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Abstract

We consider offline Reinforcement Learning (RL), where the agent does not interact
with the environment and must rely on offline data collected using a behavior policy.
Previous works provide policy evaluation guarantees when the target policy to
be evaluated is covered by the behavior policy, that is, state-action pairs visited
by the target policy must also be visited by the behavior policy. We show that
when the MDP has a latent low-rank structure, this coverage condition can be
relaxed. Building on the connection to weighted matrix completion with non-
uniform observations, we propose an offline policy evaluation algorithm that
leverages the low-rank structure to estimate the values of uncovered state-action
pairs. Our algorithm does not require a known feature representation, and our
finite-sample error bound involves a novel discrepancy measure quantifying the
discrepancy between the behavior and target policies in the spectral space. We
provide concrete examples where our algorithm achieves accurate estimation while
existing coverage conditions are not satisfied. Building on the above evaluation
algorithm, we further design an offline policy optimization algorithm and provide
non-asymptotic performance guarantees.

1 Introduction

Reinforcement Learning (RL) has achieved significant empirical success in the online setting, where
the agent continuously interacts with the environment to collect data and improve its performance.
However, online exploration is costly and risky in many applications, such as healthcare [4] and
autonomous driving [16], in which case it is preferable to learn from a pre-collected observational
dataset from doctors or human drivers using their own policies. Due to lack of on-policy interaction
with the environment, offline RL faces the fundamental challenge of distribution shift [7]. A
standard approach for handling distribution shift is importance sampling [12, 1 1]. More sophisticated
approaches have been proposed to alleviate the high variance of importance sampling [2, 21]. Recent
works [17, 10, 23] consider estimating the state marginal importance ratio, a more tractable problem.

Existing work on offline RL requires the dataset to have sufficient coverage. A standard measure for

coverage is the concentrability coefficient [19]: C7 = max, dpw((:f)), which is the ratio between the
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state-action occupancy measure of a policy 7 of interest and the (empirical) occupancy measure p of
the behavior policy generating the offline dataset. However, this can be restrictive as the support of p
must contain that of d™ in order for C™ to be finite. Earlier work such as the Fitted Q-iteration (FQI)
algorithm [9] requires full coverage, i.e. C™ < oo for all policies 7. More recent works [19, 13, §]
requires a more relaxed partial coverage condition C™ < oo for the optimal policy 7*. Partial
coverage is still a fairly strong requirement: the behavior policy must visit every state the optimal
policy would visit, and take every action the optimal policy would take.

In this paper, we seek to relax the coverage condition for offline policy evaluation in settings where
the Markov decision process (MDP) has a latent low-rank structure. Similarly to [15, 14], we view
the @ function as a matrix and exploit its low-rank structure to infer the entries that were not observed
in the offline data. Unlike typical results from the low-rank matrix completion literature, our setting
requires completing the matrix under non-uniform sampling, as in [3, 6]; moreover, the error is
evaluated under a different distribution or weighted norm, leading to the fundamental challenge of
distribution shift. By leveraging techniques from weighted and non-uniform matrix completion, we
develop a new offline policy evaluation algorithm, which alternates between Q iteration and matrix
estimation. For both the infinite and finite sample settings, we show that the evaluation error can
be bounded in terms of a novel discrepancy measure between the behavior and target policies. In
contrast to the standard concentrability coefficient, our discrepancy measure may remain finite even
when the behavior policy does not cover the support of the target policy. We present a concrete
example where the concentrability coefficient is infinite but our method achieves a meaningful error
bound. Building on the above evaluation algorithm, we further design an offline policy optimization
algorithm with provable performance guarantees.

