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ABSTRACT

s

Recent work in language modeling has raised the possibility of “self-improvement,
where an LLM evaluates and refines its own generations to achieve higher perfor-
mance without external feedback. It is impossible for this self-improvement to
create information that is not already in the model, so why should we expect that
this will lead to improved capabilities?

We offer a new theoretical perspective on the capabilities of self-improvement
through a lens we refer to as “sharpening.” Motivated by the observation that
language models are often better at verifying response quality than they are at gen-
erating correct responses, we formalize self-improvement as using the model itself
as a verifier during post-training in order to ‘sharpen’ the model to one placing large
mass on high-quality sequences, thereby amortizing the expensive inference-time
computation of generating good sequences. We begin by introducing a new statisti-
cal framework for sharpening in which the learner has sample access to a pre-trained
base policy. Then, we analyze two natural families of self-improvement algorithms
based on SFT and RLHF. We find that (i) the SFT-based approach is minimax
optimal whenever the initial model has sufficient coverage, but (ii) the RLHF-based
approach can improve over SFT-based self-improvement by leveraging online
exploration, bypassing the need for coverage. Finally, we empirically validate the
sharpening mechanism via both inference-time and amortization experiments. We
view these findings as a starting point toward a foundational understanding that
can guide the design and evaluation of self-improvement algorithms.

1 INTRODUCTION

Contemporary language models are remarkably proficient on a wide range of natural language
tasks (Brown et al., 2020; Ouyang et al., 2022; Touvron et al., 2023; OpenAl, 2023; Google, 2023),
but they inherit shortcomings of the data on which they were trained. A fundamental challenge
is to achieve better performance than what is directly induced by the distribution of available,
human-generated training data. To this end, recent work (Huang et al., 2022; Wang et al., 2022; Bai
et al., 2022b; Pang et al., 2023; Yuan et al., 2024) has raised the possibility of “self-improvement,”
where a model—typically through forms of self-play or self-training in which the model critiques
its own generations—Ilearns to improve on its own, without external feedback. This phenomenon
is somewhat counterintuitive; at first glance it would seem to disagree with the well-known
data-processing inequality (Cover, 1999), which asserts that no form of self-training should be able
to create information not already in the model, motivating the question of why we should expect
such supervision-free interventions will lead to stronger reasoning and planning capabilities.

A dominant hypothesis for why improvement without external feedback might be possible is that
models contain “hidden knowledge” (Hinton et al., 2015) that is difficult to access. Self-improvement,
rather than creating knowledge from nothing, is a means of extracting and distilling this knowledge
into a more accessible form, and thus is a computational phenomenon rather than a statistical one.
While there is a growing body of empirical evidence for this hidden-knowledge hypothesis (Furlanello
etal., 2018; Gotmare et al., 2019; Dong et al., 2019; Abnar et al., 2020; Allen-Zhu & Li, 2020), particu-
larly in the context of self-distillation, a fundamental understanding of self-improvement remains miss-
ing. Concretely, where in the model is this hidden knowledge, and when and how can it be extracted?
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Figure 1: Validation of BoN-Sharpening at inference time. (a) The percent improvement over
greedy decoding that BoN for N = 50 exhibits on accuracy on 6 tasks and 7 models, colored by
performance. (b) The affect that increasing /N in BoN has on percent accuracy improvment over
greedy for 7 different models. (c) The distribution of sequence-level log probabilities of BoN with
N=1 sampled completions from Phi3.5-Mini on the MATH dataset, conditioned on whether or
not the completion is correct. Correct completions are noticeably higher likelihood than incorrect
completions, demonstrating the utility of inference-time sharpening.
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1.1 OUR PERSPECTIVE: THE SHARPENING MECHANISM

In this paper, we posit a potential source of hidden knowledge, and offer a formal perspective on how
to extract it. Our starting point is the widely observed phenomenon that language models are often
better at verifying whether responses are correct than they are at generating correct responses (Huang
et al., 2022; Wang et al., 2022; Bai et al., 2022b; Pang et al., 2023; Yuan et al., 2024). This gap may
be explained by the theory of computational complexity, which suggests that generating high-quality
responses can be less computationally tractable than verification (Cook, 1971; Levin, 1973; Karp,
1972). In autoregressive language modeling, for example, computing the most likely response for
a given prompt is NP-hard in the worst case (Appendix D), whereas the model’s likelihood for a
given response can be easily evaluated.

We view self-improvement as any attempt to narrow this gap, i.e., use the model as its own verifier
to improve generation and sharpen the model toward high-quality responses. Formally, consider a
learner with access to a base model mpase : X — A()) representing a conditional distribution that
maps mapping a prompt 2 € X to a distribution over responses (i.e., Tpase (y | ) is the probability
that the model generates the response y given the prompt x).! In applications, we consider Tp,se to
be trained either through next-token prediction, or through additional post-training steps such as SFT
or RLHF, with the key feature being that 7, is a good verifier, as measured by some self-reward
function rse1¢(y | 2; Thase) measuring model certainty. The self-reward function is derived purely
from the base model 7p,se, Without external supervision or feedback. Examples include normalized
and/or regularized sequence likelihood (Meister et al., 2020), models-as-judges (Zheng et al., 2024;
Yuan et al., 2024; Wu et al., 2024a; Wang et al., 2024), and model confidence (Wang & Zhou, 2024).

We refer to sharpening as any process that tilts m,,s. toward responses that are more certain
in the sense that they enjoy greater self-reward rs.1¢. More formally, a sharpened model
T is one that (approximately) maximizes the self-reward:

%(Z‘) ~ arg maxrself(y | €T 7rbase) (1)
yey

Note that, in Eq. (1), y denotes an entire response, rather than a single token. Sharpening may
be implemented at inference-time, or amortized via self-training (Section 2). Popular decoding
strategies such as greedy, low-temperature sampling, and beam-search can all be viewed as instances
of the former (albeit at the token-level).> The latter captures many existing self-training schemes

!Our general results are agnostic to the structure of X', ), and Tpase, but an important special case for language
modeling is the autoregressive setting where ) = V¥ for a vocabulary space V and sequence length H, and
where Tpase has the autoregressive structure mpase (y1:5 | ) = HhH:1 Tbase,h (Y | Y1:h—1, ) fory = y1.a € V.

*More sophisticated decoding strategies like normalized/regularized sequence likelihood (Meister et al., 2020)
or chain-of-thought decoding (Wang & Zhou, 2024) also admit an interpretation as sharpening; see Appendix A.
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(Huang et al., 2022; Wang et al., 2022; Bai et al., 2022b; Pang et al., 2023; Yuan et al., 2024), and is the
main focus of this paper; we use the term sharpening without further qualification to refer to the latter.

We refer to the sharpening mechanism as the phenomenon where responses from a model with the
highest certainty (in the sense of large self-reward r¢.1¢) exhibit the greatest performance on a task
of interest. Though it is unclear a-priori whether there are self-rewards related to task performance,
the successes of self-improvement in prior works (Huang et al., 2022; Wang et al., 2022; Bai et al.,
2022b; Pang et al., 2023; Yuan et al., 2024) give strong positive evidence. These works suggest that,
in many settings, models do have hidden knowledge: the model’s own self-reward correlates with
response quality, but it is computationally challenging to generate high self-rewarding—and thus
high quality—responses. It is the role of (algorithmic) sharpening to leverage these verifications to
improve the quality of generations, despite computational difficulty.

1.2 CONTRIBUTIONS

We initiate the theoretical study of self-improvement via the sharpening mechanism. We disentangle
the choice of self-reward from the algorithms used to optimize it, and aim to understand: (i) When and
how does self-training achieve sharpening? (ii) What are the fundamental limits for such algorithms?

Algorithms for sharpening (Section 2). The starting point for our work is to consider two natural
families of self-improvement algorithms based on supervised fine-tuning (SFT) and reinforcement
learning (RL/RLHF), respectively, SFT-Sharpening and RLHF-Sharpening. Both algorithms amor-
tize the sharpening objective (1) into a dedicated post-training/fine-tuning phase:

* SFT-Sharpening filters responses where the self-reward 7se1¢(y | @; Thase) is large and fine-tunes
on the resulting dataset, invoking common SFT pipelines (Amini et al., 2024; Sessa et al., 2024).

* RLHF-Sharpening directly applies reinforcement learning techniques (e.g., PPO (Schulman et al.,
2017) or DPO (Rafailov et al., 2023)) to optimize the self-reward function 7se1¢(y | «; Thase)-

In the remainder of the paper, we introduce a theoretical framework to analyze the performance of
these algorithms. Our main contributions are as follows.

Maximum-likelihood sharpening objective (Section 3.1). As a concrete proposal of one source of
hidden knowledge, we consider self-rewards defined by the model’s sequence-level log-probabilities:

7“self(y | l) = log Wbase(y | 1’) @

This is a stylized self-reward function, which offers perhaps the simplest objective for self-
improvement in the absence of external feedback (i.e., purely supervision-free), yet also con-
nects self-improvement to a rich body of theoretical computer science literature on computational
trade-offs for optimization (inference) versus sampling (Appendix A). In spite of its simplicity,
maximum-likelihood sharpening is already sufficient to achieve non-trivial performance gains over
greedy decoding on a range of reasoning tasks with several language models; cf. Figure 1. We believe
it can serve as a starting point toward understanding forms of self-improvement that use more sophis-
ticated self-rewarding (Huang et al., 2022; Wang et al., 2022; Pang et al., 2023; Yuan et al., 2024).

A statistical framework for sharpening (Sections 3.2 and 3.3). Though the goal of sharpening
is computational in nature, we recast self-training according to the maximum-likelihood sharpening
objective Eq. (2) as a statistical problem where we aim to produce a model approximating (1) using
a polynomial number of (i) sample prompts x ~ pu, (ii) sampling queries of the form y ~ Tpase(),
and (iii) likelihood evaluations of the form mpase (v | ). Evaluating the efficiency of the algorithm
through the number of such queries, this abstraction offers a natural way to evaluate the performance
of self-improvement/sharpening algorithms and establish fundamental limits; we use our framework
to prove new lower bounds that highlight the importance of the base model’s coverage.

Analysis of sharpening algorithms (Section 4). Within our statistical framework for sharpening,
we show that SFT-Sharpening and RLHF-Sharpening provably converge to sharpened models,
establishing several results: (i) SFT-Sharpening is minimax optimal, and learns a sharpened
model whenever 7,55 has sufficient coverage (we also show that a novel variant based on adaptive
sampling can sidestep the minimax lower bound); (ii) RLHF-Sharpening benefits from on-policy
exploration, and can bypass the need for coverage—improving over SFT-Sharpening.
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Empirical Investigation (Appendix E). In addition to our theoretical results, we explore empiri-
cally the extent to which our theoretical framework can aid language models in a variety of tasks. In
Appendix E, we consider three choices of self-reward on an extensive list of model-dataset pairs and
conclude that sharpening can often improve performance. We then implement one of our algorithms,
SFT-Sharpening, on a subset of these model-dataset pairs and observe a significant positive effect
on performance. A summary of our inference-time experiments can be found in Figure 1.

1.3 RELATED WORK

Our work is most directly related to a growing body of empirical research that studies self-
improvement/training for language models in a supervision-free setting with no external feed-
back (Huang et al., 2022; Wang et al., 2022; Bai et al., 2022b; Pang et al., 2023; Yuan et al.,
2024). The specific algorithms for self-improvement/sharpening we study can be viewed as applica-
tions of standard alignment algorithms (Amini et al., 2024; Sessa et al., 2024; Christiano et al., 2017;
Bai et al., 2022a; Ouyang et al., 2022; Rafailov et al., 2023) with a specific choice of reward function.
However, note that the maximum likelihood sharpening objective (2) used for our theoretical results
has been relatively unexplored within the alignment and self-improvement literature.

On the theoretical side, current understanding of self-training is limited. One line of work, focusing
on the self-distillation objective (Hinton et al., 2015) for classification and regression, aims to provide
convergence guarantees for self-training in stylized setups such as linear models (Mobabhi et al., 2020;
Frei et al., 2022; Das & Sanghavi, 2023; Das et al., 2024; Pareek et al., 2024), with Allen-Zhu &
Li (2020) giving guarantees for feedforward neural networks. To the best of our knowledge, our
work is the first to study self-training in a general framework that subsumes language modeling. See
Appendix A for a more extensive discussion of related work.

2 SHARPENING ALGORITHMS FOR SELF-IMPROVEMENT

This section introduces the two families of self-improvement algorithms for sharpening that we study.
Going forward, we will omit the dependence of rge1¢ On Thase, When it is clear from context. We will
also use the notation arg max .y or arg min_ .y to denote exact optimization over a user-specified
model class II for theoretical results (Agarwal et al., 2019; Foster & Rakhlin, 2023); empirically,
these operations can be implemented by training a neural network to low loss.

2.1 SELF-IMPROVEMENT THROUGH SFT: SFT-Sharpening

SFT-Sharpening filters responses for which the self-reward rse1¢(y | ;) is large, and applies
standard supervised fine-tuning on the resulting dataset (Amini et al., 2024; Sessa et al., 2024;
Gui et al., 2024; Pace et al., 2024). This can be viewed as amortizing inference-time sharpening
via the effective-but-costly best-of-/N sampling approach (Brown et al., 2024; Snell et al., 2024;
Wu et al., 2024b). Concretely, suppose we have a collection of prompts z1,...,z,. For each
prompt, we sample N responses ¥; 1, . .., ¥; N ~ Tpase(- | #;), then compute the best-of-N response

yPN = arg max e nj{7se1r(¥i,j | i)}, scoring via the model’s self-reward function. We compute

n
7°N = arg max E log w(y?N | ;).
mell 55

This is a simple, flexible self-training scheme, and converges to a sharpened model as n, N — oo.

2.2 SELF-IMPROVEMENT THROUGH RLHF: RLHF-Sharpening

A drawback of the SFT-Sharpening algorithm is that it may ignore useful information contained
in the self-reward function rse1¢(y | «). Fixing a regularization parameter 5 > 0 throughout, our
second class of algorithms solve a KL-regularized reinforcement learning problem in the spirit
of RLHF and other alignment methods (Christiano et al., 2017; Rafailov et al., 2023). Defining

E‘ITH = Ezwu,ywﬂbase(-lm) H and DKL(7T H 7Tbase) =E, [IOg ngs(ey(lqj)z) ] » we choose
T & arg Hl}[aX{Eﬂ- [rself(y | .T,‘)] - BDKL(W || 7Tbase)}- 3)
S

The exact optimizer 75 = arg max, cp{Ex[Tse1¢(y | )] — BDkL(7 || mbase) } for this objective has

the form m5(y | ) o Thase(y | ) - exp (B 'rsers(y | )), which converges to the solution to the
sharpening objective in Eq. (1) as 8 — 0. Thus Eq. (3) can be seen to encourage sharpening.
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There are many possible choices for what RLHF/alignment algorithm to use to solve (3). For our
theoretical results, we first implement Eq. (3) using an approach inspired by DPO and its reward-based
variants (Rafailov et al., 2023; Gao et al., 2024). Given a dataset D = {(z,y,y’)} of n examples
sampled via x ~ p and y, y’ ~ Tpase(y | ), we consider the algorithm that solves

/ 2
#cargmin Y (6 log 81D g1og TWLD () 0) — rear(y] | x))> L@

mell (z,y,y’)€D Wbase(y | JJ) 7"'base(y/ ‘ JZ)

In the sequel (Section 4), we will show that this approach leads to comparable guarantees to
SFT-Sharpening, but that a more sophisticated DPO variant that incorporates online exploration
(Xie et al., 2024) can offer provable benefits.

3 A STATISTICAL FRAMEWORK FOR SHARPENING

This section introduces the theoretical framework within which we will analyze the SFT-Sharpening
and RLHF-Sharpening algorithms. We first introduce the maximum-likelihood sharpening objective
as a simple, stylized self-reward function, then introduce our statistical framework for sharpening.

We write f = O(g) to denote f = O(g- max{1, polylog(g)}) and a < b as shorthand for a = O(b).

