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Abstract

In this chapter we provide a thorough overview of the use of energy-based models (EBMs)
in the context of inverse imaging problems. EBMs are probability distributions modeled
via Gibbs densities p(x) ∝ exp (−E(x)) with an appropriate energy functional E. Within
this chapter we present a rigorous theoretical introduction to Bayesian inverse problems
that includes results on well-posedness and stability in the finite-dimensional and infinite-
dimensional setting. Afterwards we discuss the use of EBMs for Bayesian inverse problems
and explain the most relevant techniques for learning EBMs from data. As a crucial part of
Bayesian inverse problems, we cover several popular algorithms for sampling from EBMs,
namely the Metropolis-Hastings algorithm, Gibbs sampling, Langevin Monte Carlo, and
Hamiltonian Monte Carlo. Moreover, we present numerical results for the resolution of
several inverse imaging problems obtained by leveraging an EBM that allows for the explicit
verification of those properties that are needed for valid energy-based modeling.

1 Introduction

In this article we consider the resolution of inverse problems of the form

given y ∈ Y, find x ∈ X such that: y = P(F(x)) (1)

with appropriate spaces X and Y, a forward or measurement operator F : X → Y and a noise
corruption P , such as, e.g., additive Gaussian or Poisson distributed noise [17]. Relevant examples
of inverse imaging problems include computed tomography (CT), magnetic resonance imaging
(MRI), image deblurring or denoising, and many more [6, 69, 99, 98].

In the variational framework [15, 16, 34], inverse problems are usually tackled by considering
a minimization problem of the form

min
x∈X

{
Ey(x) := Dy(F(x)) + λR(x)

}
(2)

where Dy measures the data fit, i.e., the discrepancy between a potential solution x and the
measurement y and R is a regularizer that ensures well-posedness and stability of (2). In contrast,
in the Bayesian framework, x and y in (1) are modeled as random variables X and Y with some
joint distribution PX,Y . In this case the solution of the inverse problem is simply the so-called
posterior distribution PX|Y , that is, the distribution of the variable of interest X after observing
the measurement Y . Via Bayes’ theorem, under mild conditions (see section 2 below) it holds
true that

PX|Y =
PY |XPX

PY
. (3)

Identifying y 7→ Dy(F(x)) with a density of − logPY |X and x 7→ λR(x) with a density of
− logPX relates the variational and Bayesian approach by equating the variational solution with
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the maximum a-posteriori (MAP) estimate of the Bayesian solution. The Bayesian perspective
for inverse problems provides some interesting benefits compared to the variational approach.
Most notably, the probabilistic setting yields a natural framework for modeling uncertainty of a
reconstruction [69, 70] as well as for the use of data driven priors. The latter is due to the fact
that the use of training data—which constitutes a random sample of some population—almost by
default induces a probabilistic treatment.

We now briefly analyze the individual terms of (3). The likelihood PY |X is usually known
and relates to the forward operator and noise distribution. The evidence PY typically does not
concern us since, after observing Y , it constitutes a constant multiplicative factor with respect
to the posterior. Such constant factors need not be known, neither for determining the MAP
nor—as we will see later—for sampling. As a consequence, substantial research in the context
of Bayesian inverse problems has been dedicated to the remaining task of modeling the prior
distribution PX [39, 47, 82, 98, 99]. EBMs provide a particularly useful approach to do so which
complements many of the issues encountered in the context of Bayesian inverse problems. In
short, the term EBM (see definition 2.5) refers to modeling a probability distribution (usually
the prior PX) as a Gibbs distribution via its density

pX(x) =
exp (−E(x))∫
exp (−E(z)) dz

(4)

where E is an appropriate energy functional or potential that may be hand-crafted (e.g., the
total variation [40, 70]) or learned from data [70, 98, 99]. Energy based modeling is a natural
framework due to two main properties:

1. By definition, exp (−E(x)) is positive for any x ∈ X , so that we only have to ensure
integrability in order to obtain a valid probability density in (4).

2. As mentioned above, many tasks that frequently arise in Bayesian inverse problems (most
prominently, sampling from various distributions) often do not require knowledge of the
normalization constant Z =

∫
exp (−E(y)) dy, but rather require the knowledge of the

density up to a multiplicative factor, or even only of the score ∇ log pX = ∇E. This is
particularly relevant, as the computation of Z requires the estimation of a high-dimensional
integral, which is numerically infeasible for the problem sizes that are encountered in
imaging.

The combination of a well suited theoretical framework and practical flexibility renders EBMs a
powerful tool for the application to Bayesian imaging. Within this chapter we provide a concise
overview of the most relevant aspects of EBMs for Bayesian inverse imaging problems.

1.1 Overview of the remaining article

In the subsequent sections we cover the following content: In section 2 we introduce the most
relevant concepts in Bayesian inverse problems and provide several central theoretical results.
In particular, we present results for well-posedness and stability when the space X is finite-
dimensional and infinite-dimensional. In section 3 we present the most relevant training strategies,
including different types of divergence minimization as well as bilevel learning, follower by a
discussion about popular architectures for data-driven EBMs. In section 4 we analyze some of the
most popular algorithms for sampling from EBMs, that cover prior as well as posterior sampling.
Lastly, we showcase some numerical results of the application of EBMs for solving inverse imaging
problems in section 5.
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1.2 Notation

Spaces are denoted with calligraphic letters such as X ,Y,Z. σ-algebras are denoted as ΣX with
the corresponding space in the subscript or simply as Σ if there is no risk of ambiguities. The
Borel σ-algebra on a space X is denoted as B(X ).1 We use capital letters for random variables and
greek letters—mostly µ, ν, π—for (probability) measures. The distribution of a random variable
X ∈ X is written as PX . If the distribution PX admits a density (with respect to some measure
on X ) we denote the density as pX . For measures µ and ν we write µ ≪ ν if µ is absolutely
continuous with respect to ν and denote the Radon-Nikodým derivative of µ with respect to ν as
dµ
dν , or, if ν is the Lebesgue measure, as dµ

dx . We denote the set of all probability measures over a
space X as P(X ) without explicitly adding the underlying σ-algebra since we do not equip spaces
with more than one σ-algebra. For m ≥ 1 we define the set of all probability measures with finite
m-th moment as Pm(X ). An integral without a domain is interpreted as integration over the
entire space, e.g., for µ a measure on X and f a µ-measurable function,∫

f(x)dµ(x) :=

∫
X
f(x)dµ(x).

Moreover, we may sometimes write µ(dx) instead of dµ(x) to denote a measure µ, respectively
integration with respect to this measure.

2 Bayesian Inverse Problems

Recall that we are interested in solving general inverse imaging problems of the form

given y, find x such that: y = P(F(x)) (5)

where F : X → Y denotes a forward operator and P a pollution operator that, for any given
x ∈ X , corrupts F(x) with random noise following a certain distribution that is usually known.
We always assume that (X , dX ) and (Y, dY) are separable and complete metric spaces and that Y
is a subset of a finite-dimensional space. This setup covers almost all practically relevant cases. In
particular, the assumption that Y is a subset of a finite-dimensional space is not restrictive since
any measurement device typically gives a finite number of measurements. For the space X , this
section explicitly also covers the infinite-dimensional case. To talk about probability we always
equip X and Y with the generic Borel σ-algebras ΣX = B(X ) and ΣY = B(Y) such that (X ,ΣX ),
(Y,ΣY) are measurable spaces. The starting point for our probabilistic framework of inverse
problems is a probability measure PX,Y on X × Y (equipped with the generic product σ-algebra
ΣX×Y = B(X )⊗B(Y)), which describes the distribution of the data. Based on this, in a Bayesian
framework, x ∈ X and y ∈ Y are modeled as random variables X ∼ PX , Y ∼ PY , formally given
as X : X × Y 7→ X , (x, y) 7→ x and likewise for Y , and with their distributions PX and PY being
induced by the joint distribution PX,Y as pushforward measures. Solving the inverse problem then
amounts to determining the conditional distribution of X|Y (see definition 2.2 below), referred to
as the posterior distribution.

For instructive purposes let us briefly assume X = Rn and Y = Rd for n, d ∈ N and that both
X and Y admit densities pX and pY with respect to the Lebesgue measure. In this case, using
Bayes theorem, the posterior is typically expressed as

pX(x|Y = y) =
pY (y|X = x)pX(x)

pY (y)
.

1assuming the used topology is obvious
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This representation is beneficial as it leads to interpretable terms which can be modeled: The
likelihood pY ( · |X = x) corresponds to the density of the distribution of the measurements given
some fixed x and is modeled based on the forward operator F and the pollution P. The prior
pX represents the density of the distribution of the variable of interest, X, and is modeled based
on prior knowledge or beliefs about X or desirable properties of the solution. The prior can
be handcrafted or learned if we have access to samples of X (see section 3). Knowledge of the
(model) evidence pY is typically not necessary as most relevant inference techniques (see section 4
below) only rely on the score of the posterior pX( · |Y = y) for some fixed y, that is, the gradient
of the log-posterior ∇ log pX( · |Y = y), which is independent of pY (y). In conclusion: Bayesian
inverse problems mainly revolve around proper modeling of the likelihood and the prior. While
this elaboration was restricted to the finite-dimensional case, we will in the following provide a
rigorous treatment for the general setting introduced above. This part of our work is strongly
inspired by [58].

We start by defining the posterior, which necessitates the notion of a Markov kernel, which
we now define.

Definition 2.1. Let (Z1,ΣZ1) and (Z2,ΣZ2) be measurable spaces. A Markov kernel is a function
M : Z1 × ΣZ2

→ [0, 1] such that

• M( · , A) : Z1 → [0, 1] is measurable for any A ∈ ΣZ2 , and

• M(z, · ) : ΣZ2 → [0, 1] is a probability measure for any z ∈ Z1.

In order to formalize the notion of the posterior distribution as the distribution of X given Y
we further make the following definition.

Definition 2.2. If there exists a Markov kernel M : Y × ΣX → [0, 1] such that for all A ∈ ΣX

and all B ∈ ΣY

P(X ∈ A, Y ∈ B) =

∫
B

M(y,A) dPY (y),

we call M the conditional distribution of X|Y and denote M(y,A) = PX(A|Y = y). Similarly,
the conditional distribution of Y |X is defined as above with the roles of X and Y being exchanged.

The following result, which is a standard result from probability theory, shows that in our
setting a conditional distribution always exists.

Lemma 2.1. (Existence of solutions) The conditional distribution of X|Y , denoted by PX( · |Y =
· ) exists and is PY -a.s. unique. Furthermore, for PY -a.e. y ∈ Y , the measure PX( · |Y = y) is
concentrated on X({Y = y}), i.e., PX(X({Y = y})c|Y = y) = 0, for PY -a.e. y ∈ Y .

Proof. Since (X , dX ) and (Y, dY) are complete and separable metric spaces, both X × Y and Y
are Souslin spaces according to [11, Definition 6.6.1]. Thus, [11, Example 10.4.11] implies the
existence of a Markov Kernel M : Y × ΣX×Y → [0, 1] such that

P(C, Y ∈ B) =

∫
B

M(y, C)dPY (y)

for all C ∈ ΣX×Y and B ∈ ΣY , and such that

M(y,X × (Y \ {y})) = 0

for PY -a.e. y ∈ Y . It is then easy to see that

PX(A|Y = y) := M(y,X−1(A))

4



the conditional distribution as claimed. Regarding the concentration on X({Y = y}), we note
that (x, y) ∈ X−1((X{Y = y})c) implies that (x, y) ∈ X × (Y \ {y}) and, consequently, that

PX(X({Y = y})c|Y = y) ≤M(y,X × (Y \ {y})) = 0.

Uniqueness finally follows as in [11, Lemma 10.4.3], using that ΣX is countably generated.

Remark 2.1. Note that, in addition to the classical notion of conditional distribution (see, e.g.,
[9, Theorem 33.3]), we also obtain that PX(A|Y = y) is concentrated on X({Y = y}), a property
that one would naturally expect from a conditional distribution. This concentration property is
a consequence of deriving the conditional distribution via the disintegration of measures rather
than the classical Kolmogorov approach as Radon derivatives, see [20] for a discussion. While
the former has slightly more restrictive assumptions, those are fulfilled in our setting, which
is why we derive this additional property of conditional distribution in this work. Regarding a
concentration of PX(A|Y = y) for all y ∈ Y (not just PY -almost all y ∈ Y), we refer to [11,
Proposition 10.4.12].

Remark 2.2. It seems that existence and uniqueness of the conditional distribution, the main
quantity of our interest, is, thus, guaranteed without any requiring any assumptions in addition
to those made on the underlying spaces X and Y. We will see later, however, that the main
assumption that the prior distribution is actually a probability distribution, in the sense that
it integrates to one, is already a strong assumption that is related to coercivity of the energy
functional in case of energy based models.

With the same argument as in the previous result, we also obtain existence of the conditional
distribution of Y |X.

Lemma 2.2. (Existence of conditional data distribution) The conditional distribution of Y |X,
denoted by PY ( · |X = · ) exists and is PX-a.s. unique.

The conditional distribution PY ( · |X = · ) allows us to introduce a model for the measurement
noise. Two frequently used and practically relevant examples are given as follows.

Example 2.1 (Gaussian noise). The assumption of additive, isotropic Gaussian noise on the
measurements corresponds to the situation that Y = Rd and PY ( · |X = x) admits a density
(x, y) 7→ L(y|X = x) with respect to the Lebesgue measure of the form

L(y|X = x) = (2πσ2)−d/2exp

(
−∥y −F(x)∥2

2σ2

)
,

where F : X → Y is the forward model.

Example 2.2 (Poisson noise). Poisson noise constitutes a relevant example of non-additive noise
corruption. In this case, Y = {1, 2, 3, . . .}d, the Borel σ-algebra ΣY equals the power set, and the
conditional distribution P( · |X = x) is assumed to admit a density L(y|X = x) w.r.t. the counting
measure given as

L(y|X = x) =

d∏
i=1

F(x)yii exp (−F(x)i)

yi!

where F : X → Y is again the forward model.

Since we assume that Y is a subset of a finite-dimensional space, it is not restrictive to
assume that PY ( · |X = x) admits a density L( · |X = x) as above (generically, with respect to
the Lebesgue or the counting measure). Interestingly, under this non-restrictive assumption, we
already get a first version of Bayes theorem.
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Theorem 2.1 (Bayes theorem, general version). Assume there exists a probability measure
µY : ΣY → [0, 1] and a function (x, y) 7→ L(y|X = x) ∈ [0,∞] that is jointly measurable in x and
y such that

PY (B|X = x) =

∫
B

L(y|X = x)dµY(y),

i.e., PY ( · |X = x) admits the density L( · |X = x) with respect to µY .
Then, also PY has a density pY w.r.t. µY and it holds for almost all y ∈ Y with pY (y) ̸= 0

and for all A ∈ ΣX that

PX(A|Y = y) =

∫
A
L(y|X = x)dPX(x)

pY (y)
.

Further, PX( · |Y = y) is absolutely continuous w.r.t. PX with density

dPX( · |Y = y)

dPX
=
L(y|X = x)

pY (y)
.

Proof. By the properties of PY ( · |X = · ) we have for every B ∈ ΣY that

PY (B) = PX×Y (X ×B) =

∫
X
PY (B|X = x)dPX(x)

=

∫
X

∫
B

L(y|X = x)dµY(y)dPX(x).

Using Fubini’s theorem (see, e.g., [25, Theorem 6.14])) we obtain that

PY (B) =

∫
B

∫
X
L(y|X = x)dPX(x)dµY(y),

and, consequently, that PY is absolutely continuous w.r.t. µY with density y 7→ pY (y) :=∫
X L(y|X = x)dPX(x).

Again by the properties of the condition distributions we obtain for all A ∈ ΣX and B ∈ ΣY
that ∫

B

PX(A|Y = y)dPY (y) = P(X ∈ A, Y ∈ B) =

∫
A

PY (B|X = x)dPX(x).

Plugging in the above densities, we obtain that∫
B

PX(A|Y = y)pY (y)dµY(y) =

∫
A

∫
B

L(y|X = x)dµY(y)dPX(x)

=

∫
B

∫
A

L(y|X = x)dPX(x)dµY(y)

where the last equality is again due to Fubini’s theorem. This yields the pointwise almost-
everywhere equality

PX(A|Y = y)pY (y) =

∫
A

L(y|X = x)dPX(x).

from which the result follows via division by pY (y).

Remark 2.3. We note the following:
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• Instead of explicitly requiring the existence of the measurable density (x, y) 7→ L(y|X = x),
one could also require that there exists a probability measure µY (or, more generally, a Markov
Kernel) such that PY (B|X = x) is absolutely continuous w.r.t. µY for every x. Existence of a
measurable density (x, y) 7→ L(y|X = x) would then follow from Doob’s theorem for families
of measures, see [25, Theorem 4.44]. In practice, however, existence of the dominating
measure µY is usually shown directly by providing the likelihood (x, y) 7→ L(y|X = x) (as
modeling choice), hence we believe it is more useful to use this setting also in the theorem.

• The above result assumes a dominating measure for PY ( · |X = x), and concludes that PY is
also dominated by that measure. The other direction does not hold true, but in any case it is
more practical to impose this assumption on PY ( · |X = x) (which again is usually available
as modeling choice) rather that PY , which is usually not available.

Finally, if also PX admits a density, we get the following result as direct consequence.

Theorem 2.2 (Bayes Theorem, density version). In the setting of theorem 2.1, assume that PX
admits a density w.r.t. some measure µX that we denote by pX . Then, for almost all y ∈ Y with
pY (y) ̸= 0, PX( · |Y = y) admits a density w.r.t µX that is given as

pX(x|Y = y) =
L(y|X = x)pX(x)

pY (y)
.

The last theorem is particularly relevant in the finite-dimensional case, where the Lebesgue
measure can be chosen as reference measure µX on X .

Having established existence of the posterior distributions, we now move towards a continuous
dependency of the posterior PX( · |Y = y) on y ∈ Y. Given the form of the posterior as in
theorem 2.1, it is clear that its continuous dependency on y requires a suitable continuity of
both y 7→ L(y|X = x) and y 7→ pY (y). The following lemma shows that the latter is a direct
consequence of the former. This is again preferred from the modeling perspective since the
likelihood L( · |X = · ) is usually available explicitly as modeling choice, while pY is generally not
explicit.

Lemma 2.3. In the setting of theorem 2.1, assume that y 7→ L(y|X = x) is continuous for
PX-a.e. x ∈ X and that there exists g ∈ L1(X ,PX) such that L(y|X = x) ≤ g(x) for all y ∈ Y
and PX-a.e. x ∈ X . Then, y 7→ pY (y) is also continuous.

Proof. This follows from pointwise convergence and the dominated convergence theorem: Let
(yn)n converge to y. Then

|pY (yn) − pY (y)| =

∣∣∣∣∫
X
L(yn|X = x)dPX(x) −

∫
X
L(y|X = x)dPX(x)

∣∣∣∣
≤
∫
X
|L(yn|X = x) − L(y|X = x)|dPX(x)

with the right-hand side converging to zero as yn converges to y due to the assumptions on L.

The above assumptions on the likelihood are not very restrictive. First we note that they
trivially hold in the case of Gaussian measurement noise.

