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Abstract. Cooperative Multi-Agent Reinforcement Learning (MARL)
has achieved remarkable success in complex tasks, with Centralized Train-
ing Decentralized Execution (CTDE) being the dominant paradigm for
training cooperative agents. However, most CTDE methods do not ex-
ploit the fact that agents are heterogeneous, each receiving observations
generated by a different subset of state factors. In this work, we show
that this heterogeneity can be exploited for a more efficient learning:
by treating agents observation as partial views of the same underlying
factors, and leveraging this structural dependency, we can can align the
agents’ representations during training to improve sample efficiency of
existing state-of-the-art CTDE algorithms.

Keywords: Multi-Agent - Reinforcement Learning - Causal Inference -
Representation learning.

1 Introduction

Multi-Agent Reinforcement Learning (MARL) has gained popularity in the re-
cent years in multiple domains ranging from cooperative-competitive real-time
strategy games [28, 1], traffic control [29, 4], and robotics [11, 8]. A central chal-
lenge in scaling these methods to real-world settings is sample inefficiency, since
learning effective policies require a prohibitive number of sample environment
interactions, a problem that is exacerbated with high-dimensional observation
spaces.

A natural approach to tackle this issue is to incorporate strong inductive
biases into the learning process. One line of work [21, 24| does so by incorpo-
rating the reward structure of cooperative tasks by factorizing the global value
function, reducing the complexity of the joint optimization problem. A comple-
mentary approach is to impose structure on how observations are processed and
acted upon. Two prominent strategies have emerged: (1) One approach is to
exploit symmetries in the state-action space by embedding directly equivariance
constraints in the policy and value networks [20, 15]. (2) Another strategy, which
has seen success in the single agent setting, is to use data augmentation and reg-
ularize the learned observation representations by encouraging invariance with
respect to task-irrelevant information [13, 12, 10].
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While representation learning has been extensively studied in the single agent
setting, its principled application to MARL remains largely unexplored. A nat-
ural approach is to exploit an additional source of structure: multiple agents
simultaneously observe the environment from a different view. This suggests
treating the agents observations as different views of a shared underlying world
state, and exploiting this redundancy in information across views to learn better
representations. This idea has been exploited under the Centralized Training De-
centralized Execution (CTDE) paradigm through a consensus mechanism, where
agents explicitly align their representations during execution [30]. However, they
treat the underlying state as a single monolithic block, implicitly assuming that
all agents observe the same underlying factors. This ignores a fundamental char-
acteristic of multi-agent systems, that is, agents are heterogeneous and can each
receive observations that depend on different subsets of the environment’s fac-
tors.

In this work, we propose to explicitly leverage this heterogeneity to improve
sample efficiency, casting the problem as one of causal representation learn-
ing [31, 6], by considering each agent’s observation as a partial view of the
shared factors. First, we introduce Structured-Observations Dec-POMDP (SO
Dec-POMDPs) an extension of the standard Dec-POMDP that explicitly mod-
els sparse, dynamic dependencies between state factors and agents’ observations.
Then, we leverage this structural dependency to define a principled representa-
tion objective, Coordination via ALigned Centralized Training (CoACT), that
can be combined with any existing CTDE algorithm without modifying its archi-
tecture. Specifically, we encourage agents that share a common observed factor
to produce consistent representations of that factor, while leaving agent-specific
information intact. We provide the identifiability guarantees showing that, un-
der a redundancy condition [6], this objective recovers the information of each
shared latent factor. We further show empirically that adding this objective
during training improves sample efficiency.

The rest of the paper is organized as follows. Section 2 introduces the neces-
sary background on Dec-POMDPs and Contrastive Learning. Section 3 presents
the proposed Structured-Observations Dec-POMDP framework and its related
assumptions. Section 4.1 introduces the CoACT loss and Section 4.2 provides
its identifiability guarantees. Section 5 empirically demonstrates the benefits of
CoACT in terms of sample efficiency in various environments. Section 6 reviews
related work. Finally, Section 7 concludes with a discussion, limitations, and
future work.

