather than parameters.

Empirical Validation. To validate Proposition 3, Figure 3 shows test loss versus total compute C'
for different V. Each curve corresponds to a fixed [V, while C'is varied by sweeping D. The dashed
line shows the predicted compute-optimal frontier, £*(C) ~ C~“¢. As C increases, the empirical
curves approach this frontier, confirming the predicted scaling.

Appendix C. Gradient Descent Training Dynamics

We next study the training dynamics of the readout weights 8 under full-batch GD, a broadly mean-
ingful computational model with some generality beyond the toy setting, on the empirical squared
loss £(0) = 55 HWTX - GTuXHz. With step size 77, one GD stepis A = L uXX'" (w—u'8).
It is convenient to rewrite the dynamics in terms of the input-space residual r; := w — W, where
w; :=u'0; € RM. Then

Il = (IM _ %uTu XXT> rs, 9)
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so convergence is controlled by the spectrum of u'uXX"? ; see Appendix J.

C.1. Convergence with High Probability

A first question is how 7 must scale for (9)
to converge. Since ¢(0) is quadratic, full-
batch GD is a linear iteration, and a stan-
dard stability criterion implies that (9) con- 104

-
&

2
; 63
verges whenever 0 < n < N L 0 T uXXT)’ 100 100
where Apax(-) denotes the largest eigen- 10 2

value [51]. Equivalently, this is the usual
condition 0 < 7 < 2/Amax(V2{), since
V3((0) = FuXXTu'.In the underpa-
rameterized regime, a standard concentra-

tion argument for the feature-space Hessian o .
V300) = 5 BB yields Aax(VEl) = SR e e W e e
1 4 op(1) and hence any fixed n € (0,2) is

admissible with high probability. The over- Figure 3: Empirical scaling of loss with compute.
parameterized case, however, is more subtle Each curve corresponds to test loss ¢ versus total

and is controlled by whether the random em- compute C for a fixed model size N, with C' varied

bedding acts isometrically on the data span. by sweeping D, for fixed (a1 = 1.0, vy = 0.3). The
dashed line denotes the predicted compute-optimal

Proposition 6 (Step-size Stability with High Reghability0))) ~ C—*c. The empirical loss con-
Assume the sparse activation model of Sec-  verges toward this frontier at high compute, just past
tion 2.1 with oy > —1 and o + a2 +1 > 0. the double descent spike for each curve demonstrat-

Assume further that the random feature map  ing agreement between theory and experiment.
is sufficiently wide that it is nearly isometric on the (low-dimensional) span of the data,’ so that

Amax <11) uTuXXT> =1+ op(1). (10)

Consequently, for any fixed n) € (0, 2) the iteration (9) is stable and converges with high probability.

C.2. A Scaling Law for Failure of Gradient Descent

Proposition 6 is a high-probability statement; rare datasets can still contain a single rare activation
spike that produces an anomalously large top eigenvalue and causes divergence.! GD becomes
unstable when Apax( 5u’uXX ") > 2. Under the near-isometry approximation u' u ~ I/ on the
data span, this reduces to Apax (XXT) > %. This is only a concern when activated amplitudes

grow with index, i.e. when aiy < —1 (since then x? = j—(e2+1) jncreases with j on activation).

8. The data dependence enters through the empirical covariance XX T For dense inputs, rank(XX ") = rank(X) ~
min{M, D}, which is typically ~ D when D < M, whereas under our sparse model, rank(XX ") < K (D) <
DVt g6 it grows only sublinearly in D.

9. Concretely, since rank(XX ") < D, standard random projection heuristics suggest that for N > D the operator
u " u acts approximately like I; when sandwiched against XX T .

10. Rare activations can create spectral outliers in XX T that are not controlled by the high-probability spectral concen-
tration arguments used in recent approximation/bias/variance analyses of linear-regression scaling laws [39, 40, 67],
so we instead adopt a probabilistic treatment.
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Theorem 7 (Failure Probability of GD) Fixn € (0,2) and suppose as < —1. Under the sparse
activation model of Section 2.1, with vy > —land oy +as +1 > 0, let v := %:2_"1'1 > 0. Then
the probability that full-batch GD is unstable due to a rare spike on a random dataset of size D
obeys

Pare(diverge) < DY, 11

up to n-dependent constants.

This theorem identifies instability under a fixed step size, not a fundamental optimization barrier.
Reducing the learning rate or using clipped updates can restore stability [52].

Appendix D. Experiments with Nonlinear Activations

A natural question is whether the two-
exponent asymmetry we identify is specific
to the linear setting or reflects a more gen- IR
eral property of sparse data distributions. ,
In Figure 4, we test robustness to nonlin-
earity by training a two-layer network with 73 . 1074
hidden layer ¢ = o(ux) (ReLU activa- 1074 ‘ s ‘ ‘ ‘
tion, frozen random first-layer weights) and o " - m; -
a linear readout, using full-batch acceler-
ated GD with Nesterov momentum and adap-
tive restart; see Appendix K for experimen-
tal details. The fitted exponents shift down-  _ .| Il
ward in the model-limited regime, consis- N
tent with the general expectation that non- .
linear feature maps smooth power-law input S . 10 t3 u‘; 10°
spectra [13, 20, 42]. Crucially, the qualita-

Sparse

Dense

tive asymmetry persists: sparse IN-, dense
N-, dense D-sweeps are well-described by
a single shared exponent, while the sparse
D-sweep is better described by a distinct ex-
ponent. This supports our main result: the
bottleneck mechanism—unobserved coordi-
nates carrying no signal—is robust to non-
linearity and first-order optimization.