Example 2.3 (Gaussian noise). In case Y = Rd and PY ( · |X = · ) admits a density (x, y) 7→
L(y|X = x) with respect to the Lebesgue measure of the form

L(y|X = x) = (2πσ2)−d/2exp

(
−∥y −F(x)∥2

2σ2

)
,

7



where F : X → Y is a measurable forward model, (x, y) 7→ L(y|X = x) fulfills the assumptions
of lemma 2.3 since y 7→ L(y|X = x) is obviously continuous for every x and L(y|X = x) ≤
(2πσ2)−d/2.

Regarding Poisson noise, we can observe that whenever Y is countable and PY ( · |X = · )
admits a density L( · |X = · ) with respect to the counting measure, we have for every x, y that

L(y|X = x) ≤
∑
ỹ∈Y

L(ỹ|X = x) ≤ 1,

such that there always exists some g ∈ L1(X ,PX ) with L(y|X = x) ≤ g(x). The continuity of
y 7→ L(y|X = x) again depends on the application, but trivially holds in the case of Poisson noise:

Example 2.4 (Poisson noise). In case that Y = {1, 2, 3, . . .}d, the Borel σ-algebra ΣY equals the
power set, and the conditional distribution P( · |X = x) is admits a density L(y|X = x) w.r.t. the
counting measure given as

L(y|X = x) =

d∏
i=1

F(x)yii exp (−F(x)i)

yi!
,

the likelihood L(y|X = x) fulfills the assumptions of lemma 2.3 whenever the forward model
F : X → Y is measurable.

We now move towards providing a stability result which will be with respect to the Hellinger
distance, that we define as follows.

Definition 2.3 (Hellinger distance). Let (Ω,Σ, µ) be a probability space and let µ1 and µ2 be two
probability measures on (Ω,Σ) such that µ1, µ2 ≪ µ2. We define the Hellinger distance between
µ1 and µ2 as

dHel(µ1, µ2) =

1

2

∫
Ω

(√
dµ1

dµ
−

√
dµ2

dµ

)2

dµ

1/2

Under the same (non-restrictive) assumptions as in lemma 2.3, continuity w.r.t. the Hellinger
distance follows.

Theorem 2.3 (Distributional stability [58]). In the setting of theorem 2.1, assume that

1. there exists g ∈ L1(X,PX) such that L(y′|X = x) ≤ g(x) for all y′ ∈ Y and PX-a.e. x ∈ X ,

2. and that y 7→ L(y|X = x) is continuous for PX-a.e. x ∈ X .

Then, y 7→ PX(·|Y = y) is continuous with respect to the Hellinger distance at every point ŷ ∈ Y
with pY (ŷ) ̸= 0.

Proof. First note that, by the dominated convergence theorem, for any sequence (yn)n in Y that
converges to some y ∈ Y we obtain from our assumptions that

lim
n→∞

∫
X
|L(yn|X = x) − L(y|X = x)|dPX(x) = 0.

2i.e., µ1, µ2 are absolutely continuous with respect to µ

8



Now take ŷ, y ∈ Y with pY (ŷ), pY (y) ̸= 0. Using the distributional Bayes theorem (theorem 2.1)
we can compute that

dHel(PX(·|Y = ŷ),PX(·|Y = y))

=
1√
2

∥∥∥∥∥
√
L(ŷ|X = ·)√
pY (ŷ)

−
√
L(y|X = ·)√
pY (y)

∥∥∥∥∥
L2(X,PX)

≤ 1√
2pY (ŷ)

∥∥∥√L(ŷ|X = ·) −
√
L(y|X = ·)

∥∥∥
L2(X,PX)

+

√
1

2

∣∣∣∣∣ 1√
pY (ŷ)

− 1√
pY (y)

∣∣∣∣∣ ∥√L(y|X = ·)∥L2(X,PX).

The second term on the right hand side converges zero as y → ŷ due to continuity of pY . For the
first expression, we note that∥∥∥√L(ŷ|X = ·) −

√
L(y|X = ·)

∥∥∥2
L2(X,PX)

=

∫
X

(√
L(ŷ|X = x) −

√
L(y|X = x)

)2
dPX(x)

≤
∫
X

∣∣∣√L(ŷ|X = x) −
√
L(y|X = x)

∣∣∣ · ∣∣∣√L(ŷ|X = x) +
√
L(y|X = x)

∣∣∣dPX(x)

=

∫
X
|L(ŷ|X = x) − L(y|X = x)|dPX(x),

which converges to zero as y → ŷ as argued at the beginning of this proof.

Another commonly used distance function for measures is the total variation distance. For
probability measures, it is usually defined as follows.

Definition 2.4 (Total variation distance). Let (Ω,Σ) be a measure space and let µ1 and µ2 be
two probability measures on (Ω,Σ). We define the total variation distance between µ1 and µ2 as

dTV(µ1, µ2) = sup
B∈Σ

|µ1(B) − µ2(B)|.

Moreover, it is well known that, if µ1, µ2 ≪ µ, the total variation distance admits the
representation

dTV(µ1, µ2) =
1

2

∫ ∣∣∣∣dµ1

dµ
(x) − dµ2

dµ
(x)

∣∣∣∣ dµ(x).

The following lemma shows that continuity w.r.t. the Hellinger distance is stronger than continuity
w.r.t. to the total variation distance.

Lemma 2.4. Let (Ω,Σ, µ) be a measure space and µ1, µ2 be two measures on (Ω,Σ) that are
absolutely continuous w.r.t µ. Then

dTV(µ1, µ2) ≤
√

2dHel(µ1, µ2).

Proof. Define

δ(x) =

√
dµ1

dµ
(x) −

√
dµ2

dµ
(x)

9



Then

dHel(µ1, µ2)2 =
1

2

∫
δ(x)2dµ(x).

Also, since ∣∣∣∣dµ1

dµ
(x) − dµ2

dµ
(x)

∣∣∣∣ = |δ(x)|

(√
dµ1

dµ
(x) +

√
dµ2

dµ
(x)

)
,

we obtain that

dTV(µ1, µ2) =
1

2

∫
|δ(x)|

(√
dµ1

dµ
(x) +

√
dµ2

dµ
(x)

)
dµ(x).

Now, by the Cauchy-Schwarz inequality

dTV(µ1, µ2) ≤ 1

2

(∫
δ(x)2 dµ(x)

)1/2
∫ (√dµ1

dµ
(x) +

√
dµ2

dµ
(x)

)2

dµ(x)

1/2

.

Since, again using Cauchy-Schwarz,

∫ (√
dµ1

dµ
(x) +

√
dµ2

dµ
(x)

)2

dµ(x)µ

=

∫ (
dµ1

dµ
(x) +

dµ1

dµ
(x) + 2

√
dµ1

dµ
(x)

dµ2

dµ
(x)

)
dµ(x)

=

∫
dµ1

dµ
(x) dµ(x) +

∫
dµ1

dµ
(x) dµ(x) + 2

∫ √
dµ1

dµ
(x)

dµ2

dµ
(x) dµ(x)

= 1 + 1 + 2 ·
∫ √

dµ1

dµ
(x)

dµ2

dµ
(x) dµ(x) ≤ 4

we finally obtain that

dTV(µ1, µ2) ≤ 1

2
·
√

2dHel(µ1, µ2)2 ·
√

4 =
√

2 · dHel(µ1, µ2).

Corollary 2.1 (Distributional stability in total variation). In the setting of theorem 2.3, y 7→
PX( · |Y = y) is continuous with respect to the total variation distance at every y ∈ Y with
pY (ŷ) ̸= 0.

The last result is interesting in particular in view of sampling algorithms, which often show
convergence of the distribution of samples to the original distribution in terms of the total
variation distance. In this case, by the triangle inequality, the last result implies also stability of
sampling from the posterior.

A second metric that is frequently used to analyze sampling algorithms is the Wasserstein
metric. Under stronger assumptions, stability of the posterior distribution with respect to the
Wasserstein metric can also be obtained [58, Setion 3.5]. While the solution to the Bayesian
inverse problem is formally defined as the posterior distribution, in practical applications one
typically is interested in various quantities derived from the posterior distribution, such as its
expectation, its modes, or the probability or quantiles of certain quantities of interest. In the
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following we consider when such derived quantities also depend continuously on the data. The
following lemma is a central result, as it provides stability of every quantity derived from the
posterior via a function that is bounded on the support of PX .

Lemma 2.5. In the setting of theorem 2.3, let (Z, ∥ · ∥Z) a normed space equipped with the
Borel σ-algebra and let f : X → Z be measurable and bounded on the support of PX (i.e., there
exist A ∈ ΣX with PX(A) = 0 and C > 0 such supx∈X\A ∥f(x)∥Z < C). Then

y 7→ EPX( · |Y=y)[f ]

is continuous at every y ∈ Y with pY (y) > 0. In particular, at every such y, the mapping

y 7→ PX(A|Y = y)

is continuous for every A ∈ ΣX .

Proof. The proof is given by the following inequality chain for y, ŷ ∈ Y with pY (y), pY (ŷ ̸= 0:∥∥∥∥∫
X
f(x)dPX( · |Y = y) −

∫
X
f(x)dPX( · |Y = ŷ)

∥∥∥∥
Z

≤
∫
X

∥∥∥∥f(x)
L(y|X = x)

pY (y)
− f(x)

L(ŷ|X = x)

pY (ŷ)

∥∥∥∥
Z

dPX(x)

≤ C

∫
X

∣∣∣∣L(y|X = x)

pY (y)
− L(ŷ|X = x)

pY (ŷ)

∣∣∣∣ dPX(x)

= CdTV(PX( · |Y = y),PX( · |Y = ŷ)).

(6)

The second assertion follows by choosing f = χA.

This result already implies that the posterior expectation depends continuously on the data
if there exists some C > 0 such that PX({x ∈ X | ∥x∥X > C}) = 0 (since in this case f(x) = x
fulfills the above assumptions), which is a reasonable assumption for instance in the case that X
models image data where the pixel values are usually withing a predefined maximal range. In this
case, the above result with f(x) = xm also implies that all moments m ∈ N, and in particular
also the variance, of PX( · |Y = y) are finite.

Alternatively, we obtain continuity of posterior expectation under the minimal assumption
that X is integrable and by assuming that the likelihood is bounded.

Lemma 2.6. In the setting of theorem 2.3, assume in addition that there exists C > 0 such that
|L(y|X = x)| ≤ C for all y ∈ Y and PX-a.e. x ∈ X , and that∫

X
∥x∥XdPX(x) <∞.

Then, the posterior expectation is continuous in all points y ∈ Y with pY (y) ̸= 0, that is,

EPX( · |Y=y)[x] → EPX( · |Y=ŷ)[x]

as y → ŷ with pY (ŷ) ̸= 0.

Proof. Let y → ŷ. Then also pY (y) → pY (ŷ) > 0 by lemma 2.3, and in particular it is bounded
from below by δ > 0. Then, since∥∥∥∥xL(y|X = x)

pY (y)

∥∥∥∥
X

≤ C

δ
∥x∥X

and the latter is PX -integrable, the result follows from continuity of the dominated convergence
theorem.
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Note that, as discussed in the examples above, the likelihood L( · |X = · ) is always bounded
in case of Gaussian- or Poisson measurement noise, such that in these cases, the expectation
depends continuously on the data as claimed.

In contrast to the expectation of the posterior, which corresponds to the minimum mean-
squared-error (MMSE) estimator, it is not trivial to define and analyze a MAP estimator when X
is infinite-dimensional since in that case the Lebesgue measure is not available as a space-invariant
underlying measure w.r.t. which the densities of the prior and the posterior can be defined. We
refer to [27] for the analysis of the MAP estimator in infinite-dimensional inverse problems with
Gaussian priors, to [45] for an extension to non-Gaussian priors and to [59] for an analysis of the
connection of different notions of MAP estimator in infinite-dimensional inverse problems.

In the finite-dimensional setting, the MAP estimator can be defined as the maximizer of
posterior density w.r.t. the Lebesgue measure. But even in this case, the MAP estimator cannot
exist without further assumptions: For example, f : R → R with

f(x) =

{
n
Z , if x ∈

[
n, n+ 1

n3

[
,

0, otherwise,
with Z =

∞∑
n=1

1

n2
<∞

defines a probability density who’s maximum does not exist. Furthermore, since the MAP
estimator is defined as pointwise maximum of the posterior density, it depends on the choice of
representative for this density, which is only defined Lebesgue-almost-everywhere. To avoid this,
one usually requires that the density has a continuous representative, which is then unique.

Using these assumptions, a stability result for the MAP estimator in case of finite-dimensional
X = Rd is the following.

Lemma 2.7. In the setting of theorem 2.3, assume that X is a subset of a finite-dimensional
space, that PX has a density w.r.t. the Lebesgue measure that we denote by pX , that pX is
continuous, that pX(xn) → 0 for ∥xn∥ → ∞ and that (x, y) 7→ L(y|X = x) is (jointly) continuous
and bounded. Then, the MAP estimator defined as

x̂MAP(y) := arg max
x∈X

L(y|X = x)pX(x)

exists and depends continuously on y in the sense that

x̂MAP(yn) → x̂MAP(ŷ)

for any sequence (yn)n that converges to ŷ such that none of the functions x 7→ L(yn|X = x)pX(x)
and x 7→ L(ŷ|X = x)pX(x) is identically zero.

Proof. In case
x 7→ L(ŷ|X = x)pX(x)

is identically zero, any x ∈ X is a maximizer. In the other case, existence of the MAP estimator
follows by the direct method: Take (xn)n to be a maximizing sequence. By the assumptions on
pX and boundedness of L(y|X = x) it is clear that (xn)n must be bounded, such that there exists
a subsequence that converges to some x̂. The continuity of L( · |X = · ) and of pX then imply
that x̂ is a maximizer.

Stability follows in a very similar way: Given (yn)n converging to ŷ as in the statement of
this lemma, take (xn)n to be the corresponding MAP estimators. Take x̂ to be a maximizer of
x 7→ L(ŷ|X = x)pX(x), such that in particular L(ŷ|X = x̂)pX(x̂) > 0. Then

L(yn|X = xn)pX(xn) ≥ L(yn|X = x̂)pX(x̂) → L(ŷ|X = x̂)pX(x̂) > 0. (7)
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Since 0 < L(yn|X = xn) → L(ŷ|X = x̂) > 0 there must further be a constant C > 0 such that
L(yn|X = xn) > C for all n, which, by dividing the above by L(yn|X = xn), implies that pX(xn)
is bounded uniformly away from zero (for sufficiently large n). Hence (xn)n must be bounded
and, consequently, admits a convergent subsequence. The continuity of all involved quantities
finally implies that x̂ = x̂MAP(ŷ).

Remark 2.4. A crucial difference between the assumptions necessary for the stability of the
posterior distribution and those necessary for the stability of the MAP is that the latter requires
joint continuity of (x, y) 7→ L(y|X = x). While this assumption might be replaced by an appropriate
semi-continuity assumption, it is still noteworthy that stability of the posterior distribution does
not require any such assumption regarding the dependence of L(y|X = x) on x and, consequently,
does not require any specific assumption on the forward model F other than measurability.

2.1 EBMs for Bayesian Inverse Problems

Using machine learning for Bayesian inverse problems requires a practically realizable way to
parametrize the prior distribution PX . Usually, this is done in the finite-dimensional setting and
under the assumption that PX admits a density pX with respect to the Lebesgue measure, which
is then parametrized explicitly or implicitly. One type of parametrization of PX is via energy
based models:

Definition 2.5 (Energy based models). Given PX to be the distribution of the unknowns x ∈ X
of interest, and µX to be a σ-finite Borel measure µX on X such that PX is absolutely continuous
w.r.t. µX with density pX , an EBM is a representation of pX via an energy functional functional
E : X → R that is given as

pX(x) :=
exp (−E(x))∫

exp (−E(x′)) dµX(x′)
, (8)

where x 7→ exp (−E(x)) is required to be measurable with
∫
X exp (−E(x)) dµX(x) <∞. We refer

to the functional E as the energy, or potential.

Remark 2.5 (The finite-dimensional case). When X = Rd, the most relevant setting is the one
where µX is the Lebesgue measure on Rd. In this case, we write

pX(x) :=
exp (−E(x))∫
exp (−E(y)) dy

. (9)

Remark 2.6 (The infinite-dimensional case). In case X is infinite-dimensional, the reference
measure µX is often the Gaussian measure, see [91] for a classical work in this context and [91,
90, 57, 50] for some works on different models.

In most cases, especially in the context of learning based methods, the potential E will depend
on a set of parameters θ ∈ Θ that lie in some suitable space Θ. In such cases denote the energy
as Eθ, the density as pθ, and the corresponding distribution as Pθ.

In view of the general theory for Bayesian inverse problems as outlined in section 2, it is
interesting to note that, beyond non-restrictive assumptions on the measurement noise, those
results do not pose any additional assumption on the (energy-based) model of the prior at all.
Nevertheless, it is important to note that the most restrictive assumption on the energy is already
hidden in the definition of energy-based models themselves: It is integrability of x 7→ exp (−E(x))
which already requires some coercivity of x 7→ E(x) in order to limit the tails of the distribution.
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We conclude this section by providing some basic, finite-dimensional examples of energy based
models; for an overview of different architectures that are used to parametrize EBMs in machine
learning we refer to section 3.3 below.

Example 2.5 (Gaussian Mixture). With X = Rn, a classical example is a Gaussian mixture
model of the form

E(x) = − log

(
W∑
i=1

wiexp

(
− (x− µi)C

−1
i (x− µi)

2

))
,

where the covariance matrices Ci ∈ Rn×n are positive definite and wi ≥ 0 for all i with at least
one wi0 > 0.

Example 2.6 (Coercive energy functionals). Again with X = Rn, any functional E : Rn → [0,∞)
such that E(x) ≥ C∥x∥q for all x with C > 0, ∥ · ∥ a norm on Rd and q > 0 defines a valid
energy-based model, since x 7→ exp (−E(x)) is integrable. A popular example in this context is
the sparsity prior

E(x) = ∥Wx∥1,
where ∥ · ∥1 denotes the ℓ1 norm and W : Rn → Rm, m ≥ n is an injective linear mapping such
as a basis transform (e.g., Wavelets) or a frame.

Example 2.7 (Non-coercive energy functionals). In case X = Rn and

E(x) = R(Wx)

with W : Rn → Rm linear and R : Rm → [0,∞) such that R(x) ≥ C∥x∥q with C, q > 0, E
constitutes a valid energy-based model (i.e., is integrable) if and only if W has a trivial nullspace.

However, many frequently used energies, such as the total variation [83], higher-order exten-
sions [15] or convolutional-filter-based energy-based models [82] have a non-trivial nullspace, in
particular vanish on constants or affine functions. From the perspective that p(x) ≃ exp (−E(x))
is a general prior for images, this seems also reasonable since the probability of x ∈ Rn being
perceived as generic, valid image should not depend on constant shifts (possibly even affine
transformation) of x.