2 Background

2.1 Decentralized Partially Observable Markov Decision Processes
(Dec-POMDPs)

A Dec-POMDP [18] is a tuple (Z,S, A, T, R, 2,0, by, v, H), whereZ = {1,..., N}
is a set of finite agents, S is the global state, A = [],.;A; is the joint ac-
tion space, with A; the action space of agent i, T : S x A x § — [0,1] is
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the transition kernel T'(s'|s,a), 2 = ][,z {2 is the joint observation space,
O : S x 2 — [0,1] the observation kernel, O(ol|s), by € A(S) the initial state
distribution, R : § x A — R the shared reward function, v € [0,1) the discount
factor, and H the horizon. At each time step ¢, given the global state s;, the
agents Z receive joint observations o; = (01,4,...0n,4) ~ O(.|s;). Each agent i
takes an action a;; € A;, based on its history h;; = [0i,0,Gi,0,--->Qit—1,0i4);
yielding a joint action a;. The environment returns a reward r, = R(s¢, a¢) and
transitions to the next state s;y1 € S according to the transition probability
T(st11]8¢,a¢). The goal is to find a joint policy m = {m;};cz that maximizes
the expected discounted return E[Zflz 07're]. When the observations are high-
dimensional, each policy ; is parameterized by neural-networks, by first encod-
ing each observation into a representation z;; = gy, (0;¢). Then a history-aware
representation fy, (zm7 - zi,t) is constructed using for instance Long Short Term
Memory (LSTM) Networks [9], which are used to sample the actions.

Centralized Training Decentralized Execution (CTDE): CTDE is a multi-agent
training paradigm which addresses the partial observability and non-stationarity
that can arise in MARL. During training, CTDE allows agents to have access to
the full global information, often through a centralized critic, while restricting
the execution to the local observations.

2.2 Contrastive Learning

Contrastive Learning is a self-supervised learning technique that aims at training
an encoder g : O — Z mapping observations o to representations z that are
maximally informative about their generative factors without having access to
the ground truth [7, 2, 19]. Specifically, most prominent Contrastive Learning
losses are defined in terms of an anchor o, a positive sample o™, and a set of L
negative samples {of}lL:1 which are assumed to be generated by different latent
factors. These losses are expressed as (1) an alignment term that maximizes the
similarity between the anchor and positive sample (2) a uniformity or contrastive
term that aims at minimizing the similarity between the anchor and the negative
samples. For instance, the SInCLR loss [2] is expressed as:

exp(sim(g(0), g(0"))/7) 1
ST expeinoio. o )L

where sim(u, v) is the cosine similarity between u and v.

LsimcLr(9) = Eo,o+,{0f} [log [

3 Structured-Observations Dec-POMDPs

While standard Dec-POMDPs assume a monolithic state space and observa-
tion functions, many real-world multi-agent applications exhibit spatio-temporal
structure, where the observations depend dynamically on a sparse set of causal
latents. For instance, in traffic control [29, 4], each agent observes only nearby
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intersections, and in real-time strategy games [28, 1] units are constrained by a
limited field of view. Motivated by such real-world applications, we define the
Structured-Observations Dec-POMDP framework which is able to capture these
causal dependencies.

A Structured-Observations Dec-POMDP is defined as a tuple (Z,S, A, T, R,
2,0,G,by,7, H). This formalism is identical to a standard Dec-POMDP, with
the exception of the following components which explicitly define the structural
dependence between the state and the observations:

1. The state space S = HkK Sk, which is factorized into K components,

2. The state-observation dependency mapping G : S — P(1,..., K)*|, which
assigns for any agent ¢ € Z the subset of state factors K; influencing its
observation given the state s such that G(s) = {K; }iez,

3. The observation function which is factorized following the state-observation
dependency as: O(ot|s¢) = [[;c7 Oi(0itl{sk,e | k € Ki}).

