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ABSTRACT

We show that any stochastic differential equation with prescribed time-dependent
marginal distributions admits a decomposition into three components: a unique
scalar field governing marginal evolution, a symmetric positive-semidefinite dif-
fusion matrix field and a skew-symmetric matrix field.

1 INTRODUCTION

Stochastic differential equations (SDEs) play a fundamental role across numerous scientific and
engineering disciplines, providing a mathematical framework for modelling systems subject to ran-
dom fluctuations. In particular, SDEs have emerged as a powerful tool in machine learning, driv-
ing advances in generative modelling through diffusion processes (Ho et al., 2020; Song et al.,
2020; Karras et al., 2022) and enabling efficient sampling algorithms via Markov chain Monte
Carlo (Horowitz, 1991; Ma et al., 2015; Duffield et al., 2024).

the probability measure over entire trajectories x[0,T ] = {xt : t ∈ [0, T ]} of the stochastic process,
and the temporal marginal distributions p(x, t), which describe the probability density of the process
at each fixed time t. While the path distribution captures temporal correlations and the full joint
statistics of the process across time, the marginal distributions p(x, t) only specify the instantaneous
state distribution at each moment. In many applications, the marginals p(x, t) are of primary interest,
as they are directly observable, computationally more tractable, and sufficient for characterizing
equilibrium states or generative model outputs. An SDE uniquely determines both, but prescribing
only the marginals p(x, t) leaves substantial freedom in the path structure, as many different SDEs
can share the same time-dependent marginals while exhibiting different temporal dependencies.

In this paper, we show that any SDE with prescribed temporal marginal distributions p(x, t) can be
decomposed into three components:

• a unique scalar field ϕ(x, t) : Rd × [0, T ] → R governing marginal evolution,

• a symmetric positive-semidefinite matrix field D(x, t) : Rd × [0, T ] → Rd×d,

• a skew-symmetric matrix field Q(x, t) : Rd × [0, T ] → Rd×d,

and that any SDE with prescribed temporal marginal distributions must conform to this decomposi-
tion. Theorem 1 states the decomposition formally and Theorem 2 states existence and uniqueness
of the scalar field ϕ(x, t). Proofs are provided in the Appendix.

2 A COMPLETE DECOMPOSITION OF SDES

We now present our complete characterization of SDEs with prescribed temporal marginal distri-
butions. The decomposition separates the drift into three interpretable components: a scalar field
ϕ(x, t) that governs the evolution of the marginals as well as a symmetric positive-semidefinite dif-
fusion matrix D(x, t) and a skew-symmetric matrix Q(x, t) that are probability preserving. The
scalar field ϕ(x, t) is linked to p(x, t) through a Poisson equation, while D(x, t) and Q(x, t) leave
the marginals invariant.
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Theorem 1. An SDE has temporal marginal distributions p(x, t) (with mild assump-
tions equation 10) if and only if it has the following form

dx = ϕ(x, t)∇x log p(x, t)dt+∇xϕ(x, t)dt

+ [D(x, t) +Q(x, t)]∇x log p(x, t)dt+∇x · [D(x, t) +Q(x, t)]dt (1)

+
√

2D(x, t)dw,

∂tp(x, t) = −∆x[ϕ(x, t)p(x, t)], (2)

for positive-semidefinite D(x, t) = D(x, t)⊤ and skew-symmetric Q(x, t) = −Q(x, t)⊤.

While the diffusion and skew-symmetric components D(x, t) and Q(x, t) can be chosen freely, the
scalar field ϕ(x, t) is uniquely determined by the marginal distributions. This ensures that ϕ(x, t)
carries all the information about how the distribution evolves over time.

Theorem 2. For given temporal marginal distributions p(x, t) there exists a unique scalar
field ϕ(x, t) in the decomposition equation 1 such that lim|x|→∞[ϕ(x, t)p(x, t)] = 0.

3 RELATED WORK

The most closely related work is the complete recipe for autonomous SDEs and stationary distri-
butions (Ma et al., 2015). This result states that an ergodic autonomous SDE (i.e. an SDE with
coefficients independent of time) has a prescribed stationary distribution π(x) if and only if it has
the following form

dx = [D(x) +Q(x)]∇x log π(x)dt+∇x · [D(x) +Q(x)]dt+
√

2D(x)dw, (3)
As we will see in Section 4.1, this result can be viewed as a special case of our decomposition equa-
tion 1. The completeness of this result is shown using a Fourier analysis of the Fokker-Planck
equation. A simpler approach using a Helmholtz decomposition (which is also used in our proof of
Theorem 1) is provided in Da Costa & Pavliotis (2023) in the context of entropy production. A re-
lated decomposition of ergodic autonomous SDEs into symmetric and skew-symmetric components
is also provided in Ao (2004).