3.1 MAXIMUM-LIKELIHOOD SHARPENING
Our theoretical results focus on the maximum-likelihood sharpening objective given by
7aself(y | x) := log Wbase(y ‘ ‘L)

This is a simple and stylized self-reward function, but we will show that it already enjoys a rich
theory. In particular, we can restate the problem of maximum-likelihood sharpening as follows.

Can we efficiently amortize maximum likelihood inference (optimization) for a conditional
distribution Tpase (Y | ) given access to a sampling oracle that can sample y ~ mpase (- | )?

The tacit assumption in this framing is that the maximum-likelihood response constitutes a useful
form of hidden knowledge. Maximum-likelihood sharpening connects the study of self-improvement
to a large body of research in theoretical computer science demonstrating computational reductions
between optimization (inference) and sampling (generation) (Kirkpatrick et al., 1983; Lovédsz & Vem-
pala, 2006; Singh & Vishnoi, 2014; Ma et al., 2019; Talwar, 2019). Our sharpening framework offers
a new learning-theoretic perspective by focusing on the problem of amortizing this type of reduction.

We evaluate the quality of an approximately sharpened model as follows. Let y*(z) :=
arg max, ¢y, 10g moase (¥ | x); we interpret y*(z) C Y as a set to accommodate non-unique maximiz-
ers, and will write y*(z) to indicate a unique maximizer when it exists (i.e., when y*(x) = {y*(z)}).

Definition 3.1 (Sharpened model). We say that a model 7 is (e, §)-sharpened relative to Tyase if
Pooplmy*(z) |2) >1-0]>1—e

That is, an (¢, d)-sharpened model places at least 1 — ¢ mass on arg-max responses on all but an
e-fraction of prompts under p.. For small § and €, we are guaranteed that 7 is a high-quality generator:
sampling from the model will produce an arg-max response with high probability for most prompts.

Maximum-likelihood sharpening for autoregressive models. Though our most general results
are agnostic to the structure of X', ), and m,,se, an important special case is the autoregressive
setting in which Y = VH for a vocabulary space V and sequence length H, and where 7,5 has

. H

the autoregressive structure mpase(Y1:5 | ) = [[,_1 Toase,n (Un | Y1:n—1,2) fory = y1.z0 € V.
We observe that when the response ¥y = (y1,...,yx) € Y = VH is a sequence of tokens, the
maximum-likelihood sharpening objective (2) sharpens toward the sequence-level arg-max response:

arg max 1og mpase (y1. 1 | ). (5)
Y1:H
Although somewhat stylized, Eq. (5) is a non-trivial (in general, computationally intractable; see
Appendix D) solution concept. In particular, we view the sequence-level arg-max as a form of hidden
knowledge that cannot necessarily be uncovered through naive sampling or greedy decoding.
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Empirical validation of maximum-likelihood sharpening. Empirically, we find that when
Thase 18 a pre-trained language model, inference-time maximum-likelihood sharpening leads to a
meaningful performance increase over both direct sampling and greedy decoding. We demonstrate
this by appealing to a practical approximation, inference-time sharpening via best-of-N sampling:
given a prompt z € X, we draw NN responses y1,...,yn ~ Tbase(* | ), and return the response
y = arg max,, log ﬂbase(% | z); this is equivalent to Stiennon et al. (2020); Gao et al. (2023);
Yang et al. (2024) with reward rse1¢(y | ) = logmpase(y | @), and is a popular approach in
modern deployments.> An overview of the results can be found in Figure 1 with details provided in
Appendix E. Observed improvements suggest that maximum-likelihood sharpening, while stylized,
is a desirable criterion.

Role of § for autoregressive models. As can be verified through simple examples, beam-search
and greedy tokenwise decoding do not, in general, return an exact solution to (5). There is one notable
exception, which implies that it always suffices to sharpen to level 6 = 1/2 (cf. Definition 3.1).

Proposition 3.1 (Greedy decoding succeeds for sharpened policies). Let m = my. be an autore-
gressive model defined over response space ) = VH. For a given prompt x € X, if y*(z) =
{y ()} is a singleton and 7r( *(x ) | ©) > 1/2, then the greedy decoding strategy that selects
Yn = argmax,, ¢y Th(Yn | Y1, - - -, Yn—1,7) guarantees that y = y*(x). This result is sharp, in the
sense that there exist ™ with w(y*(x) | x) < 1/2 for which greedy decoding fails to recover y*(z).

3.2 SAMPLE COMPLEXITY FRAMEWORK

As described, sharpening in the sense of Definition 3.1 is a purely computational problem, which
makes it difficult to evaluate the quality and optimality of self-improvement algorithms. To address
this, we introduce a novel statistical/information-theoretic framework for sharpening, inspired by the
success of oracle complexity in optimization (Nemirovski et al., 1983; Traub et al., 1988; Raginsky
& Rakhlin, 2011; Agarwal et al., 2012) and statistical query complexity in computational learning
theory (Blum et al., 1994; Kearns, 1998; Feldman, 2012; 2017).

Definition 3.2 (Sample-and-evaluate framework). In the Sample-and-Evaluate framework, the
algorithm designer does not have explicit access to the base model Tpase. Instead, they access Tpase
only through sample-and-evaluate queries. Concretely, the learner is allowed to sample n prompts
x ~ . For each prompt x, they can sample N responses y1,Ya, ... YN ~ Tpase(- | ) and observe
the likelihood mpase (y; | ) for each such response. The efficiency, or sample complexity, of the
algorithm is measured through the total number of sample-and-evaluate queries m :=n - N.

This framework can be seen to capture algorithms like SFT-Sharpening and RLHF-Sharpening
(implemented with DPO), which only access the base model m,,se through i) sampling responses
via y ~ Thase(- | ) (generation), and ii) evaluating the likelihood 7ase (y | ) (verification) for
these responses. We view the sample complexity m = n - N as a natural statistical abstraction
for the computational complexity of self-improvement (exactly parallel to oracle complexity for
optimization algorithms), one which is amenable to information-theoretic lower bounds.* We will
aim to show that, under appropriate assumptions, SFT-Sharpening and RLHF-Sharpening can learn
an (e, 0)-sharpened model with sample complexity

m = poly(e 07, Corop)
where Cprqp is a potentially problem-dependent constant.

3.3 FUNDAMENTAL LIMITS

Before diving into our analysis of SFT-Sharpening and RLHF-Sharpening in the sample-and-
evaluate framework, let us take a brief detour to give a sense for how sample complexity guarantees
in our framework should scale. To this end, we will prove a lower bound or fundamental limit on the
sample complexity of any algorithm in the sample-and-evaluate framework.

Intuitively, the performance of any sharpening algorithm based on sampling should depend on
how well the base model mp,se cOvers the arg-max response y* (). To capture this, we define the

3We mention in passing that inference-time best-of-N sampling enjoys provable guarantees for maximizing
the maximum-likelihood sharpening objective when NV is sufficiently large. See Appendix B for details.

*Concretely, the sample complexity m = n - N is a lower bound on the running time of any algorithm that
operates in the sample-and-evaluate framework.
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following coverage coefficient:’

1
Ceov =Ep | ————— 1. 6
Z Lbasay*(x) | xJ ©

Next, for a model , we define y™ () = arg max, ¢y 7(y | 2) and Ceoy (1) = Eqroy {m} )

Our main lower bound shows that for worst-case choice of II, the coverage coefficient acts as a lower
bound on the sample complexity of any algorithm.

Theorem 3.1 (Lower bound for sharpening). Fix an integer d > 1 and parameters ¢ € (0,1)
and C' > 1. There exists a class of models 11 such that (i) log|Il| =~ d(1 + log(Ce™1)), (ii)
sup,cr Ceov(m) S C, and (iii) y™ (x) is a singleton for all © € 11, for which any sharpening
algorithm T that achieves B[P, [T (y™==(x) | ) > 1/2]] > 1 — € for all mpase € 11 must collect a
total number of samples m = n - N at least

m C'log |11
~e2-(1+log(Ce 1))’

This result shows that the complexity of any (e, 1/2 — §)-sharpening algorithm (for § > 0) in the
sample-and-evaluate framework must depend polynomially on the coverage coefficient, as well as
the accuracy e. The lower bound also depends on the expressivity of Tpase, as captured by the model
class complexity term log|II|. We will show in the sequel that it is possible to match this lower bound.
Note that this result also implies a lower bound for the general sharpening problem (i.e., general
T'self), Since maximume-likelihood sharpening is a special case.

Remark 3.1 (Relaxed notions of sharpening and coverage). The notion of coverage in Eq. (6) is
somewhat stringent, since it requires Tpase place large mass on y*(x) on average. In Appendix F,
we introduce a more general and permissive notion of approximate sharpening (Definition F.1) which
leads to weaker coverage requirements, and use this to give generalized versions of our main results.

We close this section by noting that numerous recent works—focusing on inference-time
computation—show that standard language models exhibit favorable coverage with respect to desir-
able responses (Brown et al., 2024; Snell et al., 2024; Wu et al., 2024b). We replicate these findings
in our experimental setup in Appendix E. These works suggest that the coverage coefficient C.,, may
be small in practice.

4  ANALYSIS OF SHARPENING ALGORITHMS

Equipped with the sample complexity framework from Section 3, we now prove that the
SFT-Sharpening and RLHF-Sharpening families of algorithms provably learn a sharpened model
for the maximum-likelihood sharpening objective under natural statistical assumptions.

Throughout this section, we treat the model class II as a fixed, user-specified parameter. Our results—
in the tradition of statistical learning theory—allow for general classes II, and are agnostic to the
structure beyond standard generalization arguments.

4.1 ANALYSIS OF SFT-Sharpening

Recall that when we specialize to the maximum-likelihood sharpening self-reward, the

SFT-Sharpening algorithm takes the form 7N = argmax . Y i 10g Thase (Y2 | ), where
y?ON = arg maxje[N]{IOg Wbase(yi,j ‘ xz)} for Yily---Yi, N ™~ 7Tbase(' | xz)

To analyze SFT-Sharpening, we first make a realizability assumption. Let 75" (z) be the distribution

of the random variable 3" (z) ~ arg max{log Tpase (¥ | ) | Y1, -, YN ~ Tase(x)}.

Assumption 4.1. The model class 11 satisfies 75" € 1L

Our main guarantee for SFT-Sharpening is as follows.

5This quantity can be interpreted as a special case of the L;-concentrability coefficient (Farahmand et al.,
2010; Xie & Jiang, 2020; Zanette et al., 2021) studied in the theory of offline reinforcement learning.
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Theorem 4.1 (Sample complexity of SFT-Sharpening). Let €,d,p € (0,1) be given, and sup-

1
pose we setn = c - % and N* = c- M for an appropnate constant ¢ > 0.

Then with probablllty at least 1 — p, SFT Shar‘penlng produces a model T such that that
Poopu[T(y*(x) | ) <1 — 6] < € and has total sample complexity®

=0 (Corlslilly D logs Y,

52 @)

This result shows that SFT-Sharpening, via Eq. (7), is minimax optimal in the sample-and-evaluate
framework when J is constant. In particular, the sample complexity bound in Eq. (7) matches the lower
bound in Theorem 3.1 up to polynomial dependence on § and logarithmic factors. Whether the 1/ fac-
tor in Eq. (7) can be removed is an interesting question, but—as discussed in Section 3.2—the regime
d = 1/2 is most meaningful for autoregressive language modeling, rendering such discussion moot.

Remark 4.1 (On realizability and coverage). Realizability assumptions such as Assumption 4.1
(which asserts that the class 11 is powerful enough to model the distribution of the best-of-IN responses)
are standard in learning theory (Agarwal et al., 2019; Foster & Rakhlin, 2023), though certainly non-
trivial (see Appendix D for a natural example where they may not hold). The coverage assumption,
while also standard, when combined with the hypothesis that high-likelihood responses are desirable,
suggests that Tpase generates high-quality responses with reasonable probability. In general, doing
so may require leveraging non-trivial serial computation at inference time via procedures such as
Chain-of-Thought (Wei et al., 2022). Although recent work shows that such serial computation
cannot be amortized (Li et al., 2024; Malach, 2023), SFT-Sharpening instead amortizes the parallel
computation of best-of-N sampling, and thus has different representational considerations.

Benefits of adaptive sampling. SFT-Sharpening is optimal in the sample-and-evaluate framework,
but we show in Appendix C that a variant which selects the number of responses adaptively based
on the prompt x can bypass this lower bound, improving the e-dependence in Eq. (7) from to 2

Empirical Validation. In Appendix E, we empirically investigate the benefits of best-of-/N on a
variety of model-dataset pairs. Our results are summarized in Table 1 and Figs. 7 and 8, and broadly
show that the benefits incurred through the inference-time sharpening described above can be, to a
certain extent, amortized into training time.

4.2  ANALYSIS OF RLHF-Sharpening

We now turn our attention to theoretical guarantees for the RLHF-Sharpening algorithm family,
which uses tools from RL to optimize the self-reward function.

When specialized to maximum-likelihood sharpening, the RL objective used by RLHF-Sharpening
takes the form 7 ~ arg max_ c {Ex[log Tpase (¥ | )] — BDkL(7 || Tpase) } for 3 > 0. The exact op-
timizer 75 = arg HlaXﬂ.GH{Eﬂ [log Thase (y | )] — BDkL(7 || Tpase) } for this objective has the form
5y | ¥) o wéjsf (y | =), which converges to a sharpened model (per Definition 3.1) as 5 — 0.
The key challenge we encounter in this section is the mismatch between the RL reward log mpase (v |
x) and the sharpening desideratum 7(y*(x) | ). For example, suppose a unique argmax—say,
y*(z)—and second-to-argmax—say, y' (x)—are nearly as likely under msse. Then the RL reward
E=[log Thase (¥ | )] must be optimized to extremely high precision before 7 can be guaranteed to
distinguish the two. To quantify this effect, we introduce a margin condition.

Assumption 4.2 (Margin). For a margin parameter Ymargin > 0, the base model Ty,sc satisfies

I;lgag);{ Thase(y | ©) > (1 + 'Ymargm) 7"'base(y/ | ) VZU/ ¢ y*(z), Vo csupp(u).

SFT-Sharpening does not suffer from the pathology in the example above, because once y*(x) and
y'(x) are drawn in a batch of N responses, we have y?" = y*(z;) regardless of margin. However, as
we shall show in Section 4.2.2, the RLHF-Sharpening algorithm is amenable to online exploration,
which may improve dependence on other problem parameters.

We focus on finite classes for simplicity, following a convention in reinforcement learning theory (Agarwal
et al., 2019; Foster & Rakhlin, 2023), but our results extend to infinite classes through standard arguments.
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4.2.1 GUARANTEES FOR RLHF-Sharpening WITH DIRECT PREFERENCE OPTIMIZATION

The first of our theoretical results for RLHF-Sharpening takes an offline reinforcement learning
approach, whereby we implement Eq. (3) using a reward-based variant of Direct Preference Opti-
mization (DPO) (Rafailov et al., 2023; Gao et al., 2024). Let Dprer = {(z,y,y’)} be a dataset of n

examples sampled via & ~ 1, Y,y ~ Tpase(y | ). For a parameter 5 > 0, we solve 7 € argmin .

/ 2
Z (ﬁ log W12 grog TW LD o0 ] ) — log Ty | m))) )

(2,9,y") EDpre Wbase(y | m) Wbase(y/ | x)
Assumptions. Per Rafailov et al. (2023), the solution to Eq. (8) coincides with that of Eq. (2)

asymptotically. To provide finite-sample guarantees, we make a number of statistical assumptions.
First, we make a natural realizability assumption (e.g., Zhu et al. (2023); Xie et al. (2024)).

Assumption 4.3 (Realizability). The model class 11 satisfies 77;‘3 eI’
Next, we define two concentrability coefficients for a model 7:
B
c, =E, [M] and  Cprig = By (M) . )
Thase (Y | ) ' (y | z)

The following result shows that both coefficients are bounded for the KL-regularized model 7.

Lemma 4.1. The model 7j; satisfies C,,; < Ceoy and C"'base/w};;ﬂ <Y

Motivated by this result, we assume the coefficients in Eq. (9) are bounded for all = € II.