Appendix E. Conclusion
We introduced a model that gives rise to two
distinct scaling exponents under sparse input

Figure 4: Asymmetry persists under nonlinearity.
Test loss scaling under the ReLU feature map ¢ =
o(ux), trained with Nesterov + adaptive restart;
(a1,2) = (1.0,0.3), 5 seeds. Top: sparse; bot-
tom: dense. Left: N-sweep at D = 50,000; right:
D-sweep at N = 8000. A single exponent o ~ 1.5
(dashed lines, jointly fitted with separate intercepts)
describes the sparse /N-, dense /N-, and dense D-
sweeps. The sparse D-sweep requires its own shal-
lower fit, ap ~ 1.2, breaking the dense-baseline
symmetry ay = ap predicted by linear theory.

activations. By analyzing the population loss in both under- and overparameterized regimes, we
showed how sparsity breaks the symmetry of scaling laws in the random feature setting. We derived
a compute-optimal scaling law showing that sparsity enhances efficiency by accelerating the decay
of test loss with compute, with a frontier that prioritizes data over model size. Analyzing GD
dynamics, we proved high-probability stability for all step sizes below 2 and identified a suppressed
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sublinear scaling law for its probability of failure in the overparameterized regime, suggesting a
role for gradient clipping in practical optimization. We validated these results experimentally in
the theoretical setting and extended them to a nonlinear feature map, confirming robustness of the
sparsity-induced asymmetry to nonlinearity. Our main takeaway is that sparsity as a structural
property fundamentally shapes scaling behavior in high-dimensional learning.

Limitations. Our results are built around data sparsity as the organizing principle, yet several ex-
tensions remain for future work. Incorporating exogenous label noise, which we expect to impose
an error floor rather than remove the sparsity-driven bottleneck until it dominates the optimization
scale, and analyzing ridge regularization, which would refine the statistical picture in the pres-
ence of explicit shrinkage, would extend our picture to noisy and explicitly regularized settings.
More ambitiously, a theoretical treatment of nonlinear feature maps—complementing our empiri-
cal validation—and an extension to the dynamical regime of few- to multi-pass SGD both confront
a common technical obstacle: the non-Gaussian, heavy-tailed nature of our features requires ex-
tending existing deterministic-equivalent tools beyond the Gaussian setting [33, 45]. Relatedly,
extending our analysis to the feature-learning regime is an important direction, especially since fea-
ture learning may either concentrate capacity on rare informative coordinates [17] or induce sparse
representations that hurt generalization in smooth tasks [57]. A further natural direction is to test
these effects at scale, in deeper networks and in transformers, particularly in light of sparse-feature
observations from sparse autoencoders [18, 63] and recent connections between superposition [23]
and scaling laws [41].
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Extra Appendices

Appendix F. Additional Related Work

Empirical scaling laws relating test loss to parameters, data, and compute were systematically doc-
umented in language modeling [34] and refined into compute-optimal prescriptions emphasizing
data-limited training in LLMs [32]. Related scaling behavior has also been observed across tasks
and modalities, including autoregressive generative modeling [30], multi-domain studies [31] and
vision transformer scaling analyses [68]. More recent empirical work has expanded scaling-law
analyses to address compute-optimal discrepancies across experimental protocols [58], practical
scaling laws for weight decay and batch size in LLM pretraining [12], precision-aware scaling
under quantization and training precision [36], inference-aware compute-optimal scaling [60], data-
scarcity regimes via model reuse [64], and data-constrained scaling under token repetition [48].

On the theory side, a growing literature develops tractable models that reproduce and explain
scaling-law phenomenology. Statistical-physics teacher-student models characterize optimal er-
rors and phase transitions in high-dimensional generalized linear models [5] and computational-
to-statistical gaps in committee machines [3]. Solvable neural-scaling models connect power-law
learning curves to spectral structure and compute-optimal frontiers [4, 44]. Random-feature and ker-
nel analyses address invariances [46], hypercontractivity and kernel matrix concentration [47], cor-
related linearizations and test error [37], and dimension-free deterministic equivalents [21]. Scaling
and renormalization approaches provide a complementary high-dimensional regression perspec-
tive [2]. Recent work also extends this power-law spectral perspective to kernel ridge regression
under anisotropic power-law data [66] and spectral inheritance through random-feature maps [56].
Related statistical-physics analyses study feature learning and specialization in finite-width teacher-
student neural networks near interpolation [6], as well as scaling-law phase diagrams in shallow
feature-learning networks [22]. A complementary line studies compute-optimal scaling in linear
regression [39] and precision-aware variants in high-dimensional linear regression [69]. Recent
work also studies the origin of scaling laws in simplified language and sequence-modeling settings,
including theories based on natural-language statistics [19] and controlled graph/random-walk gen-
erative processes [7].

Beyond Bayes-optimal analyses, several works study training dynamics. Dynamical models
of one-pass or finite-time training exhibit multiple scaling phases and shift compute-optimal al-
locations [16, 55]. Feature learning can also change scaling exponents and compute-optimal be-
havior [17]. Data reuse and multi-epoch training shift effective exponents and optimal alloca-
tions [40, 67]. Functional loss dynamics and learning-rate schedules in kernel or random-feature
regression are studied in [14, 38], while early stopping in random-feature regression with power-
law spectra is analyzed in [35]. Related analyses of SGD in shallow or two-layer networks with
heterogeneous teacher components [59], quadratic feature-learning models [11], or power-law data
spectra [65] derive sample-, time-, and parameter-dependent scaling exponents.

Our work is motivated by a different axis: sparse or conditional feature activation [26, 54],
in which only a subset of features is observed or used for any example. Such sparsity is common
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in modern representation learning and conditional computation (e.g., mixture-of-experts) [61]. Re-
lated empirical work studies scaling laws for sparse conditional computation in mixture-of-experts
models [1, 43]. Rather than refining existing spectral-decay accounts, we isolate how sparsity in
what the dataset reveals can itself produce an intrinsic asymmetry between model-limited and data-
limited scaling exponents.

Appendix G. Population Objective of Sparse Model

We begin by reformulating the objective in Eq. (2) as the following loss function:

Y 1 & 2
= D”H"3+D;(9<Xa> 0" ux, )

D
1 2
= 1013+ 5> (w'xa — 0 ux,) (12)
a=1
1 D
= L1013+ 5 D [wxax) w — 26T uxx) w+ 6 uxx)u' 0],
a=1

which we wish to minimize with respect to 8. While our focus is on the ridge-less limit, v = 0, we
retain it for mathematical convenience and take the limit v — 0 when appropriate.
Using ® = uX, we find the optimal solution 8* satisfies:

0 =y® ' q=yQ®"', (13)
where
q=(yIy +2@")7,
Q=(Ip+o'®) .
We are interested in the difference between the effective weight vector weg, defined by
Wi = 60 u,
and the true target weights w ' . In particular, the generalization error is given by

Egen = (WeTff — WT) 3k (Weff — W).

