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Abstract

In this paper, we provide a unified convergence analysis for a class of shuffling-type gradient methods
for solving a well-known finite-sum minimization problem commonly used in machine learning. This al-
gorithm covers various variants such as randomized reshuffling, single shuffling, and cyclic/incremental
gradient schemes. We consider two different settings: strongly convex and non-convex problems. Our
main contribution consists of new non-asymptotic and asymptotic convergence rates for a general class
of shuffling-type gradient methods to solve both non-convex and strongly convex problems. While our
rate in the non-convex problem is new (i.e., not known yet under standard assumptions), the rate on the
strongly convex case matches (up to a constant) the best-known results. However, unlike existing works
in this direction, we only use standard assumptions such as smoothness and strong convexity. Finally, we
empirically illustrate the effect of learning rates via a non-convex logistic regression and neural network
training examples.

1 Introduction

The goal of this paper is to provide a unified analysis for a class of shuffling-type gradient methods to solve
the following well-known finite sum minimization problem:

weRd

min {F(w) = :Lf:f(uuz)}, (D
i=1

where f(-,4) : R — R is a given smooth and possibly non-convex function for i € [n] := {1,--- ,n}.
This problem covers a wide range of convex and non-convex models in machine learning and statistical
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learning, including, but not limited to, logistic regression, multi-kernel learning, conditional random fields,
and neural networks. Especially, it covers empirical risk minimization as a special case. Very often, (1)
lives in a high dimensional space, and/or it has a large number of components n. Hence, deterministic
optimization methods relying on full gradients are usually inefficient to solve (), see, e.g., [4} 40].

The stochastic gradient descent (SGD) method, originally introduced in [37]], has been widely used to solve
(I) due to its efficiency in dealing with large-scale problems in big data regimes. In the last fifteen years,
there has been a tremendous progress of research in SGD, where numerous stochastic and randomized-
based algorithms have been proposed, making it the most active research area in optimization as well as in
machine learning. In addition, due to the revolution of deep learning, SGD for non-convex optimization in
deep learning also becomes an extremely active research topic nowadays.

SGD is also a method of choice to solve the following common expectation minimization problem (T)):
min { F(w) = Eqy)-plf (wiz.y)] }. @
weR

where D is some distribution. Note that (I)) is completely deterministic, while (2)) is a stochastic optimization

formulation. The question is whether we could take the advantage of the finite-sum structure of problem

to have a better convergence rate than that of (2)).

To solve (I), at each step, SGD chooses an index i € [n] uniformly at random, and updates the iterate as
w1 = wg — NV f(we; i) fort = 0,1, -+ | K, which is up-to n times “component gradient” cheaper than
an iteration of a full gradient method with the updates w41 = wy — nt% Z:‘Lﬂ f(wy; 1), where gy > 0 is
some learning rate at the ¢-th iteration. Although SGD was introduced in 1951, its convergence rate was
investigated much later [35)]. The convergence rate achieved by SGD for solving (2) in the strongly convex
case is O(3) [29] 135, 32, 34]) and for finding a stationary point of (2) in the non-convex case is O(\/—%)
[13], where K is the total number of iterations. Since (I]) can be viewed as a special case of (2)), these rates
also apply to (I).

Classical SGD for solving () relies on an i.i.d. sampling scheme to select component f(-,) for updating
the iterates wy. We refer to this method as standard SGD. In practice, however, other mechanisms for select-
ing component f(-,) such as randomized shuffling technique are more desirable to use for implementing
stochastic gradient algorithms due to their implementation convenience and efficiency [5} 3, [19]]. Unfortu-
nately, convergence analysis for shuffling schemes and cyclic strategy is much more challenging than that
of the standard SGD or its variants due to the lack of independence. Hitherto, there has been only a very
limited number of theoretical works that show the convergence results of shuffling techniques, and mainly
for the strongly convex case [15} 16} 38, 26].

In this paper, we conduct a study on convergence aspects of shuffling-type gradient methods for the general
(non-convex) objective function as well as the strongly convex one. We provide a unified convergence
analysis framework and apply it to different variants of shuffling schemes in both non-convex and strongly
convex settings.

Contributions: Our main contribution consists of:

e We prove O(1/T2/3)-convergence rate in epoch for constant step-sizes and O(1/T%/3)-convergence
rate for diminishing step-sizes for a general shuffling-type gradient method to solve the non-convex
problem (I)), where 7" is number of epochs. To the best of our knowledge, these are the first non-
asymptotic rates for SGD with shuffling using both constant and diminishing learning rates under
standard assumptions.



Table 1: Comparison of results in the strongly convex case: (1) Without Bounded Gradient, (2) Without Bounded
Hessian, (3) Non-convex f;, (4) Diminishing learning rate by epoch, (5) Convergence with probability one

Reference Complexity (1) (2) A3) @) 5)
[15] O(1/T?) X X X v X
[16] 0(1/7T?) X X X X X
[26] 0(1/71?) X v X X X

This paper  O(1/77) v v v v v

e We establish asymptotic convergence to a stationary point under diminishing learning rate scheme.
We achieve the best performance among different variants with the learning rate n; = O(tl%) in both
theory and practice. In fact, our learning rate is close to “scheduled” learning rate, i.e., it is a constant
during each epoch update and decreases along the epochs.

e We prove O(1/T?)-convergence rate in epoch of our general shuffling-type gradient scheme for the
strongly convex case without any “boundedness” assumptions. Different from existing works, our

analysis does not require convexity of each component function.

For more details of comparison between our work and recent state-of-the-arts, see the Comparison para-
graph.

Related work: Let us briefly review the most related works to our methods in this paper. The random
shuffling method has been empirically studied in early works such as [5] and also discussed in [3]]. Its cyclic
variant, known as an incremental gradient method was proposed in [28]], where the convergence analysis
was given in [27] for a subgradient variant, and in [14] for gradient variants. These results are only for
convex problems. Other incremental gradient variants can be found, e.g. in [9, [10] known as SAGA-based
methods.

In [15], the authors showed that if 7" is large, the randomized shuffling gradient method asymptotically con-
verges as (O(1/T?)-rate under a proper stepsize. However, this rate was only shown for strongly convex
problems with bounded gradient/sequence, smoothness, and Lipschitz Hessian. These assumptions all to-
gether are very unlikely to hold in practice. Under the same conditions, [16] improved the convergence rate
to O(1/(nT)? 4+ 1/T?) non-asymptotically, but in the regime of 7'/ log(T) > O(n). Another related work
is [26]], which achieves O(1/(nT?)) convergence rates without Lipschitz Hessian when T is above the order
of the condition number. Recently, an O(1/(nT)? + 1/(nT?)) lower bound was proved in [38] under the
same assumptions as [[16]].

In [42], the authors replaced i.i.d. sampling scheme by a randomized shuffling strategy and established that
variance reduced methods such as SAGA and SVRG still have linear converge for strongly convex problems
but using a unusual energy function. Unfortunately, it is unclear how to transform such a criterion to standard
convergence criterions such as loss residuals or solution distances. It has also been observed that Gradient
Descent and variance reduction methods (e.g., SAG [22]], SAGA [11]], SVRG [17], and SARAH [33]) for
solving (1) under strong strong convexity have linear convergence rates, but they are not efficient in practice
due to full gradient evaluations.

In [39]], a convergence rate to a neighborhood of the optimal value of an SGD variant without replacement
sampling strategy were studied for general convex. Clearly, this type of convergence is different from
ours, and requires n to be large to get a suitable bound. If problem (1)) is generalized linear and strongly
convex, then a faster non-asymptotic rate of O(log(K)/K) was achieved. Another recent work is [25]
which considers different distributed SGD variants with shuffling for strongly convex, general convex, and



non-convex problems. The authors could only show convergence to a neighborhood of an optimal solution
or a stationary point as in [39]. In addition, the convergence rates are much slower than existing results for
the strongly convex case, and also slower than ours, while requiring stronger assumptions.

Comparision: To the best of our knowledge, only [25| 24] studied convergence rates of Algorithm [I] for
solving non-convex instances of (T). Whereas [25] only proves O(1/v/nT +log(n)/n)-convergence rate to
a neighborhood of a stationary point of a randomized reshuffling variant, [24] showed O(1/K'/?) conver-
gence rate under bounded subgradients, weak convexity, and quadratic growth conditions for an incremental
subgradient variant. Our convergence rate is O(1/T%/%) in epoch, which corresponds to O(n?/3/K?/3) in
the total of iterations, and hence is better than [24] and using different assumptions.

For the strongly convex case, Table[I|shows a comparison of results on the convergence rate for Algorithm [I]
to solve (I)) under the smooth and strongly convex setting. Here, we compare these methods in terms of
required assumptions on F', learning rate, and convergence type. Perhaps, the best convergence rate was
proved in [[16] but under stronger assumptions than ours, which nearly matches the lower bound proved
in [38]]. However, [16] only covers certain regimes, while our result is quite general. Further comparison
between random shuffling methods and SGD, GD, and other deterministic shuffling schemes for strongly
convex problems can be found, e.g. in [[16}38]].