Assumption 4.4 (Concentrability). All m € II satisfy C; < Ceonc for a parameter Ceone > Ceoy, and
Crpsse/msp < Closs for a parameter Closs > | V).

Per Lemma 4.1, this assumption is consistent with Assumption 4.3 for reasonable bounds on Conc
and Cl,ss; note that our sample complexity bounds will only incur logarithmic dependence on Cless.

Main result. Our sample complexity guarantee for RLHF-Sharpening (via Eq. (8)) is as follows.

Theorem 4.2. Let €,0,p € (0,1) be given. Set 5 < Ymargin0€, and suppose that Assumptions 4.2
to 4.4 hold with parameters Cconc, Closs, and Ymargin > 0. For an appropriate choice for n, the DPO
algorithm (Eq. (8)) ensures that with probability at least 1 — p, P, [T(y*(z) | 2) <1—-4] <€
and has sample complexity

02€2

m — 6 <Cconc IOgS(Clossll_”pl)) )

2
’Ymargin

Compared to the guarantee for SFT-Sharpening, RLHF-Sharpening learns a sharpened model with
the same dependence on the accuracy ¢, but a worse dependence on §; as we primarily consider
0 constant (cf. Proposition 3.1), we view this as relatively unimportant. We further remark that
RLHF-Sharpening uses N = 2 responses per prompt, while SFT-Sharpening uses many (N = 1/e)
responses (but fewer prompts). Other differences include:

* RLHF-Sharpening requires the margin condition in Assumption 4.2, and has sample
complexity scaling with ’y;alrgin‘ We believe this dependence is fundamental for algo-
rithms based on reinforcement learning, as it is needed to translate bounds on subop-
timality with respect to the reward function rseir(y | ) = logmhase(y | ) G.e.,
Epop [maxyey 1og Thase (Y | ) — Eyz(2)[10g Tpase (¥ | ;1:)]] < ¢, the objective minimized by rein-
forcement learning) into bounds on the approximate sharpening error P, [7(y*(z) | z) < 1 — 4].

* RLHF-Sharpening requires a bound on the uniform coverage parameter Ceconc, Which is larger than
the parameter C,, required by SFT-Sharpening in general. We expect that this assumption can
be removed by incorporating pessimism in the vein of (Liu et al., 2024; Huang et al., 2024). Also,
RLHF-Sharpening requires a bound on the parameter Coss. This grants control over the range of
the reward function log Tyase (y | ), which can otherwise be unbounded. Since the dependence
on C1ss is only logarithmic, we view this as a fairly mild assumption. Overall, the guarantee in
Theorem 4.2 may be somewhat pessimistic in practice; it would be interesting if the result can be
improved to match the sample complexity of SFT-Sharpening whenever Ymargin is held constant.

’See Remark 4.1 for a discussion of this assumption.
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4.2.2 BENEFITS OF EXPLORATION

The sample complexity guarantees we have presented scale with the coverage parameter Ceoy =
E[1/7base (¥* (x)|x)], which is unavoidable in general in the sample-and-evaluate framework via our
lower bound, Theorem 3.1. Although C.,, is a problem-dependent parameter, in the worst case it can
be as large as || (which is exponential in sequence length for autoregressive models). Luckily, unlike
SFT-Sharpening, the RLHF-Sharpening objective (3) is amenable to RL algorithms employing
active exploration, leading to improved sample complexity when the class II has additional structure.

Our below guarantees for RLHF-Sharpening replace the assumption of bounded coverage with
boundedness of a structural parameter for the model class II known as the “sequential extrapolation
coefficient” (SEC) (Xie et al., 2023; 2024), which we denote by SEC(II). The formal definition is
deferred to Appendix J.2. Conceptually, SEC(IT) may thought of as a generalization of the eluder
dimension (Russo & Van Roy, 2013; Jin et al., 2021), and can always be bounded by the coverability
coefficient of the model class (Xie et al., 2024). Beyond boundedness of the SEC, we require a
bound on the range of the log-probabilities of m,se.

Assumption 4.5 (Bounded log-probabilities). Forallm € I, (x,y) € X X)),

1
log -—my | < Bmax.

We expect that the dependence on Ryax in our result can be replaced with log(Closs) (Assump-
tion 4.4), but we omit this extension to simplify presentation as much has possible.

We appeal to (a slight modification of) XPO, an iterative language model alignment algorithm due to
Xie et al. (2024). XPO is based on the objective in Eq. (8), but unlike DPO, incorporates a bonus term
to encourage exploration to leverage online interaction. See Appendix J.2 for a detailed overview.

Theorem 4.3 (Informal version of Theorem J.2). Suppose that Assumptions 4.2 and 4.5 hold with
parameters Ymargin, Bmax > 0, and that Assumption 4.3 holds with 8 = Ymargin/(210g(2|Y]|/6)).
For any m € Nand p € (0,1), XPO (Algorithm 1), when configured appropriately, produces
an (€, 9)-sharpened model @ € 11 with probability at least 1 — p, and uses sample complexity

m = O(('ymargin(;e)*zSEC(H) . 10g(|H\p71)).8

The takeaway from Theorem 4.3 is that there is no dependence on the coverage coefficient for mp,se.
Instead, the rate depends on the complexity of exploration, as governed by the sequential extrapolation
coefficient SEC(II). We expect similar guarantees can derived for other active exploration algorithms
and complexity measures (Jiang et al., 2017; Foster et al., 2021; Jin et al., 2021; Xie et al., 2023).

5 CONCLUSION

We view our theoretical framework for sharpening as a starting point toward a foundational under-
standing of self-improvement that can guide the design and evaluation of algorithms. To this end, we
raise several directions for future research.

* Representation learning. A conceptually appealing feature of our framework is that it is agnostic
to the structure of the model under consideration, but an important direction for future work is to
study the dynamics of self-improvement for specific models (e.g. transformers), and understand
the representations these models learn under self-training.

* Richer forms of self-reward. Our theoretical results study the dynamics of self-training in a
stylized framework where the model uses its own logits for self-reward. Empirical research on
self-improvement leverages more sophisticated approaches (e.g. specific prompting techniques)
(Huang et al., 2022; Wang et al., 2022; Bai et al., 2022b; Pang et al., 2023; Yuan et al., 2024) and it
is important to understand when and how these forms of self-improvement are beneficial.

8Technically, Algorithm 1 operates in a slight generalization of the sample-and-evaluate framework for
accessing mpase (Definition 3.2), where the algorithm is allowed to query mpase (y | ) for arbitrary z,y. We
expect that our lower bound (Theorem 3.1) can be extended to this more general framework, in which case
Algorithm 1 is fundamentally using additional structure of II (via the SEC) to avoid dependence on Cloy.

10
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Part I
Additional Discussion and Results

A DETAILED DISCUSSION OF RELATED WORK
In this section, we discuss related work in greater detail, including relevant works not already covered.

Self-improvement and self-training. Our work is most directly related to a growing body of
empirical research that studies self-improvement/self-training for language models in a supervision-
free setting in which there is no external feedback (Huang et al., 2022; Wang et al., 2022; Bai et al.,
2022b; Pang et al., 2023), and takes a first step toward providing a theoretical understanding for these
methods. This line of work is closely related to a body of research on “LLM-as-a-Judge” techniques
and related work, which investigates approaches to designing self-reward functions 741, often based
on specific prompting techniques (Zheng et al., 2024; Yuan et al., 2024; Wu et al., 2024a; Wang et al.,
2024).

There is a somewhat complementary line of research that develops algorithms based on self-training
and self-play (Zelikman et al., 2022; Chen et al., 2024; Wu et al., 2024c; Qu et al., 2024), but
leverages various forms of external feedback (e.g., positive examples for SFT or explicit reward
signal). These methods typically outperform self-improvement methods, which do not use any
external feedback (Zelikman et al., 2022). However, in many scenarios, obtaining external feedback
can be costly or laborious; it may require collecting high-quality labeled/annotated data, rewriting
examples in a formal language, etc. Thus, these methods are not directly comparable to methods
based on self-improvement.

Lastly, we mention in passing that the self-improvement problem we study is related to a more
classical line of research on self-distillation (Bucilua et al., 2006; Hinton et al., 2015; Devlin, 2018;
Pham et al., 2021; Rizve et al., 2021), but this specific form of self-training has received limited
investigation in the context of language modeling.

Alignment and RLHF. The specific algorithms for self-improvement/sharpening we study can
be viewed as special cases of standard alignment algorithms, including classical RLHF methods
(Christiano et al., 2017; Bai et al., 2022a; Ouyang et al., 2022), direct alignment (Rafailov et al.,
2023), and (inference-time or training-time) best-of-/N methods (Amini et al., 2024; Sessa et al.,
2024; Gui et al., 2024; Pace et al., 2024). However, the maximum likelihood sharpening objective (2)
used for our theoretical results has been relatively unexplored within the alignment literature.

Inference-time decoding. Many inference-time decoding strategies such as greedy/low-temperature
decoding, beam-search (Meister et al., 2020), and chain-of-thought decoding (Wang & Zhou, 2024)
can be viewed as instances of inference-time sharpening for specific choices of the self-reward
function rse1¢. More sophisticated inference-time search strategies such tree search and MCTS (Yao
et al., 2024; Wan et al., 2024; Mudgal et al., 2023; Zhao et al., 2024) are also related, though this
line of working frequently makes use of external reward signals or verification, which is somewhat
complementary to our work.

Theoretical guarantees for self-training. On the theoretical side, current understanding of self-
training is limited. One line of work, focusing on the self-distillation objective (Hinton et al., 2015)
for binary classification and regression, aims to provide convergence guarantees for self-training
in stylized setups such as linear models (Mobahi et al., 2020; Das & Sanghavi, 2023; Das et al.,
2024; Pareek et al., 2024), with Allen-Zhu & Li (2020) giving guarantees for feedforward neural
networks. Perhaps most closely related to our work is Frei et al. (2022), who show that self-training
on a model’s pseudo-labels can amplify the margin for linear logistic regression. However, to the best
of our knowledge, our work is the first to study self-training in a general framework that subsumes
language modeling.

Our theoretical results for RLHF-Sharpening are also related to a recent body of work that provides
sample complexity guarantees for alignment methods (Zhu et al., 2023; Xiong et al., 2023; Ye
et al., 2024; Huang et al., 2024; Liu et al., 2024; Song et al., 2024; Xie et al., 2024), but our
results leverage the unique structure of the maximum-likelihood sharpening self-reward function
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Tse1r(y | ) = log Mhase (v | ), and provide guarantees for the sharpening objective in Definition 3.1
instead of the usual notion of reward suboptimality used in reinforcement learning theory.

Lastly, we mention that our results—particularly our amortization perspective on self-improvement—
are related to recent work that studies fundamental representational advantages of allowing additional
inference time (Malach, 2023; Li et al., 2024). These work focus on truly sequential tasks, while
our work focuses on the complementary question of amortizing parallel computation. Thus the
representational implications are quite different.

Optimization versus sampling. The maximum-likelihood sharpening we introduce in Section 3
connects the study of self-improvement to a large body of research in theoretical computer science on
computational tradeoffs (e.g., separations and equivalences) for optimization and sampling (Barahona,
1982; Kirkpatrick et al., 1983; Lovdsz & Vempala, 2006; Singh & Vishnoi, 2014; Ma et al., 2019;
Talwar, 2019; Eldan et al., 2022). On the one hand, this line of research highlights that there exist nat-
ural classes of distributions for which sampling is tractable, yet maximum likelihood optimization is
intractable, and vice-versa. On the other hand, various works in this line of research also demonstrate
computational reductions between optimization and sampling, whereby optimization can be reduced
to sampling and vice-versa.

Our setting indeed includes natural model classes where one should not expect there to be a com-
putational reduction from optimization (arg max, ¢y Tpase(y | )) to sampling (y ~ Tpase(- | 7)),
and hence inference-time sharpening is computationally intractable (Proposition D.1). Of course,
coverage assumptions eliminate this intractability. For training-time sharpening (where the goal is to
amortize across prompts by training a sharpened model, as formulated in Section 3) the obstacle in
natural, concrete model classes is not just computational but in fact representational (Proposition D.2).
Regarding the latter point, we note that while amortized Bayesian inference has received extensive
investigation empirically (Beal, 2003; Gershman & Goodman, 2014; Swersky et al., 2020; Bengio
etal., 2021; Hu et al., 2023), we are unaware of theoretical guarantees outside of this work.

B GUARANTEES FOR INFERENCE-TIME SHARPENING

In this section, we give theoretical guarantees for the inference-time best-of-/N sampling algorithm for
sharpening described in Section 3.1, under the maximum-likelihood sharpening self-reward function

7Aself”(y | xz; ’/Tbase) = log Wbase(y | :L')

Recall that given a prompt z € X, the inference-time best-of-N sampling algorithm draws N
IESPONSES Y1, - - -, Yn ~ Mhase(- | ), then return the response § = arg max,, 1og Thase (y: | =). We
show that this algorithm returns an approximate maximizer for the maximum-likelihood sharpening
objective whenever the base policy mpase has sufficient coverage. Recall that for a parameter v € [0, 1)
we define

3 (0) = {1 Tt | ) 2 (1) ey | )

as the set of (1 — ~y)-approximate maximizers for log mpase (y | ).

Proposition B.1. Let a prompt x € X be given. For any p € (0,1) and v € [0, 1), as long as
log(p™")

Thase (y§ (z) | x)’

inference-time best-of-N sampling produces a response y € Yy (x) with probability at least 1 — p.

N >

Proof of Proposition B.1. Fix a prompt 2z € X, failure probability p € (0,1), and parameter
v € (0,1).

By definition of the set y(z), ¥ € y} () if and only if there exists i € [N] such that y; € y3 ().
The complement of this event, i.e., that y; ¢ y>(z) for all i € [N], has probability

; N
P(yi ¢ y5(2),¥i € [N]) = (1 = oase (3 (2) | 2))
Rearranging the right-hand-side, we have

1
(1 — Thase (Y | x))N = exp <—Nlog<

1 — Toase (Y3 | @)

>><%M4v%m@mm%
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since log(z) > 1 — % for z > 0, which implies that 1og(m> > 7rbase(y,*y | ). Thus, as

-1
long as N > tog(p ) _ \we have
”base(y~,|m)

P(y: ¢ y5(x),Vi € [N]) < exp(—N - Thase (¥ | 7)) < exp(—log(p~")) = p.

We conclude that with probability at least 1 — p, there exists i € [N] such that y; € y3(z), and
Y € y3(z) as aresult.

O

C GUARANTEES FOR SFT-Sharpening WITH ADAPTIVE SAMPLING

SFT-Sharpening is a simple and natural self-training scheme, and converges to a sharpened policy
as n, N — oo. However, using a fixed response sample size N may be wasteful for prompts
where the model is confident. To this end, in this section we introduce and analyze, a variant of
SFT-Sharpening based on adaptive sampling, which adjusts the number of sampled responses
adaptively.

Algorithm. We present the adaptive SFT-Sharpening algorithm only for the special case of the
maximume-likelihood sharpening self-reward. Let a stopping parameter . > 0 be given. For x; € X,
and y; 1,¥i,2 - .. ~ Tpase(- | z;), define a stopping time (e.g., Benjamini & Hochberg (1995)) via:

N, (z;) :=inf {k : ! < k} . (10)

max)<j<k Moase(Yij | Ti) ~ 1

AdaBoN ,;

The adaptive SFT-Sharpening algorithm computes adaptively sampled responses y; via

Y3 N ~ arg max{10g Toase (Yij | i) | Yi1 - YN, (@1) |

then trains the sharpened model through SFT:

%AdaBoN AdaBoN | xi)~

= arg max Z log 7 (y;

mwell i—1
Critically, by using scheme in Eq. (10), this algorithm can stop sampling responses for the prompt x;
if it becomes clear that the confidence is large.

Theoretical guarantee. We now show that adaptive SFT-Sharpening enjoys provable benefits
over its non-adaptive counterpart through the dependence on the accuracy parameter € > 0.