2 Problem Setup

Consider an MDP M = (S, A, H, P,r, 1) with finite state space S, finite action space A, horizon
H, transition kernel P = { P, };¢ (7], bounded reward function r = {r; : § x A — [0, 1]}, (5 and
initial state distribution 1 € A(S). Let S = |S] and A = |A|. For each policy 7 = {m; : § —
A(A) }ern> the Q function QF : S x A — R is defined as Q7 (s,a) = Ex [Zf{:t ri(si,ai)|se =

s,a; = a], and the total expected reward is J™ = E,T[Zfil ri(se,ae)|sy ~ pa]. Letd] : S x A —
[0, 1] denote the state-action occupancy measure at time ¢ € [H] under policy .

Given a dataset generated by the behavior policy 7, our goal is to estimate .J ™ for a target policy 7?.
We assume that the MDP has the following low-rank structure, which implies that for any policy 7,
its @ function (viewed as an S-by-A matrix) is at most rank d.

Assumption. For all t, ; € [0,1]5%4 has rank at most d/2, and P, admits the decomposition
Py(s'|s,a) = Zfﬁ ur (8, )we(a) or Py(s|s,a) = Zflfl uri(s)wei(s',a), Vs, s, a.

The above low-rank model is different from the Low-rank MDP model considered in previous
works [, 20]. In Low-rank MDPs, the transition kernel P is assumed to have a factorization of the
form P(s'|s,a) = Zle u; (s")w;(s, a), where the factors u;(-) and w; (-, -) are unknown. Closely
related is the Linear MDP model [5, 22], where the feature maps w; (-, -) are known. In these models,
the low-rank/linear structures are with respect to the relationship between the originating state-action
pair (s, a) and the destination state s’; they do nor imply that @ function is low-rank when viewed as
a matrix. In contrast, our model stipulates that the transition kernel can be factorized either between
(i) a and (s, s) or (ii) s and (', a), both of which imply a low dimensional relationship between the
current state s and the action a taken at that state, resulting in a low-rank () function.

For a matrix M, let || M|[, denote its nuclear norm (sum of singular values), || M|, its operator
norm (maximum singular value), || M| = max; ; |M;;| its entrywise (o, norm, and supp(M) =

{(4,7) : M,; # 0} its support. The indicator matrix 1, is a binary matrix encoding the position of
the support of M. The entrywise product between two matrices M and M’ is denoted by M o M’.

We propose a novel discrepancy measure defined below, and show that it can replace the role of the
concentrability coefficient in our error bound under the low-rank assumption.
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Definition 1 (Operator discrepancy). The operator discrepancy between two probability distributions
p,q € A(S x A) is defined as

Dis(pllg) = min{ lg — al, : 9 € A(S x 4), supp(g) < supp(p) - M

Note that Dis(pllg) < [[p — 4, is always finite, and Dis(p[lq) = 0 if and only if supp(q) C

supp(p). To gain intuition for the above definition, assume the minimizer in (1) is g*. By generalized
Holder’s inequality, we have

[Eoa)ge [M(5,0)] = Egoayg [M(s,@)]| = (97, M) = (@, M)| < Dis(pllg) - | M]].. @

If the nonzero singular values of M are of the same scale, then the RHS of (2) is of order Dis(p||q) -
rank (M ). Therefore, Dis(p||q) measures the distribution shift between p and ¢ in terms of preserving
the expectation of low-rank matrices. Note that Dis(p||¢) only depends on the support of p: if
supp(p) = supp(p’), then Dis(p||g) = Dis(p’||q) for all g. Moreover, thanks to the minimization
in the definition (1), Dis(pl|g) can be significantly smaller than [|p — g||,,. For instance, if p is the

uniform distribution on S x A, then g* = ¢ and hence Dis(p||¢) = 0 for all g.

The operator discrepancy shares similarity with the parameter A in [6]. Note that the operator
discrepancy is not symmetric. The error bounds for our proposed off-policy evaluation algorithm will
be a function of Dis(d?ﬁ Hd?e ), even when one is given infinite samples from the behavior policy. The
operator discrepancy only depends on the support of the behavior policy and not the exact distribution,
which is expected under the infinite sample setting. As such, the operator discrepancy highlights the
inherent error induced by distribution shift. In the finite sample setting, our error will have additional
terms which represent the empirical approximation error on the support of the behavior policy.