2 The Shuffling-Type Gradient Algorithm

Shuffling-type gradient methods are widely used in practice due to their efficiency compared to standard
SGD schemes [5]. These methods have been investigated in many recent papers, including [15} (16} 26].

In this paper, we analyze convergence rates for a class of shuffling-type gradient algorithms to solve (I)) as
described in Algorithm

Algorithm 1 Shuffling-Type Gradient Scheme

Initialization: Choose an initial point @y € R?;
fort=1,2,--- , T do
Set w(()t) = Wi_1;
Generate any permutation o*) of [n];
fori=0,--- ,n—1do

Update w2(+)1 = w(t) Vf( o®(i+1));
end for
Set wy 1= w,(f);
end for

Output: Choose @ uniformly randomly in {1 }71_;.

Note that ¢(*)(j) is the j-th element of o). Each outer iteration t of Algorithm I can be counted for one

epoch. The inner loop updates the iterate sequence {w } using only one component per iteration as in
SGD by shuffling the objective components. Our analysis will be done epoch-wise. Here, the output wy
can uniformly randomly be chosen from {w@;}}_;, or can be chosen based on the best value of the loss F.
As discussed in [1 3] the first option does not incur any additional cost by uniformly randomly generating
an index T’ € {1,---,T} a priori and running Algorlthmup to 7T iterations instead of 7. Depending on
the choice of o) we obtaln different variants, especially the following methods:



o Ifot) = {1,2,--- ,n} or some fixed permutation of {1,2,--- ,n} for all epochs ¢, then Algorithm
is equivalent to a cyclic gradient method. This method can also be viewed as the incremental gradient
scheme in [28]].

e If ¢ is randomly generated one time and repeatedly used at each iteration ¢, then Algorithm
becomes a single shuffling variant [38]].

e If 0(®) is randomly generated at each epoch ¢, then Algorithm reduces to a randomized reshuffling
scheme, broadly used in practice [[19].

These schemes have been studied, e.g. in [15} [16l [26]], but their convergence analysis has mainly been
investigated for the strongly convex case, and often under a strong set of assumptions.

Remark 1 (Types of guarantee). Since we can choose permutations c*) either deterministically or ran-
domly, our convergence and complexity bounds in the sequel will hold either deterministically or with prob-
ability 1 (w.p.1), respectively. Without loss of generality, we write these results in the context of w.p.1.

3 Basic Assumptions and Mathematical Tools

Our analysis relies on the following basic assumptions. We first require a bounded below assumption on F'.

Assumption 1. F, := inf F(w) > —o0.
weR?

The L-smoothness assumption is fundamental in first-order methods, including SGD, and is expressed as
follows:

Assumption 2 (L-smoothness). f(-;7) is L-smooth for ¥i € [n], i.e., there exists a constant L > 0 such
that, Yw,w' € RY, it holds that

IV f(w;i) = Vf(w'si)l < Lijw —w'l. 3)

Assumption 2] implies that the objective function F is also L-smooth. Moreover, as shown in [30], for any
w,w € RY one has

L
F(w) < Fw') + (VF(w'),w = w) + 2 flw — w'||*. S
We refer to Assumptions|l{and [2|as our basic assumptions which are required throughout the paper.

For the convenience of our analysis, we will consider the case where the learning rate within a single epoch
is fixed. More specifically, at epoch %, let 77, > 0 be given, we consider the following form of learning rate
in Algorithm

=L 5)
Then, we have the following update after each epoch:
n—1

wf) =) = L3 Vw0 +1)). (©)
i=0

The following lemmas provide key tools for our convergence analysis in the sequel (the proof is in Ap-
pendix).



Lemma 1. Let {Y;}+>1 be a nonnegative sequence in R and q be a positive number. For some o > 0,3 >
0,p>0and D > 0, let
Yir1 < (L= p-n)Ye+ Dt (7)
[0

withn, := (oL Suppose that v > 0 and X\ > q are given such that Y1 < ﬁ and y(pa— \) > Dadtl,

Then
Y

D

Lemma 2. Let {Y;}i>1 and {Z;}1>1 be two nonnegative sequences in R and m and q be two positive
numbers such that ¢ > m. For some p > 0 and D > 0, assume that

(®)

Vipr <Yi—pn" - Zy+nf - D )

where 1 := Wfor some o > 0, B > 0, and~ > 0 such that am < % Suppose thatY; < C+H In(t+6)

forsome C >0, H>0,0>0,and1+6—>(1—am)e am (where e is the natural number), for all
t > 1. Then

M|

p T
(10)

! ZT:Z < l[(l + 58)*™Y, n C(T—-1+p)*™ H(T-1 +B)°‘mln(T+0)} N DA™ ‘ A(T)
t=1 T P 2pamy™ 2pamy™

where
(T + B) —In(B), ifalg—m)=1

(T+8)1~ ™)
l1—a(g—m) >

A(T) =

otherwise.

4 Convergence Analysis for Non-Convex Case

We provide convergence analysis for Algorithm [T to solve non-convex smooth problem (I)). The detailed
proofs of our results are given in Appendix.

Assume that (1)) satisfies the following assumption.
Assumption 3. There exists a constant G > 0 such that Vw € R? we have
IV f(w;i)]* < G, Vi€ ln] (11)

We emphasize that this assumption may not be appropriate for strongly convex problems, but it is often used
in non-convex problems.

4.1 The General Case

Now, we state our first results on the non-convex case.

Theorem 1. Let {w§t)} be the sequence generated by Algorithm |I| with ngt) =n %, with0 < n < L.
Then, under Assumptions|[I} [2| and[3| we have




Assuming that L and G are known. Then, we can choose the following learning rate to get a concrete bound.

Corollary 1. Let {wEt)} be the sequence generated by Algorithm |l| and wr be its output. For a given
tolerance € > 0, under the same conditions as in Theorem [I| if we choose the constant learning rate

NG

1 = {&, then to guarantee

E [|VF (@1 Z”VF w—1)|* <e,

for (Q), it requires T := LgLG[F(’lDQ) — F,]- 631/2J outer iterations. As a result, the total number of gradient

evaluations is at most Ty, 1= {BLG[F(@O) ~F]- LJ

e3/2

Remark 1. To have the same guarantee, the total complexity of a standard SGD is (’)(LFZ,” 2) under the

condition
E[[IVf(w;€) — VF(w)[]*] <o,

and Lr-smoothness when solving the following stochastic optimization problem

mln {F(w) = Eeplf(w; &)},

weR?

for a stochastic function f : RY x D — R. Note that the standard SGD only requires F' to be L p-smooth
while we impose the smoothness on individual realizations. Therefore, Lz and L may be different [13]].

. . 2 .
However, for a rough comparison, if n < O (Lf - %), then Algorithm |1| seems to have advantages
€

over the standard SGD in the non-convex setting. From this point of view, it seems that Algorithm [I]
is inefficient compared to SGD when n is large and the accuracy € is low or moderate. However, we
believe that Algorithm [1|allows more flexible strategy to choose f(-,) rather than that i.i.d. sampling and
our convergence analysis may be loose in that it does not take into account a tight dependence on n in
our complexity bounds. We also note that our convergence guarantee is completely different from [23] as
mentioned above. Nevertheless, Assumptions [2and 3| hold for various applications in machine learning.

Corollary 2. Let {w,ft)} be the sequence generated by Algorithm|l|and W be its output. Under the same
conditions as in Theorem if we choose the constant learning rate 1 = # for some v > 0, then

E [|VF(@r Z IV F (i 1)|? < T2/3,

2[F (wo)—F¥]
2

27202
¥ LG
+ 3

where Ry := , and Wr is the output.

Note that the total number of iterations is K := nT'. Hence, if we express in terms of K, then we have

E [[|[VF(wk)|]?] < ”;(/j go. Clearly, this rate matches the recent results in [41}[8] up to a constant factor,

but it is unclear to compare how the methods in those papers depend on n.

For general choices of diminishing learning rate, the following theorem characterizes an asymptotic conver-
gence.

Theorem 2. Suppose that Assumptions! I and B hold. Let {wl(t)} be the sequence generated by Algo-

rlthmlwzth diminishing learning rate n; " = % such that



oo oo
Zm:oo and an’<oo.
t=1

t=1

Then, w.p.1. (i.e. almost surely), we have

liminf |V E(i;—1)[|* = 0.

im inf | V(1)
Now, let us vary the learning rate 7; to see how it affects the convergence rate bounds as stated in the
following theorem.