Given z € X, and y1,¥2 ... ~ Thase(), let N, (x) := inf{k : maxlgigklﬂ'base(yila:) < k/p}, and
define a random variable "% (z) ~ argmax{log Tase(¥i | ) | Y1,- .., Yn, ~ Toase(z)}. Let
mh%%EN(2) denote the distribution over y*%***N(z). We make the following realizability assumption.

Assumption C.1. The model class 11 satisfies 743N € TI.
Compared to SFT-Sharpening, we require a somewhat stronger coverage coefficient given by
1

maxyey Thase(y | ) |

This definition coincides with Eq. (6) when the arg-max response is unique, but is larger in general.

C'cov = Emwu

Our main theoretical guarantee for adaptive SFT-Sharpening is as follows.

Theorem C.1. Let 6,p € (0,1) be given. Set i = In(26~1), and assume Assumption C.1 holds.
Then with probability at least 1 — p, the adaptive SFT-Sharpening algorithm has

. log(|IT|p~!
Poplm(y*(2) |2) <1-6] < %’

and has sample complexity E[m] = n - Coy log(6~1). Taking n > ensures that with

probability at least 1 — p,

log(|TT]p~ ")
de

Pop[m(y*(z) | 2) <1—06] <,
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and gives total sample complexity

Efm] = 0 (C log(lﬂlge‘l)log@*)) .

Compared to the result for SFT-Sharpening in Theorem 4.1, this shows that adaptive
SFT-Sharpening achieves sample complexity scaling with % instead of E% We believe the

dependence on C',, for this algorithm is tight, as the adaptive stopping rule used in the algorithm
can be overly conservative when |y* ()] is large.

A matching lower bound. We now prove a complementary lower bound, which shows that the
e-dependence in Theorem C.1 is tight. To do so, we consider the following adaptive variant of the
sample-and-evaluate framework.

Definition C.1 (Adaptive sample-and-evaluate framework). In the Adaptive Sample-and-Evaluate
framework, the learner is allowed to sample n prompts x ~ u, and sample an arbitrary, adaptively
chosen number of samples y1,ya, - ~ Tpase(+ | x) before sampling a new prompt &' ~ p. In
this framework we define sample complexity m as the total number of pairs (x,y) sampled by the
algorithm, which is a random variable.

Our main lower bound is as follows.

Theorem C.2 (Lower bound for sharpening under adaptive sampling). Fix an integer d > 1 and
parameters € € (0,1) and C > 1. There exists a class of models II such that (i) log|II| =
d(1 + log(Ce™1)), (ii) supep Ceov(m) < C, and (iii) y™ (z) is a singleton for all = € 11, for
which any sharpening algorithm T in the adaptive sample-and-evaluate framework that achieves
E[Pyp[7(y™>(z) | ) > 1/2]] > 1 — € for all Tpase € II must collect a total number of samples
m =n- N at least

C'log |11
>
Elml 2 i o0 )

Theorem C.2 is a special case of a more general theorem, Theorem 3.1, which is stated and proven
in Appendix H.

D COMPUTATIONAL AND REPRESENTATIONAL CHALLENGES IN SHARPENING

In this section, we make several basic observations about the inherent computational and repre-
sentational challenges of maximum-likelihood sharpening. First, in Appendix D.1, we focus on
computational challenges, and show that computing a sharpened response for a given prompt x can
be computationally intractable in general, even when sampling y ~ Tpase (- | ) can be performed
efficiently. Then, in Appendix D.2, we shift our focus to representational challenges, and show that
even if Tp,se 1S an autoregressive model, the “sharpened” version of mp,se may not be representable as
an autoregressive model with the same architecture. These results motivate the statistical assumptions
(coverage and realizability) made in our analysis of SFT-Sharpening and RLHF-Sharpening in
Section 4.

To make the results in this section precise, we work in perhaps the simplest special case of autore-
gressive language modelling, where the model class consists of multi-layer linear softmax models.
Formally, let X' be the space of prompts, and let J := V¥ be the space of responses, where V is
the vocabulary space and H is the horizon. For a collection of fixed/known d-dimensional feature
mappings ¢y, : X x V* — R? and a norm parameter B, we define the model class I, B,m as the set
of models

H

mo(y1.m | @) = H 70, (Yn | T, Y1:n-1) (1)
h=1

where
7o(Yn | T, y1:n—1) o< exp((d(x, y1:1), On))
and 0 = (6y,...,0x) € (RY) is any tuple with ||0},||» < B forall h € [H].
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D.1 COMPUTATIONAL CHALLENGES

Given query access to ¢, for any given parameter vector 6 and prompt x, sampling from a linear
softmax model 7y (Eq. (11)) is computationally tractable, since it only requires time poly(H, V|, d).
Similarly, evaluating my(y1.z | «) for given prompt x and response yi.p is computationally
tractable. However, the following proposition shows that computing the sharpened response
argmax,, . cyr To(y1.m | =) for a given parameter 6 and response x is NP-hard. Hence, even
inference-time sharpening is computationally intractable in the worst case.

Proposition D.1. Set X = {1} and V = {—1,1}. Setd = d(H) := H + H? + H3. Identifying [d]
with [H] U [H)? U [H)3, we define ¢y, : X x V' — R% by ¢ (L, y1.0): = y; and qﬁh(J_,yl:h)(i’j) =
vy and ¢p( L, y1:n)i,j.k) = YiYiYk- There is a function B(H) < poly(H) such that the following
problem is NP-hard: given 0 = (01,...,0p) with maxye(p)||0n |2 < B(H ), compute any element
of argmax,, . cyn mo(y1.0 | T).

Note that our results in Section 4 and Appendix B bypass this hardness through the assumption that
the coverage parameter Cy,, is bounded.

Proof of Proposition D.1. Fix H and recall that d(H) = H + H? + H3. We define three
collection of basis vectors: {eh}he[H] cover the first H coordinates, {e(hvh')}h,h'e[H]z cover
the next H? coordinates, and {e(hﬁ/’hu)}hﬁ, e COVer the last H? coordinates. Suppose
we define 61,...,0g_o = 0, so that wp(yp|z,y1.n—1) = 1/2 forall 1 < h < H — 2. Define
Og_1 = Zléz}jéH—2 Jije(i,j,m—1) for a matrix J € RU=2)x(H=2) 4 pe specified later, and define
Oy = g(e(H,l)H) +eg). Then 2802 . my(y1.p | L) < 1/2 for any yy.y with yy_1 = —1 or
yg = —1, since this implies that 7o, (yg | L,y1.4-1) < 1/2. Meanwhile, for any y;. with
Ya—1 = yg = 1, we have

eXp(Zi,j§H72 Jijyiyj) exp(B)

2" gy | L) = ' :
exp(X:m.SH_2 Jijyiyj> + exp(— dii<H-2 Jijyiyj) exp(B) + exp(—B)

Let G be any graph on vertex set [H — 2| and let J = —A(G) where A(G) is the adjacency
matrix of G. Then among y1.5 with yg_1 = yg = 1, 2772 . m4(y1.z | L) is maximized when
y1.H—2 corresponds to a max-cut in G. If G has an odd number of edges, then some max-cut
removes strictly more than half of the edges, and for the corresponding sequence y;.; we have
202 mo(yrm | L) > (1/2+ Q(1)) - (1 — exp(—§(B))), which is greater than 1/2 when we
take B := H and H is sufficiently large. Thus, computing arg max, . cyr To(y1.m | L) yields a
max-cut of G. It is well-known that computing a max-cut in a graph 1s NP-hard, and the assumption
that G has an odd number of edges is without loss of generality. O

D.2 REPRESENTATIONAL CHALLENGES

To give provable guarantees for our sharpening algorithms, we required certain realizability assump-
tions, which in particular posited that the model class actually contains a “sharpened” version of
Thase (Assumptions 4.1 and 4.3). In the simple example of a single-layer linear softmax model
classes (corresponding to H = 1 in the above definition), Assumption 4.3 is in fact satisfied, and
the sharpened model can be obtained by increasing the temperature of m,se. However, multi-layer
linear softmax models with H >> 1 better capture autoregressive language models. The following
proposition shows that as soon as H > 2, multi-layer linear softmax model classes may not be closed
under sharpening. This illustrates a potential drawback of training-time sharpening compared to
inference-time sharpening, which requires no realizability assumptions. It also provides a simple
example where greedy decoding does not yield a sequence-level arg-max response (since increasing
temperature in a multi-layer softmax model class exactly converges to the greedy decoding).

Proposition D.2. Ler X = {1}, V = [n], and H = d = 2. For any n sufficiently large, there is
a multi-layer linear softmax policy class 11y g g and a policy Tpase € g B g such that yi. ;4 =
argmax,, . cyu wo(y1.a | L) is unique but for all B' > B and © € Ily p/ g, it holds that

m(yla | L) <1/2.
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Proof of Proposition D.2. Throughout, we omit the dependence on the prompt L for notational
clarity. Since H = 2, the model class consists of models 7y of the form

exp({¢1(y1),01)) exp((P2(y1:2), 62))
Zo, Zo, (1) (12

for Z91 = Zylev eXp(<¢1 (yl)v 01>) and Z92 (yl) = Zyzev exp(<¢2(y1:2), 02>)
Define ¢ by:

mg(a) = 7o, (y1)me, (y2 | y1) =

€1 ifi=1
¢1(Z): €1 ifi=2.
ey ifi>3

Define ¢ by:
ep ifi=257=1
¢2(’L,j): €9 leZQ,.];él
0 ifi#2

Define mp,se := mg+ Where 05 := 65 := B-e; for a parameter B > log(n). Then mpase(1) = Tpase (2)
and Tpase (1) < € Pmpase(2) foralli € {3, ..., n}. Moreover, Thase(- | i) = Unif([n]) for all i # 2,
and Tpase (5 | 2) < e Bpase(1 | 2) for all j # 1. Thus,

1 1
7Tbase(27 1) = 7Tbase(2)7'rbase(1 | 2) > 2+ (n — 2)€_B : 1+ (n — 1)€_B > Q(l)

whereas Tpase (4, 7) = O(1/n) for all (4, j) # (2,1). Thus, (2,1) is the sequence-level argmax for
sufficiently large n. However, for any my of the form described in Eq. (12), we have
mo(2) 1
T0(2,1) < mp(2) < —— 22— =
0@ 1) <m(2) < Ty T E) T 2

since ¢(1) = ¢(2). This means that there is no B’ for which Il4 g/ i contains an (e, 6)-sharpened
policy for Tyase for any 6 > 1/2. O
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Figure 2: Performance of alternative decoding schemes beyond BoN. Percent improvement of
accuracy over greedy decoding for self-improvement with length-normalized log probability (a) and
majority voting (b), with both demonstrating efficacy on a range of model-task pairs. (c) Measure of
coverage of correct answer, demonstrating that most model-task pairs produce the correct answer
most of the time with at least one completion out of 50. (d) Accuracy of greedy decoding baseline on
each model-task pair.

E ADDITIONAL EXPERIMENTS AND DETAILS

In this section we detail the precise setup required to replicate our empirical results. All of our experi-
ments were run either on 40G NVIDIA A100 GPUs, 192G AMD MI300X GPUs, or through the Ope-
nAl API. We considered the following models. All models, except for gpt-3.5-turbo-instruct,
are available on https://huggingface.co and we provide HuggingFace model identifiers below.

1. Phi models: We experiment with several models from the Phi family of models (Abdin et al.,
2024), specifically Phi3-Mini (“microsoft/Phi-3-mini-4k-instruct”), Phi3-Small (“microsoft/Phi-
3-small-8k-instruct”), Phi3-Medium (“microsoft/Phi-3-medium-4k-instruct”), and Phi3.5-Mini
(“microsoft/Phi-3.5-mini-instruct”).

Llama3.2-3B-Instruct (“meta-llama/Llama-3.2-3B-Instruct”) (Dubey et al., 2024)
. Mistral-7B-Instruct-v@.3 (“mistralai/Mistral-7B-Instruct-v0.3”) (Jiang et al., 2023)

. gpt-3.5-turbo-instruct (Brown et al., 2020): We access this model via the OpenAl APIL.

[T N R )

. 11ama2-7b-game24-policy-hf (“OhCherryFire/llama2-7b-game24-policy-hf”’): We use the
model of Wan et al. (2024), which is a Llama-2 model finetuned on the GameOf24 task (Yao
et al., 2024). We use this model only the Game0f24 task.

We consider the following tasks:
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Figure 3: Percent lift of BoN-sharpening over greedy decoding accuracy as N is varied for each
task. For many task-model pairs, the accuracy improves as NV increases, demonstrating the effect of
sequence-level log probability sharpening.

1. MATH: We use the above models to generate responses to prompts from the MATH (Hendrycks et al.,
2021), which consists of more difficult math questions. We consider “all” subsets and take the
first 256 examples of the test set where the solution matches the regular expression (\dx).’

*https://huggingface.co/datasets/lighteval/MATH.
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Figure 4: Effect of N on the difference in average sequence level log probabilities between inference
time BoN-sharpening and greedy decoding on a variety of model-task pairs. As predicted by theory,

as IV increases, the likelihood of the resulting sequence increases.

2. GSM8k: We use the above models to generate responses to prompts from the GSM-8k dataset
(Cobbe et al., 2021) where the goal is to generate a correct answer to an elementary school math
question. We take the first 256 examples from the test set in the main subset.!”

Ohttps://huggingface.co/datasets/openai/gsmsk.
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3. ProntoQA: We use the above models to generate responses to prompts from the ProntoQA dataset
(Saparov & He, 2023), which consists of chain-of-thought-style reasoning questions with boolean
answers. We take the first 256 examples from the training set.'!

4. MMLU: We use the above models to generate responses to prompts from three subsets of the MMLU
dataset (Hendrycks et al., 2020), specifically college_biology (Bio),college_physics (Phys),
and college_chemistry (Chem) all of which consist of multiple choice questions'?. We take the
first 256 examples of the test set.

5. Game0f24: We use only the model of Wan et al. (2024) (i.e., 11ama2-7b-game24-policy-hf),
on the GameOf 24 task (Yao et al., 2024). The prompts are four numbers and the goal is to combine
the numbers with standard arithmetic operations to reach the number ‘24.” Here we use both the
train and test splits of the dataset.'3

E.1 INFERENCE-TIME VALIDATION EXPERIMENTS

To form the plots in Figure 1 and in Figures 3 and 4, for each (model, task) pair, we sampled N
generations per prompt with temperature 1 and returned the best of the [V generations according to the
maximum-likelihood sharpening self-reward function 7se1¢(y | ) = log mpase(y | ©); we compare
against greedy decoding as a baseline, whose accuracy is displayed in Figure 2(d).

Implementation details. For all models and datasets except for Game0f24, we used 1-shot prompt-
ing to ensure that models conform to the desired output format and to elicit chain of thought reasoning
(for Game0f24 we do not provide a demonstration in the prompt). We set the maximum length of
decoding to be 512 tokens. We used 10 seeds for all (model, task) pairs with a maximum value of
N = 50 in Best-of-N sampling. We simulated N responses for N < 50 by subsamplng the 50
generated samples. For Best-of-N sampling, we always use temperature 1.0. Since greedy decoding
is a deterministic strategy, we only use 1 seed for each (model, task) pair. In all experiments, we
collect both the responses and their log-likelihoods under the reference model (i.e., the original model
from which samples were generated).

Results. Results for most datasets are presented in Figures 3 and 4. Because we only consider
a single model for GameOf24, we separate this task into Figure 5 For all datasets, we visualize
both performance—measured as normalized improvement in accuracy over greedy decoding—and
log-likelihoods—under 7y,,5¢—o0f the selected responses.

In all cases, Best-of-N sampling (using 7se1¢(y | ) = 1og Tpase(y | x)) improves over the naive
sampling strategy, wherein we simply sample a single generation with temperature 1.0. In all datasets,
we also see improvements over the standard greedy decoding strategy, at least for some models.
Analogously, for every model, there is at least one dataset for which Best-of-N sampling improves
over greedy decoding.

We further explore the relationship between sequence level log probabilities and generation quality in
Figure 6, where we plot the empirical distributions of responses sampled with temperature 1 from
the base model for a variety of model-dataset pairs, conditioned on whether or not the response is
correct. It is clear from the figures that the distribution of log probabilities conditioned on correctness
stochastically dominates that conditioned on incorrectness in each case, which provides yet more
evidence that log likelihoods represent a reasonable sel-improvement target.