Consider for instance the Gridworld environment depicted on the left in Fig-
ure 1, where two agents navigate in a grid where they need to collect an object
and move towards a target destination. The limited field of view of each agent
is only capable of capturing information about objects in its immediate vicin-
ity; as the agent navigates the environment, this set of causally relevant objects
changes over time. In this sense, our framework generalizes the standard Dec-
POMDP formulation, allowing for such dynamic shifts, without excluding static
structures where the state-observation dependency would be fixed for all states.
The central challenge is to map high-dimensional observations, that mix infor-
mation from multiple factors, to representations that isolate the information of
each factor, in a way that is useful for the downstream Reinforcement Learning
task.
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Fig.1: Gridworld environment with two agents. On the left: the environment
global view with the agents local views. The blue agent observes the
destination and the , the red agent observes only the , while both do not
observe the lava field. On the right: The representation network of each agent
encodes its observation into a factored representation corresponding each to one
object, and an additional private factor (blue or red block), which encodes all
the unique information about its observation. The hatched representation factors
are masked, reflecting unobserved objects in the local views.

4 CoACT: Multi-Agent Coordination via Representation
Alignment

To achieve the goal of learning causally-grounded representations which capture
this underlying structure of the environment, we formalize in this section our
representation learning objective. This objective is designated to leverage the
state-observation dependency G. Unlike standard CTDE methods that require
access to the full global state, our approach relaxes this assumption by relying
solely on the structure of the observation function.

4.1 The representation learning objective

In our framework, we assume having access to the state-observation mapping
G(s) = [K1, ... K|z)] at every timestep. This mapping defines the subset of latents
K; C K influencing the observation o; of every agent i € Z. From this evaluation,
we dynamically derive the set of agents Z, associated with the latent k:

Iy ={ieT|keK;}. (2)

Each agent 7 maps, through its representation network gy,, the local observation
0; to a factored representation z; = [zi’l, cey 2, KL capturing each their asso-
ciated latent factor. For instance, in the aforementioned gridworld example in
Figure 1, each agent representation consists of factors relating to one specific
object in the environment in addition to one private factor.

We denote by gy, , the functional mapping from observations to the k-th
representation factor, where v; ;, C ; is the subset of the parameters in the
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computational graph of the representation network influencing the representa-
tion factor z;. Formally zp = gy, , (0;). Note that 1; , and 9); - may overlap due
to shared parameters.

Given the joint observations (o1, ...,0/z,|), the factor alignment objective is
computed over a batch of B by leveraging a pairwise contrastive loss, for instance
the SimCLR loss:

1
Liepe = 5 > [ﬁsimCLR(gwi,wgwk; {0it,05,0}121) + LsimoLr 9y, 4> G {00t Oj,t}thl)}v
,’ ,eIQ
i

(3)

where LamcLr(9y, 1 9y, 3 {004,056 }2-1) is the empirical estimate of the Sim-
CLR loss over the data {0;+,0;}2 ;:

= €xp (sim(gy, k (0it), gy, k(05,4))/7)
‘CalmCLR(ng ko gw] ) {Ol ts 0, t}t 1 Z

S0 exp(sim(gy, & (0ie), 9y, 0 (05.))/7)

(4)

The symmetry in the factor alignment objective ensures that the representa-
tion networks contribute equally as a source of negative samples, guaranteeing
balanced gradient updates.

The CoACT representation learning objective is defined as the weighted av-
erage over all the factors alignment objectives:

1
ECoACT - Z mﬁrep,ka (5)

ke{l,....K}
[Tk 122

which can be optimized in addition to the RL objective:
Liotal = LrL + aLcoacT- (6)

This objective can be integrated into the policy representations or the value
networks. Additionally, the global critic representations can also be aligned with
the representations of the individual policies.

4.2 Identifiability guarantees

In this section, we show that using the aforementioned objective guides each
representation factor towards extracting information of its respective latent. In
the following, we drop the time dependency. We assume the following:

Assumption 1 (Conditional Independence of the observations) The ob-
servations of agents Iy are conditionally independent given the shared latent:

O; 1L Oj | Sk, (7)
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Additionally, we make the following information-theoretic assumption, adapted
from [6] to the state-factor k:

Assumption 2 (Redundancy of information) For any (i,j) € I X Iy, we
have:

1(03; 5410;) = 0, (8)