Theorem 3. Suppose that Assumptlonsl I 2\ and H hold. Let {w } be the sequence generated by Algo-

rlthmlwzth n;’ = 2, where n; := (t+5)“ < L,for some y > 0, B > 0, and 3 < a < 1. Let us define
C :=[F(wo) — Fi] + $ > 0 be a given constant. Then, the following statements hold:

o Ifa= % we have

T 12 wop) — Fi — 1/2
t=1

vy T T

L2G?y2 <1n(T +B) — 1n(ﬁ)> ‘

* 3 T

o Ifa# %, we have

1 & 3 21+ B)°F(io)—F] 1 C [((T—1+p)"
7 2 IVFE)I < ; Tt ()

L2G2’y2 (T+,3)1_2a
3(1 - 2a) ( T ) '

Remark 2. In Theoreml 1f we choose ov = 3 + 6 for some 0 < ¢ <% L then we have

T % 5 .
;Z:HVF(@t_l)HQS 21+ 5) +LF( 0) F*]

C  [((T—-1+p8)5\ | L2G** (T +p)s®
v(3 +96) T T 6 T

1
-0 ,
<T§—5>

where C' := [F(wg) — Fi] + 7138%% > 0. Notice that the convergence rate for regular SGD is O (Tl /2>

Nl =

For the special case o = %, we have the following result.

Theorem 4. Suppose that Assumptlonsl I and |3 I hold Let {w )} be the sequence generated by Al-

gorzthmlwzth n; © — ﬁ where 1y = W < L, for some v > 0, and > 0. Let us define



C:= [F(wy) — Fu] + % > 0 be a given constant. Then,

21 + B)B[F(wy) — F.] 1 3C<(T1+B)1/3>

T
1 ~ 2
= _ < -
7 L IVF@-)IP < : it -

+ 2 T T

o(52) -0(r%).

Remark 3. The choice of the learning rates in Theorems [3| and {] is not necessarily dependent on the
smoothness constant L. Since 7 is diminishing and L is finite, after some certain epoch, it is able to satisfy
N = ﬁ < % Theoretical results still hold by shifting the iteration indices. Therefore, the choices of +,
5, and « are quite flexible. However, if we choose these properly from the beginning, then this will give an
advantage with respect to convergence in practice.

VLG ((T 14+ 8) (T +1+ 5)) L2 ((T + 5)1/3>

4.2 Convergence Under Gradient Dominance

The convergence rate of Algorithm [I|can be improved if the following gradient dominance condition holds.

Assumption 4. F is said to be T-gradient dominant if there exists a constant 7 > 0 such that Yw € R? it
holds that

F(w) — F, < 7||VF(w)]?, (12)

where F, is the global minimum value of F on R%.

This assumption is well-known in literature (see e.g. [36l 31} [18]]) and is weaker than strong convexity
assumption. We can observe that every stationary point of the 7-gradient dominant function F' is a global
minimizer. However, such a function F' does not necessarily need to be convex.

Theorem 5. Suppose that Assumptions El and || hold for (I). Let {wgt)} be the sequence generated
by Algorithm |I| with ngt = % for solving (1)). Let n; be updated as n; := % for some o > 0 and
B > 0. Assume further that v > 0 and A\ > 2 are two constants such that F (i) — F, < ﬁ and

v(aw —27A) > %a?’. Then, we have

The following gives a concrete choice of parameters.

Corollary 3. Suppose that conditions of Theorem |5 hold. Then, for any 8 > 0, if we choose ~y as
125
wemw{gﬂwﬁﬁmm—ma+mﬂ, (13

then, using the learning rate n; := ti-iﬁ in Algorithm we have

v

where F is the global optimal value of (T)).



Note that [16] also provided O(1/7?) convergence rate but under stronger assumptions, i.e., Lipschitz
Hessian and 7'/ log(T') > O(n).

S Convergence Analysis for Strong Convexity

We first analyze convergence under strong convexity assumption, and then move to the general convex case.

Let us recall the following assumptions imposed on ().

Assumption 5 (u-strong convexity). The objective function F' : R — R is u-strongly convex, i.e., there
exists a constant . > 0 such that Vw, w' € RY, ir holds that

F(w) > F(w) + (VF(w), w = ) + & lw — | (14)

It is well-known from the literature [30, [6] that Assumption [5]implies the existence and uniqueness of the
optimal solution w, of (IJ), and

Flw) — Flw,) < ;}L\VF(w)]P  Vw € RY. (15)

It is important to note that Assumptiononly requires F' to be strongly convex, but some components f(-, %)
can be non-convex.

Definition 1. Define the following quantities

N; := |V f(ws;i)||* Vi € [n], and N := max N;. (16)

i€[n]

Clearly, since n is finite, both N; and N are finite for i € [n].

We prove the following result for the strongly convex case.

Theorem 6. Assume that Assumptions @ and hold. Let {wl(t)} be the sequence generated by Algorithm
with n(t) = ™ 10 solve (I). Let « > 0 and 8 > 0 be chosen such that o = 3533, and 1y := w8

i
Suppose that v > 0 and X > 2 are two constants such that F (o) — F(w,) < ﬁ and y(po — 3X) >
3(u? 4+ L?)Na? with N given in (16). Then, we have

The following gives a specific choice of parameters.

Corollary 4. Suppose that the conditions in Theorem[0| hold. Let o, 3, and ~y be chosen as
12L2 412
2L2M I
12L2 412
2

B LR (a7
O .= 3PHL)(A2024p2)° N
7

o =

405
:=max {C, (1+ B)?[F (o) — F(w.)]} .

10



Then, we have

~ i
Foy) — Flwy) € ————.
Given a tolerance € > 0, to guarantee F(w;) — F(wy) < €, the total number of gradient evaluations is at
most (’)(%)
Since the total number of iterations is K := nT, if we write the convergence rates in terms of K, then

K2
assumptions are much weaker than those in [16]. In addition, Algorithm |I| covers much broader class of
algorithms compared to [[16].

we have F(wr) — F, < O ("2 ), which is worse than the one in [16]. However, as mentioned, our

6 Numerical Experiments
We provide two representative numerical experiments to show the benefit of the learning rate 7, = tl% for

non-convex problems. This choice corresponds to o = é for the best convergence performance as given in
Theorem[d We experimented with 10 runs and reported the average results

6.1 Non-Convex Logistic Regression Example

We consider the following binary classification problem with non-convex loss widely used in the literature:

1
min {F(w) ==
weRd n-

n
1=

An w?
oL - J
[log(1+exp( yix; w)) + 5 > 1—|—wj2l}’ (18)

1 J
where {(z;,v;)}I; is a set of training examples, and A > 0 is a given regularization parameter.
We conducted experiments to demonstrate the advantage in performance of Algorithm|[T|on the classification

data set w8a (n = 49, 749 training data) from LIBSVM [/]]. Since we only care about the non-convexity of
each f; instead of statistical properties, we simply choose A = 0.01, but other values also work.

w8a w8a
1 -3
0 a =1/3, y/n =0.001 a=1/3, y/n=0.001
—— a=1/3, y/n = 0.005 0.20 —— @ =1/3, y/n = 0.005
~ 10-4 —— a=1/3,y/n=0.01 —— a=1/3, y/n=0.01
= —— a =1/2, y/n = 0.001 0.18 —— a =1/2, y/n = 0.001
s \ — a=12,yn=0005 | 3§ —— a=1/2, y/n = 0.005
=~ a=1/2,y/n=0.01 ~ \ a=1/2,y/n=0.01
-5
s — a=1ym=o0001 | =016 \ — a=1,y/n=0001
— a =1, y/n=0.005 a =1, y/n=0.005
10-5 a=1,y/n=001 014 \\N a=1,y/n=0.01
0.12

Number of Effective Passes Number of Effective Passes
Figure 1: A comparison of F'(w) and ||V F(w)||? (starting from the 2nd epoch) for the non-convex logistic regression

problem (T8) on different values of  and «y/n using the w8a dataset.

We apply Algorithm (1| with ni(t) = % to solve (I8), where 7, = ﬁ and c® is generated randomly

to obtain an SGD variant with randomized reshuffling strategy. Figure [I] shows the comparisons of the

11



squared norm ||V F(w)]||? of gradient and the value F'(w) of the objective function on different values of
a={1/3,1/2,1} and v/n = {0.001, 0.005, 0.01}, respectively, on the data set w8a. As predicted by our
theory, the choice of @« = 1/3 generally performs better than others. Combining with «v/n = 0.01, this
variant perform best on such a given dataset. Note that since we only plot w.r.t. epochs ¢ > 1, the initial

values in these plots are different.

If we use another dataset, ijcnnl (n = 91, 701) from LIBSVM, then under the same setting of Algorithm ]
we obtain the result as in Figures 2]

ijcnnl ijcnnl

0.28 a=1/3, y/n = 0.01 a=1/3, y/n = 0.001
0.27 —— a=1/2,y/n=0.01 —— a =1/3, y/n = 0.005
0.26 —— a=1,y/n=0.01 0.28 —— a=1/3,y/n=0.01
—~0.25
I0.24
0.23
0.22
0.21
0.20

0 100 [ 100

Nuzronber 0410‘ Effectwive Paswses

Figure 2: A comparison on F'(w) (starting from the 2nd epoch) of Algorithm for solving (T8) using different values
of a and 7/n and the ijennl data set.

