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ABSTRACT

Two-sided queues are a useful formalism for modeling two-sided markets, as well
as more general systems in which work is conserved. Furthermore, in practical
applications the arrival rate of different entities is often unknown, and may vary
based on the state. General-purpose reinforcement learning algorithms may strug-
gle at scale due to the dependency on the diameter of the Markov Decision Process
(MDP), which often scales exponentially over the state space in queueing systems.
To solve these issues, we present an algorithm with a diameter-independent regret
bound, for the problem of admission control in a state-dependent two-sided queue.
Where S is the size of the state space, N is the number of types, 7" is the number
of steps and « is the ratio between the upper and lower rate bounds, our algo-
rithm can be shown to have a regret bound of O(xk*S'%\/T + k2°S15\/NT).
We then show that this can significantly outperform general-purpose algorithms
in an empirical study.

1 INTRODUCTION

Admission control problems, in which an agent decides whether or not to admit different entities
into a queue, have found widespread application within the fields of mobility (Afeche et al.| 2023
Wang et al., |2024), communications (Ahmed, 2000; (Ghaderi & Boutabal [2006)), inventory systems
(Ionnidis, 2011)), distributed computing (Park & Humphrey, |2010) and online marketplaces (Su &
Li, [2024). Two-sided queues are of particular interest in admission control problems (Su & Li,
2024; Liu & Weerasinghe, 2022; Doval & Szentes,2025)) as they can be used to model more general
situations in which the agent may act as a middleman between complementary entities. In a two-
sided queue, each entity in the system is either a customer or a server. Customers and servers,
either of which may wait, must be paired to depart the system. For example, ride-hailing systems
and online task marketplaces can be modeled as two-sided queues, since providers may wait for
customers and vice versa.

Model-based reinforcement learning algorithms, such as the landmark UCRL2 algorithm (Auer
et al., 2008)), are attractive candidates for queue control problems, including admission control.
However, any general purpose reinforcement learning algorithm is known to have a regret bound
of at least O(v DSAT) (Auer et al.,|2008), where D is the diameter of the MDP, S is the size of
the state space, A is the size of the action space, and 7' is the number of steps. This is particularly
challenging since problems involving even the most elementary queueing systems, including the
M /M /1/k queue, can have a diameter that varies exponentially over S (Anselmi et al., [2022; |We-
ber et al.l[2024). Therefore, there is a significant risk of poor performance at moderate state counts
and above.

A recent stream of papers (Anselmi et al., [2022; |Weber et al., [2024; |Anselmi et al., 2024} Dai &
Gluzman), 2022} Jali et al.} [2024; Staffolani et al., 2023)) aims to mitigate this problem by developing
problem-specific reinforcement-learning algorithms for the control of queueing systems. In (Weber
et al., 2024), the authors consider an admission control problem in a single queue with a constant
arrival rate and known service rate. Using a bound on the bias, as well as problem-specific sim-
plifications of the learning algorithm, they develop an algorithm based on UCRL2 with a dominant
regret term that is independent of the state size for queues in which there is a known service rate and
constant arrival rate. Similarly, (Anselmi et al., [2022)) considers the problem of service rate control,
with a dominant regret term that varies with the weighted second moment of a reference policy,



but not with the diameter or number of states. Some papers include countable state-space models
(Dai & Gluzman, [2022;|Comte et al., 2025; Yang et al., |2025) with state-space independent bounds.
However, these generally use policy-gradient or deep reinforcement learning methods and do not
achieve square-root minimax regret bounds. Furthermore, these generally require a small parameter
space, which may cause problems with scalability. For example, in (Comte et al., [2025), there is an
application to admission control in a finite-capacity M/M/1 queue. It is shown that the regret scales
exponentially with the state space in this application due to a dependence on a Lyapunov drift pa-
rameter. (Yang et al.| |2025) enables queue control in an infinite-capacity two-sided queue, but the
queue is allowed to grow to infinity with time to enable a tractable fluid solution to be optimal.

However, much of the prior work on learning in queueing systems, including admission control
problems (Weber et al.| [2024; |Anselmi et al.l 2024), and others (Anselmi et al., 2022; [Liu et al.,
2019} Raeis et al., 2021), rely in part on strong assumptions, such as homogeneity in system pa-
rameters across different states. (Anselmi et al.,|2024) allows for limited state-dependence under the
assumption that the queue is a flow-equivalent server of a Jackson network, but does not enable
more general state-dependence of rates. In practical situations, arrival and service rates may be
state-dependent, due to strategic behavior and practical limitations on the waiting buffer (Hassin,
2016; Naorl, [1969; Bekker|, | 2005). Therefore, a natural extension is to see if a diameter-independent
upper-confidence reinforcement learning algorithm is possible with more general state-dependent
arrival and service rates. In particular, learning state-dependent rates requires greater exploration
over the state space. Since the diameter is exponential over the state space, exploration is partic-
ularly challenging in queueing systems. However, in this paper we establish that attractive regret
bounds are still achievable, subject to a monotonicity assumption.

1.1 CONTRIBUTIONS

In this work, we establish a learning algorithm in which the regret bound is independent of the di-
ameter and has polynomial constants over the size of the state space, in contrast to the exponential
bounds from general-purpose algorithms. In fact, the regret scales according to S3/2 in the dom-
inant (square-root) term, and S° in the non-dominant (logarithmic) term. This algorithm applies
to situations in which arrival rates may be state-dependent, under a simple monotonicity assump-
tion. This implies that the queueing systems are learnable at scale, even when the system cannot
be parametrized by a small number of states. In contrast to prior work, the arrival and service rates
are allowed to depend on the current state, with a mild monotonicity assumption, while maintaining
attractive regret guarantees. This algorithm applies to both two-sided queues as well as more tradi-
tional one-sided ones. To maximize the generality of the model, we allow arriving entities to offer both
positive as well as negative rewards, and we allow positive holding rewards as well.

1.2 PAPER STRUCTURE

The rest of the paper is organized as follows. Section 2 describes the two-sided queueing model as
well as the formulation of the admission control problem. Section 3 describes the proposed UCRL-
TSAC algorithm for admission control in a two-sided queue. Section 4 presents the regret bound
as well as supplementary results. Section 5 gives results on the empirical performance, alongside
general-purpose baselines from the literature. Detailed proofs of the results, as well as supplemen-
tary material on the algorithm, are covered in the Appendix.

2 PROBLEM FORMULATION

We consider the problem of admission control in a two-sided queue. In a two-sided queue, entities
are either classified as customers or servers. An agent decides whether to admit or reject an arriving
entity. If there is at least one server in the system, then any admitted customers will match with a
server and both will leave the system. If there are no servers available, an admitted customer will
join the customer side of a queue and wait for a server to arrive. Likewise, any arriving servers will
pair with a customer and leave the system if any customers are present in the system. Otherwise, it
will join the server side of the queue and wait for an arriving customer. There are no compatibility
requirements, and an arriving server can accept into service any arriving customer irrespective of its
type, and likewise for arriving customers when there are waiting servers in the system.



Since decisions are made frequently (Puterman, 2005), we maximize the long-run average reward,
also known as the gain. Rewards are gained upon the admittance of an entity, the abandonment of
an entity, and per unit time. These rewards are also dependent on the particular state. Rewards may
be negative, but are assumed to have known bounds.

We use a similar problem formulation to (Miller, [1969; Su & Li, [2024; |[Feinberg & Yangl, 2011} Weber
et al.,[2024; |[Feinberg & Reiman, |1994), by considering a single-class system with reward differentia-
tion between different customer and server types. The state can be represented as an integer. When
the state is equal to 0, no customers or servers are present in the system. If the state is equal to s > 0,
there are s customers present and no servers. If the state is equal to s < 0, then there are —s servers
present and no customers. Each side of the queue is finite-capacity, with 5 being the capacity for
the customer side and —s being the capacity for the server side. The total number of states is equal
to S = 5§ — s+ 1. Customers and servers are scheduled in first-come first-serve (FCFS) order. In
contrast to much of the reinforcement learning literature, but similarly to much of queueing theory, the
model is continuous-time.

There are N total customer types, distinguished between N¢ different customer types and N*° dif-
ferent server types. Servers and customers arrive with exponentially-distributed and state-dependent
inter-arrival times. We represent the arrival rate for type-i customers, in state s, as A;(s). The arrival
rate for type-j servers is given as ;(s). In state s > 0, a customer abandonment occurs according
to an exponentially-distributed random variable with rate v(s). Similarly, in state s < 0, a server
abandonment occurs according to an exponentially-distributed random variable with rate n(s). For
notational convenience, we use y(s) = 0 for all s < 0, and n(s) = 0 for all s > 0. The total

customer arrival rate is represented as A(s) = va Ai(s), and the total server arrival rate is rep-

resented as M(s) = Zjv i (s). Although we use the term abandonment in the paper, this may
be used to model other service processes outside the arrival of complementary entities. This may
include traditional service processes or removal from the queue. Therefore, this model generalizes
service processes.

We assume there is a known lower bound for event rates, qmin > (. For s > 0, we assume that
v(s) > g™ and for s < 0, 7(s) > ¢™®. In all states, let A(s) + n(s) > ¢™ and M (s) + y(s) >
g™, Furthermore, we assume that there are known upper bounds for the total arrival and service
rates across all states, A™** and p™**, respectively. Likewise, there are known upper bounds for

abandonment rates, y™** and n™*. We denote the maximal rate as ¢™®* = max(y™*, n™a*) 4
Amax o max The ratio between the maximal and minimal rates is denoted by k = ’;n— We note

that the rate bounds are state-independent.

Upon accepting a type-i customer arrival in state s, the agent receives a reward of r$(s). A reward of
73(s), is similarly received upon accepting a type-j server arrival in state s. Upon an abandonment
in state s, a reward of 7%(s) is received by the agent. There is also a state-dependent reward, 7" (s),
which is received per unit of time that the system spends in state s. All reward values are assumed
to be bounded in the interval [—1, 1].

Upon state changes, the agent decides on an action a € A = 211N} » 2{1.-N"} " Thjs action
includes the subset a; of customer types to admit, as well as the subset of server types as. Under
action a in state s, the state transitions to s + 1 with rate ) 3, Ai(s) + 7(s), and to state s — 1

withrate » ., /1j(s) +7(s). No other transitions are possible, and therefore this is a birth-death
process. We use Ar(s) = >, Ai(s) to represent the arrival rate of accepted customers at state
s under policy . Likewist?, we use fir(s) = D_,c,, Hj(s) to represent the arrival rate of accepted
servers at state s under policy 7.

Without loss of generality, the optimal policy can be found considering only the restricted action set

A. Let >, be a lexicographical ordering. This is defined as the set of all actions a such that

ar € {0} U{{l € [1,N°)|(r, 1) > (r5,9)} Vi€ [1,N°]}
az € {0YU{{l € [LN°)|(r7, 1) 20 (v, )} Vi€ [LN"]}

In particular, the restricted action set contains all actions such that either no customer (server) types
are accepted, or there exists a particular threshold type i (j), for a given action, such that all types



with a greater reward are accepted. The use of a lexicographical ordering with respect to the index
is arbitrary, but it is necessary to distinguish between different types with identical rewards. A full
proof of the optimality of this action set can be found in the Appendix, specifically Lemma [I] and
Corollary[T] The use of the restricted action set is needed for computational tractability, as it reduces
the number of possible actions from 2V *N" to (N¢ + 1)(N*® +1).

The average reward under action a, 7(s, a), is equal to

N¢ N*
)= D LicarfON(S) + D Lieawr§ ()i (s) +1()3(s) + rn(s) +77(5)

We also use 7 (s) to represent the average reward in state s under policy 7. Let g* be the maximal
gain, r; be the reward per unit time in step ¢, 7, be the time spent in step ¢, and & be the episode step
t is falls in. We define the regret as

Ak,t = Tt(g* - Tt)

Given a policy 7, we represent the total admittance rate of customers, while in state s, as A\ (s) =

Y acam(s,a) Zf:l lica; Ai(8). The total admittance rate of servers, while in state s, is represented
as Mﬂ(s) = ZaGA 77(37 a) Z;V:1 Licantt-

As is proven in Proposition [4] in Section 4, there needs to be some assumption on the model to
guarantee polynomial bounds on the bias, and therefore the regret. We fulfill this by presenting an
assumption on rate monotonicity. In particular, we assume that customer arrivals are decreasing
over the state space, while server arrivals are increasing. On the other hand, server abandonments
decrease while customer abandonments increase. While this may appear to be limiting, it generalizes
multi-server queueing models and applies to several practical uses of state-dependent queues. For
example, strategic customers may be more likely to balk or abandon the queue when the waiting time
is large (Hassin, 2016} [Naor, [1969). This is of particular relevance to two-sided markets in which
customers are able to observe the queue, and decide on whether to join based on the waiting time.
Furthermore, several applications of state-dependent queues in inventory systems, healthcare and
communications feature monotonic rates, with arrival rates decreasing with the number of customers
in the system and increasing service rates (Bekker, [2005; |[Hassinl 2016} [Yom-Tov & Chan, 2021).
More detail on models that can be reasonably assumed to fulfill this assumption is given in Section
D.| of the Appendix.