Appendix H. Scaling Asymptotics of Sparse Random Features
H.1. —1 < a; < 0: One-Exponent Scaling Law

In our sparse model of Section 2.1, we obtain a symmetric one-exponent scaling law when —1 <

a1 < 0, similar to dense random feature models [4, 44]. The key point is that generalization can be

bottlenecked by three resources: the number of parameters NV, the number of samples D, and the set

of input coordinates that are actually observed (activated at least once) in the D training examples.
Recall that the activation probability of coordinate j is

pj = Pla; #0) = j~ (D,
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Across D i.i.d. samples, let N; denote the number of times coordinate j activates. Then
P(coordinate j is never active in the training set) = P(N; = 0) = (1 — p;)? ~ e PPs.
Thus, whenever Dp; > 1 (equivalently, D j~(@1+1) > 1), we have P(N; =0) < e M « 1,
so coordinate j is activated at least once with high probability. When —1 < a3 < 0, this condition
holds uniformly for all j up to order D. At the boundary oy = 0, the coordinate j ~ D has Dp; =
O(1), so the never-observed probability is also O(1); this boundary case only affects constants and

does not change the one-exponent scaling.
Therefore the Bayes-optimal loss is governed by the unmodeled-variance tail beyond the first
min{N, D} coordinates:

fBayes(N, D) = Z Var(:cj) = Z j—(a1+a2+2) - min{N,D}_(o‘l"'a?‘*‘l)’
j>min{N,D} j>min{N,D}

and the scaling is symmetric in N and D in this regime, with a single exponent ay = ap =
a1 + ag + 1.

H.2. a; > 0: Two-Exponent Scaling Law

Here we briefly elaborate on supplementary details omitted from the main text regarding the scaling
asymptotics of the two-exponent scaling law.

1
In a random set of D data points, only O(D 1) features are likely to activate when «; > 0.
Thus, for positive o, there are naively three distinct regimes:

1 1
N < D%¥e1 D+t < N<D, and N > D.

The first is unambiguously underparameterized, the third is clearly overparameterized, and the in-
termediate regime exhibits characteristics of both.

H.2.1. UNDERPARAMETERIZED REGIME

1
We first consider the underparameterized regime N < D'+e1, where learning is primarily limited
by model capacity.

Proof of Proposition 1 Proof A resolvent analysis of random-feature regression [44] reveals that
the loss is governed by the covariance mass missed by an N-dimensional random feature subspace.
In the ridgeless limit, the resolvent acts as a projection onto the latent directions inaccessible to
the random features, so the leading-order loss is controlled by the unresolved tail of the covari-
ance spectrum. Thus, at the level of scaling, the random-feature bottleneck resolves the leading
N spectral directions and leaves the remaining covariance tail unresolved. In the present regime
N < DV(+e1) sparsity is masked, so the relevant spectrum is Var(z;) = 519272, Hence the

residual variance scales as
(0]
ijalfang - / jfoqfanZ dj
>N N
— ; N—(a1+a2+l)
o] +oag+1

Combining this with the general form of the Bayes-optimal loss (Eq. (3)) yields (4). |
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H.2.2. OVERPARAMETERIZED REGIME
1
We now turn to the overparameterized regime N >> D +e1,

Heavily Overparameterized Regime We first focus on the maximally overparameterized case.
We will show that in this regime, the performance of the random feature model is Bayes-optimal
among all models, and we compute its generalization error.

Optimal Predictor. An upper bound on the performance of any model would be for wg to equal
w on indices that appear in the dataset, and be 0 on all other indices. We will show that this is
indeed what happens in this regime.

If we write out our expression for weg, we have

wgﬁ =w' X ('yID +X"u"u X)_1 XTu'u, (14)
If we post-multiply by X b for any vector b, we obtain
weXb=w'Xb.

This follows from the full rank of Q. Thus, in the overparameterized regime, for every possible
input in the subspace spanned by the training data, the random feature model incurs zero loss.

Coefficients Outside the Training Data Go to 0. While the analysis showing that w.g perfectly
interpolates the training data applies for any overparameterized model in the limit v — 0, the
argument in this subsection uses the stronger assumption that we are deep in the overparameterized
regime. Since u;; ~ N(0,1/N), the diagonal entries of u'u are 1 + Op(N~1/2), while the off-
diagonal entries are Op(N~'/2). Thus, for any subspace S with dim(S) < N, the restriction of
u'uto Sis Ig+ op(1). Since the row and column spaces of X are at most D-dimensional, when
D < N we can replace the occurrences of u' u in Eq. (14) by I. Therefore, w.g simplifies to

wog =w' X(yIp+X'X)"1XT.

In the limit v — 0, this is precisely the projection of w' onto the space spanned by the data. We
can see this using a singular value decomposition.

Proof. Let the singular value decomposition (SVD) of the data matrix be X = UXV ", where
Y is the diagonal matrix of singular values ;. Substituting this into the term acting on w ' yields

X(Ip+ X' X)"'XT =UusvT (yIp + V=TV ) lvsTuT
— UV [V(Ip + )T lvsTuT
—US(yIp+2'D) T Ul

AW

The inner matrix A, is diagonal with entries (A, );; = 02/(y + o?). Taking the limit v — 0 we find

of |1, ifo; #£0,
0, lfO'ZZO

lim 5 =
=0 v + 0}

Thus, lim,_,o A, acts as the identity on the subspace associated with non-zero singular values.
Consequently, the full expression becomes Uyange U;nge, which is the orthogonal projection opera-
tor onto the column space of X. Therefore, in this limit, weTff is precisely the projection of w ' onto

the space spanned by the training data.
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Expected Test Loss. In the heavily overparameterized limit, the distribution of w — Weg is
straightforward. The j-th coefficient is zero if feature 7 appears at least once in the dataset, and
is normally distributed with variance 1 if feature 5 does not appear. The contribution to the test loss

is thus
Liest = Egen = Z (Etest [%2]) (Etrain [(W - Weff)?] )

J

Expected Number of Active Coordinates, K (D). Here we derive the asymptotic expression for
the expected number of coordinates that are active at least once across D i.i.d. samples under the
sparse activation model.

