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Abstract

Weak-to-Strong Generalization (Burns et al.,
2024) is the phenomenon whereby a strong stu-
dent, say GPT-4, learns a task from a weak
teacher, say GPT-2, and ends up significantly
outperforming the teacher. We show that this
phenomenon does not require a complex and pre-
trained learner like GPT-4, can arise even in sim-
ple non-pretrained models, simply due to the size
advantage of the student. But, we also show that
there are inherint limits to the extent of such weak
to strong generalization. We consider students
and teachers that are random feature models, de-
scribed by two-layer networks with a random and
fixed bottom layer and trained top layer. A ‘weak’
teacher, with a small number of units (i.e. ran-
dom features), is trained on the population, and
a ‘strong’ student, with a much larger number
of units (i.e. random features), is trained only
on labels generated by the weak teacher. We
demonstrate, prove, and understand how the stu-
dent can outperform the teacher, even though
trained only on data labeled by the teacher. We
also explain how such weak-to-strong generaliza-
tion is enabled by early stopping. We then show
the quantitative limits of weak-to-strong gener-
alization in this model, and in fact in a much
broader class of models, for arbitrary teacher and
student feature spaces and a broad class of learn-
ing rules, including when the student features are
pre-trained or otherwise more informative. In par-
ticular, we show that in such models the student’s
error can only approach zero if the teacher’s er-
ror approaches zero, and a strong student cannot
“boost” a slightly-better-then-chance teacher to
obtain a small error.
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1. Introduction

(Samuel, 1959), in the first ever paper introducing the term
“machine learning”, emphasized how his learned system
outperformed its human teacher. More broadly, the idea of
a good student outperforming their teacher is much older,
as epitomized by the quote “Poor is the pupil who does
not surpass his master”, widely attributed to Leonardo de
Vinci.* Recently, Burns et al. (2024) discussed the con-
cept in the context of “superalignment” (weak humans con-
trolling strong machines), and suggested studying (strong)
student machines outperforming their (weaker) machine
teachers as a surrogate model. Burns et al. demonstrated the
phenomenon by fine-tuning a “weak’ teacher model, namely
a pre-trained GPT-2, on task-specific data with true labels,
and then using this “weak” teacher model to annotate data
for the same task, and fine-tuning a “strong” student model,
namely a pre-trained GPT-4, only using labels generated by
the “weak” teacher (see Figure 1). In these experiments, the
“strong” students indeed outperformed their “weak” teach-
ers, and Burns et al. asked for an understanding of this
weak-to-strong generalization phenomenon.

There are several mechanisms by which a student can out-
perform their teacher. A student can do a more thorough
test-time search, e.g. looking ahead more moves or thinking
of more ways to solve a problem. Taking a step further, on
problems where such a search can be helpful, a student can
also learn to internalize the search, learning a better value
function or next-action (or token) predictor through self-play
or training-time search (as in Samuel’s checker learner, and
modern RL-based training methods for LLMs). A student
might also be able to correct a teacher by having better induc-
tive bias, perhaps obtained through pre-training on similar
or related tasks. For example, a Chinese-speaking student
can outperform their non-Chinese-speaking teacher when
being taught to pronounce names of Chinese colleagues.

But can a student outperform their teacher simply by being
“bigger”, having more units and a larger representation, with-
out more specialized or specific inductive bias, nor more
or better pre-training? Does this require sophisticated mod-
els with emergent capabilities, such as GPT-4 scale deep
transformers, or can it also arise in much simpler models?

*The quote does not appear in de Vinci’s surviving writing and
its source is unclear to us
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Figure 1. Illustration of our setup for weak-to-strong generaliza-
tion. The teacher model of smaller size is trained on ground truth
labels, while the student model of larger size is trained with early
stopping on labels produced by the teacher model.

If the model sizes are further scaled up, will weak-to-strong
generalization be enhanced or diminished?

In the first part of this paper, we analyze and prove how
weak-to-strong generalization (i.e. a student outperform-
ing their student) can happen even in models as simple as
“random feature models”, i.e., two-layer networks with a
random bottom layer and only the top layer trained. More
specifically, we study the setup where the teacher and stu-
dent models are two-layer networks with Mty and Mgt
(hidden, random) units, respectively. The student model is
significantly stronger than the teacher, in the sense that it
has many more units than the teacher, Mgt > M7g. In
both models, we sample the bottom layer weights from the
same spherical distribution, and then train only the top layer
weights. As in Burns et al. (2024) and Figure 1, the teacher
model is trained with true labels, and the student model
is trained only with labels generated by the teacher. We
further assume that the teacher model is trained so well that
it attains the minimum possible population loss. Thus, the
only remaining source of error is the approximation error
due to the finite number of units.

We consider two different random feature models, corre-
sponding to two-layer networks with different activation
functions and input distributions: (a) ReLU activations with
an isotropic input distribution; and (b) linear activations with
a simple anisotropic input distribution. Denoting the teacher
and student predictive mean squared errors by L and LgT
respectively (normalized such that the null loss is 1), in both
cases we show that the student can infinitely outperform
its teacher, in the sense that the ratio Ls1/L1g can be
arbitrarily small. Thus, the Performance Gap Recovered
(PGR) introduced by Burns et al. (2024, see definition in
Section 2 Equation (7)) can be arbitrarily close to 1. Fur-
thermore, we show an even stronger gap, in the sense that
the student learns polynomially better: for ReLU networks
we show that we can have Lt = O (L) (Theorem 3.1,
relying on the Gassian Universality Ansatz), and for linear
networks with anisotropic inputs we show that we can

have Lst = O (£2) (Theorem 3.2).

As in Burns et al. (2024), we use early stopping when train-
ing the student—it is easy to see how in our setting early
stopping is essential: Since the student is more expressive
than the teacher, without early stopping they would just
replicate the teacher’s mistakes. In Section 5 we explain
how such early stopping allows the weak-to-strong gener-
alization described above, shedding light on its empirically
observed role.

Complementing these results, we also study the limits of
weak-to-strong generalization. In Section 4 we show that
the quadratic gap described above is the largest possible,
and in any random feature model we would always have
Lst = Q(LA5). In fact, this limit extends well beyond
random feature models, to models with arbitrary teacher
and student feature spaces (even if the student features are
highly specialized or pre-trained), with early stopped gradi-
ent descent (starting from zero initialization) or with other
convex regularizers. In particular, this limit implies that in
such settings, we can have vanishing student error Lgt — 0
only when the teacher error also vanishes L1g — 0, and
that if the teacher error is only slightly better than null, the
student error will also be close to null—we cannot “boost”
a teacher with a tiny edge to a near-perfect student.

Asymptotic Notation. We use O, O., and ., where ¢
is one or more variables, to indicate a multiplicative factor
that depends on c. E.g., for any two quantities exp, exp,,
that could depend on various variables including d and &,
writing exp; = Oy (exp,) means that there exists some
function f(d, k) and exponent 7 > 0 s.t. it always holds that

exp; < f(d, k) - expy - log" (exps).

2. Two Layer Networks, Random Features,
and the Weak-to-Strong Setup

We consdier learning a predictor f : X — ), where X =
R? and Y = R, aiming for small population loss £(f) :=
Eg~p[(f(x)—f*(x))?], where D is some input distribution
and f* : X — ) our target function. Learning is done using
two-layer networks with m units of the form

fou(®) = wio((u;, z)), (1)
=1

where 0 : R — R is some fixed activation function
(e.g. ReLU or linear), the bottom layer weights u; € R?
are randomly drawn

u U )
from some fixed distribution 2/ over R? (e.g. spherical Gaus-

sian or similar) and then fixed during training, and only
the top layer weights w; € R are trained. Such models,
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which amount to learning a linear predictor over the random
features defined by the outputs of the hidden units, have been
extensively studied as finite approximations of kernel meth-
ods (Arriaga & Vempala, 2006; Rahimi & Recht, 2007), as
models and limits of deep learning in certain regimes (Mei
et al., 2022) and recently also for deriving scaling laws and
optimal tradeoffs (Lin et al., 2024; Paquette et al., 2024).

Weak-to-Strong Setup. We train two networks, a ‘weak’
teacher network fieacher With Mg units, and a ‘strong’ stu-
dent network fiugeny With Mgt > Mg units. First, we
train the teacher network ficacher := fuw,,u, ON the true tar-
get labels (x, f*(x)) using very large amount of data. We
will model this by training the teacher on population. That
is, to train the teacher we draw the bottom layer weights
{u,i} f‘iTlE at random as in (2), and for most results in this
paper we assume that the top layer weights achieves the
population loss minimization (Condition 2.1):

Condition 2.1. The teacher model attains the minimum loss
among all possible models with the given bottom layers:

w; = arg min Egop [( Fuoa, () — f*(a:))Q] G

wERMTE

We denote the teacher’s population loss (which is the
minimal possible loss using its Mg random units) by
L1 = Egup {(fleacher(a:) — f*(:c))ﬂ We then train the
student on inputs © ~ D but only using labels fieacher()
generated by the teacher. To train the student, we draw
the bottom layer at random according to (2), initialize the
top layer weights to zero, V;ws ;(0) = 0, and train these
weights using SGD on i.i.d. samples x(n) ~ D labeled with
by the teacher:

wsi(n+ 1) = ws;(n)
.9
n aws,i

(fws(n),us (iB(TL)) - fleacher(m(n)))2 . @

Gradient Flow Limit. We assume that the student has
unrestricted access to the examples labeled by the teacher,
and so can take arbitrarily small learning rate 7 and an
appropriately large number of steps IN. Accordingly, we
study the behavior with infinitesimally small learning rate n
where the student’s dynamics (4) converge to the gradient
flow trajectory:

dws’i(t) _ 1 0
dt o Mgt 6wsﬂ;

&)
where we replaced the step number n with training time
t = nnMgt. We add an additional factor of Mgt here to
ensure the gradient flow has a proper limit when Mg — oo,
which will be useful in the analysis of the rest of the paper.
Gradient flow has been show to approximate the trajectory

EmND{(f'ws(t)yus (':E) - fleacher(m)) 2

of gradient descent well, both for 2-layer networks (Ali
et al., 2019) and for deep networsk (Elkabetz & Cohen,
2021). In our analysis, we consider a student trained
with the gradient flow dynamics (5) with stopping time T’
that needs to be specified and denote the resulting student

prediCtOf fstudent = f’ws(T)7us .

Infinitely Large Student. Furthermore, for simplicity we
consider an infinitely large student Mgt — oo (see formal
mathematical definitions in Section 6). All of our infinite-
width results can be extended to the finite-width case for
sufficiently large width.

Generalization Gap. We evaluate the student on the
ground truth labels (which they do not have access to!),
that is

EST = Eme[fstudent(w) - f* ("B))Q] (6)

We ask how the student error Lg compares with the teacher
error L7g and, in particular, whether and how it can be
smaller even though it only sees examples labeled by the
teacher.

To quantify the extent to which the student can best its
teacher, Burns et al. (2024) suggested the Performance Gap
Recovered (PGR), which is defined as':

Lrg —Lst _ L1E — LsT

PGR = -
Lrg— L&~ Lre

N

where /3%%}1 > 0 is the “ceiling performance”(Burns et al.,
2024) of the student (the loss the student model could poten-
tially have attained with direct access to the real labels). We
do not carefully define or analyze this ceiling performance,
since we provide lower bounds on the right-hand side in (7),
and hence on the PGR regardless of the ceiling.

Specific Activation and Data Models. We study two
different variants of the random feature model (aka 2-layer
network with random and fixed bottom layer) introduced
above, which differ in the choice of activation function and
input distribution:

Model 2.2 (2-layer ReLU Network). The activation func-
tions o(z) = max(z,0) is a standard ReLU function,
the bottom layer weights w are uniform over the sphere,
i.e. U = Unif(S?!) in (2), and the inputs z are also uni-
formly distributed on the sphere, i.e. D = Unif(S?~!). In
this model, we will consider target function f*(z) which
are sums of linear functions and even polynomials.

Model 2.3 (Linear Network). The activation functions
o(z) = z is linear (i.e. this is a linear neural net), and
the bottom layer weights w are standard Gaussian, i.e. i =
N(0,1I;) in (2). This time the inputs & are non-isotropic

"This definition in terms of loss is equal to Burns et al.’s
definition in terms of accuracy.
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and are drawn from a Gaussian D = N (0, ¥) with diagonal
covariance U = diag(v1, 12, . .., 1q) with ¢; decreasing.
Here, we will consider linear targets supported on the first
top few coordinates.

Model 2.3 is fairly general and was studied by e.g. Lin et al.
(2024) as a model for studying scaling laws. It can also be
thought of as capturing a model where each unit outputs
(u, ¢(x)), where ¢(-) captures what happens in additional
lower layers, which creates a non-isotropic representation
at the top layer.

3. Quantifying Weak-to-Strong Generalization

We are now ready to establish weak-to-strong generalization,
starting with the ReLU 2.2:

Theorem 3.1 (Weak-to-Strong generalization with 2-layer
ReLLU Network). Consider the ReLU Model 2.2 and the
weak-to-strong setup of Section 2, for any dimension d and
teacher size Mrg. Consider a target * that is an even
polynomial* of degree at most k normalized s.t. E[f*?] = 1,
with any even degree k. If Mrg > ©(d?*) and the student
is trained with some stopping time T = Og4 1 (log MTE),
then we have that with probability at least 1 — ML’I‘E

log® Mg, + log? Lrg >
Ltg |,

Lst < Oy ( =
TE

and so Lsv/L1E — 0 and PGR — 1 as Mg increases.

Furthermore, under the Gaussian Universality Ansatz’, forq[

d > 200, LTg = Qdk(ﬁ) and so as Mg — 0o we
TE

have that

Lst = Oay (LFE) .

For a more detailed statement spelling out the dependnce
on the degree k and stopping time 7" see Corollary E.3 and
for the proof see Appendix F.