. . N° . . .
Assumption 1. The total customer arrival rate, A(s) = »." | A\i(s), is non-increasing over s,
while the customer abandonment rate ~y(s) is non-decreasing over s. The total server arrival rate,

N ) ! .
M(s) = >, nj(s), is non-decreasing over s, and the server abandonment rate 1(s) is non-
increasing.

It is necessary to distinguish between different models at points. Unless otherwise stated, each
individual parameter, such as \;(s), is assumed to be the parameter of the true system, which is
possibly unknown. We distinguish between different models in two ways. For arbitrary models,
subscripts are used, and are given after all other subscripts. For example, for an arbitrary model D,
the type-i customer arrival rate in state s is given as A; p(s). For the extended model, which is used
to find the optimistic policy, we use a superscript for each unknown parameter. For example, we
represent the type-i customer arrival rate in state s as \¢%*(s).

For admission control in a one-sided queue, the state-dependent abandonment rate (s) may be used
to represent the rate of service. No server types need to exist for the regret bound to hold, and we
can simply consider different types of customers. Therefore, the model presented generalizes several
common queueing models including finite-capacity, multi-server Markovian queues.

3 REINFORCEMENT LEARNING ALGORITHM

In this section, we present the UCRL-TSAC algorithm for admission control. This algorithm is
analogous to the UCRL2 (Auer et al.,2008)) and CT-UCRL (Gao & Zhoul [2024) algorithms, but it is
tailored for the admission control problem and enforces a slightly weaker version of Assumption|T]in
the optimistic model. The weaker version is labeled as Assumption 2] and is given in the Appendix.



Algorithm 1 UCRL-TSAC

Require: Confidence parameter §
1: Initialize a list of sojourn times, event counts, and visit counts Vj_i(-), and event counts
Vi1 (-, ).

2: fork=1,2...do

3:  Use Algorithm 2]to find an optimistic policy my.

4:  Set the visit count vector vy, to equal 0 in each state.

5:  while True do

6: Observe the new state s, update vy (s) < vg(s) + 1

7: When an entity arrives or an abandonment occurs, record the sojourn time and the event
type. If it is an arrival, accept or reject it according to 7.

8: If v (s) > Vi—1(s) for any state s, set Vi (s’) = Vi_1(s’) + vi(s’) for all states ', exit
and terminate the episode.

9:  end while

10: end for

Algorithm 2 Policy Finding Algorithm

Require: Sojourn time observations 7¢, event counts Vi _1 (-, -), initial confidence parameter 4.

1: Construct the extended model using Algonthml

2: Check the validity of the extended model. If it fails, return 7y _1.

3: Use policy iteration or linear programming to find an optimistic policy 7*, using the restricted
action set of the extended model.

4: Derive a new policy 7y, for the extended model by rejecting customer arrivals in positive tran-
sient states and server arrivals in negative transient states.

5: Use the given policy to derive the optimistic policy 7 by aggregating actions that only differ
by acceptance of the fictitious types N° + 1 and N° + 1.

We estimate the probability of different arrivals and abandonments instead of state transitions, since
the system may only transition to s + 1 or s — 1 from state s. Furthermore, since a continuous-time
process is most appropriate, we need to estimate the event rates in addition to the probabilities. In
comparison to the UCRL-AC algorithm (Weber et al., |2024), this does not require known service
rates, allows for state-dependent rates, and supports a more general reward reformulation. In com-
parison to UCRL2 and CT-UCRL, the process of finding an optimistic model is simplified with a priori
optimism results.

We use ¢ to represent each step, and s(t) to be the state in which step ¢ is spent. We divide the time
into episodes, which are indexed by k. At the start of each episode, an optimistic policy 7 is found,
and it is followed until the end of the episode. We use a similar doubling trick to UCRL2 for episode
termination. We terminate the episode when the number of state observations for some state s is
equal to the number of observations before episode k. An initial confidence parameter § must be
chosen. We decrease the confidence parameter using a harmonic schedule. We use d;, =

denote the confidence parameter.

)
Vi—1

3.1 CONFIDENCE INTERVALS

We begin by presenting the corresponding point estimators and confidence intervals used to find an
optimistic policy. We introduce the notion of positive and negative events, which will allow us to
cleanly enforce Assumption[2] Positive events include customer arrivals and server abandonments,
both of which potentially lead, depending on the action, to an increase in the state. Conversely, neg-
ative events include server arrivals and customer abandonments. We then estimate the conditional
probability of abandonments and arrivals based on whether or not it is a positive or a negative type.

In order to formalize this notion, we introduce an indexing scheme for events. Each arrival
I € {1,...,N°} corresponds to a customer arrival of type [, and [ € {—N* ..., —1} corre-
sponds to a server arrival of type —I. For notational convenience, we use ! = 0 to represent an
abandonment. Note that no states can experience both customer and server abandonments. Then,
let Vi.—1(s,1) be the number of times an event indexed as [ has been observed before episode &,



Algorithm 3 Constructing the Extended Model

Require: Sojourn time observations 74, event counts Vj,_1(+, ), confidence parameter &
1: For each state s, initialize v°**(s) to the lowest possible value respecting the upper bound of the

inter-event times 7, + %ef (s), as well as the lower bound of the conditional event probabilities

N

2: Similarly, for each s initialize 7°**(s) based on the confidence interval for the inter-event times
of negative events, and the corresponding confidence set of conditional probabilities, again using
a lower envelope.

3: Update v°“*(-) and n°**(-) to the lowest possible values that respect Assumption [2| and the
bounds [¢"", 7] and [q""7].

4: For each state s, find the maximal values of A**(s) + n°®t(s) and M°®!(s) + v%¢(s), and
initialize accordingly, using the confidence sets for inter-event times.

5: Update A“*(-) + n°®*(-) and M“*(-) + °**(-) to the highest possible values that respect
Assumptionand the bounds [¢™i", A + 7] and [¢™®, M + 7].

6: Greedily assign conditional probabilities based on the rewards for each event, respecting the
lower bounds for abandonments and the ¢; bounds for the conditional probabilities. Assign the
difference between the greedy bound for abandonments and the lower bound to the fictitious
types N¢ + 1 and N? 4 1, for server and customer abandonments, respectively.

and [(t) be the event observed at step t. Also, we use V,7,(s) = ZNr

m:lszg

Vie—1(s,m) and

Vi_i(s) = Zr_nl__sf‘}vs Vi—1(s,m) to be the number of observed positive and negative events be-
fore episode k, respectively. Let V" | ,(s) and V,_, ,(s) be the number of positive and negative
events, respectively, observed up to time ¢ or the end of episode £ — 1. We then present point es-
timates for the conditional probabilities, where ﬁ;s(l ) is the estimated probability, as of episode k,
of observing arrival / in state s conditioned on it being positive. Similarly, p, (I) is the estimated
probability of observing event type [ conditioned on it being negative. The point estimates are given
below.
R Vie—1(s,1) - Vi—1(s,1)
Pr () =~ D) = —=
ViZi(s) Vi1 (s)

Confidence sets for the conditional probabilities are found separately for customer and server ar-
rivals. We use an /1 bound for each, similarly to UCRL2 (Auer et al., |2008). We use ef (s) and

51,3: (s) for the ¢1 bounds of conditional positive and negative events at state s, respectively.

Py o [P (08 () = 2D g (28
& ()\/ VL (s) 1g(5k> % (%) \/Vk_l(s) 1g(5k) @

Since we use a continuous-time model, we must also estimate the total rate of positive and negative
events. Confidence intervals based on Hoeffding bounds are not applicable in this case, since the
exponential distribution is not subnormal. However, following (Gao & Zhou, 2024; Weber et al.,
2024])), we can use the truncated empirical mean of (Bubeck et al.l 2013) for estimating the time
between subsequent positive events, as well as the time between subsequent negative events. Let
71 (s) and 7 (s) represent the estimated inter-event times for positive and negative events, respec-
tively, in state s. Let 7, be the total time spent in state s(¢) until step ¢ since the last positive event,
and 7, be the total time spent in state s(¢) from the last negative event until step ¢. Point estimates
for this quantity using the truncated empirical mean are given below

Vi1

1
7“‘;(3) ==t Z Tt+1{8(t) =s,14<0 <I(t) < N 77 <
Vk—l(s) t=1
1 Vi1
7 (9) :Vki1(5) ; Tt_l{s(t) =5,—N*<I(t) < —1s50, 73 <




For each state s, half lengths for the confidence intervals around 7, (s) and 7, (s), respectively, are
as follows

oy 4 [ 2 r2s = b2 (%
e (s) = qmm\/ V) 10g< 6k) k()= qmm\/ ) 10g< 5k> 3)

As a heavy-tailed distribution, obtaining tight confidence intervals for the exponential distribution
is inherently difficult. The truncated empirical mean, with its corresponding confidence interval,
is an attractive candidate due to its simplicity and computation speed. However, the interval can
be quite loose in practice. Cantoni’s M-estimator (Cantoni, 2010; [Bubeck et al., |2013)), could also
substitute for the estimator presented in (I2) and (3), with much tighter confidence bounds. The
main disadvantage is that this requires root-finding over the sum of logarithmic terms for each time
step and may not necessarily be computationally practical at scale.

3.2 FINDING AN OPTIMISTIC POLICY

The UCRL-TSAC algorithm differs from prior work such as UCRL2 (Auer et al.,|2008)) by solving
the extended model exactly, as opposed to using an approximate method such as extended value
iteration. Since we use bounds over the bias as opposed to the relative value for the regret proof, this
is a necessity to obtain attractive regret bounds. This can be made computationally tractable with a
notable simplification of the extended model using a priori results. In particular, it can be established
that higher customer and server arrival rates always improve the gain, and a similar result can be
shown with a conditional distribution with a higher probability of receiving higher-reward customer
and server types. The only question that remains is whether a lower or higher abandonment rate is
optimistic.

We solve this problem by using the lowest possible value for the abandonment rates from the box
bounds for the inter-arrival time and event probabilities, and adding an additional fictitious customer
and server type in the extended model. The arrival rate of each fictitious type is equal to the dif-
ference in the upper and lower abandonment bounds. Therefore, the choice of admittance of each
fictitious type is equivalent to a choice between the upper and lower bound of the abandonment rate.
A pseudocode of the algorithm is given in Algorithm [3] which can be completed in O(S(N + 1))
time. A complete proof of the optimism of the extended model, as well as a more detailed pseu-
docode for constructing it, is given in Section B of the Appendix. This algorithm is only guaranteed
to return a valid model when the extended model falls within the confidence set. If it fails, it is clear
the true model falls outside the confidence set and any policy may be used. This respects the regret
bounds since we use the worst case deviation between the gain and reward for out-of-confidence
episodes in the proof.

Once the extended model has been constructed, the optimal policy may be found using either policy
iteration or linear programming. This policy is then adapted into an appropriate policy in two steps.
First, it must be modified to reject any arriving customers in positive transient states as well as any
arriving servers in negative transient states, which is necessary for the bias bounds and therefore
the regret bounds to hold. This does not violate gain-optimality, as changes in the action taken on
these states do not change the gain or the set of recurrent states. Secondly, the optimal policy for the
extended model can be transformed into one for the true model by aggregating actions that differ
only by the acceptance of the fictitious types N¢ 4 1 and N® + 1. The resulting policy for episode
k is represented as 7. A pseudocode of the algorithm for finding the optimistic policy is given in
Algorithm 2]

Once the optimistic policy has been found, we can follow the optimistic policy 7, until the number
of steps observed in some state s is equal to Vj_1(s). Since all arrivals are observable, we do not
need to explore based on observed actions. This doubling trick, analogous to that used in UCRL2,
is not necessarily optimal, but enables square root minimax bounds and a logarithmic number of
episodes over the number of steps.

We also present two results that enable an efficient policy evaluation and improvement without need-
ing to directly solve the gain-bias equation, once the extended model has been constructed. In
particular, the system is product-form and therefore the long-run probability and gain can be solved
in linear time. Proposition []gives the product-form solution for the long-run probabilities, and Propo-
sition 2l establishes a similar result for the bias.



Proposition 1. Under any policy w, the probability of being in state s in steady-state is equal to

-1
Ax(s'=1) - uw(8+1) —
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Proposition 2. At any state s such that s and s + 1 are recurrent, the relative bias
Ahr(s) = hx(s+1) — hx(s)

is equal to

4 REGRET BOUNDS

4.1 BOUNDING THE BIAS

The principal challenge of reinforcement learning in queues is that many relevant problems have an
exponential diameter over the state space (Weber et al., |2024; |Anselmi et al., 2022). For example,
Appendix A in (Weber et al., |2024) gives an exponential lower bound for the admission control
problem in a single-sided M/M/1/S queue, which is among the simplest queueing models. In the
regret proof, the difference in the bias between adjacent states is a multiplier on the dominant square
root term, and therefore it is necessary to find a bound for this quantity that is polynomial over S.
We use h,(s) to denote the bias at state s under policy m. We extensively use the relative bias,
Ahy(s) = hr(s+ 1) — hy(s), similarly to (Weber et al.,[2024).

We can, perhaps surprisingly, achieve linear bounds over the state space for the bias when Assump-
tion 2] holds. The following proposition establishes this.