In the context of time-reversed generative differential equations (Anderson, 1982; Haussmann &
Pardoux, 1986; Song et al., 2020), it is well known that multiple SDEs (and ODEs) can match
the same temporal marginal distributions. Most notably in Karras et al. (2022) it was shown
that Langevin diffusions with different noise levels can be added without modifying the temporal
marginal distributions. Our decomposition provides a complete characterization of all such SDEs.
This is expanded on in Section 4.2 and Section 4.3.

The problem of constructing stochastic processes with prescribed marginal distributions is closely
related to the Schrödinger bridge problem and, more broadly, to optimal transport. Given initial
and terminal marginals, the Schrödinger bridge selects a diffusion process that interpolates between
them while minimizing relative entropy with respect to a reference Brownian motion (Jamison,
1974; Föllmer, 1988; Léonard, 2014). Similarly, there has been work on finding vector fields that
solve Liouville’s equation (Heng, 2016) for a given transport path defined by p(x, t). In contrast
to this variational perspective, which singles out one distinguished process, our result provides a
complete characterization of all SDEs consistent with a given family of time-dependent marginals.

4 SOME COROLLARIES

4.1 INVARIANT SDES AND STATIONARY DISTRIBUTIONS

We now show that our Theorem 1 generalizes the autonomous complete recipe from Ma et al. (2015).

For an ergodic invariant SDE with stationary distribution π(x) we have ∂tp(x, t) = 0. This gives
Poisson equation equation 2 ∆x[ϕ(x, t)p(x, t)] = 0, to which ϕ(x, t) = 0 is a trivial bounded
solution and by Theorem 2 is also unique.
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With ϕ(x, t) = 0 and p(x, t) = π(x) then equation 1 becomes

dx = [D(x, t) +Q(x, t)]∇x log π(x)dt+∇x · [D(x, t) +Q(x, t)]dt+
√
2D(x, t)dw.

Interestingly, this generalises the form in equation 3 from Ma et al. (2015) as it highlights that the
SDE is still invariant for π(x) despite D(x, t) and Q(x, t) potentially depending on t and therefore
not autonomous.

4.2 SDE MATCHING

Suppose we are given an SDE

dx = f(x, t)dt+
√
2Σ(x, t)dw, (4)

but not necessarily knowledge of the marginals p(x, t).

By Theorem 1 the following SDE has the same marginals p(x, t) for any choice of skew-symmetric
Q(x, t) and positive-semidefinite D(x, t)

dx =f(x, t)dt+ [D(x, t)− Σ(x, t) +Q(x, t)]∇x log p(x, t)dt

+∇x · [D(x, t)− Σ(x, t) +Q(x, t)]dt+
√
2D(x, t)dw,

(5)

We can see that equation 5 matches equation 4 exactly with D(x, t) = Σ(x, t) and Q(x, t) = 0 and
then by Theorem 1 all SDEs of the form equation 5 have the same marginals for all skew-symmetric
Q(x, t) and positive-semidefinite D(x, t).

Note that equation 5 without Q and D terms has the same marginals but does not necessarily
match equation 1 without Q and D terms (i.e. the ODE induced by the unique ϕ) since an alternate
Q matrix may already be embedded in the ODE.

4.3 TIME REVERSAL

It is well established (Anderson, 1982; Haussmann & Pardoux, 1986; Cattiaux et al., 2023; Kim,
2025) that an SDE equation 4 can be time-reversed to give the following SDE in ys = xT−s

dy = −f̄(y, s)ds+ 2∇y · Σ̄(y, s)ds+ 2Σ̄(y, s)∇y log p̄(y, s)ds+
√
2Σ̄(y, s)dw̄(s), (6)

where f̄(y, s) = f(y, T−s), Σ̄(y, s) = Σ(y, T−s), p̄(y, s) = p(y, T−s) and dw̄ is a time-reversed
Brownian motion.

The SDE equation 6 is a strict time-reversal in the sense that it matches the path distribution
p(ȳ[0,T ]) = p(x[0,T ]) of the original SDE equation 4 (here ȳs = yT−s).