Theorem 3.1 already establishes that in Model 2.2, weak-
to-strong generalization provably happens for a large set of

*Or more generally, a sum of a linear function and an even
polynomial.

YThe Gaussian Universality Ansatz states that when sampling
x the Gaussian universality holds for the eigenfunctions in the
sense that the expected risk remains unchanged if we replace them
with Gaussian with appropriate parameters (Simon et al., 2023).
In our setting, this can be differently stated as the expected risk for
Model 2.2 will remain unchanged if we replace it with infinitely
dimensional Model 2.3 with the appropriate covariance. Formally,
the lower bound on Lrg and an upper bound on 7T are conditional
on the eigenframework. This assumption has been empirically
verified in a number of settings (Simon et al., 2023; Canatar et al.,
2021; Wei et al., 2022; Misiakiewicz & Saeed, 2024).

IThis choice of dimension is arbitrary. We can get close to
Lst = Oa r(L%5) with a larger d.

targets, and for large teachers, we can get a performance
gap recovered (PGR) arbitrarily close to 1. We see also that
the PGR is not a fine enough measure of weak-to-strong
generalization, since the separation is obtained when the
teacher error is small, and the PGR does not tell us how
small the student error LgT can be as a function of the
teacher error L1g: having PGR — 1 only says that the
student error Lgt goes to zero superlinearly faster than
the teacher error L1g, but not how much faster. Indeed,
we can see that even in the ReLLU Model 2.2, the student
error is polynomially smaller, by an exponent of at least
1.49. This last result relies on the widely verified Gaussian
Universality Ansatz, and is also verified in our experiments:
in Figure 2(a), we show that when the target f* is linear,
with proper early stopping time, the loss ratio Lst/L1r
decreases when Mty grows. Furthermore, in Figure 2(b),
we observe the student loss Lgt is polynomially smaller
than the teacher loss L with an estimated exponent even
above our bound. Indeed, we expect our bound on the
behavior of ReLU Random Feaure Networks is loose, and it
might be possible to establish an even stronger separation.
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Figure 2. Weak-to-strong generalization happens in ReLU random
feature networks (Model 2.2) with input dimension d = 32, stu-
dent size Mst = 16384, and teacher size Mg € {16,...,256}.
We consider a linear target function f* () = (3, ) for unit norm
some [3. Figure 2(a) plots the ratio between student loss Lgt and
teacher loss Ltg, with varying teacher size Mrg and gradient
flow training time ¢. With appropriate stopping time, we see a
significant weak-to-strong generalization gain. This gain dimin-
ishes with overtraining and running gradient flow to convergence,
the student mimics the teacher, has the same error, and does not
excite weak-to-strong generalization. In Figure 2(b), we fit the
minimal student loss Lgt (at the optimal optimal stopping time for
each teacher size) as a power law function of the student loss L1,
confirming Theorem 3.1. See Appendix J for simulation details.

In order to demonstrate a stronger separation theoretically,
and also avoid the Gaussian Universality Ansatz, we turn to
the Linear Network Model 2.3:

Theorem 3.2 (Weak-to-Strong Generalization with Linear
Network). Consider the linear network Model 2.3, with
Uy =(1,...,1,%.,...,%,), where 1 is repeated k times
and 1, = (d— k)_2/3 is repeated d — k times, and a linear
target f*(x) = (B, x) supported by the first k coordinates,
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ie. B; = 0 fori > k that is normalized E[f**] = 1. In
the weak-to-strong setting of Section 2, for any k and d >
k + Ck3(where C is an absolute constant), and a teacher of
size Mrg = (d — k)?/3, if the student is trained until time
T = O(log M), we have that with probability at least
0.99 for all Mg,

Lst < O(kLAR).

In particular, for any fixed k, as d, Mg — oo, we have
that PGR — 1.

A more general statement for Model 2.3 that holds for any
covariance matrix ¥ and target is given in Theorem E.4. For
the proof, see Appendix D. We indeed observe the behavior
described by the Theorem in simulation experiments, as
presented in Figure 3, where we can see the student loss
Lgr is indeed quadratically smaller than the teacher loss
Lrg, already for moderately sized networks.
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Figure 3. Weak-to-Strong generalization happens in random linear
feature networks (Model 2.3). Here we used an input distribution
as in Theorem 3.2, with & = 1 and a target function f* = (e1, x)
where e, is the first standard basis vector. Figure 3(a) plots the
ratio between the student loss Lt and squared teacher loss L35,
with varying teacher size Mg, and where the dimensionality d =
M%{EQ as set as in the scaling of Theorem 3.2, as a function of the
gradient flow time ¢. With proper early stopping time Lst/Lhg
converges to approximately 1 as Mg grows, confirming that for
large Mg we have Lg o L% as in Theorem 3.2. This is also
confirmed in Figure 3(b), where we fit the student loss Lgt as a
power law function of teacher loss £1g, and recover an excellent
fit with an exponent very close to 2. We again see overtraining
diminishes weak-to-strong generalization. See Appendix J for
simulation details.

4. The Limit of Weak to Strong Generalization

In the previous Section we saw how a student can signifi-
cantly ourperform its teacher, even in random feature mod-
els. In particular, we showed that a quadratic reductoin in
error is possible. One might ask if in some cases an even
greater improvement is possible. Perhaps a cubic or higher
order polynomial improvement? In this Section, we show
that the quartatic improvement of Theorem 3.2 is the largest
possible in any random feature model. No matter the the

feature distribution and target, and how related they are, if
the teacher has error Lg, a student, even with many more
features, cannot obtain error better that Lg1 = Q(L1g).

In fact, we show that this limitation holds much more
broadly, not only in random feature models, but for any
teacher optimal on some set of features and for any student
trained with early stopped gradient flow on any other set
of features. The Random Feature models are a special case
where the teacher and student models are small and large
random subsets from the same feature distribution, but the
limitation holds even if the student features are pre-trained
or otherwise cleverly selected.

Furthermore, the limitation applies to a broad class of train-
ing methods, which go beyond just early stopped gradient
flow. All we require is that the learned predictor is shrinkage
optimal in the following sense:

Definition 4.1 (Shrinking Optimality). Given two func-
tions f, fuain : X — R, we say f is shrinnking-optimal
with respect to fiin if forany 0 < o < 1, E,((f(x) —

ftrain(m))Q) S Em((af(w) - ftrain(m))2)~

That is, all we require is that the training method returns
a predictor f which cannot improve its training objective,
simply by scaling down, or shrinking toward the origin.
Shrink optimality is satisfied by loss minimization on a
linear subspace (i.e. our learning rule for the teacher), or
more generally any convex class that includes the origin.
It is also satisfied by early stopped gradient flow over any
feature space or with any kernel, and with any stopping
time (including 7' = oo, which corresponds to just loss
minimization):

Lemma 4.2 (Shrinkage Optimality of Gradi-
ent Flow Solutions). For any feature map ¢(x)
and any target fyun(x) consider gradient flow
W = —VuEg [((w,é(x) — fiain(x))?] initialized
at w(0) = 0. Then at any time 0 < T < oo, the predictor
fr(x) = (w(T), ¢(x)) is shrink optimal w.r.t. figin.

Lemma 4.2 shows that in the Random Feature setup consid-
ered in Section 2, the teacher and the student both satisfy the
shrinkage optimality Definition 4.1, with respect to target
and the teacher predictor respectively.

With these definitions in place we are ready to state our
main lower bonud on weak-to-strong generalization:

Theorem 4.3 (Genereal Limitation of Weak-to-Strong
Generalization). For any target f* normalized
s.t. Eg [f*(a:)ﬂ < 1, for any teacher fioucher that is
shrinking-optimal to f* and any student fggen; that is
shrinking-optimal to fieacher, it holds that

(VI+3Lre — vI— Lrx)’

LsT > 1

3
> Zﬁ’sz'
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Corollary 4.4 (Limit of Random Feature Weak to Strong
Generalization). For any Random Feature Network Weak-
to-Strong training as in Section 2, any normalized target
E[f*?] = 1, and any student stopping time T, we have that

Lan > (\/1+3£TE_\/1_£TE)2
ST > 1

3
> = Lig.

For the proof of Lemma 4.2, Theorem 4.3, and Corollary 4.4,
see Appendix H.

Theorem 4.3 and Corollary 4.4 establish significant limits
on the extent of weak-to-strong generalization. We see that
although the PGR can be arbitrarily close to one, and the
student error can be quadratically smaller than the teacher
error, it cannot be any smaller than that. We cannot have
arbitrarily high teacher error and arbitrarily low student
error. In particular, we cannot have a situation in which the
teacher error is very close to the null risk E[f*?], i.e. the
teacher is barely learning, while the student error is low (if
L is closer to one, then Lg1 must also be close to one).
That is, weak-to-strong learning cannot significantly “boost”
a teacher that is only slightly better than chance. And, in
order for the student error to go to zero, the teacher error
must also go to zero.

These limitations hold not only in random feature mod-
els, but based on Theorem 4.3, also much more broadly.
First of all, they hold with any student and teacher feature
space—these need not be random. We saw in Section 3 that
a quadratic weak-to-strong improvement is possible even
with random features, with the same student and teacher
feature distributions. But what Theorem 4.3 tells us is that
even if the student features are much more specialized than
the teacher features, even if they are more aligned with the
taregt, or even if they are pre-trained, we cannot get any
larger improvement. Furthermore, this holds for a very gen-
eral class of learning rules. Beyond early stopped gradient
flow, using any type of convex regularizer (minimized at
the origin) or constraining to any convex hypothesis class
(which includes the origion) also ensures shrink-optimality.
Any such learning rule is still subject to the limitation of
Theorem 4.3.

The main caveat here is that the limitation applies only
with gradient flow initialized at the origin, with convex
hypothesis classes containing the origin or with convex reg-
ularizers minimized at the origin. Concretly, consider a
student that uses a pre-trained feature space, but trains the
top layer weights from scratch (starting from the origin).
This student is subject to the limitation of Theorem 4.3. In
contrast, consider a student that fine tunes a pre-trained top
layer, starting from the pre-trained initialization (or alterna-
tively, explicitly regularizes to be close to the pre-trained
model). Such a student is not shrink optimal and is not
subject to the limitation of Theorem 4.3. Indeed, if the pre-

trained model is already very good (at an extreme—if the
pre-trained model already happens to be better on the task
than the teacher), the student can be arbitrarily better than its
teacher (similar to the Chinese-speaking student outperform-
ing its non-Chinese-speaking teacher in Chinese). In the
setting of (Charikar et al., 2024), the difference is whether
the teacher and student classes contain the origin (in which
case shrink optimality holds and Theorem 4.3 applies), or
do not contain the origin. One can think of this distinction
in terms of whether the inductive bias specified by the fea-
ture space, learning rule, initialization, and hyopthesis class
is generic, i.e. extends from the origin, prefering certain
directions but not a particular point in predictor space, or
specialized, i.e. prefering not only particular directions of
features, but a very specific bias.

Note that the quadratic lower bound in terms of teacher error
for student error holds even in a bootstrapping setting with
multiple students, see Appendix G for details.

5. How Does Weak-to-Strong Generalization
Happen?

Linear Network. To understand how the strong student
can correct their weak teacher and obtain a lower error, let us
first consider linear networks as in Model 2.3. In this case,
both weak and strong models, ficacher(€) and fyudent (), are
linear functions of @, and thus can be written as fy, ., (z) =
(B, ) where 3 = U Tw. First, let us understand the stu-
dent’s learning rule. Let fudent(€) = fuw,u. () be the stu-
dent predictor. Learning a predictor f with an early-stopped
gradient descent shrinks f — f, ., in the direction of the
student’s random features o ({(us;, z)) = (Ustx); propor-
tional to the variance of each of the features ;. For a very
wide student, i.e. with Mgt — 00, the student’s features
will effectively be the coordinate directions x;, so the shrink-
age of f — fu,u. Will be proportional to the variance ; of
x; in directions x;. This is because as Mgt — oo, we have
that US—EUST — MgrI. This makes learning directions
x; with larger variance 1; (i.e. for smaller ¢) significantly
faster than the ones with smaller variance 1); (i.e. for larger
1). If there is a sudden drop in variance v; at index K, i.e.
Y > YK 1, the time to learn any direction x; fori < K
will be much smaller than the time to learn any of the di-
rections x; for ¢ > K. So, in this case, we can choose a
stopping time 7" to be such that all large variance directions
x; are learned, that is (f — fu w, ); i very small or in other
words ( fu,u,)i = fi, but all the small variance directions x;
of fuw,w, are close to initialization, i.e. zero. In this way, the
student predictor foudent(Z) = fuw,w, effectively learned the
high variance (i.e. small index ¢) directions x; of the teacher
predictor fieacher and zeroed out the small variance (i.e. large
index 7) directions x; of the teacher predictor fieacher- All
of this can be explicitly seen in the closed form solution of
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gradient flow in function space, Equation (5). Let us now
turn to the teacher. Although the signal f* (i.e. the target of
GF) is entirely in the first few high variance coordinates of
x, say {z; }i< k., if we have a small number of teacher nodes
Mg, they will not be directly represented in the hidden
layer, i.e. in Urgx. Instead, the teacher can only learn
Brr € span(Urg), and so learns Bt to be the projection
of f* to span(Urg). This means that fieacher() has some
energy (non-zero coefficients) in all the coordinates. The
student shrinkage will reduce the noise (i.e. teacher signal
uncorrelated to the ground truth) in low variance coordi-
nates by zeroing out the coefficients along those directions.
Therefore, the weak-to-strong improvement comes exactly
from improvement along the noise directions (i.e. directions
uncorrelated with the ground truth). Note that if we train
for too long, the effect will be the same on all directions,
so there will be no weak-to-strong generalization. So early
stopping is crucial in this setup.