In order to still ensure validity of the resulting energy models for a concrete application at
hand, one option is to infer information on the projection of the unknown to the nullspace of W
(e.g., its mean) from the from modeling or data, and to penalize deviates from it as part of the
prior. This would correspond to augmenting the energy-based models, e.g., via

E(x) = R(Wx) + ∥Pker(W )x− p0∥22

where p0 is inferred from modeling or the measurement data and Pker(W ) is the orthogonal
projection to ker(W ). In this way, E constitutes a well-defined energy-based model that is
fine-tuned to the specific image characteristics of the problem.

An alternative that is valid in case that the forward model also vanishes on ker(W ) is to realize
the above-discussed Bayesian framework not on Rn but on the orthogonal complement of ker(W )
in Rn.

3 Learning paradigms and architectures

In this section we survey prominent strategies for learning the parameters θ of a suitably
parametrized energy Eθ from a finite sample of X. Specifically, we assume access to a finite
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sample x1, x2, . . . , xN ∈ X that is drawn i.i.d. from an unknown distribution PX and that forms
the empirical distribution

P̂X =
1

N

N∑
i=1

δxi
. (10)

The objective of learning is to choose θ so that the model density induced by Eθ approximates
PX beyond the observed examples and, at the same time, supports downstream tasks such as
the synthesis of unseen photorealistic images or the resolution of inverse problems. Importantly,
the empirical distribution P̂X is entirely unhelpful for the synthesis of unseen images or the
resolution of inverse problems since it assigns probability mass only to the training samples.
The hope is that well-designed energy architectures—some of which we review in section 3.3—
“generalize” meaningfully outside the training set. In practice, this generalization is typically
judged by performance on downstream tasks, for such as recovering unseen samples from PX
from incomplete data through the resolution of an inverse problem.

Throughout this section we restrict attention to the practical setting of finite-dimensions and
always have the Lebesgue measure as the reference measure.

3.1 Divergence minimization

In such a setup, a natural way to approach parameter identification is by minimizing some
divergence measure between densities. The most commonly employed divergence is the Kullback-
Leibler divergence, primarily due to its connections with maximum-likelihood and maximum-
entropy estimation. This approach was notably utilized in seminal works [47, 82, 104] and
the Kullback-Leibler divergence has been termed the “standard” divergence by Teh, Welling,
Osindero, and Hinton [94]. For two distributions PX and PZ that admit the densities pX and pZ ,
respectively, the Kullback-Leibler divergence is formally defined as

dKL(PX ,PZ) =

∫
X
pX(x) log

pX(x)

pZ(x)
dx, (11)

with the convention 0 log 0
0 = 0.

The Kullback-Leibler divergence places relatively strong assumptions on the involved probabil-
ity distributions, notably absolute continuity. This presents a practical difficulty as the empirical
distribution P̂X =

(
1
N

∑N
i=1 δxi

)
is supported only on a Lebesgue-null set. This issue is typically

addressed by modifying the target density through a convolution with a Gaussian kernel

gσ(x) =
1√

2πσ2
exp

(
−∥x∥2

2σ2

)
(12)

with variance σ2. The resulting smoothed empirical distribution P̂σX = gσ ∗ P̂X then admits the
density

pσX = gσ ∗

(
1

N

N∑
n=1

δxn

)
=

1

N

N∑
n=1

gσ( · − xn) (13)

with respect to the Lebesgue measure, which is supported on the whole space and infinitely often
differentiable. Since this will be the target density in learning, selecting an appropriate variance
σ2 is crucial: On the one hand, it should be sufficiently large to ensure stable training. On the
other hand, it should be chosen as small as possible to prevent the loss of important structural
features in the empirical distributions due to the excessive smoothing. In practice, finding an
appropriate variance usually necessitates hand-tuning.
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The minimization of the Kullback-Leibler divergence is directly related to maximum-likelihood
estimation. Simple algebraic manipulations show that the learning objective associated with the
Kullback-Leibler minimization is equivalent to the classical maximum-likelihood objective

arg min
θ

dKL(P̂σX ,Pθ) = arg min
θ

EX∼P̂σ
X

[
− log pθ(X)

]
. (14)

Furthermore, substituting the Gibbs density from eq. (9) into this expression reveals the classical
difference-of-expectation objective,

arg min
θ

{
EX∼P̂σ

X

[
Eθ(X)

]
− EX∼Pθ

[
Eθ(X)

]}
. (15)

This derivation has been used in the context of parameter identification of densities at least since
the eighties [1] and was termed the wake-sleep algorithm [46, 36] in the context of Boltzmann
machines.

The computation of the objective function in (15) necessitates the evaluation of two expec-
tations, neither of which is typically tractable in closed form for practically relevant cases such
as, for instance, when the energy is a shallow or deep neural network. In such cases, both
expectations are approximated with Monte Carlo integration, and the optimization problem is
resolved by employing stochastic optimizers. However, the computational cost of obtaining some
fixed number of samples from each distribution differs significantly. On the one hand, sampling
from the smoothed empirical distribution P̂σX is relatively inexpensive, as it can be done by

ancestral sampling: drawing X̃ ∼ P̂X (i.e., sampling from the dataset uniformly) and then setting

X = X̃ + σN where N ∼ N (0, I). On the other hand, sampling from the model distribution is
computationally intensive and generally requires Markov chain Monte Carlo (MCMC) methods.
In the high-dimensional setting that is encountered in imaging problems, gradient-based methods
such as Langevin or Hamiltonian dynamics are popular for this purpose. Prominent examples
include Roth and Black’s fields-of-experts (FoE) model [82] which utilized Hamiltonian Monte
Carlo, and more recent works by Du and Mordatch [28] and Nijkamp et al. [73] which popularized
the unadjusted Langevin algorithm (ULA) in generative modeling.3 The practical utility of
generative models as priors in inverse problems in imaging was further demonstrated recently
in [99, 98]. These and other sampling methods that are popular in this context are discussed in
more detail later in section 4.

While the sampling of the model density via such standard techniques is theoretically sound,
it is often considered computationally prohibitive in practice. This has motivated research
into energy functions with special structures that admit efficient sampling methods. In the
context of Boltzmann machines, restricted Boltzmann machines [84] address this by restricting
the architecture of the learned functions. In [86], Schmidt, Gao, and Roth propose a classical
FoE-type energy function that utilizes Gaussian scale mixtures and enables the use of efficient
auxiliary variable Gibbs methods for the sampling. For a similar energy, Weiss and Freeman [35]
imposed constraints such that the normalization constant of the EBM becomes independent
of the parameters. This restricts the learnable parameters to a rotation of some predefined
filters with and the weights in the Gaussian scale mixture which they learn with an efficient
expectation-maximization algorithm.

Despite these advances, computational challenges persist for general, unstructured energies.
Hinton’s contrastive divergence [47] partly addresses this by abandoning exact sampling of the
model distribution and instead relying on short-chain MCMC initialized from empirical samples.

3In principle, all models discussed in this chapter are “generative models” in the sense that they model a
distribution and one can sample from this distribution. However, models can be better suited for the purpose
of generating photo-realistic images depending on the architecture. The generative models in these papers are
capable of synthesizing photorealistic images with sizes of up to 512× 512 pixels.
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Another strategy that is tightly linked to maximum-likelihood learning is adversarial reg-
ularization [62, 67, 87, 101]; We debated whether this strategy is best placed here or in the
next section but decided to put it here due to the similarity of the objective function that
eventually arises. However, this approach is fundamentally different from the other approaches
discussed in this section in that it does not admit a straightforward probabilistic interpretation.
The adversarial regularization approach can be motivated by the following interpretation of the
maximum-likelihood objective expressed in (15): The first term in (15) encourages parameter
configurations θ such that the energy Eθ assigns low values to sampled from pX or, equivalently,
high likelihood under the model. However, this term alone is not sufficient for the training of
an EBM since it has many trivial solutions such as setting Eθ ≡ −∞. Consequently, the second
term in (15) is crucial. This term, which evaluates the energy on samples drawn from the model
distribution pθ, ensures that trivial solutions are avoided by encouraging high energies in regions
not supported by the data. Adversarial regularization builds upon this insight but generalizes it
by substituting the model distribution in the second term with a suitable adversarial surrogate
distribution PA. The resulting optimization problem becomes

arg min
θ

{
EX∼P̂σ

X

[
Eθ(X)

]
− EX∼PA

[
Eθ(X)

]}
. (16)

Typically, the adversarial distribution PA is chosen specifically to represent undesirable artifacts
that appear in downstream inference tasks. For example, consider an inverse problem where
measurements y are related to the unknown image via y = Fx + n where F is some linear
forward operator. A suitable adversarial distribution PA in this context might be the distribution
of artifact-ridden reconstructions given by (F †)#PY , where F † is some (possibly regularized)
pseudo-inverse of F and PY is the distribution of the measurements that is obtained through
the measurement model. By training the energy to assign low values to clean data samples and
high values to artifact-ridden samples, subsequent inference based on variational formulations
that leverage Eθ tends to yield artifact-free reconstructions. Though the objective is similar,
adversarial regularization does not generally admit a straightforward probabilistic interpretation.
Moreover, as the training explicitly incorporates the forward operator, the learned model becomes
task-specific which breaks the clear Bayesian separation between likelihood and prior.

Another training method that has gained significant popularity in recent years, partly due to
its explicit alignment with Bayesian principle, is based on minimizing the Fisher divergence. For
two distributions PX and PZ that admit the continuously differentiable densities pX and pZ with
respect to the Lebesgue measure, respectively, the Fisher divergence is formally defined as

dF(PX ,PZ) = EX∼PX

[
∥∇ log pX(X) −∇ log pZ(X)∥2

]
. (17)

Since the formal definition requires differentiable densities, like with the Kullback-Leibler
divergence, the empirical distribution P̂X is unsuited and we define the target distribution as P̂σX
that has the density pσX , given in (13), with respect to the Lebesgue measure. We will see later
that this choice of smoothing is actually critical for the derivation of a practical and efficient
learning objective. Learning a parametrized energy model then involves finding parameters θ
that minimize the Fisher divergence between the target distribution and the model distribution.
Explicitly, the training objective becomes

arg min
θ∈Θ

dF(P̂σX ,Pθ) = arg min
θ∈Θ

EX∼P̂σ
X

[
∥∇ log pσX(X) + ∇Eθ(X)∥2

]
. (18)

Thus, the objective aims to match the gradient of the log-density—also called the (Stein) score—of
the model to that of the smoothed data density.
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A direct evaluation of the objective in (18) is computationally expensive since the evaluation

of ∇ log pσX = ∇
(
x 7→ log

((
gσ ∗

(
1
N

∑N
n=1 δxn

))
(x)
))

at any point involves computations on
the whole dataset. A critical observation due to Vincent [96] is that (18) can be reformulated
equivalently in a substantially simpler manner. Specifically, (18) is equivalent to solving

arg min
θ∈Θ

EX∼P̂X ,N∼N (0,I)

[
∥σ∇Eθ(X + σN) −N∥2

]
. (19)

This reformulation reveals an intuitive interpretation: the energy functional is trained so that its
scaled gradient acts as an mean-squared error (MSE)-optimal one-step denoiser, and the objective
is typically referred to as denoising score-matching.

To better understand this, denote Z = X + σN . The expression within the norm in (19) can
be rewritten as

σ∇Eθ(Z) −N = 1
σ (X − Z + σ2∇Eθ(Z)). (20)

From this viewpoint, the learning objective seeks parameters such that, for every data point X
sampled from the empirical distribution and corresponding noisy observation Z = X + σN , the
estimator

Z − σ2∇Eθ(Z) (21)

approximates the MMSE estimator of the original data point X. Conversely, the classical result
known as Tweedie’s formula shows that given the density of Y , one can directly construct the
MMSE estimator of X via the relationship

Z 7→ Z + σ2∇ log pZ(Z). (22)

This deep connection between denoising and density estimation underpins some of today’s most
effective approaches to image reconstruction, prominently plug-and-play methods, and image
generation algorithms such as diffusion models [26, 51].

3.2 Alternative learning methods

In contrast to the previous section, where learning was formulated explicitly as a divergence
minimization problem that aligns closely with the Bayesian paradigm that we consider in this work,
the approaches described in this section diverge from strict Bayesian interpretations. Instead,
the purpose of this section is purely operational : we present several training procedures that are
designed to give a useful Eθ that can later be exploited as a prior in the resolution of inverse
problems. Importantly, the methods discussed in this section should not be viewed as attempts
to faithfully learn a true underlying density; rather, they constitute pragmatic procedures for
obtaining practically useful energies.

Bilevel approaches, pioneered by Samuel [85] and Tappen [93], tackle the problem of identifying
optimal parameters of an energy by formulating a nested optimization problem. The lower-level
problem is the standard variational formulation that aims to recover some clean image from
incomplete measurements, where the energy that we aim to learn serves as a regularizer. The
resolution of this lower-level problem yields a parameter-dependent estimate. The upper-level
problem is to minimize some loss function (e.g., the norm of the difference between the estimate and
the clean image) that involves this parameter-dependent estimate with respect to the parameters
of the energy. More rigorously, such methods are formulated as the optimization problem of
finding

arg min
θ∈Θ

1

N

N∑
n=1

L(x∗n(θ), xn)

where x∗n(θ) ∈ arg min
x∈X

{J(x, θ) = Dyn(F(x)) + λEθ(x)} for n = 1, 2, . . . , N,

(23)
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where y1, y2, . . . , yN are the data that are typically constructed by utilizing the forward model F
and some pollution operator, and D is an appropriate discrepancy measure.

An interesting connection between bilevel approaches (or discriminative approaches in general)
and Bayesian approaches is that bilevel approaches explicitly seek energies whose MAP estimators
approximate the Bayes estimate with respect to the loss L, i.e., after training for any data y we
have

arg min
x∈X

{Dy(F(x)) + λEθ(x)} ≈ arg min
x∈X

EX∼PX( · |Y=y) [L(x,X)]

where PX( · |Y = y) is the posterior distribution of the inverse problem of interest after observing
the data y. As a practically relevant example, when L(x, y) = ∥y − x∥2/2, the solution of the
lower-level problem should approximate the MSE-optimal Bayes estimator. While the resulting
energy functional is thus optimal in a MAP sense relative to a chosen discrepancy measure, it
is important to recognize that this optimality is task-specific and does not necessarily reflect a
correct probabilistic interpretation of the learned model.

Bilevel learning necessitates the resolution of the lower-level problem—typically to very high
precision (for a visualization of the resulting test PSNR depending on the precision of the
resolution of the lower-level problem, see [23])—as well as the computation of the gradient of
the upper-level loss with respect to the parameters. When the lower-level problem is sufficiently
smooth, researchers typically use accelerated first-order methods for its resolution, such as
Nesterov’s accelerated gradient algorithm, which is also utilized in the numerical sections of
this work and given in algorithm 8. The computation of the gradient of the upper-level loss
function with respect to the parameters can be tackled by various approaches that differ in their
precision and memory footprint. In the following, we only provide a narrow discussion of one of
the existing methods which, in particular, covers the most frequent applications which include the
ones in this paper. A broader perspective that also includes discussions on potentially nonsmooth
lower-level problems is provided in [52, 105, 13]. The following derivation is provided for N = 1
and, therefore, we omit the subscript that specifies the data index. The result can be readily
generalized to N > 1 through appropriate summation of the quantities.

A popular method for the resolution of bilevel problems arises through the differentiation of
the optimality condition

∇xJ(x∗(θ), θ) = 0 (24)

of the lower-level problem in eq. (23). When J is twice continuously differentiable and its Hessian
H is invertible at (x∗(θ), θ), then the implicit function theorem implies that x∗(θ) is locally
unique. Differentiating (24) with respect to θ yields

0 = H(θ)(x∗(θ))′ + ∇θ∇xJ(x∗(θ), θ) (25)

which enables the computation of (x∗(θ))′ as

(x∗(θ))′ = (H(θ))−1∇θ∇xJ(x∗(θ), θ). (26)

Plugging this into the gradient of the upper-level problem, that can be computed with the chain
rule as ∇L(θ) = ((x∗(θ))′)⊤∇xL(x∗(θ)) yields

∇L(θ) = (∇θ∇xJ(x∗(θ), θ))⊤(H(θ))−1∇xL(x∗(θ)). (27)

This strategy based on the implicit function theorem has the benefit that—in contrast to, e.g.,
unrolling approaches—the complexity of the gradient computation is independent of the algorithm
(and, in particular, the number of iterations of that algorithm) that was used to resolve the
lower-level problem. A drawback of this strategy is that the Hessian-vector products can be
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costly, in particular when the energy is complex and the computation of the involved quantities
by hand is infeasible and one has to resort to automatic differentiation for that computation.

Many other operational strategies have been explored in the literature. Many of these also
deviate from the pure Bayesian setting by directly optimizing a performance-oriented criterion.
Notably, algorithm unrolling approaches such as [42, 64, 75, 66] explicitly differentiate through
iterative solvers of variational problems, thereby directly aligning the learning objective with
practical reconstruction quality. Related approaches [55, 32] reframe image reconstruction as
an optimal control problem and learn an optimal stopping time in the continuous gradient flow
associated with the variational problem. These operational strategies underscore the practical value
of performance-driven learning, even as they deliberately forego a strict Bayesian interpretation.

3.3 Architectures of EBMs

The training methods discussed in the previous section can, in principle, be be applied to any
function Eθ that maps from X = Rn to the real line. In recent years, several specific architectures
with varying characteristics have emerged.

A common starting point for many energy-based architectures is the anisotropic total variation
defined by

x 7→
n∑
i=1

2∑
j=1

|(Djx)i| (28)

where D1, D2 : Rn → Rn are finite-difference operators in the first and second spatial dimensions.
Intuitively, this energy measures the sum of the absolute values of image gradients across all
pixels in the image. An extremely common generalization of the anisotropic total variation energy
is the FoE energy

x 7→
n∑
i=1

k∑
j=1

ϕj
(
(Kjx)i

)
(29)

proposed in [82], where K1,K2, . . . ,Kk ∈ Rn×n are convolution matrices and ϕ1, ϕ2, . . . , ϕk : R →
R are the associated nonlinear potentials.

A large body of work deals with this model and works vary mostly in the training routine
and the parametrization of the potentials. Early works, including the original original FoE
publication [82], drew inspiration from classical regularization theory [102] and employed rigid
parametric potentials such as those derived from negative-log Gaussian, generalized Laplacian, or
Student-t densities. These potentials typically feature a global minimum at zero and increase
monotonically away from it.

However, from the Bayesian perspective adopted in this work—where the energy should model
the negative log-prior—such parametric forms are too restrictive. This limitation was highlighted
by Zhu and Mumford [102], who proposed piecewise-constant potentials with arbitrary shapes
to capture richer statistics of natural images. They recover potentials that sometimes feature a
maximum at zero and decrease monotonically away from zero [102, fig. 9]. However, piecewise
constant potentials hinder the application of first-order optimization-based image reconstruction
approaches and sampling methods that rely on gradient information.