Nuzronber 0410‘ Effect?uive Paswses

The first plot of this figure again shows that « = 1/3 gives the best performance. Once, we fix « = 1/3 and
using different ratios «y/n, then as showed in the second plot, v/n = 0.01 seems to work best.

6.2 Fully Connected Neural Network Example

Our second example is to test Algorithm [T] on a neural network. We perform this test on a neural network
with two fully connected hidden layers of 300 and 100 nodes, followed by a fully connected output layer
which feeds into the soft-max cross entropy loss. We use Tensorflow [[1] to train this model on the well-
known MNIST data set with n = 60,000 [23]]. This data set has 10 classes corresponding to 10 soft-max
output nodes in the network, and are normalized to interval [0, 1] as a simple data pre-processing.

MNIST MNIST

107 a=1/3, yin = 0.05 10-1
— a=1/3,y/n=01
— a=1/3,y/n=05

N 10-3 A > ' ,
pr— ‘\ —— a =1/2, y/n = 0.05 102
— —4
> 10 —— a=1/2,y/n=0.1
= 10- \ a=1/2,y/n=0.5

\ —— a =1, y/n=0.05 103

a=1/3,y/n=0.05
—— a=1/3,y/n=0.1
a=1/3,y/n=0.5
a=1/2,y/n=0.05
—— a=1/2,y/n=0.1
a=1/2,y/n=20.5
a=1,y/n=0.05

F(w)

=10 a=1,y/n=0.1 a=1,yn=0.1
1077 a=1,yn=05 a=1,y/n=05
10-¢ 107

[ 50 50

Number of Effective Passes Nuwmber 02;‘ Effec’Eoive Pagses

Figure 3: A comparison of F'(w) and ||V F(w)|? (from 2nd epoch) for the neural network training problem produced
by Algorithm[1|on different values of « and v/n using the MNIST dataset.

We apply Algorithm with ngt) = %, where 7 = wTp)e o solve this training problem. We repeatedly
run the algorithm 10 fimes and report the average results in Figure [3] These plots compare the squared
norm |V F(w)||* of gradient and the value (F(w)) of the objective function on different values of o =

{1/3,1/2,1} and v/n = {0.05,0.1, 0.5}, respectively, on the data set MNIST.

v
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Now, we conduct another test on the CIFAR-10 dataset (n = 50, 000 samples and 10 classes) [21]. We run
Algorithm[I] with the same setting as in the previous test, then the results are plotted in Figure 4]

CIFAR1O CIFAR1O

a=1/3, y/n =0.05
—— a =1/2, y/n = 0.05
—— a=1,y/n=0.05

a=1/3,y/n=0.01
—— a =1/3, y/n = 0.05
— a=1/3,y/n=0.1

50

50

Ntlmber (Z)Df Effectmive Pasges

Number of Effective Passes
Figure 4: A comparisons on F'(w) of Algorithm for the neural network training problem using different values of o
and «v/n on the CIFARI0 dataset.

We observe again from Figure 4] that & = 1/3 works best when fixing v/n = 0.05. Once we fix & = 1/3
and test on 7y /n, the ratio 7y/n = 0.1 gives the best performance.

As empirically observed in [3] that randomized shuffling gradient methods often perform better than SGD.
This behavior has been also observed in deep learning and other machine learning training tasks. In this
paper, we only provide some evidence on the choice of learning rate guided by our theoretical results using
only a randomized reshuffling strategy. We omit an intensive comparison between our methods and SGD as
well as other shuffling strategies due to space limit.

7 Conclusion

We have conducted an intensive convergence analysis for a class of shuffling-type gradient methods for
solving a finite-sum minimization problem. We have proved a non-asymptotic O(1/T 2/ 3) convergence rate
for our algorithm for solving non-convex problems under standard assumptions. We have also considered
this rate in both constant and diminishing learning rates, and investigated an asymptotic convergence. To
the best of our knowledge, this is the first work showing non-asymptotic O(1/ T2/3 ) convergence rate for
a wide class of shuffling-type gradient methods in non-convex settings. In the strongly convex setting, we
have achieved the same order O(1/T?) convergence rate under just strong convexity and smoothness, which
is weaker than known result up to a constant factor of n, but our result uses much weaker assumptions than
state-of-the-arts. We believe that our results would provide a unified analysis for shuffling-type algorithms
using both randomized and deterministic sampling strategies, where it covers the well-known incremental
gradient scheme as a special case. Our numerical examples on two non-convex problems have greatly
verified our theoretical results. We believe that our analysis framework can be extended to study non-
asymptotic convergence rates of SGD and its variants, including adaptive SGD ones such as Adam [20] and
AdaGrad [12] under shuffling strategies.

Acknowledgements: The authors would like to thank Trang H. Tran for her valuable comments on some
technical proofs. The work of Q. Tran-Dinh has partly been supported by the National Science Foundation
(NSF), grant no. DMS-1619884, the Office of Naval Research (ONR), grant no. N00014-20-1-2088 (2020-
2023), and The Statistical and Applied Mathematical Sciences Institute (SAMSI).
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Appendix

A Some Key Lemmas for Convergence Analysis

Appendix proves some key lemmas that will be used for our convergence analysis of the entire paper.

A.1 General Frameworks

Let us first prove two general elementary lemmas used for our convergence analysis in the sequel.

Lemma Let {Y; }+>1 be a nonnegative sequence in R and q be a positive number. For some o > 0, 3 >
0,p>0and D > 0, let
Yo € (L= p-n)Yy + D™, (19

with n, 1= ﬁ Suppose that v > 0 and \ > q are given such that Y1 < ﬁ and y(pa— \) > DadtL,

Then
Y

T

(20)

Proof. First, let us consider ¢)(7) := 1 4+ A(1 + 7)¢ — (1 + 7)? with 7 > 0. Clearly ¢(0) = 0, and
P(r) = 1+ 1) A—qg+Ar(1+¢q)] > 0forall 7 > 0 provided that A > g. As a consequence,

¢(r) > (0) = 0 for all 7 > 0. This fact leads to (1 + 7)¢ < L5 for 0 < 7 < 5. Therefore,
by using 7 := ﬁ < % into the last inequality, we obtain (1 + ﬁ)q < kf_;%, which is equivalent
to(k+8) > (k+B8+1)%k+B— N for\>gand A < k+ 8. For A > k + 3, it is trivial that
(k+3)4 > (k+p+1)(k+B—\) forany 8 > 0. Therefore, we have (k+3)71 > (k4+8+1)7(k+8—N\)
for A > q.

Now, we prove (20) by induction. For ¢t = 1, (20) becomes Y7 < ﬁ which is exactly our initial
condition. Suppose that holds for all ¢ < k, thatis ¥; < ﬁ Now, we show that it holds for
t := k + 1. Indeed, from and 1y, := 455, we have
™
Yigr < (L—p-m)Y+nf - D
g+1

@I) <1 _ pa > v D« :

(k+B)) (k+pB)1  (k+pB)rt
(kz—i—ﬁ—pa) Dadt!

(

(k4 B)a+t k+ )it

kE+p5—A por — A Dadt!
- <(/~6+6)‘”1>7_ <<k+6>q+1>”+ (it gyt
S A
“(k+14+p)1

where the last inequality follows from the initial condition v(pa — A) > Da?*!, which is equivalent to
—y(pa — X) + D™ < 0, and the fact that (k + 8)7™! > (k+ 8+ 1)%(k + 8 — A) for A > ¢ as proved
above. Finally, by the induction argument, we conclude that holds for all £ > 1. O
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We first prove the following elementary results in Lemma [3| which will be used in the proof of Lemma 2]

Lemma 3. The following statements hold:

(a) Forany0 <v < iands >0, we have

(s+1)"—s"<

RET 1)

, the function f(t) := w is monotonically

(b) Foranyc>0,0>0,8>0,and1+60—8>ce (t+B)

decreasing on [0, +00).
(c) Suppose that f is a real-valued and monotonically decreasing function on [a, +00) such that f(z) > 0
forall x € [a,+00). Then, for any choice of N > a and t > N, we have

< /]; f(x)dx. 22)

Proof. (a) If 2v < 1, then (%)1_2'/ > 1, which is equivalent to £ > (%)QV. This leads to (s +
1)7s'77 — s¥(s + 1)17¥ < 0. Hence, we have

L+(s+1)"s' ™ = s"(s + D17 _ 1 P
(S—f—l)lfl’—l—sl*’/ — (S+1)17V—f—817” — 9g1-v’

(s+ 1) —s"=

which proves (21)).