Lemma 8 (Learnable Coordinates in the Sparse Model when oy > 0) Under the sparse acti-
vation distribution p; = P(x; # 0) = G ~L the expected number of coordinates that are active
in at least one of the D training samples is asymptotic to the scale

1 1
K<D>=F<1‘ a1+1>Da1+%” (15)

where I'(-) is the Gamma function. Moreover, K (D) sets the scale of the number of coefficients
of w that can be estimated from data: a coordinate that is never activated carries no information
about its associated weight, and hence cannot contribute to the learned predictor.

Proof [Proof (learnable-coordinate count K (D))] In the sparse activation model, coordinate j is
active in a single sample with probability p; = j~*'~! and inactive with probability 1 — p;. The
probability that coordinate j is never activated in D independent samples is

]P)never(j) = (1 _pj)D'

For p; < 1, we use (1 — p;)P ~ e PPi as D — oo; this follows from (1 — =52)P — e~ PPi.
Hence
IEDnevelf(j) ~ eXp(_Dpj) = exp(_D]’—Oﬂ—l) .
Thus the probability that coordinate j is activated at least once is 1 — exp(—Dj~*~!), and the
expected number of such coordinates is
o0
K(D) = Z(l —e_Dj_al_l).

Jj=1

Passing to the continuum limit, we obtain

We now perform the change of variables

1
_D ag+1 1 1 _ag+2
t= Dj_(a1+1) = Jj= <t> 1 ; dj = S+ 1D°‘1+1t a1 +1 (dt,

11. When a; > 0, K(D) < DY(1*D = 4(D), i.e. only a sublinear number of coordinates are ever observed.
Interpolation is still possible since the data lie in a /& (D)-dimensional subspace, which a linear predictor in R can
fit. Unobserved coordinates receive no signal and are typically suppressed by mild regularization.
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which yields

a1+2

1 1 [ _oat2?
Da1+1/ (1—e ")t aF at.
0

K(D) = a; +1

Let 3 = ﬁ € (0,1). By integration by parts,

Taoety gt [T eysg =05
/0(1€)t dtﬁ/oetdt 5

1
a1+1

Substituting 5 = gives

1 1
K(D) = F(l—a1+1> _DCY11+1.

This matches Eq. (15) in Lemma 8. |

Proof of Theorem 2 Here we give two derivations of Theorem 2: a discrete argument via the
cutoff K (D), which provides useful intuition, and a fully rigorous continuous argument.

Proof [Informal discrete argument via K (D)] By Lemma 8, when a; > 0, at most K (D) coordi-
nates of the target vector w can be reliably estimated from D samples. All coordinates with indices
j > K(D) remain unobserved and therefore unmodeled. By the unmodeled-variance principle
(Eq. (3)), the Bayes-optimal loss is

EBayes,D = Z j_al_OQ_Q-
j>K(D)
Approximating the sum by an integral,

Z j—a1—a2—2 — /OO j—a1—a2—2 d]

J>K(D) K(D)

— ; K(D)_(O‘l'm?"'l)_

N ay +ag+1
Substituting the scaling K (D) =< D'/(¢1+1) from Eq. (15) yields

EBayes,D = D_(O‘1+‘12+1)/(a1+1)7
which is Eq. (5). _

Proof [Rigorous proof (continuous argument)] An equivalent expression for the Bayes-optimal loss
can be written as a continuous expectation over coordinates, weighted by the probability that each
coordinate is never activated. This leads to the integral representation

gBayes,D = / eXp(_Dj_oq_l) j—(a1+a2+2) djv (16)
0
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We again apply the change of variables

1
D\ et 1 1 _ag+2
t= Dj_(a1+1) = J= <t> 1 ;o dj = _a1 + 1D°‘1+1t o1+ dt.

Substituting into (16) gives

1 _oatagtl OO artagtl
EB&yCS,D = D oatl e 't ot dt.
0

a1+ 1

The remaining integral is exactly the Gamma function,

/oo e~ dt = T(B),

0
with
= ar+ag+1

N a1 +1

Hence ) .
051 + a2 + _a1+a2+1
14 = r D oatl
Bayes,D oy + 1 < oy + 1 ) )

which matches the scaling law in Eq. (5) in the main text. When a; > 0, sparsity reduces the
effective number of observed coordinates to scale as D'/(®1+1) | thereby becoming the dominant
data bottleneck. This concludes the proof. |

Subtleties Concerning Theorem 2: Co-activation and ldentifiability. A subtle complication
arises when two rare coordinates co-activate, i.e., are both nonzero in the same training example. In
such cases, it becomes impossible to disentangle their individual contributions to the label, creating
ambiguity in estimating the corrf:sponding weights. The coordinates that activate exactly once have

indices on the order of 5 ~ D«1+1, Consequently, the total number of such coordinates also scales

1
as D1+, A nonzero number of pairwise co-activations is therefore likely whenever this quantity
exceeds D1/2 (by the birthday paradox), which occurs when oy < 1. However, the number of
co-activating coordinates itself scales only as

1 2
(D a1+1) 1 9 . 1 1—a; 1
Hlln 77 Da1+1 — mln {Dal-'rl , Dal+1 } — mln Doq-‘rl’ Doq-‘rl .

—ap—ag—2
Each such coordinate contributes variance on the order of D >1+1 | so the total variance con-

tributed by co-activating coordinates scales as

—2a1—ag—1 —a]—ag—1
min< D e+l D eatl ,

which vanishes as D — oo. Thus, while co-activation may create isolated ambiguity, it does not
affect the asymptotic loss scaling in Theorem 2.
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Appendix I. Compute

This section provides an overview of the compute model we adopt for studying the compute-optimal
frontier under training to completion:

C = ND -min{N, D}. (17)

L.1. Computational Efficiency

Here, “compute” refers to the leading-order training cost, measured in FLOPs up to hardware-
dependent constants. To approach the population-loss scaling studied in the main text, we focus on
the setting in which the readout is trained to convergence. This can be done either with gradient-
based methods, which are closer to practical training, or by directly computing the min-norm solu-
tion in Eq. (13).