In [86] Schmidt, Gao, and Roth revisited this model and identified that it could not reproduce
the marginal statistics of the responses of gradient filters, despite the maximum-likelihood training.
They attribute this largely to the inefficient MCMC sampler that was used in the training of
the original model. To remedy this, they propose to use potentials derived from Gaussian scale
mixtures, that enable efficient sampling via an auxiliary variable Gibbs sampler. Although this
improved results, they still fell short of reproducing marginal statistics of random filters, likely
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due to the restrictive choice of Gaussian scale mixtures. While more general than those derived
from Student-t distributions (indeed, Student-t distributions can be represented by Gaussian
scale mixtures with infinitely many components), the potentials derived from Gaussian scale
mixtures are still monotonically increasing away from zero. In unrelated work, Heess, Williams,
and Hinton [44] also identified the limitation of the choice of the potentials in the original FoE
model. The authors propose to replace the unimodal potentials derived from the Student-t
distribution with slightly more general bimodal potentials, and showed improved performance on
texture synthesis tasks.

Similar observations were made in the context of data-driven discriminative approaches: For
example, Chen and Pock’s trainable nonlinear reaction diffusion model [22], which falls under the
class of learned optimization schemes, employs a general parametrization of the potentials using
Gaussian basis functions. They recover more complex potentials, such as negative Mexican-hat-
type or double-well-type potentials [22, fig. 5] with multiple local minima that do not contain
zero.

In the context of learning the parameters of an energy through optimal control, the authors
of [32] parameterize the potentials of an FoE with B-splines and recover complex potentials with
multiple local minima and often times maxima at zero. In the context of diffusion models, the
authors of [100] leverage potentials parametrized by negative-log Gaussian mixture models which
enables them to implement the Gaussian smoothing of the prior by adapting the variances of the
one-dimensional Gaussian mixture models. The obtained potentials also differ significantly to the
standard ones.

Beyond improvements in potential parametrizations, recent architectures have generalized the
basic structure of the FoE model by integrating deeper, learned feature representations. Kobler
et al. [55] introduced an energy termed the total deep variation, defined as

x 7→
n∑
i=1

ϕ
(
(N (x))i

)
(30)

where N : Rn → Rn is a neural network. This model preserved the pixel-wise summation structure
but replaces linear convolutional filters with deep neural features. Coupled with a learning strategy
based on optimal control, the model achieved state-of-the-art results on various imaging tasks.

More recently, researchers have abandoned pixel-wise energies summations entirely. Nijkamp
et al. [73, 74] and Du and Mordatch [28] advocated architectures based on fully convolutional
neural networks defined as

Eθ = Ll ◦ Ll−1 ◦ . . . ◦ L2 ◦ L1, (31)

where each layer L1, L2, . . . , Ll has the form

Li : x 7→ Φ̃i(W̃iΦi(Wix)). (32)

Here, W1,W2, . . . ,Wl and W̃1, W̃2, . . . , W̃l are multi-channel convolution operators and W̃1, W̃2, . . . , W̃l

operate with a stride that is greater than one and thereby reduce the size of the feature maps in
deeper layers, eventually mapping the image to the scalar energy value thourhg a 1×1 convolution
with one output channel. The functions Φ̃i and Φi apply some nonlinearity point-wise, typically
standard neural-network-activation function such as the rectified linear unit, its leaky variant,
the softplus, or others. In contrast to the FoE model, there typically are no learnable parameters
associated with these nonlinearities.

Such architectures are also loosely linked to the FoE architecture: Instead of replacing the
linear features that are fed into the potential with deep neural features—like in the total deep
variation—such architectures can be though of as replacing the linear pixel-wise sum with a deep
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neural sum S, since the first layer L1 has the familiar structure of applying a nonlinearity to
linear features:

x 7→ S
(
Φ1(W1x)

)
, (33)

where S = Ll ◦ . . . ◦ L1 ◦ Φ̃1 ◦ W̃1. These architectures also have a strong relationship to U-Net
type architectures, which are an extremely popular choice for the direct modeling of the gradient
of an energy. Indeed, the gradient of such architectures resembles a U-Net, see [97, fig. 5.6] for
an illustration. A similar architecture was used in the context of inverse problems by the authors
of [62] in adversarial learning and by the authors of [98, 99] for the purpose of learning an energy
that is suitable for medical image reconstruction.

This trend toward increasingly flexible architectures underscores a broader principle: any
function from the image domain to real numbers can serve as an energy. Indeed, modern
architectures encompass various deep neural networks including pixel-wise output sums, U-Net
structures, and transformer-based models.

4 Sampling from EBMs

The task of sampling from distributions that are represented as EBMs arises at many occasions
in the context of Bayesian inverse problems. As an example, the estimation of various quantities
derived from the posterior, such as its expectation or its marginal variance, via Monte-Carlo
integration (see section 2, or [98, 99, 70]) necessitates sampling. When the energy is learned from
data, sampling is often already an integral part of model training (see section 3.1). Consequently,
efficient and flexible sampling algorithms are of the utmost practical relevance.

For the remainder of this section we again restrict ourselves to the finite-dimensional setting.
We assume that we are given a distribution π on B(Rd) that admits a density p with respect to
the Lebesgue measure that is modeled through the energy E, i.e.,

dπ

dx
(x) = p(x) =

exp (−E(x))∫
exp (−E(x̃)) dx̃

. (34)

Further, we assume that the energy E : Rd → R is continuously differentiable. This setting
covers sampling from priors as well as posteriors simply by setting π = PX in the former and
π = PX( · |Y = y) in the latter case. We will also sometimes add subscripts to the probability
distributions, e.g., πX , πV , πZ , if necessary to distinguish distributions of different random
variables. The corresponding Lebesgue densities will be denoted as pX , pV , and pZ , respectively.

Sampling algorithms may be separated into two distinct categories: (i) direct samplers which
simply yield a random variable X ∼ π of the target distribution and (ii) Markov chain based
samplers, where a Markov chain (MC) (Xk)k is constructed whose stationary measure is the
target π or an approximation thereof so that an approximate sample of π may be obtained by
simulating (Xk)k for sufficiently many iterations. For the remainder of this section we will first
briefly discuss several direct sampling techniques. Due to the complexity of the energy E(x) in
imaging applications, however, direct sampling is often not possible and, therefore, MC based
methods are significantly more popular. The main part of the section will consequently be devoted
to the most important MC samplers in the context of EBMs and Bayesian imaging. Section 4.1
may be skipped in case the reader is interested in MC based methods.
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4.1 Direct sampling techniques

4.1.1 Accept-reject sampling

Accept-reject sampling [80, Section 2.3] can be understood as a specific implementation of the
fundamental theorem of simulation, which states that simulating a random variable X ∼ πX
where πX admits a density pX is equivalent to simulating a pair (X,U) which is distributed
uniformly on the set {(x, u) | 0 ≤ u ≤ pX(x)}.

Theorem 4.1 (Fundamental theorem of simulation). Let πX(dx) = pX(x)dx be a distribution
on Rd and (X,U) be uniformly distributed on {(x, u) | 0 ≤ u ≤ pX(x)}, then X ∼ πX .

Proof. First note that ∫
Rd

∫ p(x)

0

dudx = 1

so that the density of (X,U) with respect to the Lebesgue measure is simply the indicator function
on {(x, u) | 0 ≤ u ≤ p(x)(x)}. Thus, we can conclude

P [X ∈ A] =

∫
Rd

∫ p(x)

0

1A(x)dudx =

∫
Rd

1A(x)p(x)dx. (35)

The difficulty in utilizing the fundamental theorem of simulation for practical purposes of
course lies in the task of generating a uniform sample on {(x, u) | 0 ≤ u ≤ pX(x)}. A possible
approach would be to sample X ∼ πX and then U |X ∼ U([0, pX(X)])4. However, this would, of
course, be pointless as our goal is precisely to sample X ∼ πX which would then be achieved
already. In other words, the fundamental theorem of simulation only constitutes an advantage if
we can find a way of sampling from U({(x, u) | 0 ≤ u ≤ pX(x)}) which is easier than the original
problem of sampling from πX .

Accept-reject sampling may achieve this task in some cases. For accept-reject sampling it is
sufficient to have access to an unnormalized version of the density pX , i.e., to a function p̃X such
that

pX(x) =
1

ZX
p̃X(x)

with ZX =
∫
p̃X(z)dz. Let us assume we have access to a second probability distribution

πZ(dz) = pZ(z)dz which (a) is easier to sample from than πX and (b) satisfies that

sup
x

p̃X(x)

pZ(x)
≤M <∞. (36)

In this case we may simulate a sample from U({(x, u) | 0 ≤ u ≤ pX(x)}) only through sampling
from πZ which in turn yields a sample from πX . The procedure is summarized in algorithm 1
and we provide a formal proof of its consistency in theorem 4.2. Within rejection sampling,
the challenge is therefore shifted to finding a easy-to-sample distribution πZ which satisfies (36)
together with the respective bound M .

Theorem 4.2. Assume that pX and pZ are both strictly positive and let X be generated via the
accept-reject sampler (1). Then X ∼ πX .

4U(A) denotes the uniform distribution on the set A
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Algorithm 1 Accept-reject sampling.

Require: Distribution πZ and M > 0 satisfying (36).
1: Draw Z ∼ πZ
2: Draw U ∼ U([0, 1])

3: if U ≤ p̃X(Z)
MpZ(Z) then

4: X = Z
5: else
6: Go to line 1.
7: end if
8: return X

Proof. We can equivalently phrase the algorithm as sampling first Z ∼ πZ , then U |Z ∼
U([0,MpZ(Z)]), and accepting X = Z if and only if U ≤ p̃X(Z). If we simply show now
that (X,U) ∼ U({(x, u) | 0 ≤ u ≤ pX(x)}) we can conclude using theorem 4.1. First note that,
since p̃X ≤MpZ

P [U ≤ p̃X(Z)] =

∫
Rd

pZ(z)
1

MpZ(z)

∫ MpZ(z)

0

1p̃X(z)(u)dudz

=

∫
Rd

1

M

∫ p̃X(z)

0

dudz =
ZX
M

.

(37)

We can conclude for any Borel measurable A ⊂ Rd and B ⊂ R

P [(X,U) ∈ A×B] = P [(Z,U) ∈ A×B | U ≤ p̃X(Z)]

=
P [(Z,U) ∈ A×B, U ≤ p̃X(Z)]

P [U ≤ p̃X(Z)]

=
M

ZX

∫
Rd

1A(z)pZ(z)
1

MpZ(z)

∫ MpZ(z)

0

1B(u)1[0,p̃X(z)](u)dudz

=
1

ZX

∫
Rd

1A(z)

∫ p̃X(z)

0

1B(u)dudz

=

∫
Rd

1A(z)

∫ pX(z)

0

1B(ũ)dũdz

(38)

where the last equality follows from the transformation ũ = u
ZX

.

4.1.2 Importance sampling

Contrary to the name, importance sampling (IS) is mostly not used for sampling itself but instead
as a method for estimating statistics of one distribution using a sample of a different distribution.
Similar to the accept-reject sampler, let us assume we have access to a second distribution πZ
which is easier to sample from than πX and such that πX ≪ πZ

5. IS relies on the following
elementary observation that for any function f such that the corresponding integral exists, we
have

EX∼πX
[f(X)] =

∫
f(x)dπX(x) =

∫
f(x)

dπX
dπZ

(x)dπZ(x)

= EX∼πZ

[
f(X)

dπX
dπZ

(X)

]
.

(39)

5recall, that ≪ denotes absolute continuity
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That is the expectation with respect to πX can be transformed to an expectation with respect
to πZ by re-weighting the integrand f with the corresponding Radon-Nikodým derivative. In
the following we assume for simplicity that both πX and πZ admit densities, so that the Radon-
Nikodým derivative reduces to the ratio pX

pZ
. For a specific Monte Carlo estimate, (39) reads

as

EX∼πX
[f(X)] ≈ 1

N

N∑
i=1

f(Zi)
pX(Zi)

pZ(Zi)
(40)

where (Zi)i is an i.i.d sample with Zi ∼ πZ . The approximation (40) is known as unnormalized

IS as we do not normalize the weights Wi = pX(Zi)
pZ(Zi)

. One may easily check that (40) is, in fact,

an unbiased estimator for EX∼πX
[f(X)]. Assuming unnormalized versions of the densities, i.e.,

p̃X , and p̃X such that

pX(x) =
1

ZX
p̃X(x)

and analogously for pZ with partition function ZZ instead of ZX we can rewrite (40) as

EX∼πX
[f(X)] ≈ 1

N

N∑
i=1

f(Zi)
ZZ
ZX

p̃X(Zi)

p̃Z(Zi)
(41)

where we denote the weights W̃i = p̃X(Zi)
p̃Z(Zi)

. In order to estimate the ratio of the partition functions
ZZ

ZX
we compute

ZX
ZZ

=
1

ZZ

∫
p̃X(x)dx =

1

ZZ

∫
p̃X(x)

p̃Z(x)
p̃Z(x)dx =

∫
p̃X(x)

p̃Z(x)
pZ(x)dx

≈ 1

N

N∑
i=1

p̃X(Zi)

p̃Z(Zi)
=

1

N

N∑
i=1

W̃i.

(42)

Collecting these results we arrive at the self-normalized IS,

EX∼πX
[f(X)] ≈

∑N
i=1 f(Zi)W̃i∑N

i=1 W̃i

(43)

where we recall, (Zi)i is i.i.d, Zi ∼ πZ and W̃i = p̃X(Zi)
p̃Z(Zi)

. While, as mentioned above, IS is

primarily used for the approximation of a specific expectation, it is also possible to obtain samples
from πX via a strategy coined sampling importance resampling (SIR) [18]. In SIR an approximate
sample from πX is obtained by first sampling from πZ and afterwards drawing from this sample
using the self-normalized importance weights. The procedure is summarized in algorithm 2 and
we refer to

4.2 Some preliminaries for Markov chains

Before discussing specific MC based samplers we have to introduce some basic terminology. Let
R : Rd × B(Rd) → [0, 1] be a Markov kernel. We define the action of R on a probability measure
µ as

µR(A) :=

∫
R(x,A)µ(dx), A ∈ B(Rd). (44)
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Algorithm 2 Sampling importance resampling.

Require: Distribution πZ , N,M > 0.
1: Draw Z1, . . . , ZM ∼ πZ i.i.d
2: Compute self-normalized importance weights

Wi =
p̃X(Zi)/p̃Z(Zi)∑N
j=1 p̃X(Zj)/p̃Z(Zj)

3: Draw X1, . . . , XN i.i.d from the set {Z1, . . . , ZM} with distribution

P[X1 = Zi] = Wi, for i = 1, . . . ,M.

4: return X1, . . . , XN

In the following we restrict our discussions to time-homogeneous MCs. Therefore, we can identify
a Markov chain with its Markov or transition kernel R defined via

P(Xk+1 ∈ A | Xk = x) = R(x,A), x ∈ Rd, A ∈ B(Rd),

which holds for all k due to the assumed time-homogeneity. If (Xk)k is a Markov chain with
transition kernel R and initial distribution X0 ∼ µ, it, thus, follows Xk ∼ µRk. The convergence
results of the various sampling algorithms will moreover rely on the notion of a stationary
distribution.

Definition 4.1 (Stationary distribution). Let R : Rd × B(Rd) → [0, 1] be a Markov kernel. We
call a probability distribution µ ∈ P(Rd) stationary or invariant for R if for any A ∈ B(Rd),
µR(A) = µ(A), that is,

µ(A) =

∫
R(x,A)µ(dx).

Via the equivalence between (time-homogeneous) MCs and Markov kernels, the notion of
a stationary distribution applies to MCs as well. If a MC converges to its unique stationary
distribution (in some metric) we will refer to the chain as ergodic.

4.3 The Metropolis-Hastings algorithm

We begin this exposition with the famous Metropolis-Hastings (MH) algorithm which constitutes
a highly flexible and simple method for sampling from a broad range of distributions. The MH
algorithm endows any Markov transition kernel with a subsequent accept or reject step that ensures
that the resulting Markov chain admits the target as its stationary distribution. Formally, let
Q : Rd×B(Rd) → [0, 1] be a proposal transition kernel with density q, i.e., Q(x,A) =

∫
A
q(x, v)dv

for all x ∈ Rd and A ∈ B(Rd). Given the current iterate Xk, the MH algorithm proceeds
by sampling Vk+1 ∼ Q(Xk, · ) from the proposal and subsequently setting Xk+1 = Vk+1 with
probability ρ(Xk, Vk+1) where

ρ(x, v) =

{
min

{
p(v)q(v,x)
p(x)q(x,v) , 1

}
, if p(x)q(x, v) > 0

1, else.

and otherwise setting Xk+1 = Xk. The algorithm is summarized in algorithm 3.
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Algorithm 3 The Metropolis-Hastings algorithm.

Require: Initial value X0, proposal density q
1: for k = 0, 1, 2, . . . do
2: Vk+1 ∼ Q(Xk, ·)

3: Xk+1 =

{
Vk+1 with probability ρ(Xk, Vk+1)

Xk else.

4: end for

Remark 4.1. For an EBM, p(v)
p(x) = exp (E(x) − E(v)), which enables an efficient computation

of the acceptance probability without knowledge of the normalization constant
∫

exp (−E(x)) dx.

Let us denote the transition kernel of the MH chain as R. The following theorem shows that π
is a stationary distribution of the MH chain without making any specific additional assumptions.

Theorem 4.3. The transition kernel R : X ×B(Rd) → [0, 1] of a MH chain satisfies the so-called
detailed balance condition with π. That is, for any measurable and bounded function f : R2d → R∫∫

f(x, v)R(x,dv)dπ(x) =

∫∫
f(x, v)R(v,dx)dπ(v). (45)

As a consequence, the MH chain admits π as a stationary distribution.

Proof. First of all, by distinguishing the cases x = v and x ≠ v it is easy to check that the
transition kernel of the chain reads as

R(x,dv) = q(x, v)ρ(x, v)dv + δx(dv)

(
1 −

∫
q(x, z)ρ(x, z)dz

)
︸ ︷︷ ︸

=P[make any proposal and reject it | x]

.
(46)

Now let f : R2d → R be any bounded and measurable function. Since p(x)q(x, v)ρ(x, v) =
p(v)q(v, x)ρ(v, x) and recalling that p is the density of π with respect to the Lebesgue measure,
we find that ∫∫

f(x, v)p(x)R(x, dv)dx

=

∫∫
f(x, v)p(x)q(x, v)ρ(x, v)dvdx

+

∫
f(x, x)p(x)

(
1 −

∫
q(x, z)ρ(x, z)dz

)
dx

=

∫∫
f(x, v)p(v)q(v, x)ρ(v, x)dvdx

+

∫
f(v, v)p(v)

(
1 −

∫
q(v, z)ρ(v, z)dz

)
dv

=

∫∫
f(x, v)p(v)R(v,dx)dv.

(47)

Detailed balance implies stationarity since for A ∈ B(Rd) by setting f(x, v) = 1A(v) it follows
using Fubini’s theorem that

πR(A) =

∫∫
1A(v)p(x)R(x, dv)dx =

∫∫
1A(v)p(v)R(v,dx)dv

=

∫
A

p(v)dv = π(A).

(48)
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Note that π being a stationary measure does not automatically imply ergodicity, that is,
convergence of MC generated by the MH algorithm to π. However, ergodicity is also obtained
under rather mild conditions. Since the underlying theory on ergodicity of Markov chains is,
however, quite involved we only give the result without proof here and refer to [65, 80] for more
details.