As student training progresses we fit more of the teacher’s
signal (i.e. the target of GF), but the shrinkage effect reduces.
This can be seen in Figures 2 and 3, where overtraining
hurts weak-to-strong generalization. At the limit, as training
time goes to infinity, the student would converge to exactly
mimicking the teacher, and thus converge to the teacher
error, without any weak-to-strong benefit, as can be clearly
seen in Figure 2.

The difficulty of applying this reasoning is that we need
to establish that a significant portion of the teacher error is
actually present in the noise direction. In Theorem 3.1 and
Theorem 3.2, we not only show that a significant portion
of the teacher’s error L1y will be along the low energy
directions but also that when the number of teacher’s units
Mg is large, most of the teacher’s error lies along the low
energy, i.e. noise directions. Our main result, Theorem 6.5,
handles this difficulty. Proving that most of the teacher error
L is in the low energy directions allows us to conclude
that the PGR goes to 1 as the number of teacher units Mg
increases, instead of just being positive, and establish a
quantitative relationship between the student and teacher
errors.

2-layer ReLLU. For ReLU, we have a similar situation
except that the relevant directions for a wide student will
the spherical harmonics. Learning a predictor f, ., us-
ing f as a target with early stopped gradient descent will
shrink f — fi ., in the direction of the student’s ran-
dom features o ((us;, )) = ReLU({us;,x)), similarly
to the case of linear networks. The relevant basis for a
wide teacher, i.e. in the Mtg — oo case, is not the
coordinates of the input «; but rather spherical harmon-
ics ¢; i (x). The difference comes from the fact that our
probability distribution is now D = Unif(S?~1), and the
spherical harmonics {{¢; 1} % }2° | are the relevant ba-

sis here. In this basis, the teacher predictor is given by
fteacher(w) - quk ﬁi,kasi,k(m)-

The student will learn the teacher’s coefficients /3; j for ¢; j
faster for the spherical harmonics of lower order k. Since
the covariance of the features is given by the square of the
coefficients in the decomposition of the ReLU function in
the basis ¢; x, o7, they will naturally have jumps for certain
indices k. Similarly, for any one of these jumps at, say,
k= K,ie. oxg > o1, the gradient descent with a wide
student will learn the directions ¢, 1 (x) for k < K signif-
icantly faster than ¢; () for £ > K. So, again, we can
choose an appropriate stopping time 7" such that the student
predictor fy, .., learns the large variance directions, ¢; j for
k < K, of the teacher predictor fie,cher almost completely,
but is very close to the initialization, i.e. zero, for small
variance directions, ¢; , for k& > K. This means that the
student can denoise the direction of ¢; j, for £ > K. So, in
particular, if all of the signal f* is aligned with the directions
of the first ko order of spherical harmonics, then everything
the teacher learns in the directions ¢; j, for k > ko is the in-
correctly learned noise. Zeroing out this incorrectly learned
noise enables weak-to-strong generalization. To understand
the inner workings of weak-to-strong generalization in this
setup further, we turn to the dynamics of GF (Equation (5))
in Section 6. This will be simplified if we consider the
student’s network as a kernel.

6. General Multiplicative Weak-to-Strong
Improvement

In Section 6, we show a general result that describes weak-
to-strong improvement of a student described by a kernel
trained with gradient flow and an optimally trained teacer
with some fixed set of features, which is Theorem 6.5.

The application of Theorem 6.5 to the particular cases of
ReLU and linear random feature networks is delayed to
Appendix E.

Gradient Flow Dynamics Recap. We can rewrite Equa-
tion (5) in function space from parameter space in order
to analyze the infinite-width limit Mgt — oo in the same
space. To do that, it will be convenient to consider the
student to be described by its kernel

IC(:E, wl) = ]EuNunif(Sd‘l) [U(<U’7 :13>)0'(<’U,, :13/>)] . (®)

The kernel K can be decomposed as K(xz,z') =
Y es1 Aker(x)ep(x’), where {A;}52, are the eigenval-
ues of the associated kernel operator in descending order,
and {e;(x)}$°, are orthonormal eigenfunctions in the in-
ner product with respect to D, which we denote (-, )p,
ie. (e, e;)p = 6&;5. The inner product is defined as
(fig)yp = Egup [f(x)g(x)]. We can derive (see Ap-
pendix A) the following closed-form expression for the
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gradient flow dynamics of the student (Equation (5)) at time
t in the Mgt — oo limit:

ft = Z (1 - 67/\”) <.fteacher7 6k>'Dek (9)

k>1

We note that given data distribution D (and thus the inner-
product (-,-)p), the above solution of gradient flow at
time ¢ is only a function of target fieacher, time ¢, and the
kernel K, which we denote by f; = T;*(fieacher), Where
T/ 2 id — e7**, and id is the identity mapping. In other
words, if different two-layer networks have different bottom
layers but with the same induced kernel, they lead to same
training behavior under gradient flow. For an outline of the
derivation of gradient flow dynamics, see Appendix A.

Student-Teacher Improvement Bound for Early Stopped
Gradient Flow. First, in Lemma 6.2, we will derive a
bound on the error of a student trained with an early stopped
gradient flow in the weak-to-strong setup. Consider a gener-
alized 2-stage learning process of weak-to-strong setup from
Section 2, where the student is trained with gradient flow
for time ¢ with kernel KC on population given by the teacher
predictor fieacher i-€. as given by Equation (9) and denoted
with fi = T*(ficacher), but the teacher predictor can be
an arbitrary square integrable function in the eigenspace
of K. Furthermore, we require that the student’s kernel /C
correctly captures the prior of the target function f* in the
sense that f* is supported on the top-K eigenspace of
with nonzero eigenvalues:

Condition 6.1 (Ground Truth). f* is supported on the top-
K eigenspace of K corresponding to nonzero eigenvalues,
ie., if Ay = 0fork < K then (f*,ex)p =0and Vk > K :
(f*,ex)p = 0.

Then, we can bound the students error at time 7" with respect
to the ground truth f* in terms of the spectrum of the kernel
Ai-

Lemma 6.2. Under Condition 6.1 for any kernel K, any
Junction fieacher in the eigenspace of K, all stopping times
T > 0, and any index S > K, we have that for the
PWdinO” ft - 7;’C(ffeacher): then E(fT) S L(freacher) +

e~ KT

2_e KT Hf*||2D - (1 - )‘%’+1T2) Zk25+1 <.fleacher7 6k>2p

Lemma 6.2 is an intermediate lemma that shows that the
error of an early stopped GF solution with respect to the
grond truth f* can be bounded in terms of the target ficacher
and the projection of the target fie,cher into the eigenspace
of order > S 4+ 1, >, g1 { fieacher; €x)p- SO, to get the
final weak-to-strong upper bound (i.e. Theorem 6.5), we
show in Lemma 6.4 that for the optimally trained teacher,
the proportion of error in eigendirections of order > S+ 1 is
lower bounded by a quantity we call teacher-student feature
alignment.

Teacher-Student Feature Alignment. The key quantity
in our characterization of weak-to-strong generalization gap
is teacher-student feature alignment, kg. Let Mg = m
and let {e; }32, be the eigenbasis of the student’s kernel /.
Let w € R™ be the teacher’s weights, and let the teacher be

parametrized as fieacher = fu = Y10y Wigs» Where {g; }1;

are teacher’s units, i.e. features. Let the student’s predictor
attime T be fr. For S > K, let Ag, Bg € R™*"™ be the
Gram matrices of teacher’s features projected onto the top-S
eigenspace of K, i.e., Ag;; := Zf:1<gi, ex)D{Yj, €k)Ds
Bg; ;i = Zkzs+1<giv ex)p(g;, ex)p. Then we define the
teacher-student feature alignment kg as

1
T T ((VAS) Bs(VAS) )

kg measures the alignment of the teacher’s features with
the top-S eigenspace of the student kernel and is a com-
pletely deterministic quantity. As explained in Section 5,
this misalignment is crucial for enabling weak-to-strong
generalization in this setup.

(10)

We will refer to fw the optimally trained teacher. We will
require that no two units in the first layer of the teacher will
be linearly dependent among the first K directions {e; } X ;.

Condition 6.3. rank(Ag) = K.

Lemma 6.4 (Error Ratio of Weak-to-Strong Predictor in
High Order Eigendirections). In the random feature model
in Equation (1), under Conditions 6.1 and 6.3, if L(f,) =

MiNg, crm l:(fw/)v then Zk25+1<ﬁw7 €k>2p > Ks* ﬁ(fw)'

Lemma 6.4 shows that if the signal is spanned by first S
eigendirections then at least xg portion of error of the ran-
dom feature predictor in Equation (1) will be in the eigendi-
rections of order > S + 1.

Using Equation (9), Lemma 6.2, and Lemma 6.4 we can
understand how weak-to-strong happens from Section 5
more clearly. In this notation, in Section 5, ( ficacher, €% )D 1S
what we call §; and e;(x) are z; in Model 2.3 and spherical
harmonics ¢; ;(z) in Model 2.2. Note that since \;, are
decreasing, 1 — e~ **? is closer to 1 for larger eigenvalues
Ai, 1.e. smaller indices 4. In the special case that there is
K for which Ak is significantly smaller than Ag, then
for stopping time T' € (5, AK1+1 ), all e~ T all going to
be close to 0 for i < K, but e~ 7T fori > K + 1 will
be close to 1, effectively zeroing out fie,cher in directions
e>K+1. This means that in Lemma 6.2, the second term

SE || |13 will be small. Taking S = K + 1, the
thirm term will be close to kx4 portion of the error by
Lemma 6.4, which Lemma 6.2 shows that we zero out. This

is the intuition behind Theorem 6.5.

Multiplicative Error Improvement in Weak-to-Strong
Generalization. Our main result establishes multiplica-
tive error improvement in the weak-to-strong setup for a
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2-layer network teacher with any features, even non-random,
and a student described by a kernel K.

Theorem 6.5 (Weak-to-Strong Multiplicative Error Im-
provement). For any groundtruth f*, p.s.d. kernel KC and
positive integer K satisfying Condition 6.1 and any teacher
model freacner satisfying Condition 6.3 and Condition 2.1
( freacher attaining minimum loss), then for any time T > 0,
then the test loss of student fugen = ’TT’C( Sreacher) has the
following upper bound:

Lt < SiglfK{ (1—(1 =X, T?)ks) Log
6_”\KT .
+m“f ||%}

Theorem 6.5 shows that if there is a large enough eigengap
between \; so that kg is close to 1, then we can select the
early stopping time 7" so that the student is only left with
(1 — kg) fraction of teacher’s loss. Note that Theorem 6.5 is
completely deterministic and holds both or random and non-
random teachers. For the proof of Lemma 6.2, Lemma 6.4,
and Theorem 6.5, and the explanation for when equality
holds, see Appendix C.

7. Related work

Theoretical Understanding of Weak-to-Strong General-
ization. Lang et al. (2024) propose a theoretical frame-
work that establishes weak-to-strong generalization for clas-
sification when the strong student is assumed to learn func-
tions that are robust to mislabeled data among many cor-
rectly labeled neighbors. Shin et al. (2025) use this frame-
work to formulate a mechanism for weak-to-strong general-
ization for data with easy and hard patterns. Charikar et al.
(2024) study a general regression setup with squared loss,
where a key example is training only the last linear layer
of the teacher and student networks. They show that if the
strong student’s capacity is not large enough to express the
weak teacher’s function, then the student can outperform
the teacher by an amount quantified by how much the stu-
dent does not fit the teacher’s labels. Mulgund & Pabbaraju
(2025) further generalize this result to a broader class of
loss functions, including the cross entropy loss. Wu & Sahai
(2025) demonstrated that weak-to-strong generalization can
happen in an overparametrized spiked covariance model for
classification. (Ildiz et al., 2025) show that in a two-stage
learning process in high-dimensional ridgeless regression, a
student trained on teacher labels can be better than a student
trained on real labels (which is an effect of “distillation”
rather than “weak-to-strong”).

Charikar et al. (2024) and Wu & Sahai (2025) consider linear
models that are most closely related to our setup. Charikar
et al. (2024) consider a general regression setup with square

loss and (Wu & Sahai, 2025) consider classification with a
minimum norm interpolator. In the setup of Charikar et al.
(2024), if the teacher and student classes contain the origin,
our lower bound applies to their setting.

Empirical Work. Following up on Burns et al. (2024),
many works explored ways to leverage weak models to im-
prove the performance of strong models. Shin et al. (2025);
Li et al. (2024) propose data selection methods to improve
W2S generalization. Somerstep et al. (2025) propose to use
in-context learning to refine weak teacher labels. Yang et al.
(2024); Bansal et al. (2025) show that small models can be
effectively used to generate reasoning data with Chain-of-
Thought (CoT) for supervising large models - Bansal et al.
(2025) point out that this can be more compute-optimal as
compared to generating data from large models. Sun et al.
(2024) showed that a weak model can be trained as a reward
model on easy tasks and then used to guide the training of
a strong model on harder tasks. Ji et al. (2024) proposed a
plug-and-play module for alignment, where a small model
learns to redistribute the output of a large model. Tao & Li
(2025) systematically evaluated the performance of aligning
a large model with feedback from a small model instead
of human feedback. Yang et al. (2025) highlighted that the
strong model can deceive the weak model by being well
aligned only in the areas familiar to the weak model.