Proposition 3. Let Assumption |2| hold. Then, consider a gain-optimal policy 7 in which no cus-
tomer arrivals are accepted in positive transient states, and no server arrivals are accepted in neg-
ative ones. Then, for any state s < s < §

2(qmax + 1)5

qmin

|Ahg(s)] <

In the regret bound, we use (Ah)™a% = %S to represent the upper bound of the relative

bias. The proof of bias bounds depends on the time-reversibility of the underlying queueing system,
along with the unique aspects of the admission control problem. In particular, using the gain-bias
equations of the MDP we can derive a simple rule to tell if an entity can be submitted, namely if
the reward is greater than the loss in bias. This gives constant bounds in the case that some types
of customers are accepted and others are rejected, or some types of servers are accepted and others
rejected. The remaining cases are those in which all customers are rejected and all servers accepted,
or vice versa. Then, linear bounds can be found in the remaining cases by an induction argument
over the gain-bias equations, and from an argument deriving from the time-reversibility of the system
over the recurrent class of states.

One would hope that similar bounds can be found with a more general model. However, it can also
be established that in the general case no bound on the relative bias with polynomial bounds can be
established, even with bounded rates.

Proposition 4. There exist no polynomial bounds for the bias under an optimal policy, over the

number of states, for the set of all possible models under any given rate bounds ¢™™, A™a, N[™aX
]max, ,ymax'

In the regret proof, the bias of the extended model is used rather than that of the true model. Given
that exponential scaling can exist under arbitrary rate bounds, it becomes clear that it is necessary
to make some restriction on the set of possible parameters for the extended model. To that end, we
explicitly enforce an assumption similar to Assumption[I|by truncating the confidence set.
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Figure 1: Regret over time at varying state counts, with baselines

4.2 REGRET ANALYSIS

Next, we present the core regret proof of the paper. Where T’ is the time horizon, the result given is

typical in format for minimax regret bounds, with a dominant term that varies with /7 log(7") and
a non-dominant term that varies with log(T").

Proposition 5. The total expected regret up to time 'T' is upper bounded

E[i AK(W] <(V2+1) [(3%2 - 4&1‘5\/N7+1) ST10g<255T> ((Ah)™a 4 1)}

8T

+ max (S, S'log,y (S>> {S(Ah)max + (80 + 85,%2)(]_'—1}

qmin
This corresponds to O(/{3S L5/T + 25815/ N T) log-adjusted complexity bounds.

With regards to the regret bound, the main bottleneck to scaling now becomes the 2 term. This may
be prohibitive in situations in which there is significant variability in terms of the rates. The source
of this term comes from three points, the bias bound (Ah)™*, the sojourn time and reward terms in
the regret, and finally the confidence bounds on the rate. The first two are intrinsic in the worst case,
but the bias may be significantly better empirically in the case that there is a sufficient diversity of
arrival types. It remains an open question if the confidence bounds for the inter-event times can be
transformed into bounds for the bias without scaling by «, or a closely related factor.

The minimax regret bound presented in Proposition [3]is given in terms of the expected regret, rather
than high probability bounds as found in (Auer et al.| 2008). The use of expected regret bounds is
in line with similar papers on reinforcement learning for queue control (Anselmi et al., 2022; |Weber,
et al., 2024). However, we conjecture that high-probability bounds with similar constants may be
found by applying appropriate inequalities to the martingale sequences in the regret proof. It should
be noted that many common inequalities within the family of Bernstein inequalities are inadequate
since the martingale difference sequences with exponentially-distributed terms are neither bounded
nor subnormal.

5 EMPIRICAL RESULTS

In this section, we present empirical results of our algorithm, compared to an ablation and baselines.
For each state count, we use 50 randomly generated models, with an equal capacity for both the
server and customer side. We use 3 server and 3 customer types. Total customer and server arrival
rates are first generated uniformly between 1 and 5, and are then sorted to fulfill Assumption [I}
Individual arrival rates for each type are generated using a Dirichlet distribution with o = 1, and are
then multiplied by the total customer or server arrival rate. Abandonment rates, for both customers
and servers, are generated uniformly between 1 and 1.5 and then sorted as well. State-dependent
arrival rewards are generated uniformly within [—1, 1], while abandonment rewards are generated
uniformly within the interval [—1, 0]. The holding reward is set to —0.05|s| for each state s.



Table 1: Average reward ratio

Algorithm State Count
11 states 21 states 51 states

UCRL2 15.8% 2.4% 11.1%
UCRL3 83.4% 51.2% —18.0%
KL-UCRL 61.6% -72%  0.1%
Ablation 98.7% 94.4% 81.8%

UCRL-TSAC 99.0% 96.4% 90.2%

We compare the proposed URCL-TSAC algorithm with three general-purpose baselines from the
literature, UCRL2 (Auer et al., [2008), KL-UCRL (Filippi et al., 2010), and UCRL3 (Bourel et al.,
2020). Since the proposed algorithms are discrete-time rather than continuous-time algorithms,
we use a uniformization parameter equal to the maximal event rate. To find the empirical impact of
monotonicity enforcement, we also include an ablation of the proposed method that does not truncate
the rates. In other words, it uses the model with the highest maximal gain within the confidence set.

To better compare heterogeneous models, we use the normalized regret. Let M be the model, k()
be the episode step ¢ falls in, and 7" be the time horizon, this is equal to

T

NormRegret(M,T) = Z -
=1 IM

At k(b

The normalized regret, over time, is presented in Figure [Il The average value of the ratio of the
total reward between the selected learning algorithm and the optimal policy is presented in Table[T]
We note that regret is approximately 30% higher for the ablation when compared to UCRL-TSAC
at 11 states, which increases to approximately 100% at 51 states. There are two reasons for this,
one is that the bias in the extended model has tighter bounds and the second is that the truncation
provides valuable information about less-seen states when rate monotonicity is known. It is not
necessarily possible to disentangle these two effects, but monotonicity enforcement explicitly rules
out optimistic policies that rely on distant but high-probability states, which have the largest impact
on both the bias and the regret.

It is clear that KL-UCRL achieves sublinear regret at 11 states, and UCRL3 achieves it at up to 21
states. However, in all other cases the general purpose algorithms appear to fail at achieving sub-
linear regret within the time horizon, unlike the proposed UCRL-TSAC algorithm. There are three
explanations for this. One is that the transitions are structured, as the system may only transition
from state s to state s — 1 or s + 1, and information can be shared between different actions. This
is ameliorated in part by the use of Kullback-Leibler divergence in the KL-UCRL algorithm and the
support estimation of UCRL3. The second is that these algorithms are discrete-time algorithms and
require the use of uniformization. A uniformized CTMDP will not have identical transient behavior
to the CTMDP itself (Puterman), 2005)), although this effect may be small. The third is that the bias
in the extended model may be large, as there is no guarantee that the bias of the optimistic model or
the true model will be small under the policy in each episode.

6 CONCLUSION AND FUTURE WORK

In conclusion, we have presented a reinforcement learning algorithm for admission control in two-
sided queues with quite general assumptions on the rates and rewards of the system. We have
derived bounds on the expected regret that are independent of the diameter and are polynomial in
the number of states. Our results indicate that reinforcement learning algorithms can work well on
queueing systems even if rates can be arbitrary and state-dependent. One promising direction for
future work include extending these results to admission in queueing networks by applying Norton’s
theorem (Chandy et al.,|1975), similar to the approach in (Anselmi et al., [2024)). Another promising
direction would be to extend this work to cases in which customer-server compatibilities may exist,
using the product-form and quasi-reversibility of order-independent loss queues.
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A BEHAVIOR UNDER THE OPTIMAL POLICY

We consider a more general version of Assumption [I|for this section, as we use it extensively in the
Appendix. In particular, the bias bounds also hold if the maximal rate from s to s + 1 is decreasing
over s, and the reverse for the rate from s to s—1. This is more general than the previous assumption,
since if both A(s) and ~(s) are individually increasing over s, then A(s) + ~y(s) is increasing as
well. The same holds for M (s) and 7(s). Therefore, the assumption given below is strictly implied
by Assumption |1} as presented in the main paper. The extended model, presented in Section B, is
guaranteed to fulfill this assumption as opposed to the stronger Assumption[I] which is assumed to
hold for the true model.

Assumption 2. The sum of total customer arrival rate and server abandonment rate, A(s) + n(s),
is non-increasing over s. The sum of total server arrival rate and customer abandonment rate,
M(s) + ~(s), is non-decreasing over s. Separately, 1)(s) is non-increasing over s, and (s) is
non-decreasing over s.

The results in this section are presented in terms of a single generic model. For notational simplicity,
we do not include subscripts indicating the model used in this section since we do not need to
compare different models with each other. Furthermore, the model formulation is symmetric. A
particular model can be matched to another one in which customers become servers, and vice versa,
by reflecting the state space around O and renaming arrival and abandonment rates. Therefore,
we omit arguments that can be established with little effort other than renaming parameters and
changing signs. More complex arguments are included, such as the proof of Lemmaf] even if they
are identical in essence to a previous one.

We also include the assumption that all rates are bounded explicitly here, as not all models that fall
within the confidence set will fulfill this assumption. This assumption is somewhat more general
than the formulation given in the paper, in that we assume that A(s) + n(s) < A™X 4 pmax,
rather than A(s) < A™#*, The likewise is assumed with respect to M (s) and ~y(s). This is because
the extended model, which is presented later in Section 2 to find an optimistic policy, may violate
individual bounds over A™#* and M™%, but not the cumulative bounds A™?* + p™2* and M ™2* 4
~™a*, However, this more general formulation also gives linear bounds for the bias, with regards to
the state space.

Assumption 3. There exists a known value ¢™, such that v(s) > ¢™" for all s > 0 and n(s) >
g™ for all s < 0. Furthermore, for all states s, A(s) + n(s) > ¢™™ and M(s) + ~(s) > ¢™n.
Similarly, for all states s, there exist finite upper bounds such that all aggregate total rates are
bounded above, A(s)+n(s) < A™**41,on™2*, M(s)+7y(s) < M™* 41,50y, Furthermore,
the abandonment rates are bounded above. 1(s) < ™, and ~y(s) < ™,

The true model, which is the unknown model that accurately represents the system to be learned, is
assumed to fulfill assumptions[TJand[3] and therefore fulfills Assumption[2]as well.

Proposition 6. The MDP is unichain, and 0 is always a recurrent state under every policy .

Proof. In order to show this, it is just necessary to show that a single recurring class exists for every
policy. We note that the state space is equal to Z N [s, 5], and is therefore finite. Therefore, there
exists at least one positive recurrent class of states. Since the abandonment rates are strictly positive,
the transition rate from s to s — 1 is strictly positive for all s > 0 under every policy, and likewise
with the transition rate from s to s + 1 where s < 0. Therefore, under every policy there exists a
single recurring class containing the state 0. O

Proposition 1. Under any policy 7, the probability of being in state s in steady-state is equal to

—1
Ae(s'=1) -5 11— pin (s+1) _
(1+Z€// 1H§/ 1 r (8N4 (s) +Zr 0H9/7€” s)+17()> s=0

?‘—o S) = s ~(s'—1 _
p ( ) p?(o)nslflw 0<s<s
P (0) ITo=, % s<s<0

Proof. This follows from an elementary induction argument, as is standard in single-class reversible
queues, and then renormalizing around the probability at state 0. Similar results can be found in
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(Bhat, 2008; Bolch et al., 2006) for elementary M /M /1 queueing systems, with a straightforward
generalization to two-sided queues. O

A.1 BOUNDS ON THE BIAS

We now present several results that establish that under Assumption 2] the bias is linearly bounded
over the number of states. Since the regret of the learning algorithm presented later scales along with
the bias, this is necessary to get sub-exponential regret over the state space. We begin by presenting
a closed-form expression for the relative bias, Ah,(s), which is the forward difference of the bias
between two states.

Proposition 2. Af any state s such that s and s + 1 are recurrent, the relative bias
Ahy(s) = hy(s+1) — hr(s)

is equal to
1 o0 ([ I\ [~ AN
Ahg(s) = () Ae(8) + 1(3)) E :p7r (s)[rz(s") — gx] &)

Proof. For equation (5), we proceed by induction from the highest recurrent state, which we label
as s™#*. By the gain bias equations, we have

(Mﬂ_(smax) + ,Y(SHIE].X))Ahﬂ-(SmaX _ 1) — fﬂ(smax) _ gﬂ'

Therefore
1
Ah (sM* —1) = Tr (™) — gr)
) = e G )

1
R D0 = D)+ (e = 1))

For the induction step, let (3)) be true for all s > s. By the gain-bias equations
Ar(s +1) +n(s +1))Ahx(s +1) = (ur(s +1) +v(s + 1) Ahr(s) = g — (s + 1)
This implies

(s 1)+ 3+ D)Ae(5) = el 1) = 7 = s 3 p () g2
s'>s5+1

P (8M) (7 (s™) = gr)

After simplifying, we derive
1

pr(s+1)+v(s+1)
1 00 M\[= (o
a (/J/Tr(s + 1) + ’)/(S + 1))p00(3 + 1) s/;_lpﬂ- (S )[rﬂ(s ) - gﬂ-]

Ahg(s) = (Fx(s +1) = gx)

Finally, noting that the induced CTMC is time-reversible over the set of recurrent states, we have
(r(s+ 1) +v(s+1))p(s + 1) = (Ax(s) +1(s))p(s), and therefore

! o0 (J\[= /
p(s)(Ar(s) +1(s)) > ()R (s") — gal

s'>s

Ahy(s) =

O

The next lemma is quite straightforward. In essence, this proof establishes a direct relationship
between the optimal policy and the relative bias.