3 Algorithm

Our algorithm alternates between two steps: applying Q-value iteration on the support of d“ﬁ, and
using low-rank matrix completion to infer the Q values off support. The algorithm takes as input an
offline dataset D = {(s}, af,7}') }+e[m),ke[x]» Which contains K independent trajectories generated

from the behavior policy 7. Over state-action pairs in the support of 77, we use the data to construct
unbiased empirical estimates of the immediate reward, transition kernel and occupancy measure

of the behavior policy, denoted by 7%, ]325 and 07,’; E, respectively. Let Ef ’ denote the target policy’s
empirical Bellman operator, which is given by

(BF' f)(s,a) = Fols,a) + Xy o Pi(s|s,a)al (d|s') f(s', ') 3)

forall f: S x A — R. Note that we can evaluate (Etﬂf)(s7 a) only over (s,a) € supp(cﬁrﬁ). With
these notations, our algorithm is given below.

Algorithm 1: Matrix Completion in Low-Rank Offline RL

Data: dataset D, 77, initial state distribution ji;, weight matrices (pt)teim)> and ME(-).

Result: estimator J.

QF41(s,a) <0, V(s,a) €S x A

fort=H H-I,..., 1do
Q iteration: Z;(s,a) (ét’rg @fjl)(s, a), for all (s,a) € supp(p:).
Matrix estimation: @fg +—ME(1,, o Zy).

end

Output J Zs,a ul(s)ﬂf(a|s)©fg (s,a).

Line 3 of Algorithm 1 involves a weight matrix p; with supp(p:) C supp((fgr ﬁ). One may simply
take p; to be dr’ , or use other weights. Our theorems below quantify the performance of different p;.



Line 4 of the algorithm uses a matrix estimation subroutine ME(-), which is given by the following
nuclear norm minimization program with L; :== H — ¢ 4+ 1 and a tuning parameter x > 0:
ME(1,, o Z;) = argmin [|M]|,
MERS XA (4)
st [p, o (M = Zi)|l oo <5, M|l < Ly

4 Analysis

We present evaluation error bounds under both the infinite sample setting K — oo and the finite
sample setting K < oco. Define the population Bellman operator B“e, which is given by equation (3)
with 7; and P, replaced by r; and P;. Define the matrix Y; € RS*4 via Y;(s,a) = (B Q7,)(s, a),
which is the population version of Z; computed in Algorithm 1.

In the infinite sample setting, we have c??ﬁ (s,a) = dfﬂ (s,a), 7y(s,a) — r(s,a) and Py(s,a) —
P,(s,a) for all (s,a) € supp(d?a). Consequently, both BT * and Z, converge to their population
versions Bf ’ and Y, respectively. We set £ = 0 in equation (4), which implies that 1,, o M =
1,, o Y;. We have the following guarantee.

Theorem 1 (Infinite samples). In the infinite sample setting, under Algorithm I with p; = dfs and
Kk = 0, the output estimator J satisfies

o _
T =g | <22 Dis(dy” |df”) Y]l - )

Next consider the setting with a finite dataset D = {(s}, af,7f)}ieim) pe(x). Let ni(s,a) =
> ke(k] L(sk ak)=(s,a) be the visitation count of each state-action pair. Accordingly, the empirical
occupancy of 7 is given by c/l\f ? (s,a) = n4(s,a)/K. The following guarantee, which generalizes
Theorem 1, holds for any weight matrices p = (p¢)ic[m), for which we define nmin(p) =
min{n:(s,a) : t € [H], (s,a) € supp(pt) }.