In practice (Song et al., 2020), we are often happy with a weaker time-reversal which only matches
the temporal marginal distributions p(y, s) = p(x, T − s) of the original SDE equation 4. Our
Theorem 1 and Corollary 4.2 applied to equation 6 provide a complete characterization of all such
time-reversals

dy =− f̄(y, s)ds+ [D̄(y, s) + Σ̄(y, s) + Q̄(y, s)]∇y log p̄(y, s)ds

+∇y · [D̄(y, s) + Σ̄(y, s) + Q̄(y, s)]ds+
√

2D̄(y, s)dw̄(s),

for any choice of skew-symmetric Q̄(y, s) and positive-semidefinite D̄(y, s).

4.4 GENERATIVE DENOISING MODELS

A dominant strategy in generative models is to train a parameterised ODE or SDE as the time-
reversal of a specified linear noising SDE with p(x, 0) an empirical data distribution (Song et al.,
2020; Huang et al., 2021; Karras et al., 2022; Duffield et al., 2025).

Following Karras et al. (2022), this noising process can be written as a linear SDE

dx = f(t)xdt+ g(t)dw, (7)
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or equivalently as mollified Gaussian conditionals

p(xt | x0) = N (xt | s(t)x0, s(t)
2σ(t)2I). (8)

See Karras et al. (2022) for details including how to convert between (f(t), g(t)) and (s(t), σ(t)).

Also provided in Karras et al. (2022) is a recipe for constructing weak time-reversals

dy = −[∂sσ̄(s)]σ̄(s)∇y log p̄(y, s)ds+ β̄(s)σ̄(s)2∇y log p̄(y, s)ds+
√

2β̄(s)σ̄(s)dw̄,

for σ̄(s) = σ(T − s), p̄(y, s) = p(y, T − s) and any choice of β̄(s) ≥ 0.

Our decomposition elucidates that this recipe is incomplete and a complete recipe of all valid weak
time-reversals is given by

dy =− [∂sσ̄(s)]σ̄(s)∇y log p̄(y, s)ds

+ [D̄(y, s) + Q̄(y, s)]∇y log p̄(y, s)ds+∇y · [D̄(y, s) + Q̄(y, s)]ds+
√

2D̄(y, s)dw̄(s),

(9)

for any choice of skew-symmetric Q̄(y, s) and positive-semidefinite D̄(y, s).

The form of equation 9 also exactly matches the form in Theorem 1 and thus we can conclude that

ϕ(y, s) = −[∂sσ̄(s)]σ̄(s),

is the unique scalar field that satisfies the Poisson equation equation 2 for the weak time-reversal of
the noising process (7-8).

5 DISCUSSION

We have shown that prescribing the full family of temporal marginals p(x, t) essentially fixes one
and only one component of the dynamics: the scalar field ϕ(x, t) defined by the Poisson equa-
tion ∂tp(x, t) = −∆x[ϕ(x, t)p(x, t)] (under mild regularity and decay conditions). All remaining
freedom in the path law consistent with the same marginals is captured by a symmetric positive-
semidefinite diffusion field D(x, t) and a skew-symmetric field Q(x, t), which are probability-
preserving in the sense that they do not affect the instantaneous evolution of the marginals.

Given the generality and completeness of the decomposition, we expect it to motivate many organic
research directions; we highlight a few representative avenues. First, the decomposition suggests
new optimization and control formulations: one can view D and Q as controllable fields that reshape
temporal correlations while keeping p(x, t) fixed, opening the door to objectives for their selection
such as minimal entropy production (Da Costa & Pavliotis, 2023), accelerated convergence, or vari-
ance reduction for sampling and simulation (Chak et al., 2023). Second, in generative modelling, the
characterization provides a complete description of the freedom in weak time-reversals and clarifies
how additional noise, non-reversible flows, and state-dependent diffusion can be introduced without
affecting the learned marginal path. Specifically, equation 9 with Q = D = 0 is often referred
to as the probability flow ODE (Song et al., 2020; Karras et al., 2022) but our formulation points
to infinitely many marginal-preserving ODEs dictated by the choice of Q. Third, the autonomous
recipe Ma et al. (2015) has been used to devise SDEs that act on an extended space but still pre-
serve the stationary distribution on a subspace as in Hamiltonian Monte Carlo (Betancourt, 2017)
and underdamped Langevin dynamics (Horowitz, 1991; Chak et al., 2023) or via interacting parti-
cles (Leimkuhler et al., 2018; Duncan et al., 2023). Our introduced decomposition enables similar
approaches in non-autonomous settings.

