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ABSTRACT

Rectified Flow (RF) models achieve state-of-the-art generation quality, yet con-
trolling them for precise tasks—such as semantic editing or blind image recov-
ery—remains a challenge. Current approaches bifurcate into inversion-based
guidance, which suffers from “geometric locking” by rigidly adhering to the
source trajectory, and posterior sampling approximations (e.g., DPS), which are
computationally expensive and unstable. In this work, we propose Score-Guided
Proximal Projection (SGPP), a unified framework that bridges the gap between
deterministic optimization and stochastic sampling. We reformulate the recov-
ery task as a proximal optimization problem, defining an energy landscape that
balances fidelity to the input with realism from the pre-trained score field. We
theoretically prove that this objective induces a normal contraction property, ge-
ometrically guaranteeing that out-of-distribution inputs are snapped onto the data
manifold, and it effectively reaches the posterior mode constrained to the man-
ifold. Crucially, we demonstrate that SGPP generalizes state-of-the-art editing
methods: RF-inversion is effectively a limiting case of our framework. By relax-
ing the proximal variance, SGPP enables “soft guidance,” offering a continuous,
training-free trade-off between strict identity preservation and generative freedom.

1 INTRODUCTION

Rectified Flow (RF) models (Liu et al., 2022) have recently emerged as a powerful paradigm for
generative modeling, offering high-fidelity sampling with straighter, more efficient transport trajec-
tories than standard diffusion models (Song et al., 2021). However, harnessing these pre-trained
priors for controlled inverse problems—such as semantic editing or blind image recovery—remains
a non-trivial challenge. The core difficulty lies in the “perception-distortion trade-off”: balancing
fidelity (preserving the identity or structure of the reference input) with realism (ensuring the output
remains on the learned data manifold). Current approaches to this problem typically fall into two
distinct regimes, each with fundamental limitations:

Inversion-Based Editing: Exemplified by techniques like RF-Inversion (Rout et al., 2024), these
methods enforce “hard guidance.” They compel the editing trajectory to rigidly retrace the noise
inversion path of the source image. While this preserves structure, it suffers from what we term
“geometric locking”: the inability to deviate sufficiently from the original path to accommodate
significant semantic changes or correct large out-of-distribution (OOD) corruptions.

Posterior Sampling & Manifold Constraints: Methods like Diffusion Posterior Sampling (DPS)
(Chung et al., 2024a) and Manifold Constrained Gradients (MCG) (Chung et al., 2024b) attempt to
solve the inverse problem by optimizing a likelihood objective V., log p(zyef|:). While theoret-
ically sound, DPS relies on backpropagating through the denoising network Jacobian Vo (z¢),
which is computationally expensive and notoriously unstable at high noise levels . MCG attempts
to stabilize this by projecting gradients onto the data manifold, but relies on explicit, approximate
projections that are often brittle in practice.
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In this work, we propose Score-Guided Proximal Projection (SGPP), a unified framework that
bridges the gap between deterministic optimization and stochastic sampling. SGPP can be viewed as
a Jacobian-free implementation of MCG: instead of computing unstable backpropagation gradients
or explicit projections, we leverage the intrinsic geometry of the Rectified Flow score field.

We reformulate the recovery task as a proximal optimization problem on the time-dependent mani-
fold. By defining a dynamic energy potential that balances a fidelity potential (anchoring the trajec-
tory to the input) and a generative potential (derived from the pre-trained score field), we achieve
the following:

* Geometric Stability (Normal Contraction): We prove that the gradient flow of our proxi-
mal objective exhibits a normal contraction property. The score field naturally decomposes
into a restoring force that exponentially contracts the distance to the manifold, guaranteeing
that inputs are safely projected onto valid support without the instability of DPS. We further
show that our deterministic optimization algorithm converges to the manifold-constrained
mode of the posterior p(x | z,ef) under the assumed likelihood.

* Unified “Soft Guidance”: We reveal that state-of-the-art editing methods are effectively
special limiting cases of our approach. The “hard guidance” of RF-Inversion corresponds
to our objective when the proximal variance o, — 0. By relaxing this parameter (o, > 0),
SGPP enables “soft guidance,” allowing the generative trajectory to deviate flexibly from
the rigid inversion path to satisfy semantic constraints while remaining geometrically safe.

SGPP is training-free, requiring no auxiliary networks or complex distance functions. It repurposes
the pre-trained score function as a geometric oracle, providing a robust, theoretically grounded so-
lution for both blind image recovery and flexible semantic editing.

2 PRELIMINARIES AND NOTATION

Rectified Flow. We consider the Rectified Flow (RF) process X; = (1 — t)Xo + tZ for t € [0,1],
interpolating between data Xy ~ pgqt, and noise Z ~ N(0, ). The probability path is generated
by the vector field v(z,t) = E[Z — Xo|X; = x|, which simplifies via Tweedie’s formula to:

T t

v(z,t) = 1~ mvm log pi(x).

Sampling involves integrating the ODE d.X; = v(X,t)dt from ¢ = 1 to 0.