(b) Our goal is to show that f'(t) < 0 for all ¢ > 0. We can directly compute f’(¢) as

. 1+60-p -
‘(t) = (¢ Tl ———— —c-In(t+14+0)| = (¢t “lgt+1+6
£ =+ 9) e+ 140)| = (e ) gl +146),
where g(7) == 1 — 1+i_5 cIn(r). We consider g(7) for 7 > 0. It is obvious to show that ¢'(7) =
1+f2_ﬂ -2 = 7(1% 5) and ¢" (1) = 7‘”—2(;;9_6) Hence, ¢'(7) = 0 at 7* := 1+9 1H9=8 and ¢ "(r*) =
3 1—c

~aF0=p)2 < 0. Consequently, g attains its maximum at 7*, and by the condition that 1 + 0—p3>cee,

14+6—
9(1) <g(t*)=1—c—cln <+6> < 0.
c
Since f/(t) = (t + B) "¢ g(t + 1 + ), where (t + 8)~“~! > 0 for any ¢ > 0 and ¢, we have f’(t) < 0 for
all t > 0. Hence, f is monotonically decreasing on [0, +00).

(c) If f is monotonically decreasing and nonnegative, then f(i) < fl , f(z)dz for any i. Hence, by
summing this inequality from ¢ = N 4 1 to ¢, we have

> s 3 [ swae= [ s

i=N+1 i=N+179"1

which proves (22)). O

18



Lemma Let {Yi}¢>1 and {Z;}1>1 be two nonnegative sequences in R and m and q be two positive
numbers such that ¢ > m. For some p > 0 and D > 0, assume that

Yig1 <Yi—pni* - Zy+nf - D (23)

where 1 1= Wfor some o > 0, 8 > 0, and vy > 0 such that am < % Suppose thatY; < C+H In(t+6)

forsome C >0, H>0,0>0,and1+60—p>(1—am)e am (where e is the natural number), for all
t > 1. Then, we have

T
1 1A+, C(T—-14+p)* HT—-1+p8)Y"In(T+46 D~i=™ AT
ZM{( 9 O P H B In(T +)] | Dy AT)
T pt T oY 2pamyy 2pamy p T
(24)
where
In(T' + ) —In(B), ifa(g—m)=1
A(T) = T 1—a(g—m)
(T+5) , Otherwise.
1= alg—m)
Proof. From the recursive inequality and 1, := e IB)Q, we have
1 Dnl™™ t+ pB)om D~1—™ 1
Zy < —(Yy = Yiq1) + e = ( an (Y — Y1) + i . o)
Pl p Py p (t+p)
Next, using from Lemma3(a) with s := ¢ +  and v := ma we have
1
t )™ — (¢ —_— 25
(44 B+ )™ (4 8) < g ©3)
because we assume ma < % Summing the first inequality from ¢ = 1,--- ,T" and taking average, we have
T T T
1 nyq m
e e e (=
= L a4 pmY - (T4 B V] + 1T§j_1<<t+1+ﬁ)am — (t+ B Vi
pym T Ty T & i
T
D’yq m 1
Z a(q m)
=
®@+pHT 1, 1 ZC+Hlnt+1+9) DT 1ZT: 1
= oy T 2py™ t+ 5 1—am p t+ /B)a(q—m)
@ (1+p)n L C 1/T1 dt N H I/T_lln(t—i—l—i-ﬁ)dt
- T 209 T Jimg (E£B)0m 209 T Jimg (E+ 507
N D~1—™ 1 /T dt
o T iy (b4 gyl

where the second inequality follows since 0 < Y; < C + H In(t + @) for some C > 0, H > 0, and > 0,

forallt > 1, and am < % The last inequality follows since % is nonnegative and monotonically
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decreasmg on [0, 00) according to Lemmaib) withl—am > 1 >0and1+60—3> (1— am)el am and

both T 5)1 - and (gt are also nonnegative and monotonlcally decreasing on [0, c0). Note that
T—1 T-1
In(t+1+6) 1 T-1 1 (t+ p)om™
———dt = —(t MIn(t+ 1 9’ - — —dt
/t:o (t + p)t—am ozm< +A)™ In(t+1+9) t=0 am Ji—g (t+1+80)

]' am
< (T~ 14 B)*" In(T +0).

Therefore, we consider two cases:

e If a(q —m) = 1, we have

T am _ am __ Qoam
§: 1+B) H_1+ C <@ 1+ 5) B )

T  2pamy™ T
H <(T —14+8)“"In(T + 0)) D~1—™ <ln(T + ) — ln(ﬂ)>
+ +
2pamym T p T
_py 1 C <(T—1+B)“m>
pym T  2pamy™ T
H <(T— L+ p)em ln(T—|—9)> D~1—m™ <ln(T+ﬁ) —ln(ﬁ)>
+ + :
2pam~ym T P T

o If a(q —m) # 1, we have

T am _ am __ pam
Z 1+/3) v1, cC ((T 1+ B)°™ — 3 )

T 2pamym T

L H (T—1+8)“"1In(T +6)
2pam~y™ T
D,yq—m (T+ B)l—oe(q—m) _ Bl—a(q—m)
p(1 —alg—m)) T
LAY 1 C (@1t
- pym T  2pamy™ T
H (T—14+8)“"In(T +6)
2pam~y™ T
L Dy (@ piem
p(1 —a(g—m)) T
Here, the result is obtained by directly computing the integrals. Hence, is proved. O]

A.2 Key Lemmas for Convex Problems

This subsection provides three key lemmas for Algorithmfor convex problems. Note that w, = argmin,,cga F'(w).

Lemma 4. Suppose that Assumptionholds. Let {wgt)} be the sequence generated by Algorithmwith the
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() _m

learning rate n, It > 0 for a given positive sequence {n,}. Then, we have

n
t t 212 <
o —w|2 < n?- Zuw — w.|)> 4} - 2N.
P (26)
t t A t
Jof? —wi? < 2wl — w2+ =53 g — w4 AN,
Jj=0

Proof. Since n(t) =

)

2t fori € [n], and for any t > 1, by the gradient update step, we have
n .
w = w — V(w00 (0) = wi) — Z Vi w";00( +1)).

Using the last expression, the optimality condition VF(w,) = 0 in (a), (u + v)? < 2u? + 2v% in (b), and
the Cauchy-Schwarz inequality in (c), for ¢ € [n], we can derive

o — w2 = 1 HZW G+
_ ZW o+ )|
u SUITRTIRRRES SL RTINS IS ST et
pm
2B oo+ 1)L S )
g
Qin‘gm H% Z_:Vf(w*;a(t)(j + 1))H2
9 . ZHVf O3 +1)) = Vf(we; o (5 + 1)
ﬁi'ﬁ . (”i; J Z:l\Vf(w*, O +n)I?
P
@M L% ”tZIIw(t) w® + 7”ZNW+1
@ 2L mZme w.? + (n)nt(n—i)N, (using N, o4y < N)
< 77152'27;[1

t
; Z||w§>—w*||2+n?-2zv.
=0

This is exactly the first inequality of 26). By |lu + v||?> < 2|u|? + 2||v||, for i € [n] the last inequality
leads to

w0l — w. ) < 2wl —wi]? +2)w — w2
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—1
4312
< 2w —w. | +n?- §j 0w, 2 4 5 - 4N,
=0

which proves the second estimate of (26). O

Lemma 5. Under the same conditions as in Lemma foranyt > 1, if 0 <n < 5 L, then we have

n—1 i—1

1 t) SN
S Yl — wal? < gl —w? + S @7)
=0 j5=0
Proof. For notational simplicity, let us denote W(t) = Hw(t) wy|]?, A = %2 and B := 2N. By

Lemma@, for j € [n], and for any ¢t > 1 we have

7j—1
wi <ow w240 S w42 2B.
k=0

Summing up this inequality from j = 0to j =i — 1 with ¢ > 1, we have

i—1 i—1 j—1
S wh = w4 Z w9 < wi 426 - )WY +2B( - nF r240 [ Y5 Wi L @8)
j j=1 7j=1 k=0

By convention, we have Z?:h g; = 0 for all h > k. Moreover, since j <7 — 1 < ¢ and W,gt) > 0, we have

i—1 -1 i—1

)
ML W) SRS S ol
7j=1 k=0 j=1 0 0

o

B
Il
B
Il

Using this inequality into (28)), we can further derive

1—1

9 i—1
w® < w426 — )W + 2B — 1)y + 24n? - % S wih.

b
Il

0

Rearranging this inequality by moving the last term from the RHS to the LHS and then dividing both sides
by (1 — n?Ai?) > 0 we arrive at

21 —1 QB(i - 1)
W(t W(t) . 2_
k <1—A12 2) o't 1 — Ai2n? e

. 2
L2 32 % = %, we can upper bound the last

i
OMH

. 2 .
Since n? < ﬁ < gfo= fori € [n], we have Ai?n} <

inequality as

—~

Z W <22 — YW +4B(i — 1)n? < 4w + 4Bi - 2. (29)

3 2
Note that """ 12 = 2"73%*" <% n’ , using this inequality and (29)), we can show that

1 n—1 -1 W(t) n—1 ‘ 4B772 n—1 ‘ 4n2 4Bn2
- Wét<7212+‘nt212§7%(t)+ G
i=0 k=0 =0 =
which proves by substituting back Wi(t) = ||w§t) — wy||? and B := 2N. O
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Lemma 6. Under the same conditions as in Lemma 4} we have

1 « 8L2 16L>N
S e — w1 < e — P = 2N (30)

Proof. From the first inequality of (26) and (27)), we can derive

ln—l . @ o2 1n—1. i—1 .
S el = e T 3D el w2
i=0 i=0  j=0
e , 207 (4 t 2
< <3n2||w[())—w*\|2+3n 4Nnt>+2N 0
8L? " 16L2N
=5 -y — el + =5l 2N,
which is exactly (30). O

B Convergence Analysis for Non-Convex Case

In this section, we provide the full proofs of the results in Section {] of the main text.