Theorem 2 (Finite samples). Consider the finite sample setting under Algorithm 1 with p; satisfying
supp(p:) C supp(c?fﬁ) and k = |[1,, o (Y; — Z4)||, - There exists an absolute constant C' > 0

such that with probability at least 1 — 0, we have
[T 0| <250, Dis(pelldg”) [V, + C /oS0, (©)

Mmin (/’)

Remark 1. The finite sample error bound in (6) decomposes into infinite sample error and statistical
error. The infinite sample error quantifies the intrinsic hardness of distribution shift. The statistical
error is due to empirical estimation of the reward and transition kernel. We provide the flexibility
of using p; different from d?B , which would allow us to balance the infinite sample error and the
. S L .
statistical error. If 1y, (d™ ) is small, the statistical error can be large. In this case, one may choose
a p; that puts zero weight on the pairs (s, a) with small count n4(s, a). The resulting n,,i, (p) can be
o =8 . . . . . .
significantly larger than ny,i,(d™ ), which reduces the statistical error while potentially increasing
the infinite sample error.

The proofs of Theorem | and 2 are deferred to Appendix A.1 and A.6, respectively. Our bounds (5)
and (6) scale with the operator discrepancy (1), which is always finite, given any behavior policy 7/

and target policy 7, in contrast to the concentrability coefficient C™ = max, , d:((;f)). Suppose

that there exists some (s, a) such that p;(s,a) = 0 and d,’fe (s,a) > 0. Then, C™" = oo whereas
Dis(p¢ ||d§r9) is finite and meaningful.

We present a concrete example in the infinite samples setting showcasing the effectiveness of our
algorithm. Assume S = A = n. Consider the simple setting where the transition is uniform over
all state-action pairs. For each s and ¢, assume 7 (-|s) is supported on m actions, and the locations

of these actions are a realization of uniform random sampling over [n]. We assume wf is generated

from the same model independently. Note that the support of dfﬁ and dfe will be mostly disjoint,
making the concentrability coefficient infinite with high probability. Using Theorem 1, we derive the
following error bound, the proof of which is deferred to Appendix A.2.



Corollary 1. Under the aforementioned setting, there exists an absolute constant C > 0 such that

when n > C, with probability at least 1 — %, we have |f, J“9| < C4y/ w.

If m satisfies m 2 dHel#, then we have \f— J”G\ < eH. Suppose m = n/2. In this setting, the
behavior and target policies both randomize over half of the actions, but their actions may have little

overlap. Our bound gives |f — g’ | <4/ ’W%, which can be vanishingly small when n is large.

5 Policy Optimization and Guarantee

In this section, we build on our policy evaluation methode to design an offline policy optimization
algorithm. Given a dataset D generated by a behavior policy 7°, we can use Algorithm 1 to obtain
an value estimate J™ for each policy m. We optimize over policies for which the above estimate is
reliable. Specifically, we consider the following set of candidate policies

Mp = {r : Dis(d} o) < B,Vt € [H]},

where the parameter B > 0 controls how close the occupancy distribution of the candidate policy
is to the data distribution, in terms of operator discrepancy defined in (1). It is easy to see that
when policy 7 satisfies supp(df) C supp(p:), we have Dis(df ||p:) = 0 and as a result, 7 € IIp

~

for any B > 0. Consequently, if we take p; = d?ﬁ, then I includes the policies that are covered
by the offline dataset. In other words, all policies with finite concentrability coefficients are in I15.
Importantly, when B > 0, the set I 5 contains other policies with infinite concentrability coefficients,
as demonstrated in the example at the end of last section. With a bigger B, the set I1 5 includes more
policies, though we have weaker evaluation guarantees for these policies.

Among all candidate policies in II, we maximize the estimated values obtained by Algorithm 1 to
get
T = argmax Jr. @)
w€ellp
We present the following guarantee for 7, the proof of which can be found in Appendix A.7.