Manifold Geometry. We assume pgq; is supported on a smooth, compact manifold M, C RP
of dimension d < D. This induces a time-dependent manifold M; = {(1 —t)y : y € My}. We
analyze the process within a tubular neighborhood 7, = {z € R? : d(x, M;) < 7}. Inside T,
any point  admits a unique orthogonal decomposition x = 7(x) + n(x), where (x) € M is the
projection and n(z) is the normal vector.

We denote the orthogonal projection onto the tangent space 7, M by Pr(y) and onto the normal
space by Px(y) = I — Pr(y). The intrinsic gradient is defined as Vr f(y) := Pr(y)V f(y). Fi-
nally, we let Hy(-, -) denote the Second Fundamental Form, which characterizes the local curvature.
Its trace is the Mean Curvature Vector H (y) = tr(Il,)) € NyM.

3 GEOMETRIC FRAMEWORK: SCORE-GUIDED PROXIMAL PROJECTION

3.1 THE PROXIMAL OBJECTIVE

We formulate the recovery of a clean image from a reference x,.t (Which may be noisy or OOD) as
a proximal optimization problem. We define the likelihood of the reference image as p(xyef | o) =
N (Tret | T, qf,), where o is the proximal variance hyperparameter. We define the time-dependent
energy potential:

1
Ji(xs) = muxt — (1= t)apet]* = logpe(xy) (1)

Generative Potential

Fidelity Potential
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Here, 0, (t) = /(1 — t)?02 + t? represents the combined variance of the proximal relaxation and

the intrinsic flow noise. Minimizing this objective via gradient descent yields the core update rule
of our framework:

xp— (11— tk:)xref> )

op(tk)
where, sy (x,t) = V log p;(z) is the pre-trained score function obtained from rectified flow models
like FLUX (Labs et al., 2025), zg := xy, = (1 — to)@rer + toZ, with Z ~ N(0, I) and the time-
schedule 1 > ty > t; > --- > ty > 0 forms a homotopy from coarse to fine manifolds. To
analyze the dynamics of this update, we first decompose the score field into its intrinsic geometric
components relative to the time-dependent manifold M.

Tht1 = Tk + Mk (Smp(fk,tk) -

Assumption 3.1 (Tubular Curvature Bound). Let fimax = sup,eaq, [|11(y)[lop be the maximum
principal curvature of the manifold. We assume the data support and diffusion trajectories are con-
fined to a tubular neighborhood 7, = {x : d(x, M) < 7} where the radius 7 satisfies the strict
bound T - Kmax < 1 — § for some fixed constant § € (0, 1).

Proposition 3.2. For any x; near My, let ny = x4 — w4, where my := 7, (2¢) is the nearest point
to xy on the manifold M. Then under Assumption 3.1, the RF score decomposes as:

ng 1

Vo, log pe(z:) = _?2* + Vi logpa, () + 5 Hy + O(1).
where H, € N, My is the mean curvature vector at .
Substituting this decomposition into the SGPP update rule reveals a critical stability property: the
flow naturally suppresses deviations from the manifold.
Proposition 3.3 (Normal Contraction). Let nj = x — T, (k) be the normal displacement at
step k. Under Assumption 3.1, if the step size 1y, satisfies the stability condition:

0<m, <2/ (1/tF + 1/a§(tk)) ~ 22 (asty — 0),

then the magnitude of the normal displacement strictly contracts according to:

el < (1= A)|Inell + 7:Cn,

where the Contraction Rate \, = ny, (t% + %) € (0,2) dictates the speed of convergence to
k p

the manifold. The forcing term C < oo is strictly bounded due to the compactness of M and the
smoothness of the reference projection.

With the trajectory guaranteed to stay near the manifold, we now characterize its motion along the
surface, which corresponds to the semantic evolution of the image.

Proposition 3.4 (Tangential Drift). Let 7y, be the projection of the sampling trajectory xj, onto the
manifold My, . The evolution of T, follows the intrinsic gradient flow perturbed by a curvature-
induced drift:
1
Tht1 — Tk = Tk (VT log pm,, (mk) — WPT,c (mp — (1 — tk)wref)> +niEarige + O3,
D

Ideal Semantic Velocity vy,

where Pr, is the orthogonal projection onto the tangent space T, My, , and the geometric drift
error is bounded by:

Fmaz ||k
Eapiril| < —mazlITEIL_
|| T’LftH 1 _ Kmaz”nk”

[[vian]|-
Finally, we characterize the fixed point of this dynamical system, establishing the connection be-
tween our geometric flow and Bayesian inference.

Theorem 3.5 (Fixed-Point Characterization & MAP Equivalence). Let z* = ©* +n* be the instan-
taneous fixed point of the SGPP update rule at a fixed time t € (0,1). Under Assumption 3.1, the
equilibrium state is characterized by two decoupled conditions:
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1. Normal Equilibrium (manifold safety): The normal displacement n* is non-zero but sup-
pressed quadratically by the time parameter:

. 202 (t)
P
where Cn (t) is the bounded forcing term defined in Proposition 3.3.