Lemma 1. Let Assumption 2| hold. Consider a deterministic gain-optimal policy w, and a recurrent
state s such that s + 1 is also recurrent. Let a(s) and a(s + 1) be the corresponding actions where
m(s,a) = 1 and w(s + 1,a) = 1. For all customer types i such that i ¢ a,

Ahy(s)+7i(s) <0 (6)
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For all customer types i such that © € a;
Ahg(s)+71i(s) >0 (7)
Similarly, for all server types j such that j ¢ as
Ahg(s) = 7ri(s+1) >0 (8)
Finally, for all server types j such that j € as
Ahg(s) =7ri(s+1) <0 )

Proof. Let * be a gain-optimal deterministic policy. Let Z be the generator matrix for the induced
CTMC under policy 7. Then, for any recurrent state s” € S, hy(8') = by ('), since Zpy g g =
Zr s s = 01if s” is not recurrent.

Consider the following expression for the bias A, (s) and average reward 7 (s, a)
1
hr(s) = Ar(s)h(s+1)+n(s)h(s+1
) = T 16 T e T O+ D A (s +1)

+ ur(s)h(s — 1) +v(s)h(s — 1) + 7(s,a) — gx

7(s,a) = Ax(s)r°(s) + pr(s)r° (s) + 7 (s)n(s) +7(s)7(s)
Consider a first-degree rational function.

at+b
1) = t+c

This is increasing on ¢t > 0 if a > f(0), and decreasing if a < f(0).

To prove (6) and (7), we can consider two policies 7 and 7', that differ only in that 7 accepts a
customer type 4 in state s and 7’ does not. Let a and a’ be the corresponding actions in state s.
Then, we define the coefficients for a first degree rational function below

a=nh(s+1)+7rf
b= (M) e (9) 1) + 50 )

¢ = Awr(5) + pnr(5) + ns) +(s)

Noting that h.(s) = f(\;) and h/(s) = f(0), (6) and (7) immediately follow. A substantially
similar argument, using @ = h(s — 1) + 77 and evaluating at f(u;), establishes @) and ) as
well. 0

The following corollary enables a simplification of the action space to the reduced action space .A.
Since there exists an optimal policy that requires all types to exceed a given threshold, we only need
to consider actions for which either no customers are accepted, or there exists a threshold customer
type ¢ for each state, for which all types with a greater or equal reward are accepted and none with a
lower reward are. Likewise, either no servers should be accepted in a given state, or there similarly
exists a threshold server type j.

Corollary 1. There exists a deterministic gain-optimal policy in which for each state s, there are
threshold customer types T°(s) and service types T?(s) such that all customer types with a reward
greater than or equal to r%c( 5) (s) are accepted, and all services types with a reward greater than

or equal to r%s(s) (s) are accepted. No types with a lower reward are accepted. Furthermore, no

customers are accepted in positive transient states and no servers are accepted in negative transient
states.

Proof. This follows immediately from noting a deterministic gain-optimal policy exists, and from
Lemmal(l] This is shown by finding the customer type with the lowest reward that is greater than
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—Ah(s), and the server type with the lowest reward that is greater than Ah,(s—1). An otherwise-
identical policy with the same recurrent class that does not accept customers (servers) in positive
(negative) transient states has identical gain, and is therefore also gain-optimal. Since the MDP is
unichain, the recurrent set cannot change without a change in the actions within the recurrent set.
Therefore, a policy with these properties must exist. O

The next lemma establishes that given arbitrary acceptance rates that are less than the arrival rate in
each state, a corresponding policy can be constructed. Although straightforward, this is useful for
proving optimism, by establishing the existence of policies that have equal rates but a better reward
distribution.

Lemma 2. Consider a set of target rates for each state s and customer type i, where 0 < )\zgt(s) <

Ai(8). Likewise for each state s and server type j there are target rates 0 < /ﬂ;-gt(s) < pj(s) for
each state, then there exists a policy m such that for all states s, customer types i and server types j

Nin(s) = Z (s, a)Ai(s) = A9 (s)

pin(s) =Y m(s,a)u;(s) = p(s) (10)

j€az

Proof. We prove this for an arbitrary state s. We use a recursive argument over the number of
customer and server types with \:7(s) > 0 and uEgt(s) > 0, respectively. We begin by noting that
the number of customer and server types are finite, that there exists a policy mo where A; -, (s) =0
and (1, (s) = 0 for all customer types %, server types j and states s.

Then, assume that there exists a policy 7’ that fulfills @I), where there exists some 7 such that for
all states s and [ # i

>\l,7r’ (5) - )‘fgt(s)

/\i,ﬂ—/ (S) =0
Then, we can construct a new policy 7 as follows. For all states s
A
7(s,a) = (1 - ;\i(ij))ﬂ"(s,a) i ¢ ay
s)

A
)\i (8)

m(s,a) = ' (s,a\{i}) i€ay

Then,

Nee) =) X aa = Y (145 D)

all€ay all€ay,i¢ay

tgt

Mr(® = M) Y w(s.a) = Ails) B L (s,a\(i}) = MO (s)

ali€ay ali€ay )\1(8)

pa(s) = pals) D mw(s,a)=puls) > (1 - Aii(S) * Aii(?)”’(s,a)

all€as a|ll€asz,i¢tar

=t (s) = 17" (5)

The same reasoning establishes this property when there exists exactly one server type j where
i (s) = 0 for all s instead. This completes the proof.

The following results establish that the relative bias, Ah(s), has a linear bound over the size of
the state space. Since this is a multiplier on the dominating term of the regret bound, it implies
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that the algorithm presented is capable of learning at a significantly greater number of states than
general-purpose reinforcement learning algorithms, as for the latter ones the diameter is exponential
in general with regards to the state space (Weber et al.| [2024).

Lemma 3. Let Assumption 2| hold. Assume that all rates are bounded below by 1. Then, for any
gain-optimal deterministic policy m and any state s such that both s and s + 1 are recurrent. Let
7 > g™ be an upper bound for the mean reward in each state. Then, the following holds for
every recurrent state s

Ahy(s) < 25rmx

Proof. Let a(s) and a(s + 1) be the actions such that 7(s,a(s)) = 1 and 7(s + 1,a(s + 1)) = 1.
For convenience, we use
Anls = 1) + (s — 1)

p(5) +7(5)
Let I be the set of all states s such that both s and s + 1 is recurrent. Since the MDP is unichain, and
the state space is a subset of Z, [ is an interval. Next, we split [ into three sets, A, B, C. Let A be
all states s € I such that there exists some arrival type ¢ such that i ¢ a(s);, or there is a departure
type j such that j € a(s+ 1)2. Let B include all states s € D\ A such that p(s) > 1, and C include
all states s € D\ A such that p(s) < 1. For all s € BUC, it should be noted that A, (s) = A(s) and
tr(s+ 1) = 0. Therefore, for all s € BUC

p(s) =

A(s) +n(s)

p(s) = P

Two properties can immediately be established. The first is that for all s € BUC
a(s); ={1,...,N}
a(s+1), =10

The second is that by Assumption[2} max B < min C'. In other words, all states in B proceed those
inC.

Now, for all s € A either there exists some arrival level i ¢ a(s);, in which case
Aha(s) < —rf(s) < 1
Otherwise, there exists some service level j € a(s + 1)
Ahq(s) <ri(s+1) <1
Therefore, Ah,(s) < 1forall s € A.

Next, we derive upper bounds on the relative bias for all s € A U B. We aim to establish that for all
s€ AUB,
Ahg(s) < 2(s—sg+ 1)r™®

Since we know that this bound holds for all s € A, since Ah,(s) < 1 < r™* If B = (), then
the induction hypothesis holds for A U B = A, since the bound is weaker than the one we already
found for A. Otherwise, we consider the case that B is non-empty. We then proceed by induction
over s, beginning with the lowest recurrent state sg, which is known to be in A U B when B # (),
and ending with the maximal value of B. If s € B, then using the gain-bias equations we have

()‘77(50) + U(SO))Ah(So) =9r — 7771'(50)
1
Ah(sg) = ————(gr — T (50)) < 2r™a*
(s0) )\ﬂ+77(80)(g (s0)) <

Otherwise, sg € A, and the proposed bound holds.
For the induction step, if s € A, the proposed bound holds. If s — 1 € A and s € B, then noting
that A (s) +n(s) > 1 and g — 7pi(s) < 2r™*, we can derive the following from the gain-bias
equations

(Ax(s) +n(s))Ah(s) = (ux(s) +7(s)Ah(s = 1) = gx — Tr(s)
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) 1), SR
SRR e P RO L

< pin(s) +7(s) + 2
(since Ahr(s —1) <1,ass—1¢€ A and that \z(s) +n(s) > 1)
< (s—sp+ 1)2rmax
(since pr + y(s) < ¢m* < M)

Otherwise, s — 1 € B, in which case

(Ax(s) +n(s))Ah(s) = (ux(s) +7(s)Ah(s = 1) = gx — Tx(s)

_ Hn(8) +(8) np o 1 (s
2 max 1 — 7 (s
=5 S 9 )

(by Assumption 2| and substituting Ah(s — 1))
1

T 9 — Tx(s)

M) (s )

(By noting that p(s) > 1, since s € B)

S 2(8 o So)rmax + Qpmax

< 2(s—sg 4 1)rmax

< 2(s— so)r™** 4

Finally, we consider all s € C. Since p(s) < 1 forall s € C, we have pS°(s’) < p2°(s) for all
s’ > s. Then, using (3) in Proposition 2]

1 o (NF (s —
Ahﬂ'(s) - OO(S)()\ﬂ—(S)-FT](S)) Zpﬂ'( )[ 71'( ) g‘ﬂ']

p s'>s
k
S Z [f'n 7g7r]
s'=s+1
< 28y

O

Lemma 4. Let Assumption[z]hold. Assume that ¢™™ > 1. Then, for any gain-optimal deterministic
policy w and any state s such that both s and s + 1 are recurrent. Let 1™ > q™®* be an upper
bound for the mean reward in each state. The following is true for every state s.

Ah(s) > —285rmax

Proof. The proof of this is similar, in essence, to the one given above for the upper bound. We
partition D into A’, B’, and C’. A’ contains all states s € D such that there exists some arrival type
i such that i € a(s)1, or there exists some arrival type j such that j € a(s + 1)2. B’ is equal to all
sets s € D\ A’ such that p(s) < 1, and C’ is the remaining sets in s € D\ A’ such that p(s) > 1.
Note that in non-trivial cases B will be disjoint from B’, and likewise with C and C’. However,
the role of each set remains the same in the proof. Likewise for s € A’ either there exists some
1 € a(s)1, or some service level j ¢ a(s + 1)o. Therefore one of the following inequalities holds,
both of which result in the bound Ah(s) > —1

Ah(s) > —ri(s) > —1

Ah(s) >r*(s+1) > -1

Next, we consider all s € B’. If B’ is empty, this is vacuously true. Otherwise, we consider the
case that it is non-empty. Similarly, it can be established that the min B’ > max C’. Therefore, we
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begin from the highest value in D, which we label as s™?*. Our induction hypothesis is that for all
se AUB
Ah(s) > —=2(sM? — g 4 1)rmax (11)

If s™& ¢ B’ then

(1 (5™ 1) (™ 1) AR(S™) = 7 (™ + 1) — g
Therefore,
Tr(s™®* 4+ 1) —

(5 1) (5 1)
> _2TIII&X

A(Smax) —

Otherwise, s™** € A’ and the bound holds as well. For the induction step, assume that (TT)) holds
fors + 1. Then,if s+ 1€ A’

(ta(s +1)+v(s+1)Ah(s) = (Ax(s + 1) +n(s+1))Ah(s + 1) = (s + 1) —

Bh(s) = —— 1)17(8 7Ol + ) a4 D)AA(s + 1) 4 o+ 1) = ]
S 1
T px(s+1)+(s+1)
(Since Ah(s) < 1, which is implied directly by Lemmaand thats+1¢€ A')
2 —(Ax(s+ 1) +n(s+1)) —2r™™

_3,’,max

—2(sM¥ — g 4 1)pmax

Otherwise, if s +1 € B’

[—(Ax(s+1)+n(s+1)) — 2r™]

IV 1V

Ah(s) = Ar(s+1)+n(s+1))Ah(s+1) Fa(s+1) —
= pr(s+1) + (s +1) s+ 1) + (s +1)

Oelot ) e + 1) s — (s pmax

fin(s+ 1) + (+)(2( (s+1)+1) )

To(s+1) —
Pr(s+1) + 7(5 +1)
(Substituting Ah(s + 1) according to (11)))

(Ax(s) +n(s))
T pur(s+ 1) +(s+1)
Tr(s+1) — gx
tr(s+1)+~v(s+1)
(Applying Assumption 2l and noting that it is multiplied by a negative quantity)
(Ar(s) +n(s)) max max
_,uﬂ(s—l—l)—l—'y(s—&—l)(_Q(S —(s+ 1)+ 1)rma)
— 2™
(Noting that ji-(s +1) +v(s+1) > 1)
> (=2(s™ — (s + 1) + 1)r™ax) — 2pmax)
(Since s + 1 € B', it follows that p(s + 1) < 1. Note that the coefficient is negative)
> (=2(s™M¥ — 5 4 1)rmax)
This concludes the proof for A’ and B’. For C’, we know that

Ahy(s) = PP Z P () [Fr(s') — ga)

s>s

(=2(s™% = (s +1) + 1)r™™)
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We can use the identity ), e )F,T(s/) = gr to reverse this.