We mention several other observations from the experiments. First, in most cases, performance and
log-likelihood saturate at relatively small values of IV, typically around 10 or 20. This suggests that
significant improvements can be obtained with relatively low computational overhead. Second, in
some cases, performance can degrade as IV increases. We found that this happens for two reasons:
(1) the performance of the reference model is quite low and so rs. ¢ provides a poor signal (e.g.,
with L1ama3.2-3B-Instruct) and (2) the Best-of-/V criteria selects for short responses, which have
higher log-likelihood but cannot leverage the computational/representational benefits of chain-of-
thought, and thus yield worse performance (e.g., with gpt-3.5-turbo-instruct on GSM8k).

11https ://huggingface.co/datasets/longface/prontoga-train.
12https ://huggingface.co/datasets/cais/mmlu.
Bhttps://github.com/princeton-nlp/tree-of-thought-11lm/tree/master/src/tot/data/24
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Model Dataset % Lift over Greedy (Accuracy) Lift over Greedy (Likelihood)
Phi3.5-Mini MATH 19.24 +2.41 48.33 £0.17
Phi3.5-Mini GSM8k 1.82 +0.64 1.49 £0.55
Phi3.5-Mini ProntoQA 12.46 +1.08 5.64 £ 0.01
Mistral-7B MATH 8.88 & 5.55 5.71 + 3.00

Table 1: Empirical Performance of SFT-Sharpening

E.2 EXPERIMENTS WITH OTHER SELF REWARD FUNCTIONS

Although we focus on 7se1¢(y | ) = log mpase(y | ) throughout the paper, the sharpening frame-
work is significantly more general. As such, we also ran experiments with other choices for rge;¢,
specifically:

1. Length-normalized log-likelihood: 7se1¢(y | ) = log mhase (v | ) /|y| where |y| is the length, in
tokens, of the response.

2. Majority (self-consistency): All datasets except GameOf24 have multiple-choice, boolean, or
numerical answers. Although we allow responses to contain chain-of-thought tokens, we can
extract the answer from each response and use the most-frequently-occuring answer. This can
be seen as a sample-based approximation to the following self-reward function: rse1¢(y | ) =
Zy’:y;m:yans Thase (Y’ | ), where yans are the “answer” tokens in the full response y.

Finally, as a skyline we consider the coverage criterion (Brown et al., 2024), where we simply check
if any of the sampled responses corresponds to the correct answer. This criterion is a skyline and
does not fit into the self-improvement framework due to the fact that it uses knowledge of the ground
truth (external) task reward function.

Results are displayed in Figure 2. For length-normalized log-likelihood and majority, we see
qualitatively similar behavior to (unnormalized) log-likelihood in the sense that inference-time
sharpening via these self-reward functions offers improvements over both vanilla (temperature 1.0)
sampling and greedy decoding. In both cases, the improvements are generally much larger than those
obtained with log-likelihood. Finally, examining the coverage criteria, we see that with N = 50
samples, these models almost always produce a correct answer on these tasks, raising the possibility
of other self-reward functions that further improve performance.

E.3 EFFECT OF SFT-Sharpening

In addition to inference-time experiments demonstrating the validity of the amortization objective
considered in our theory, we also demonstrate empirically that amortization can be effected with
SFT-Sharpening. Due to the realities of limited computational resources, we choose a strict subset of
the model-task pairs considered in Appendix E.I that have particularly promising inference-time BoN
performance and apply SFT-Sharpening to amortize the inference time cost of multiple generations.

For each of the chosen model-dataset pairs (cf. Table 1), we sample N = 50 responses with
temperature 1 for each prompt in the dataset and select the most likely (according to the relevant
reference model). We then combine these likely responses with the prompts in order to form a training
corpus and train a Low Rank Adaptation (Hu et al., 2021) to the model, sweeping over LoRA rank,
learning rate scheduler, and weight decay in order to return the best optimized model.'* We report
the specific hyperparamters chosen in Table 2. On all models, we used a learning rate of 3 x 10~*
with linear decay to zero and gradient clamping at 0.1.

Results. In Table 1 we report our results for the best model during training of each model-dataset
pair, averaged across 3 random seeds, where responses are sampled with temperature 1 from the
fine-tuned model. We report both the percent lift in accuracy on the dataset with respect to the
greedy generation of the reference model and the increase in average sequence level log likelihood

'“In all experiments involving Phi3.5-Mini we use a batch size of 4; unfortunately, due to a known numerical
issue with LoRA on Mistral-7B-Instruct-v@. 3 involving batch size > 1, we use a batch of 1 in this case. Be-
cause of this choice, instead of the 30 epochs we use to train our other models, for Mistral-7B-Instruct-ve.3,
we run only 10 epochs.
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Figure 5: Effect of inference-time BoN-sharpening on GameOf24 with the finetuned
1987 1lama2-7b-game24-policy-hf from Wan et al. (2024).
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Model Dataset  Weight Decay LoRA Rank
Phi3.5-Mini MATH 0.1 16
Phi3.5-Mini GSM8k 0.5 16
Phi3.5-Mini ProntoQA 0.0 16

Mistral-7B-Instruct-ve.3 MATH 1.0 8

Table 2: Empirical Performance of SFT-Sharpening

with respect to the same. In all cases, we see improvement on both metrics, demonstrating that
some amortization is possible with SFT-Sharpening. In Figures 7 and 8, we display the evolution
throughout training of these same metrics for each of the model-dataset pairs. While Phi3.5-Mini
is quite well-behaved on MATH and ProntoQA, there appears to be a fair amount of noise in the
training on GSM8k, with the log probability being a significantly less useful proxy for accuracy on this
dataset than the others. In the case of Mistral-7B-Instruct-v@. 3 on MATH, while we do see some
improvement after sufficient training, the optimization suffers an initial substantial drop and then
spends ~ 90% of the gradient steps recovering; we speculate that this is a function of insufficient
hyper-parameter tuning of the optimization itself, rather than a fundamental barrier.

Finally, in Figure 9, we investigate the effect that the choice of N has on SFT-Sharpening for
Phi3.5-Mini on MATH. In particular, in forming our training set, we choose N € {10, 25,50} and
repeat the procedure described above, averaging our results over three seeds. We find that increasing
N leads to a modest increase in the sequence-level log-likelihood and a consequent increment in the
accuracy of the fine-tuned model, in accordance with our theory.
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Figure 7: Evolution of Phi3.5-Mini under SFT-Sharpening on different datasets for N = 50 as
measured by % lift over Greedy in accuracy and difference in average sequence-level log probability
under the reference model of generated responses. The fine-tuned model produces generations with
high probability under the reference model and a consequent increase in accuracy; the model still is
not able to match the performance of the inference-time BoN approach.
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Figure 8: Evolution of Mistral-7B-Instruct-v@.3 under SFT-Sharpening on MATH for N = 50
as measured both by % lift over Greedy in accuracy and difference in average sequence-level log
probability under the reference model of generated responses.
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Figure 9: Effect that choice of N has on SFT-Sharpening for Phi3.5-Mini on MATH. We report
both (a) % lift over greedy in accuracy and (b) lift in sequence-level log likelihood averaged over the
dataset. In both cases, we see that increasing IV leads to more lift, in accordance with theory.
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Part I1
Proofs

F PRELIMINARIES

F.1 GUARANTEES FOR APPROXIMATE MAXIMIZERS

Recall that the theoretical guarantees for sharpening algorithms in Section 4 provide convergence
to the set y*(v) := argmax,cy Thase(y | =) of (potentially non-unique) maximizers for the
maximum-likelihood sharpening self-reward function log myase(y | ). These guarantees require
that the base model mp,se places sufficient provability mass on y* (), which may be unrealistic. To
address this, throughout this appendix we state and prove more general versions of our theoretical
results that allow for approximate maximizers, and consequently enjoy weaker coverage assumptions

For a parameter v € [0, 1) we define

yy( ) {y ‘ 71'base(y | .’E) (1 - '7) 'r;lea;;(ﬂbase(y | w)}

as the set of (1 — )-approximate maximizers for log myase(y | ). We quantify the quality of a
sharpened model as follows.

Definition F.1 (Sharpened model). We say that a model 7 is (e, 6, y)-sharpened relative to Tyase if
Pou[F(yi(z) | ) >1-6] > 1-c

That is, an (¢, d,y)-sharpened policy places at least 1 — § mass on (1 — +)-approximate arg-max
responses on all but an e-fraction of prompts under .

Lastly, we will make use of the following generalized coverage coefficient
1
C =E;py| ——r—
o g {Wbase(yy( ) | f)}
which has Ceoy y < Ceov.

F.2 TECHNICAL TOOLS
For a pair of probability measures [P and (Q with a common dominating measure w, Hellinger distance

is defined via
Di(P,Q) = <,/dp \/dQ> dw.

Lemma F.1 (MLE for conditional density estimation (e.g., Wong & Shen (1995); van de Geer (2000);
Zhang (2006))). Consider a conditional density 7 : X — A(Y). Let D = {(x;,y:) ' be a
dataset in which (x;,y;) are drawn i.i.d. as x; ~ p € A(X) and y; ~ 7 (- | ). Suppose we have a
Sinite function class I1 C (X — A(Y)) such that 7™ € 1. Define the maximum likelihood estimator
T 1= argmax Z log7(y | x).
well
(z,y)eD
Then with probability at least 1 — p,
- % 2log(|1T]p~")
Eoop [DAR( | 2), 7" (- | 2)] £ ———.

n

Lemma F.2 (Elliptic potential lemma). Let \, K > 0, and let Ay, ..., Ar € R¥? be positive
semi-definite matrices with Tr(A;) < K forallt € [T]. FixTo = Mg and Ty = A\ + 22:1 A; for
t € [T). Then
dK log LHDE
>y < o
Alog(1+ K/\)’
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Proof of Lemma F.2. Fix t € [T]. Since Tr(4;) < 1, there is some p; € A(R?) such that
Ay =Eqop,aa’ and P[||al|l2 < 1] = 1. Now observe that

log det(T';) = logdet(I'y_1 + A;)
=logdet(T',—1) + logdet(Ig + T 1/2At 1/2)
= logdet(I';—1 +logdet( a~p: [Id + T, 1/2 TFt__ll/ﬂ)
(

)
)
> logdet(T'y—1) + Eq~p, logdet(Ig + T, 1/2 TFt__ll/Q)
=logdet(T';_1) + Eqnp, log(1 +a'T; 1 a).
Now aTF —,a < 1/ with probability 1, where A = Apin (I'o). We know that Az log(1 + 1/X) <
log(1 + x) for all z € [0,1/]]. Thus,
log det(T';) > logdet(T;_1) + Mog(1 + 1/\)Eqep,a' T Y a.
Summing over ¢ € [T, we get
T
log det(I'r) > logdet(Tg) + Alog(1 + 1/A) Y Tr(I; 4 Ay).
t=1
Finally note that Ap.x(I'r) < T + 1 so logdet(I'y) < dlogT, whereas log det(I'g) > dlog .
Thus,
dlog T
Tr(T', A —_
Z Al < 355 g(1+1/)\)

as claimed. O

Lemma F.3 (Freedman’s inequality, e.g. Agarwal et al. (2014)). Let (Z;)L_, be a martingale

difference sequence adapted to filtration (F;)1—y'. Suppose that | Z;| < R holds almost surely for all
t. Forany ¢ € (0,1) andn € (0 1/R), it holds with probability at least 1 — § that

10 1/6
Zzt<nZEZ2|ft . g(n/)

Corollary F.1. Let (Z;)L_ | be a sequence of random variables adapted to filtration (F;)1—5".
Suppose that Z; € [0, R] holds almost surely for all t. For any § € (0,1), it holds with probability at
least 1 — 0 that

T T
> E[Zi|Fio1] <2 Zi +4Rlog(1/5).
t=1 t=1
Proof of Corollary F.1. Observe that for any ¢t € [T,
E[(Z; — E[Z¢ | Fe-1])? | Fir] S E[Z7 | Fooi]
< R-E|Z; | Fi1].
Applying Lemma F.3 to the sequence (E[Z; | F;—1] — Z;:)_,, which is a martingale difference

sequence with elements supported almost surely on [— R, R], we get for any n € (0, 1/R) that with
probability at least 1 — 6,

T
S B | sl 20 <0 Y BB | Rl Fi 4 )
T
< WRZE[Zt | Fiq] log(s/é)

Set n = 1/(2R). Simplifying gives
T T
S E[Z | Fioa] €2 Zi + 4Rlog(1/9).
t=1 t=1
as claimed. O
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G PROOFS FROM SECTION 3.1

Proof of Proposition 3.1. We prove the result by induction. Fix x € X, and let ¢7, . .., vy} = y* ().
Fix h € [H], and assume by induction that y;,» = y;, for all A’ < h. We claim that in this case,

T | 1o Uh—1,2) = (Y | Y1, - -+ Yh—1,2) > 1/2,
which implies that g, = . To see this, we observe that by Bayes’ rule,

Ty, yh | w) <yl un | @)

h
= H ﬂ-h’(y}t’ |yf,...,y;;/,1,$) S 71—h(y; | yfv"wy}tfla‘r)'
h'=1

If we were to have 7, (Y7 | Y1, .-+, Yn—1,2) = Tn(Yr | YT, -, Yj_q,x) < 1/2, it would contradict
the assumption that w(y7, ..., ¥} | ©) > 1/2. This proves the result. O

H PROOFS FROM SECTION 3.3

Below, we state and prove a generalization of Theorems 3.1 and C.2 which allows for approximate
maximizers in the sense of Definition F.1, as well as a more general coverage coefficient.

To state the result, for a model 7, we define

(@) = {u7ly [2) 2 (1) -macrty | )}

Next, for any integer p € N, we define

Coovirpl(m) = (E [W} ) o

with the convention that Ceoy.yp = Ceov,,p(Tbase). For our negative results, we select v = 1/2.
Thus, our lower bounds which we are about to state and prove hold in a regime where the best y has
bounded margin away from suboptimal responses.

Theorem 3.1’ (Lower bound for sharpening). Fix integers d > 1 and p > 1 and parameters
€ € (0,1) and C > 1, and set v = 1/2. There exists a class of models 11 such that i) log |TI| =

d(1 + log(Ce=Y/P)), ii) sup,cr Ceoviryp(m) S O, and iii) Y5 () is a singleton for all = € 1,
for which any sharpening algorithm 7 that attains B[Py, [T (yI*(x)) > 1/2]] > 1 — € for all
Thase € 11 must collect a total number of samples m = n - N at least

¢ log 11 sample-and-evaluate oracle
> J T (Ilog(Ce177)) P ;
mz C'log |IT] .
(T Tog(Ce=1/)) adaptive sample-and-evaluate oracle.

Proof of Theorem 3.1". Let parameter d,p € N and € > 0 be given, and set v = 1/2. Let M € N
and A > 0 be parameter to be chosen later. Let X = {zg,z1,...,z4} and Y = {yo,y1,...,ym}
be arbitrary discrete setes (with |X'| = d + 1 and |V| = M + 1).

Construction of prompt distribution and model class. We use the same construction for the
non-adaptive and adaptive lower bounds in the theorem statement. We define the prompt distribution
1 via

A d
= (1= A)dy, + E;%’

where 6, denotes the Dirac delta distribution on element .

As the first step toward constructing the model class II, we introduce a family of distributions
(Py, Py, ..., Py)on) as follows

. 1 1 gl
Py=08y,, Vi>1l Pi=——"8,+ > (1 —~ >6y
1—~)M ¥ M M—1)(1 - ’
(1—=7) el ( )L =)

36



Under review as a conference paper at ICLR 2025

Next, for or any index Z = (j1, ja, - - -, ja) € [M]?, define a model

P, i=0
™ () = {Pji i>0°
We define the model class as

= {r : T € [M]%},
which we note has

log |TT| = dlog M.
Preliminary technical results. Define
yy (@)= {y:m(y @) 2 (1 —y)maxr*(y | 2)}.
The following property is immediate.
Lemma H.1. Let T = (ju,...,ja) € [d™. Then yZ (x;) = {y;,} if i > 0, and yZ (x0) = {yo}-
In view of this result, we define y* (x) = arg max, 7% (y | x) as the unique arg-max response for z.