Namely, the observations of two distinct agents influenced by the shared fac-
tor k contain exactly the same information about it, or in other words, they
are maximally redundant. Note that this is an information-theoretic assump-
tion: it does not constrain the observation spaces themselves and only concerns
redundancy on shared factors. The heterogeneity in the state-observation depen-
dencies is still captured through G. Given these assumptions, we can state our
main identifiability guarantee:

Theorem 3 (Identifiability of the latent). Given Assumptions 1 and 2 and
the use of SimCLR loss as a pairwise alignment objective for the representation
factors with L negative samples and a temperature T = 1, we have the following
inequality:

1 1
|Ik|(‘Ik| — 1)‘67"51)7k’ > IOg(L) - ‘Ik|(|l-k| — 1) Z [I(Z%k?Sk') _I(Z’hk; Sk|Zj7k)]'
METE (@ (®)
i£]

(9)

The proof is available in Appendix B. Theorem 3 states that the factor alignment
objective is an upper bound on an information bottleneck over the representation
which (a) encourages the recovery of the of latent state information, while (b)
maintaining information overlap across agents’ representation. Assumption 2
guarantees that asymptotically no state-information is discarded while the term
(b) is minimized.

Remark 1. While Assumption 2 may be difficult to satisfy in practice, its vi-
olation merely implies that the representation objective will lead to a partial
recovery of the state factor information. Even in such cases, the CoACT regular-
ization remains beneficial during early stages of training, by guiding the model
towards discarding (partially) state-irrelevant information. The hyperparameter
« defined in Equation 6, can be subjected to a decay schedule to prioritize the
RL objective at later stages of training.

5 Experiments

In this section, we showcase our approach in two environments characterized
by high-dimensional image observations both with a static (Section 5.1) and
dynamic (Section 5.2) state-observation dependency.
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5.1 Double Digit prediction

The environment consists of N = 3 agents acting simultaneously on a shared
pool of N + 1 digits sampled from the MNIST dataset [5] at the start of the
episode.

The environment’s horizon is H = 1.

Observations: At each timestep, agent i receives a 56 x 56 grayscale image ob-
servation constructed by placing two digits side by side, where the digit 7 is on
the left and digit ¢ + 1 is on the right, making each agent share effectively one
latent with each one its neighbors as depicted in Figure 2a. The observations
are generated each timestep by augmenting the same MNIST digit image using
random affine transformations, distortions and random pixel masking.

Actions and rewards: Each agent selects a two-digit integer between 0 and 99,
encoding the prediction for the observed digits. For each correctly predicted digit,
the agent receives reward 1/2 and 0 otherwise, yielding a maximum reward of 1.

By construction, the environment provides a ground-truth structure where
the digits act as the latent factors. The observations are arranged in a chain,
such that adjacent agents share one latent factor.

5.2 Gridworld

We introduce a variant of the single agent minigrid environment [3] to account
for multiple agents. In this environment, N = 3 agents need to navigate a 8 x 8
grid for H = 100 steps to collect K = 5 colored balls placed in random locations
as shown in Figure 2b. The agents spawn at random locations and directions at
the start of every episode.

Observations: Each agent observes 42 x 42 image corresponding to 7 x 7 tile
window centered in front of the agent, which reflects faithfully what the agent
can see from its position and orientation.

Actions and rewards: Each agent selects from 7 discrete actions: turn left,
turn right, move forward, pick up, drop, toggle and done. The rewards are
sparse, the agents receive a reward 10 for each picked ball and 0 otherwise.

Causal mask: At every timestep, the environment additionally emits a causal
mask for each agent, describing which objects (lava, ball, door, key, etc.) are
inside the field of view of the agent.

For the Gridworld experiment, we use Multi-Agent PPO [32] with General
Advantage Estimation and Popart normalisation. For the Digit Prediction ex-
periment, we use IQL [25].

In both experiments we use the SimCLR loss with a temperature of 0.3 and
a = 0.5. For more details, we refer the reader to Appendix A.