Ahy(s) = . zpﬁ gr — Ta(s)]

() (n(s) + 1(s)) 2=
> . Z pr () [=2r™]
() hn(s) T 1(s)) =
. p;ﬁ z s
> —25ymax
This completes the proof. O

Next, we restate and complete the proof of Proposition [3] from Section 4 of the paper.

Proposition 3. Let Assumption 2| hold. Then, consider a gain-optimal policy 7 in which no cus-
tomer arrivals are accepted in positive transient states, and no server arrivals are accepted in neg-
ative ones. Then, for any state s < s < 5
2 max _|_ 1

(q ) g

qmin

IAhﬂ'* (S)| S

Proof. First, we begin by assuming that all rates are bounded below by 1, and all rewards are
bounded within the interval [—1, 1], as was done in Lemmas and In particular, we show that in
this case

|Ahg«(s)] < 285rma%

Lemmas [3] and ff] handle the case in which both s and s + 1 are both recurrent. Next, we prove this
inequality holds for adjacent pairs of states where at least one is transient. Beginning with positive
states s that are transient, we have

(Hr= (8) +7(5))Ah(s — 1) = T (8) — Gr-
Therefore
N S
pr () +(s)
2
= e (8) +(s)
< 28pmax

|Ah(s —1)]

[P (8) — gpin

max

Similarly, we can apply the same argument to cases in which s < 0 and s is transient.
(Ar+(5) + p(5))Ah(s) = gre — T (5)

A5 = 1)| = 555757 7(5) =
2

S 6
< 25pmax

max

Then, applying the upper bound r™?* = ¢™#* 4 1, which applies since all reward parameters are

bounded within [—1, 1], we complete the proof for the case where all rates are greater than 1. Next,
we generalize this result to cases in which there may be some rates that are less than 1 by scaling
the times and rewards.

We consider a time-scaling factor of 1/¢™". Note that in order to keep the reward vector constant,
we also need to scale the instantaneous rates 7°(s), r¢(s), r%(s) by ¢™™. This does not interfere with
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the assumption that all rates remain within [—1, 1], since we have already assumed that ¢™* < 1.
Note that the holding reward, rh(s), is semantically different since it is a rate reward rather than
a transition reward, and it can be left unchanged. Therefore, using 7/(s,a) to denote the time and
reward-scaled average reward in each state

#(s,a) = c(s) + qimws)(qmms)) + qimms)(qminr“(s))

1 min_.c 1 min,_,s
Y =X ()(@™ ) + Y () ()
i€ay 4 j€az q
=7(s,a)

The new induced generator matrix is Z.. = % Z ... Let h!_be the bias under the time and reward-

scaling regime we’ve described earlier. Since the condition that all rates must be greater than 1 now
applies

| Ah (s)] < 28(¢™™ +1)

Up to a constant, h’ . is the unique solution of the following equation

1
7'Zﬂ*h;'r* = 1gz~ (5) — Tr= (3)
qmm
Therefore
1
h.« = ——hl.
qmln
This immediately implies that
2
Ahﬂ—* (s) S S<qIIlaX + 1)

min
q

Then, by a different time-scaling argument we can rescale when ¢™* > 1 to achieve tighter bounds.
We again use a time-scaling factor of ﬁ, but do not rescale the instantaneous rewards. However,
r" should be scaled by qm%, which again preserves the bounds within [—1, 1] since qn% < 1. Then
it can be established that under this scaling regime, 7 (s,a) = ﬁr(s,a). By the linearity of
the gain-bias equations the bias under the scaled system is identical to that of the original system.
However, in the scaled system we note that 41 s an appropriate upper bound for the reward,

min
q

since the mean reward vector and rates are scaled. Therefore, we can derive a tighter bound

Ahye(5) < —

— min
q

S(qmax + 1)
O

The bounds given above do not hold in general, without assumptions on the model. To demonstrate
the necessity of Assumption [2] we present a result that demonstrates that the bias bounds do not
hold in more general settings. Therefore, we establish that further assumptions on the model are
necessary to achieve polynomial bounds on the bias.

Proposition 4. There exist no polynomial bounds for the bias under an optimal policy, with regards
to the state space, for models in which only Assumption[3|necessarily holds.

Proof. We proceed by directly constructing a model in which the bias bounds fail. We only use a
one-sided queue in this case for simplicity. We assume that this is on the customer side, but the same
argument may be used to establish a bound when 5 = 0 and the buffer only admits entities on the
server side.

Let 5 be an odd upper bound for the state space. Then, let all rewards be equal to 0 except for
r"(5) = 1. Then, since A™®* > A(s) > ¢™", because n(s) = 0 for all positive states, we can
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construct the following model using a single customer type 1.

B qmin 5 < L%EJ
)\1<S> - {min(AHlaX77HlaX) s> \_%EJ
9 = [ e < s
g s> (3

It then follows that the only optimal policy p2% (s) accepts all customer arrivals in every state. Then,
using Proposition[I} we have

5 L55)

Yo () =Y pEls)
s=0

s=T43]

Then at | 33|

Lol = |—1 — o (8)(Frx(8) — Gn=
ahee (1350 - U 2 PR o)

1 1
< m(gﬂ — §g7r*)

(Noting that the only state with non-zero reward is state 5,

1
and exactly half of the probability density occurs at states above L§§J )
P (5)
~ 22 ((55])

(Noting that g+ = p23(s))

1 l,nin(Amax7 ,}/max) L%SJ

2
(Applying Proposition

qmin

IIlin(Amax 7,Ymax)

Since > 1, we have an exponential bound on the relative bias, and therefore the bias,
with respect to the state space. This completes the proof. [

min

B FINDING AN OPTIMISTIC POLICY

B.1 CONFIDENCE INTERVALS

In this section, we first restate the confidence intervals for the inter-event rate of positive and negative
events, as well as the conditional event probabilities. We then use these to construct somewhat
larger sets for the total arrival rates A and M individually, as well as for the abandonment rates. For
notation, vy represents the total number of steps within episode k, Vj, gives the total number of steps
up to and including episode k. Vi (s) gives the number of steps up to the end of episode k in state s,
while vy (s) gives the number of steps within episode k in state s. 7; is used for the observed sojourn
time at step t, and s(t) gives the state observed at step ¢. ¢ is the global confidence parameter. We
use Dy, to represent the confidence set at episode k, which is the set of all models that have each
parameter within the respective confidence interval.

Analogously to how states are positive when customers are present and negative when servers are,
we use a similar convention to indexing event types. Each arrival [ € {1, ..., N¢} corresponds to a
customer arrival of type [, and [ € {—N* ..., —1} corresponds to a server arrival of type —I. For
notational convenience, we use [ = 0 to represent an abandonment.

We then categorize each event based on the potential state change it can induce. Let B*(s) be the
set of all event types that potentially lead, depending on the action taken, from s to s 4 1, namely
all customer arrivals as well as abandonments when s < 0. This is equal to {I|l > 0} if s < 0 and
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{lJl > 0} if s > 0. Likewise, let B~ (s) be the set of all event types that potentially lead from s to
s — 1, which is equal to {I|l < 0} if s > 0 and {I|l < 0} if s < 0.

In order to analyze the a particular trajectory of the system, we define a few more quantities. V,j (s)
be the number of event types in BT (s) (not necessarily accepted) observed in state s in and before
episode k. Likewise, we define V,_;(s) as the number of event types in B~ (s) observed in state s
in and before episode k. For the truncated empirical mean, we also define V,', ,(s) and V,_, (s) as

the number of event types in BT (s) and B~ (s), respectively, observed in state s before episode k
and step t. We also define the following sets

T (s) = {t|s(t) = s,1(t) € B¥(s(t))}
T~ (s) = {tls(t) = s,1(t) € B~ (s(1))}

Finally, for each state s let 7,7 (s) and 7; () be the observed inter-arrival times of events in B (s)
and B~ (s), respectively, at ¢.

+ {Z%_l Ls(iy=s(t)Te t={T*(s(t))}o

Ty = + .
21:1 1s(z'):s(t)7't - TPTEdT+(s(t)) (s) otherwise

_ {25_1 Lo(ty=s(t)Te t={T"(s(t))}o

T, = " )
Zi:l 1s(i)=s(t)7'(8) - TP"edT—<S<f,>> otherwise

It can be established, with a simple algebraic argument, that 7; is an i.i.d exponentially distributed
random variable with rate A(s) +7(s) forall ¢t € T (s), and likewise for 7,~ with rate M (s) 4+ ~(s)
for all t € T~ (s). The next task is to establish the times between events within both B*(s) and
B~ (s). Let I(t) be the event at step t. We use the truncated empirical mean, as presented in Lemma
1 of (Bubeck et al.l [2013)), to estimate the total event rate in each state. This estimator has been
used before in continuous-time reinforcement learning (Weber et al.,2024; Gao & Zhoul |[2024). Let

O = ﬁ be the confidence parameter used in episode k. We present the following estimators for

the time between events in BT (s) and those in B~ (s). Then, the time between events in BT (s),
as well as within B~ (s), can be estimated using the truncated empirical mean. We represent both
quantities by 7;' (s) and 7, (s), respectively.

A 1 R 2V, 4 (s)

T,:r(s) :m tz:; TtJrl{s(t) =s,l(t) € B"'(s),TtJr < (qmin)Qlog(%f)}

- TG - - 2V, ,(5)

) =gy 2 1) = 5,100 € B(9).77 < (qmin)%g(%f)} (12

The confidence half-lengths are given below (Bubeck et al., 2013} |Gao & Zhou, 2024). Note that
we only need to consider the total number of states, S, in the union bound instead of the number of
state-action pairs, as all arrivals are observable even if rejected. The following bounds hold with a

probability of at least 1 — %.
ot (s) 4 2 log ( 28 >
§) = —y| —/—— —
k gmin thl (S) 6k

- 4 2 285
T =,/ ——1 — 13
Ek (S) qnnn \/Vk__l (S) Og( 6k > ( )

We estimate the conditional probabilities of each event type conditioned on whether they are a
positive or negative event. We use p; (1) to represent the probability of observing a type [ event in
state s, which may or may not be accepted. Then, the conditional probabilities can be defined as
pr(l) = ps(i = 1|i € BY(s)) and p; (I) = ps(i = l|i € B~(s)). To estimate these conditional
probabilities, we use the following estimator with a corresponding ¢; confidence bound, as was used

23



in (Auer et al., 2008} |Gao & Zhoul 2024).

~ o Vk71(57 Z)
p;S(Z) a thl(s)
P _ Vk71(57 l)
pk,s(l) Vk.__l(s)

The corresponding confidence bound for the ¢; norm, €% (s) is given below. Note that unlike (Auer
et al.|[2008} |Gao & Zhou, 2024), but similarly to (Weber et al.,[2024)), we are estimating probabilities
of individual event types rather than transitions between states. Therefore, we simply use the union
bound over the number of states, as done before, with a square root term for the number of event
types in each state, N 4 1. Also note the coefficient of 2 rather than 14 as used in (Auer et al.,|2008)),
as we are using a slower confidence schedule. The following ¢; bounds hold with probability of at

least1 — 2.
ot 2(Ns+1) (25>
= 71 _—
6k’ (s) \/ V,:'_l(s) 0g 6]@

S
b 2N (28

Then, we define the confidence set D;. below

1 N ot
DkZ{D|‘AMs)+nD(S)—T;j(S) <ep (s) Vs}
1 - -
N{D| Mo) Lan(s) k (s)| <ep (s) Vs}

n{D| ‘ <& (s) Vs}

+ At
Psp = Pps

n{D| ‘ <&l (s) Vs}

p;D - pl;s
B.2 FINDING AN OPTIMISTIC POLICY

Next, we describe how to find an optimistic policy. There are two principal challenges to be solved
first. The first is enforcing Assumption [2] and the second is determining optimism around aban-
donment rates. The first can be solved by truncating the confidence set appropriately. The second
challenge is solved by choosing the lowest abandonment rate and including an additional fictitious
customer and server type each, in order to allow the agent a choice between upper and lower bounds.

We begin with defining the extended model D§**. In addition to having different rates, this model
has a larger action set containing two fictitious types corresponding to excess abandonments, indexed
as N¢ + 1 for server abandonments and N* + 1 for customer abandonments. We first construct the
abandonment rates, 75**(s) and v***(s). These are determined using the lower bound. This is
because the choice between the upper and lower bound is handled by an extra customer type.

R »t
oty = (O ), s <0
0 s>0
15)
0 s<0
’yzlt(s) - maX(II!aX(i’:zi?l;%f%S)(S)ﬂ),maXs’<s VExt(S)7qmin) s>0
(16)

For arrival rates, we denote the total customer arrival rate by A¢**(s). This is derived by using
the maximum possible value of A(s) within the confidence set, plus the difference between the
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maximum and maximum possible values of 7(s).

