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Off-Policy Evaluation for Missingness-Aware Policies in
MDPs with Rewards Missing Not at Random
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Abstract
In offline Reinforcement Learning, immediate re-
wards in logged batch data are often unobserved
due to sparse or irregular record-keeping, or cen-
sored beyond certain reward values. This issue
arises in practical settings, including health care
and marketing. We investigate off-policy eval-
uation (OPE) in finite-horizon Markov decision
processes when rewards are missing not at ran-
dom (MNAR), which breaks ignorability and in-
duces selection bias even after conditioning on
states and actions. To address this, we formal-
ize a reward-dependent propensity model and use
future states as shadow variables to identify the
full-data conditional mean reward. We further
introduce a bridge function that recovers the con-
ditional mean reward without explicitly modeling
the MNAR mechanism, and estimate it via a min-
max procedure to avoid double sampling. Build-
ing upon these identification results, we propose
an Fitted-Q-Evaluation-style estimator that propa-
gates the recovered rewards while allowing target
policies to depend on past missingness indica-
tors. Finally, we establish consistency and finite-
sample error bounds for our OPE estimator, and
show through simulations the strong performance
of our method compared to existing benchmarks.

1. Introduction
Reinforcement Learning (RL) has achieved remarkable suc-
cesses in sequential decision-making domains ranging from
robotics to healthcare, and most recently in large language
models and AI agents (Ouyang et al., 2022; Rafailov et al.,
2023; Achiam et al., 2023). However, learning optimal
policies often requires vast amounts of interaction with the
environment, which can be costly, risky, and even unethical
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in high-stakes real world applications such as healthcare and
education (Tsiatis et al., 2019; Murphy, 2003; Mandel et al.,
2014). In these applications, we often have interaction data
collected according to some behavior policy, e.g., standard
care or usual strategy. Estimating the value of a target policy
using historical datasets collected under a different behavior
policy, a problem known as Off-Policy Evaluation (OPE),
is essential in offline RL (Levine et al., 2020; Uehara et al.,
2022b; Voloshin et al., 2021; Wang et al., 2024). Accu-
rate OPE is critical for deploying safe and effective policies
without the need for dangerous online exploration.

However, in many practical scenarios, such as medical treat-
ment or digital advertising, the data is plagued by unob-
served factors or missing values (Little & Rubin, 2019;
Kallus & Zhou, 2020). A particularly pervasive challenge
arises when rewards are missing not at random (MNAR),
under which the probability of observing a reward depends
on the latent value of the reward itself. For instance, in
health care, patient records are often sparse and irregular; a
patient may stop visiting the doctor when they feel recov-
ered (a high unobserved reward) or, conversely, disengage
to seek outside emergency care when their condition dete-
riorates severely (a low unobserved reward). Similarly, in
multi-touch digital marketing, attribution is frequently dis-
rupted by privacy limitations. While non-conversions (zero
rewards) are trivially observable, high-value purchases often
involve cross-device journeys, such as a user clicking on mo-
bile but converting on a desktop, or trigger manual review
flows that break attribution links. Consequently, high-value
conversions go missing while low-value or null outcomes
remain fully observed, creating a dataset that systemati-
cally biases the learning process against the most desirable
outcomes. Similar MNAR feedback has been systemati-
cally studied in recommender systems, where popularity
and exposure biases make logged interactions MNAR and
consequently distort offline evaluations (Yang et al., 2018).

Standard OPE methods, such as Fitted Q-evaluation (FQE)
and Importance Sampling (IS), rely on fully observed tra-
jectories. Failing to account for the missingness could lead
to biased OPE and hence sub-optimal decision-making. In
the OPE literature, scheme of missingness has been studied
in various aspects. Partially Observable Markov Decision
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OPE for Missingness-Aware Policies in MDPs with Rewards Missing Not at Random