Theorem 4.4. [80, Corollary 7.5] Assume that the proposal density q satisfies

P (p(Xk)q(Xk, Vk+1) ≤ p(Vk+1)q(Vk+1, Xk)) < 1 (49)

and that q(x, v) > 0 for any x, v. Then, the MH chain is ergodic, that is, for any initial distribution
µ,

lim
n→∞

dTV(µRn, π) = 0

where µRn denotes the application of n MH steps to the initial distribution.

The condition (49) implies that the proposal density need not satisfy detailed balance itself.
Indeed, if that were the case, the inclusion of the MH correction step would be unnecessary and the
chain generated by q can be analyzed directly. Altogether, the conditions on the proposal density
q are not too restrictive and several MH algorithms utilizing different proposal densities have
been proposed in the literature. Many of the proposal densities are based on the discretization
of continuous-time diffusion stochastic differential equations (SDEs). For instance, correcting
the unadjusted Langevin algorithm (ULA) that is discussed later via a Metropolis-Hastings step
leads to the popular Metropolis-adjusted Langevin algorithm (MALA) [81] algorithm. Another
example is Prox-MALA, a proximal variant thereof [78].

Remark 4.2 (Acceptance rate). In order to obtain a method with reasonable convergence behavior
in practice, the acceptance rate should be within a certain range. Acceptance rates close to zero
indicate that the chain is barely moving which will yield slow convergence. On the other hand,
acceptance rates close to one are often a consequence of the proposed step being close to zero, again,
yielding a barely moving chain. For high dimensional problems, acceptance rates of approximately
1/4 are advised in the literature [80, Section 7.8.4]. Achieving such a rate in general requires to
perform multiple runs of the algorithm.

4.4 Gibbs sampling

Assume we aim to sample from a distribution πX,V on Rd1 × Rd2 with density pX,V .6 The two-
block Gibbs sampler (algorithm 4) is as simple as alternatingly sampling from the conditionals
πX( · | V = · ) and πV ( · | X = · ). The scheme can easily be extended to a multi-block samplers
(see, e.g., [80, Chapter 10]), but we restrict our discussion to the two-block case for simplicity. As
Gibbs sampling requires us to sample from the conditionals πX( · | V = · ) and πV ( · | X = · )
the method may be considered as a meta algorithm shifting the issue from directly sampling from
πX,V to sampling from the conditionals. Significant improvements in computational complexity
are primarily achieved in cases where sampling from the conditionals is easy—or even possible
directly—whereas sampling from the joint distribution is hard and/or only feasible iteratively.

Let us denote the transition kernel of the joint chain (Xk, Vk)k as R and the corresponding
kernels of first and second variables as RX and RV , respectively.

6That is, Gibbs sampling requires a joint distribution of two random variables. This can be achieved by splitting
the variable of interest into two blocks or via latent variable models, see Paragraph 4.4.
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Algorithm 4 The Gibbs sampling algorithm for two variable blocks.

Require: Initial values (X0, V0).
1: for k = 0, 1, 2, . . . do
2: V k+1 ∼ πV ( · |X = Xk)
3: Xk+1 ∼ πX( · |V = V k+1)
4: end for

Lemma 4.1. The distribution πX,V with Lebesgue-density pX,V is invariant for the kernel R
and the marginal distributions πX and πV with Lebesgue-densities pX and pV , respectively, are
invariant for RX and RV , respectively.

Proof. Let A ⊂ Rd1 and B ⊂ Rd2 be arbitrary measurable sets. A repeated application of Bayes’
theorem shows that

πR(A×B)

=

∫∫∫∫
1A(x̃)1B(ṽ)pV (ṽ|X = x)pX(x̃|V = ṽ)pX,V (x, v)dx̃dṽdxdv

=

∫∫∫
1A(x̃)1B(ṽ)pX(x̃|V = ṽ)pV (ṽ|X = x)pX(x)dx̃dṽdx

=

∫∫
1A(x̃)1B(ṽ)pX(x̃|V = ṽ)pV (ṽ)dx̃dṽ

=

∫∫
1A(x̃)1B(ṽ)pX,V (x̃, ṽ)dx̃dṽ

= π(A×B).

(50)

The proofs for the conditionals are analogous.

Ergodicity of the Gibbs sampler can be ensured, e.g., using the following positivity condition.

Definition 4.2 (Positivity condition). The density pX,V satisfies the positivity condition if for
all x, v it holds that

[pX(x) > 0 and pV (v) > 0] =⇒ pX,V (x, v) > 0. (51)

That is, the support of the joint density is the Cartesian product of the supports of its marginals.

Theorem 4.5. Assume that the transition kernel R is absolutely continuous with respect to the
Lebesgue measure and that pX,V satisfies the positivity condition (51). Then the Gibbs sampler is
ergodic, i.e., for every initial distribution µ,

lim
n→∞

dTV(µRn, πX,V ) = 0. (52)

Proof. A proof can be found in [80, Theorems 9.6, 10.10].

It turns out that the Gibbs sampler has a strong connection to the MH algorithm.

Theorem 4.6. The subchains (Xk)k and (Vk)k of the Gibbs sampler constitute MH algorithms
with acceptance probability equal to one.

Proof. Due to symmetry it is sufficient to prove the result for the Xk chain. The corresponding
proposal density of the chain reads as

q(x, x̃) =

∫
pV (ṽ|X = x)pX(x̃|V = ṽ)dṽ.
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Using the definition of the conditional distribution, elementary computations yield

pX(x)q(x, x̃) =

∫
pX(x)pV (ṽ|X = x)pX(x̃|V = ṽ)dṽ

=

∫
pX,V (x, ṽ)pX(x̃|V = ṽ)dṽ

=

∫
pX(x|V = ṽ)pV (ṽ)pX(x̃|V = ṽ)dṽ

=

∫
pX(x|V = ṽ)pX(x̃)pV (ṽ|X = x̃)dṽ

= pX(x̃)q(x̃, x),

(53)

which shows that the corresponding MH acceptance probability

min

{
pX(x̃)q(x̃, x)

pX(x)q(x, x̃)
, 1

}
is always equal to one.

Application to latent variable models Gibbs sampling as introduced above builds on a
joint distribution πX,V of two random variables X and V . Using latent variable models, however,
it is easy to see that the approach may also be valuable when working with a distribution of only
one random variable πX [56].

Definition 4.3 (Latent variable model). Let (X ,ΣX ) and (V,ΣV) be measurable spaces and let
πX be a probability distribution on X . We call the distribution πX,V on X × V a latent variable
model for πX if πX,V admits πX as its marginal, i.e., for any measurable A ∈ ΣX it holds true
that

πX(A) = πX,V (A× V).

In the case X = Rd and V = Rℓ and all involved distributions admitting densities with respect to
the Lebesgue measure, this means that these densities satisfy

pX(x) =

∫
pX,V (x, v)dv.

Given such a latent variable model, sampling from πX can be simply realized by sampling
from πX,V and subsequently dropping the latent variable. In [56, Table 1] the authors provide a
list of densities that admit specifically favorable latent variable models, where the conditional
distribution πX|V is Gaussian with mean µ(v) and covariance C(v) being functions of v so that

pX(x) =

∫
pX(x|V = v)pV (v)dv

=

∫
1√

(2π)d det(C(v))
exp

(
−∥x− µ(v)∥2C(v)−1

)
pZ(v)dv

(54)

is, in fact, a Gaussian mixture. In this case, for some given v, sampling from πX( · | V = v)
reduces the sampling from a multivariate Gaussian which is possible via standard techniques such
as the Cholesky decomposition of the corresponding covariance matrix, or alternative methods
that might be more efficient in high dimensions, such as Perturb-and-MAP (see [56, Section 3.3.1]
for details). Also sampling from pV |X is computationally cheap under certain assumptions on
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the structure of πX [56, Section 3.3.2]. As shown in [56], Gibbs sampling has the advantage of
providing chains with rapidly decaying autocorrelation. This comes at the cost of computationally
more demanding iterations. The results in [56] still show an extremely strong preference for the
Gibbs sampler.

4.5 Langevin sampling

For the high-dimensional priors and posteriors encountered in imaging problems, the most
widely used class of algorithms for sampling from EBMs are methods based on variants of the
Langevin diffusion process. The reason for the popularity of Langevin based sampling is the
simple implementation as well as high flexibility of the corresponding algorithms. These methods
constitute discretizations of continuous time stochastic processes (Yt)t≥0 for which it is known that
Law(Yt) → π as t→ ∞. Ensuring that the discretization error grows sufficiently slowly allows to
balance the convergence of the continuous time process to the target density with the error of
the discretization in order to obtain approximate samples of the target. In the following we will
present the overdamped and the underdamped Langevin algorithms as two specific instances.

While several results can be proven in significantly more general settings, for this section we
assume always the following in order to provide rather self contained results.

Assumption 4.1. We make the following assumptions on the energy E:

1. E is continuously differentiable and ∇E is L-Lipschitz continuous.

2. E is m-strongly convex, i.e., for any x, y ∈ Rd and λ ∈ (0, 1) we have that E(λx+(1−λ)x̃) ≤
λE(x) + (1 − λ)E(x̃) − mλ(1−λ)

2 ∥x− x̃∥2.

Moreover, we define the condition number as κ = L
m . Convergence results of various dis-

cretizations of the Langevin diffusion in the non-convex case are provided in, e.g., [30, 79, 41].
Non-differentiable energies E and the extensions of the convergence results to such cases are
treated in, e.g., [29, 78, 37, 40, 41, 33, 79, 41].

The handling of continuous-time stochastic processes, moreover requires some additional
terminology. In duality to (44), we can define the action of a Markov kernel R : Rd×B(Rd) → [0, 1]
on a bounded and measurable function f : Rd → R as

Rf(x) =

∫
f(x̃)R(x, dx̃), x ∈ Rd. (55)

We call a family of Markov kernels (Pt)t≥0, Pt : Rd × B(Rd) → [0, 1] a Markov semi-group if—as
an operator according to (55)—P0 is the identity and (Pt)t is a semi-group, i.e., Pt+s = Pt ◦ Ps
for any s, t ≥ 0.7 The notion of a stationary measure allows for a straightforward adaptation to
the continuous-time setting.

Definition 4.4 (Stationary distribution, continuous time). Let (Pt)t be a Markov semi-group
on (Rd,B(Rd)). We call µ ∈ P(Rd) stationary for (Pt)t if for any t > 0 and A ∈ B(Rd),
µPt(A) = µ(A).

7The term Markov semi-group typically entails additional properties which are, however, not relevant for our
purposes, see [5] for more details.
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Algorithm 5 The unadjusted Langevin algorithm.

Require: Initial value X0, step size τ > 0.
1: for k = 0, 1, 2, . . . do
2: Zk ∼ N (0, I)
3: Xτ

k+1 = Xτ
k − τ∇E(Xτ

k ) +
√

2τZk
4: end for

4.5.1 Overdamped Langevin sampling

The first approach to model (Xk)k is as a discretization of the so-called overdamped Langevin
diffusion process which is defined via the SDE

dXt = −∇E(Xt)dt+
√

2dWt (56)

where (Wt)t≥0 denotes Brownian motion. The simplest way to obtain a Markov chain that
approximates the continuous-time diffusion process is by employing a first-order Euler-Maruyama
(EM) discretization which results in the update rule

Xτ
k+1 = Xτ

k − τ∇E(Xτ
k ) +

√
2τZk (57)

for k = 0, 1, 2, . . . and some suitable X0, where (Zk)k are i.i.d. standard normal distributed
random vectors and τ > 0 is the step size of the discretization. The step size in the superscript
emphasizes that the distribution of the chain as well as its stationary distribution depend on the
step size. The resulting algorithm which is summarized in algorithm 5 is commonly referred to as
the unadjusted Langevin algorithm (ULA).8

We will denote the semi-group that generates (56) as (Pt)t≥0 and the Markov kernel that
represents one step in algorithm 5 as Rτ . That is, for any x ∈ Rd and A ∈ B(Rd),

Rτ (x,A) =
1

(4πτ)
d/2

∫
A

exp

(
−1

2

∥z − (x− τ∇E(x))∥2

2τ

)
dz.

Therefore, if we denote the distribution of Xτ
k for some k = 0, 1, . . . in algorithm 5 as µk, then

µk+1 = µkRτ and µk = µ0R
k
τ with Rkτ the k-fold composition of Rτ . We begin this section with

a standard result about the existence of solutions of the Langevin diffusion SDE for all time.

Theorem 4.7. Let Z ∼ µ ∈ P2(Rd) be independent of (Wt)t≥0. Then the SDE (56) with initial
condition X0 = Z admits a unique strong solution (Xt)t≥0. Moreover, the solution satisfies∫ t
0
E[∥Xs∥2]ds <∞ for any t ≥ 0.

Proof. This is a standard result under the assumptions in this sections. A proof that utilizes a
fixed point argument is provided in [76, Theorem 5.2.1].

In the following proposition, we use Ito’s formula to derive a weak formulation that describes
the distribution of (Xt)t.

Proposition 4.1. Let t, h > 0 and ϕ : Rd → R be twice continuously differentiable and such that∫ t+h
t

E[∥∇ϕ(Xs)∥2 | Ft]ds <∞, where (Ft)t≥0 denotes the filtration to which (Wt)t is adapted.
Then the solution (Xt)t of (56) satisfies

E[ϕ(Xt+h)] − E[ϕ(Xt)] =

∫ t+h

t

E [−⟨∇E(Xs),∇ϕ(Xs)⟩ + ∆ϕ(Xs)] ds. (58)

8The word unadjusted emphasizes that, due to discretization errors, ULA only provides biased samples which is
not adjusted within the algorithm.
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That is, if X0 ∼ µ, then∫
Rd

ϕ(x) (µPt+h − µPt) (dx)

=

∫ t+h

t

∫
Rd

−⟨∇E(x),∇ϕ(x)⟩ + ∆ϕ(x)µPs(dx)ds.

(59)

Proof. The proof is a simple consequence of Ito’s lemma [76, Theorem 4.2.1]. Let ϕ : Rd → R be
twice continuously differentiable. Then, by Ito’s lemma the process ϕ(Xt) satisfies

ϕ(Xt+h) − ϕ(Xt)

=

∫ t+h

t

−⟨∇ϕ(Xs),∇E(Xs)⟩ + ∆ϕ(Xs)ds+
√

2

∫ t+h

t

∇ϕT (Xs)dWs.
(60)

The expected value of the last integral with respect to Brownian motion in (60) is zero (cf. [53,
Section 3.3], [38, Chapter 8, Section 2]) and, consequently, the desired result follows.

Remark 4.3. If Xt admits a smooth density with respect to the Lebesgue measure—denoted as
p(x, t)—the above implies that this density satisfies the Fokker-Planck equation

∂tp(x, t) = div (∇E(x)p(x, t)) + ∆p(x, t). (61)

Using the above result we can derive a distributional partial differential equation characterizing
the stationary measure of the Langevin diffusion.

Corollary 4.1. Assume that the SDE in (56) admits a stationary measure µ. Then, this measure
satisfies that ∫

Rd

−⟨∇E(x),∇ϕ(x)⟩ + ∆ϕ(x)dµ(x) = 0 (62)

for any ϕ : Rd → R as in proposition 4.1 and such that ∇ϕ ∈ L2(Rd, µ).

We can now prove the main result about the ergodicity of the continuous time process to the
target distribution π with respect to the Wasserstein-2 distance which we first formally define.

Definition 4.5 (Wasserstein-2 distance). Let µ, ν be two probability measures on Rd. A coupling
γ is a probability measure on Rd × Rd such that for any A ∈ B(Rd), γ(Rd × A) = ν(A) and
γ(A× Rd) = µ(A). We denote the set of all couplings of µ and ν as Π(µ, ν). For two measures
µ, ν ∈ P2(Rd) we define the Wasserstein-2 distance between µ and ν as

dW(µ, ν) =

(
inf

γ∈Π(µ,ν)

∫
∥x− x̃∥2dγ(x, x̃)

) 1
2

. (63)

Note that for any two µ, ν ∈ P2(Rd) there exists a coupling γ̂ ∈ Π(µ, ν) realizing the infimum
[95] and we refer to it as an optimal coupling. In a slight abuse of terminology we will also refer
to two random variables X ∼ µ and X̃ ∼ ν such that (X, X̃) ∼ γ̂ as an optimal coupling. In this
case dW(µ, ν)2 = E[∥X − X̃∥2].

Theorem 4.8. The measure π is the unique invariant probability measure for Pt. That is,
πPt = π for all t ≥ 0. Moreover, for any µ ∈ P2(Rd) it holds that

dW(µPt, π) ≤ exp (−mt) dW(µ, π).
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Proof. The proof consists of two steps: First we show that the Langevin diffusion induces a contrac-
tion with respect to the Wasserstein-2 distance, i.e., that dW(µPt, νPt)

2 ≤ dW(µ, ν)2exp (−2mt).
This implies the to existence of and convergence to a unique fixed point. Afterwards we identify
this fixed point as the target density π.

Let Xt and X̃t be two coupled processes, that is, both are solutions of the SDE (56) with
the same Brownian motion (Wt)t. Let X0 ∼ µ and X̃0 ∼ ν. Then, the process Xt = (Xt, X̃t)t
satisfies the SDE

dXt =

[
−∇E(Xt)

−∇E(X̃t)

]
dt+

√
2

[
I
I

]
dWt. (64)

Let us define ϕ(x) = ϕ(x, x̃) = 1
2∥x− x̃∥2. Then using Ito’s lemma [53, Theorem 3.3], we find

that ϕ satisfies the ordinary differential equation (ODE)9

dϕ(Xt) = −⟨Xt − X̃t,∇E(Xt) −∇E(X̃t)⟩dt.

Integrating over (t, t+ h) for some h > 0 and taking the expectation leads to

E
[
1
2∥Xt+h − X̃t+h∥2

]
− E

[
1
2∥Xt − X̃t∥2

]
= E

[
−
∫ t+h

t

⟨Xs − X̃s,∇E(Xs) −∇E(X̃s)⟩ds

]

≤ −m
∫ t+h

t

E
[
∥Xs − X̃s∥2

]
ds.

(65)

Defining ψ(t) = E
[
∥Xt − X̃t∥2

]
we can rewrite the above equation more compactly as ψ(t+ h)−

ψ(t) ≤ −2m
∫ t+h
t

ψ(s)ds. Since

t 7→ E
[
⟨Xt − X̃t,∇E(Xt) −∇E(X̃t)⟩

]
is continuous, Lebesgue’s dominated convergence theorem implies the differentiability of ψ due to
the first equality in (65). By dividing by h and letting h→ 0 from above in (65) it follows that

ψ′(t) ≤ −2mψ(t).

Grönwall’s inequality then implies that

dW(µPt, νPt)
2 ≤ E

[
∥Xt − X̃t∥2

]
≤ E

[
∥X0 − X̃0∥2

]
exp (−2mt) .

Plugging in an optimal coupling (X0, X̃0) for µ, ν on the right-hand side shows that the Langevin
diffusion provides a contraction on P(Rd) equipped with the Wasserstein-2 distance. A variation
of Banach’s fixed point theorem [37, Theorem 2] then readily shows that (56) admits a unique
stationary measure π∞ and any solution converges to this measure at the rate

dW(µPt, π∞)2 ≤ dW(µ, π∞)2exp (−2mt) .