Going forward, let us fix the algorithm under consideration. Let P[] denote the law over the dataset
used by the algorithm when the true instance is 77 (including possible randomness and adaptivity
from the algorithm itself), and let EZ [-] denote the corresponding expectation. The following lemma
is a basic technical result.

Lemma H.2 (Reduction to classification). Ler T be the model produced by an algorithm with access
to a sample-and-evaluate oracle for . Suppose that for some € > 0,

Ezounis B Ponu[7(y2(2) |2) > 1/2] > 1 —€.

Define 7= (3'\1, . ,}d) via j; = argmax; 7(y; | x;), and write T = (ji, ..., j}). Then,
1
p > Ezunie B [H{ji # j;}:| < e/A.
i=1

Proof of Lemma H.2. As established in Lemma H.1, under instance Z, y (x;) = {y;: } for any
i € [d]. Thus, whenever 7 (yZ (z;)) > 1/2, j} = argmax; 7 (y; | x;) = Ji. The result follows by
noting that the event {3i € [d] : = x;} occurs with probability at least A under = ~ p. O

Lower bound under sample-and-evaluate oracle. Recall that in the non-adaptive framework, the
sample complexity m is fixed. In light of Lemma H.2, it suffices to establishes the following claim.

Lemma H.3. There exists a universal constant ¢ > 0 such that for all M > 8, if m < cdM /A, then
Ezunis B [H{EZ‘ # j:}} > 1/8 for all i.

With this, the result follows by selecting A = 16¢, with which Lemma H.2 implies that any algorithm
with Ezynir EX P,y [@(yZ(x) | #) > 1/2] > 1 — e must have m 2 dM/A, then. To conclude,

we choose M ~ 1+ Ce~'/P, which gives m ~ dM /A = dCe~(1+1/P) = ¢~ (141/P) 1og 1/ log(1 +
Cet/ P). Finally, we check that with this choice, all 7 € II satisfy

o + (M(1 = 7)) Ponplz # o))/

Ceovyy,p(T) = (PZNM[m =z
= (1= 8) + (M1 =))"8)"
S(@-2)+Eoa-NHT 5

Proof of Lemma H.3. Let i € [d] be fixed. Of the m = n - N tuples (x,y, log Tpase (y | x)) that are
observed by the algorithm, let m; denote (random) the number of such examples for which z = z;.
From Markov’s inequality, we have

Plm; < 2Am/d] > (13)

DN | =
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Going forward, let D = {(z,y,log mase(y | £))} denote the dataset collected by the algorithm,
which has |D| = m. Let &; denote the event that, for prompt = z;, (i) there are at least two
distinct responses y; for which (z;,y;) ¢ D; and (ii) there are no pairs (z;,y) € D for which
Thase (Y | i) > ﬁ Since &; is a measurable function of D, we can write

Bz nsr B (13 # 1] 2 Bzoanse B (100 # 31} - 1{E3)]

= Ezunir E* {H{&‘} Ez pz=p] {H{E‘ # Jf}“ ) (14)
where Z ~ P[Z = - | D] is sampled from the posterior distribution over Z conditioned on the dataset
D. Observe that conditioned on &;, the posterior distribution over j* under Z ~ P[Z = - | D] is

uniform over the set of indices j € [M] for which (x;, y;) ¢ D, and this set has size at least 2. Hence,
{&:} Ezpiz=|D] {]I{}, #+ J:}} > %, and resuming from Eq. (16), we have

-~ . 1 1
Ezunir X {H{]i * 73 }} > 3 Ezunit EX [I{&}] > 3 Ezunit PT [ N {m; < 2Am/d}]

v

1
1 Bz unis P [ | mi < 2Am/d],

where the last inequality is from Eq. (13). Finally, we can check that, under the law IPZ, the probability
of the event £—conditioned on the value m;—is at least the probability that (z;, y;), (i, y;/) ¢ D
for an arbitrary fixed index j’ # j¥, which on the event {m; < 2Am/d} is at least

3 mq 3 2Am/d
1-=) >(1-=
(w) =(ew)

where we have used that v = 1/2. The value above is at least ; whenever m < c - dM/A
for a sufficiently small absolute constant ¢ > 0. For this value of m, we conclude that

Ezunir B [H{‘}\z # Jf}] > %EINUnif PT & | {m; < 2Am/d}] > é O

Lower bound under adaptive sample-and-evaluate oracle. In the adaptive framework, we let m;
denote the (potentially random) number of tuples (z, ¥, log Tase (¥ | )) observed by the algorithm
in which z = z;. Note that unlike the non-adaptive framework, the distribution over m; depends on
the underlying instance Z with which the algorithm interacts.

To begin, from Lemma H.2 and Markov’s inequality, if 7 satisfies the guarantee
Ezounit B Pyry [@(yZ (x)) > 1/2] > 1 — ¢, then there exists a set of indices Sgo0q C [d] such that'?

. ~ - 26
[Seoodl = 1d/2], Vi € Syooa, Ezeumse E” [ # 57} < X (15)

We now appeal to the following lemma.

Lemma H.4. As long as M > 6, it holds that for all i € [d],

R
Ezvunir B? 107 # 7)) 2 7 Ezeunse B [[{m; < M/3}].

Combining Lemma H.4 with Eq. (15), it follows that there exist absolute constant ¢y, ca, cg > 0 such
that if A = ¢; - ¢, then for all i € Sgoo4,

Ezunit PX[m; > caM] > cs.

Thus, with this choice for A, we have that ¢ € Sgooq,

Ezunir BF [my] 2 M,

Bwe emphasize that the set Sgo0q is not a random variable, and depends only on the algorithm itself.
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and we can lower bound the algorithm’s expected sample complexity by summing over ¢ € Sgooq:

Ezuni¢ B [m] > Ezeunie BT | Y mi| 2 |Sgood| M 2 dM.

1€ Sgood

The result now follows by tuning M =~ 1 + Ce /P as in the proof of the lower bound for
non-adaptive sampling, which gives E[m] > dM ~ dCe /P = ¢=1/PlogII/ log(1 + Ce'/?) and
Ceovy,p(m) S Coorall m e I

Proof of Lemma H.4. Leti € [d] be fixed. Let D = {(x, y,log Tpase(y | ))} denote the dataset
collected by the algorithm at termination, which has |D| = m. Let &; denote the event that, for
prompt = = x;, (i) there are at least two distinct responses y; for which (z;,y;) ¢ D; and (ii) there
are no pairs (z;,y) € D for which mpase (v | ;) > ﬁ Since &; is a measurable function of D, we
can write

Ezunir B {H{E‘ # J:(}i| > Ez.unir E |:]I{31 #jit-1 {&‘}}

= Ezounit B [HE} Erorgo o) 10 #573]] . (16)
where Z ~ P[Z = - | D] is sampled from the posterior distribution over Z conditioned on the dataset
D. Observe that conditioned on &;, the posterior distribution over j* under Z ~ P[Z = - | D] is

uniform over the set of indices j € [M] for which (z;, y;) ¢ D, and this set has size at least 2. Hence,
{&:} Ezpiz—.|D) [H{}i #* jz*}] > 1, and resuming from Eq. (16), we have

R
Ezeunss E? [103: # 57}] 2 5 Ezauni B” [{E)]
1
> 3 Ezounis PT [E N {m; < M/3}]
1
=3 Ezounis [PT[E; | m; < M/3]-PXim; < M/3]].

The event &; is a superset of the event &; j that (x;, y;x ), (z;,y;7) ¢ D for an arbitrary fixed index
j' # jr. Thus,

PL & | mi < M/3] > PL[E 0 | m; < M/3]

Moreover, we can realize the law of PZ considering an infinite tape, associated to index ¢, of i.i.d.
samples ¢ ~ Tpase (- | i), and letting values of y form the samples (z, ¥, l0g Tase (¥ | )) € D with
x = x; corresponding to the first m; elements on this tape (see, e.g. (Simchowitz et al., 2017) for an
argument of this form). On the event {m,; < M/3}, then, m; samples in (x,y, log Tpase(y | ©)) € D
with 2z = x; are a subset of the first M /3 samples from the index-i tape. Viewed in this way, we can

lower bound the probability of &; ; of by the probability of the event f:'l ;¢ that the first M /3 y’s on
the index-7 tape contain neither j7, nor the designated index j'. As these first /3 y’s are not chosen

adaptively, the probability of gZ 4 1s at least

m; M/3
AR AR
M - M ~ 2e
as long as M > 6 and v = 1/2. We conclude that

~ . 1
Ezunit B |1 # 37}] 2 1 Ezvunss B [Imi < M/3}].
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I PROOFS FROM SECTION 4.1 AND APPENDIX C

The following theorem is a generalization of Theorem 4.1” which allows for approximate maximizers
in the sense of Definition F.1.

Theorem 4.1'. Let p,6 € (0, 1) be given, and suppose we set N = N*1og(26~1) for a parameter
N* € N. Then for any n € N, SFT-Sharpening ensures that with probability at least 1 — p, for any
€ (0,1), the output model T satisfies

L log(|lp™") | Coovsy
6 n N*

Pou R4 (@) [ 2) <1-20] <

In particular, given (e, 9,), by setting n = Cy RE U gnd N* = Cya °‘:’” for a sufficiently large
absolute constant Cy.1 > 0, we are guaranteed that

Porp [T(yh(z) [ 2) <1—6] <e

The total sample complexity is

-1 -1
i — O Ceovr log([H]p~") log(6™7) )
0€?

Proof of Theorem 4.1'. Under realizability of 75" (Assumption 4.1), Lemma F.1 implies that the
output of SFT-Sharpening satisfies, with probablllty atleast 1 — p,

~ 2log(|11[/p)
Eonn [DRRC | 2), T84 | 2))] < 2 o= 0 22, (17
Henceforth we condition on the event that Eq. (17) holds. Let
1
Xeood = 4T EX | N* > ———————
= {r X Foose (U3 (@) [ ) |

denote the set of prompts for which my,se places sufficiently high mass on y;(x) We can bound
Py [R5 (@) | 2) < 1]
<Prep [%(y*(gc) |z)<1-4,z € Xgood] +Proplz & Xgood]- (18)
To bound the first term in Eq. (18), note that if z € Xgooa, then 73N (y2 () | 2) > 1 — 6/2. Indeed,

observe that y ~ m3"(- | z) ¢ y2(z) if and only if y1, ..., yn ~ Toase(x) have y; ¢ y2(x) for all ,

which happens with probability (1 — Tase (2 () | 2))N < (1 —1/N*)N < §/2 since = € Xgooq. It
follows that for any such x, we can lower bound (using the data processing inequality)

2
DR (7 (- | ), (wfwyv ) 2) =1 - =8 (@) | )
Z0-Hm(yy(x) |x) <1—d}. (19)
By Egs. (17) and (19), it follows that

S .
Porw [T (x) | 2) <1 — 26,2 € Xgoos| S —2E.

~o
For the second term in Eq. (18), we bound
1
Py X, Py | N < —m——n——
ot = |3 < s
1
Py >1
|:N 7Tbase(y ( )|CL‘) :|
1 1
< —Fppy| —————
- N¥ g {Wbase(yﬁ(x) | x)}
< C’c:ov,'y
S N
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via Markov’s inequality and the definition of C'oy . Substituting both bounds into Eq. (18) completes
the proof.

Proof of Theorem C.1. The proof begins similarly to Theorem 4.1. By realizability of 7y,,,
Lemma F.1 implies that the output of SFT-Sharpening satisfies, with probability at least 1 — p,

B [DRRC |27, )] < e 1= 2]

Condition on the event that this guarantee holds. We invoke the following lemma, proven in the
sequel.

Lemma L.1. Let P be a distribution on a discrete space ). Let y* = argmax,cy P(y) and let
P* :=maxycy P(y). Let y1,Ya, ... ~ P, and for any stopping time T, define

yr € argmax{P(y) :y € {y1,...,yr }}.
Next, for a parameter p > 0, define the stopping time

1
N, =inf<k: — <k .
g { maxi<i<k P(yi) ~ /H}

Then

w1/ ]y*))
E[N,] < —p

In addition, for any stopping time T > N, (including T = N, itself), we have P[g, ¢ y*] < e~1¥"In,
This lemma, with our choice of u, ensures that for all x € X,
N, (Y () [2) > 1 e =1-0§/2.
Following the reasoning in Eq. (19), this implies that
DAF(- | 2),mn, (- | 2)) 2 8- H{A(y* () | ) <1 -6},

so that

2
Ponulf(y" (@) | 2) <1- 0] S =22

as desired.

To bound the expected sample complexity, we observe that

Bp] = n- B[N, (2)] £ B | — | = (14 1)C

where inequality (¢) invokes Lemma I.1 once more. O

Proof of Lemma I.1. Define N* := 1/ P*. To bound the tails of N,,, define
T=inf{k | k> N andy* N {y1,...,yx} # 9}

It follows from the definition that N,, < 7, since for any k > N*, if there exists 7 < k such that
y; € y*, then

=
S
B

*
=
=™

Thus, for k > N*, we can bound

PIN, > k] <P[r > k] =PV N {y1,...,y} = 2] < (1 — |[y*|P*)F,
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and consequently
E[N,] < E[r] < E[rI{r < N*}] + E[rI{r > N*}]

SN+ Y (1 [y P
k>N~*
1 p+1/y*
<N*+ =
ly*|P(y*) P(y*)

To check correctness, observe that N,, > NN*, because for all y € Y

, 7};@) > N*/p. Hence,
any stopping time 7 > N, also satisfies 7 > N*, and moreover has y, € y* whenever y* N
{y1,y2,. -,y } # @. This fails to occur with probability no more than

* N* w/P*
1_@ - 1_@ < e ¥ ln,
P> P> -

J PROOFS FROM SECTION 4.2
The following result is a generalization of Lemma 4.1.
Lemma 4.1". Forally € (0,1), the model 7 satisfies Cry < (1 — 7)1 Ccov, and Cruase/myip < V|-

Proof of Lemma 4.1’. For any fixed z € X, we have

-1

* 148~
Wﬁ(y | .’E) :| TMhase (y | .73) 1+8~
Eyrors e | = | = Eymmgfa) |22 [ | Do ©
ym (| )[mse(ym i) |y T2 2 Tons W o)

-1

1 1+
< max 7Tbﬂase (y | .’t) ’ Z 71—baseﬂ y ‘ iL’)
yey
y' ey
-1
_ -1 1
<=y @) (o) | Ym0

y'ey
—1

(1_7) 177;;;5 (yfy(x)|x) Z 1481

Toace (Y )
Wbase(y;(]") |$) y' €Y base

-1

1+
EyEy*(m) 7Tbasf (y ‘ l‘) ) Z 14871

=(1—-~)"" s "
( ’7) Wbase(y»y( )|.’E) 5 base (y | )
1
<1l-)t—
=) @ o)
It follows that Crry < (1 — ¥) "' Ceov, as claimed.
For the second result, we have
B
1
s =Fm | — [ S5 )| | < By [}:y.
base/ %533 base Wbase(y|$) Z base | ) base Wbase(y|x) ‘ |

y' ey
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J.1 PROOF OF THEOREM 4.2

We state and prove a generalized version of Theorem 4.2. In the assumptions below, we fix a
parameter v € [0, 1); the setting v = 0 corresponds to Theorem 4.2.

Assumption J.1 (Coverage). All 7 € 1L satisfy C < Ceonc for a parameter Ceone > (1 =) Ceov
and Cry,./n:3 < Closs for a parameter Choss > ||

By Lemma 4.1, this is assumption is consistent with the assumption that w5 € IL
Assumption J.2 (Margin). For all x € supp(u), the initial model myase satisfies

Toase (Y5 (2) | ©) = (1 + Ymargin) - Thase (¥ | ) Vy & y(2)
for a parameter ~ymargin > 0.