Processes (POMDPs) (Kaelbling et al., 1998; Jaakkola et al.,
1995) consider the case where the state is partially observed,
which can be viewed as a special case of missingness. How-
ever, most existing POMDP methods assume that certain
state variables are totally unobserved. In general, off-policy
value in POMDPs are often unidentifiable without strong
assumptions (Tennenholtz et al., 2020; Bennett et al., 2021;
Shi et al., 2022; Uehara et al., 2022a). Some works define
the missingness of certain status (e.g., hitting wall in Grid-
world environment (Sutton & Barto, 2018)) in the reward
function by assigning it to be some large negative values
to discourage certain actions, which lead to certain states
with voided rewards (Ng et al., 1999; Devlin & Kudenko,
2012). However, this approach may not accurately reflect
the true reward structure and can introduce bias. Chu et al.
(2023); Park et al. (2025) study the OPE problem with trun-
cated trajectories, where they treat missingness as certain
constraints. However, by penalizing on the missingness,
these methods may shift the policy evaluation away from
the true potential reward without missingness. Wang et al.
(2025) propose an inverse probability weighting method for
OPE with nonignorable truncation, but their method relies
on an extra shadow variable, or requires expert knowledge
to select such a variable from observed states.

In this paper, we study the OPE problem in MDPs with
MNAR rewards to estimate values of target policies account-
ing for the past missingness. MNAR rewards break standard
ignorability assumptions as the reward-dependent missing-
ness induces selection bias and confounds state-action re-
turns. The challenge is to recover the value of a target policy
when the observed trajectories systematically underreport
high or low rewards and when the missingness itself can
depend on the past action and state, all without online data
to re-collect or intervene.

We address these issues by formalizing the reward MNAR
mechanism via a reward-dependent propensity score model
and leveraging future states as shadow variables. Un-
der mild completeness conditions, the shadow variables
allow us to identify the full-data conditional mean re-
ward even when the reward is MNAR. In addition, we
introduce a bridge function bt(St, At, St+1) satisfying
E {bt(St, At, St+1) | Rt, St, At} = Rt, enabling recovery
of the conditional mean reward without explicitly estimating
the MNAR mechanism. This avoids the variance blow-up
in inverse propensity weighting. We propose the min-max
optimization to estimate the bridge function and the value
function, which avoids the double sampling issue.

Building on these identification results, we further develop
an FQE-style estimator that integrates the bridge function
and allows target policies to depend on the previous miss-
ingness indicators. The procedure propagates the recovered
rewards through the Bellman recursion of the target policy,

yielding stable value estimates. We further establish the con-
sistency and finite-sample error bounds of the proposed esti-
mator in nonparametric settings. Extensive experiments on
simulated data demonstrate the effectiveness of our method
compared to existing benchmarks.

2. Related Work
OPE. Off-policy evaluation has been extensively studied
in the RL literature. Classical methods include IS and its
variants (Liu et al., 2018), FQE (Le et al., 2019), and dou-
bly robust estimators that combine both (Kallus & Uehara,
2020). Recent advances in offline RL have developed pes-
simistic approaches (Xie et al., 2021; Rashidinejad et al.,
2021; Shi et al., 2023; Zhan et al., 2022) that achieve near-
optimal sample complexity. For comprehensive reviews,
see Uehara et al. (2022b) and Levine et al. (2020). OPE in
POMDPs has received growing attention, with works ad-
dressing latent confounding (Bennett et al., 2021; Kallus &
Zhou, 2020), partial observability (Tennenholtz et al., 2020;
Shi et al., 2022; Miao et al., 2022), and future-dependent
estimation (Uehara et al., 2022a). However, none of these
works directly address the MNAR reward setting.

Missing Data. Missing data problems have been exten-
sively studied in statistics (Little & Rubin, 2019; Enders,
2022). Under missing at random (MAR) assumptions, in-
verse probability weighting and doubly robust methods are
well-established. For MNAR, identification typically re-
quires additional structure such as instrumental variables
(Sun & Tchetgen Tchetgen, 2018), shadow variables (Zhao
et al., 2015; Miao & Tchetgen Tchetgen, 2016; Miao &
Tchetgen, 2018), or graphical constraints (Mohan & Pearl,
2021). Proximal causal inference (Tchetgen Tchetgen et al.,
2020; Bennett & Kallus, 2021; Cui et al., 2024) has emerged
as a powerful framework for handling unmeasured con-
founding using proxy variables. Our work extends these
ideas to the OPE setting with MNAR rewards, leveraging
future states as shadow variables for identification.