I.1.1. GRADIENT-BASED METHODS

A single gradient step on the loss (12) costs O(/N D). The iteration complexity is controlled by
the condition number of the feature Gram matrix, defined on its nonzero spectrum, x(®® ") =
Amax (@D ) /AL (8P T), where A1 denotes the smallest nonzero eigenvalue. For plain GD, the
number of steps scales linearly in x, up to logarithmic accuracy factors. Accelerated first-order
methods improve this dependence to \/k. We therefore write the leading gradient-based training
cost as

Cgrad ~ND pr (18)
with p = 1 for GDand p = 1/2 for accelerated methods.

Condition number, x. We estimate the condition number from the effective variance profile of
the active features. The number of active coordinates in a dataset of size D is K (D), so the readout
effectively uses roughly min{N, K (D)} features. The variance explained by the smallest feature
scales as min{ N, K (D)} ~(@1+a2+2) 'while the largest is O(1). Thus the effective condition number
scales as

x ~ min{N, K (D)}e1taz+2, (19)

Consequently, if the iteration complexity scales as x”, the number of optimization steps scales as
min{ N, K(D)}(e1te2+2)p,
I1.1.2. DIRECT LEAST-SQUARES SOLVE

Eq. (13) gives two equivalent expressions for 8*, related by a standard matrix identity. Using the
first expression, y ® ' q, requires computing @® " (cost N2D), inverting it (cost N3) to form q,
computing y® " (cost N D), and then multiplying the resulting row vector by q (cost N2). The total
cost is therefore O(N2D + N3). By the same logic, using the second expression, y Q ® ", costs
O(D?N + D?3). The cheaper of these two options is

Clirect ~ ND - min{N, D}.
We summarize these estimates in Table 1, which compares the costs of gradient descent (GD),

accelerated first-order methods, and direct solvers across the three regimes.
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Table 1: Compute cost, normalized by N D, across the three parameter regimes. The GD and
accelerated columns assume iteration complexity scaling as x, with p = 1 for GD and p = 1/2 for
accelerated first-order methods such as Nesterov acceleration. The direct-solve column corresponds
to computing the min-norm least-squares solution in closed form.

Regime GD Accelerated Direct solve
aptagt2 apfagt2

N>D D et D2+ D
aptagt2 aptagt2

D>N>K(D) D =1t D201+ N

K(D)>N Notox+2 2 N

L.2. Proxy Compute Model

Table 1 implies different computational scalings depending on both the solver and the regime.

Leta = a3 + as +2and b = a3 + 1, with b > 0. The comparison between direct solvers and
first-order methods is solver-dependent. Since accelerated methods reduce the condition-number
dependence from k to k'/2, they are asymptotically cheaper than GD whenever a > 0, up to
constants. The direct solve is cheaper than GD in the heavily overparameterized and intermediate
regimes when a/b > 1, equivalently aa + 1 > 0, while in the underparameterized regime the
finite-variance condition a > 1 already guarantees that the direct solve is cheaper than GD.

The comparison with accelerated methods is stricter. In the heavily overparameterized regime,
the direct solve beats acceleration only when a/(2b) > 1, equivalently ap > «7. In the underpa-
rameterized regime, it beats acceleration only when a/2 > 1, equivalently a;y + g > 0. Thus direct
solvers are uniformly cheapest under the stronger condition

a9 > o and a1 + ag > 0. (20)

There is also a mixed regime in which GD is the most expensive method, but the direct solve beats
accelerated methods only in part of the phase diagram. For example, when «; > 0 and

max{—l, —Oél} <oy <oy, 21)

acceleration is cheaper than the direct solve in the heavily overparameterized regime, while the di-
rect solve is cheaper in the underparameterized regime. In the intermediate regime, the crossover
occurs at N, (D) ~ D(e1+a2+2)/(2(er+1)); direct solution is cheaper for N < N,(D), while accel-
eration is cheaper for N > N,(D).

For example, the representative choice (aq,2) = (1,0.3) used in our experiments lies in
this mixed regime: GD is asymptotically the most expensive method, while the cheapest method
switches from acceleration in the heavily overparameterized regime to direct solution in the under-
parameterized regime, with a crossover between the two in the intermediate regime.

This solver dependence motivates using a simple unified compute proxy,

C = ND -min{N, D}, (22)

rather than tying the main scaling analysis to a particular optimization algorithm. The qualitative
conclusion we emphasize below is that sparsity shifts the compute-optimal allocation toward data,
and this conclusion does not depend on these solver-dependent distinctions within reasonable com-
pute models.
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[.2.1. ROBUSTNESS TO ALTERNATIVE COMPUTE MODELS

The solver-dependent comparisons above change the mapping from (V, D) to compute, but not the
basic allocation principle. The loss has the form

UN,D) ~ N"N 4 D™D, (23)
so the compute-optimal allocation balances the two terms:

N™®N ~ D7®P = D~ N/ = youtl, (24)

Thus sparsity fixes the relative allocation between data and model size independently of the particu-
lar solver. Different compute models only change how this balanced allocation scales with the total
budget C.