Theorem 4.2'. Assume that wg € II (Assumption 4.3), and that Assumption 4.4 and Assumption 4.2

hold with respect to some vy € [0, 1), with parameters Cconc, Closs, and Ymargin > 0. For any
3, p € (0,1), the DPO algorithm in Eq. (4) ensures that with probability at least 1 — p,

(% 1 ~ Ceonclo 3C’ossH -1
Pz~u[7r(yv(x)|m)§1_§]§ -0 \/ 8 (Choss| )+510g( Ceonc) +7

’Ymargin(; n
where 6() hides factors logarithmic in n and Ceone and doubly logarithmic in 11, Closs, and p~ L.
We first state and prove some supporting technical lemmas, then proceed to the proof of Theorem 4.2’

J.1.1 TECHNICAL LEMMAS

Lemma J.1. Suppose 3 € [0,1]. For any model w, with probability at least 1 — § over the draw of
T~ Y,y ~ Tpase (- | ), we have that for all s > 0,

P [ptos (70 L2L) < o (L TOELE ) | 0820 a) 4 5] < exni-o)

Thase (Y | ) Thase (Y | @)
Proof of Lemma J.1. Define
m(y | x m(y' | x
:lmog( (y | ) )—ﬁlog< ( |, ) )‘
7Tbase(y ‘ 93) 71'base(y ‘ I’)
By the Chernoff method, we have that with probability at least 1 — 4,

X < log(Efexp(X)]) 4 log(6 ")

e et o (L2 L)
< log <Ex~u,y,y'~wbase<z) [exp (5 log (ﬂbaf(ﬁ)x)) plog (Wba: W Tm ))]

F Eo iy g’ ~mosse (@) [QXP (»3 log ( basey v TI ) (Wbajlez ))]) + log(d 1)
= log (2 Bty ~muase (@) [exp (5 log ( basjjixm ) (Wbasjl y' T ))D +log(5 1)

m z Tpase
= log (Ew’\‘ﬂvyvy/’\’ﬂ'base(w) [( o) - AL )) ) +log(26~ )

Thase (Y | ) m(y | z)
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As long as § < 1, by Jensen’s inequality, we can bound

. Ty 2)  Toese(y | 1)\
INM,y7y/N7Tbase(w) ’

Toase(y | ) w(y' | @)
T x Thase (Y | @ A
(EM*(” Lbas(;y(z'/ M ' ir(y('y| a|c> )> ]

_E 7T'base(y/ | .T) ’
= gy ~mpase (z) W

= C""base/‘fr;ﬂ?

IN

E

T, Y~ Thase (T)

which proves the result. O

Lemma J.2. Let 8 € [0, 1]. For all models m, we have

B i,y ~vase - [2) UBlOg <ﬂ'(y|:v)> — Blog (71'(y|x)>

4

< O(log* (Crgpen/nig) + 1).
Wbase(y | :,C) Wbase(y/ | x) - ( g ( base/ ﬁ) )

Proof of Lemma J.2. Define
/
X = ‘Blog (ﬂ-(y | 2) ) — Blog <7r(y |/z) )‘
7Tbase(y | .%') 71—base(y ‘ .27)
Set k = 10g(2Cry,s/;5). We can bound

E[X*] = EUOO {Xx*> t}dt]

0

(oo}

= 4EU {X > t}t3dt}
0
= 4/ P[X > t]t3dt
0 oo
<k +4/ PIX > t]t3dt
k

<k+ 4/ et dt
k

= k* + 4(k* + 3k + 6k + 6)
= O(k* + 1),

where the third-to-last line uses Lemma J.1. O

J.1.2 PROOF OF THEOREM 4.2’

Proof of Theorem 4.2'. For any model 7 € II, define J(7) := Er[log mpase(y | z)]. Let 7 € II

denote the model returned by the DPO algorithm in Eq.(8). Let E, ./[-] denote shorthand for

gwﬁu,ywﬂ(z),ywﬂ,(gﬂ) [[], and for any r : X x J — R define A"(z,y,y") = r(z,y) — r(x,y).
efine

r*(z,y) :=1og Tpase (y | ) = ﬁlog(%) + Z(z),

and let 7(z,y) == 8 log(ﬂis(:“’(lfll) ) By a standard argument (Huang et al., 2024), we have

7 € argmax Er[7(z,y)] — BDkL(7 || Thase)- (20)
T X—=AY)
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Therefore for any comparator model 7* : X — A()) (not necessarily in the model class IT), we have

J(m) = J(7) = Exs [ (2, )] — Ba[r" (2, y)]

=[E -« [?(LL', y)] - BDKL(W* H 7Tbase) - Eﬁ[?($> y)] + BDKL(% || 7Tbase)
T En[r*(z,y) = 7(@,y)] + BDkL(T" | Moase) + Bz [P (2, y) — r* (2, y)]
< EW*[T*(xﬂ y) - ?(.’E, )
y)—

- BDKL(% || 71—base)
] + ﬁDKL(W* H 7Tbase) + E% [?((E y) - T*(x y)]
= Eﬂ'*-,ﬂ'base AT* (x’ y7 !

- ﬁDKL(% ” 7Tbase)
A(z,y,y )} + Bz mynee [A (2,9,9') = A7 (2,9,9/)
+BDKL(7T* H7rbase) _BDKL(WHﬂ'base) (21)

where the inequality uses Eq. (20). To bound the right-hand-side above, we will use the following
lemma, which is proven in the sequel.

Lemma J.3. For any model m and any n > 0, we have that

Er e || A7 (0,08 = A7 (@3,

2 *
5 C}F/Q ' <E7Tbase777base |: H{ ‘Ar

+ C;'/Q (log(cﬂ'base/*§5) + log(cﬂbase/ﬂé?ﬁ)) ’ (Pﬂ'baseyﬂ'base |:

AT*(%%Z/)_A?( IR %) !

A| < n}]>1/2

A?| > 77} ) 1/4.

Using Lemma J.3 to bound the first two terms of Eq. (21), and using the fact that all = € II have
Cr < Ceonc and Cry,. /3 < Choss, We have that

J(*) — J(7)

S (Cw* + Cconc)l/2 : (Emase,mase |:

AT* ’ > 77} + IED7"'base771'base |:

AT*(xvyvy,)_A?( Yy

,) 211{|N*| <, |27 <77}D1/2

+ (Car + OconC) log(CIOSS) : <]P)7Tbasey77base { Ar*| > 77] t Py ee Thace [

N 1/4
A7| > 9]) " + BDKL(E | oase):
(22)

Let us overload notation and write A™(x,y,y') = 8 log(ﬂs:iy(l?flm ) Blog (%) , so that
AT = AT and A™5 = A" Since 7 € 11, the definition of 7 in Eq. (4) implies that

2
> (A (,y,9") — AB(svyy)) < min >
(,9,y") €Dpres (2,y,y") EDpres

> (8% ) - AT yy)

(,9,y") € Dprer

=0.

(A7 (.v.v) — AT (1))

IN

Define By, , := log(2nCiess|II|p~1). It is immediate that

Z (A%(x,y,y’) — A5 (z, 1,y ) {’Aﬂ < By, |A’T5| < Bn,p} <0.

(2,Y,y") € Dprer
From here, Bernstein’s inequality and a union bound implies that with probability at least 1 — p,
Eﬂ'basevﬂ'base |:

_ B2 loa(Mp™)
~ f 7' stat-

A%(I7yay/) - Aﬂ;}( )

01187 < Bu 87 < B}

In particular, if we combine this with Eq. (22) and set n = B,, ,, then Lemma J.1 implies that

J(ﬂ-*) - J(%) S (Cﬂ'* + C’conc)l/2 ‘ Estat T (Cﬂ'* + C’conc)l/2 10%(01055) : 01/4 + ﬁDKL(ﬂ'* ” 7Tbase)
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Note that the above bound holds for any 7* : X — A()). We define 7* by

7r*(y | JZ) — 7Tbase(y | (E)]I[y € y;(x)]
. 7Tbase(y“m) | ) ’

which can be seen to satisfy Cr« < Ceoy.y < Ceonc and Dk (7% || Thase) < 1log(Crr) < log(Coeonc)
With this choice, we can further bound the expression above by

J(?T*) - J(%) ,S (C(conc)l/2 - Estat T (C’conc)l/2 1Og(c(loss> : P1/4 + Blog(cconc)

Given a desired failure probability p, applying the bound above with p’ := p A (gstat/ 10g(Closs))?
then gives

J(W*) - J(%) < (Cconc)l/2 * Estat T 510g(cconc)~

Finally, we observe that for our choice of 7*, under the margin condition with parameter -y, we have

J(7*) = J(R) = Eap By s 5 [log (7“’(?”9”))]

Thase (Y’ | )
2/ “Ymargin * Eacwu Ey’fv% [H{yl g y': (:C)}] -7
Z "Ymarginé : ]Ezw,u [H{%(y;(l’) | ‘T) S 1- 6}] -

where the first inequality uses Assumption J.2 together with the fact that y € y (x) with probability
loverx ~ pandy ~ 7*(- | ). This proves the result.

O

Proof of Lemma J.3. For any n > 0, we can bound

Ermoe || A7 @0,9.8) = 870,98 | € Brr [|A7 (@9,0) = A7y, 1|47 <, 47| < n}]

+Er e [ A" (z,y,y") — A?(x,y,y’) ]I{|Ar } >nV |A?| > UH
For the second term above, we can use Cauchy-Schwarz to bound

B musse [ A (z,y,y) — A(z,4,9) H{|N*] >nVI[AT| > nH
_ 2 . N 1/2
<0 (B |87 @) = 87| 5 v a7 > 0} )

. N 1/4
rg C}r/z ! (Pﬂ'baseyﬂ'base |: AT | > n:| + ]:P)ﬂ'base»ﬂbase |: AT| > 77:|)

4 _ NGO A
' (Eﬂ'baseﬂrbase |: :| + Eﬂ'baseyﬂbase |: AT (Jj, Y,y )‘ :|)

SO (B [I87] 5 1] 4 Pr i [|87 5 1] ) (108(Cn) +108(Corogn).

where the last inequality follows from Lemma J.2.

A (z,9,9)

Meanwhile, for the first term, for any A > 0 we can bound
Erme [ |A” @,58) = A2, y)|{|A7] < .87 <}

. . 2 . N 1/2
S C7'1I'/2 <E7Tbasey77base |: AT (:E?y?y/) - Ar(‘r?y?y/)’ H{|AT | S m, |AT} S 77}:|> .
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J.2  PROOF OF THEOREM 4.3 AND [UNDEFINED]

In this section we prove Theorem 4.3 as well as ??, the application to linear softmax models. For the
formal theorem statements, see Theorem J.2 and Theorem J.3 respectively. The section is organized
as follows.

* In Appendix J.2.1, we give necessary background on KL-regularized policy optimization, as well
as the Sequential Extrapolation Coefficient.

» Appendix J.2.2 presents a generic guarantee for XPO under a general choice of reward function.

 Appendix J.2.3 instantiates the result above with the self-reward function r(x, y) := log mpase (¥ | )
to prove Theorem 4.3.

* Finally, Appendix J.2.4 applies the preceding results to prove ??.

J.2.1 BACKGROUND

To begin, we give background on KL-regularized policy optimization and the Sequential Extrapolation
Coefficient.

KL-regularized policy optimization. Let 8 > 0 be given, and let 7 : X X ) — [—Rmax, Rmax] be
an unknown reward function on prompt/action pairs. Define a value function .J3 over model class 11
by:

Ja(m) := Exlr(z,y)] — B - DL (P™ || P™).

We refer to this as a KL-regularized policy optimization objective (we use the term “policy” following
the reinforcement learning literature; for our setting, policies correspond to models). Given query
access to r, the goal is to find 7 € II such that

Jp(m) = Jp(T) <€

where 75 (y | ) o Tpase(y | ) exp(67'r(z,y)) is the model that maximizes J5 over all models
m: X = A(Y).

We make use of the following assumptions, as in Xie et al. (2024).

Assumption J.3 (Realizability). It holds that wg e IL

Blog wlm) | <y

Tbase (y|w) -

Assumption J.4 (Bounded density ratios). Forall 7 € I1, (z,y) € X x ),

Finally, we require two definitions.

Definition J.1 (Sequential Extrapolation Coefficient for RLHF, (Xie et al., 2024)). For a model class
II, reward function r, reference model Tpase, and parameters T € N and 3, \ > 0, the Sequential
Extrapolation Coefficient is defined as

SEC(Ha 7, T, ﬁa /\§ 7Tbase)

9 (y'|2) NE
—r(z,y) — Blog T—Fms +r(z,y )}

T E® {5 log 7 (y|z)

Tbase (ylx)

= sup 5
T m eI =1 A v ST TEG {(5 log ZOWITL (2, y) — Blog ToWID) r(fc,y’)> ]

Thase (Y| ) Thase (Y| )

where E®) denotes expectation over x ~ ji, y ~ 7 (- | x), and y' ~ Tpase(- | ).

Definition J.2. Let ¢ > 0. We say that ¥ C Il is a e-net for model class 11 if for every m € 11 there
exists m' € U such that

m(y | =)

<e.
m(y | z)

max max |log

zEX yey

We write N (11, €) to denote the size of the smallest e-net for I1.
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Algorithm 1 Reward-based variant of Exploratory Preference Optimization (Xie et al., 2024)

input: Base model mpase : X — A(Y), reward function r : X x ) — R, number of iterations
T € N, KL regularization coefficient 5 > 0, optimism coefficient o > 0.
Initialize: 7Y < Tpase, DO +— 2.
for iterationt = 1,...,7 do
Generate sample (x(t) y®, 7)Y via 2® ~ p, y® ~ 7O (] 2®), 7O ~ mpace (- | 2®).
Update dataset: DY) « DD U {(z®), y® 7"},
Model optimization with global optimism:

aFD arg min {a Z log(m(y' | x))

el (z,y,y")ED®

- Z (ﬂ log _ylz) Blog ﬂ-(yl|,x)) — (r(z,y) — r(=, y’))) }

(z,y,y")€D® Thase (¥ | ©) Thase (Y’ |

return: 7 <— arg maxe |y q] Jg(r®). > Can estimate J(7(")) using validation data.

J.2.2 GUARANTEES FOR KL-REGULARIZED POLICY OPTIMIZATION WITH XPO

In this section, we give self-contained guarantees for the XPO algorithm (Algorithm 1). XPO was
introduced in Xie et al. (2024) for KL-regularized policy optimization in the related setting where the
learner only has indirect access to the reward function 7 through preference data (specifically, pairs of
actions labeled via a Bradley-Terry model). Standard offline algorithms for this problem, such as DPO,
require bounds on concentrability of the model class (see e.g. Eq. (9)). Xie et al. (2024) show that
the XPO algorithm avoids this dependence, and instead requires bounded Sequential Extrapolation
Coefficient.

Algorithm 1 is a variant of the XPO algorithm which is adapted to reward-based feedback (as opposed
to preference-based feedback), and Theorem J.1 shows that this algorithm enjoys guarantees similar
to those of Xie et al. (2024) for this setting. Note that this is not an immediate corollary of the results
in Xie et al. (2024), since the sample complexity in the preference-based setting scales with e© (Fima) |
and for our application to sharpening it is important to avoid this dependence. However, our algorithm
and analysis only diverge from Xie et al. (2024) in a few places.