Cn(t) =~ t?°Cn(t) (ast —0),

2. Tangential Equilibrium (MAP equivalence): The projection 7 satisfies the stationarity
condition on the manifold surface:

1
VT logth (TI'*) = TPT‘"* (ﬂ'* — (1 — t).l?ref).

a3 (1)

In the limit as t — 0, T converges to the manifold-constrained MAP estimator:

1
* 1 -y - 2|,
" — arg max |logp, (v) 202 |y — Tret|

Theorem 3.5 proves that the equilibrium of our dynamic system corresponds exactly to the Manifold-
Constrained MAP estimator. However, unlike prior methods like MCG which require an explicit,
computationally expensive projection operator Pp4(x), SGPP implements this constraint implicitly.
The pre-trained score field itself acts as the projection operator.

4 FROM OPTIMIZATION TO SAMPLING

While Theorem 3.5 ensures geometric safety, the proximal update converges to the posterior mode
(MAP). In high dimensions, the mode often holds little probability mass and fails to represent the
typical set, leading to over-smoothed results. To recover high-frequency textures and diversity, we
must sample from the posterior distribution rather than optimize for its peak.

The theoretical posterior probability path is governed by the ODE:

dx T t
7; - _tt = 7 (Vlogpi(wy) + Viegpi(wrer [ 21)), £:1 0. (3)
Using the Gaussian likelihood py(2ret | ¢) oc exp (—|lzy — (1 — )arer||* /2072(2)), this formula-
tion directly links our energy potential J; in (1) to the negative log-posterior. While we prove in
Appendix H that this ODE targets the exact posterior, in practice it tends to collapse to the MAP
as the guidance force overpowers the “memory” of the initial noise X;. To preserve diversity, we
adopt the stochastic sampler derived by Rout et al. (2024, Lemma A.4):

2t
1-1t

= 0y(@¢ | Trer) = —

=t B 01 4
1_¢ 1_¢ dt7 t _>0; ()

where {B;} is standard Brownian motion.

2t
dX, = ( Tt ——Vlogps(xs | xref)) dt +

5 CONNECTION TO RF-INVERSION

We reinterpret the control field in RF-Inversion (Rout et al., 2024) as sampling from a geometric
mixture distribution. Their control update corresponds to a convex combination of the generative
and guidance scores:

Vlogpy (¢ | @rer) := (1 = 1) V1og pi(x4) + 0V 10g pi (et | 24) (5)
in the limit of o, — 0 (see Appendix I for the proof).

This formulation highlights a continuum of control. As 17 — 1, the prior vanishes, locking the
trajectory to the reference path x..¢ (hard guidance). While intermediate 1 values allow for “soft
guidance” they regulate only the direction of the update, not the validity of the constraint. In standard
RF-Inversion (where implicit o, — 0), high 1 creates adversarial gradients: the text score pushes
for change while the reference score enforces strict stasis, causing artifacts.

Our proximal variance o, resolves this by introducing geometric tolerance. It effectively widens
the manifold tube, making the constraint “elastic.” This allows the semantic drive (1) to satisfy the
prompt without violating the structural essence of the reference image.
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Rectified Flows and Inversion-Based Editing. Rectified Flows (RF) (Liu et al., 2022) straighten
the transport paths between data and noise, enabling faster and more stable sampling compared to
standard diffusion models. Recent advances have extended RFs to controlled generation via inver-
sion. Notably, Rout et al. (2024) introduced RF-inversion for semantic editing, deriving a control
term that forces generation to retrace the inverted noise path. Our work unifies this perspective: we
demonstrate that the control mechanism by Rout et al. (2024) is mathematically equivalent to the
“hard guidance” limit (o, — 0) of our proximal framework. By relaxing this to “soft guidance”
(op > 0), SGPP introduces a geometric flexibility that allows the model to correct artifacts that rigid
inversion would otherwise preserve.

Inversion-Free Editing (FlowEdit vs. SGPP). A parallel class of methods bypasses inversion
entirely by manipulating vector fields directly. FlowEdit (Kulikov et al., 2025) and FlowAlign (Kim
et al., 2025) construct a direct ODE mapping by applying the difference between target and source
velocity fields (vigr — vsrc). However, these methods rely on semantic subtraction: they require
a user-provided source prompt to define the structure to be preserved. In contrast, SGPP enforces
structure via geometric projection: we utilize the reference image itself as a proximal constraint.
This renders SGPP a zero-shot method, capable of preserving identity and high-frequency details
without requiring auxiliary text descriptions or prompt tuning.

Diffusion Posterior Sampling (DPS) and Jacobian-Free Guidance. Solving inverse problems
with pre-trained models is a cornerstone of training-free generative Al. DPS (Chung et al., 2024a)
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approximates the posterior score via a likelihood gradient V,, log p(y|z;), typically formulated as
the terminal data consistency ||y — #o(x;)||?. While effective for general operators, DPS requires
backpropagating through the denoising network to compute the Jacobian V,, £o, which is computa-
tionally expensive and notoriously unstable at high noise levels. Our approach differs fundamentally
in objective and stability. Instead of terminal consistency, SGPP optimizes trajectory consistency
|z: — (1 — t)xref||?. Leveraging the linear geometry of Rectified Flows, we derive a closed-form,
Jacobian-free guidance term (Eq. 3). This eliminates the need for backward passes through the
network, avoiding the “exploding gradient” problem of DPS while providing a rigorous geometric
guarantee of Normal Contraction (Prop 3.3) that heuristic approximations lack.