For example, suppose that in the underparameterized branch the compute model takes the more
general form

C ~ N'"D. (25)
Combining this with D ~ N1 *! gives
N*(C) ~ Cl/(r+a1+l)’ D*(C) ~ C(a1+1)/(r+o¢1+1)’ (26)
and
0*(C) ~ ¢mon/(rtentl) 27)

The direct-solve proxy used in Proposition 3 corresponds to » = 2, recovering Eq. (8). An accel-
erated first-order method in the same branch would instead have r = 1 + 2159242 which changes
the numerical compute exponent but leaves the balanced allocation D* ~ (N*)**! unchanged.
This distinction is especially useful in the mixed regime discussed above, where the cheapest
solver can switch across the (N, D) plane. In that regime, acceleration is cheaper than the direct

solve only in sufﬁcizently model-heavy regions. The crossover in the intermediate regime occurs at
N.(D) ~ D Far 4D . By contrast, the loss-balanced allocation satisfies Ny, (D) ~ D/(@1+1) 1n
the mixed regime with oy + ag > 0, we have Oqu < Oél(ZfﬁBQ, S0 Npa1(D) < N¢(D) asymptoti-
cally. Therefore the compute-optimal allocation lies on the direct-solve side of the crossover, even
though acceleration is cheaper in more heavily overparameterized regions.

For the representative experimental choice (a1, a2) = (1,0.3), this comparison gives Ny, (D) ~
D2 and N,(D) ~ D%825 Thus the balanced allocation is well below the accelerated/direct
crossover. Consequently, even under a piecewise cheapest-solver compute model, the asymptotic
compute-optimal allocation is governed by the same direct-solve branch used in Proposition 3. More
generally, alternative solver models can modify the compute exponent o, but they do not alter the
qualitative conclusion that sparsity shifts the compute-optimal allocation toward data.

L.3. Compute-Optimal Allocation

Proposition 3 adopts the proxy compute budget in Eq. (22), C = ND - min{ N, D}, and shows that
the unique compute-optimal allocation lies in the underparameterized regime, N < D. The optimal
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allocation and resulting loss scale as

¢*(C) ~ C0,
N*(C) ~ CaD/(aN+2aD) — Cl/(a1+3)7 D*(C) ~ CaN/(aNJrZaD) _ C(a1+1)/(a1+3)’ (28)
__ anap ar+ag+1
aC'—aN+2aD— a4+ 3 > 0.

[.3.1. SKETCH OF PROPOSITION 3

Proof [Sketch (compute-optimal scaling)] We optimize the loss under the compute model
C = ND -min{N, D},

Underparameterized Side (V < D). Here the compute constraint becomes
C=ND-N=N?D.

Assuming the population loss when «; > 0 takes the form

(N, D) ~ N~ON 4 D=op,

we eliminate D using the compute constraint, D = %:

-« C\ —« —a 2c
(C,N) ~ N N+<]V2> = N N 4 7PN,
For fixed C, the first term decreases with IV while the second increases with N (since larger N
forces smaller D = C/N?). Thus the optimum balances the two contributions. Equating their
scalings,

N—ON — CfaDN2aD — NOéN+20¢D = CaD,

yields
N*(C) = Cont2an,  D*O)= —" = ' "anitap,

At this optimum, both loss terms scale equally, so

* * —« —a aNap
£(O) ~ (V@) = 070, ag= N

which gives the exponents reported in Eq. (28).

Overparameterized Side (D < N). In this case min{/N, D} = D and the compute constraint
becomes C = N D?. Optimizing under this branch produces a candidate scaling that is not self-
consistent with D < N, and is therefore ruled out by Remark 4, so the unique compute-optimal

allocation lies in the underparameterized regime.
|
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Appendix J. Gradient Descent

Gradient descent (GD) provides a natural procedure for minimizing the training loss. In favorable
settings, it converges to the trained-to-completion min-norm solution, though rare failures can occur
due to sparsity as shown in the main text. Below, we provide a proof of Proposition 6 and a proof
sketch for Theorem 7, which together summarize our main findings on GD, as reported in the main
text.

J.1. Proof of Proposition 6

Proof [Proof (spectral bound for stability)] Under the near-isometry approximation on span(X),
we may replace u' u by I inside u'u XX, so it suffices to control Apax(5XX").

If empirical second moments concentrate, then %XX—r ~ 3, with 3, = E[xx '] diagonal
and Var(z;) = j~(*1722+2) whose top eigenvalue equals Var(z;) = 1. Although X, is diagonal,
%XXT need not be. The off-diagonal entries have mean zero and concentrate entrywise; we as-
sume that their aggregate contribution is subleading, so they do not change the leading O(1) scale of
the top eigenvalue governed by the diagonal part. The only potential obstruction is an anomalously
large diagonal entry caused by a single rare activation at a very large index when oy < —1 (so
activated amplitudes grow with 7).

Let jmax be the largest index that activates at least once in the dataset. For a given threshold J,
the expected number of activations at indices larger than J is

1
DY P(z;#0)=DY j @) < —pJjo,

‘ ° a1
Jj>J G>J

Equivalently, writing

D
N-j:= Z Z 1{$§-d) # 0},

d=1j>J

a Poisson approximation yields

D D
P(N~; =0) ~ eXp<—aJ_al> ) P(jmax < J) =P(N>y =0) = eXP<—aJ_al> ;
1 1

and hence

D
P(jmax = J) ~ D J~(@1+1) exp(—J‘“) .
031
In particular, jpmax < D1 with high probability.
Conditional on an activation at jyax, the corresponding diagonal contribution to %XXT is of
order
L, L —(a241) | p-(artazt1)/or

Exjmax = D max

But, given that ay < —1, and since a; + ag + 1 > 0, we have D (ataztl)/en 1, so such rare
spikes cannot dominate the O(1) contribution from the leading coordinates (in particular j = 1).
Therefore Amax(5XX ") = 1+ op(1), and the same holds for Apax(5u’uXX ") under near-
isometry. The conclusion of Proposition 6 then follows from the usual spectral stability condition
on the step size. |
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J.2. Sketch of Theorem 7

Proof [Sketch (rare-activation spike)] We focus on the event that a single “late” coordinate activation
produces a spiked top eigenvalue. Write the data matrix as X = [XIeg Xspec |, Where Xreg €
RM*(P=1) contains the regular samples and Xgpec € RM is a special sample containing a single
unusually large activation. Then
T T T
XX' = Xrengeg + XspecXgpec-

In a spiked covariance scenario, the top eigenvector aligns with Xy and the corresponding eigen-
value is bounded below by the Rayleigh quotient

T T T T
XspecXX Xspec o XspeCXTengegXSPeC

Amax (XX ") >

2
HXSpecH% HXSpecHg I SpecH2

Under the finite-variance condition o; + ag + 1 > 0, the first term in (29) is o(D) at the
rare-spike scale, so the condition for GD instability, Apax (XXT) > %, is to leading order in D
equivalent to requiring
2D

o

In our model, a single-coordinate activation at index j has magnitude ||Xspec||3 = :c? = j—(a24]),
Hence (J.2) requires

HXSpeCH% 2

2D\ “ap—1T
J2J= <n> (ag < —1). (30)

Finally, let N j~ denote the (random) number of activations with index larger than j* in the dataset.
By definition of j*, the rare-spike divergence event is the existence of at least one activation with
index > j%, s0 Prare(diverge) < P(Ns = > 1).