Lastly, we have to identify the stationary distribution as the target measure π. To this end first
note that the density of π∞ has to be a solution of (62) for any ϕ. However, also the target π
satisfies (62) for any ϕ. As shown in [12, Example 5.1], [37, Theorem 4.10] (62) admits at most
one solution in the space of Borel probability measures. Thus, π∞ = π.

9The stochastic integral vanishes since the Brownian motion cancels.
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Similarly, we can show that the MC defined by ULA is ergodic.

Theorem 4.9. For each τ < 2m
L2 the ULA chain is geometrically ergodic, that is, there exists a

unique stationary distribution πτ ∈ P2(Rd) such that for any initial distribution µ ∈ P2(Rd) it
holds that

dW(µRkτ , π
τ )2 ≤ (1 − 2mτ + τ2L2)kdW(µ, πτ )2.

Proof. Let X ∼ µ and X̃ ∼ ν and define X+ = X − τ∇E(X) +
√

2τZ and X̃+ = X̃ − τ∇E(X̃) +√
2τZ where Z ∼ N (0, I). We can compute that

∥X+ − X̃+∥2 = ∥X − τ∇E(X) − X̃ + τ∇E(X̃)∥2

= ∥X − X̃∥2 − 2τ⟨X − X̃,∇E(X) −∇E(X̃)⟩
+ τ2∥∇E(X) −∇E(X̃)∥2

≤ ∥X − X̃∥2(1 − 2mτ + τ2L2).

(66)

For τ < 2m
L2 , 1 − 2mτ + τ2L2 < 1 and, thus, taking the expectation above and minimizing over

all couplings (X, X̃) shows that Rτ is a contraction on P2(Rd) equipped with the Wassertsein-2
distance. By Banach’s fixed point theorem, there exists a unique fixed point πτ which is the
unique stationary distribution of the chain and it follows for any µ ∈ P2(Rd) that

dW(µRkτ , π
τ )2 ≤ (1 − 2mτ + τ2L2)kdW(µ, πτ )2.

We now show that the distribution πτ that is stationary with respect to the ULA kernel
indeed approximates the target π. To do so, we estimate the discretization error introduced by
the Euler-Maruyama discretization. This error bound will rely on a uniform bound of the second
moments of the iterates of ULA and we first prove the following auxiliary result about these
second moments.

Lemma 4.2. The second moments of the chains (Xτ
k )k are bounded uniformly in τ ∈ [0, τ̄ ]

for τ̄ < 2m
L2 as long as the initial distribution of the chain has bounded second moment. More

precisely, if x∗ is the minimizer of E it holds that

sup
τ∈[0,τ̄ ]

sup
k∈N

E
[
∥Xτ

k − x∗∥2
]
≤ E

[
∥Xτ

0 − x∗∥2
]

+
1

2m− Lτ̄
<∞. (67)

Proof. The boundedness of the second moments for some fixed τ trivially follows from the
convergence of the chain with respect to the Wasserstein-2 distance. The challenge is to derive a
bound uniformly in τ . A proof of this fact can be found in [37, Lemma 5.6], but we provide it
here for completeness. Let x∗ ∈ Rd be the unique minimizer of E, which exists since E is strongly
convex. Since ∇E(x∗) = 0 the strong convexity of E and the Lipschitz continuity of ∇E imply
that for any τ < τ̄ it holds that

∥Xτ
k − τ∇E(Xτ

k ) − x∗∥2 = ∥Xτ
k − x∗∥2 − 2τ⟨Xτ

k − x∗,∇E(Xτ
k )⟩ + τ2∥∇E(Xτ

k )∥2

= ∥Xτ
k − x∗∥2 − 2τ⟨Xτ

k − x∗,∇E(Xτ
k ) −∇E(x∗)⟩

+ τ2∥∇E(Xτ
k ) −∇E(x∗)∥2

≤ ∥Xτ
k − x∗∥2(1 − 2mτ + Lτ2)

(68)

where (1 − 2mτ + Lτ2) := ρ < 1 by definition of τ̄ . It follows that

∥Xτ
k+1 − x∗∥2 = ∥Xτ

k − τ∇E(Xτ
k ) − x∗∥2

+ 2⟨Xτ
k − τ∇E(Xτ

k ) − x∗,
√

2τZk⟩ + 2τ∥Zk∥2

≤ ∥Xτ
k − x∗∥2ρ+ 2⟨Xτ

k − τ∇E(Xτ
k ) − x∗,

√
2τZk⟩ + 2τ∥Zk∥2.

(69)
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Taking the expectation on both sides and noting that Zk and Xτ
k are independent it follows that

E
[
∥Xτ

k+1 − x∗∥2
]
≤ E

[
∥Xτ

k − x∗∥2
]
ρ+ 2τ.

Solving this recursion leads to

E
[
∥Xτ

k − x∗∥2
]
≤ ρkE

[
∥Xτ

0 − x∗∥2
]

+ 2τ

k∑
i=0

ρi

≤ E
[
∥Xτ

0 − x∗∥2
]

+
2τ

1 − ρ

(70)

where 0 ≤ τ
1−ρ = 1

2m−Lτ ≤ 1
2m−Lτ̄ which is bounded by the constraint on τ̄ .

We can now present the error bound between the stationary distribution of the continuous
time Langevin diffusion (56) and the stationary distribution of its discretization ULA.

Theorem 4.10. Let µ ∈ P2(Rd) and τ̄ < 2m
L2 . Then there exists c > 0 such that the Wasserstein-2

error between the distribution of the continuous time diffusion (56) and that of the ULA with
τ ≤ τ̄ satisfies for any n ∈ N that

dW(µPnτ , µR
n
τ )2 ≤ cnτ2. (71)

Proof. Note that one iteration of ULA can be interpolated (in distribution) as Xτ
k = X̄τ

kτ where
the process (X̄τ

t )t is defined via

dX̄τ
t = −∇E(X̄τ

kτ )dt+
√

2dWt, t ∈ (kτ, (k + 1)τ ]

with a constant drift term. As before, we consider the coupled SDE

dXt =

[
dXt

dX̄τ
t

]
=

[
−∇E(Xt)
−∇E(X̄τ

kτ )

]
dt+

√
2

[
I
I

]
dWt, t ∈ [kτ, (k + 1)τ),

and, again via Ito’s lemma, we find that it satisfies the ODE dϕ(Xt) = −⟨∇E(Xt)−∇E(X̄τ
kτ ), Xt−

X̄τ
t ⟩dt for ϕ(Zt) = 1

2∥Xt − X̄τ
t ∥2. Therefore,

1

2
∥X(k+1)τ −Xτ

k+1∥2 −
1

2
∥Xkτ −Xτ

k ∥2

= −
∫ (k+1)τ

kτ

⟨∇E(Xt) −∇E(X̄τ
kτ ), Xt − X̄τ

t ⟩dt

= −
∫ (k+1)τ

kτ

⟨∇E(Xt) −∇E(X̄τ
t ), Xt − X̄τ

t ⟩dt

−
∫ (k+1)τ

kτ

⟨∇E(X̄τ
t ) −∇E(X̄τ

kτ ), Xt − X̄τ
t ⟩dt

∗
≤ −m

∫ (k+1)τ

kτ

∥Xt − X̄τ
t ∥2dt

+

∫ (k+1)τ

kτ

L
(α

2
∥X̄τ

t − X̄τ
kτ∥2 +

1

2α
∥Xt − X̄τ

t ∥2
)

dt

∗∗
≤
∫ (k+1)τ

kτ

L2

4m
∥X̄τ

t − X̄τ
kτ∥2dt

≤
∫ (k+1)τ

kτ

L2

4m
∥ − (t− kτ)∇E(X̄τ

kτ ) +
√

2(Wt −Wkτ )∥2dt

(72)
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where we used the elementary inequality ab ≤ 1
2αa

2 + α
2 b

2 for any α > 0, a, b ∈ R in the inequality

marked with ∗ and α = L
2m in the inequality marked with ∗∗. Taking the expected value on both

sides and noting that X̄τ
kτ and (Wt −Wkτ ) are independent we obtain that

1

2
E[∥X(k+1)τ −Xτ

k+1∥2] − 1

2
E[∥Xkτ −Xτ

k ∥2]

≤ L2

4m

(
τ3

3
E[∥∇E(X̄τ

kτ )∥2] + τ2
)

≤ L2

4m

(
τ3

3
L2
(
E
[
∥Xτ

0 − x∗∥2
]

+ η
)

+ τ2
) (73)

where we applied lemma 4.2 after setting η = 1
2m−Lτ̄ . Since τ is bounded from above, the cubic

term τ3 can be bounded by the quadratic and it follows that there exists c > 0 such that

E[∥X(k+1)τ −Xτ
k+1∥2] − E[∥Xkτ −Xτ

k ∥2] ≤ cτ2. (74)

Taking the expectation and optimizing over all couplings of µPkτ and µRkτ leads to dW(µP(k+1)τ , µR
k+1
τ )2−

dW(µPkτ , µR
k
τ )2 ≤ cτ2. Finally, the desired result follows from summing up the inequality over

k.

The combination of the exponential ergodicity of the continuous time process with the bound
on the discretization error implies the following result on the approximation of the target π by
ULA.

Theorem 4.11. There exists a ρ > 0 such that the ULA with τ ≤ τ̄ satisfies for any k, n ∈ N,
k ≥ n

dW(δxR
k
τ , π) ≤

√
ncτ2 + ρexp (−mnτ) . (75)

In particular, let ϵ > 0 be arbitrary. Then it follows for T =
− log( ϵ

2ρ )

m + 1, τ < min(1, ϵ2

4cT ), and

k ≥ ⌊Tτ ⌋ that dW(δxR
k
τ , π) ≤ ϵ and, as a consequence, also dW(πτ , π) ≤ ϵ.

Proof. By the triangle inequality and theorem 4.10 we find for any p, k ∈ N, p ≤ k that

dW(δxR
k
τ , π) ≤ dW(δxR

p
τR

k−p
τ , δxR

p
τP(k−p)τ ) + dW(δxR

p
τP(k−p)τ , π)

≤
√

(k − p)cτ2 + dW(δxR
p
τ , π)exp (−m(k − p)τ) .

(76)

The boundedness of the second moments ensured by lemma 4.2 implies the existence of a constant
ρ > 0 such that dW(δxR

p
τ , π) ≤ ρ uniformly in τ and p. This concludes the proof of the first

assertion. Now let ϵ > 0 be arbitrary. Denote n := k − p and fix T =
− log( ϵ

2ρ )

m + 1 so that

ρexp (−m(T − 1)) = ϵ
2 . Choose a step size τ < min(1, ϵ2

4cT ). Then choose n = ⌊Tτ ⌋ so that

nτ ≥ τ(Tτ − 1) = T − τ ≥ T − 1. It follows for any k ≥ n

dW(δxR
k
τ , π) ≤

√
ncτ2 + ρexp (−mnτ)

≤
√
cTτ + ρexp (−m(T − 1))

≤ ϵ

2
+
ϵ

2
= ϵ.

(77)

Remark 4.4. In particular, we obtain the following convergence rates: In order to obtain accuracy
ϵ in Wasserstein-2 distance, we need to run the chain for O(log(ϵ)2/ϵ2) iterations.
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Remark 4.5. Note that ULA differs conceptually from MH and Gibbs sampling in so far, as
the generated Markov chain does not admit the target π as its invariant measure, but only an
approximation thereof, that is, we obtain biased samples. The same is true for the underdamped
Langevin algorithm presented in the next section. The bias may be mitigated, e.g., by using a
vanishing step-size which, however, leads to a time-inhomogeneous MC [29, 40, 33], for which
concepts like stationary distributions are not directly applicable. Another approach to obtain
unbiased samples is to correct ULA to target π directly by adding a MH accept/reject step which
leads to MALA [81].

4.5.2 Underdamped Langevin sampling

An alternative to the overdamped Langevin diffusion that can lead to improved convergence rates
is given by the underdamped Langevin diffusion which is defined by the SDE{

dXt = Vtdt,

dVt = (−αVt − β∇E(Xt)) dt+
√

2αβdWt,
(78)

which, has a physical interpretation of modeling friction in addition to the potential force given
by ∇E. The influence of this friction is tuned by the parameter α > 0. In addition to this
physical interpretation, the system also has tight links to optimization since it corresponds to the
stochastic version of the second order ODE for Nesterov’s accelerated gradient descent algorithm,
see [92].

The process induced by (78) admits the stationary distribution πX,V with Lebesgue density

pX,V (x, v) ∝ exp
(
−E(x) − ∥v∥2

2β

)
[24]. The density pX,V indeed solves the corresponding Fokker-

Planck equation

0 = −∇xpX,V · v + α∇vpX,V · v + β∇vpX,V · ∇E + αdp+ βα∆vpX,V (79)

which can be derived using Ito’s lemma in a very similar fashion to the overdamped setting.
The structure of the Langevin diffusion given in (78) lends itself to a partial discretization

that yields improved convergence rates compared to ULA [24]. The scheme is obtained via{
dX̄t = V̄tdt

dV̄t =
(
−αV̄t − β∇E(X̄τ

kτ )
)

dt+
√

2αβdWt

(80)

for t ∈ (kτ, (k + 1)τ ], where τ > 0 denotes the discretization step size [24]. That is, we only fix
the argument of ∇E, but otherwise solve the SDE exactly. Fortunately, the solution of (80) is
known in distribution. In particular, the process Vt is an Ornstein-Uhlenbeck process with exact
solution

V̄kτ+h = V̄kτexp (−αh) − β

α
∇E(X̄τ

kτ ) (1 − exp (−αh))

+
√

2αβ

∫ kτ+h

kτ

exp (−α(kτ + h− s)) dWs.

(81)

Consequently, the distribution of the random vector (X̄kτ+h, V̄kτ+h) given some (X̄kτ , V̄kτ ) is a
Gaussian with mean µh(X̄kτ+h, V̄kτ+h) where

µh(x, v) =

[
x+ v 1−exp(−αh)

α − β
α∇E(x)

(
h− 1−exp(−αh)

α

)
vexp (−αh) − β

α∇E(x) (1 − exp (−αh))

]
(82)
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Algorithm 6 The underdamped Langevin algorithm.

Require: Initial values X0, V0, α, β > 0, step size τ > 0.
1: for k = 0, 1, 2, . . . do
2: Compute µτ (Xτ

k , V
τ
k ) and Cτ according to (82), (83)

3: (Xτ
k+1, V

τ
k+1) ∼ N (µτ (Xτ

k , V
τ
k ), Cτ )

4: end for

and covariance

Ch =

[
2β
α

(
h− 2(1−exp(−αh))

α + 1−exp(−2αh)
2α

)
I β

α (1 − 2exp (−αh) + exp (−2αh)) I
β
α (1 − 2exp (−αh) + exp (−2αh)) I β(1 − exp (−2αh))I

]
. (83)

The resulting algorithm is summarized in algorithm 6. The exponential ergodicity of the
continuous-time SDE to the target distribution πX,V as well as the approximation of πX,V by the
discretization with sufficiently small step size can be obtained by similar techniques as those used
in the overdamped case.

Theorem 4.12. [24, Theorem 1 and 5, Lemma 8] Assume E is twice continouusly differentiable,
strongly convex with parameter m, and admits an L-Lipschitz continuous gradient and denote
κ = L

m . Choose α = 2 and β = 1
L . Then the continuous-time underdamped Langevin dynamics

satisfy that

dW(µPt, πX,V ) ≤ 4exp

(
− t

2κ

)
dW(µ, πX,V ). (84)

Moreover, for any initial distribution µ ∈ P2(R2d) there exists C > 0 such that

dW(µRkτ , πX,V ) ≤ 4exp

(
−kτ

2κ

)
dW(µ, πX,V ) +

τ2

1 − exp
(
− τ

2κ

)C. (85)

In particular, for any ϵ > 0 we can choose τ = O(ϵ) and K = O(τ−1 log(ϵ−1)) such that for
k ≥ K, dW(µRkτ , πX,V ) ≤ ϵ.

Remark 4.6. The underdamped Langevin algorithm improves the complexity from O(ϵ−2 log(ϵ−1)2)
to O(ϵ−1 log(ϵ−1)) iterations to reach accuracy ϵ in Wasserstein-2 in comparison the overdamped
case.

Remark 4.7 (Step size choice). While the convergence theory for Langevin based sampling
typically provides step size constraints depending on the Lipschitz constant of ∇E, this constant
might sometimes be hard to compute in practice. Moreover, while these constraints ensure
ergodicity, the remaining bias of the invariant measure of the chain might still be too large, thus,
necessitating smaller step sizes. Empirically, step sizes in the range of 1e − 5 up to 1e − 2 provide
reasonable results. However, we advise performing multiple runs with different step sizes in
order to balance convergence speed and remaining bias. In particular, for smaller step sizes, the
convergence speed becomes prohibitively slow, thus, alleviating any potential reduction in bias.

4.6 Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) sampling [72, 7] is a specific type of MH algorithm which aims
at providing a Markov chain with faster mixing, i.e., faster convergence to the target. Similarly
to the underdamped Langevin sampling we begin by introducing an auxiliary random variable V
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with values in Rd. We interpret the random variable of interest X as the position and V as a
momentum or velocity. Introducing also a functional K : Rd → R representing kinetic energy, we
define the joint distribution of (X;V ), πX,V via its density with respect to the Lebesgue measure

dπX,V
d(x, v)

(x, v) = pX,V (x, v) ∝ exp (−E(x) −K(v)) .

Since pX,V (x, v) factorizes, the marginal distribution of X remains unchanged and the kinetic
energy K can therefore be chosen freely as long as v 7→ exp (−K(v)) is integrable. Throughout
this section we further assume the following:

Assumption 4.2. 1. Both E,K : Rd → R are twice continuously differentiable with Lipschitz
continuous gradient.

2. K is symmetric, i.e., K(v) = K(−v) for any v ∈ Rd and such that πV ∈ P2(Rd) where

πV (dv) :=
exp (−K(v))∫
exp (K(w)) dw

dv.

A popular choice is K(v) = vTM−1v/2 with a symmetric and positive definite matrix
M ∈ Rd×d, which leads to a Gaussian marginal distribution for V . In HMC we make use of
Hamiltonian dynamics to sample from πX,V . Dropping the velocity variable leads to a sample
X ∼ πX(x) ∝ exp (−E(x)). As a prerequisite, let us therefore discuss Hamiltonian dynamics.

4.6.1 Hamilton dynamics

Hamiltonian dynamics refer to a system of differential equations modeling phenomena in clas-
sical mechanics. Specifically, given the functional H(x, v) = E(x) + K(v) (referred to as the
Hamiltonian), Hamiltonian dynamics read as{

dxi

dt = ∂H
∂vi

dvi
dt = − ∂H

∂xi
.

(86)

We introduce the following notation.

Definition 4.6. For any t > 0 we define the solution operator of Hamiltonian dynamics as

ϕt : R2d → R2d

(x, v) 7→ (ϕtx(x, v), ϕtv(x, v)) = (x(t), v(t))
(87)

where (x(s), v(s)) solves (86) with initial condition (x(0), v(0)) = (x, v).

Using standard results on ODEs we can show that ϕt is, in fact, well defined as well as
continuously differentiable.