Connection to Manifold Constraints. Our framework shares conceptual roots with Manifold
Constrained Gradients (MCG) Chung et al. (2024b), which seeks the Maximum A Posteriori (MAP)
estimate constrained to the data manifold. However, where MCG relies on explicit—and often unsta-
ble—projections onto an approximated tangent space, SGPP provides an implicit implementation.
By exploiting the natural decomposition of the Rectified Flow score (Prop 3.2), SGPP achieves
the equivalent “Manifold-Constrained MAP” solution (Theorem 3.5) purely through the proximal
update, ensuring geometric stability without the need for manual projection steps or manifold ap-
proximations.

B EXPERIMENTS

We validate Score-Guided Proximal Projection (SGPP) in two regimes: (1) a controlled 2D geo-
metric experiment to verify the Normal Contraction property and stability against baselines, and
(2) high-resolution semantic editing and recovery using the state-of-the-art FLUX Rectified Flow
model.

B.1 GEOMETRIC VALIDATION: THE NORMAL CONTRACTION PROPERTY

To rigorously test the geometric stability of our method, we evaluate it on a 2D “two-moons” man-
ifold distribution. We compare SGPP against two established baselines: Diffusion Posterior Sam-
pling (DPS)and Inversion-Based Editing (RF-Inversion) .

Baselines vs. SGPP. Existing methods struggle with the geometry of the manifold in distinct ways:

* DPS Instability: DPS approximates the likelihood score via backpropagation through the
denoising network. As seen in our comparisons, it is highly sensitive to the noise scale
o. At high noise levels, the gradients often explode or misguide the trajectory, leading to
points that overshoot the manifold or fail to converge.

* Geometric Locking in RF-Inversion: Standard inversion demonstrates the “geometric
locking” phenomenon. We observe that unless the guidance is stopped very early (t =
0.1), the trajectories collapse entirely to the reference input z,.¢. This confirms that strict
inversion leaves insufficient degrees of freedom for generative corrections.

SGPP Behavior. In contrast, SGPP exhibits robust convergence. The deterministic update (2) effec-
tively “snaps” out-of-distribution points onto the manifold spine due to the restoring force derived in
Proposition 3.3. The stochastic variant (SGPP-SDE) maintains this geometric safety while correctly
sampling the posterior distribution, covering the manifold density rather than collapsing to a single
mode.

B.2 ZERO-SHOT SEMANTIC EDITING

We apply SGPP to zero-shot semantic editing, a task requiring a delicate balance between preserv-
ing the source identity and hallucinating new semantic structures (e.g., transforming a “cat” into a
“lion”). We use the FLUX model with a target prompt y;4; = “a lion”.

Overcoming Geometric Locking. We compare our method against standard RF-Inversion. The
baseline fails to generate meaningful semantic changes; the strong geometric constraint forces the
output to retain the exact shape and contours of the house cat, resulting in a texture-swapped hybrid
rather than a true lion.
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Soft Guidance. SGPP overcomes this by relaxing the proximal constraint. By setting o, = 0.2
and using a geometric score mixture (n = 0.8), our method permits the trajectory to deviate tangen-
tially from the reference path. This “Soft Guidance” allows the model to hallucinate the necessary
structural changes (e.g., the lion’s mane and broader muzzle) while the proximal term ensures the
pose and background remain consistent with the reference. Notably, this is achieved without any
inversion step or auxiliary control networks.

B.3 THE FIDELITY-REALISM TRADE-OFF

Finally, we analyze the effect of the proximal variance o, on the reconstruction quality. This hyper-
parameter acts as a direct “knob” for the perception-distortion trade-off:

* Tight Constraint (o0, — 0): At low variance (e.g., 0, = 0.01), the method recovers the
reference image almost exactly, correcting only minor artifacts. This corresponds to the
“Hard Guidance” limit.

* Generative Freedom (o, > 0): As we increase o, (e.g., to 0.2 or 0.5), the model gains
the freedom to hallucinate high-frequency details that are statistically likely under the prior
but absent in the reference.

This confirms that SGPP provides a continuous, controllable spectrum between strict fidelity (re-
construction) and unconstrained generation (realism), validating our theoretical unification of opti-
mization and sampling.

C BACKGROUND ON LOCAL GEOMETRY

C.1 LOCAL QUADRATIC APPROXIMATION

To characterize the curvature, we view the manifold locally as a quadratic surface. For any point
y € M, we can represent nearby points on the manifold using a local coordinate chart. Let v be a
small vector in the tangent space 7, M. The position of a point on the manifold, denoted ¢(v), can
be approximated via a Taylor expansion:

1 ]
$(v) = y+ v+ 1 (v,0) + O(|[o]”).