Overall, the introduced decomposition provides a simple and general organizing principle for SDEs
with prescribed marginals: ϕ is the unique signature of marginal evolution, while D and Q parame-
terise all remaining dynamical freedom.
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A NOTATION

• For a vector field v : Rd → Rd, we write ∇ · v(x) :=
∑d

i=1 ∂xivi(x).

• For a matrix field A : Rd → Rd×d, we define the matrix divergence by [∇ · A(x)]i :=∑d
j=1 ∂xj

Aij(x), with ∇ ·A : Rd → Rd.

• For a scalar field g : Rd → R, the Laplacian is ∆g(x) := ∇ · ∇g(x) =
∑d

i=1 ∂
2
xi
g(x).

• For k ∈ N, we write Ck(Rd) for the space of k-times continuously differentiable functions
f : Rd → R.

• For 1 ≤ p < ∞, we write Lp(Rd) for the space of measurable functions f : Rd → R such
that ∥f∥Lp := (

∫
Rd |f(x)|p dx)1/p is finite.

• A scalar field f : Rd → R is said to be bounded if there exists M > 0 such that |f(x)| ≤ M
for all x ∈ Rd.

• A function f : Rd → Rn is said to decay sufficiently at infinity if there exists ε > 0 such
that lim|x|→∞ |x|d+ε|f(x)| = 0.

• We say an SDE is autonomous if its coefficients are time-independent, i.e. it has the form
dx = b(x)dt +

√
2D(x)dw. We say an autonomous SDE is ergodic if it has a unique

stationary distribution.

• We say an SDE (which is not necessarily autonomous) is invariant if ∂tp(x, t) = 0 for
x ∼ π(x) for some distribution π. Again the SDE is ergodic if ∂tp(x, t) = 0 for a unique
π.

• For a complex number z = a + bi ∈ C with a, b ∈ R we denote the complex conjugate
z̄ = a− bi.

• We denote the Fourier transform of a (potentially complex) scalar field f : Rd → C as
FT[f ](ξ) =

∫
e−ix⊤ξf(x)dx with FT[f ] : Rd → C.

• We denote the inverse Fourier transform of a (potentially complex) scalar field g : Rd → C
as IFT[g](x) = 1

(2π)d

∫
eix

⊤ξg(ξ)dξ with IFT[g] : Rd → C.
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B ASSUMPTIONS

Throughout we make the following mild assumptions on p(x, t):

p(x, t) > 0 ∀x, t, (10a)

p(·, t) ∈ C2(Rd) ∀t, (10b)

p(x, ·) ∈ C1(R) ∀x, (10c)∫
p(x, t)dx = 1 ∀t, (10d)

p(·, t),∇xp(·, t) and ∂tp(·, t) decay sufficiently at infinity ∀t. (10e)

We also note that the decay sufficiently at infinity condition implies p(·, t),∇xp(·, t), ∂tp(·, t) ∈
L1(Rd). This follows since if lim|x|→∞ |x|d+ε|f(x)| = 0 for some ε > 0, then |f(x)| ≤ C|x|−d−ε

for |x| ≥ R, hence∫
Rd

|f(x)| dx ≤
∫
|x|≤R

|f(x)| dx+ C

∫
|x|≥R

|x|−d−ε dx < ∞,

so f ∈ L1(Rd).

These assumptions are commonly satisfied in practice and sufficient to justify to ensure validity of
the Fokker-Planck equation and suitable integration by parts, see Section 4.1 in Pavliotis (2014).

For example these assumptions are satisfied for distributions of the form p(x, t) ∝ exp(−U(x, t))
where U(x, t) is super-logarithmic in the tails.

C PROOF OF THEOREM 1

We restate Theorem 1 for the reader’s ease.

Theorem 1. An SDE has temporal marginal distributions p(x, t) (with mild assump-
tions equation 10) if and only if it has the following form

dx = ϕ(x, t)∇x log p(x, t)dt+∇xϕ(x, t)dt

+ [D(x, t) +Q(x, t)]∇x log p(x, t)dt+∇x · [D(x, t) +Q(x, t)]dt (11)

+
√

2D(x, t)dw,

∂tp(x, t) = −∆x[ϕ(x, t)p(x, t)], (12)

for symmetric positive-semidefinite D(x, t) = D(x, t)⊤ and skew-symmetric Q(x, t) =
−Q(x, t)⊤.