The expected number of activations at indices larger than j* is

1
E[Nsj-]=D> P(z;#0)=D> j ) < —D(j7)"
. . 1
Ji>3* J>3*

Equivalently (as in Subsection J.1), a Poisson approximation gives P(N~;» > 1) = 1 —
exp(—E[Ns;+]) < E[N>;+] when E[Ns ;] is small, hence P(N~ j« > 1) < O%D (%)~ .
Substituting (30) gives

1 2D\ —eat _artagtt
Prare(diverge) =< OTID <> 271 -euten |

which is Eq. (11) up to n-dependent constants. |

J.2.1. EMPIRICAL CONSIDERATIONS FOR THEOREM 7

We discuss the practical difficulty of empirically validating Theorem 7’s rare-spike prediction Py (diverge) <
D™%, and report our finite-D measurements, which are consistent with the theorem’s qualitative
form.
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A clean validation would estimate }P’()\max(XXT /D) > e) for fixed threshold e = 2/ across
arange of D values spanning the asymptotic regime, then fit the slope on log-log axes and compare
to the predicted exponent v = (a1 + as + 1)/(—ag — 1). However, this represents a statistical
challenge: the theorem characterizes a tail probability, and at any given D, accurate estimation of
Prare(diverge) = p requires ©(1/p) independent samples to observe events at the relevant rate, with
sample size scaling further with v for accurate exponent estimation. For the theorem’s asymptotic
regime to dominate observation, D must be large enough that finite-D corrections to the spectral
concentration are negligible compared to the leading D ™" behavior; in our experiments, this asymp-
totic crossover occurs beyond D =2 10*. Combining these requirements, a quantitative validation at
a predicted exponent v = 9 (for chosen parameters o; = 2, ap = —1.2) would require roughly 10°
to 10'2 independent dataset samples per D value—many orders of magnitude beyond computational
tractability with eigenvalue computation on D x D Gram matrices.

We perform experiments in which we sweep D € {500, 1000, 2000, 5000, 10000} at fixed
threshold ¢ = 1.0005 and feature dimension M = 5000, sampling between 500 and 4000 inde-
pendent dataset replicates per D. We chose a; = 2, ap = —1.2 (giving v = 9) as a representative
point well inside the regime as < —1 and a3 + a2 + 1 > 0 where Theorem 7 applies (smaller
values of v are more easily detected in finite samples but tend to give less clean separation between
tail-event probabilities and bulk concentration). The threshold € was chosen empirically so that the
smallest-D measurement gives a moderate (non-saturated) failure rate. Our results are shown in
Table 2.

Table 2: Empirical divergence probability as a function of dataset size D, with a; = 2, ag = —1.2,
M = 5000, threshold ¢ = 1.0005.

D failures / seeds  P(diverge)

500 185/500 0.370
1000 132/1000 0.132
2000 40/2000 0.020
5000 1/3000 0.00033
10000 0/4000 < 0.00025

The decay spans more than three orders of magnitude in P(diverge) over an order of magnitude
in D. Computing local exponents from successive D pairs gives Vigeal ~ 1.5, 2.7, 4.5, increas-
ing monotonically—consistent with finite-D corrections that vanish as the asymptotic regime is
approached.

Two observations matter for the comparison to theory. First, the empirical P(diverge) exhibits
a clean, monotone power-law decay with D—consistent in functional form and direction with The-
orem 7. Second, the empirical exponent at the largest measurable D (vycq =~ 4.5) is approaching,
but has not reached, the asymptotic prediction v = 9. Both observations are consistent with the
theorem: the asymptotic exponent is a statement about D — oo, and the local empirical exponent’s
monotonic increase suggests we are inside the finite-D regime where the asymptotic rate has not
yet emerged. Distinguishing the asymptotic exponent v = 9 from any other large-v value (e.g.,
v = 6 or v = 12) requires sample sizes and D ranges substantially beyond what is computationally
accessible with this experimental design. We conclude that our measurements are quantitatively
non-contradictory with the theorem and qualitatively confirm its prediction of a sharp power-law
decay in the divergence probability with dataset size.
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Appendix K. Experiments

K.1. Min-norm least-squares solutions via gradient-based optimization

Our scaling-law theory predicts the test loss of the min-norm random-feature readout as N and D
vary. We use two independent methods to recover this solution:
1. Closed-form pseudoinverse. For the linear regression problem ming 55(|® "6 —y ' ||3 on (lin-

ear or ReLU) random features, the min-norm least-squares solution is 8*
= y®7), computed via SVD-based pseudoinverse with relative tolerance 10,

lently 6* "

(@) Ty (equiva-

2. Nesterov-accelerated GD with adaptive restart [50, 53]. The readout @ is initialized at zero
and trained on the empirical mean-squared error with Nesterov momentum and gradient-based
adaptive restart. From zero initialization, the converged solution is provably the same min-norm

least-squares solution as the closed-form on-~

Figures 2 and 3 are computed using the
closed-form pseudoinverse, while Figure 4
is computed using the Nesterov-accelerated
solver.