B.1 Proofs of Theorem [I, Corollary [T, and Corollary [2: Convergence Analysis with Con-
stant Stepsize

Theorem Let {wgt)} be the sequence generated by Algorithmwith 772@ =2 =1 withn < % Then,
under Assumptions|[I} 2| and[3) we have
T
1 2 L*G?
— F(y_1)|]*> < = [F (o) — F. : 31
T;HV (W1l _Tﬁ[ (o) ]+ 3 (€1
Proof. First, from the update wz(i)l = wz(t) Dy f ( D o (t+1))in Algor1thmlw1th m; = 2 for
i € [n], we have
w? = w® = 29 fw?;00(0) = wf) - 2 Z Vi (w;00( +1)).
Hence, for i € [n], using this expression and (TT)) in Assumption[3] we can bound
2 77t _ v t) 1 @ 77t Yo e
Jeof? =g |1? = ZW Y+ = Z flw” 00+ S —
(32)
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Since F'is L-smooth, we can derive

FO) 2 Pl?) + VR ) - uf?) + Enw““) g’

0 2 0 0
L} || 1 = . 2
B p®) - g vF@®) ( Zw z—i—l)))—l—;}tHHZVf(wEt);g(t)(z—i-l))H
=0
n—1
(@) n n 1 , 2
2 Pwf)) =TIV + B VE@i?) - = 3 Vi@ + 1)
=0
2
1~ L) H—ZVf z—l—l))H
R N 2, 2
< F) - LIvFr@)? + 2 Zw w500 (i + 1)) —fzw i+ 1)
(¢) )
< Fluf) = 2V @) + an w0 ® (i + 1)) = Vw00 (i + 1))
6 L?
< Fluy)) = ZIVF@)? + Sl ) (33)
=0

where (a) follows from u”v = £ (||u/|? + [|[v]|? — [lu — v||?), (b) follows from the fact that n; < 7, and (c) s
from the Cauchy-Schwarz inequality. Hence, using (32)) and following the same argument as (33)), we can
derive

2 L2, 1 5 2
Pl ™) 2 P - v pw) - Ly S
n =0 n
n L2G2
< F(ug) = GIVE)IP + = -},

where we use » ;" 'i2 < ”— in the last inequality. Note that w; = w(()tH) and w1 = w(() )in Algorithm

the last estimate becomes

L’G?
F()<PWW1)—4MVF(t1W t— 34)
Using 7, := 7 into (34) and rearranging its result, we end up with
_ 20 _ L?*G?
HVF@mJW2§5U%w4)—Fww}+ T
Summing the last inequality from ¢ = 1,--- ,T and taking average, we finally obtain

T
1 2 L2G?
= IVF(@e1)|* < = [F (i) — F. P

which is exactly (3T). O
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Corollary Let {wlgt)} be the sequence generated by Algorithm |l| and wr be its output. For given
tolerance € > 0, under the same conditions as in Theorem [I| if we choose the constant learning rate

NG

1 = {o, then to guarantee

E [|VF(@r Z”VF w-1)|* <e,

for (Q), it requires T := L3LG[F(2D0) —F,- 631/2J outer iterations. As a result, the total number of gradient
evaluations is at most Ty, = [BLG[F@DO) — F- @%J

Proof. Given € > 0, to guarantee 7 Zthl |V E(i;1)||? < €, by using in Theorem we impose

2 Ipaag) - 1) + 2

2
02 < e
Tn " ¢

3 =

NG

Using 7 = 7~ into this equation, we can easily get

2LG - 2e -

T [F (o) — Fy] < 3 = T=3LG [F (o) — Fy] - a7
Rounding this expression we get 7 := PLG [F(wo) — F] - 631/2J . As aresult, the total number of gradient
evaluations is T, := nT = {3LG[F(1D0) —F- eg%J O

Corollary |2 I Let {w(t) } be the sequence generated by Algorithmland @T be its output. Under the same
conditions as in Theoreml lf we choose the constant learning rate 1 := = 175 for some > 0, then

2[F(wo) — Fu]  ~A%*L2G?
2
E [|VF (@ ZHVF wy—1)]|* < T2/3 S +—3
Proof. Substituting 17 = 7 into (31) of Theorem we obtain
T -

1 8 5 2 8 o L2G? 1 [2[F (i) — Fu]  ~*L*G?

T; IVF(w-1)[|” < E[F(wO) —F]+n T p |
which is exactly our desired estimate. O

B.2 Proof of Theorem 2; Asymptotic Convergence with Diminishing Step-Size

To establish the results in this section, we will use the following lemma from [2].

Lemma 7 ([2]). Let {Y:}+>0, {Zt}+>0, and {Wt}tzo be three sequences of random variables. Let {Fi}1>0
be a filtration, that is, o-algebras such that Fy C Fi11 for all t > 0. Suppose that the following conditions
hold:
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(i) The random variables Y;, Z;, and Wy are nonnegative, and Fi-measurable;
(ii) Foreacht >0, we have E[Yi41 | Ft] <Yi — Zy + Wy,
(iii) With probability 1, it holds that ;° Wy < oc.

Then, w.p.1, we have

[o.¢]
ZZt<oo and Y; =Y > 0.
t=0

Using Lemma 7] we prove Theorem [2]in the main text as follows.

Theoreml Suppose Assumptionsl El and|3 I hold. Let {wlgt)} be the sequence generated by Algorithm

with diminishing learning rate 1), V.= 7“ such that

Znt oo and Znt < 00.

t=1

Then, w.p.1. (i.e. almost surely), the following limit holds:
hggéglf IV F(w—1)] = 0.

Proof. First, following the same argument as in the proof of (34) of Theorem|[I] we have

~ ~ ,’7 L2G2
F(wig1) < F(wy) — tH |V F(w )H2+T'77?+1'

Let us define F; = o(wo, - ,w;) be the o-algebra generated by w, - - - ,w;. Then, for ¢ > 0, the last
inequality implies

B([F(i) - P | Al < [Pl - B - B0 ra)? + 20 .

Let us define Y; := [F(w:) — Fi| > 0, Z; := m—;lHVF(QDt)]P > 0and W; := % - 13, 1. Then, the first
condition (i) of Lemma [7| holds. Moreover, the last inequality shows that E [Y; 1 | ;] < Y, — Z; + W,
which means that the condition (ii) of Lemma [7 holds. Since Y ;°; 1 < oo, we have Y ;2 W, < oo,
which fulls fill the condition (iii) of Lemma[7} Then, by applying Lemma[7} we obtain w.p.1 that

o0
F(@)~F.—»Y >0 and Y %HVF(@)HQ < 0.
=0
We prove lim inf IVF(w¢—1)| = 0 w.p.1. by contradiction. Indeed, we assume that there exist e > 0 and

to>0 such that |V F (i) ||? > € for Vt > to. In this case, since Y ;o 7 = 0o, we have

oo>Z@HVF )I? > an

t=to ttO

This is a contradiction. As a result, w.p.1., we have likm inf | VF (w)||* = 0, or equivalently, it holds that
—00

lim inf ||V F ()| = 0. O
k—o00
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B.3 Convergence Analysis with Different Learning Rates

This subsection provides convergence analysis for general choice of learning rate.

Theorem Suppose that Assumptions E] and 3| hold. Let {fwz@} be the sequence generated by Algo-

rithmwith 771@ = % where 1y = ﬁ < % for some v > 0, 3 > 0, and% < a < 1. Let us define
37122

C :=[F(wo) — Fi] + W > 0. Then, the following statements hold:

o Ifa= % we have

1 & o 2004 BY2F(w) — F] 1 20 ((T—1+pB)Y2
T;HVF(W—I)’ < 5 ‘T‘FT S E—
L LGy <1n(T +8) - 1n(,3)> .
3 T
o Ifa # % we have
LN~ o p(a 2 < 20EB°F@@) —F) 1 C (T —14p)"
th_; [V E(@—1)[|” < 5 Tt o <T>
L2G2’y2 (T+,3)1_2a
3(1— 2a) ( T ) '
Proof. By (34), we have
L?*G? L?*G?