Theorem J.1 (Variant of Xie et al. (2024, Theorem 3.1)). Suppose that Assumptions J.3 and J.4
hold. Forany T € N, €gisc, p € (0,1), by setting o := Rmf_vmax 1Og(2/;/é&’ﬁd)‘s})ip/p), Algorithm 1
produces a model T € 11 such that with probability at least 1 — p,

SEC(TI) log (2N (I1, egisc )T/ p)
T

8Dk (R 1753) = Jo(x3) — Jo7) S (e + V]

+ Bedise v/ SEC(IT)T
where SEC(IT) := SEC(II, », T, 3, V.2, Tbase )-

Proof of Theorem J.1. For compactness, we abbreviate SEC(IT) := SEC(IL, r, T, 3, V.2,.; Mhase )-
From Equation (37) of Xie et al. (2024), we have

ZJ,B 77/3 ())

T
o B x 1
B(Rmax + VmaX) - SEC(IT) + 7T Vs T Z (@, y)wm, BIOgW(t) (y | x) — Blog WE(Z/ | z)]
pos
8 T ok (51 rO D) g T ) ,)>2
+ og ————~ —r(z,y) — flog ————— +7r(z,
R+ Ve PT g 20, ® Tomse(y | 2) Y & Tonse (' | ) Y

where 7 1= =5 7() @ my,qe denotes the model that, given = € X, samples i ~ Unif ([t — 1])
and then samples y ~ 7 (- | 2) and 3/’ ~ Tpase( | ). Forany 2 < t < T, define L) : ITT — [0, o0)
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by
L () = y)lE [Blogn(y | z) — Blogms(y | )]
X,Y )~ Thase
B ( m(y | x) m(y' | ®) / )2
+ E log —>——~— —r(z,y) — Blog ———*— + r(x, )
(Ve + Bmar)? 2, Blog = w1z "@¥) ~Blee - g Ty
Similarly, define
LO(m) = > [Blogn(y |z) - Blogms(y' | z)]
(z,y,y")ED®
B ( m(y | x) m(y' [ z) ) )2
+— log ———— —r(z,y) — flog ———— + r(z,
W+ B 2 (B Ty 7)o Ty )

where D(*) is the dataset defined in iteration ¢ of Algorithm 1. By Assumption J.3 we have w5 € 1L
s0 infrerp L) () < 0. Moreover by definition, 7() € argmin, oy L.

Let ¥ be an egisc-net over I1, of size N (I, egisc). Fix any 7 € W and 2 < ¢ < T, and define
increments X; := L (r) — LU~V (7) for 2 < i < t, with the notation L(!) (1) := 0 so that
LW (r) = ', X;. Let F; be the filtration induced by D) and define v; := E[X; | Fi_1].

Observe that (t — 1) L") (1) = Z’;:Q ~;. For any 4, note that we can write X; = Y; + Z; where Y; €
[—Vinaxs Vimax] and Z; € [0 ﬁ/a] By Corollary F.1, it holds with probability atleast 1 — p/(2|II|T)

ZIEZ | Fi_i] log(2|\I/|T/p +ZZ

1=2
By Azuma-Hoeffding, it holds with probability at least 1 — p/(2|II|T) that

t ¢
STE[Y: | Fict] € VinaeV/Tlog 2[U[T/p) + Y Vi,
=2 i=2
Hence, with probability at least 1 — p/(|¥|7T") we have
(= 1)L (7) £ 2 1og(21T/0) + Vnwer/ T oI /) + L

With probability at least 1 — p this bound holds for all m € ¥ and 2 < ¢ < T'. Henceforth condition
on this event. Fix any 7 € Il and 2 < ¢ < T'. Since U is an e-net for II, we see by definition of LW
that there is some 7’ € W such that

|L(t)(ﬂ-)_L(t) (W/)| < Begiset ( B

m'ﬂedisc(vmax‘l'Rmax) < Bedisc <1 + B)
max max

a(Vmax + Rmax)
and similarly

LW - TO — i o
[LW () = LY(7")| S (t — 1) Bedise (1 Vo + Rmax)) '

It follows that, for all 2 < t < T, since E(t)(w(t)) <0, we get

(1= DL (5) £ 2 og(2I0T ) Voo TR )+ e (14 ).

Hence,
1 T
= D Ja(ms) — Ja(x )
t=1
o p
B(Rmax + Vmax) : SEC( ) ‘l‘ —r ‘l‘ ZL
1)1 v
< (Rmax+vmax)\/ SEC(ID O;g:(m 7/0) | Begee SEC(I)T
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by taking

B log(2|¥|T'/p)
Rmax + Vmax SEC(H)T ’

a =

Since the output 7 of Algorithm 1 satisfies 7 € argmax,c) Jg (7)), the claimed bound on
Jg(ms) — J(7) is immediate. Finally, observe that by definition of 7%,

- 5y | ) ] { Ty | x) }
Jg(ms) —Jg(@)= E r(z,y) — log—2" """ | - E r(z,y) — flog ———
ol 6) B( ) (z,y)~7 [ (z,9) = Blog Thase (Y | T) (z,y)~7 (z,9) = Blog Thase (Y | )

75y | x) ] { 5y | @) }

= E r(x,y) — Blo T r(z,y) — Blog —————

(z,y)~m}h |: ( y) Plog 7Tbase(y | SU) (z,y)~7 ( y) Plog 7rbase(y | x)
+ E Blog 771@ | 2)
(@y)~7 5y | @)

=plog E  [exp(r(z,y))] —ﬁlog(% E  [exp(r(z,y))] + Dk (7 || 75)

(m»y)’\‘ﬂ'base y)""ﬂ'base
= 90w (7 173)

This completes the proof. O

J.2.3 APPLYING XPO TO MAXIMUM-LIKELIHOOD SHARPENING

We now prove Theorem J.2, the formal statement of Theorem 4.3, which applies XPO to
maximum-likelihood sharpening. This result is a straightforward corollary of Theorem J.1 with
the reward function 7se1¢(z,y) := logMase(y | ), together with the observation that low KL-
regularized regret implies sharpness (under Assumption 4.2).

Theorem J.2 (Sharpening via active exploration). There are absolute constants ¢y 2,Cy2 > 0 s0
that the following holds. Let €, 6, Ymargin, p, 8 € (0,1) and T € N be given. For base model Tpase,

define reward function r(x,y) := 10g Tpase (¥ | ). Let Rmax > 1 + max, , log m Suppose

that Tase satisfies Assumption 4.2 with parameter Ymargin, that 31 > Q%jalrgin log(2|Y|/9), and that
there is egisc € (0,1) so that

R2_ SEC(IT) log (2N (I1, egisc) T/ p)
25232

T>Cyo

and
€

€ iSC S C( 22T YV
dse =2 SEC(I)T

where SEC(IT) := SEC(IL, 7, T', B, Ry, .; Thase)- Also suppose that 7}y, € 11 where wj(y | ) o

14871
7Tbaseﬁ (y ‘ l’)

Then applying Algorithm I with base model Tyase, reward function r, iteration count T', regularization
B, and optimism parameter o := % wgfé&% vields a model 7T € 11 such that with
probability at least 1 — p,

Popum(y*(z) | z) <1—-6] <e

The total sample complexity is

m = 6 <R2maxSEC(H) log(N(H, edisc)/p) IOgQ(DJM*l) > |

2 252
’ymargine 0

Proof of Theorem J.2. By definition of r, we have |r(z,y)| < Rmax for all z,y. By assumption,
Assumption J.3 is satisfied, and by definition of R.x, Assumption 4.5 is satisfied with parameter
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Vinax := BRmax < Rmax- It follows from Theorem J.1 that with probability at least 1 — p, the output
7 of Algorithm 1 satisfies

SEC(H) 10g(2N(H, €disc)T/p)
T

BDkL (% || 772’) S (Rmax + Vmax)\/

~+ Bedisc\/ SEC(H)T.
By choice of T" and egjsc, so long as Cy o > 0 is chosen to be a sufficiently large constant and
cj.2 > 01is chosen to be a sufficiently small constant, we have 8Dy, (7? | 71'[*3) < %ﬁeé, so by e.g.

Equation (16) of Sason & Verdi (2016), D (% w;> < e5/(12).

Forany z € X and y' € )\ y*(z), by Assumption 4.2 and definition of 75 we have

-1
1 maxeymily|e) (maxyey Toase (4| 2) ) o
Wf*a(y/ |z) — 77;(2// | ) Thase (Y | @)

> (14 Ymargin) 7 2 e/ 20) > —2?} |
where the final inequality is by the assumption on /3 in the theorem statement. Therefore

1)
Tyt @) 2) > 1- Y mp e) 21—
vy eV\y* (z)
Now for any z, we can lower bound

DA | 2). 75 | 2) > (VI— 7y @) [2) - /1 3u*(@) [ )

> O LR (@) [ 2) <18},

\%

Hence,
S 12 2 ([~ *
Penm(y*(z) | 2z) <1 -6 < XEINMDH (7r( | x),m5(: | x))
12 5 .
= 5 DA(F m5)
<e.
as claimed. O

J.2.4 APPLICATION: LINEAR SOFTMAX MODELS

In this section we apply Theorem 4.3 to the class of linear softmax models, proving ??. This
demonstrates that Algorithm 1 can achieve an exponential improvement in sample complexity
compared to SFT-Sharpening.

Definition J.3 (Linear softmax model). Let d € N be given, and let ¢ : X x ) — R< be a feature map
with ||p(x,y)||a < 1 forall x,y. Let Tpero : X — A(Y) be the uniform model Tryero(y | x) := ﬁ,
and let B > 1.'% We consider the linear softmax model class I g == {mp : 6 € R%,||0||> < B}
where g : X — A(Y) is defined by

(Y | 2) X Trero(y | ) exp((0(2,9), 0))-

Theorem J.3 (Restatement of ??). Let €, 9, Ymargin, 0 € (0,1) be given. Suppose that Tpase =

mg« € Ily p for some 0% € R with ||0*|2 < 313%%' Also, suppose that Tpase Satisfies

Assumption 4.2 with parameter “margin. Then Algorithm 1 with base model my,se, reward function
r(x,y) = log Tpase (2, y), regularization parameter 3 := Ymargin/(210g(2|Y|/9)), and optimism

parameter o(T') B+loﬁg(\y|) \/ dlog(deTT/(lz(sg)()%log(T/ 2) returns an (e, )-sharpened model with

probability at least 1 — p, and has sample complexity
-1 s—1 -1
m = poly(e™, 67 3 gins & By log(1Y1/p)).
15We use the notation Trzero t0 highlight the fact that 7,er0 = g for 6 = 0.
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Before proving the result, we unpack the conditions. Theorem J.3 requires the base model 7p,se to lie
in the model class and also satisfy the margin condition (Assumption 4.2). For any constant €,§ > 0,
the sharpening algorithm then succeeds with sample complexity poly(d, 'yn:alrgin, B,log(]Y|)). These
conditions are non-vacuous; in fact, there are fairly natural examples for which non-exploratory
algorithm such as SFT-Sharpening require sample complexity exp(£2(d)), whereas all of the above
parameters are poly(d). The following is one such example.

Example J.1 (Separation between RLHF-Sharpening and SFT-Sharpening). Set X = {x} and let
Y C R?be a 1/4-packing of the unit sphere in R? of cardinality exp(©(d)). Define ¢ : X x Y — R¢
by ¢(z,y) := y, and let B = C'dlog d for an absolute constant C' > 0. Fix any y* € ) and define
Thase := g+ € Iy p by 0* := y*. Then for any y # y*, we have (y,y*) <1 —Q(1), so

Thase (Y™ | )

] 7)) = S 3y = exp((1) = 1+ (1),

Ymargin B
ll2 =1 < sg0iyye for

any 0 = 1/poly(d), so long as C'is a sufficiently large constant. It follows from ?? that Algorithm 1
computes an (e, §)-sharpened model with sample complexity poly(e~!, 571, d). However, since
Tbase (U™ | ) < Tpase(y | ) - exp(2) for all y € Y, it is clear that

1 1
B - — Q(Y) = exp(0d)).

Thus, Thase satisfies Assumption 4.2 with Ymargin = 2(1).

C’COV

(z) | x)} B Thase (Y* | 7)

Thus, the sample complexity guarantee for SFT-Sharpening in Theorem 4.1 will incur exponential
dependence on d in the sample complexity. It is straightforward to check that this dependence is real
for SFT-Sharpening, and not just an artifact of the analysis, since the model that SFT-Sharpening
is trying to learn (via MLE) will itself not be sharp in this example, unless exp(£2(d)) samples are
drawn per prompt. N

We now proceed to the proof of Theorem J.3, which requires the following bounds on the covering
number and the Sequential Extrapolation Coefficient of 11 p.

Lemma J.4. Let egisc > 0. Then Il p has an egisc-net of size (6B /egisc)®.

Proof of Lemma J.4. By a standard packing argument, there is a set {0y, ..., 0y} of size (6 B /egisc)*
such that for every 6§ € R? with [|0||2 < B there is some i € [N] with ||6; — 0|2 < egisc/2. Now for
anyxr € Xandy € ),

o P19 (). 0) | B SR 00)

8 T T2~ 8 (6@ ). 0) T Eiaryyoms oxp(6@57). )
B E gy exp((6(z,4'), 6)) exp((B(2', 7)., 6; — 6))]
= {$(5,9),0 =) + log E (o ) xp((0(2, y'), 6)) '

The first term is bounded by e€g4isc/2 in magnitude. In the second term, we have
exp({p(2',y),0; — 0)) € [exp(—edisc/2), exp(€disc/2)], so the ratio of expectations lies in
[exp(—edisc/2), exp(€disc/2)] as well, and so the log-ratio lies in [—egisc/2, €disc/2]- In all, we get
log Zetu)

o, (4]2) < €disc. Thus, {mg,, ..., Tg, } is an egisc-net for II. O

Lemma J.5. Letr : X X Y — [—Rumax, Rmax| be a reward function and let T € N and 5 > 0. If
A\ > 43%B? 4+ RZ | then for any * € 1, p,

SEC(Ily g, r, T, B, A\, ) S dlog(T + 1).

Proof of Lemma J.5. Fix (V) ... 7(T) € TI,, . By definition, there are some *), ... 6(7) ¢ R4
with [|§®) ||y < B and

x® (y | ) X Trero(y | ) exp({@(z, y)79(t)>)

for all t € [T] and (x,y) € X x ). Similarly, there is some #* € R with [|0*||» < B and
(Y | ) X Tzero (y | 7) exp({(z,y), 07)).
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Define ¢ : X' x ¥ — R by ¢z, y) := [¢(z,y), "5=2] and define §1) == [B(0(") — 6*), — Rinay -
Then for any ¢ € [T] we have

) (y|z x 2
E® [#10g TR - r(z,y) - Blog Tol2) + r(,y/)]

m* (ylz)

_ 2O (yle 7O (y | 2
AV Zf:i {(ﬁl — (yy|‘a:)) —7r(x,y) — Blog — (yyl\z)) + (=, y’)) }

B0 [(3(a.9) - da.y).50)]
VTR (Gt = . 50))

_ (@) T 5B
TAVYII(0) TR0

where for each i € [T] we have defined ©() := E(®) [((E(x y) — oz, y))(d(z,y) — bz, y'))T
Observe that [|[0()||2 < 482B2 + R2_ <
(@) TEMg® < (A1) TxMg®
AV HOO) TS0 N4 YL H0) TE@h®

(9(t )Tg(t)g(t)

@enT (1 +y0] z(i)) gtt)

-1 —-1/2 -1 —-1/2
Id +>° Z“”) £® (Id + 2(“>

=1 i=1

—1 -1/2 —1 -1/2
(Id +) 2“)) n® (Id +) 2@)
=1

i=1

A by assumption on \. Therefore,

1

<1d + Z »® ) x®

Observe that Tr(X(") < max, , ||¢(z, y)||3 < 1. Hence by Lemma F.2, we have

>

() (y|x () (y! |z 2
SAVELE [@1 i~ r(ay) — Blog TR 4 r(a.y)) ]

T (y|z) T (y'|x)

£ ¢ ’ 2
£ [/3 log ) 12, y) — Blog T 4 p(, )]

o+

T -1 -1
YT (IdJrZE(”) »®
=1
< dlog(T + 1).

Since 7V, ..., 7(T) € I were arbitrary, this completes the proof. O

The proof is now immediate from Theorem J.2 and the above lemmas.

Proof of Theorem J.3. By the assumption on 6* and choice of 5, the model 77 defined by
5y | T) o< Thase(y | 2)1 A7 satisfies 75 = mayp-1)e- € lly p. By Lemma J.4, we have

NIy 5, edisc) < (6B/edisc)?. Take Rmax = +/482B2%+ (2B +log|YV[)2. We know that

r(z,y) = logmase(y | ) satisfies |r(x y)| < 2B + log|Y)| for all z,y. By Lemma J.5, we
therefore get that SEC(ILy g, 7, T, 3, RZ,,; Thase) < dlog(T + 1). Substituting these bounds into
Theorem J.2 yields the claimed result O
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