Theorem 4.13. Let assumption 4.2 hold. Then ϕt is well defined for any t ≥ 0 and continuously
differentiable in (x, v, t).

Proof. Under assumption 4.2 the right-hand side of (86) is Lipschitz continuous so that for any
initial condition existence and uniqueness of a solution for Hamiltonian dynamics is guaranteed
for all time by the Picard-Lindelöf theorem [43, 2]. Moreover (x, v, t) 7→ ϕt(x, v) is continuous:
One can easily check that by Lipschitz-continuity for some K ≥ 0

∥ϕt(x, v) − ϕt(x̃, ṽ)∥ ≤ ∥(x, v) − (x̃, ṽ)∥ +

∫ t

0

K∥ϕs(x, v) − ϕs(x̃, ṽ)∥ds (88)
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so that Grönwall’s inequality yields continuity of (x, v) 7→ ϕt(x, v) for some fixed t. The continuity
with respect to t is obvious. Regarding differentiability of ϕt(x, v), for the time derivative we
immediately see that

∂

∂t
ϕt(x, v) =

[ ∂H
∂vi

(ϕt(x, v))

− ∂H
∂xi

(ϕt(x, v))

]
(89)

which is continuous in (x, v) and t. Let us denote

F (x, v) =

[ ∂H
∂vi

(x, v)

− ∂H
∂xi

(x, v)

]
.

Since ϕt(x, v) = (x, v) +
∫ t
0
F (ϕs(x, v))ds one would expect the derivative (if it existed) to satisfy

∂

∂(x, v)
ϕt(x, v) = I +

∫ t

0

DF (ϕs(x, v))
∂

∂(x, v)
ϕs(x, v)ds.

Thus, denote moreover, A(t) = DF (ϕt(x, v)) with D the Jacobian and consider the ODE

d

dt
u(t) = A(t)u(t). (90)

Since the right-hand side (u, t) 7→ A(t)u is linear in u and continuous in t the ODE admits a
unique solution for all time again [48, Chapter 17]. One can check that u(t) with initial condition
u(0) = I is precisely the derivative of ϕt(x, v) with respect to (x, v) [48, Chapter 17.6].

Hamiltonian dynamics exhibit three crucial properties which HMC relies on:

1. energy conservation: the Hamiltonian H(x, v) is invariant under ϕt

2. volume preservance: ϕt is symplectic in (x, v) space; it does not change the volume of a set,
and

3. reversibility: flipping the momentum variable reverses the trajectory.

We will provide theoretical justifications for all three of these properties as they build the
foundation of HMC.

Energy conservation can easily be seen by computing the total derivative with respect to the
time along a curve governed by (86):

dH(x, v)

dt
=
∑
i

∂H(x, v)

∂xi

dxi
dt

+
∂H(x, v)

∂vi

dvi
dt

= 0 (91)

Next we consider reversibility of ϕ which, in particular, establishes that ϕt is a diffeomorphism
for all t > 0.

Theorem 4.14 (Reversibility of Hamiltonian dynamics). Let t > 0. Hamiltonian dynamics
satisfy that

ϕt(ϕtx(x, v),−ϕtv(x, v)) = (x,−v). (92)

That is, the mapping (x, v) 7→ (ϕtx(x, v),−ϕtv(x, v)) is an involution.
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Proof. Denote (x̃(s), ṽ(s)) = (x(t − s),−v(t − s)). Since H is symmetric with respect to the
momentum, i.e., H(x, v) = H(x,−v) for any x, v ∈ Rd it holds

∂H

∂x
(x, v) =

∂H

∂x
(x,−v), and

∂H

∂v
(x, v) = −∂H

∂v
(x,−v). (93)

As a result, (x̃(s), ṽ(s)) satisfies Hamilton’s equations as well. By uniqueness of solutions it follows
(x̃(s), ṽ(s)) = ϕs(x(t),−v(t)). As a result,

ϕt(ϕtx(x, v),−ϕtv(x, v)) = ϕt(x(t),−v(t))

= (x̃(t), ṽ(t)) = (x(0),−v(0)) = (x,−v).
(94)

Finally, the property of volume preservation is known as Liouville’s theorem [4, Section 16]
and is proven in the following.

Theorem 4.15 (Liouville’s theorem). Hamiltonian dynamics preserve volume. More precisely,
for any t > 0 and any measurable set A ∈ B(R2d) it holds that∫∫

1A(x, v)dxdv =

∫∫
1ϕt(A)(x, v)dxdv. (95)

Proof. We provide the proof of a slightly more general result: Let ψt be the solution operator
for the general ordinary differential equation d

dty = F (y), i.e., ψt(y) = y(t) where y(0) = y and
d
dty(t) = F (y(t)) for t > 0. Assume that F is such that ψt is a diffeomorphism for any t > 0.
Then, if div(F ) = 0, ψt is volume preserving. The desired result then immediately follows by
considering

F (x, v) =

[ ∂H
∂vi

(x, v)

− ∂H
∂xi

(x, v)

]
.

Fix a measurable set A and let us denote the volume of ψt(A) as v(t), i.e., v(t) =
∫
1ψt(A)(y)dy.

We will show that the time derivative of v equals 0. By the transformation theorem for integrals
we have that

d

dt
v(t) =

d

dt

∫
1ψt(A)(y)dy

=
d

dt

∫
1ψt(A)(ψ

t(z))|det(Dψt(z))|dz

=
d

dt

∫
1A(z)|det(Dψt(z))|dz

=

∫
1A(z)

d

dt
|det(Dψt(z))|dz.

(96)

By continuity if we assume that t is sufficiently small, we can omit the absolute value as
det(Dψt(z))|t=0 = 1. Moreover, from Jacobi’s formula it follows that

d

dt
det(Dψt) = trace

(
(Dψt)T

d

dt
Dψt

)
. (97)

In particular, using symmetry of the second derivatives it follows for t = 0,

d

dt
det(Dψt(y))

∣∣
t=0

= trace(
d

dt
Dψt(y))

∣∣
t=0

= trace(DF (y)) = div(F )(y) = 0
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Algorithm 7 The Hamiltonian Monte Carlo algorithm.

Require: Initial values (X0, V0), parameters T > 0
1: for k = 0, 1, 2, . . . do
2: Sample Ṽk ∼ exp (−K(v)) dv
3: Simulate Hamiltonian dynamics and set{

Xk+1 = ϕTx (Xk, Ṽk)

V k+1 = −ϕTv (Xk, Ṽk)
(99)

4: Set the new iterate according to

(Xk+1, Vk+1) =

{
(Xk+1, V k+1) with probability ρ

(
(Xk, Ṽk), (Xk+1, V k+1)

)
(Xk, Ṽk) else.

5: end for

and, thus, d
dtv(0) = 0. For t > 0, since for any s, t > 0, ψs+t(y) =

(
ψs ◦ ψt

)
(y) we can deduce

that

v(t+ s) =

∫
Rd

1ψt+s(A)(y)dy

=

∫
Rd

1ψt+s(A)(ψ
s(z))|det(Dψs(z))|dz

=

∫
Rd

1ψt(A)(z)|det(Dψs(z))|dz.

(98)

Using the same arguments as above we can deduce that d
dtv(t) = d

dsv(s + t)
∣∣
s=0

= 0, which
implies that v is constant.

4.6.2 The HMC algorithm

The HMC algorithm consists of multiple steps as depicted in algorithm 7. Given the previous
iterate (Xk, Vk), first we sample Ṽk ∼ πV where πV admits a density that is proportional
to exp (−K(v)) dv, which is possible directly if πV is choosen, e.g., as a Gaussian. Secondly,
we simulate Hamiltonian dynamics10 for a time T > 0 and afterwards flip the sign of the
velocity component resulting in (Xk+1, V k+1). Flipping the sign has no impact on the value of the
Hamiltonian and leaves πX,V unchanged, but it renders the dynamics reversible (cf., theorem 4.14).

Lastly, (Xk+1, V k+1) is accepted as a new sample with the probability ρ
(

(Xk, Ṽk), (Xk+1, V k+1)
)

where
ρ((x, v), (x̃, ṽ)) = min {exp (H(x, v) −H(x̃, ṽ)) , 1}

Otherwise we set (Xk+1, Vk+1) = (Xk, Ṽk).

Remark 4.8. Energy conservation would render the accept/reject step in algorithm 7 obsolete

if we could simulate Hamiltonian dynamics exactly as exp
(
H(Xk, Ṽk) −H(Xk+1, V k+1)

)
= 1,

that is, the acceptance rate always equals one. In practice, however, the acceptance criterion
compensates for errors induced by the used discretization scheme.

10In practice, the discretization of the Hamiltonian dynamics has to maintain volume preservance and reversibility,
while conservation of the Hamiltonian H is accounted for via a MH step and we refer the reader to remark 4.10 for
a feasible method.
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Remark 4.9. Randomized as well as deterministic choices have been proposed for the simulation
time T [31, 72]. In practice, it is often necessary to tune T by trial and error to obtain good
performance [72, Section 4.2]. If a discrete scheme for simulating ϕt is performed for one step,
the scheme reduces to MALA [31, Section 1].

The following result shows that, indeed, πX,V (dx, dv) ∝ exp (−E(x) −K(v)) dxdv is invariant
for HMC.

Theorem 4.16. HMC admits πX,V (dx, dv) ∝ exp (−E(x) −K(v)) dxdv as a stationary measure
if the Hamiltonian dynamics are simulated either exactly or using a scheme which is volume
preserving and reversible in the sense of theorem 4.14.

Proof. The HMC algorithm can be separated in two distinct steps: Sampling the proposal momen-
tum Ṽk ∼ exp (−K(v)) and, afterwards, simulating the Hamiltonian dynamics and performing an
accept/reject step. We can show that πX,V is invariant with respect to the entire HMC update
by showing that it is invariant with respect to both of these steps individually. For the first step
this is trivially satisfied: If (X,V ) ∼ πX,V then X and V are independent and for Ṽ ∼ πV which

is again independent of X it holds that (X,V ) ∼ (X, Ṽ ) ∼ πX,V . For the second step, we prove
invariance by showing that the target distribution satisfies the detailed balance conditions. Let
f : R2d → R be an arbitrary bounded and measurable function and let Q be the transition kernel
induced by the Hamiltonian dynamics, i.e.,

Q((x, v), ·) = δ(ϕT
x (x,v),−ϕT

v (x,v)).

We assume for now that the Hamiltonian dynamics are simulated exactly so that the acceptance
probability is always equal to one. Then, for any bounded and measurable f we obtain that∫∫

f((x̃, ṽ), (x, v))pX,V (x, v)Q((x, v),d(x̃, ṽ))d(x, v)

∝
∫
f((ϕTx (x, v),−ϕTv (x, v)), (x, v))exp (−E(x) −K(v)) d(x, v)

∗
=

∫
f((ϕTx (x, v),−ϕTv (x, v)), (x, v))exp

(
−E(ϕTx (x, v)) −K(−ϕTv (x, v))

)
d(x, v)

∗∗
=

∫
f((x, v), (ϕTx (x, v),−ϕTv (x, v)))exp (−E(x) −K(−v)) d(x, v)

=

∫
f((x, v), (x̃, ṽ))pX,V (x, v)Q((x, v),d(x̃, ṽ))d(x, v)

(100)

where the equality marked with ∗ is due to the Hamiltonian H being invariant under Hamiltonian
dynamics as well as under flipping the sign of the momentum component. The equality marked with
∗∗ follows after replacing (x, v) with (ϕTx (x, v),−ϕTv (x, v)) using the transformation theorem for
integrals and employing reversibility of Hamiltonian dynamics, which was proved in theorem 4.14.
Since Hamiltonian dynamics as well as flipping the sign are volume preserving, the determinant
of the Jacobian of the transformation is equal to one. As a result we obtain detailed balance and,
thus, invariance of πX,V .

If ϕT only constitutes an approximate scheme for simulating the Hamiltonian dynamics which
is, however, volume preserving and reversible (e.g., the leapfrog scheme) similar arguments
apply: In this case, the transition kernel of the Hamiltonian dynamics including the Metropolis
acceptance step reads as

R((x, v),d(x̃, ṽ)) = δ(ϕT
x (x,v),−ϕT

v (x,v))(x̃, ṽ)ρ((x, v), (x̃, ṽ))d(x̃, ṽ)

+ δ(x,v)(x̃, ṽ)
(
1 − ρ((x, v), (ϕTx (x, v),−ϕTv (x, v)))

)
d(x̃, ṽ)

(101)
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Using the fact that for any x, v, x̃, ṽ it holds that

pX,V (x, v)ρ((x, v), (x̃, ṽ)) = pX,V (x̃, ṽ)ρ((x̃, ṽ)(x, v))

and again volume preservence and reversibility of the scheme ϕT we find for any bounded and
measurable f that∫∫

f((x, v), (x̃, ṽ))pX,V (x, v)R((x, v),d(x̃, ṽ)d(x, v)

=

∫
f((x, v), (ϕTx (x, v),−ϕTv (x, v)))pX,V (x, v)ρ((x, v), (ϕTx (x, v),−ϕTv (x, v)))d(x, v)

+

∫
f((x, v), (x, v))pX,V (x, v)

(
1 − ρ((x, v), (ϕTx (x, v),−ϕTv (x, v)))

)
d(x, v)

=

∫
f((ϕTx (x, v),−ϕTv (x, v)), (x, v))pX,V (x, v)ρ((x, v), (ϕTx (x, v),−ϕTv (x, v)))d(x, v)

+

∫
f((x, v), (x, v))pX,V (x, v)

(
1 − ρ((x, v), (ϕTx (x, v),−ϕTv (x, v)))

)
d(x, v)

=

∫∫
f((x̃, ṽ), (x, v))pX,V (x, v)R((x, v),d(x̃, ṽ)d(x, v)

(102)

concluding the proof.

Remark 4.10. Theorem 4.16 requires us to choose a discretization of Hamiltonian dynamics
which maintains reversibility and volume preservance whereas conservation of the total energy
is accounted for by the MH acceptance step within the algorithm. In practice the most popular
choice for such a discretization is the Störmer-Verlet—or leapfrog—method [72, 31]. Its update
rule with step size h > 0 reads as

vn+ 1
2

= vn − h
2∇xE(xn)

xn+1 = xn + hM−1vn+ 1
2

vn+1 = vn+ 1
2
− h

2∇xE(xn+1).

(103)

The choice of the discretization step size h > 0 as well as the number of steps performed in each
iteration then become crucial parameters of the method, cf., remark 4.11.

Ergodicity of the HMC algorithm has been established in various ways [61, 31, 14, 63]. We
present a result here and refer to [31, Theorem 2] for a proof.

Theorem 4.17. Let K(v) = ∥v∥2

2 and let E be continuously differentiable with Lipschitz continuous
gradient. Let ϕT be the leapfrog scheme for the simulation of Hamiltonian dynamics with step
size h > 0 and number of steps T . Assume in addition that either

• there exist c > 0 and β ∈ [0, 1) such that for all x, ∥∇E(x)∥ ≤ c(1 + ∥x∥β), or

• there exists c > 0 such that ∥∇E(x)∥ ≤ c(1 + ∥x∥) and
(
1 + hL

1
2 + ν(hL

1
2 )
)T − 1 < 1 where

ν is defined as ν(s) = 1 + s
2 + s2

4 .

Then for π-a.e. x ∈ Rd, dTV(δxR
n
X , π) → 0 as n→ ∞, where RX denotes the transition kernel

on the position variable.

A proof of geometric ergodicity of HMC is provided under more technical conditions in [31].
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Remark 4.11 (Parameter choices). Restricting to the practically most relevant case of K(v) =
1
2∥v∥

2, the remaining parameters to choose within HMC are the step size h > 0 as well as the
number of steps L ∈ N of the discretization of the Hamiltonian dynamics (cf., remark 4.10).
Regarding the step size h, too large values might lead to low acceptance rates. On the other
hand, small h will lead to high computational efforts (large L) or a slowly moving chain (small
L). Regarding the number of steps L on the other hand, low values might lead to less exploring
and, thus, slower mixing of the chain, larger values to high computational cost. As elaborated
in [72], it is advised to perform several tuning runs of HMC, first setting h and afterwards L. As
explained in [72, Section 4.2] the region of stability for h is governed roughly by the square root
of the smallest eigenvalue of the covariance matrix of πX and L = 100 is a reasonable starting
point for the number of steps for complex problems. On the other hand, the no-U-turn sampler
(NUTS) [49] offers a possible alternative. In NUTS the need for choosing a number of steps L is
alleviated. Moreover, in [49] approaches for an automatic choice of the step size h are provided.

4.7 Further reading

4.7.1 Time-inhomogeneous chains

Many approaches for sampling combine existing sampling techniques with some type of annealing
or tempering. That is, instead of directly targeting the distribution π with a MC, one considers a
family of distributions (πn)Nn=1 such that π0 = π and πN is a simple reference distribution. Then
sampling is performed by sampling successively from πn for n = N, . . . , 1. Examples include
geometric tempering [71, 21], annealed Langevin sampling [88], or diffusion at absolute zero [41].
Subsequently, annealed Langevin sampling led to diffusion models [89].

In adaptive MCMC [3] it is assumed that we have access to a family of Markov transition
kernels Rθ which are parametrized by θ and such that for any θ, Rθ is ergodic with stationary
distribution θ. During the simulation, the parameter θ is chosen adaptively and afterwards one
step is performed using the kernel Rθ. In order to ensure that the resulting chain is still ergodic
with stationary measure π the adaptation of θ diminishes over time.

4.7.2 Deterministic approximation of π

Instead of directly trying to sample from our target distribution π, the idea of deterministic
approximation [10, Chapter 10] is to approximate π by a tractable distribution πθ which is easy to
sample from. A popular approach is to choose a family of distributions (πθ)θ parametrized by θ
and then find the value of θ which yields the best approximation of π. For instance in variational
inference [10, Section 10.1] the parameter θ is determined by minimizing the KL divergence

min
θ
dKL(πθ, π). (104)

Assuming that the occurring distributions admit strictly positive densities with respect to the
Lebesgue measure as dπ

dx (x) = p(x) and dπθ

dx (x) = pθ(x), the gradient of this objective may be
computed as

∇θdKL(πθ, π) = ∇θ

[
−
∫
pθ(x) log

(
p(x)

pθ(x)

)
dx

]
=

∫
−∇θpθ(x) log (p(x)) + ∇θpθ(x) log (pθ(x)) + ∇θpθ(x)dx

= EX∼πθ
[∇θ log (pθ(X)) {log (pθ(X)) − log (p(X))}] .

(105)
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In the last equality we used the elementary equality ∇θpθ = pθ∇ log (pθ) and the fact that by
integration by parts ∫

∇θpθ(x)dx = 0.

Note that the expectation in (105) is with respect to the tractable distribution pθ and, thus, the
gradient can be approximated effectively.