1
Aext<s> — min( ~ )
k maX( ]:_(S) _ E;+ (S), (Amax + 1S<Onmax)—1)
min Azxt(s) + newt(s)’ \max 4 1S<0nmax> _ next(s) (17)
s'<s

Similarly, we can define the aggregate server arrival rate M (s)

1
max(7, (s) = <] (8), (L™ 150777

M,:‘”(s) = min(

min M]g.Lt (S) + ,yext(s)7 Mmax + 1S>0,ymax> _ ,Yewt(s)
s'>s

The reward probabilities for all types in the system are the same known quantities as in the full
model. There is an extra customer type, indexed N¢ + 1, with reward 7. ,(s) = r%(s). Also,
there is an extra server type, indexed N* + 1, with reward r,. ; (s) = r%(s).

Then, we present individual type probabilities in extended model below. We proceed by using the
maximal event probability for the customer and server types with the highest rewards, and minimal
event probabilities for those with the lowest rewards. We also ensure that the minimal abandonment
rates, °*(s) and v¢®*(s) have the appropriate probability. The extra types corresponding to excess
abandonments are treated similarly to other types, with an appropriate correction. The following
probabilities maximize the reward from arrival types, while enforcing the minimum bound for aban-
donments. In particular, we put as much weight on the customer (server) type in the extended model
with maximal reward, and reduce the probabilities for lower-reward types accordingly.

If s <0, thenforl =20

PO € B () = o

If s > 0, thenfor/ =10

,_yea:t ( S)
79(5) + MET(s)
We define the excess probability for positive and negative arrival types as

1 +

Piis (Ol € B (s)) =

Ef(s) = §€£ (s) = oo max(0, pi™ — pr,s(0))
_ 1 - exr
Ey(s) = fﬁ (s) — 1ss0 max(0, pi™ — pr,s(0))

Forall 0 < < N°¢
Pt (UL € BT (s)) = b () + Limpgecar (o) B3 (5)

1+ g
. maX(07 552 (S) - Z p;s(m)
m¢Ac,emt(5,l)U{laO}

Finally, for{ = N°¢+1

pi?(]\f" + 1|l € B™(s))) = max (1,pzs(0),ﬁzs(1) + 1l:Mc,m(S)Ek+(s)

1 .+ .
— max (pzs(o)’ 55113 (8) - Z p:,e(m)>>
)u{l,0}

mgAcert(g]
—pi5(0)

)
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Then, for all customer extended arrival types ¢
XK (s) = pis (L= ill € BT (s))[AL" (s) + 15" ()]

Likewise, define A%“**(s, 1) to be the set of all extended server types [ such that 7*(1) > r*(i) or
r®(l) = r*(i) andl < 7. Then, forall0 > —] > —N?*

pis (U € B™(5)) = P o (1) + Limags.co (5) B, (5)

— max(0, %E{ (s) — Z ﬁ;:r,s(*m)

mﬁAS'r""'”t(S,l)U{l’O}

Finally, for | = —(N*® + 1)

Pi(—=(N®+1)|l € B (s))) = max (ka,s(o),ﬁm(l) + Limprseat(s) By ()

_max(pk,s<o>,;5z‘<s)— > ﬁk,s<—m>))

mgAs-e=t(s,1)U{l,0}
—py,.4(0)
Then, for all customer extended arrival types ¢

w5k (s) = pils (L=l € B~ (s))[ME™(s) + 7" (5)]

The next results establish optimism of the extended model with respect to true model. These results
are less direct than in prior work (Auer et al., |2008; |(Gao & Zhoul, |2024), as the set of possible
parameters is truncated to enforce Assumption 2] and a priori upper bounds for customer and server
rates are found. The next result establishes that both the maximal event rates are greater than that of
the true model. This will be used to show that for the optimal policy of the true model, a policy for
the extended model with identical rates and greater reward in each state can be found.

Lemma 5. Assume the true model is within the confidence set Dy.. Then for all states s

AFF(s) + ni™t (s) = A(s) + n(s) (18)
ME™ (s) + 75" (s) = M(s) +(s) (19)
ni"t (s) < n(s) (20)

TR (s) < y(s)
Furthermore, the extended model fulfills Assumption 2] and Assumption

Proof. We proceed by showing that these properties hold for any model D within the confidence set
that fulfills assumptions [[]and 3] In order to show (20), we first note that for all D within Dy, that
fulfills both assumptions, and for all s > 0
S) ) min)
g

Then, combining these and implies that yp(s) < v£**(s) if there exists some s’ > s such that
YE¥t(s") = v£**(s). Therefore, to derive a contradiction we consider the highest state s” > s such
that v**(s”) = £ (s). We know that in this case, 75" (s”) < yp(s”), since otherwise there would
be an even lower state with the same value. Then, if v£*!(s) > vp(s), we have yp(s”) > vp(s),
which contradictions Assumptlonl 1| Therefore 75" (s) < yp(s). A substantially identical argument
proves (20) as well.

maX(ﬁ;Z o(0) = 3¢}

(
T (8) + e (9)
(s)

e 2

We then use a similar argument to show (19). We note that

N¢ ~
S Pils D) + Aepi(s)

max(7 (s) — ef " (), (Am™ + Liconm)~1)

Ap(s)+np(s) < min( A4 1s<077max>
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Combining (T7) and (T3)), either the following holds

Ne© "
S Br(s. D) + Sepi(s)
max(ry (s) — € (), (A + L cgrme) 1)

Azzt(s) + nzwt(s) — min( ’Amax 4 1S<0nmax>

or for some s’ < s, A" (s') + ne*t(s") = AFt(s) + n§*t(s). In the first case, it follows that
AS™(s) + ng*t(s) > Ap(s) + np(s). In the second case, we consider the lowest state s” such that
NP () 4 () = AL () 47 (). We know that A= (s”) +j= (") > Ap(s”) +np(s”).
since it must fall under the first case. Therefore, since D fulfills Assumption 2]

AG(s) + 0 (5) = AF(S") + (")

> Ap(s") +np(s")
> Ap(s) +np(s)

This completes the proof. A qualitatively similar proof shows that M£*(s) + v£**(s) > Mp(s) +
p(s).

Since A§7!(s) < Ag*(s') forall 8" > s, M™(s) < Mg*(s') for all 8’ < s, y£"(s) > y=t(s')
forall s < s, and n§**(s) > ne*'(s') for all s > s, we know that Assumptionis fulfilled. This
concludes the proof. O

The next result establishes a bound between the behavior of the model under any policy is close to
that of the extended model. Policies that are defined on the extended action set can be mapped to
policies under the true action set that simply ignores the extra customer and server types N°+ 1 and
N?® + 1. We represent this mapping by W. Where a is the action taken with probability 1 in state
s, leta’ = (al\{N° + 1},a2\{N*® + 1}). Then, let ¥(7)(s,a’) = 1 and ¥(7)(s,a”) = 0 for all
a’ # a.

Lemma 6. Assume the true model is within the confidence set Dy,.

Then under any deterministic policy w and for any state s the following bounds hold.

(XS (5) + 7°7(5)) — Ay + 1(s))]
< AN 4 1 on™) (A(s) +0(s))ef (8) + (A™™ + Locon™)e ()
(™ (s) + 7" (s)) = (pw(r) +7(9))]
< A(M™ 4 1,0 0y™ ) (M (s) +v(5))el (s) 4+ (M™™ 4+ 1,507™)e? () (21)

Proof. We bound (A& (s) + n®!(s)) — (Ar + n(s))| for each state s. Let a be the action chosen
in state s. We temporarily use the notation

1
(o) —
max(7; (s) — ef, " (s), (Amex 4 gmax) =1)

We consider two cases, one in which the extra abandonment type N¢ 4 1 is selected in state s, and

another when it is not. Then, we note that that p is within er’ (s) of the following vector with
respect to the /1 norm

Pl =0V 1= N°+1Jl € B*(s))
P (L =1|l € B*(s))

pizi(l = N°|l € B¥(s))
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It follows from this that
[N (8) + 1 (5)) = (Na(r) + 1(5))]

IN

at(s) Y pil=ille BY(s) — (A+n(s) Y pi,()

ica;U{0} i€a1U{0}

<@t (s) = (A ()] + (A" + Lcon™™) | D pi (U =ill € B¥(s)) = pl (§)
i€aU{0}

+ 1
2(A™ + Locon™™)(A(s) +1(s))ek (s) + 5 (A + Lycon™™)e?” (s)
Then, in the case that N + 1 ¢ a7 and s < 0
[N () + 1 (5)) = Mgy +1(5))]

(5) 3" prt(l =il € B¥(s)) — (A+(s) D pif(0)] + [ (s) — n(s)]

i€ay i€ay

<2|g7(s) = (A+n(s)] + (A™™ + Licon™™) | Y pi(l=ill € B¥(s)) — p{ (i)
i€a1U{0}

+ (Amax + 1s<077max)€p+ (5)
< A(AT 4 1 con™ ) (A(s) +n(s)el (5) + (A™ 4 Locon™)e?” (s)

A qualitatively identical argument establishes (ZT). This completes the proof O

Finally, the next proposition establishes optimism of the extended model with regards to the true
model. In particular, we proceed by finding a corresponding policy for the extended model with
identical rates and greater rewards in each state. The existence of a policy with equal rates, contin-
gent on the true model being found within the confidence set, is established by Lemma[5] Then, the
fact that the extended model gives more weight to the conditional probability of higher-reward types
enables us to show that there exists such a policy with a higher reward in each state.

Proposition 7. If the true model lies within the confidence set Dy, then the maximal gain of the true
model is less than that of the extended model.

Proof. We use D to represent the true model. We then construct a version the true model with an
identical action set to the extended model, which we denote by D’. All rates are equal, with the
exception of adding in the fictitious types for abandonments, and lowering the abandonment rates
accordingly.

Anet1,p(s) = n(s) — ng™ (s)
npr(s) = ni* (s)
finet1,0(5) = () = %" (s)
1(5) = 767 (5)

Since it is known that g™ < 7¢%¢(s) < v(s) and g™ < ¥ (s) < n(s), all rates are non-negative
and D’ fulfills Assumption l Since the true model is assumed to fulfill Assumption [I] D" must
fulfill Assumpnonl D] It is clear that the maximal gain of D’ is at least as much as the maximal gain
of the true model, since for any policy 7 of the true model, there exists a policy 7’ in the extended
model where N°41 and IN°+ 1 are always accepted, and therefore have identical rates and rewards.

Considering the model D', we have forall i < N¢and j < N*

Xi,pr(s) =ps,p(l=1|l € B1(8)(Anr(8) +nar(s))
1,00 (8) = ps,p(l = —jll € B~ (s))(Mnm(s) +vm(s))
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Furthermore, for the types corresponding to excesses abandonments

A 41,00 (5) = D0 (1 = OfL € B (5)) (M s) + 1as (5)) — 75(5)
puns41,0/(8) = ps,p(l =0/l € B7(8))(Mum(s) +vam(s)) — ,Y;zt(s)

First, we must show that for any state s and customer type i, pg™s (I € A““"*(s,i)|[l € B*) >
ps,pr (1 € A" (s,4)[l € BY). Since pi7 (1 € A>**(s,i)|l € B") is the maximal value in the ¢,
confidence set for all threshold types ¢, we have

piti(l € A" (s,i)|l € BY) > ps p(l € A%*'(s,i)|l € BY) (22)
Likewise, the same argument with regards to events in B, for any server type j

Piis (1 € A (s, )| =1 € B7) > ps,pr(l € A (s,j)| =1 € B) (23)

Next, we consider an optimal policy 77, of D’ with the properties given in Corollary |1} Then, define
the following policy *, according to Lemma 2] with the following rates for each state s

)\ﬂ*7¢7D/(8) = min <)\¢,D/(S), )\Tr:;,D/(S) — Z )\ﬂ*717D/(5))

leAe-ewt (s,i)

uw*,j,D'(S)Zmiﬂ<ﬂj,D/(8)7uw;,D1(8)— 3 Mw*,l,D'(8)>

I€A et (s,5)

It can be then shown algebraically that the rates, rewards, and therefore gain are equal when 7* and
m; are both chosen, since the rates must only differ with respect to the customer and service types
with rewards equal to the threshold value (if it exists), respectively. Furthermore, it also follows
that there exists a customer type i and server type j such that if | € A%***(s, i) then A ; pr(s) =
Xi,pr(s) and if I € A5 (s, j) then pir j pr () = pj pr(s). Furthermore, if [ # i and ¢ A% (s, 1)
then A\;; pr(s) =0andif | # jand [ ¢ A5 (s, 7) then pr j pr(s) = 0. We will call a type with
this property a threshold type, since the next policy defined has types of the same property.

Likewise, also using Lemma we can find another policy 7’ for the extended model, with the same
rates.

ext _ . . ext _ ext
i) =min(hp (A0 - Y Az()

leAcext (s,7)

u?,@-(s)=mm(uj,n<s>,uﬂ;,p/<s>— ) uﬁ*,z,u(s))

I€Asewt (g, j)

Then, let i’ and j’ be the customer and server threshold types for 7. Since A*!(s,4) and A"
represent a lexicographical ordering, they also define total orderings.