We run experiments on 10 seeds and report in Figures 3a and 3b the average
and standard error of the returns over 200k environment steps for the Digit
Prediction environment and 100k steps for the Gridworld environment.
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Agent 0 Agent 1
True Digits: 4, 0 True Digits: 0, 0

a) Digit prediction
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Fig. 2: Observation samples from the environments.
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(a) Digit Prediction

Fig. 3: Training curves of the experiments averaged over 10 seeds.
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Discussion: CoACT-MAPPO consistently outperforms MAPPO in the Grid-
world environment, achieving higher returns earlier in training while converging
to similar final performance, demonstrating a clear sample efficiency gain. In the
Digit Prediction environment, both CoACT-IQL and IQL exhibit high variance
across seeds, attributable to the stochastic nature of the observation augmenta-
tions. Nevertheless, CoACT-IQL maintains a consistent advantage in expected

return throughout training.



10 O. Azizi et al.

6 Related work

6.1 Centralized Training Decentralized Execution (CTDE)

CTDE is a common training paradigm in cooperative Multi-Agent Reinforce-
ment Learning methods. These methods enable the agents to leverage global
information while maintaining decentralized execution. Methods such as QMIX
[21], MAPPO [32], VDN [24], and MADDPG [14] demonstrated strong empir-
ical performance across a variety of mixed cooperative-competitive tasks such
as MPE [17] and SMAC [28]. However, these methods typically assume access
to the global state during training, which is often unavailable or expensive to
obtain in practice. In our work, we only assume access to the state-observation
dependency G(s), which is strictly a weaker requirement than the full global
state.

6.2 Representation Learning in RL

Representation Learning has emerged as a prominent subfield in Reinforcement
Leaning with Deep RL methods [27, 22, 16]. Learning compact representations
that compress high-dimensional observations in a meaningful way is crucial for
the agent’s ability to generalize and learn efficiently. A prominent line of work
achieves this purpose either by means of Data-Augmentation without any aux-
iliary objective [13], or through a contrastive learning loss combined with Data-
Augmentation [12]. These methods demonstrate significant improvement in the
single agent setting. Similar ideas have been leveraged in the Multi-Agent set-
ting, by leveraging a masked attentive contrastive [23], or using a shared discrete
consensus representation across agents by treating their observations as different
views of the same global state [30]. However, they treat the state as a monolithic
block without considering possible heterogeneity in the agents’ observations.

6.3 Multi-view representation learning

Multi-view representation learning aims at learning representations that cap-
ture information shared across views of the same underlying generating factor.
[26] propose Contrastive Multiview Coding to learn view-invariant representa-
tions, by maximizing the Mutual-Information between across views, and show
that leveraging more views improve the representations. [6] propose a theoreti-
cal framework through the Information Bottleneck principle. They introduce the
notion of redundancy, i.e., that two views introduce the same task-relevant in-
formation. They show that maximizing the shared information, while discarding
view-specific information leads to robust representations. [31] study identifiabil-
ity guarantees where each view depends on a different subset of latent factors.
In our work, we build on the redundancy notion introduced by [6] to derive
identifiability guarantees of the latent factors.
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7 Conclusion

In this work, we introduced CoACT, a modular representation learning objective
for cooperative MARL that exploits the heterogeneous structure of agents’ ob-
servations. We formalized the Structured-Observations Dec-POMDP to explic-
itly capture sparse dependencies between state factors and agent observations,
and proposed a contrastive alignment objective that encourages agents observ-
ing the same latent factor to produce consistent representations. We provided
theoretical guarantees showing that this objective recovers shared latent factor
information under a maximal redundancy condition, and demonstrated empir-
ically that CoACT improves sample efficiency when combined with both IQL
and MAPPO, without modifying their architectures or requiring access to the
full global state.

Limitations and future work: CoACT currently relies on the state-observation
dependency at training time. Learning this structure from data is an impor-
tant direction for future work. Several ablations also remain to be conducted,
including a comparison against monolithic representation alignment, a study
of alternative contrastive losses, and validation on larger benchmarks such as

SMAC.
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A TImplementation details

Al IQL

Encoder: A three-layer CNN with channels (32,64, 128), kernel size 6, stride 1,
and padding 3, followed by ReLU activations. The CNN output is projected to a
factored representation of dimension 3 x 32 = 96 (3 agents, 32 units per factor).
Dropout p = 0.1 is applied after the projection.