3. Preliminaries
We consider an episodic Markov Decision Process (MDP)
M = {S,A,P, r, T}, where S and A denote the state and
action spaces, respectively. The horizon length T is finite,
and we assume the terminal state ST+1 is observed. The
transition kernels P = {Pt}Tt=1 govern the state dynamics,
where Pt : S × A → ∆(S) maps state-action pairs to
distributions over next states. The reward functions r =
{rt}Tt=1 are defined as conditional expectations given the
next state: rt(s, a, s′) = E[Rt | St = s,At = a, St+1 =
s′] for any (s, a, s′) ∈ S × A × S. We assume bounded
rewards Rt ∈ R ⊆ [−1, 1].
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We introduce an observation indicator Ot ∈ {0, 1}, where
Ot = 1 indicates that the reward Rt is observed at time
t, and Ot = 0 otherwise. Importantly, we allow the re-
wards to be missing not at random (MNAR), that is, even
after conditioning on current states and actions, the miss-
ingness probability may depend on the possibly unobserved
reward itself. We formalize this through the propensity
score et(s, a, r) = P (Ot = 1 | St = s,At = a,Rt = r)
for t = 1, . . . , T .

Assumption 3.1 (No Future Dependence). For all t =
1, . . . , T − 1,

Ot ⊥ (St+1:T , Rt+1:T ) | St, At, Rt.

This assumption states that the current missingness indi-
cator Ot, given the current state, action, and reward, is
independent of all future states and rewards. For example,
in healthcare, whether a patient’s health outcome is recorded
typically depends on their current condition, not on future
events that have not yet occurred.

Our goal is to evaluate the performance of a target pol-
icy π = {πt}Tt=1. We allow πt to depend on the pre-
vious reward missingness, which is practically relevant
when decisions adapt based on whether prior outcomes
were observed. Formally, πt : S × {0, 1} → ∆(A) with
πt(a | s, o−) = P (At = a | St = s,Ot−1 = o−). To
accommodate this dependence, we define an augmented
state S̃t = (St, Ot−1) ∈ S̃ = S × {0, 1}, so that the target
policy can be written as πt(a | S̃t). The augmented process
must satisfy the Markov property below.

Assumption 3.2 (Markov Property for Augmented Pro-
cess). The augmented process {(S̃t, At)}Tt=1 with S̃t =
(St, Ot−1) is an MDP

P (S̃t+1 | S̃1:t, A1:t) = P (S̃t+1 | S̃t, At), t = 1, . . . , T.

This assumption ensures that augmenting the state with
the previous missingness indicator preserves the Markov
property, and allows the value function recursion to hold
with augmented state. The augmented transition kernel is
P (S̃t+1 | S̃t, At) = P ((St+1, Ot) | St, At). We set O0 =
0 and let S1 ∼ ρ1 denote the initial state distribution. The
Q-function and value function satisfy the Bellman equation

Qπ
t (s, a) =E

[
rt(s, a, St+1) + V π

t+1(St+1, Ot) | St = s,

At = a
]
,

V π
t (s, o−) =

∑
a

πt(a | s, o−)Qπ
t (s, a), V π

T+1 ≡ 0.

(1)

The policy value is defined as V (π) ≡ ES̃1∼ρ̃1

[
V π
1 (S̃1)

]
=

ES1∼ρ1

[
V π
1 (S1, 0)

]
.

In OPE, data are collected under a behavior policy πb =
{πb

t}Tt=1, where πb
t : S → ∆(A) does not depend on the

missingness indicators. The observed dataset D consists of
n i.i.d. trajectories τi = {St,i, At,i, Ot,i, R

obs
t,i , St+1,i}Tt=1

for i = 1, . . . , n, where Robs
t,i = Ot,i · Rt,i denotes the

observed reward (zero when missing). See Figure 1 for a di-
rected acyclic graph (DAG) illustrating the data-generating
process.

St At St+1 At+1 St+2

Rt Ot Rt+1 Ot+1

Figure 1. DAG for Target Policy and Behavior Policy. Black
arrows represent the standard MDP dynamics and the MNAR
reward mechanism. The blue arrow Ot → At+1 indicates that the
target policy may depend on the previous observation indicator Ot,
whereas the behavior policy does not.