8. Conclusion

We prove that weak-to-strong generalization can happen
even in a simple model of two-layer neural networks with
random features. We show that in this case, the PGR (Per-
formance Gap Recovered) can converge to 1 when teacher
loss goes to 0. Additionally, we show an even stronger sep-
aration between the teacher and the student, namely that
the student error is polynomially smaller than the teacher
error. For the ReLU network, we show that the exponent
in this polynomial dependence is at least 1.49 while for the
linear networks, we show that it is 2. Further, we explain
that in his setup, early stopping is crucial for weak-to-strong
generalization to occur. We also explain that in this setup,
the weak-to-strong improvement comes from the student
zeroing out the teacher signal in the high-order eigendi-
rections (which in our setup are noise directions under the
condition that the ground truth is spanned by the first few
eigendirections). Most interestingly, we show that there is
an inherent limitation to weak-to-strong generalization in
random feature models trained with gradient descent or gra-
dient flow, and even more generally. Namely, we show that
if the target is normalized, the student error can be at most
quadratically smaller than the teacher error. Our quadratic
lower bound asserts that the student loss cannot be smaller
than the square of teacher loss, regardless of the choice of
student feature, the early stopping time.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. The phenomenon of weak to strong
generalization was introduced as a route to scalable over-
sight, where the weak model is the human overseer who
is trying to align the strong model, which is a super-AGI.
The current paper develops a fundamental understanding
of this phenomenon in the context of the random features
model. Currently, there are no societal implications, but in
the future, this work could lead to a better understanding of
the uses of W2SG in super alignment. But that is currently
hypothetical.
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Appendix
A. Gradient Flow Dynamics

We first introduce the function space view of gradient flow over the top layer of the student’s network Equation (5). The
main benefit of working in function space from parameter space is allowing us to analyze the infinite-width limit in the same
space. We first recall we parametrize the student as:

Ms

fstudem = f'l,us,uS (m) = Z ws,ia(<us,i7 :E>)
=1

Let o ;() = 0({us i, x)). Then, Equation (5) in function space is

d 1 &
afws(t),us () =— Msr ; Eyd {(fw. (t),u. (¥) = freacher(Y), 05,4 (Y)) 05,i(x) )
= — By [Kntsr (@, ) (fuo, (1) 0. () — freacher (9))]
where Kre, (2, ) = 37— SMsT o (@) 0s.i (y) is the empirical kernel.

Taking Mgt — o0, the solution of Equation (11) converges to the solution of the following equation:

(@) = By [K(2,9) (fo(y)  frasrer(w))], (12)
where

Kz, @) := Eyouira-1) [o((u, ))o((u, )] . (13)

The kernel KC can be decomposed as KC(x, ') = >, - Awer(x)er(x’), where Ay > A > A3 > --- are the eigenvalues
of the associated kernel operator in descending order, and e; (), ea(x), es(x), ... are orthonormal eigenfunctions, that
is, (e;,ej)p = 6;;5. This allows us to decompose the gradient flow dynamics (Equation (11)) into simple ODEs for each
eigendirection, which can be easily solved. With this decomposition, we can derive the following closed-form expression
for the gradient flow dynamics of the student (Equation (5)) at time ¢:

Jt= Z (1 - 6_/\”) <fleacher7 €k>D€k (14)

E>1

Theorem A.1 (Closed Form Solution to Gradient Flow Dynamics). Let K : X X X — R be a p.s.d. kernel with
eigendecomposition K(z, x') = > "=, Nie;(x)e;(t), where (e;,e;)p = &;;. For any f* : X — R, the equation of gradient
flow for a predictor f;

d *
&ft(fl’) = —Eyp [K(z,y) (ft(y) — ()], (15)
with initial condition given by fo = 0 has a closed form solution f;

ft= Z (1—e M) (f*, ex)pey.

k>1

Proof of Theorem A.1. To solve the gradient flow equation in (15), we project it onto the eigenbasis of the kernel operator
K. Let 8¢ = (f, ei)p be the coefficients of f;.

Taking the inner product of both sides of (15) with e;:

&5 = ~Eyn [0 ) e5)p (o) — ()]
= —Xj(e fe = [F)p
= —N(B] = (" e5)p)

12
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Solving this ODE with initial condition Bg =0

Bl =(1—e (" ej)p.
Therefore,

o0

fe=TFf =Y (1= e M) (f* e;)pe;,

Jj=1

which concludes the proof. O

B. Different Model Types

We will first introduce a model that is slightly more general than Model 2.3.

Model B.1 (Diagonal Covariate Features). Let {e;}°, be a fixed orthonormal basis of LT (X'). Take the random features
to be given by

)
E gaez DE;
=1

where {(g, e;)p}2, ~ N(0,A) where A = (A1, Az, ... ) in decreasing order.

Our results will hold for Model B.1 and they are more general than Model 2.3.

Proposition B.2 (Linear network as Diagonal Coavariate Features). To get Model 2.3 from Model B.1, we take A =
(Y1, 304,0,0,...), (x> zTu,z = 2 v)p = Zle i, and e;(x) = z;/\/i. Thus if we set g; in Model B.1 as
g(x) = = "u;, where U ~ N(0, 1), then {{g,e;)p}2; ~ N(0,A).

Proposition B.3 (ReLU Network as Diagonal Covariate Features). If in Model B.1 we take D = Unif(S*~1), {e;}22, to be
the spherical harmonics {{¢;, k}z 1152, and choose A = (01, ...,01,02,...,02,...,0k,...,0k,...), where oy, repeats
Ny, times, we recover the same feature covariance as in Model 2.2. Under Gaussian Universality assumptions, for this
instance of Model B.1, the teacher and the student risk behave the same as in Model 2.2.

Proof of Proposition B.3. In Model 2.2, the kernel induce by the random features is given by

K($7 %’/) = IE'u,wunif(Sd*I) [U(<ua $>)U(<u7 13/>)] .
A random feature in the ReLLU case Model 2.2 is given by

oo N
o((w,x)) = NeowPai((w, ) = on(¢r(w =3 orpin(w)dir(@).
k>0 k>0 k=0 i=1

A random feature in the Diagonal Feature Covariance case Model B.1 is given by

oo N
=3 girdir(x)
k=0 1=1
K(z,z') = Eu[o((u, z))o((u,z') w | Y ok(Dr(w), (@) - ox(Dr(w), (@) | = oi(Br(@), dr(a')).
k>0 k>0

On the other hand, we have that for Model B.1 the kernel is

K(z,z') = E,4 [g(z)g( By |33 gintin(®)gjud(x ng (dr(x), pr(x)).

ik g,

13
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B.1. Diagonalizability of the Feature Covariance in Model 2.3

In this section we establish the generality of Model 2.3. Namely, we show that one can assume that w is isotropic Gaussuian
distribution and @ has diagonal covariance if and only if their covariance matrices are codiagonalizable.

Proposition B.4 (Diagonalizability of the Linear Network Covariance). A linear network o(z) = z with bottom layer weights
u distributed accoding to a Gaussian distribution U = N (0, U,,) and the inputs x distributed according to D = N (0, U)
is equivalent to Model 2.3 if and only if V4, and V., are codiagonalizable, with ¥ = VTS;l/QVTSwVS;l/QV where V
is the shared basis.

Proof of Proposition B.4. Note that the distribution in the first case is given by z | * ~ (u,x) | £ ~ N(0,zX,zT). Note
further that for Model 2.3 with U we have that Z | & ~ (@, &) | & ~ N(0,¥). Now if £ = Ax for some A, then we
have that ¥ = cov(z) = cov(Azx) = ATY, A = ATV, S,V, A, where V, is the basis of 3, i.e. &, = V,I'S,V, for
S, diagonal. Since ¥ is diagonal. So ATV, S, V., Ais diagonal if and only if A = DV, for V,, a basis of ¥, and some
diagonal matrix D. So the distributions of z and Z are the same if and only if A = DV, and X, z7 = £V, D?V_a", so
Y. = V,D?*V,. O]

C. Proof of Weak-to-Strong Multiplicative Error Improvement

Here we present the proof of Theorem 6.5. We will introduce the following notation. Let Mg = m and let {e; }32, be the
eigenbasis of the student’s kernel XC. Let the units, i.e. features, of the student be functions g drawn from some distribution
G. For example, in Model 2.2, we gave that G is given by g(x) = o((u, x)) where u ~ unif(S?~!). Let w € R™ be the
teacher’s weights, and let the teacher be parametrized as fieacher = fu = 5oy Wigs» Where {g;}7™, are teacher’s units,

i.e. features. We will refer to fw the optimally trained teacher. Let the student’s predictor at time 7" be fr. Let H be the
Hilbert space of square-integrable functions with respect to D. Let ® € R™*™ be the Gram matrix of random units, i.e.,

®ij :=(0i,05)D = D_k>1(0i: €x) (0}, €x)p-

C.1. Preliminary Lemmas

Lemma C.1. Forall k, k' > 1,

A ik = k'
EE]~Q[<gaek>D<g7€k/>D] = { k lf )

0 otherwise.
Lemma C.2. Forc € [0,1),

(L—)b+A)—b)? < A%+ Qib?

Proof of Lemma C.2.

2
1 1
(L= 0+ )02 = (-8 - = (=0 1Ak 2o ) (o)
<(1—c)2-;A2+(2c—02)- i
- (1—¢)? (2-0)?
— A2 € p2
to
where the inequality follows from Jensen’s inequality. O

The following is a standard result on the generalized Rayleigh quotient.

Lemma C3. If XY € R™*"™ are symmetric PSD matrices, then

sup u Yu =\ ((ﬁﬁY(\/fﬁ) .

=
u€colspan(X) W Xu

14
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Proof. Letu € colspan(X) \ {0}. Then u = v X z for some z € R™ \ {0}. Thus,

uYu TV (VR YR,

u'Xu 2Tz

The equality is achieved when z is the top eigenvector of (v X)TY (v X)™. O

C.2. Proof of Theorem 6.5
Lemma C.4. Under Condition 6.1, forallT > 0,5 > K and w € R™, we have

) —AkT .
Lfr) < L) + 5z I B = A= 250 T Y (fwrerdd.

k>S41

Proof of Lemma C.4. By (9),

L(fr) = Z ((1 —e T (fusex)p — <f*aek:>D)2-

k>1

=: 4
We provide upper bounds for ¢, in three cases. First, for all 1 < k < K, by Lemma C.2 we have

N N 7)\kT
b= (1= ) uedp — (7 e1)0) < (v erdd — " ex)p) + 5o ()

—AxT

~ 2
< ((furer)d = (F ) + s (I en)

where we used the fact that e =7 < ¢ 2.7 for 1 < k < K.

Then, for K +1 < k < S, we have
by = ((1 — e 7)) (fur ex)p — <f*a€k>’D>2 =(1- 67’\’“T)2 (fuwsen)p < (<fwa€k>’D - <f*,€k>17>2-

Finally, for k > S + 1, we have e 7 > e=*s+17 > 1 — \g T, and thus (1 — e*AkT) < A%, ,T?. This implies the
following bound for ¢j;:

b, = ((1 — e ) (fuen)p — <f*7€k->17)2 = (1= e ) (fup, ) < N1 T (fuos )5

Putting all these together proves the following:

5
~ . 2 e_AKT ~
L(fr) < Z (<fw7€k>2'D —(f aek>D) + 3 o kT Z fren)p + A5 T2 Z (fw>er)D
k=1 k=1 k>S+1
; 2 2 e T ; 2
= (<fw’ek?>D - <f*7€k>D) 9 _ o AT Z A ek )‘S+1 ) Z <f'lD7ek7>D
E>1 E>S5+1
; e Mt 2 2 2 ; 2
:E(fw)erHf 1D — (1= A5, T7) Z (fuw,ex)D,
k>S+1
which completes the proof. O

m

It remains to bound Ek>5+1<fw7 ex)p. Let G : R™ — H be the linear operator that maps u € R™ to >\, u;g; € H.

Let Pf := Z w—1(f,er)ex be the projection operator onto the top- K eigenspace of I, and @ f be the projection onto the
span of {g1,...,9gm}- Then G*G = &, G*PG = A and Q = G*PTG.

In the following, we give a characterization of &.

15
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Lemma C.5. If A # 0, then R := QPQ # 0 and x equals the smallest non-zero eigenvalue of R.
Proof. If A # 0, then there exist 1 < ¢ < j < m such that (Pg;, Pg;) # 0. This implies R # 0 because (g;, Rg;) =
(PQgi, PQyg;) # 0.

Let pmin be the smallest non-zero eigenvalue of R. To see why £ = ppyin, We first express ppnin as the minimum of a
Rayleigh quotient:

. (a, Ra)
min — inf . (16)
p a€range(R) <Ck,Oé>
Then we have
range(R) = range(QPQ) = {QPGv |v e R™} = {GG*QPGv | v € R™}
={GG*"PGv |v € R™}.
Since A = G*P(G, we further have
range(R) = {GAv | v € R"} = {Gu | u € colspan(A)}.
Plugging this into (16), we have
) (Gu, RGu) ) (u, G*PGu) ) u' Au
Pmin = inf = inf L = in
u€Ecolspan(A) (Gu, Gu) u€colspan(A) <u, G*Gu> u€colspan(A) ul du
-1
u' du
= sup —_— .
u€colspan(A) u' Au
Since ® = A + B, we further have
-1 ~1
P sup ’UJT(A+B)’U, 1+ sup uTBU
min — u — = u —_ .
u€colspan(A) u' Au u€colspan(A) u' Au
By Lemma C.3, the supermum here equals \; ((\/Z)+B(\/Z)+) Therefore,
1
Pmin = = K,
1+ (VA B(VA))
which completes the proof. O
Now we give a lower bound for Zk25+1<fw, ex)% in terms of L(fuw)-
Lemma C.6. Under Conditions 6.1 and 6.3, if L( fu) = minyy crm L(fur), then
> fwier)d = k- L(fw), (17)

E>S+1
where the equality is attained iff f* = Ph* for some h* € H that is in the span of the eigenvectors of R := QPQ

corresponding to the eigenvalue 1 (if exists) and the smallest non-zero eigenvalue, which is k.