Training: Each agent maintains an independent Q-network and replay buffer
(capacity 50,000) with e-greedy exploration (g = 0.999, €min = 0.01, decay
= 0.995 per episode). Gradients are computed on mini-batches of size 64 sampled
from the replay buffer. The actor and critic learning rate is 1072, the discount
factor is set at v = 1., and soft target-network updates use 7 = 0.01. Training
runs for 200,000 episodes.

Q-network: A two-layer MLP with hidden size 64 and ReLU activations.

CoACT: The contrastive representation alignment loss uses temperature 7 =
0.3, coefficient @ = 0.5. The causal mask follows a chained structure over the
64-dimensional representation space: agent 0 attends to dims 0-31, agent 1 to
dims 1647, and agent 2 to dims 32-63. Adjacent agents share a 16-dimensional
overlap (agents 0—1 share dims 16-31; agents 1-2 share dims 32-47), while non-
adjacent agents 0 and 2 have disjoint factors.

A.2 MAPPO

Encoder: A three-layer CNN with channels (16,32, 32), kernels (3, 3, 3), strides
(2,2,2), padding (1,1, 1), ReLU activations, and global average pooling. Inactive
factor slots are zeroed (factor masking). Representations are factored into F' = 8
factors of dimension 11, giving z € R38

Policy / Value networks: Actor and critic are two-layer MLPs with hidden size 64
and ReLU activations. The centralised critic receives concatenated observations
of all agents.

CoACT: We pick the values of temperature 7 = 0.3, and « = 0.5. Furthermore
we use align the centralized critic as well with an alignment coefficient 0.2.
Furthermore we use the MAPPO training parameters described in Table 1.
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Parameter Value
Actor LR 5x 107"
Critic LR 10°?
Discount v 0.99
GAE ) 0.95
PPO clip € 0.1
PPO epochs 5
Num. mini batch 4
Value loss coef. 1.0
Entropy coef. 1073
Max grad norm 5.0

Table 1: Training parameters for MAPPO

B Missing proofs

We now provide the full proof of Theorem 3. We first introduce the necessary
notation. Let O; denote the random variable corresponding to the observation of
agent i, and let Sy denote the random variable corresponding to the k-th latent
factor. Each agent ¢ maps its observation O; to a factored representation Z; =
9y (0;), where Z; ), = gy, ,(O;) denotes the k-th factor of the representation.
We use I(-;-) to denote mutual information and I(-;-]-) to denote conditional
mutual information.
The proof proceeds in three steps:

1. (Section B.1.1) We show that under Assumptions 4 and 5, maximizing the
pairwise mutual information I(O;; O;) is equivalent to maximizing the joint
mutual information 1(O;;{O;}ez,\({i}), reducing the problem to pairwise
alignment.

2. (Section B.1.2) We show that the conditional independence of observations
induces conditional independence of representations via the data processing
inequality, i.e. Z; 5 1L Z; | S.

3. (Section B.1.3) We show that minimizing the factor alignment objective
loss provides a lower bound on I(Z; x; Sk) —I(Z; x; Sk|Z; 1), guaranteeing re-
covery of the shared latent factor information, while maintaining information
overlap between all agents representations during training.

B.1 Proof of Theorem 3

In this section we prove individual representation factor loss recovers the infor-
mation related to the shared latent. In the following, let &k in {1,..., K} and
assume |Zj| > 2. We start by reminding the following assumptions, which are
necessary to recover only the information about the targeted latent.
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Assumption 4 (Joint conditional independence) We assume we have the
following conditional independence for all i in Ty:

O; 1L Oz, 4y |Sk (10)

Remark 2. (Pairwise conditional independence) Assumption 4 implies the fol-
lowing independence for all (i, j) € Zy x Zj:

O; 1L O;|Sy (11)

Our objective is to recover the information of the latent Si. This information
is simply the overlap of information between the observations of all agents in
Zy. To extract this common information, we can maximize the joint mutual
information between the kth representation factor of an agent ¢ € 7y, Z; ;, and the
other agents in Zp {Z;x = gy,(0;)} ez, \{i}- This quantity can be decomposed
via the chain rule of information as:

I(Zi,M{Zj,k}jeIk\{i}) = Z I(Zi,k;Zj7k|Z1,k~--Zj71,k) (12)
JETL\{i}

While we could in principle aim to maximize the LHS, it poses architectural
and, or computational complexities, since it requires a choice of an aggregation
function accross |Zx| — 1 views. Similarily, maximizing the RHS poses similar ar-
chitectural complexities that do not scale when Z;, is large. It essentially requires
to incrementally recover overlaps of information. We make further assumptions
to get rid of the high-order interactions. That is, we aim to have:

I Ziwi{Zjk}jerogiy) = L(Ziws Zj 1) (13)

This guarantees recovering the shared latent using existing contrastive learning
methods.

B.1.1 Reducing joint to pairwise alignment We need to prove that min-
imizing the pairwise losses is equivalent to maximizing the joint mutual infor-
mation between representations. This equivalence is necessary to leverage con-
trastive learning losses. We make the following information-theoretic assumption:

Assumption 5 (Redundancy of information [6]) For any (i,j) € Zp x Ik,
we have the following:

This assumption states that the information about the factor Sy is maximally
redundant across the agents’ observations. To see this, we can write the joint
mutual information between O; and (S, O;) as follows:

1(0i; Sk, O5) = 1(03; Sk) + 1(O4; O, Sk) (15)

=1
= 1(0;; 05) + 1(0;; 5 [0;) (16)
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Therefore, the MI between the observations is decomposed into two main terms:

(1) relevant (2) irrelevant

The first term (1) is all the shared information relevant to the state Sy, which
is simply the difference between the information about Sy contained in O; and
its unique information. While the second term (2) captures everything that is
shared between O; and O; and is not related to S, which is zero by Assumption
4. Hence, we can write:

Therefore, we have the following inequality, due to the positivity of the mutual
information:

. < (03 8:105) < 1(Oi; Sk) (19)

maximum redundancy maximum uniqueness

When the uniqueness is maximal, (or to put it differently, the redundancy is
minimal), that is 1(O;; Sk|0;) = I(0;; Sk), we have I(O;;0;) = 0. This means
that maximizing the mutual information between the observations can only de-
stroy information about the state history Si. Aligning representations in this
case is harmful for the downstream task. When the uniqueness is minimal (or to
put it differently, the redundancy is maximal), that is 1(O;; Si|O;) = 0, then:

1(03;05) = I(O4; S), (20)

which guarantees to recover all the information about Sy contained in the ob-
servations.
We can now prove the equivalence between the joint and pairwise MlIs:

Theorem 6 (Equivalence between joint and pairwise MIs). Given as-
sumptions 4 and 5, we have for all (i,j) € Ty, X Zy.:

I(0::{0j: }jrern\giy) = 1(0:; 0;) (21)
Proof. The conditional independence given by Assumption 4 implies that:
0 = 1(0i; Oz, )\ {3} |Sk) (22)
= 1(04; Sk, Oz, 0\ (iy) — 1(O4; Sk) (23)
= I(0i; Og,\g3y) + 1(Oi; SOz, 0\ 13y) — 1(Oi; Sk) (24)

We show that I(O;; Sk|Oz,\(i3) = 0:
I(Oi; Sk, O1,0\(i,53105) = 1(0i;8k|0;5)  +1(0i; Oz, 14,3105, Sk) (25)
—_————
=0 by Assumption 5
(26)

And by Assumption 4 and its implied pairwise conditional independence in Re-
mark 2 we have I(Oi; OIk\{i,j}|Ojv Sk) = I(Oi; Ozk\{i}|5k) - I(Oi; Oj|Sk) =0.