Here, 11, : TyM x TyM — N, M is the Second Fundamental Form. Intuitively, it represents the
quadratic “bending” of the manifold away from its tangent plane. It takes a tangent direction v and
outputs a normal vector describing how the surface curves in that direction.

We define the Mean Curvature Vector H(y) as the trace of this quadratic term:

d

H(y) =) (e, e),

i=1

where {e;}%_, is any orthonormal basis of the tangent space. Physically, H (y) points in the average
direction of the manifold’s curvature (e.g., towards the center of a sphere).

C.2 CURVATURE INTERACTION

To analyze how the geometry affects the diffusion score, we must quantify how the curvature inter-
acts with the normal distance. For a fixed normal vector n, we define the Shape Operator S,, as the
linear map on the tangent space that satisfies:

(v, Spv) = (n, I, (v, v)).

This operator scales tangent vectors based on the principal curvatures in the direction of n. The
condition that a point x lies within the reach 7 is equivalent to the condition that ||S,,(4)[lop < 1.
This ensures that the normal fibers do not cross, preventing the formation of singularities in the
projection map.
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(a) Samples generated by DPS for different o values with the observation model x.ef = o + 0Z, where
Z ~ N(0,I)

) (n=0.5) , (n=0.7) ) (n=0.9) , (n=1.0)
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(b) Samples generated by RF-Inversion with inversion guidance v = 0.5 and editing guidance n = 0.8. We
stop the guidance at ¢ = 0.1, otherwise all samples collapse to Zcf

(0p=1.0) , (0p=10.5) X (0p=0.3) (0p=0.1)
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(c) (Ours) Trajectories of SGPP (the proximal gradient ascent update in (2)) leading to the posterior modes for
varying values of proximal variance

. (0 = 1.0) . (0p = 0.5) . (0, =0.3) . (0 =0.1)
1 m 1 A 4 M ! M
° » 1 4 | x| o % | o %
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(d) (Ours) Samples generated by the SGPP-SDE (4) for varying values of proximal variance

Figure 1: Camparison of different methods (a) DPS (b) RF-inversion (c) SGPP (deterministic opti-
mizer) (d) SGPP-SDE

Proposition C.1. Let x € T, be a point within the valid tube of the manifold M. Consider the
marginal density p,(x) of the model X =Y +oZ, where Y ~ pa, and Z ~ N (0,1p). As o — 0,
the score decomposes as:

V. 108 py (2) = — 25 + Vi log e, (n(2)) + 5 H(x(z)) + 0o + ln])

where n = x — w(x) is the normal vector, NV is the intrinsic Riemannian gradient, and H is the
mean curvature vector.

Proof. The proof utilizes Tweedie’s Formula, which relates the score of a Gaussian convolution to
the posterior expectation of the clean variable Y':

V. logpe(r) = 5 (E[Y | X =a] — ). ©)

We proceed by computing the conditional expectation E[Y" | x] via a Laplace approximation on the
tangent space.
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(a) Original cat image (b) RF-inversion (¢) (Ours) Proximal RF-SDE

Figure 2: Semantic Editing. We use the FLUX model with the target prompt “a lion”. (b) We
extract the RF-inversion edited image from their standard implementation. (c) We use our proximal
SGPP-SDE with the geometric mixture score at 7 = 0.8 and o, = 0.2 and CFG guidance 3.5. We
do not use inversion and stop the proximal guidance at tgo, = 15/28.

»

(a) Original cat image (b) op = 0.5 (c)op=0.2 (d) op =0.01

Figure 3: Reconstruction. We use the FLUX model with no target prompt. We use our proximal
SGPP-SDE with the the posterior score as in (4). We do not use inversion and stop the proximal
guidance at 44, = 0.6.

Local Geometry Setup. Lety = 7(x). We parameterize the manifold locally using the exponen-
tial map exp; : T; Mo — Mo. A point y near g is represented by a tangent vector v € R? such
that:
~ 1
y() =g+ v+ 5(v,v) + O(|[ol*),

where II is the Second Fundamental Form. The observation x decomposes as x = § + n.

The Posterior Distribution. The posterior density ¢(v | x) on the tangent space is proportional
to the likelihood times the prior. Note that the Riemannian volume element expansion dV,, = (1 +
O(||v]|?))dV, implies the Jacobian contribution to the energy is quadratic in v, and thus does not
affect the linear drift term Vp logpay, at leading order. The likelihood energy E(v) = #Hm —

y(v)||? expands as:
e — @I = 15 +n) — G+ v+ LT, )] + O’ ™
= fIn— v~ 3TI(w, )| ®)
= [l + ol — 2(n, ) ~ {n. TI(w, ) + T2 ©)

Using the orthogonality conditions (n,v) = 0 and keeping terms up to second order, the relevant
energy functional is:

E(v) = const + % (Ioll* = ¢, I(v, v))) = (v, Vrlog pat,) + O([[v]|* /o).

This corresponds to a Gaussian distribution A(y,, 3,,) with precision matrix A, = (I — S,,),
where S, is the shape operator defined by (u, S,v) = (n,II(u,v)).
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Stability and Expectation. By Assumption 3.1, ||n||||II||o, < 1, ensuring ||Sy,|lop < 1. Thus, A,

is positive definite. We rigorously approximate the covariance 3, = A ! using the Neumann series
expansion:

Sy =0*(I=8,)7" = 0*(I + 8, + O([nlf*)) = oI + O(o?|Inl)).