Then, implies that for each state the sequence of A\{*’(s) majorizes \; r+ pr(s) over [ with

Lo’
regards to order induced by A%®!(s,-). Likewise, by (23) we know % (s) majorizes puy x+ pr(s)
over the | with regards to the order induced by A*“**(s,-). Then we note that 7{(s) and 75(s)
are decreasing over ¢ and j with respect to the ordering defined by A“¢*!(s,-) and A%*%¢(s, "),
respectively. It is clear by Proposition B.7 in (Marshall et al., [1979), a consequence of the

Hardy-Littlewood-Polya inequality, that 7, rf X575 (s) > 32, 77 Ax=1,p/(s) and 37, 77 st (s) >
217t 1,07 (8)-

Since all aggregate event rates are identical, and the abandonment rates are unchanged, we have
ext

957" > gn+,pr. This completes the proof. O

C REGRET ANALYSIS

In this section, we will primarily use the adjusted regret, from (Gao & Zhoul 2024). This replaces
the sojourn time within each time-step with the average sojourn time, and the per-step reward with
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the average reward. The total adjusted regret from steps within episode k is equal to

Vi—14vk

Ap= Y T(sO)g" —Trpls))

t=Vi_1+1

In particular, this allows us to simplify the comparison of rewards in the true model and the extended
model under a given policy, and allows for bounds without needing to consider tails of the sojourn
time. Later on, we will show that it is equal in expectation to the regret, defined for episode k below,
where 7(t) is the observed reward at step ¢

Vi—1+vg

A= > =7y —r)

t=Vi_1+1

Next, we present a result that bounds the total number of episodes up to step 7". This will be used
later to deal with constant factors in the episodic regret, such as the regret from out-of-confidence
episodes and imbalanced steps.

Lemma 7. (Auer et al.l 2008) The total number of episodes K before time step T > S is bounded

above
8T
K <§S1 —
< s1om (5 )

Proof. This follows from a straightforward adjustment of Proposition 18 in (Auer et al.,|2008)), from
noting that we explore over states instead of state-action pairs. O

Next, we consider both out of confidence episodes and regret from imbalanced states. We define an
imbalanced state as any state n in episode k such that one of the following holds

—_

Vil i(s) < 50" (s)Viea(s)

— N

Ve (s) < 5p7 (5)Ve-a(s)

N}

Then, we use ;™ to represent the set of imbalanced states in episode &, and F/%! = [s, 5]\ Fi™®
represent the set of balanced states. In particular, the notion of balanced states is necessary to ensure
square-root regret bounds, by bounding the probability that V" | (s) and V,_,(s) are much lower
than their respective probabilities multiplied by Vi._1 (s). An imbalanced step is any step ¢ in episode
k such that s(t) € F, ,imb, and we present a lemma bounding the regret from imbalanced steps below.

Lemma 8. The cumulative adjusted regret from imbalanced steps up to episode K is upper bounded

X max 1
Rimb < gp2gL 1y

min
q

Proof. By the Azuma-Hoeffding inequality, we have the following

P(V,jl(s) < ;p+(s)vk_1(s)> < GXP<—Vk 1(s)(p™(s)) )

<en( 53
P(Vkl(s)g %p (8)Vi1( ) ( %Vk 1( (s))Q)
<en( 52
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Therefore, applying a union bound over both positive and negative events we get

. v
P(s € F™|Vir(s) = ><2exp(2 )

Then, noting that the per-step regret is upper bounded by EiCiliinn 23] vg(s) < Vik—_1(s), and for any

mm k)

non-negative u, 0 < ue™* < 1

E[A{™] < 2qu ZE[”k(S)lseF,gmb]
max _"_ 1
mm ZE Vk 1 SEF,i’”b]

max+1
e ZZvPVM V)P(s € ™ |Vi_y(s) = 0')

s=s v'=0
m1x+1 —’
<20 S S P () >exp(w)

s=sv'=0

“;TZZ R P(Via(s) = v)

max
< 85/12(17—’—1

qmin
[

Next, as necessary in UCL-inspired algorithms, we present a bound on the regret from episodes
in which the true model falls outside the confidence set Dy. This follows directly from using the
maximal regret and multiplying by the probability that the true model does not fall within the given
confidence set.

Lemma 9. The cumulative adjusted regret for out of bound episodes up to episode K, R}, is
upper bounded in expectation

qmax + 1

min
q

E[R¥ <8 5K

Proof. We begin by finding an upper bound for P[M ¢ D;]. With a union bound over the state
space and individual parameters, we have

PIM ¢ D] <3 (Pllr(s) = 77 (s)| > e ()] + Pllv~(s) = 7 ()| > ef ()]

A + —_ A— -
+ Pl .|, > & @)+ Pllpr = pi|, > < @)
< 546—’c <46, < 1 )
S k-1

Then, bounds for ﬁi’(ut follow easily from this.

K
E[R%] = E[Y_ 1agn, Akl
k=0

qmax + 1

S 2 qmin vkE[lMka]

M=

el
I

0
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O

Next, we proceed with the core of the regret proof, the regret in balanced steps when the model falls
within the confidence set. We begin by establishing the following results, which establish that both
the event rates and the rewards (under the optimal policy) in the extended model are close to that
of the true model. The main point of interest is that the inner denominator within the confidence
bounds is either V," | (s) or V,_,(s), rather than Vj,_1(s). This can be mended by the fact that
Vit (), Vi (s) > £Vj_1(s) in balanced steps, and this can be plugged in to establish results in
terms of Vi_1(s).

Lemma 10. In any episode k where the true model falls within the confidence set, we have for any
balanced state s

[Nt (s) + 77t (5)) — Ay +1(5))] + [ (1S (5) +7°%4(5)) — (pmy +(5))]

Proof. First, we note that for any balanced state s, both V,j_l (s) > 1and V,_,(s) > 1. Then, com-
>

bining (T3) and (T4), with the fact that V" | (s) > 1pT(s)Vi—1(s) and V,_;(s) = 5p ™ (s)Vi—1(s),
we have

Therefore

—+ 8 [A(s)+ M(s)+n(s) +~(s) 25
< ¢ (A(3) + 1() Vs (5) 1°g< )

oo 8 A ME a5 a0), (25
g (S)Sqmm\/ L(3) +1(5) Vi () 1g< >

5—:§+ (s),eh (s) < 2\/% log(if)
By Lemmal[f] we have
[(ASZE(s) + 0% ()) — (A, +11(5))]
< AN 4 1o on™ ) (A>s) + n(s))er (8) + (A™™ 4 1,con™™)e?”
| (U2 (5) + 7" (5)) — (ttm, +(5))
< AM™ 4 10y ) (M (5) +7())eR (8) + (MM 4 1,507 (5)

Ok
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To illustrate our simplification of this, we focus on simplifying (A™®* + 1,.0n™**)(A(s) +
77(8))5;+ (s). This can be done by

(A™ 4 1™ ) (A(s) + n(s))ef, (s)
8 \/A(s) + M(s) +n(s) +(s) 10g(25>

< (A 4 Locon™™) (A(s) +1(s))

g™\ (A(s) +n(s)) Vi1(s) Ok

8 [(A(s)+ M(s) + n(s) T 1(DAG) +n(s) (28
qmm\/ Via(s) os(37)

1 25
< 8(A™aX 4 1, maxy,. [~ g <)
( <o? ) \/Vk;l(s) g 5k;

Then after a few more straightforward simplification steps, we can complete the proof
[(AZ () + 177 (5) = Amy +0(8))| + [ (15 (5) +9°7(5)) = (pim, +(5))]|

1 25

Lemma 11. Let episode k be an episode such that the true model is within Dy, and let fﬁ;ﬁt(s) is
the mean reward in the extended model in state s under policy 7. If s € F%

— (Amax + 1S<0nmax)

O

, we have

1 28
mext o —ﬂ_ < e gMAx 4 N 1)g™ax 1 -
() =T ) < <3 KAV e )\/Vkl(s> 0g<6k>

Proof. Let a be the action chosen in state s under policy 7. Then, where
N°+1
rett(s) = pit(m = 0[0 € BY(8))r" + Y Lica,ps™ (m = ilm € B (s))rf
i=1

N°+1
P (s) = g m = 010 € B ()" + 3 Ljca, S (m = ~jlm € B (s))r}
j=1
FE(s) = 1 o (A (5) 477 () (5)  (ME21(5) + 771 (8)r ™ (s)

Then again, as in the proof of Lemma@ we note that that p/ is within er” (s) of the following vector
with respect to the ¢; norm
pzmst(l =0VI=N°+1|l € Bt(s))
Pt =11l € B*(s))

piis(l = Nell € B¥(s))

A similar bound exists for p; (-) and a similar vector conditioned on B~ (s), with a corresponding

¢1 bound of €? (s). It then follows from noting that all reward values are bounded within [—1, 1]
and applying the same logic in Lemmal6] but taking the ¢; norm of probabilities instead of the total
difference

Fﬁit(s) — 7, (8) < 2(A™ 4 1S<0nm“”‘)5p+ (8) 4+ 2(M™®* 4 14507™* )P (s)
+ 4(Amax + 1S<O,'7max)26-rJr (8) + 4(Mmax + 1S>O,ymax)2€'r’ (S)
Then, applying a similar argument to the derivation in Lemma|[I0} we can complete the proof

1 28

() (9 < (32007 4R T T \/ o (5)
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The next result gives a bound that will become the dominating regret term. The main step uses the
gain-bias equations to expand g&** — ffj}ft(s). Then, the two prior results can be used, along with the
bias bounds found in PropositionE} We also include a martingale difference sequence to account for
the regret from the bias changes that occur when the policy changes.

Lemma 12. For any episode k such that the true model is within Dy, the expected adjusted regret
in balanced steps, E[AY], is bounded above. Using (Ah)™* = —— 2~ G(q™ 4 1) to denote

min(g™in 1)

the upper bound on the relative bias from Proposition 3] the following bound holds

EA] < > wils) [(32/8 +4K32\/N + 1) \/Vk_ll(s) 1og<§f) ((Ah)™a 4 1)}

sEF,i"”

+S(Ah)lnax

Proof. As is common in finding square-root regret bounds (Auer et al., 2008} |Anselmi et al., 2022)),
we begin by decomposing the adjusted regret into different terms, corresponding between the dif-
ference in gain and the reward under the extended model, and the difference in expected rewards
between the extended and true models. We use g%, h®®*(s), and 7°**(s) to represent the gain, as
well as the bias and mean reward at state s in the extended model. We also use F} = [s, 5]\ Fim?
to represent the set of balanced states.

E[AR) = E| 3" 1 cpporon (5)7()(0" — oy <s>>]

S CLETEEENE)

'SEF,?“L s
<E| ¥ ulore)ez - m )]
'sEF,i’al

—B| & w65 - )|

'SEF,S‘”
B T o) o)~ 700
SGF,S‘”
We find bounds on E[ZseF]gal vk (8)7(s)(g5rt =752 (s))] first. We decompose this term again using

ert —
Tk
the gain-bias equations.

B[ 3 wo)rlo) g - 56|

SEF,S‘”
_ E[ S (V)AL () + 7 () AR (s) — (U2 (s) + 7 () AR (s — 1)
seF}Sal
- E[ ) [vk<s>r(s><<A;~zf<s> Fr(8)) — (ne () 4 1)) JARE(5)
() + 77 (5)) — (e (5) + 71())) AR (s — 1))“ o4)

+ E[ Y or()T(8) (A (5) + () ARG (5) = (pme (8) +7(8)) ARG (s = 1)) (25)

SGF,S‘”

Firstly, in order to find bounds on (24)), we show it is bounded when conditioned on any sequence
of state observations. We use (Ah)™* to represent the bias bounds found in Proposition [3} Con-
sidering an arbitrary vy (-) and applying the bounds established in Lemma@ the following can be
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established

> wl(9)7(s) {((Af}ﬁt(S) + 07 (s)) = (Ary (5) +1(s))) ARST (5)

seFpal

— (53 () +7°7()) = (nmi (5) + () ARE (s — 1)}

< Y wl)r(s) [!(A:@%) FS)) — (g + ()] (AR)™=

bal
sEFP®

T (5) 4 75(8)) — (e +7(8))] <Ah>mfﬂ

(Applying bias bounds)

< D u(9)7(s) [(32@‘“‘”‘ +4y/m(N + 1)qma"> \/Vkll(s) log<§f) (Ah)max]

SEFI?G'Z

(Applying Lemma I0)

< 5 o) (267 4 a0 N+1leog(§f)mh>mﬂ

seF,f‘”

(Noting that 7(s) < ——)
qmln

Next, we find bounds on (23)). We begin by considering the following sequence of random variables,
in order to apply a variation of the martingale difference trick originating in (Anselmi et al.,|2022)

o, =7(s(t)) {(Awk (5(t) + n(s(E) L5y r1eppanyh“ (s(t) + 1)

 (am (5(8)) + A sty (5(0) — 1>}
— 1(S(t+1)€F£al)hext(S<t +1))

We note that P(s(t + 1) = §'|s(t) = s) = 7(s)q(s, s’). Therefore, conditioning on the sequence of
states up to time ¢

E[®fs(Vi1 +1),...,s(t)] = 7(s(t)) [(/\wk (5(8)) + (s (E) 1 ()41 mpery A (5(2) +1)
+(pm, (5(1)) + V(SO L 50y 1€ ppary R (s(2) — 1)} — E[Ls(4nerpnh™(s(t+1)] =0

Since all values of ¢, (-, ) and h®®*(-) are bounded, and since

Z cpt] =0

t=Vji_1+1

E

this is a martingale difference sequence, and by the optional stopping theorem

E

S 0 ()7() (O (5) + 0(5) AR (5) = (s () + 7(5)) ARET (5 — 1))]

SGF,?“

Ny
= El D et L erpnh(s(ur) = Ly anempan i (s(Vier + 1))
t=Vi_1+1

S S(Ah)max
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Thus

[ka CRE S
< % wio (et v2viOe D)

bal
sEFY®

Vk%(s) 1og(25 ) (Ah)m"“‘} L (AR

Next, we find bounds on E[ZseF,?‘” v (8)7(8)(Try (8) — 7r, (8))]. This follows directly from ap-
plying Lemma|I1]and noting that vy, (s) < Vi_1(s) for all balanced states.