Proof of Lemma C.6. By Condition 6.3, f* € span{Pgy, ..., Pgn} = range(PG) = range(PQ), which implies that
there exists h € H such that f* = PQh. As w minimizes L(f), f« must be the least square solution and f,, = Qf* =
QPQh = Rh. So we have the following identities:

> fwren)d = I = P)fulln = |(I — PYQPQL|% = (h,QPQ(I — P)QPQh)y,

k>S54+1

L(fw) = 11" = fuld = [PQh — QPQR|* = ||(I — Q) PQL|* = (h, QP(I — Q)PQh)p .

16
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We can express the linear operators QPQ (I — P)QPQ and QP (I — Q)PQ in terms of R as follows.
QPQ(I - P)QPQ = (QPQ)(QPQ) — (QPQ)(QPQ)(QPQ) = R(R — R?),
QP(I - Q)PQ = QPQ — (QPQ)(QPQ) = R — R*.

Note that 0 < R < I since (f,QPQf)p = (Qf, P(Qf))p and 0 < (Qf, P(Qf))p < (Qf,Qf)p = (f, f)p. Let
Rf = Z;Zl pi{v;, f)v; be an eigendecomposition of R, where 1 > p; > po > -+ > p. > 0 and {vy,...,v,} are the
corresponding eigenvectors.

By Condition 6.3, A # 0. So by Lemma C.5, R # 0, r > 1 and p,, = k. Then we have

Y (fwrer)d = (b (R(R - R*)h),, = Zpi ~(pi = p)(hyvi)B

E>S+1
2 Z"{ (pi — p?)<hvvi>2D = kK- <h’ (R— R2)h>1) = kK- ﬁ(fﬂ))v
i=1

which proves (17).

To understand when the equality is attained, we note that the equality holds iff the inequality in the second line is an
equality. This means that for all 1 < ¢ < r, either p; € {1,k} or (h,v;)p = 0. Equivalently, i can be expressed as
h = p1hy + pohs for some py, o € R, where h; is an eigenvector of R corresponding to eigenvalue 1 and hsy is an
eigenvector of R corresponding to eigenvalue k.

In this case, f* = PQh = u1 PQhy + p2 PQho. This can be further simplified to f* = uy Phy + p2Pho = Ph since
hi, hy € range(R) C range(Q). O

Proof of Theorem 6.5. Putting Lemma C.4, Lemma C.6 and Lemma C.5 together, we have

. —AkT .
Lfr) < L) + 5z I 1B = (1= Xa T2 L(fo)

e—)\KT

= (1= (1 =231 T%)k) L(fw) + mﬂf*ﬂ%,
which completes the proof. O

C.3. General Lower Bound on ~g

‘We will bound

1
T TN (VA Bs(VAS) )
in the general case.
Let F'4 and F'g be defined as follows:
F, :span(eq,...,e;) = R™

Fa:hwe | (h,gj)D
Fp :span(ey,eji1,...) = R™

Fp:hw [ (h,gj)D

17
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We will denote FIZ and Fg their adjoint operators. We can rewrite the largest eigenvalue of (v/Ag) " Bs(\/Ag)™ as
M(VA Bo(VAS)) = s S EablpRav
vespan(ey,....es) VI Fy FAF ) Fav
Let H be a Hilbert space defined as
H = {linear mappings from span(es, ..., es) to span(es,es41,...)}
with the inner product defined as

J
(fi fYn = Z<f(ei)a f'(ei)p.

j=1
We will show the following lower bound first.

Proposition C.7. Forv € span(ey, ..., ey ) it holds that

VT FLFAF Fav > X 5(A)?|lv]l3.

Proof. Let Y7, uze; = Fi Fav. Then we have that

J J
VPN FAF Fav > (3 wier, Y wiei)p > [[ull3 > As(A)*|lv]l3.

=1 i=1

O
For the upper bound, we will use the concentration of ||F;§FA1;H2D.
Proposition C.8. Forv = ijl v;e; it holds that
J J
1L Favlp < | D IFEFacillp | | D o7
j=1 j=1
Proof. This follows immediately from Cauchy-Schwarz inequality. O

Proposition C.9. Let Y € H be such that (e;,Y (v)) = (ej, 9)p(g,v)D

J 00
IYIE =" D (e 9)blo. e

j=1k=J+1

%, that is ||Y ||z = | P<sgllpl|P>7419]lp.

so Y1 = [1P<sgl?1 P> 419

Furthermore, let Y; be the r.v. corresponding to the draw of the i-th feature g;. Then

FLFy = i}g

i=1

We have the following concentration bound in a Hilbert space.

Theorem C.10 ((Pinelis, 1994)). Let Y; be independent H valued random variable with E(Y;) = 0, where H is a seperable
Hilbert space. Assume that for every q > 2,q € N we have that E (||Y;||%,) < 3¢!B*>L972. Then, for alln € N and e > 0

we have
P (

n

1
FPIRG

=1

’/l62
>el| <2exp| — .
" ) - p( BQ—l—Le—l—B\/BQ—I—ZLe)

18
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Putting these together in the bound for A ((v/Ag) " Bs(v/Ag)™), we get the following.
Proposition C.11. The largest eigenvalue of (\/As)T Bs(v/As)T is bounded by

TIPS Fae;2
n (VS Bo( VA ) < 2= AIIJ(JZ & 1%

Proof of Proposition C.11. This follows directly from Proposition C.8 and Proposition C.7. O

We can now use this to bound the norm of F; Fy.
Proposition C.12 (Hilbert Space Concentration). With probability at least 1 — 2§

2
1
| FEFall3, < mB (log5)

where B is as defined in Theorem C.10.
Proof of Proposition C.12. In Theorem C.10, taking m?e? = mB?log® %, we get the desired result. O

We can lower bound the eigenvalues of A using matrix concentration results.
J

Theorem C.13. Leta = | (g, ex) as g ~ G be a row of A. Depending on whether the rows of A are subgaussian or

: k=1
bounded a.s. we have the following two bounds:

1. Under Model B.1, i.e. with Dy, = N(0,A) where A = diag(\1, Az, . ..), then with probability 1 — 2 exp(—ct?) it
holds that

A(A) >Ny (\/E— C\/j—tA>2,

if y/m > CVJ +ta, where C = O(L2) and ¢ = ©(1/ L) where Ly is the subgaussian norm of the vector a. In this
case Ly < Cy)i, where Cy is an absolute constant.

2. Under Model 2.2, i.e. if g = o((w, ) withw ~ unif(S4~1) and Ng+Ny+---+Ny_1+1 < J < Ng+Ny+---+Nj
and s is 1 or even, we have that with probability 1 — 2.J exp(—ct?)

As(A) > o2 (m—tA\/i)Q,

if\vm>ta V' J, where c is an absolute constant.

Under Model E.1, with probability 1 — 2J exp(—ct?) we have that
2
Aj(A) > 0'5 (\/E— tA\/j> ,

This computation allows us to lower bound xg in the cases of Model 2.2 in Appendix F and Model 2.3 in Model B.1.

Proof of Theorem C.13. We will use Theorems 5.39 and 5.41 in Vershynin (2012). These theorems say that if the rows of a
matrix are either bounded a.s. or sub-gaussian, then the singular values of this matrix are upper and lower bounded. Note
first that in both cases, A is a PSD matrix, so it’s sufficient to consider the singular values of A. In both cases, note that in
order to apply the theorems from Vershynin (2012) to a matrix X, we need to have (X)) = I, i.e. the rows of X have to
be isotropic random variables. Note that in both cases

Y(A)ij = Eg ((g,€i){(g,e;)) -

19
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If we let ¥ = X(A), we can apply these theorems to Y2 @, where G is such that A = GTG. In that case, the theorems
say that with corresponding probabilities that

s7(272G) > (Vim — eV J — ta)?

s1(272G) = (Vim — taV'T)?,
respectively, where s is the J-th singular value of a matrix. Note that we have that

57(G) > smin(32)5,(S72G).

Therefore, we get that with corresponding probabilities

A(4) 2 2,(9) (s,572@))
Here, we need lower bounds on m so that we can square the inequality and go from singular values to eigenvalues.
In the case of Model 2.3, we have that

Y(A);; = A

Therefore, we have that A ;(X) = A ;. Note that we are only left with verifying the conditions of the theorem. First is that
the rows of £~ 2 A are isotropic which is true by design. Second, we need that the rows of Sz A are subgaussian with a
subgaussian constant L,. Note note that if X ~ N (0, ¢) then || X||y, < Co for some absolute constant C. Note also that

lally, = sup,esr o7 ally, < \/O S, 22a22, < JOOSL, 2232 < \JOON L, a2 = JOION =
CgyA1. Note that therefore under Model 2.3, the conditions of the Theorem 5.39 in (Vershynin, 2012) are satisfied, so we get
that with probability 1 — 2 exp(—ct%)

2
A(A) = Ay (Vi = CVT =)

as long as \/m > ¢\/.J +t. Here C' = O(L?) and ¢ = O(Fr) in the sense that both C' and c are upper and lower bounded

by an absolute constant times the appropriate expression of L.

In the case of Model 2.2, note that since the target Condition 6.1 will not have anything in the directions with zero oy, we
can just ignore and reindex the basis functions. So, for now we will just write as if they are nonzero, but we will keep in
mind that we skip the zero . Therefore, we have that

Y(A);,; = diag(a%,a%, .. .,ag, .. .,ai, o),

where each o; repeats with the multiplicity IN; for i = 1 or i even (otherwise it’s 0). Furthermore, note that ||a||3 = J, so we
can indeed apply Theorem 5.41 from (Vershynin, 2012). Therefore, we have that with probability at least 1 — 2.J exp(—ct?)

Ai(A) = a(Vm — taVJ)?

where c is an absolute constant. O

D. Weak-to-Strong Bound Applied to the Case of Linear Networks
Proof of Theorem 3.2. Follows from Theorem D.5. O

Proof of Theorem E.4. This follows directly from Proposition B.2 and the general bound Theorem D.1. O

Theorem D.1 (Weak-to-Strong Generalization with Gaussian Feature Distribution). Under Condition 6.1, if Model B.1

holds for some K, and if the teacher attains minimum loss L1g = Luin, then for the student trained until time T we have
with probability at least 1 — % that

. (Zf:l /\i) (Zz'ois+l )‘i) (log m)2
Lsr < SHzl%{ AL m

2 e T x|
L1e+ As41T* LR +m||f ||’D’

Proof of Theorem D.1. This follows from Theorem 6.5 using Theorem D.4 and noting that we can replace g 172(1 —
ks) < Ag1 T2 O

20



Weak-to-Strong Generalization Even in Random Feature Networks, Provably

D.1. Proofs Related to The Case of Linear Networks

We first aim to show that the k-th moments of ||Y|l = ||P<s9l|p||P>7+19||p are bounded.
Proposition D.2. Ler X = "7 | a?X? where X; are i.i.d. standard Gaussian. Then for k > 2

K3

E (X*) <! (éafy.

n 2

Proof. Expanding the expression for X* = (Z imq 05 X 22) * and using linearity of expectation, we have that

Note that E(X?*') = (20 — 1)!! < 2% (a;)!, so we have that

B0 = Y B T @) B ((2)") < 3 2] (@) 2o

la|=k i=1 laj=k " i=1
k! " [e%} ! . @i
SDOL T | (SRR RRTD od | (0
|oo|=k i=1 lal=k i=1
k! m »
<KkY JH(Q(%)Q)
jal=k =1

where the last inequality is true because a! < k!. Note that 37, _, BTN, (2(a)?)™ = (0, 2a2) * 5o the final bound
is

E(X*) <kl > gﬁ (2(a;)?)™ = &! (zmj 2a$> :

la|=k i=1

This implies that [|Y||¥, is bounded for all k > 2 with an expression of the required form.
Proposition D.3. Let g ~ G with (g,e;) ~ N(0, A) with A = diag(\1, A2, .. .). Then for Y it holds that for all k > 2

E([[Y]5) <& (22&) (2 i )\i>

i=J+1

Therefore, in this case we can take B = \/2 (2 S )\i) (222,11 Xi) and L = \/(2 > )\1) (23002 701 X).

Note that Proposition C.12 applies in this case as well. Additionally, Theorem C.13 applies in this case.

Theorem D.4. Let g ~ G with (g,e;) ~ N(0,A) with A = diag(\1, A2, ...). Then with probability at least 1 — 26 —
2exp(—cy %ti) we have that
1

2 sm (0 A) (D5 M) (log 1)
(VR Bty < LR 3 ) (s ) Uoed)
As(4) 3 (Vi - OV - 1)
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where c¢1 and C' are absolute constants. Setting t 4 = \3 log %, 0= %, 01 =

we have

L we get that with probability at least 1 —

m’

sm (T2 A) (S41 ) (logm)?
A (\/ﬁfC\/Efkflognﬁ -

M ((VAs)" Bs(VAs)") <

If additionally m = w(S) and m = w((\1 logm)?) then with probaility 1 —

(Zf:l )‘i) (Zfig_i_l )\i) (log m)2 |

A% m

M ((VAS) " Bs(VAs)") <8

Proof of Theorem D.4. This theorems follows directly by taking the approproate lower bound from Theorem C.13 and
combining that with the Hilbert concentration bound Proposition C.12. O

D.2. Additional Proofs for Linear Networks
Proof of Theorem 1.4. This follows from Theorem D.6 by taking ¢; = 0.01, ¢,, = 0.01, m > @(aﬁ) and 0 = 0.01.

Note that since m = d L we can turn this inequality into an inequality with  and d, i.e a > O( . —it15 ). The last claim
also follows from Theorem D.6, since as m — oo the lower bound converges to 0.99 2~ +a and the probability to 1. O
Theorem D.5 (Weak-to-Strong Generalization with Linear Network). Consider Model 2.3 when f* is supported by the first
k coordinates, i.e. f* = Pax, where 3; = 0 for i > k and take f* to be norm 1. Take V¥, ( R T;, . m), where 1
is repeated k times and - is repeated N1(m) = am? times, with o = ”for anyn € [0,%] (sod =k + Nl( )). Then,

for all m > C\E", if the student is trained until time T = log m + log E with probability at least 0.99,

g
L
= Ly
log? m 1 1
Lst <k & Loy + — (logm +log —)*LtE + —L1E
m LTr m

So, for all m we have with probability at least 0.99,
Lst < O(kLAR).