Proof: equation 1 =⇒ p(x, t). We need to show that the Fokker-Planck equation applied to equa-
tion 11 reduces to the Poisson equation equation 12.

The full Fokker-Planck equation (see also equation 14) reads

∂tp(x, t) = −∇x ·
[
[ϕ(x, t)∇x log p(x, t) +∇xϕ(x, t)]p(x, t)

+ [[D(x, t) +Q(x, t)]∇x log p(x, t)]p(x, t) + [∇x · [D(x, t) +Q(x, t)]]p(x, t)

−∇x · [D(x, t)p(x, t)]
]
.

Following the result in Ma et al. (2015) for autonomous SDEs we can show the terms containing Q
and D evaluate to zero.

By linearity of the divergence operator ∇· we can consider just the Q terms

Q terms = −∇x ·
[
Q(x, t)[∇x log p(x, t)]p(x, t) + [∇x ·Q(x, t)]p(x, t)

]
,

= −∇x · ∇x · [Q(x, t)p(x, t)]

= 0.
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Where the second line uses the (reverse) product rule and the third line the skew-symmetry of Q.

Similarly the D terms

D terms = −∇x ·
[
D(x, t)[∇x log p(x, t)]p(x, t) + [∇x ·D(x, t)]p(x, t)−∇x · [D(x, t)p(x, t)]

]
,

= −∇x · [∇x ·D(x, t)p(x, t)−∇x · [D(x, t)p(x, t)]]

= 0.

This leaves the Fokker-Planck equation as

∂tp(x, t) = −∇x · [[ϕ(x, t)∇x log p(x, t) +∇xϕ(x, t)]p(x, t)],

= −∇x · [∇x[ϕ(x, t)p(x, t)]],

= −∆x[ϕ(x, t)p(x, t)],

which is exactly the Poisson equation in equation 12.

Proof: equation 11 ⇐= p(x, t). Now assume we are provided an SDE

dx = b(x, t)dt+
√
2D(x, t)dw, (13)

which has temporal marginal distributions p(x, t). We now are left to show that there exists a scalar
field ϕ(x, t) and skew-symmetric matrix field Q(x, t) such that

b(x, t) = ϕ(x, t)∇x log p(x, t) +∇xϕ(x, t) + [D(x, t) +Q(x, t)]∇x log p(x, t) +∇x · [D(x, t) +Q(x, t)].

The Fokker-Planck equation for equation 13 takes the form

∂tp(x, t) = −∇x · J(x, t),
J(x, t) = b(x, t)p(x, t)−∇x · [D(x, t)p(x, t)]. (14)

Given assumptions 10 on p and bounded b,D the vector field J(x, t) decays sufficiently at infinity
and therefore the Helmholtz decomposition Glötzl & Richters (2023) states that it decomposes into
conservative and divergence-free components

J(x, t) = ∇x[ϕ(x, t)p(x, t)] + c(x, t)p(x, t), (15)
∇x · [c(x, t)p(x, t)] = 0.

By 3.10 in Glötzl & Richters (2023) we have the vector field c(x, t) satisfies

∇x · [c(x, t)p(x, t)] = 0 ⇐⇒ c(x, t) = Q(x, t)∇x log p(x, t) +∇ ·Q(x, t),

for a skew-symmetric Q(x, t) = −Q(x, t)⊤ and c(x, t)p(x, t) = ∇x · [Q(x, t)p(x, t)].

Combining the above we get

b(x, t)p(x, t) = ∇x[ϕ(x, t)p(x, t)] +∇x · [Q(x, t)p(x, t)] +∇x · [D(x, t)p(x, t)],

=⇒ b(x, t) = ϕ(x, t)∇x log p(x, t) +∇xϕ(x, t)

+ [D(x, t) +Q(x, t)]∇x log p(x, t) +∇x · [D(x, t) +Q(x, t)].

Assuming p(x, t) > 0 everywhere. This now matches equation 11.

Finally, the Poisson equation equation 12 is direct from equation 15

∂tp(x, t) = −∇x · ∇x[ϕ(x, t)p(x, t)]−∇x · [c(x, t)p(x, t)],
= −∆x[ϕ(x, t)p(x, t)].

D PROOF OF THEOREM 2

We restate Theorem 2 for the reader’s ease.