Since [|Sy[lop < Kmax||n||, the anisotropic term 028, is of order O(c?||n||). Thus, for the leading
order trace calculation, we may approximate ¥, ~ o2I with an error of O(c?||n||). We now
compute the expectation of the embedding y(v):

Ely(v) [ 2] =y +Efv | 2] + %E[H(vw) | 2] + E[O([[v]]*) | ].

1. Linear Drift: The mean ., is given by X,V logpa, (7). Substituting the expanded
covariance:

Ejv|z] = p, = (021 + 0(02||n||))VT logp = o2V logpam, + 0(02||n||).

2. Geometric Drift: For the quadratic term, we use the identity E[II(v, v)] = II(fy, &) +
Te(S, I0).

* The mean contribution II(j1,, 11,,) scales as ||z, ||? ~ O(a?).
* The trace contribution uses the expanded X,,:

Te(S, 1) = Tr((0>1 + O(0” )]
= ®Te(II) + o20(|n] - [TI]).

Since Tr(IT) = H (), this simplifies to 0> H + O(o?||n|).
Combining these, the quadratic expectation is:

Ell(v,v) | 2] = 0®H(g) + O(0®||n]|) + O(c*).

3. Higher Order Mapping Error: Since v ~ O,(0), the expectation of the manifold map-
ping remainder E[O(]|v||?)] scales as O(c®).

Combining all terms:
1 .
E[Y | z] =7+ 0®Vrlogpa, + 502H + O(c?||n||) + O(c?).
Substituting back into Tweedie’s formula (6):
1 7 2 L, 2 3 =
Viogpe(r) = 5 ((7+0°Vr + 502 H + 0o n]| + %)) = (5 + )
1 2 L, 2 3
== |0°Vr+ ;0°H —n+O0(c%|n] +0°)
o 2
n 1
= — 2+ Vrlogpag, + 5 H +O(Inl| +0).
O
Remark C.2 (Connection to Recent Literature). Recent work by Liu et al. (2026) (Theorem 3.1)
identifies a score discrepancy term —% > ‘Z—I;P. Our derivation rigorously identifies this term as the
Mean Curvature Vector H, providing a clear geometric interpretation: the score drift is an entropic
force pulling the diffusion process toward the local center of curvature. Furthermore, our result

explicitly separates the normal restoration force (—n/o?) from the geometric drift (H/2), verifying
that both forces act simultaneously within the tubular neighborhood defined by Assumption 3.1.

10
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D DERIVATION OF RECTIFIED FLOW SCORE FROM VE MODEL

We derive the score decomposition for the Rectified Flow model by applying a diffeomorphic trans-
formation to the static Variance Exploding (VE) model.
Lemma D.1 (RF-VE Equivalence). Define the time-dependent noise scale o (t) = . The random

T—t
variable X is related to the VE variable X ;) by the scaling X; = (1 — t) X, ). Consequently,
the score functions satisfy:

1
Vi, IOng'F(fft) = mvxg logp},/(% (o)

— Tt !
To=1_%

Proof. Let pY ¥ be the marginal density of X,. The density of X; = (1 — t)X, is given by the
change of variables formula for probability densities:

1 x
RF _ VE t
P (@) = mpg(t) (1—25) :

log pi' () = logp;/(lf) (z5) — Dlog(1l —t).

Applying the gradient operator V. By the chain rule, V,, = ( gf;t’ )"Va, = 75 Va,. Thus:

Taking the logarithm:

1
Vo, logp{t (21) = ——Va, logpy ) (20).

1—-t¢

O

D.1 PROOF OF PROPOSITION 3.2

Proof. We start with the established VE decomposition (Proposition 1) for z,:

Neg 1
Ve, logpy P (zs) = — 2T Vrlogpm, (o) + §H0(7T0) +0(0).
N—————
Normal Tangent Curvature
We apply the Link Lemma V,, = %_tv% and transform each term using the geometric scaling

laws.

Since M, is a homothety of M by factor (1 — ¢t):

* The displacement scales linearly.

ne=(1—-1tn, = ny = 1ntt.
* Curvature scales inversely with length.
1
H;, = ﬁHO = Hy = (]. — t)Ht

Yt
1—t

* The probability mass is conserved, so paq, (Y+) X Pag, (
with length.

). The gradient scales inversely

1
leogth = 17—tVT logpMO —— VTlogpMo = (1 7t)vT logth.

Substitute these relations into the VE decomposition equation multiplied by %_t:

e Normal Term:

L5 - (pAs)
- 1it (_n(tl(l_t)il )
-

11
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e Tangent Term:

1 1
m (VT logpMO) = m ((1 — t)VT IngMt) = VT logth.

e Curvature Term: ! ]
—— (Hy) = — ((1 —t)H;) = H;.
1_¢ ( O) 1_¢ (( ) t) t

3. Conclusion. Summing the transformed terms yields the result:

n 1
Vi, logpf‘F(xt) = ft—; + Vrlogpm, (m) + §Ht(7rt) +O0(1).