In particular PGR — 1 as Mg — oo.

Proof of Theorem D.5. For k = 1 this follows from Theorem D.6. Consider  copies of Theorem D.6 with N (m) = $m?
each Upnt,..., U . Forexample, ¥,, ; = (1,0,...,0 L..,L1.0,...,0), were we have N(m) = Nl(m) repeating

Y m? ' m?
L Note that a set of weights w € R that the teacher chooses to optlmlze over all k£ problems is worse than choosing
a separate set of weights for each of the problems, so the loss will be greater than the sum of the losses in each of the
subproblems. So if L7 is the loss in the i-th instance, we have that Lrp > Y, L. Let B? be the norm of f* in

the directions of the basis functions corrresponding to the j-th subset of U,,,, i.e. sz = Zieﬂ/m,j 2. Note that by the

normalization of f*, Z;?:l BJ2 = 1. Furthermore, note that our setup is scale homogeneous, i.e. if we scale || f*||% by

c? then the loss will scale by c? as well. Therefore, we can apply Theorem D.6 to each of the k subprolems to get with
probability at least 1 — 2 exp(—1 (am?)°®) — 2 exp(—{m®™) that

m_"

—om /2 Hem _ (am2)1/2+6do¢> > 0. 983277 !
+

1

Lhp > B (0'991<;

a4
k

— m="1

Therefore, we have that Ltg > Z 10.98 jQ mmT =0.98 P E +1'
Tk

"here C' is an absolute constant given by Theorem D.4
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Now consider Theorem D.1 in this case. Set S = k. Then we get for i = L L0rg the upper bound since the sums of v; are

m
S ¥ =kand Y0, | ¥ = am respectively with probability at least 1 — 1&5 Ly — 2exp(—c;m!/4)

1 1 1

Lst < 40ka 10g2 mLrr + —(logm + log 7)2£TE + —L7g
m £TE m

where the constant 40 comes from the constant 8 from the upper bound and the constant from log % by setting § = 100m*.

Note now that since Lrg is lower bounded by mT;", we can combine log ﬁ and log m terms into

log® m Lo

Lst < 50k
m"

Here we bounded (log m + log 2k)? < 2log m. This exactly gives with probability at least 1 — % =2 exp(—cym!/*) —
2 exp(fi(amz)ﬁd) -2 eXp(f%mEm)

Lst < O(kL3g).
By setting ¢4 < % and €, < %, we get that by union bound over all m, with probability at least 0.99 for all m

Lst < O(kLER).

In Theorem D.6 we will establish a case where we can provably lower bound the teacher loss.

Theorem D.6 (Lower bound for Teacher Loss). In Condition 6.1 take f* = ey and in Model 2.3 take (g, e;) ~ N(0,A,),
where N, = diag(1, L, L . L) where L is repeated N(m) times. If N(m) = am? then for all eq, €y, € [0, 3]
with probability 1 — 2exp(—(am)®) — 2exp(—im™) we have L1 > 09917, — om—2tem — (qm)"2tedq,

Furthermore, as long as am (log %)2 = Q(m~2t<) for some e, > 0, 1 — § — 2exp(—cym3), we have that

Lst < 8am(log(3))*Lrg (1+ O(m™)).

LemmaD.7. Let G;j =Y .2, (gj,€:) (g1, €:), let H; j, = (g, ex) € R™*4 and let g = | (g;,e1) ~ N(0,91I,,) be
j=1

the rows of H, i.e. A = 1 I,,. Then with probability at least 1 — 2 exp(—‘zﬁ)for allv e R™
vIGv > (1 = §)tr(A)v .

Proof of Lemma D.7. Note that G = HH? so we have that v/ Gv = || H v||3. Note further that
d

H'v = |37, vi{gir ;) ~ N(0,vI4v]13),
. ~
since the entries Y., v;(g;, e;) are independent and each has variance 9| v||3.
Note now that

d m 2
IH v|5 =" (Z vz‘(giaeﬁ) ~ Y|l (28 +- + Z7),

j=1 \i=1

where Z; ~ N(0,1) are iid, i.e. |[HTv||3 ~ ¢||v||3X where X ~ x2. By concentation of x? distribution, we have that
with probability at least 1 — 2 exp(—%) that

vIGu = |H v|2 > (1 - §)ypdv v = (1 - 8)tr(A)v v.
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Proof of Theorem D.6. Let f—,j, be the teacher predictor. Note that we can rewrite this as

2 2
R 2 m m oo
Ep (f* _fw> =Ep [ei(2)® | 1= wjlgj,er) +Ep | | D wi Y (gj,ei)eil)
j=1 =1 =2
2 2
=1-2) wilgjen) + | D_wilgjer) | +Ep [ | DY wilgj eei(x)
j=1 j=1 i=1 j—1
2 2
=1-2> wylgj,en) + [ Y wilgjen) | +Y Ep | | Y wilgj.e:)
j=1 j=1 i=2 J=1
2 2
=1-2> wlgj,en) + [ Y wilgen) |+ (D wilge)
J=1 j=1 i—2 \j=1

Let [G]j1 = 2272595, €i){g1.e;) and g = | (g;, 1)
. .
Now, we can rewrite the above equation as follows.
. . 2 2
L(fw) =1=2Y wilgjer) + [ Y wilger) | +D (D wilgs e
j=1 j=1 i=2 \j=1

=1-2wl g+ (w'g)* + w Guw.
By Lemma D.7, we have that with probability at least 1 — 2 exp(— %) that
w Gw > (1 - )tr(N)w'w,

where d = N (m). Therefore, we have that

L(fw)=1-2w g+ (w'g)? +w ' Gw>1-2w"g+ (w'g)?+ (1 - tr(Aw’w.

The last expression is minimized for w = 79- Note that we have tr(A) = am. Note further that ||g||3 ~ x2,,

1
llgll3+(1—8)tr(A ,
50 it concetrates around m, i.e. with probability at least 1 — 2 exp(— 2=™

4

) we have
(1 +6m)m > [lgl3 > (1 = &m)m.

So overall, we have that with probability at least 1 — 2 exp(— ‘%2) —2exp(— %’2")

: _ lgll3 T 1 C Lol
> (1= et Sam) 0= (G —sem) 191

m(1+d,,) 2 1 2
(l_m(1+5m)+(15)am) +<1‘5)a((1+5m)+<15)a) (1—6)
(1-9)a 2m
14 0m+(1—08)a 1+6m+(1-0)a’
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Theorem D.4 in this case says that for J = 1 we have with probability 1 — § — 2 exp(fclm%)

1-LN(m) 1

1—k<8 (105(5))” = Sam(log(%))z.

Therefore Theorem 6.5 implies that with probability at least 1 — § — 2 exp(—cym ) with T = log(ﬁ)

(ST * (|12
s Tall}

1 1 1
Lst < Sam(log(g))QﬁTE + ﬁ(log(g))QﬁTE +

For 0 = ﬁﬁTE, i.e. for stopping time 7" = 2log m + log %TE

1 21log? m + log? =
Lst < Sam(log(g))QETE <1 +

LTE
m? - am((log %)2
As long as am (log %)2 = Q(m~2%¢) for some € > 0 this can be simplified to
1
Lt < 8am(log(5))2£TE (1 + O(mies)) .

Note that we can simplify the lower bound for L1, i.e. we have that with probabilit at least 1 —2 exp(— d%z) —2exp(— mifn )

ETEZ#
1+a+6,, —da

As long as ﬁ > 0, — da, this can be further simplified to

— 28,, — dau.

o
Ltg > 0.99— — 26, — da.
TE = 1+« @

Therefore, taking § = s L and §,, = ——, we have that with probability at least 1 — 2exp(—(am?)%) —
2 mz2 - cm

€d

2exp(—1mem) that

« 1 .
E >099—— —2 —5tem _ 2 —14eq .
TE = 1ta m (am ) o

E. Weak-to-Strong Improvement in Random Feature Networks.

In this section, we provide detailed versions of Theorems 3.1 and 3.2, namely Corollary E.3 and Theorem E.4, respectively.
Further, we show that the result for ReLU networks can be generalized to any activation function.

2-layer Network with Arbitrary Activation Function Further, we show that the result for ReLU Model 2.2 generalizes
to a 2-layer network with features drawn uniformly and any activation function, which we define in Model E.1.

Model E.1 (2-layer Network). Consider a 2-layer network with an activation function ¢ that is bounded on [—1, 1].
Let the distribution D be & ~ Unif(S?~1). The first layer parameters u; are initialized randomly isotropically, i.e.
u; ~ Unif(S?1). Let {0;}52, be the nonzero coefficients of the activation function o ({z,t)) in the basis of spherical
harmonics, i.e. o((x,t)) = >, . 0i¢: 1 (x)0; 1 (t), where the sum goes over only the nonzero o;. Here ¢; j, is the i-th
spherical harmonic of order k and is also the eigenbasis of the induced kernel (Equation (8))"*.

Theorem E.2 (Weak-to-Strong Generalization with 2-layer NN). Under Model E.1, let Condition 6.1 be satisfied for
groundturth f*, population kernel K (Equation (8)) and positive integer K. If Mt > K and the teacher attains the
minimum loss (Condition 2.1), then for any 6t € (0,1) and the student trained to stopping time T = é log %, with

probability at least 1 — MLTE — Kexp(—§ MI?E ) over the randomness of teacher features, it holds that

A o) (g1 07) log? Mg b 1\2 op ,
< j f = =S+ +1 1 - * )
LST - SH>1K{ o’gMTE ETE + o“[l{ 0g 5T [:TE + 2 _ 5T ||f HD

For the proof of this theorem see Appendix F.

“*The existence of such a decomposition follows from the Funk-Hecke formula
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2-layer ReLLU Networks. As a corollary, we have the bound for ReLLU networks. For ReL.U activation in Model 2.2,

the expansion of ¢ in the basis of spherical harmonics ¢y, ; will be (01,...,01,02,...,09,...) where each o, repeats
N = W times, which is the order of the k-th spherical harmonics in d dimensions. Furthermore, oy, is

nonzero only for even k and k = 1. Therefore, Condition 6.1 in this case amounts to f* being a sum of a linear functions
and an even polynomial of order at most k, where K = Ny + - - - + N.

Corollary E.3 (Weak-to-Strong Generalization with 2-layer ReLU NN). Under Model 2.2, let Condition 6.1 be satisfied for

[ for some K and let k be the corresponding degree. If the teacher attains minimum loss L1g = Ly, then the student

trained to early stopping time T' = U% log % will have with probability at least 1 — MLTE - K exp(—cMgE ),
k

) 11 1)° 07y ewyi2
(log MTE) . LTE + Od . IOg E £TE + ||f HD

Lst <O - -
ST = d( Oé\/MTE 2—0Or

1
VMrg
Here c is an absolute constant.

For the proof of this theorem see Appendix F.1.

Linear Networks Finally, we can state the general bound for linear networks, Model 2.3.
Theorem E.4 (Weak-to-Strong Generalization in Linear Networks). For Model 2.3, if f* is spanned by the first K

coordinates and if the teacher attains minimum loss L1y = Luin, then for the student trained until time T we have with
probability at least 1 — % that

s d
> i i i 1 2 — YT
Lor < S”;g({ (Zl,1 (Z )i}? —s1 ¥ ) ( Ogn;n) Lrg + st T2 Z:TE} T ;;ew Hf*HQD

For the proof, see Appendix D.

F. Weak-to-Strong Bound Applied to the Case of 2-layer NN
This section deals with the cases of Model 2.2 and Model E.1.

Proof of Theorem 3.1. In Theorem F.2, if we select 61 = ﬁETE, then with stopping time 7" = U% (log Mrg +log ﬁ)
k

we have that with probability 1 — 72— — K exp(—c222)

1
Lst < Og g (\/Mi (log MTE)2) L1E
TE
11 2 1 2
+ O ——— | (log M1 — log L L1 + L *1%.
4.k (Ui \/M—TE)(Og e — log L1g)” LTE Jis el f* D

This will hold if Mrg/log Mtg > K = N, + - - - + Ny so it suffices to have Mtg > (Ng + - - - + Ny)?. For our setup,
this is (Ng + - - - + Ni)? = ©(d?*). From this we have that

1
Lst < 04k <\/M7 (log MTE)Q) LTg
TE
1 1 1
+0 ———— ) (log® Mrg + log* £ Lty + ——L
d,k (J,‘i MTE> ( g TE g TE) TE NeveT TE

where we used the fact that the target is nomalized. Note now that from Lemma E.8, we have that o, can be absorbed into
the Og,x. So we have that

1
i (log MTE)2) L
T

1
%) log? LrpLlrE.
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This can be written as

log® M- log® £
»CST<Od,k<Og TE + 08 ATE »CTE>~

vV Mrg
Now, to get the right exponent, we need a sharp lower bound on L. We can get that under the Gaussian Universality Ansatz.

Under Gaussian Universality Ansatz, the teacher’s test risk L1 behaves like the deterministic equivalent Equation (20).
Therefore, Theorem D.6 applies, which tells us that

Lrg > O (Mg d* || f1I3) -

In other words, MTE < Oy k(ﬁTE)

Note that under Gaussian Universality, since Ltg is lower bounded polyonomially in Mg, we can absorb log2 L1E into
1og2 M~g. Therefore, we get

Lst < Og i ( (log MTE)Z) LrEg.