The closed-form and Nesterov approaches
give the same qualitative two-regime struc-
ture, supporting the interpretation that the
observed exponent asymmetry is primarily
a property of the regression problem rather
than of a particular solver. In the linear
case (Figure 5), the joint exponent across
the sparse /N-sweep, dense N-sweep, and
dense D-sweep recovers o 2.0, in close
agreement with the linear-theory prediction
any = a1 + ag + 1 2.30, while the
sparse D-sweep gives ap 1.11, match-
ing the theoretical prediction ap = (a3 +

~
~

~
~

as + 1)/(aq + 1) = 1.15. The asym-
metry ratio ay/ap ~ 1.80 is close to
the predicted 2.30/1.15 = 2.00, with a

residual gap plausibly attributable to finite-
size corrections and possible crossover ef-
fects near the double-descent peak. Under
ReLU (Figures 6 and 4) both methods give
the same qualitative structure: a joint ex-
ponent describing three of the four sweeps
and a shallower sparse D-exponent breaking
the dense-baseline symmetry, with the mag-
nitudes oy /ap =~ 1.13 (closed-form) and
=~ 1.25 (Nesterov). These finite-size correc-

Sparse

10-2 4

1073 4 |

~ ~a ~

Figure 5: Two-exponent scaling validates linear
theory. Test loss scaling under the linear fea-
ture map ¢(x) ux, computed via the closed-
form min-norm least-squares solution; (o, ag) =
(1.0,0.3), 20 seeds. Top: sparse; bottom: dense.
Left: N-sweep at D = 50,000; right: D-sweep
at NV 16,000. A single exponent « 2.0
(dashed lines, jointly fitted with separate intercepts)
describes the sparse /N-, dense /N-, and dense D-
sweeps, in close agreement with the linear-theory
prediction ay = a1 + ag + 1 = 2.30. The sparse
D-sweep requires its own shallower fit, ap ~ 1.11,
matching the predicted sparse exponent ap = (a3 +
az +1)/(aq + 1) = 1.15 and breaking the dense-
baseline symmetry ay = ap.

~
~

tions are roughly consistent across the linear and ReLU cases, indicating that nonlinearity reduces
the magnitude of the asymmetry but does not alter its qualitative structure.
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Setup. All experiments use the data-
generating model defined in Section 2.1, with
sparse parameters (aq, az) = (1.0,0.3) and
ambient dimension M = 10,000. The
teacher is y(x) = w'x with w; ~ N(0,1)
i.i.d. The first-layer weights u € RV*M are
drawn i.i.d. from NV (0, 1/N) and held frozen
throughout training. The dense baseline uses
Gaussian inputs with per-coordinate variance
j=t) o = aq + ag + 1, matching the
underparameterized exponent of the sparse
model so that any asymmetry in scaling is at-
tributable purely to sparsity. Test loss is eval-
uated on nyes fresh samples drawn from the
same distribution.

For each (N, D) configuration we run
multiple seeds (varying both data sampling
and the random first layer) and report mean
test loss with 1 standard error. Power-law
exponents are fitted on log-log axes by least
squares, restricted to the asymptotic tail (last
4-6 values of NV or D) to mitigate finite-
size deviations. As a check, we also com-
pare full-batch GD with minibatch SGD at
small learning rate; the resulting trajectories
and scaling exponents agree closely, suggest-
ing that the sparse scaling laws reported here
are not driven primarily by minibatch gra-
dient noise, but by the underlying optimiza-
tion/statistical structure.

Experiment 1: Linear random features.
The forward map is § = 6 (ux).

Sparse

10* 10? 10° 10* 102 10°

10! 102 10° 10! 10? 10°

Figure 6: Asymmetry persists under nonlinear-
ity (closed-form). Test loss scaling under the
ReLU feature map ¢p(x) = o(ux), computed via
the closed-form min-norm least-squares solution;
(a1, 2) = (1.0,0.3), 20 seeds. Top: sparse; bot-
tom: dense. Left: N-sweep at D = 50,000;
right: D-sweep at N = 16,000. A single expo-
nent  ~ 1.25 (dashed lines, jointly fitted with
separate intercepts) describes the sparse V-, dense
N-, and dense D-sweeps. The sparse D-sweep re-
quires its own shallower fit, ap ~ 1.10, breaking
the dense-baseline symmetry oy = ap predicted
by linear theory; the smaller magnitude of the asym-
metry compared to the linear case (Figure 5) reflects
spectral smoothing under nonlinear feature maps.

The min-norm readout is solved in float64 via

torch.linalg.pinv with rtol = 1070 to handle rank-deficient feature matrices robustly.
We sweep N € {4,6,8,12, 16,24, 32,48, 64,96, 128,192,256} at fixed D = 50,000, and D €
{10, 14, 20, 28, 40, 56, 80, 112, 160, 224, 320, 448, 640, 896, 1280} at fixed N = 16,000, with 20
seeds per configuration and nest = 50,000. Fits use the last 6 points of each sweep.

Experiment 2: ReLU random features. The forward map is § = 6o (ux) with o the ReLU
activation. Two solver variants are used:

Closed-form (pinv). Identical to Experiment 1, with ReLU applied to the features before the
pseudoinverse. Same sweep grids, 20 seeds, and nes¢ = 50,000.

Iterative (Nesterov). The ReLU features @ = o(uX) € RV*? are precomputed once in float64
on GPU. The step size is setton = 1/ /\max('INIJT /D), where \pax is estimated by 50 steps of
power iteration. Nesterov updates with O’Donoghue—Candes adaptive restart [53] are applied until
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the relative gradient norm satisfies || V|| < 107||V||, with a maximum of 5 x 10° iterations. We

sweep N € {4,8,16, 32,64, 128,256} at fixed D = 50,000, and D € {10, 20, 40, 80, 160, 320, 640, 1280}
at fixed NV = 8000, with 5 seeds per configuration and nes; = 20,000. Fits use the last 4 points of

each sweep.

Hardware and reproducibility. All experiments were run on a single NVIDIA T4 or A100 GPU
(Google Colab). Total wall-clock time was approximately 4 hours for the closed-form sweeps (Ex-
periments 1 and 2 closed-form) and 30 minutes for the Nesterov sweeps. Float64 precision is used
throughout the optimization and pseudoinverse computations; data sampling and feature evaluation
use float32 with TF32 matrix multiplications enabled. The first layer u is regenerated per seed.
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