E PROOF OF PrROP 3.3

Proof. We analyze the projection of the update step onto the normal space Ny, = N, My, . To first
order, ny41 &~ ng + P, (Tr+1 — T ). Substituting the update rule and score decomposition:

Nk + Tk — (1 - tk)mref)

n 1
Py, (41 — k) = niPn, (_152 +-Hy, —
k

2 o2(tr)
_ Mk 1. e Py(me— (1= th)Zrer)
= =Try o2(tr) '
Collecting the 1, terms yields the contraction coefficient (1 — n,(t; % + 0, ?(t))). The remaining
terms constitute the forcing constant Cly. O

F PROOF OF PrROP 3.4

Proof. We derive the evolution of the projected point 75 by analyzing the push-forward of the am-
bient update rule through the metric projection map II.

The update rule x;11 = xx + 7% F (z1) is driven by the total force F'(xy), which combines the score
and the proximal fidelity term:
T — (1 - tk)xref

op(tk)
Using the unique orthogonal decomposition x;, = m + ny (where n, L T, M., ), we expand the
fidelity term:

F(xg) = syp(wg, tr) —

T — (L —ti) et
o2(tr) o2(tr)

F(xg) = sy (wg, ) —

The change in the projected variable is given by the differential dII,, acting on the update step. By
Taylor expansion:

Th1 = W(zp + meF (zx)) = T + medlly, (F(21)) + O(03)-

For a point xj, within the tubular neighborhood, the differential is given by dIl,, = (I-S,, ) ! Pr,,
where S, is the Shape Operator in the normal direction ng. Thus:

Tha1 — Tk ~ k(1 = Sp, )~ Py, (F (1))
We now compute the orthogonal tangential component vs4, = Pr, (F(xg)).

* Score Component: Using the decomposition from Proposition 3.2, s, ~ — ?—f’“ +Vrlogp+

H;,. Since ny and the mean curvature H,, are normal vectors, they vanish under projec-
tion:
Pr, (sy) = Vrlogpam,, (k).

12
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o Fidelity Component: The normal error component ny/ az vanishes, leaving only the pro-
jection of the manifold displacement:

e+ ng — (1 —tr)xre 1
PTk, (— k k ( k) f) = —7]D]1k(’iﬁC — (1 —tk)l'ref).

o2(tr) o2(t)

Summing these gives the ideal semantic velocity vigs,.

The total tangential update is given by applying the inverse operator to the ideal velocity:

Dol — Th = (I - Snk)_lvtan-
Nk

We define the drift error £q4,.4 74 as the deviation from the ideal velocity viqn:
5drift - ((I - Snk)_l - I) Vtan-

Using the operator identity (I — A)~' — I = A(I — A)~!, we can rewrite the drift explicitly in
terms of the shape operator:
5d7'ift - Snk (I - Snk)_lvttnr

We now apply the operator norm inequality ||AB|| < ||Al|||B]|- Recall that for the inverse operator,
|(I—A)7L < m provided || A]| < 1.

1
Eari < ISnillop————
[€arigell < k||p1_||8

|| ||vtaﬂ||'
n |l op

Finally, substituting the curvature bound ||Sy, |lop < Kmaz||7k|| (valid within the tubular neighbor-
hood where Kq. ||1k|| < 1), we obtain the strict bound:

/fmar”nk”
Edri < — .
|| d”ft” =1_ "{maw”nk” HvtanH
This confirms that the drift vanishes linearly with ||n|| (asymptotically ~ & qz |72k ])- O

G PROOF OF THEOREM 3.5

Proof. We analyze the fixed-point condition where the update step vanishes, z;y1 = xj, which
implies the total force is zero: F'(z*) = 0.

Recall the force decomposition from the proof of Proposition 3.4. At the fixed point z* = 7* + n*,
the total force is:

7 4+ n* — (1 — t)Tpet
on(t)

Fidelity Force

=0.

n*
F(a") = =25 + Vrlogp(n") + Hy(n") —

Score sy

We project this equation onto the normal space N« M; using the projector Py. Recall that
Py (n*) =n*, Py(Vrlogp) =0, and Py(H;) = H;. The projection yields:

n* n* Py (m* — (1 — t)Zyet)
et T e T 2(t =0
a5 (t) a5 (t)

Grouping the n* terms:

7771* i L _ PN(’/T* — (1 — t):cref) _
(ﬁ*ﬂ@)*m =10 0

p
Forcing C, et

Solving for the magnitude ||n*||:

t272 t
1 1 2 2 ne .

13
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Since ||Chet|| < Cn (which is bounded due to the compactness of the manifold and smoothness of
2 _2
the reference projection), and lim;_,o ;Jr% = t2, we have ||n*|| = O(#?). This guarantees that the
p
final sample lies on the manifold M with vanishing error.