1
VMg
So we have that

log® Mg, +.L
< _— < 2o ),
['ST > Od,k ( MTE ﬁTE Od k (ﬁ )

Since we can take « to be close to g% , for d > 200 we will have this be 1.02 so the final exponent is 1.49. Finally, note

that here K is the number of nonzero oy, up to index k, so by Corollary F.9, it is of order ©(d¥). since c is an absolute
constant, for Mtg > O(d**), K exp(— MTE) < 37 and otherwise we can have the constant in Og,. O

Proof of Theorem E.2. This is given by Theorem F.1 fort4 = 5 MTE . Note that since Mg > K, Condition 6.3 holds
with probability one. O

Theorem F.1 (Master Bound for Weak-to-Strong Generalization with 2-layer NN). Under Model 2.2, if Condition 6.1 is
satisfied for f* and K. If \/m > t 4/ K and the teacher attains minimum loss L1 = Luin, then the student trained to
early stopping time T = G% log % will have with probability at least 1 — 25 — 2K exp(—ct?)

K

S 2 00 2 2 2
_ _ 1 1
Lor < inf m(2k7140-k)(2k75’+1 ;) log mETE-i- s+1 <log ) Lop bt o7 }
S>K ot(ym —taVK)? op or 2—0r

2
D

f*

Proof of Theorem F.1. Follows directly by instantiating Theorem 6.5 with the lower bound on xg given by Theorem F.4
and the lower bound on A j(A) given by Theorem C.13. Finally, we just choose T' = U% log é. O
K

F.1. Weak-to-Strong Bound Applied to the Case of 2-layer ReLU NN
Proof of Corollary E.3. This is given by Theorem F.2. O

Theorem F.2 (Weak-to-Strong Generalization with 2-layer ReLU NN). Under Model 2.2, if Condition 6.1 is satisfied for f*

and K, let k be the unique number such thqt No+: 4+ N1 +1< K< Ny+--++ Ng. If Mrg/log Mrg > K and

the teacher attains minimum loss L1 = Luin, then the student trained to early stopping time T = 0% log é will have
k

with probability at least 1 — MLTE - Kexp(—chTE)

—_

Lst < Og i ( (log MTE)2> Lrr

Mg

11 1)\?2
il log —
+ Oak (CTﬁ vMTE) (Og 5T> ETEJF

5o 1 I5-

Here c is an absolute constant.
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Proof of Theorem F.2. We will apply Theorem F.1. Note that the eigenvalues of the activation functions ¢ in this case are
o and note that for odd k£ > 1, we have o}, = 0. Note that we can just ignore the zero eigenvalues. So in this case, og
will actually be equal to o and o541 to o542 if we select S = Ny + - - - + N;. Take s from Proposition F.3. Then the
proposition says that we have

m(Ciy oENE) (23, ofNe) (log §)° _ o, | v (log 1)?
4 — 4
ot (m - tAﬁ) (\/a - tA\/?)

ol 1\? 11 1)\?2
A2 T2 =52 (loe — ) <O, — = (log — .
S+1 0'2 8 o = \/ﬁ O’I% 8 o

Therefore, from Theorem F.1, we have that with probability at least 1 — 2§ — 2K exp(—ct?q)

mi (log })°
(v )

11 1\? 1\? St
1 4 1 L * 2.
+6 (ﬁaz (Og 5T> > <0g 5T) Lrr + 2_5T||f I

Take § = L and take ¢, = m3 2\}? so that /m — tavVK > \/m/2. Then 2K exp(—cty) < L if et > K. Note that

therefore with probability at least 1 — %, we have

Lt < 64 Lrr

Lst < O4 ( (log MTE>2) Lrg

1
VMt

vo (L Y (ox ) Lows 0Ty
ot s ) \®or ) FTET o s WD

which completes the proof. O

F.2. Proofs Related to 2-layer NN

1 1
Proposition F.3 (Optimal choice of s). We can take s = mT@=9 + o, (1) (s is closest even integer to m3@-9 ) so that

ot (- )’ G

m(35 G ND) (S, 0EN) (o §)° _ ( my/im (log )°
>~ Yd

2
\2 T2_03+2 1 1 <6
s+t = T og S Yy
k

Note that this © hides absolute constants and d dependence.

Proof. Note that for & > d we have that N, = O(k?"2). This follows directly from the closed form N, =

W Furthermore, by Lemma F.8, we have that 07 = ©(k~(9*2)) for even k > d. Furthermore,

> he, 02Ny, = o(1). So, we have that
s 00 2
m(Yp—y oxNk) Qe 07 Nk) (log %)
1
ot (\/m — tA\/E>

Therefore, taking s = Mm@ 4 om(1), where o,,(1) is taken so that s is the closest integer to m 7@ . Then since
02 = O(s~(42)), we have that 02 = ©(m~7), s0 4 = ©(y/m). Note that 02, = @((m4<d1+2> +2)-(d+2)) — @(m~%).

Therefore o2, , = @(ﬁ) O
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Theorem F.4. Under Model 2.2, if Condition 6.1 is satisfied for f* and K, let s be such that Ng+ -+ Ns_1 + 1 < K <
No + - -+ + Ng. Then with probability at least 1 — 2§ — 2K exp(—ct?)

L) o (VA3 Bs(VAs)) < MEbEalle o iy iV i, o M) (1og 3)°
” oA ot (m—uﬁ)

where c is an absolute constant and § € (0,1). For s > 2 then withe probability at least 1 — 26 — 2K exp(—ct?)

(VA Bs(/Ap)*) < oW o8)”
o3 (\/ﬁ—tA\/?)

Proof. The first bound follows from Theorem C.13 applied to A ;(A) and Proposition C.12 applied with Corollary F.7. This
gives that with probability at least 1 — 25 — 2K exp(—ct?)

Al((m)+BS(m)+) < ||FJJ_£>’FAH2%-[ < m(3 oy G NK) (e o k4) (10g%) ‘
e ot (Vi - taVE)

The second bound follows by noting that Y- | 07Ny, = o((z, z)) = o(1). O

In this case, the basis of eigenfunctions can be taken to be the spherical harmonics {{y i} 2% }3° | where ¢y ; is the i-th
spherical harmonic of order & in d dimensions and Ny, = W is the dimensionality of spherical harmonics of
order k in d dimensions.

Proposition E.5 (Eigendecomposition of the kernel induced by random features in the case of 2-layer NN). Under Model 2.2,
the kernel induced by the random features is given by

=Y okion(@), n@).

k=1

Here, ¢y, : R — RN* is a vector of spherical harmonics of order k in d dimension, Nj, = W and oy, is the

k-th term in the decomposition of the ReLU functions o to the basis of {¢y }32;.

We provide the estimates for the size of o, in Appendix F.3.

Finally, we find B and L in the spherical case.
Proposition F.6. Under Model 2.2, if J = Nog + N1 + - - - + N, then

S
1P<sgllp = 0Nk

o0

1P>r19lp= > oilNe.
k=s+1
SoL=DB= \/(22:1 o2 Ni) (Zl?is—‘—l o7 Ng)-
Proof. We have that
Peyg = ondr(w) ¢p(x)
k=1
”PSJQH% = <Z 0k¢k(w Zgl¢l OLO] ¢k ¢k($), ¢l('w)T¢l(m)>D
k=1 k=11=1
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Now since ¢ (w) ¢y (x) = Zjvz"l ¢k, (W) ;(x) and since {¢y, ;} are orthogonal w.r.t D, only the terms of the form

Ok, (W)Pr i () ok j (w)Pr ;(x) remain. For these, we have that Ep (¢ ; (w)or () Pk ;(w)or () = ¢k7j(w)2 -1. So
we have that

1P<sgllp = > oildn(w)” ¢ (), ¢r.(w)" dn(2))p

k=1
S S
=Y otk (w)? =" 0PNy
k=1 k=1

The last step holds because ¢, (w)T ¢r(w) = N Pr({(w, w)) = N Pp(1) = Ny.
The same argument shows that || Py19(|% = Y50, 4 07Nk O

Corollary F.7. Under Model 2.2, if Ng + -+ Ns_1 +1 < J < Nog+---+ Ny then

L=B= [ _aiNg)(D_ oiNy).
k=1 k=s

This simplifiesto L = B < @(%), /5

Proof. Note thatif J = Ng+ Ny +--- 4+ Ns_1 + pforsome 1 < p < N, then we have that

s—1
IP<sglp> = ox Nk + po?
k=1
1P>s419]D = (Ni —p)os + > 0Nk,
k=s+1
O
F.3. Computation of the Kernel Eigenvalues for the case 2-layer NN
Proof. of Proposition F.5: For ReLU activation, we can do the following decomposition:
o({w,x)) ZNkUdek w, T) ng Gak(w), dak()),
k>0 k>0
Here oy, is given by
sa-2 rt ¢
k= | a 1| SP]@d(S)(l - 52)¥d5.
1891 Jo
Combining this with [S?~!| = 2”(1/)2 , we have
2
F(g) /1 o\ d=3
op = ——"— [ sPya(s)(1—s*)"7 ds.
VAT (45) Jo
The eigendecomposition of the kernel in this case is given by
K(x,a') = Ewlo((w, z))o((w,@)] = Ew | Y on(dr(w), ¢p(@)) - o (r(w), dr(a)) | =Y oi(¢r(@), pr(a”)).
k>0 k>0
O
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Now, we find the size of 0.

Lemma F.8 (Size of oy,). Depending on the size of d and k, the following holds for the size of coefficients of ReLU activation
r(4) 1 1

in the basis of Legendre polynomials oj, = AT(LT) C 3F (BT

(g)foreven k, o1 = ﬁ, and o, = 0 forodd k > 1.
2

Asymptotically, this means

] op = \/— + 9( ) o1 = i

k+1

2. If k= ©O(1), then for even k, o), = O(d™ "= ).

9,

d—1

3. If k> d, then for even k, o, = ©(k~ 2z ~

Proof. The third case is shown in (Petrini et al., 2022). To prove the general claim, we use the formula derived in (Petrini

et al., 2022)
op = N | Tg) (_ (—1)k @ (12t ]
Var(4gh) Tk + %) 2) ) di+=> o

Note that all terms will be multiplied by (1 — t2)2+% which is 0 at t = 1, so we only need to consider ¢ = 0. Note that if
a term has a nonzero power of ¢, it will be evaluated to 0. When taking j-th (j < k — 2) derivative of the expression above,
all the terms will be in the form of (1 — t2)l+%t8 times some constant that depends on d for some integers [ and s. So if
out of k — 2 derivatives we take a on the term with (1 — ¢?) and k — 2 — @ on ¢* (note that the ordering doesn’t matter as we

only add constants), in order to have term with no ¢ at the end, we need to have kK — 2 — a = s, but s = a so we have that
k—2

a = “5=. Therefore, the evaluated derivate equals exactly
dk=2 d—3 k—2 d—3 d—3 k+4 d-3
1 -tk k+—|... (k- (——-1)+ — k4+——1]...| — .
=] = (ko ) (e 0 ) = (e ) ()
d—1
Note that F(Fk(ﬁi%)l) =0 %11 IREESE therefore we can compute that
1 T4 1 d—3 k+4 d-3
%k = ok (Qd)q : d—1 d (k"' D) )"'(2+2)
VA4 (k—1+ %54 (5
r'(¢) 1 1
Ok = 1\ ok — —
VAL F () ()
g 1 1
ok = c = :
FTVAT(EL) 2kt d—1)((k—2)+d—1)((k—4)+d—1)...2+d-1)(d—1)
So,whenk:®(1)wehavethatthisisak:@(d%dfy):@(d’%),sincetheﬁrsttermis (%) O(d2). O

VAD(5E) T

Corollary F.9 (Size of 07 Ny,). The following bound holds for o Ny, for k even or k = 1 If k > d then 03 N, = O(k~%). If
k < dthen 0} N, = ©(d~1). If k > 1is odd, then 0} N), = 0.

Proof. We have for o7 Ny, that

s 1/ T\ @-1)d=141)...(d—1+k-2)

okl = g (fr(%)) T d-T7. (d-1i2Rd_1p ktd=2)
BYERCIRY (d—14+1)d—1+3)...(d—1+Fk—3) 1
_4<fr(d)> A s e i B e ey sy iy A L
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2
When k < d, we can just count the terms with d in the numerator and denominator and note that (m) = 0O(d).
2

For k > d, we just need to count the terms with & in the numerator and denominator. The results follow.

G. Bootstrapping

A natural question to ask is whether extending the weak-to-strong setup described in Section 2 to use a chain of students
can help break the limitations of Corollary 4.4. That is, training a teacher on the target, the first student on the teacher, the
second student on the first student, and so on in a bootstraped game of “telephone”, then finally asking if the final student
can be much better than the teacher. The lower bound of Theorem 4.3 and Corollary 4.4 do not apply here as-is, because
shrink-optimality is not transitive. That is, if f5 is shrink-optimal w.r.t. f1, and f; is shrin-optimal w.r.t. fieacher, this does not
imply fo is shrink-optimal w.r.t. fieacher- Instead, we provide a slightly weaker lower bound against a more general proprety,
which is transitive:

Theorem G.1 (Limitation of Weak-to-Strong Generalization with a Bounded Student). If the target f* is normalized,
Eonn[(f*())?] = 1, then for any teacher fracher shrinking-optimal w.r.t. f* and any student fyugent 5.t. Ea [ fomdens()?] <
Ey [fteacher(w)Q], we have that

It is easy to verify that the shrink optimality implies E,, [ f (ac)z} < Ez [ furain(%)?], and the transitivity of the inequality
now implies:

Corollary G.2 (Limitation of Weak-to-Strong Generalization with Bootstrapping). If the target f* is normalized,
Exp[(f*(x))?] = 1, then for any teacher fiucher Shrinking-optimal w.rt. f* and any chain of student f(l)

student’
1=0,2,...,00, where fs(,it)dm = freacher and fv(t;;;l)l is shrinking-optimal w.r.t. fy(l;)dem, we have that for all i > 1

2 1
Lt > (1 —V1- ﬁTE) > ZEQTE’

where Lgt ; is the test loss of the n-th student. In particular, this includes the case where the student f, ()

student
. i— 1
gradient flow w.r.t. f, Y(l;den),

is trained by

for arbitrary stopping time T}, and using arbitrarily (random or determnistic) features.
For the proof of Theorem G.1 and Corollary G.2 see Appendix H.