Theorem 2. For given temporal marginal distributions p(x, t) there exists a unique scalar
field ϕ(x, t) in the decomposition equation 1 such that lim|x|→∞[ϕ(x, t)p(x, t)] = 0.

8
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We provide two proofs of the existence of the scalar field ϕ solving the Poisson equation equation 2
for given distributions p(x, t) satisfying assumptions equation 10. In both cases we assume d ≥ 3,
for a thorough treatment of solutions to Poisson equations including d = 1, 2 see Folland (1995).

We then prove uniqueness as an application of the Liouville theorem for harmonic functions.

We therefore note that by the uniqueness of ϕ the resulting ϕs from the two existence constructions
must be equivalent.

D.1 EXISTENCE

D.1.1 VIA THE FUNDAMENTAL SOLUTION OF THE LAPLACIAN

Proof: Existence. We seek a solution ϕ to the Poisson equation
∂tp(x, t) = −∆xu(x, t),

u(x, t) = ϕ(x, t)p(x, t).

Define the fundamental solution of the Laplacian in Rd (see e.g. Chapter 2 in Folland (1995)) as:

Φ(x) :=
|x|2−d

d(d− 2)ωd
, d ≥ 3,

where ωd denotes the volume of the unit ball in Rd. For integrable f ∈ C2(Rd) we have that the
function g(x) =

∫
Rd Φ(x− y)f(y)dy is well-defined and locally integrable and

∆x

∫
Rd

Φ(x− y)f(y) dy = −f(x).

So we can set

u(x, t) =

∫
Rd

Φ(x− y)∂tp(y, t)dy.

Noting that our assumptions equation 10 imply integrability of ∂tp(x, t) and
∫
∂tp(x, t)dx = 0.

Further that lim|x|→∞ u(x, t) = 0 is also implied through the definition of Φ and ∂tp decaying
sufficiently at infinity.

This gives ∆xu(x, t) = −∂tp(x, t). Thus we can set ϕ(x, t) = u(x, t)/p(x, t) as p(x, t) > 0
everywhere.

D.1.2 VIA FOURIER TRANSFORM

Proof: Existence. We seek a solution ϕ to the Poisson equation
∂tp(x, t) = −∆xu(x, t),

u(x, t) = ϕ(x, t)p(x, t).

Since ∂tp decays sufficiently at infinity we have the relation between Laplacian and Fourier trans-
form (e.g. Chapter V in Stein (1970) or Chapter 2-C in Folland (1995))

FT(∆xu)(ξ, t) = −|ξ|2FT(u)(ξ, t).
Thus

FT(u)(ξ, t) = −|ξ|−2FT(∆xu)(ξ, t),

= |ξ|−2FT(∂tp)(ξ, t) := v(ξ, t),

u(x, t) = IFT[v](x, t).

Where our assumptions equation 10 imply
∫
∂tp(x, t)dx = 0 ∀t which in turn implies

FT(∂tp)(0, t) = 0 and therefore FT(u)(0, t) = 0 is well defined for ξ = 0, further ∂tp is bounded
and continuous so v(ξ, t) is locally integrable near ξ = 0 for d ≥ 3.

Since ∂tp(·, t) is real-valued, we have the Hermitian symmetry FT(∂tp)(−ξ, t) = FT(∂tp)(ξ, t);
as |ξ|−2 is real and even, it follows that v(−ξ, t) = v(ξ, t), and hence u(x, t) = IFT[v](x, t) is
real-valued.
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D.2 UNIQUENESS

Proof: Uniqueness. Suppose ϕ1(·, t) and ϕ2(·, t) both satisfy equation 2, with ui(x, t) :=
ϕi(x, t)p(x, t). Then

∆xu1(x, t) = −∂tp(x, t) = ∆xu2(x, t),

so w(x, t) := u1(x, t) − u2(x, t) satisfies ∆xw(x, t) = 0. Thus w(·, t) is harmonic on Rd. We
assume each ui(·, t) vanish at infinity and therefore

lim
|x|→∞

w(x, t) = 0.

By the Liouville theorem for harmonic functions Nelson (1961), any harmonic function on Rd that
is bounded—and in particular one that is continuous and vanishes at infinity—must be constant,
hence identically zero w(x, t) = 0 ∀x, t. Therefore u1(x, t) = u2(x, t) for all x.

Since we assume p(x, t) > 0 everywhere, it follows that ϕ1(x, t) = ϕ2(x, t) for all x, t.
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