Theorem 3. Suppose ©° € Il . We obtain 7@ by solving (7). There exists an absolute constant C' > 0
such that with probability at least 1 — 0, we have

H3log(HSA/0)

J* > J" —4BH3/?\/SAd — C
Nmin (p)

, Vmellp. ®)

The above bound shows that we are able to find a policy 7 with a nearly optimal value, compared
to other policies in IIg. How close 7 is to the optimal policy in ITz depends on how accurately
we can evaluate all policies in IIz. According to Theorem 2, the estimations are accurate if B is
small (policies are close to behavior) and nu,i,(p) is large (dataset is large), which is reflected in
the bound (8). Similarly as before, the two error terms in (8) quantifies the fundamental difficulty
of distribution shift and finite sample noise, respectively. If we let p; = cif " and B = 0, we are
essentially optimizing over all policies with finite concentrability coefficients. In this case, our bound
reduces to

H3log(HSA/S)
Nmin (P)

Compared to the PAC bound of CPPO proposed in [19] (Section 5.1), our bound has a better
polynomial dependence on the time horizon H.

JT>JT - C . Ve l,.

6 Conclusion

We propose a novel algorithm for efficient offline evaluation when low-rank structure is present in the
MDP. Our algorithm is a combination of Q iteration and low-rank matrix estimation, which is easy to
implement. We show that the proposed operator discrepancy measure better captures the difficulty of
policy evaluation in the offline setting, compared to the traditional concentrability coefficient. We



also combine the evaluation algorithm with policy optimization and provide performance guarantee.
We believe that this work is a first step in exploiting the benefit of low-rank structure in the Q function
in offline RL. In the future, we hope to develop a more efficient policy optimization algorithm, with a
better estimation accuracy.

References

[1] Alekh Agarwal, Sham Kakade, Akshay Krishnamurthy, and Wen Sun. Flambe: Structural
complexity and representation learning of low rank mdps. Advances in neural information
processing systems, 33:20095-20107, 2020.

[2] Mehrdad Farajtabar, Yinlam Chow, and Mohammad Ghavamzadeh. More robust doubly robust
off-policy evaluation. arXiv preprint arXiv:1802.03493, 2018.

[3] Simon Foucart, Deanna Needell, Reese Pathak, Yaniv Plan, and Mary Wootters. Weighted
matrix completion from non-random, non-uniform sampling patterns. IEEE Transactions on
Information Theory, 67(2):1264—1290, Feb 2021.

[4] Omer Gottesman, Fredrik Johansson, Matthieu Komorowski, Aldo Faisal, David Sontag, Finale
Doshi-Velez, and Leo Anthony Celi. Guidelines for reinforcement learning in healthcare. Nature
Medicine, pages 16-32, 2019.

[5] Nan Jiang, Akshay Krishnamurthy, Alekh Agarwal, John Langford, and Robert E Schapire.
Contextual decision processes with low bellman rank are pac-learnable. In International
Conference on Machine Learning, pages 1704-1713. PMLR, 2017.

[6] Troy Lee and Adi Shraibman. Matrix completion from any given set of observations. In
Advances in Neural Information Processing Systems, volume 26, 2013.

[7] Sergey Levine, Aviral Kumar, George Tucker, and Justin Fu. Offline reinforcement learning:
Tutorial, review, and perspectives on open problems. arXiv preprint arXiv:2005.01643, 2020.

[8] Yao Liu, Adith Swaminathan, Alekh Agarwal, and Emma Brunskill. Provably good batch
off-policy reinforcement learning without great exploration. In Advances in Neural Information
Processing Systems, 2020.

[9] Rémi Munos and Csaba Szepesvdri. Finite-time bounds for fitted value iteration. Journal of
Machine Learning Research, 9:815-857, Jun 2008.

[10] Ofir Nachum, Yinlam Chow, Bo Dai, and Lihong Li. Dualdice: Behavior-agnostic estimation
of discounted stationary distribution corrections. In Advances in Neural Information Processing
Systems, 2019.

[11] Doina Precup, Richard S. Sutton, and Sanjoy Dasgupta. Off-policy temporal difference learning
with function approximation. In Proceedings of the 18th International Conference on Machine
Learning, page 417-424, 2001.