H. Proofs of Limitation of Weak-to-Strong Generalization

Proof of Corollary 4.4. This follows from Theorem 4.3 by noting that from Lemma 4.2 the teacher satisfies Definition 4.1
with respect to the target and the student satisfies Definition 4.1 with respect to the teacher. O

Proof of Lemma 4.2. We rewrite the claim of Lemma 4.2 as follows.

Lemma H.1 (Shrinkage Optimality of Gradient Flow Solutions). For any positive semi-definite kernel IC, time T > 0,
and ground truth f*, the gradient flow solution fr = T}*(f*) is shrinkage optimal with respect to f* in the sense of
Definition 4.1.

From Equation (9), the gradient flow solution is f7 = >, (1 — e **T)(f*, ex)pex. For shrinkage optimality, we need to
show that v = 1 minimizes Ey[(afr(x) — f*(x))?] for 0 < o« < 1.
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Expanding this expression in the eigenbasis:

2
Exl(afr(x) = f*(x))%] = > (1= e ) (f* ex)per — D (f* exn)pex (18)
E>1 E>1 >
= (a(l—e ™) —1)*(f*,e)h (19)
k>1
The proof is immediate by noting that 1 — e=**7 > 0 and (1 — e *7T) < 1 forall kand 0 < o < 1. O

Proof of Theorem 4.3. The proof is a straightforward geometric argument in the function space. Note first that Definition 4.1
gives a restiction of where the teacher predictor fi.,cne; can be in the function space with respect to the target f* and the
origin. Note that || feacher — f*||% < || fieacher — f*]|% for all 0 < a < 1 holds if and only if {fieacher, freacher — f*) < 0.
Similarlry, Definition 4.1 holds if and only if (fsudent, freacher — fstudent) < 0. This implies that the teacher predictor fieacher iS
inside the set fiacher € {f | [|f — L |l < 3[1£*||p}. Similarly, we have that fuwen € {f | |f — L2 || p < 1|l fieacher|| D }-
Bgth of these sets are spheres in the function space w.r.t. D-norm. Let S > 1 be such that ﬁeacher = 0 freacher and such that
<fteacher7 f* - fteacher> = 0. Then we have that

£TE =1- B2ftzacher + (6 - 1)2ft§acher =1- (26 - 1)f£acher'

Let fstudem the predictor inside the student set with the smallest risk, i.e. on the intersection of the line connecting f* and
f‘e“T“e and the boundary of the allowed student set. Note then that

2
;C(fgtuden[) _ (|f* i fteacher ||D B H fteacher D)

2 2
Note further that
* f her 1 1
||f - tea; : H2D =1- Bthiacher + (/8 - 5)2ft§acher =1- (ﬂ - Z)féacher'
Therefore, we have that
1-Lrg

foacher = -1

From this we get that

2

g 1.1-L 1 [1=2
E(fstuden[) = (\/1 — (ﬁ_ 1) 2ﬂ 7T1E _ 2\/ 2B T1E>

1 2
== 85—4 (\/4ﬁ—3+(4ﬂ—1)LTE— \/1_£TE>
Note that for 5 > 1 and L1 < 1 we have that
_ 1 2
L (\/45 3+ (48— 1)Lrs — /1 [ZTE>

1
2<1+£TE—\/1+2£TE—3£2TE).

v

The last inequality holds by noticiting that the function is increasing in /3, so it is minimized for 8 = 1 for 0 < Lrg < 1.

That is, since LsT > L( fsmdem) by design, we have that

1 3
Lsr > 5 (1 + L1E — \/1 +2L7E — 3£%E> > ZE%E-

The last inequality § (1 + Lrg —/1+2L7E — BE%E> > 3% holds for 0 < Lo < 1. O
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Proof of Theorem G.1. The proof is similar to the proof of Theorem 4.3. Similarly, we have that the teacher predictor is
bounded to the set fieacher € {f | [|f — % o < 2| f*||p}- The student predictor is in this case bounded to the set fyuden: €

{f | Hf”D < ||fteacher||D}- Letﬂ = <f* - fteacheﬁ f*> Note that from the condition fteacher € {f | ||f - LQ*”D < %Hf*”D}
we have that ( fieacher, /™ — fteacher) < 0 which implies that there is 5 > 1 for which we have (8 ficacher, f* — ficacher). Note

that L1 = || f* — fieacher||%- Therefore, we have that since || f*||% = 1

Ltg=1- ﬁ2ft§acher + (ﬂ - 1)2ft§acher =1- (26 - 1)ft§acher'
This implies that

1—-Lrg
ft%acher = 52 1 °
28 -1

Note that
‘CST > (Hf*HD - HfteacherH’D)2 = (1 - ||ft€acher||D)2

by the same argument as in Theorem 4.3. Therefore, we have that

2
1-Lrg
Lsr>|1—4|—F
ST = ( \/ 2 -1 )
Note that 1 —  / E%Tl“: is positive and increasing in /3, so the above lower bound is minimized for 5 = 1. Therefore

2 1
Lsr> (1= V1=Lrs) =2 L —2V/1—Lrn = ;L4

O

Proof of Corollary G.2. The proof is immediate from Theorem G.1 and the fact that the student fs(t?dem is shrinking-optimal
(i-1)

wort. £ implies that || £ llo < 1S enllep, which further implies that || £ I < || feacherl |- =

I. Deterministic Equivalent of the Teacher Error

Let £~( f*, m) be the deterministic equivalent of the test risk of our model with m random features trained on population loss
with target f*. Let sx be the eigenvalues of the activation function, i.e. the decompositon of the activation function in the
eigenbasis {e;}52,. Let * be the coefficients of the target f* in the eigenbasis, f* = Zfil B e;. To write down a closed
form of L(f*, m), we introduce the following notation S and v

S = diag(s1, s2,...)

m = tr(S(S +v)™h).
That is, v is the unique solution to this equation. According to Corollary 3.5 in Defilippis et al. (2024), the deterministic
equivalent of test risk has the following closed form then

L(f*,m) = v(B", (S +v)"'8%). (20)

I.1. Lower Bound for Teacher Error

We show a lower bound on the deterministic equivalent of test risk of a Random Feature Model with m features that we
consider in our setup. Under the Gaussian Universality Ansatz, the true test error of the teacher’s predictor L1y will behave
like its deterministic equivalent.

Theorem 1.1 (Lower bound for the Error of a 2-layer random feature ReLU). If f* satisfies Condition 6.1 for Model 2.3
with K such that for some k, No + -+ + N1 +1 < K < Ng + - - - + Ny, then for fixed d there exists o > % such that
for the deterministic equivalent of the test risk we have

5 1
* > 7d2 * 112 .
£ireom) = 0 (il )
We can take o = 2 + 04(1).
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Proof of Theorem I.1. Note that the eigenvalues of the activation function are o2 with multiplicity Ns. We want to lower
bound v. Assume that for large m, v < % Note that we have the following two things for s > d,

02 =0(s7 @) and N, = O(s%72).

The first follows from Lemma F.8 and the second one follows immediately from the closed form of N,. Note that in this
2

case we have that s; = o7. Note that then for o2 > v we have that —7+— > 3. Note that if v < -2 then we have that

for all s < ma+2 that 02 > v. Note that there is at least Ny, of those, where sy, is the largest such s. We have that

o d—2
Smax > m+2 But we have that IV, = 0(s9-2) > O(m“a2). Note also that with this choice of 5.y

Smax max

d—2

m=t(S(S+1) ) =Y S =3 N 2N, 5 2 Om ),
i=1

where 0, ; = 0.

Soif @ = &2 + 04(1) then we have a contradiction. Therefore v > —L- for this v = 42 + 04(1). Plugging this back in
we have
21 11
A opk _ z : *2 * 12
'C(f 7m) =V ;:1 O_Z_Q Yu ot Bi,j > 5”0_% i % ”f HD

L Also note that

_1
U;."-l-l/ = oitv”

oo o0

S; g 185

m:E < ==l
— s; + v v

i=1 "¢

For the last inequality, note first that o; < o3 so

sov < ZO}% Note that since Yo ; 02N, = o(1) = 1 we have that }_° | s; = 1. Therefore, it holds that » < --. This
finishes the proof. O

I.2. ReLU Network Error Upper Bound

Theorem L.2 (Upper Bound on Teacher Error with ReLU Network). If f* is spanned by the spherical harmonics of order
that is even and at mos k or 1, for Model 2.2 in fixed dimension d, we have the following bound on the deterministic
equivalent of the test risk

£ m) <0 (v )

Proof of Theorem 1.2. Note that

Zi’il Si

S; S
S;i +v v

m=t(S(S+v)"!) = Z

i=1

so we have v < Zl:Tls Since Zj; s; = o(1) = 1, we have that v < % Then we have that since f* is spanned by
harmonics of order at most &

0o 1 N; k 1 N ” k N; U
3/ px _ *2 _ *2 *2 * (|12
L(f*ym)=v E 210 E G| = V} :07.2+1/ E Bij < 210 § E Bi* = 2 JrV||f -
i=1 1t j=1 i1 Vi j=1 k i=1 j=1 k
Finally, note that o7 = ©(d~**1)) so we have -5 < L O(d*+V) 0
k

Remark 1.3. The same proof shows that in the Gaussian Features Model B.1 if the covairance structure is fixed we cannot
have a ©(1)-error asymptotic for any function that is learnable by the model as Mg — oo in fixed dimension.
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O(1)-error asymptotics Theorem 3.2 shows a quadratic gap between the student and teacher errors, but both errors
vanish as the model size Mg increases. Perhaps a more interesting and relevant scaling it a proportional scaling where
with larger model sizes we can handle increasingly more complex problems while still ensuring bounded error. A more
variant of the seperation result shows that for any asymptotic error, we can have a quadratic error gap even as model size and
dimensinoality jointly increase:

Theorem 1.4 (O(1)-error asymptotics for Linear Networks). For any o > 0 there exists d,, € N such that for all d > d,
Model 2.3 with f* = x1, g = (1, /3%, -1/ 3°7), and Mtg = 1/%, probability at least 0.99 we have

«
l1+a

Lrg > 0.98 and Lgr < 100L%g.

The proof can be found in Appendix D.2.

J. Experiment Details

In this section, we provide experiment details for simulating weak-to-strong generalization for both 2-layer ReLU networks
(Figure 2) and linear networks (Figure 3). All experiments are conducted on one H100 GPU, and are finished within 24
GPU hours.

To avoid the effect of randomness, experiments are repeated 5 times with different random seeds, 95% confidence intervals
are shown in Figure 2(a) and Figure 3(a).

For curve fitting in Figure 2(b) and Figure 3(b), we use numpy .polyfit with degree 1 after taking the log of teacher loss
Lrr and student loss Lg.

For linear network, we simulate the limit case where student size Mgt — co. The simulation follows Equation (9) with
AM=LXN=(d- 1)_2/ 3 for i > 1. Note this method is not viable for 2-layer ReLU network because \; is long-tailed for
2-layer ReLU network. Therefore, we set Mgt = 16384 in Figure 2.

K. Additional Experimental Results
K.1. 2-Layer ReLU Network Experiments

Figure 4 shows full experimental results for Model 2.2. It additionally includes d = 16 and 64 compared to Figure 2. We
observe that when d = 64, the student loss Lg is polynomially smaller than the teacher loss L1, with a higher estimated
exponent compared to d = 32. When d = 16, the curve suggests a sudden change of optimal early stopping time, which we
believe is caused by lack of student size Mgr.

However, due to GPU memory limit, we are not able to increase Mgr. Thus we conduct ablation study with smaller Mgt to
investigate the impact of Mgr. In Figure 5, we compare the loss ratio curve between Mgt = 8192 and Mgt = 16384. We
observe larger gap between the two when teacher loss Ly is smaller, i.e., for small d and large M. Therefore, it is not
hard to believe that Lgt = ©(L2.,) for this setting as well. We leave it as future work.

K.2. Linear ReLU Network Experiments

Figure 6 shows full experimental results for Model 2.3. It shows the same conclusions as Figure 3, but with £ = 10 and 100,
providing additional verification of Theorem 3.2.
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Figure 4. Weak-to-strong generalization happens in 2-layer ReLU networks with input dimension d = 16, 32, 64, student size Mst =
16384, and teacher size Mtg € {16, ...,256}. We consider target function f™ be a linear function, i.e., f* = (3, x) for some 3 of unit
norm. The top figures plots the ratio between student loss Lg and teacher loss L1g, with varying Mg and gradient flow training time ¢.
In bottom figures, we fit student loss Lt as a power law function of L. The empirical observations align with Theorem 3.1.

2
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(a) Mst = 8192,d =16 (b) Mgt = 8192, d = 32 (¢) Mst = 8192,d = 64

Figure 5. Abalation of weak-to-strong generalization in 2-layer ReLU networks. We use same setting as Figure 4 and compare the results
with smaller student size Mgt.
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Figure 6. Weak-to-Strong generalization happens in antitropic random linear feature networks (Model 2.3). Here we used an input
distribution as in Theorem 3.2, with k = 1, 10, 100 and a target function f* = (3, &) where [ is a unit norm vector with non-zero values
for first k& coordinates. The figures the ratio between the student loss Lsr and squared teacher loss £3, with varying teacher size Mg,
and where the dimensionality d = M%{; + k as set as in the scaling of Theorem 3.2, as a function of the gradient flow time ¢. With proper

early stopping time Lst /L% converges to approximately 1 as Mg grows, confirming that for large Mg we have Lst o< L35 as in
Theorem 3.2.
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