< F(wp—q) + 77?

F(ir) < F(ii-1) = 5| VE (@) [ + ] ;

Notice that since 7; = @ J:g)a, summing up this inequality from ¢ = 1 to ¢t = k > 1, we have

k

12G? LG~ A
F(iy,) < F( 3= F(w
(W) < F(o) + 6 ;m (o) + 6 ; (t + B)3
l0)) 73L2G2 k dt 73L2G2 (t+6)_(3a_1) k
< F(w = F(w -
< F(wo) + 6 /t:O (t + B)3e (o) + 6 3a—1 ‘t:O
31202
< F(i) + ==

6(3a — 1)3a—1"

Here, we use the fact that W is nonnegative and monotonically decreasing on [0, +00) and % <a<l.
Subtracting F to both sides, for ¢ > 1, we have

372,12
- - v LG
On the other hand, subtracting F to both sides of (34), we have
- - Ui - 2 L*G? 3
F(wy) = By < [F(@e-1) = B] = S [VE(@e)[I” + G (36)
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Now, let us define Y; := F(@;—1) — Fy > 0, Z; := |VF(@—1)||* > 0, fort > 1, p:= 3,and D := %'
The estimate (36 becomes
Y1 <Yi— pniZe + Duyp.

Let us define C' := [F(wg) — Fi] + 6(30(32% > 0. By (33)), we have Y; < C (note that H = 0), ¢ > 1.
Applying Lemma[2|with ¢ = 3 and m = 1. we conclude that

o Ifa= %,wehave

1 <& N 201+ BYV2([F(ig) — F,] 1 2C ((T -1+ B)Y/2
T;HVF(wtl)’QS S Bl G

N L2G?A? <1n(T +B) — 1n(5)> ‘

3 T

o Ifa# %,wehave

1 & 3 21+ B)F(i)—F] 1 C [((T—1+p)"
T tz; IV E (1) ||* < 5 T + oy <T>

3(1 —2a) T
This completes the proof. O

N L2G272 ((T+B)12a>.

Remark 4. In Theorem if we choose o = % + § for some 0 < § < %, then we have

1 & i} 2(1 + B)3H[F(ig) — F.] 1 C (T — 1+ B)5+

L2G2A2 ((T—i—ﬂ)é%)

1—69 T

1
-0 ,
<T§—5>

where C := [F(wg) — Fi] + % > 0. Note that the convergence rate for regular SGD is O (Tll >

1

For the extreme case where o = 5, we have the following result.

wl

Theorem H Suppose that Assumptionsl El and I hold Let {w(t)} be the sequence generated by
Algorithm |I| with 171@ = T where n; = W < L, for some v > 0, and B > 0, and C :

[F(i0) — ] + 5555 Then, the following bound holds:

T v

1 & i 21+ BY3[F(io) —F] 1  3C ((T—1+p)Y3
T 21 IVF (i 1)|* < +— (T)

g
2L2G2 ( —14+5) 1/31n(T+1+ﬁ)>+LQG%2((T+5)1/3>

of)-o() T
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Proof. By (34), we have

_ _ _ L?*G? _ L*G?
F(i) < (1) = SIVE (@) |2 4+ == < Fi) + 50 =~
Since 1y = W, summing up this inequality from ¢t = 1 to t = k > 1, we obtain
1262 F . 12q2 F ~3
F(uwg) < F(w = F(w
(Wr) = F(o) + —¢ 2 ;= F(do) + —¢ 2 )
1)) ,Y3L2G2 73L2G2 k dt ’)/3L2G2 73L2G2
< F(wg) + + / < F(wg) + + In(k + 2+ 5).
s n e s ST e e 2O

Here, we use the fact that 7 + B
both sides, for ¢t > 1, we have

is nonnegative and monotonically decreasing on [0, +00). Subtracting F to
’)/3L2G2 N 73L2G2
6(1+B) 6

Define V; := F(@—1) — Fx > 0, Z := |[VFE(@,—1)||> > 0, fort > 1, p := 4, and D := £E° The
estimate (36)) becomes

Fliy) — F, < [Fig) — FJ] +

In(t + 2 + B). (37)

Yir1 <Yi — pmZi + Drji.
Let us define C := [F(wg) — Fi] + Vg(fig; >0, H:= 73L2 > 0,and 6 := 1+ 3 > 0. Clearly, we have
1+60-8=2> %61/2. By (37), we have Y; < C' + Hln(t +0) fort > 1. Applying Lemmalw1th q=3,

m=1,and o = % we conclude that

T 31 F(i@,) — F, B s
%ZIIVF@H)H2 2(1+ B) "[F(wo) — Fi] 1+3C<(T1+ﬁ)>

T ~ T

~y
2L2G2 ( —1+4+5) 1/31n(T+1+B)> + 1262 ((T+5)1/3>

of)-0() T

which proves our main bound. 0

B.4 Proofs of Theorem 5| and Corollary 3 Convergence under Gradient Dominance

Theorem Suppose that Assumptions EI and hold for (). Let {wgt)} be the sequence generated
by Algorithm (I| with ngt = % for solving (1)). Let n; be updated as n; := ﬁ for some o > 0 and
B > 0. Assume further that v > 0 and A\ > 2 are two constants such that F(iwg) — Fy, <

v(aw —27A) > %a?’. Then, we have

arpp and
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Proof. Using of Theorem [I]and Assumption ] we can derive

_ _ _ L2G2
F(@) = P < F(io-1) = F. = T[VF @) + == -}
Mt L2G2 2
< (1- 7> F(dy_,) — F, 3
= < or) F(@1) = B] + =i
Let Y; := F(wy—1) — Fx > 0, p : 27, and D : L26GQ > 0. We now verify that these quantities

satisfy the conditions of Lemmaw1th q = 2. Indeed, the COI]dlthIl Yl —27N) > L2@r G To? is equivalent

v(pa — A) > Da?3. We also have Y| = F( o) — Fi < (1+5) Hence, applying Lemmalw1th q =2,

w.p.1., we end up with F'(;) — Fy < which proves our theorem.

L

Corollary[3| Suppose that conditions of Theorem 5 hold. Then, for any 3 > 0, if we choose « and ~y such
that

125
a =57 and v :=max {3L2G273, [F'(wo) — Fy] (14 ,8)2} ; (38)
then, using the learning rate n; := t+5 t+6 in Algorlthml we have
~ gl
Fy) —F, < ————,
(%) = (t+1+p)2

where F is the global optimal value of (T)).

Proof. For any 8 > 0, if we choose @ = 57 and A = 2, then the condition v(ov — 27)) > %oﬁ in

Theorem [3]becomes

L2G?*r 3_ L2G?r (57_)3

> L2G2 3
7= 3(a— 27‘)\)a 3(bT —41)

3

At the same time, we requires Y7 := [F(wo) — Fi] < T 6)

[F(wo) — Fi](1+ B)2 Combining both conditions, we can choose v as in (38). Consequently, w.p.1. we

haVC F(ﬁ)t) F < m D

—X— in Lemma I which is equivalent to y >

C Convergence Analysis for Convex Case

In this section, we prove the full proof of the results in the main text of Section[5]

C.1 Proofs of Theorem [§|and Corollary d: The Strongly Convex Case

We first prove the main result of Section 3]

Theorem Assume that Assumptions |2| and @ hold for (I). Let {wgt)} be the sequence generated by

Algorithm|l|with 17( )= % for solving (I). Let o and 3 be two positive constants such that o = ﬁ B, and

the learning rate 1 be updated as 1 1= ﬁ Assume further that v > 0 and X\ > 2 are two constants such
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that F() — F(w,) < (116)2 and y(po — 3X) > 3(u? + L?)Na3 with N 1= maxi<i<n |V f(ws; i)
Then, we have

Proof. Using and following the same argument as in the proof of Theorem|[I] we can derive

n—1
1 n L2 1
Flug ™) < Flug) = ZIVF)IP + 752 o —wg?|?
1=0

@I’ t Mt t L277t 8L2 t 16L2N
< Fluwy)) = TUVF@)? + =55 (- =5 et = walP ot - =5 = 4 2N
(13),(13) " . 814 ¢
< F(u) = [F (o) = Flwa)] 05 [ Flut)) = Fw.)|
SLAN
+ =g+ LN -, (39)
Subtracting F'(w, ) from both sides of (39)), we can further derive
8L* 8LAN
Pl ™) - ) < |1 (- 5o )| [Fl?) - o]+t (#2575« 28). a0
Now, assume that 0 < 7; < \/g % Then, one can show that
8L* 2 u 8L*N , S8L*N 3u%>
K 3M77t_,u 3” 3 an 3 M = 3 S A K
Using these bounds into (40), we can further upper bound it as
Fluf™) = F(w,) < (1= ) [Fuf)) = Fw)] +n} (8N + L2N). (1)

Next, we note that we have imposed 7; < min {i, %ﬁ} due to the Lemma To simplify the choice

of 7¢, we can impose a stricter condition 7; < 5%5. The condition o = % and the update rule 7; = ﬁ
guarantee this condition.
Now, let us define Y; := F(w) — F(w,) = F(@_1) — F(w,) > 0, p:= %, and D := 42N + L2N. The
estimate becomes

Y1 < (1—p-me)Ye + Dnj.