Y ok($)7(8) (P () = Ty (5))

sEF{f"’l

.c frbal
sEFP®

Then, combining all the terms together, we have

E[Azal] < S(Ah)max

2 vk<s>[(3zmzm3/2m)\/ o (5 ) anm]

seFpal

+ ) Uk(s)[<32f€2+41€3/2 N+1) 1log<25ﬂ

bal kal(s) Ok
sEFR
< Z Uk:(s) |:<32[§2 + 453/2 N + 1) 1 lo (25) ((Ah)max ):|

bal Vk—l(S) O

sEF

+ S(ARymax

Finally, we combine the regret terms in balanced, in-confidence steps with those in unbalanced and
out-of-confidence steps. This gives the final square root bounds, with Lemma [T2] establishing the
square root term and lemmas [§and [0 establishing an additional logarithmic term. Furthermore, we
show that the regret and adjusted regret are equal in expectation by using a martingale difference
sequence, and therefore the bounds apply to both.

Proposition 5. The rotal expected regret up to time T' is upper bounded
2 1.5 25T max
Z Agie| < (V2+1) [ (326 + 4k N + ST log 5 ((Ah)™m#* 4+1)

+ max (S Slog, <8ST>> [S(Ah)m“”‘ + (86 + 85/*62)(1“]

qmin
This corresponds to O~(I€3S L5/T + 25815/ N T) log-adjusted complexity bounds.

Proof. First, we establish that the regret is equal to the adjusted regret in expectation
E[A;] = E[Ag] (26)

We do this by defining another martingale difference sequence, ;. Let Ay ¢+ be the per-step regret
at step ¢ and Ay, ; be the per-step adjusted regret.

Opp = Apy — Apy (27)
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We can then derive, based on the independence of the event probabilities from the sojourn time, that
the expected regret conditioned on a certain state s’ is equal to

N
E[Agls(t) = 8] = g7(s') = r"(s)7(s') = DD mi(s,a)Lica, 7(s)Ni (s )rg(s")

i=1 acA

M
=2 m(s,a) Lean Tay(s)r(s) = 7(s" (s )rt (s') = 7(s )y (s ) ()

j=1acA

= E[A|s(t) = 5]

Therefore E[®y, ,|s(t) = s'] = 0 for any state s, and together with the Markov property this implies
that E[®y, ;|s(1),...s(k — 1)] = 0. To show this is a martingale difference sequence, we must then
consider the expected absolute value. Again, we condition on an arbitrary state s’. Noting that all
rewards are bounded between [—1, 1], that 7(s") < (¢™™)~!, and all rates have appropriate upper
bounds, the following holds

E[| Akl [5(t) = IAml [s(t) = 5]
§|gﬂ|7' —&-’ s 7(s)
N
+) 0D (s a)lica, T(s)Ai(s) ()]
i=1 acA
+ZZM s,0)Lca, T (s") |5 (s")]
j=lacA
+7(s")n(s") [r (") + 7 (s )y () [r(s")]
< 0

Therefore by the optional stopping theorem

Ve
IE[ Z @t}zo
t=Vi_1+1

This, combined with directly implies (26). Then, all that remains is to bound the total expected
adjusted regret up to each step. We then use the following identity, similar to in (Auer et al., [2008])

;;F;,W (V2 +1)VST (28)

Summing over the results in lemmas|8] [0} and [I2] we have

E[;Ak] :E[;Ak] SE{Z< 3 %>Y+Z]

ko NegRpal
Where
2.5 25 max
= || 32k"° +4kV N +1 | /log 5 ((Ah)™#* 4+ 1)
k
max 1 maX 1
= S(AR)™> + 8qT+6 + 8k ZSTI

Then, applying (28) and Lemmal[7]

ZAk <(V2+1) [(32,-;2 + 4,-;1-5\/N;+1> STlog(?:) ((AR)™ax 4 1)]

+ max (S Slog, <8§>> [S(Ah)max (85 + 8;&9)“}

qmm
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D OTHER SUPPLEMENTARY MATERIAL

D.1 How THE PROPOSED MODEL GENERALIZES CERTAIN QUEUEING MODELS

In this subsection, we consider a few models that are common in the queueing literature that can
be represented by the model given in the paper. These are not meant to be comprehensive, and
are somewhat simplified for clarity. However, it is meant to illustrate the possible applications of the
model.

D.1.1 THE M/M/K/S QUEUE

First, we show how the proposed model, even under Assumption[} can generalize common models
from the literature. We begin with admission control for the standard finite capacity, multi-server
M/M/k/S queue, with N customer types with arrival rates \;, no servers, and a service rate u. We
set s = 0, s = S, and then use the following parametrization for each rate, which fulfills Assumption

i}
7(s) = min(s, k)
This is because there are no assumptions other than monotonicity and lack of agent rejection in the
“abandonment” rates in the model, and therefore they can be used to model more general cases.

This model can be extended to the case with abandonment rates as well. For notational clarity, let n
represent the abandonment rate of customers, and then we can set

7v(s) = min(s, k)p + sn

D.1.2 SPEED-UP AND SERVER ACTIVATION REGIMES

The standard model of multiple homogeneous servers may be restrictive in practice for modeling
several real-world systems. For example, a common situation is in which service speeds up as the
workload increases, either through additional servers or increasing the workload on each server. For
example, (Yom-Tov & Chan|[2021) features a model based on the use of additional beds or alternative
care facilities in healthcare. Another example is (Bekker et al,[2017), which models increased service
in call centers to ensure a low waiting time. There are two options for modeling this. The first is by
using a monotonic abandonment rate () for situations in which speed-up or scaling is out of control
of the agent. Another natural option is to use server types, with appropriate rewards or costs, for
modeling the choice of whether or not to add additional service when it is under control of an agent.

D.1.3 Two0O-SIDED MARKETS WITH STRATEGIC BEHAVIOR

Next, we consider a two-sided queue in which the service discipline is first-come-first-served, (FCFS),
and each entity enters strategically and has full knowledge of the expected waiting time. In particular,
for each customer type i there exists a cost of waiting ¢ < 0 incurred per unit of time, and a utility
u; > 0 for being paired with a server. For each server type, there is a cost of waiting c; < 0 per
unit of time, and a utility «; > 0 for being paired with a customer. Customers and servers arrive to
observe the queue with state-independent rates A\; and p;, for a customer and server type i and j
respectively. Customers and servers also abandon or are cleared from the queue, non-strategically,
with rates v and 7, respectively. However, they may decide not to enter the system based on the
state, without the control of the agent. This bears similarity to the classical model of Naor

1969), and several models in rational queueing with observable queues 2016). Based on
the model, each customer requests entry to the queue in state s > 0 if

Ne
c C
uf > sy
j=1

In each state s < 0, each customer will request entry to the queue since they receive an immediate
positive reward of u;. Therefore, the arrival rate for each customer type can be modeled as

—1
, cf eV
)\1(3) — >‘l S S U; (Cz Zj:l :u’])

0 otherwise
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With a similar argument, we can derive

-1
o) = {“J’ (45

0 otherwise

In practical situations customers are generally not purely strategic and do not have full observability.
Therefore, their reaction to increasing queue lengths and waiting times may need to be learned rather
than modeled. However, in general rate monotonicity could be a reasonable a priori assumption when
customers and servers incur a cost for waiting.

D.2 SUPPLEMENTARY DEFINITIONS

Some relevant terms used in the paper from the theory of continuous-time Markov chains include
sojourn times and transient states. Let @ be the generator matrix of a continuous-time Markov chain.
The sojourn time of state s in a continuous-time Markov chain is a random variable, and is expo-
nentially distributed with a rate equal to the hidden transition rate —Q, .. A transient state is a state
that occurs infinitely often with a probability of 0, and a recurrent state is a state that is not transient.
In other words, the system almost surely enters and remains in a class of recurrent states given
sufficient time.

D.3 DETAILED PSEUDOCODE FOR EXTENDED MODEL CONSTRUCTION

Here, we present a more detailed pseudocode for the construction of the extended model, than
was presented in the main paper. Algorithm [4] gives the core algorithm, using Algorithm [3] as a
subroutine for constructing both the abandonment rates as well as the arrival rate of each type|Bolch
et al. (20006).

Algorithm 4 Constructing the Extended Model

Require: Sojourn time observations 7¢, event counts v(-, -), confidence parameter &
I: fors=s...5do

R +
max(pf(0) =48 (5),0)

2: Sete%(s) = ifs>0

€ ’)/k (8) ,7_:(8)+62+(S) s
max(p _(0)—1eP (s),0) .
3 S t ext — a k,s 2_A, f < O
ety (s) () ter (3) 1rs

4: end for

5: Set vt (5 4+ 1), nf" (s — 1) = —o0

6: fors=35...1do .

7. Set " (s) = max (v (s), v (s + 1), ¢™")

8: end for

9: fors=s...—1do ‘

10:  Set ;™ (s) = max(ng®(s), ng" (s — 1),¢™™)

11: end for

12: fors =s...5do
13 Setq*(s) = (7] (s) —f (s))7}
(i

14: Setq(s) = (7, (s) — e} (s))7!

15: end for

16: SetqT (s —1),¢(5+1) =00

17: fors =s...5—1do

18:  Setg*(s) =min(g*(s), g (s — 1), A™™ + 1, on™*)
19:  Setq™(s) = min(q*(s),q (s — 1), M™3 4 1,59y™X)

20: end for

21: fors=s...5do

22:  Follow algorithm[3]to find individual arrival and abandonment rates
23: end for
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Algorithm 5 Finding optimistic arrival and abandonment rates
Require: State s
I: Initialize total rate differences Ag™(s) = ¢*(s)e?" (s), Aq—(s) = ¢~ (s)eP (s)
2: for ! € argsort([-N*®, N¢|,r,(s) <r,(s)...) do
3: ifl=0ands < 0andg"(s)p;,(0) > 7°"*(s) then
4 Set 717 (s) = max (i1 (s), ¢* (5)py. , (0) — Ag*(s))
5 Set Ag*t(s) = Aq™(s) — g™ (s)py ,(0) + 7% (s)
6: elseif [ > 0O then
7.
8
9

Set A7*(s) = max(0, ¢* (s)py, , (1) — Ag* (s))
Set Aq*(s) = Aq*(s) — ¢*(s)p) (1) +>\e“”(5)
elseif | = 0 and s > O and ¢~ (s)p, ,(0) > n°**(s) then

10: Sety*(s) = max(v"(s), 4" ()5, (0) ~ A (s)
1: Set Aq~(s) = Aq~(s) — q™ (8)py, 4 (0) +7°(s)

12:  elseif ! < O then

13: Set % (s) = max(0,q~ (s)ﬁgys(l) — Aq(s))

14: Set Agt(s) = Ag—(s) — gt ()P, (1) + < (s)

15:  endif

16: end for

17: Re-initialize total rate differences, accounting for any unused differences due to abandonment
bounds, Ag™(s) = q+(s)€p+(s) —AgT(s), Aq(s) = g (5)eP (s) — Ag—(5)
18: if ¢ (s)p; ,(0) < 7°"*(s) then
19:  Set Aqu( ) = Aqt (s) — T]em(s) + ﬁemt(s)
20:  Set 77°"t(s) = n®*t(s)
21: end if
22: if ¢~ (s)py, ,(0) < 7°**(s) then
23: Set Aq (8) Aq_ (s) f’”ﬂt(s) + :yemt(s)
s)

24:  Set y¢*t(s) = et
25: end if

26: for | € argsort([—N*,N°|,r;,(s) > r,(s)...) do
27: ifl = 0and s < 0 then

28: Set 7% (s) = 7" (s) + Ag™ (s)
29: break

30:  elseif [ > O then

31 Set Ayt (s) = A¢¥t(s) + AgT(s)
32: break

33: elseif [ = 0 and s > 0 then

34: Set 77 (s) = 7" (s) + Aq™ (s)
35: break

36: elseif [ < O then

37: Set ut(s) = p<(s) + Ag(s)
38: break

39:  endif

40 Set AEL () = 7 (s) — e (s)
4l Set uffiy(s) =77 (s) = 7" (s)

42: end for
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