Therefore we have from Equation (24) and (20) that I(O; ¢; Oz,\(i}) = 1(Os; Sk)
= 1(0;; 0y) for all j € Ty \ {i}.
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B.1.2 Conditional independence transfers to representations Having
established that pairwise alignment suffices, we now lift the conditional indepen-
dence from observations to representations. Since representations are determin-
istic functions of observations, the data processing inequality implies that the
conditional independence structure is preserved:

Lemma 1 (Conditional independence of representations). Under As-
sumption 4, for all (i,7) € I X Iy, we have:

Zi,k AL Zj,k | Sk

Proof. Since representations are deterministic functions of observations, apply-
ing the data processing inequality twice yields:

0=1(040; | Sk) > I(Zi ;05 | Sk) > I(Zij; Zj e | Sk)

By positivity of mutual information, I(Z; x; Zjx | Sk) = 0, hence Z; ;, 1L Z; ;, |
Sk

Remark 3. Analogously to Equation 15, and using the conditional independence
established in Lemma 1, the mutual information between pairs of representations
decomposes as:

I(Zik; Zjx) = 1(Zij; Sk) — I(Zij; Sk | Zj 1) (27)

B.1.3 Latent recovery via contrastive learning Having established that
I(Z; 1; Zj );) decomposes into identifiability-relevant terms via Equation 27, it
remains to connect the SimCLR loss to this mutual information. We leverage
the following result from [19], which shows that the SimCLR loss, with a tem-
perature 7 = 1 provides a lower bound on the mutual information between pairs
of representations, with the bound becoming tighter as the number of negative
samples L increases:

Lemma 2 (Mutual Information lower bound [19]).

I(Zik; Zj k) > 10g(L) = LsimcoLr(Gp; 1 9, 1) (28)

Applying Lemma 2 to each pairwise term in the factor alignment objective
and substituting the decomposition from Equation 27 yields the following result.
The m weighting normalizes over all ordered pairs in Z, ensuring each
agent contributes equally regardless of the number of agents observing Sy:

Theorem 7 (Recovery of the shared latent). We have the following lower
bound over the weighted factor alignment objective:

1 1
> . ). . L) .
7|Ik|(‘zk| — 1)£rep,k =z IOg(L) ‘Ik|(|Ik| — 1) 4 § ZZ[I(gqu,k(Oz)vsk) I(gwi,k<oi)7sk|gw]‘,k (OJ))]
1,]€1L
i#j

(29)
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Proof. From Lemma 2, we have:

ESimCLR(gwi,khgwj,k) > lOg(L) - I(Zi; ZJ) (30)
1
5 Z {EsimCLR(gwi,k7gijk) +£simCLR(gwj,kagwi,k):|2 |Ik|(‘Ik| - 1) IOg(L) - Z I(ZL]C;ZLIC)
i,j€L} i,j€T}
i#j i#]
(31)
! Liepi > log(L) ! > I(Zixi Zi) (32)
< Lrep,k = 108 — T ik 44k
1Tkl (1Zk| — 1) IZel(1Zk] — 1) =, !
ZvJGIk
i#£j
Lo > log(L) ! D 1(90:4(0:); Sk) = 1(9y,.,.(0i); Sklgy, . (0;))]
= Lrep,k > = T 9.1 (04); Sk) — 1(gy, 1. (O4); Skl gy, . (O;
|Ik|(‘Ik| — 1) ep |Ik|(|Ik| — 1) o Vi k i Vi ke i Yk J
2, k
i#£]
(33)

Summing Theorem 7 over all shared latents k € {1,..., K} yields a global
bound on the full CoACT objective:

Corollary 1. The CoACT loss satisfy the following:

1
Lco > Klog(L) — _ I1(Z; 1;Sk) — L(Z; 13 Sk| Z;
CoACT Z Og( ) Z |Ik|(|Ik:‘ — 1) Z [ ( k k) ( k k| ]7k)]
ke{l1,...,K} i,jEL}
|Zk122 i#]
(34)

Remark 4. Assumption 4 requires that agents in Zj observe Sy, through indepen-
dent noise processes, which is a reasonable model for spatially separated agents
with local observations. A necessary condition for this to hold across all factors
is that any pair of agents shares at most one latent factor, i.e. |7, N Zy/| < 1
for all k # k’. When this is violated, the representations may capture spurious
cross-factor correlations, leading to only partial recovery of the latent factors.
Similarly to Remark 1, the hyperparameter « can be decayed to prioritize Lgy,
at later stages of training, mitigating the impact of such violations.
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