Moreover, the condition y(pa — A) > Da® of Lemmal 1| holds with ¢ = 2 and Y7 = F(1) — F(w,) <
ﬁ. Applying this lemma we conclude that w.p.1, it holds that Y; 1 = F'(w;) — F(wy) < m O
Corollary[d Suppose that the conditions in Theorem[6|hold. Let «, 3, and ~ be chosen as
(1202 442
a = “oizn
1212 + p?
o= 42)
3(p? + L) (12L% 4+ p?)3N (1207 4+ 2p2)? .
07 ::max{ (s 31(L4u5 i) ,( o i) [F(wo)—F(w*)}}.
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Then, we have

~

F@) = Fw.) < g

Proof. Let us choose A = 2 for simplicity. Since o = £, the condition y(pua — 6) > 3(p2 + L2)Na? is

mv
equivalent to
L 3+ L)No? _ 3(p? + L)Np?B° _ 3(p® + L) Np?f°

po — 6 gLa(g%g —6)  ALY(uPB—12L2)°

2 24,2 . . .
Let us choose 3 := 1}2; +1= HLTW as in the second line of (@2)). Then, the last condition becomes

32+ LANE3B?  3(p® + L?)(12L2 + p?)3N
= ALY (p2B — 12L%) 4145 '

One the other hand, the condition F'(wg) — F'(w,) < ﬁ implies that

2 2\2
2 _ M[F(ﬁ}o)—lj(w*)]'

v 2 [F(do) — F(w,)](1+5) p

Combining these two conditions, we can choose - as in the last line of (42). Due to the choice of /3, we have

a= % = % as in the first line of (42). Hence, all the conditions of Theorem@hold, leading to the

last conclusion of this corollary. O

D (Regular) Stochastic Gradient Descent (SGD) Method

As a side result of our fundamental lemma, Lemma 2] we show in this section that we can apply the analysis
framework of Lemma [2]to obtain convergence rate results for the regular SGD algorithm.

To keep it more general, we consider the stochastic optimization problem with respect to some distribution

D as in (2):

min {F(w) = ngp[f(w;f)]}, 43)

weR4

where V f is a unbiased gradient estimator of VF, i.e.,
Eeup [V f(w;€)] = VF(w), Yw € R%.
The standard SGD method without mini-batch for solving can be described as in Algorithm 2]
To analyze convergence rate of Algorithm[2] we assume that problem (3) satisfies Assumptions I} [6] and[7]

Assumption 6 (L-weaker smooth). The objective function I of @3) satisfies, Yw,w' € RY,

F(w) < F(w') + (VF(w),w =) + gHw — ', (44)
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Algorithm 2 Stochastic Gradient Descent (SGD) Method (without mini-batch)

Initialize: Choose an initial point w; € RY.

fort=1,2,--- do
Generate a realization of a random variable &; and evaluate a stochastic gradient V f(wy; &);
Choose a step size (i.e., a learning rate) n; > 0 (specified later);
Update the new iterate w1 := wy — 0V f(wy; &4 )3

end for

Assumption 7. For ({@3), there exists a constant o € (0, +00) such that Vw € R%, we have

E [V f(w;€) — VF(w)|?] < o*. (45)

We prove our first result for Algorithm 2]to solve in the following theorem.

Theorem 7. Assume that Assumpttons l @ and [?] hold for @3). Let {w,} be the sequence generated
by Algorlthmlwzth 0 < n = (t+6) < Lfor some v > 0, 8 > 0, and < a <1 and C :

[F(wy) — F] + W > 0. Then, the following bound holds:

T P ) )
%ZE{HVF(U%)HQ} < 214 B)¥[F(wy) — Fy] 1 +£ <(T1—|—ﬁ)>
t=1

¥ T ay T

Lo*y ((T+8)
. 46
+ i—a) < T (46)
Proof. Let F; = o(wy,--- ,w;) be the o-algebra generated by wy, - - -, wy. From L-smooth property of F',
we have
E[F (wis)| i) < Fw) = [V F (i) 2+ T (s ) 217

L 772L
— Pl (1- ) V()2 + "BV £ ) — 9 F ()17
@ 2L
< Flw) = 3 [VE@)|* + 57,
where the first equality follows since E[||V f (wy; &) —V F(wy)||2|F] = E[||V f (we; &) 12| Fe] = | VE (wy) ||
and the last inequality follows since F' has bounded variance. Note that 7; (1 - %) > L since 0 < 7 <

%. Subtracting F) and taking the expectation to both sides, we have

21,52

E[F(wi1) = Fi] < E[F(wy) = B = 2E [|VF@w)|?] + 25, 7
2L 2
<E[F(w) - F]+ 2 2" .

Hence, taking the sum from ¢t = 1, - - - | k to both sides, for £ > 1, we have
Lo? k Lo? k 2
E[F(wi1) — F] SE[F(w) — B+ =Y i = [Flwn) - B+ =- > —
2 p 2 P (t+P)

22) La2fy2 k dt

< rn - R+ 2 [ @



If L <a<1,thenfork > 1

E [Fui 1) — ] < [Flun) — B 4 5200 (@9)
WEk+1 %] w1 * 2(20& — 1)B2a,1a
Now, let us define V; := E[F(w;) — Fy] > 0, Z;, := E {HVF(wt)HQ} > 0, fort > 1, p := 3, and

D := %‘2 The estimate becomes
Y1 <Y, — pmZ; + Dnj.

Let us define C' := [F(wy) — Fy] + % > 0. By (@9), we have ¥; < C' (note that H = 0), ¢t > 1.

Applying Lemmawith q=2,m=1,and % < a < 1. we conclude that

1 ¢ 21+ B)°[Flw) ~F] 1 C ((T—-1+p)"
T ;E [HVF(wt)HZ} < 5 Tt o (T)

i <1Lizzc> <(T +f>1a> |

which proves (46). O
Remark 5. In Theoremlj if we choose o = % + d for some 0 < § < % then we have
T 1.5 145
1 21+ B Fw)-F) 1 ¢ [((T-1+p)}
—Y E [ F 2} < S

Lo*y ((T+p)27°
G-o\ T )

1
:O<Té—5>’

where C := [F(wy) — Fi] + Zg;;’; > 0.

Theorem 8. Assume that Assumptions [I} [6| and [7] hold for @3). Let {w;} be the sequence generated
by Algorithm 2| with the step-size 0 < 1 = < %for some v > 0and f > 0, and C :=

Y
(t+8)172

[F(wy) — Fy] ZL(%?;) > 0. Then, the following bound holds:

T V2[F(wy) — F, B /2
S B[V P] < 2P ) F1.1+20<<T1+5>>
t=1

=l

gl gl T
‘ Lno? ((T— L+ 3)"? In(T + 1 +,6>> L0 <<T+5>1/2>

T

In(T) ~ (1
~o(™0) o (,h,). s
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Proof. If o = 5, by (@8], we have

Lo? k 9 Lo? k 72
E[F(wg1) — B <E[F(w) — FJ + sz = [F(w1) = B] + = > )
t=1 t=1
(2] Lo?~? Lo%y2 [* dt
< P - Rl 5+ [
Hence, for k£ > 1, we have
LO’Q"}/Q LO’2"}/2
E[F(wgi1) — F] < [F(wy) — Fi] + 30+ B) + In(k + 2+ 3), (51)

Define Y; := E[F(w;) — F,] > 0, Z; := E [||VF(wt)||2] > 0fort >1,p:=3 and D := L% The
estimate (47)) becomes
Vi1 <Y, — pnZy + Dt

Let us define C' := [F(wy) — Fy] 213((1’7_2&:) > 0, H := L02272 > 0,and 6 := 1 + 3 > 0. Clearly,
14+60—3=2>Le By BI), wehave Y; < C + HIn(t + ) for t > 1. Applying Lemmawith q=2,

m=1,and o = % we conclude that

T 1/2 wi) — B 1/2
t=1

¥ T ¥ T
_ 1/2 1/2
+L,Y02<(T 1+5) 1n(T+1+5)>+2LWQ<(T+5) )
T T
In(T) ~ (1
- <T1/2 > - (Tl/?) |
which proves (50). O
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