[12] Doina Precup, Richard S. Sutton, and Satinder P. Singh. Eligibility traces for off-policy policy
evaluation. In Proceedings of the 17th International Conference on Machine Learning, page
759-766, 2000.

[13] Paria Rashidinejad, Banghua Zhu, Cong Ma, Jiantao Jiao, and Stuart Russell. Bridging
offline reinforcement learning and imitation learning: A tale of pessimism. arXiv preprint
arXiv:2103.12021, 2021.

[14] Tyler Sam, Yudong Chen, and Christina Lee Yu. Overcoming the long horizon barrier for sample-
efficient reinforcement learning with latent low-rank structure. arXiv preprint arXiv:2206.03569,
2022.

[15] Devavrat Shah, Dogyoon Song, Zhi Xu, and Yuzhe Yang. Sample efficient reinforcement
learning via low-rank matrix estimation. In Advances in Neural Information Processing Systems,
2020.



[16] Shai Shalev-Shwartz, Shaked Shammah, and Amnon Shashua. Safe, multi-agent, reinforcement
learning for autonomous driving. arXiv preprint arXiv:1610.03295, 2016.

[17] Richard S. Sutton, A. Rupam Mahmood, and Martha White. An emphatic approach to the
problem of off-policy temporal-difference learning. Journal of Machine Learning Research,
17(1):2603-2631, Jan 2016.

[18] Joel A. Tropp. An Introduction to Matrix Concentration Inequalities. Now Foundations and
Trends, 2015.

[19] Masatoshi Uehara and Wen Sun. Pessimistic model-based offline reinforcement learning under
partial coverage. In International Conference on Learning Representations (ICLR), 2022.

[20] Masatoshi Uehara, Xuezhou Zhang, and Wen Sun. Representation learning for online and
offline rl in low-rank mdps. arXiv preprint arXiv:2110.04652, 2021.

[21] Yu-Xiang Wang, Alekh Agarwal, and Miroslav Dudik. Optimal and adaptive off-policy
evaluation in contextual bandits. In Proceedings of the 34th International Conference on
Machine Learning, 2017.

[22] Lin Yang and Mengdi Wang. Reinforcement learning in feature space: Matrix bandit, kernels,
and regret bound. In International Conference on Machine Learning, pages 10746—-10756.
PMLR, 2020.

[23] Shangtong Zhang, Bo Liu, and Shimon Whiteson. GradientDICE: Rethinking generalized
offline estimation of stationary values. In Proceedings of the 37th International Conference on
Machine Learning, 2020.

A Proofs

Let uf : S — [0, 1] denote the state occupancy measure at time ¢ € [H|] under policy 7.

A.1 Proof of Theorem 1

We present two lemmas before analyzing the evaluation error. The first one analyzes the error incurred
at the matrix estimation step. The proof is deferred to Appendix A.4.

Lemma 1. For arbitrary real matrices A, B, P, W € R™*™, we have

D Wii(Aij = Biy)| < > Pij(Ayj — Bij)| + (1Al + 1B 1P = W, -

Remark. Under the matrix estimation framework, we can interpret matrix P as the sampling pattern
and W as the weights for evaluation.

Next, we introduce a lemma decomposing the evaluation error as a summation of the matrix estimation
accuracy from future timesteps. The proof can be found in Appendix A.5.

Lemma 2. For the Q function and its estimator Qfe , @fs € R5*4, we have
7T6 Aﬂ'e 776 776 A7\'9 7\'9 ATI'H 7\'9
<dt 7Qt - Qt > - <dt >Qt - Y2> + <dt+1th+1 - Qt+1>7 te [HL

and consequently

H

6 ~_0 0 0 ~_6
(d7".Q7 = Q1) = Y (dr".Qr - vi).
t=1

Based on Lemma 1 and 2, we derive the following error bound. For each ¢ € [H] and an arbitrary
g € A(S x A) with supp(g) C supp(dfﬁ), we have

> d(s.a) (QF (s.a) - ms,a))‘



< +2[]v]l,

> g(s.a) (QF (s,0) ~ Yils0))

s,a

dy’ —gH
op

=2[vil,

6
™
op

where the first step follows from Lemma 1, and the second equality follows from the constraints in (4)
with k = 0. Then, combining with the decomposition in Lemma 2, we obtain the desired bound by
minimizing over all such g.