In expectation propagation, on the other hand, the objective from variational inference is
simply changed by flipping the arguments of the KL divergence leading to

min
θ
dKL(π, πθ). (106)

For more information we refer the interested reader to [10, Section 10.7].
A particularly interesting approach connected to variational inference is posed by Stein

variational gradient descent [60]. There, it is proposed to approximate the target distribution
πX as the push-forward measure T♯πZ with some fixed simple reference distribution πZ and
a transformation T to be determined. The transformation T is ideally chosen to minimize
T 7→ dKL(T♯πZ , π). In [60], for the specific case that the transformation T is a perturbation
of the identity T (x) = x + f(x) for some function f ∈ Hd where Hd is a reproducing kernel
Hilbert space with reproducing kernel k( · , · ) the authors derive a formula for the gradient of
dKL(T♯πZ , π) with respect to the perturbation f which reads as

∇fdKL(T♯πZ , π)|f=0 = −EZ∼πZ
[k(Z, · )∇x log(pX(Z)) + ∇xk(Z, · )]

=: −ϕπZ ,π.

Therefore, in a gradient descent fashion, we can reduce the KL divergence using the iteration
π0 = πZ and for k = 1, 2, . . .

πk+1 = T k♯ π
k, where T k(x) = x+ ϵkϕπk,π(x) (107)

where (ϵk)k is a sequence of step sizes. Interestingly, this iteration is implemented not on the
space of probability distributions but in sample space, by initializing randomly X0 ∼ πZ and
updating the sample according to

Xk+1 = Xk + ϵkϕπk,π(Xk).

Therefore, while initially motivated using variational inference, the method, in fact, yields a
sampling algorithm. For details we refer to [60].

5 Numerical experiments

In this section, we turn to practical experiments with models that explicitly allow us to verify
key theoretical properties that are required for valid energy-based modeling.

5.1 Energy model

Although we discussed numerous potential architectures for constructing suitable energy func-
tionals in section 3.3, verifying essential properties such as integrability and appropriate growth
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conditions of the associated Gibbs distributions remains challenging for many architectures—
especially those based on deep neural networks. Consequently, we restrict our focus here to the
classical FoE model defined as

Eθ(x) =

n∑
i=1

o∑
j=1

ϕj
(
(Kjx)i

)
(108)

which corresponds to a Gibbs distribution with density

pθ(x) ∝
n∏
i=1

o∏
j=1

exp
(
−ϕj

(
(Kjx)i

))
. (109)

In this formulation, the parameters are the weights in the linear operators K1,K2, . . . ,Ko

and any potential parameters of the potentials ϕ1, ϕ2, . . . , ϕo. The linear operators are typically
chosen to encode the common assumption that natural images are stationary, i.e., that the
likelihood of any feature in the image is independent of its spatial location. Although we do not
give a rigorous proof here, the model is stationary if the linear operators encode convolutions
with circular boundary conditions, which is our choice in this work.

Regarding the potentials, Roth and Black [82] originally utilized the potentials that correspond
to the leptokurtic Student-t distribution; a choice motivated by the empirical observation the
responses of natural images to filters follow a leptokurtic distribution. The belief that the factors
coincide with the corresponding filter marginals is a misconception that is sometimes found in
publications to this day, even though the seminal works of Zhu, Wu, and Mumford [103, 102,
104] clarified that potentials serve instead as dual variables in a maximum entropy problem that
ensure that the model marginals match target statistics rather than directly mirroring empirical
marginals.

Indeed, from a principled standpoint, potentials should have finite support since natural images
and their filter responses lie within bounded intervals. Thus, for a truly representative FoE model,
potentials should ideally reflect finite support dependent on the chosen filters. To approximate
potentials with finite support while simultaneously satisfying the smoothness requirements of the
various optimization and sampling algorithms, we utilize negative-log Gaussian mixture model
(GMM) as potentials. Explicitly, each potential is modeled as

ϕj(x) = − log

( W∑
i=1

wj,iexp

(
− (x− µi)

2

2σ2

))
, (110)

where the means µ1, µ2, . . . , µW are positioned on an equidistant grid within an interval [−ν, ν].
Here, the parameter ν ∈ R must be set large enough to account for strong filter responses but
should be small enough such that the potential can exhibit small-scale features where needed,
without the number of components becoming excessively large. The variance σ2 is chosen a-priori
and fixed.

In fig. 1, we demonstrate how negative-log GMMs can effectively approximate common poten-
tials such as those derived from the Laplace distribution, the Student-t distribution, or the Mexican
hat on the chosen interval. Outside of this interval, the potentials grow quadratically towards
infinity. This behaviour is intentional and simulates the theoretically desirable finite-support
property while remaining sufficiently smooth to support inference via first-order optimization and
sampling methods that are essential for during learning and during the resolution of the inverse
problems.

The structure of the model and the choice of the negative-log Gaussian mixture potentials
facilitate the explicit verification of the properties that are essential for valid energy-based
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Figure 1: Approximation of various densities via GMMs (left) and the corresponding potentials
(right). From top to bottom: Laplace; Student-t; Mexican-hat. To avoid clutter we only plot
every second component.

modeling. Specifically, the density defined by (109) can be shown to be a Gaussian mixture model
whose precision matrix is given by

1

σ2

o∑
i=1

(Ki)
⊤Ki. (111)

The rank of this precision matrix critically depends on the properties of the convolution matrices
K1,K2, . . . ,Ko. A full-rank precision matrix implies a valid Gaussian mixture density with respect
to the Lebesgue measure, whereas a rank-deficient matrix results in a distribution supported on a
lower-dimensional subspace without a valid density with respect to the Lebesgue measure. To
ensure a full-rank precision matrix, we adopt the approach from from [23] that construct the
filters k1, k2, . . . , ko that correspond to the convolution matrices K1,K2, . . . ,Ko from a linear
combination of the basis filters b1, b2, . . . , bb by

ki =

b∑
j=1

βi,jbj (112)

where the coefficients (βi,j)
b,o
i=1,j=1 are learnable. In particular, the basis filters b1, b2, . . . , bo are

given by the discrete cosine transform of size 5× 5, which results in o = 25 filters and ensures that
the precision matrix has full rank by a straightforward application of the convolution theorem so
long as all coefficients are different from zero. In practice, however, the constant basis vector of the
DCT is typically excluded during training to enforce equivariance concerning radiometric shifts.
To reconcile theoretical requirements with this practical consideration, we implicitly incorporate
smooth constraints on the excluded constant component to prevent radiometric biases, though
these constraints are rarely active during training.

5.2 Parameter estimation

We consider two different methods for estimating the model parameters: score-matching and
bilevel optimization. In detail, we define the target density as gσ ∗

(
1
N

∑N
i=1 δxi

)
with σ = 2×10−2
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and where N is the number of overlapping patches of size 96 × 96 in the BSDS500 training
dataset and x1, . . . , xN ∈ R96×96 are those patches.11 The parameters of the bilevel model and
the score-matching model were both found by optimizing the respective objectives with the
Adam optimizer [54]. The parameters β1 = 0.9 and β2 = 0.999 of the Adam optimizer were set
to standard choices, but we found it necessary to tune the learning rates of the coefficients of
the filters and the weights of the potentials separately. For both learning methods, we used a
learning rate of 1× 10−5 for the weights of the potentials, and used 2× 10−4 and 5× 10−4 for the
coefficients of the filters for the score-matching training and the bilevel training, respectively. The
parameter ν was set to 0.8, which is informed by the largest magnitude of any filter response prior
to training that was 0.8185.12 The negative-log GMM potentials were given W = 123 components
and the variance was chose as σ2

sm = 2ν
(W−1) for the score-matching training and as 1.5σ2

sm for the

bilevel training. The weights of all o = 24 potential functions were initialized with the vector

proj△W (w) (113)

where w ∈ RW with entries wi = − log(|µi| + 0.001)/10000, and proj△W is the projection onto
the W -dimensional simplex. Since we do not require a normalized model and in order to give the
model more freedom, we do not project the weights onto the simplex during training. Each of
the coefficients (βi,j)

b,o
i=1,j=1 of the filters is initialized with γ/oz where z is a standard normal

random variable and γ = 2.5 for the score-matching training and γ = 1.5 for the bilevel training.
In addition, for the bilevel training we introduced a learnable scalar λ that acts as the standard
tradeoff parameter in the variational problem. It was crucial to tune this parameter such that
initial reconstructions were reasonable; it was initialized with 1/25 and learned with learning rate
1 × 10−4.

The objective and the gradient with respect to the parameters for the minimization of the
Fisher divergence can be readily computed by plugging in the energy (108) into the denoising
score-matching loss (19) and the utilization of automatic differentiation frameworks such as
PyTorch [77]. In contrast, the bilevel learning approach necessitates the choice of the lower-level
problem and upper-level loss function, the resolution of the parameter-dependent lower-level
problem, and the subsequent computation of the gradient of the upper-level loss function with
respect to those parameters. For the upper-level loss function we stick to the standard choice
L(x, y) = ∥x− y∥2/2 due to its smoothness and its relationship to MMSE estimation. Motivated
by the significance of denoising algorithms for generative modeling as well as the resolution of
inverse problems in the form of regularization by denoising, plug-and-play methods, and diffusion
models, we choose denoising as the lower-level problem with variance 0.1 and resolve the lower-level
problem with the accelerated gradient descent with Lipschitz backtracking given in algorithm 8.
We compute the gradient of the upper-level loss function by utilizing the implicit function theorem
approach that we outlined in section 3.2. The Hessian-vector product (H(θ))−1∇xL(x∗(θ)) is
computed via 200 iterations of the conjugate gradient algorithm and the Jacobian-vector product
is computed via automatic differentiation.

5.3 Results

In contrast to energies parametrized by deep neural networks, the FoE model given in (108) has
a structure that lends itself towards interpretation through the plotting of the various learned
components, namely the learned convolution kernels and the learned potentials. We show the
models obtained by denoising score-matching and bilevel learning in fig. 2 and fig. 3, respectively.

11There was no noise added to the reference images in bilvel learning.
12As is well known, the filter responses are highly leptokurtic: The first and 99th percentile of the filter responses

prior to training were −0.1131 and 0.1161, respectively.
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Algorithm 8 Accelerated proximal gradient descent algorithm with Lipschitz backtracking.

Require: Number of iterations K, initial solution x0, initial L0, number of backtracking iterations
J , β ∈ (0, 1), γ > 1, relative tolerance r

1: x−1 = x0

2: for k = 0, 1, . . . ,K − 1 do
3: x̄ = xk + (xk − xk−1)/

√
2

4: for j = 0, 1, . . . , J − 1 do ▷ Lipschitz backtracking procedure [68]
5: xk+1 = prox 1

Lk
g(x−∇f(x̄/Lk))

6: if f(xk+1) ≤ f(x̄) + ⟨∇f(x̄), xk+1 − x̄⟩ + Lk

2 ∥x̄− xk+1∥2 then
7: Lk = βLk
8: break
9: end if

10: Lk = γLk
11: end for
12: end for
13: return xk

It is evident that both methods of obtaining the parameters suffer from spurious low-energy
regions that are a consequence of the fact that filter responses rarely or never land in these
regions during training.13 This could be remedied by careful hand-tuning of the parameter ν for
each filter at the beginning of the training, which is very laborious. An alternative would be to
simply discard those components of the GMM the resulting potentials that are responsible for
the spurious low-energy regions. This could be done by, e.g., recording the extreme positions of
the filter responses on the training set and setting the weights of components centered around
more extreme positions to zero.

After the models were learned, they can be used as priors in the resolution of inverse
problems. The inverse problems we consider are denoising, reconstruction from Fourier samples
and reconstruction from Radon samples. In detail, for all three tasks we construct the eight data
y1, y2, . . . , y8 ∈ Kd where K is either R or C as

yi = Axi + γ (114)

for i = 1, 2, . . . , 8 where A ∈ Kn×d is the matrix-representation of various linear forward operators
F that are described later and x1, x2, . . . , x8 ∈ Rn are the first eight images (lexicographical
ordering of the filenames) in the BSDS500 validation data set. We restrict our evaluation to those
eight images due to computational reasons. For denoising, the forward operator A is the identity,
which results in d = n. For Fourier sampling, A = MF : Rn → Cd where F : Rn → C⌊n/2⌋+1

describes the Fourier transform that accounts for the conjugate symmetry of the spectrum of a
real signal and M : C⌊n/2⌋+1 → Cd samples d entries of a vector with ⌊n/2⌋ + 1 entries. More
specifically, it retains 10 % of the low-frequency components and randomly discards 75 % of the
remaining components. For Radon sampling, A is the parallel beam projector provided by the
TIGRE library [8] with 800 detectors that are 0.8 pixels wide and acquires 150 projections whose
rotation angles are equispaced in the interval [0, π]. In all cases, γ is a vector of dimension d whose
entries are i.i.d. (possibly complex) Gaussian noise with fixed variance. In particular, the variance

13This “locality” of the denoising score-matching loss is a common criticism. Indeed, it sparked the invention of
diffusion models, which an ensemble of models trained with denoising score-matching with varying noise variance.
The locality becomes less and less of an issues as the variance increases.
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Figure 2: Filters (top) and corresponding potentials (bottom) learned via score-matching.
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Figure 3: Filters (top) and corresponding potentials (bottom) learned via bilevel optimization.
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was chosen as 0.1 for denoising, 2 × 10−3 for Fourier sampling, and 15 for Radon sampling.14

For the resolution of the inverse problem, we consider the posterior distribution

pX(x | Y = y) ∝ pY (y | X = x)pX(x). (115)

The likelihood pY (y | X = x) is derived from the measurement model and the noise distribution,
given explicitly by

pY (y|X = x) = (2πσ2)(−d/2)exp

(
−∥y −F(x)∥2

2σ2

)
(116)

based on the assumption of the additive white Gaussian noise in (114).
In the variational treatment of inverse problems, it is common practice to consider a modified

posterior
pλx(x | Y = y) ∝ pY (y | X = x)(pX(x))λ, (117)

where λ > 0 is as a tunable parameter. This parameter is an additional degree of freedom to
compensate for modeling mismatches between the learned prior and the underlying distribution,
to compensate for approximate inference schemes, or to fine-tune the performance of the model
with respect to some quality metric. In addition, it is common to consider a rescaled posterior of
the form

pλx(x | y) ∝ (pY (y | x)(pX(x))λ)T
−1

(118)

where T > 0 acts as a rescaling parameter that is analogous to a physical temperature. While
temperature rescaling can theoretically facilitate convergence by controlling the variance of the
distribution—such that as T → 0, the posterior increasingly concentrates around its highest-
density regions—it is introduced here explicitly to address practical numerical issues. Specifically,
in later experiments we find that using the ULA without temperature scaling leads to exploration
of spurious high-likelihood regions that arise due to artifacts from the training process. Introducing
the temperature parameter ensures the ULA sampler reliably explores regions near genuine modes,
effectively stabilizing the sampling and improving the quality of the posterior inference.

Although both MMSE and MAP inference strategies are feasible for models trained with either
bilevel learning or score-matching, a mismatch between the training objectives and the inference
methods typically leads to suboptimal results.15 Consequently, we pursue a MAP inference
strategy specifically for the model trained with bilevel learning and an MMSE inference strategy
for the model trained with score-matching. For the MAP inference, we use the accelerated
gradient descent with Lipschitz backtracking, as detailed in algorithm 8 and as used during
training. For the MMSE inference, we use the ULA detailed in algorithm 6 with the temperature
set to T = 1 × 10−1 for denoising tasks and T = 5 × 10−2 for reconstructions from Fourier
and Radon samples. We use the ULA since it is easy to implement and we are not necessarily
interested in obtaining unbiased samples due to the temperature rescaling, the introduction of
the weighting parameter λ, and the need to avoid spurious high-density regions. In summary,
we obtain a practical sampling scheme that is loosely tuned with respect to the visual quality of
the reconstruction rather than a sampling scheme that provably gives unbiased samples from the
posterior. As a baseline method for comparison, we use the anisotropic total variation regularizer
and solve the variational problem using the primal dual hybrid gradient algorithm [19]. Various

14These variances are chosen such that 1
8

∑8
j=1

∑d
i=1 |(Axj)i|2/d

10SNR/10 is approximately equal to a prescribed signal-to-

noise ratio SNR, namely 10 for denoising and 30 for Fourier and Radon sampling. For Fourier and Radon sampling,
the large difference magnitude of the variances is due to different normalizations of the forward operators.

15We observed these suboptimal results in our experiments but do not provide any results here for the sake of
conciseness.
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Figure 4: The watercastle image.

Backprojection TV Bilevel Score-matching

Denoising 20.01± 0.02 27.05± 1.60 28.03± 1.86 27.97± 2.05
Fourier 24.46± 1.97 26.30± 3.02 26.72± 3.16 26.88± 3.41
Radon −87.68± 2.95 24.79± 2.16 25.40± 2.28 25.32± 2.60

Table 1: PSNR in dB (mean ± standard deviation) of the reconstructions obtained by the various
methods, rounded to two decimals.

choices of parameters that are not discussed in detail in this manuscript can be found in the
online repository https://github.com/zacmar/ebm-inverse.

Qualitative results for denoising, reconstruction from Fourier samples, and reconstruction
from Radon samples of the popular watercastle image (shown in fig. 4) are presented in figs. 5
to 7, respectively. Since the marginal standard deviation is effectively determined by the choice of
the temperature, we omit a colorbar. Quantitative results in terms of peak signal-to-noise ratio
over the test set are provided in table 1.

The reconstructions obtained by the learned models are consistently of better quality than
those obtained by total variation regularization. The addition of the pixel-wise marginal standard
deviation serves as an illustration of one of the great benefits of the Bayesian approach, which
is that many quantities of interest, such as point estimators or indicators of uncertainty, can
be derived from the formal solution of the inverse problem, which is the posterior distribution.
Nevertheless, these superior results required extensive parameter tuning. Specifically, introducing
the temperature parameter in the ULA algorithm was essential to prevent exploration of spurious
low-energy regions arising from the locality inherent in score-matching training, effectively restrict-
ing sampling to modes of the posterior density. We anticipate that results can be considerably
improved by employing alternative, more robust training methodologies, such as combining
Kullback-Leibler divergence minimization with highly efficient Gibbs samplers, as demonstrated
successfully in [56]. Overall, these findings underscore the persistent challenges in conducting rig-
orous Bayesian inference for imaging tasks, even with rapidly expanding computational resources.
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Figure 5: Qualitative denoising results: The top row shows the data, which coincides with the
naive reconstruction, and the reconstruction obtained through total variation regularization. The
bottom row shows the reconstruction obtained through regularization with the bilevel model, the
MMSE estimate obtained through the sampling of the posterior of the score-matching prior, and
the corresponding pixel-wise marginal standard deviation.
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Figure 6: Qualitative results of reconstruction from Fourier samples: The top row shows a
visualization of the data, the naive reconstruction obtained by backprojection, and the reconstruc-
tion obtained through total variation regularization. The bottom row shows the reconstruction
obtained through regularization with the bilevel model, the MMSE estimate obtained through the
sampling of the posterior of the score-matching prior, and the corresponding pixel-wise marginal
standard deviation.
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Figure 7: Qualitative results of reconstruction from Radon samples: Top row shows a visualization
of the data, the naive reconstruction obtained by backprojection, and the reconstruction obtained
through total variation regularization. The bottom row shows the reconstruction obtained through
regularization with the bilevel model, the MMSE estimate obtained through the sampling of
the posterior of the score-matching prior, and the corresponding pixel-wise marginal standard
deviation.
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Therefore, continued research into efficient sampling methods for high-dimensional probability
densities remains critically important.
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