We project the stationarity condition onto the tangent space T« M using Pr. Recall that Pr(n*) =
0 and Pp(H;) = 0. The projection yields:

Pp(m* — (1 — t)Tyet)

Vrlogpam, (7)) — =0.
a5 (1)
Rearranging terms gives the stated balance equation:
1
Vrlogpa, (1) = ——=Pr._. (71'* - (1 - t>$ref)-
a5 (t)

Ast — 0, the manifold M, converges to the clean data manifold M. The term (1 —¢)Zyef — Trofs
and 07 (t) — 0. The equilibrium condition becomes:

* 1 *
Vrlogpm, (™) = EPT,{* (7" — Tyef)-
p

We recognize the RHS as the Riemannian gradient of the Euclidean likelihood potential U (7) =
—ﬁ | — Zref||? restricted to the manifold. Thus, the equation is:
P

1
Vrlogpm, (7*) + Vr (—22||7T* - :L'ref||2> =0.
p

This is precisely the first-order necessary condition for the constrained optimization problem:

1

" = arg Jnax [logp(y) - 2Tglly - xref||2:| :

Thus, the algorithm recovers the Maximum A Posteriori (MAP) estimate of the clean image given
the reference x,.¢, strictly confined to the data manifold M.

H DERIVATION: SCORE OF THE CONDITIONAL FLOW

We aim to find the score of the marginal distribution ¢;(x; | ) defined by the conditional genera-
tive process X; = (1 — ¢)Xo + tZ, where Xo ~ po(- | Zref):

qe(ze | Trer) = /P(ifo | Zret) P (x4 | 0) do

P(@re|Zo)P(0)
p(-'L'ref)

/ Pt | 20) plao) el | o) dao

By Bayes’ rule, substitute p(zg | rf) =

1
Tt | Tref) = —F——~
& ( ! | f) p(xref)

Using the property of the forward diffusion process, we know that p(zo)p:(x+ | o) = pe(xe)p(xo |
x¢). Substituting this into the integral:

Qe (Tt | Trer) = ﬁz;sz)) / P(Tret | 20) p(0 | 2¢) dg

We assume the structural property of Conditional Independence: x.; L x; | xo. This implies
P(Zret | £o) = P(@ref | o, x+). Thus, the integral becomes the definition of the conditional likelihood
p(-rref | It>:

/p(xref | 2o, z¢) p(xo | @) dxg = P(Zrer | 1)

14
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Substituting back:
Pt(iﬂt) 'P(Iref | iEt)
p(xref)

Qt(«rt | xref) =
Taking the logarithm and gradient with respect to x;:
Vi, 10g g (1 | ret) = Vi, log (1) + Vi, log p(@rer | ©¢) — Vi, log p(er)
—_————
0
= Vlogpi(zt) + V1og p(@rer | 1)

Conclusion: The sum of the unconditional score and the likelihood score exactly recovers the score
of the true posterior path.

I RF-INVERSION ANALYSIS

We analyze the flow driven by the mixed score field syx(,t) with weight 7:

smix (2, 1) = (1) V 1og p(ret | 24) + (1 — 1)V log py ()
Theorem L.1 (Equivalence of Hard-Guidance SGPP and RF-Inversion). Let Vsgpp(x,t;n) denote
the velocity field of Score-Guided Proximal Projection at time t € [1,0] using a geometric score
mixture with weight n and proximal variance schedule o,(t). Let Vrp(x,T;n) denote the control-
guided velocity field of RF-Inversion at time T = 1 — t € [0, 1] with reference yj.

The fields are defined as:
z t

—— — 1 (L= m)so(,t) + 1V log pyola)] (10)

Vsapp(x,t) = —

— T

In the hard-guidance limit where the proximal width o, — 0, the vector fields are equivalent under
time-reversal:

Vrr(z,7) = (1 — n)ve(z,7) + 1

lim Vsapp (2, ;1) = =Ver(z,1 —1;n)

Op—>
Proof. We decompose (10) into unconditional and conditional components:

sm,t)} - [—

T
1-t 1-t¢

T
1-1¢

t
Vsapp = (1 —n) ﬁngp(yoP?)

vunc(Iyt) Ucow,d(x¢t>

The likelihood score V log p(yo|z) assumes a Gaussian forward process centered at (1 — ¢)yo. In
the limit o, — 0, the variance schedule o, (t) ~ ¢, yielding:
: o 2= (1 —ty - (1—t)yo
(71,:1—{10 Vlogp(yo|z) = Ul;glo - 0'123 (t) - 12

Substituting the limiting score into vepnq:
x t x—(1—1)yo
con b)) = — - -
Veona(¥,1) = =3~ 7 ( 2
_—tet+ @ —yotty)  (A-t)(xr—w) _z-y

t(1 —t) t1—t) ot
Thus, the total SGPP field becomes Vsapp = (1 — 1)vune + n(*52).

(11) defines the RF conditional term as >=*. With 7 = 1 — ¢, this becomes “~=. Since SGPP

integrates backward (dt) and RF-Inversion forward (d7), physical equivalence requires opposite
signs. Comparing the conditional forces:

T—Y% _ (Y%=
t t

The forces are identical in magnitude and opposite in direction, confirming the fields are equivalent.
O
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