A.2 Proof of Corollary 1

For simplicity, define b := ™. Since the transition is uniform, the state occupancy p7 (-) is uniform
under any policy 7, i.e. 47 (s) = 1. By the way the policies are generated, d?s ()= ufe (9wl (]-) €
R™*" ig supported on mn entries whose locations are realization of random sampling, and on these
entries d?e (s,a) = ——. Specifically, all dfe (s,a) are i.i.d. Bernoulli random variables that take the
value 1 with probability b. The behavior policy 7” is generated independently via the same process.
0 s
Let M :=df —df and we have
L with probability b(1 — b)

mn

M;j; = —-L with probability b(1 — b) ©

n

0 with probability 1 — 2b(1 — b)
independently across all entries (4, j). By matrix Bernstein inequality, we obtain the following result,
the proof of which is deferred to Appendix A.3.
Lemma 3. There exists an absolute constant C' > 0 such that when n > C, with probability at least
1— 1 we have

i)l < oLy /loe) (10)

T " n m
Since Y; is at most rank-d and has bounded entries, we have ||V;||, < Vd|Yil|p < nVdH.
Combining Theorem 1 and (10), we get

8 0
i a
dt - dt

~ )
’JfJ”

‘op

H
<2 |Ivill.
t=1

§H~n~/dH~l log(n)

n m
~[dH3log(n)
=/ —,

where the first upper bound is obtained by plugging dfﬂ into the objective of (1).

A.3 Proof of Lemma 3

We apply matrix Berstein’s inequality (Theorem 6.1.1 in [18]). Let S, = M;; eiejT, for all k € [n?].

Since [M;;| < -, we derive that [|Sy||,, < —L__ We calculate that

Z E[SkS, | = Z E[ij]eie;
e i\

1
mn

1
=2b(1 —b)—1,.
1=b)—
As a result, we have

1 2(n—m) 2
=2b(1—-0b = <
( )an ndm T n?

> E[SiSy]

k

m.
op



2
n2m

—t%/2
HD (”M”Op 2 t) S 2neXp (2—"_/7:) .

mn?2 3mn

By symmetry, we also have ||>°, E[S,] Si] ||Op < . Hence, we get

Letting the RHS be upper bounded by % yields the desired result.

A.4 Proof of Lemma 1

The proof uses the following result, which holds for any pairs of dual norms. In this paper, we only
consider using [|-[|, and [|-,.

Lemma 4. For a real matrix M € R™*™ and two weight matrices P,WW € R™*™ we have that
> PM; =Y Wiy M| < | M|, [|P - W,
5] 5]

Proof. We canrewrite ), ; P;j M;; — >, Wi M as
(M, P—-W),

where (-, -) denotes the trace inner product between matrices. Applying Holder’s inequality, we

obtain
(M, P —W)| < M|, [[P-W]|,,-

O
Substituing M;; = A;; — B;; in Lemma 4, we immediately obtain the desired results in Lemma 1.

A.5 Proof of Lemma 2
Recall that
Qf' (s.0) = (B Q1L (s, 0), (an
Yi(s.a) = (BI' QI ) (s.a). (12)
For each (s,a) € S x A, we have
Qr' (s,0) = Q7 (s,0)
= (@ (s,0) = Yi(s,0)) + (Yils,0) = Q7 (s,0)
= (@ 0) = Yils,0)) + 3 Pl )t (@'1) (QFa (5 0) = QFa (5,0

where the last step follows from equations (12) and (11). Multiplying both sides by dfe (s,a) and
summing over (s, a), we obtain

(ar". Q" )
=@ Q7" = ¥i) + X 3 dr (s, ) Ps s, )l () (QFa (5 a)) = QT (5, )

s’,a’ s,a

:dz’fl(s’7a’)
0 ~_0 0 0 0
= <df ,QF — Yf> + <df+1»Q?+1 - Qf+1> )

thereby proving the first equation in the lemma. Continuing the above recursion yields the second
equation.



A.6 Proof of Theorem 2

Fix ¢t € [H]. For g: € A(S x A) satisfying supp(g:) C supp(p:), we have

D5 (s,0) (@7 (5,0) = Yils, )

< +2Yell, - 147" = gtllop »

> gils,a) (@7 (s,0) = Yils.a)

by Lemma | and the fact that H@\?e

‘ < |IY%]], by construction. Applying triangle inequality, we get

>~ gils,a) (@7 (s,0) = (s, a>)‘

< +

> gils,a) (QF (5,) = Zu(s, )

Y 9i(s,a) (Zi(s,a) — Yi(s, a))

<2

Y

Y 9i(s,0) (Zi(s.a) = Yi(s, a))

where the last step follows from the constraint in (4). Recall that
Zy(s,a) = Fu(s,a) + ) Po(s'|s, )1 (a']s)QL1 (5, ),
Yi(s,a) =ri(s,a) + Y Pi(s']s, a)mfy (a/|s) Q714 (5" o).
Using the above expressions, we obtain
~ oy Aﬂ—g
Zi(s,a) — Yy(s,a) =7(s,a) —ri(s,a) + Z(Pt(3'|s,a) — By(s|s, a))ﬂf+1(a’\s')Qt+1(5’,a') .

s’ a’

F\t (s,a)
Note that 7; and }?'t are both the average of n;(s, a) bounded random variables. Additionally,

bounded by 1 and
by union bound yields

Tt| is

ﬁt‘ is bounded by H. A standard application of Hoeffding’s inequality followed

P [ max 7e(s,a) —re(s,a)| < 5] =>1- Z ee o2
t,(s,a)Esupp(ps)
t,(s,a)€supp(pt)
>1— HSAe = mmin(0)/2,

Setting the probability to be lower bounded by 1 — § gives

e< log(HSA/d) .
Nmin(P)
Similar techniques yield
~ Hlog(HSA
P max Ft(s,a)‘g Hlog(H54/9) >1-09.
t,(s,a)Esupp(ptr) nmin(p)
Applying the high probability bound and Lemma 2, we obtain
H
SIS dr(s,a) (Qr(s.0) — Yils, 0) ‘
t=11]s,a
H3log(HSA/S)

H
S o - || vl +
; t op nmin(p)

Minimizing the RHS over all g; yields the desired result.
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Remark 2. Note that the proof does not rely on the specific distribution of p;. Instead, we only use
the support of p; and upper bound the statistical error by the maximum deviation on the support. It
will be an interesting future direction to incorporate the exact distribution of p, into the error bound.

A.7 Proof of Theorem 3

Invoking Theorem 2, we have

H
o _ ~ H3log(HSA/S
JT > JT =2 Dis(plld) |YiT|| - C 1)
— * nmin(p)
H
N N N H3log(HSA/S
> J7—23 Dis(pe|ldp) |Y77| ~C TR
— * nmin(p)
" H
e . T T : us ™ H3 1Og HSA 5
> J7 — ZZDls(PtHdt) Y, e QZDls(Pt”dt )Yl —2C n(.(m/)’
o — min

with probability at least 1 — 4. Since we assume Dis(p:||d]) < B forallt € [H] and 7 € I, the
discrepancies can be upper bounded by B. Combining with the fact that ||Y;7||, < Vd|Y{||» <
VvV SAHd, we get the desired result.
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