To deal with distribution shift in OPE, concentrability co-
efficients are often introduced (Munos, 2003; 2007; Chen
& Jiang, 2019; Le et al., 2019; Duan et al., 2021). We de-
fine concentrability coefficient κt at time t in the following
assumption.
Assumption 3.3 (Concentrability). Given target policy π
and behavior policy πb, for each t = 1, . . . , T , assume there
exist finite constants {κt}Tt=1 such that

∥πt(a | s, o−)
πb
t (a | s)

∥∞ ≤ κt.

Equivalently, for all (s, o−, a) with πb
t (a | s) > 0, πt(a |

s, o−) ≤ κt πb
t (a | s).

Assumption 3.4. Assume there exist constants a > 0 and
αt ≥ α > 1 such that for all t ∈ {1, . . . , T},

κt ≤ 1 +
a

tαt
.

Assumption 3.4 controls the cumulative growth of the con-
centrability coefficients so that the action mismatch does
not compound over time.
Corollary 3.5 (Bounded cumulative concentrability). Un-
der Assumptions 3.3 and 3.4, for t = 1, . . . , T ,

(

t∏
j=1

κj)
1/2 ≤ exp

(1
2

t∑
j=1

a

jαj

)
≤ exp

(a
2
ζ(α)

)
:= K,

where ζ(·) is the Riemann zeta function.

4. Identification
In this section, we establish identification results for the
policy value, and formalize the conditions required for our
approach.
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To address the challenges posed by MNAR data in causal
inference, Miao et al. (2015); Miao & Tchetgen Tchetgen
(2016) propose identification methods with the help of aux-
iliary variables called shadow variables. Inspired by this
line of research, we establish a nonparametric value-based
approach for policy value identification. Our key insight is
to adopt the next state St+1 as the shadow variable, which
serves as a proxy that helps recover information about the
unobserved rewards. The shadow variable must satisfy two
conditions that govern its relationship with the reward and
missingness indicator.

Assumption 4.1 (Exclusion Restriction). Suppose for all
t = 1, . . . , T , St+1 satisfies

St+1 ⊥ Ot | Rt, St, At.

Assumption 4.2 (Relevance Condition). Suppose for all
t = 1, . . . , T , St+1 satisfies

St+1 ̸⊥ Rt | St, At, Ot = 1.

The two assumptions above are basic conditions for St+1

to be a valid shadow variable at time t. Assumption 4.1
shows that conditional on the current state-action pair and
the (possibly unobserved) reward, St+1 provides no addi-
tional information about whether the reward is observed.
Assumption 4.2 ensures that on the observed subset, St+1

remains informative about Rt beyond what is already cap-
tured by (St, At). This condition guarantees that the shadow
variable carries useful information about the reward. In the
causal graph in Figure 1, Assumption 4.1 is consistent with
d-separation: conditioning on (Rt, St, At) blocks all paths
from St+1 to Ot. For subsequent analysis, we define the ex-
tended propensity score of non-missingness et(s, a, r, s′) =
P (Ot = 1 | St = s,At = a,Rt = r, St+1 = s′). The
choice of St+1 aligns with the recurring idea in POMDPs,
i.e., leveraging future states or observations to serve as proxy
latent state information (Littman & Sutton, 2001; Singh
et al., 2003; Uehara et al., 2023; Xu et al., 2023).

For identification, rather than explicitly modeling the miss-
ingness mechanism under MNAR, our goal is to recover
the full-data conditional mean reward E[Rt | St, At] us-
ing only observable quantities. Note that under MNAR,
the observed reward conditional expectation E

[
Rt | St =

s,At = a,Ot = 1
]

generally differs from the target
E
[
Rt | St = s,At = a

]
, and directly using observed

rewards would lead to biased policy evaluation.

We adopt a bridge-based imputation strategy for missing
rewards motivated by proximal causal inference (Tchet-
gen Tchetgen et al., 2020; Cui et al., 2024). Related bridge
constructions also appear in the literature on confounded
POMDPs (Miao et al., 2022; Shi et al., 2022; Hong et al.,
2023; Li et al., 2025). The core idea is to construct functions

that can learn the missing rewards in an unbiased manner by
exploiting the relationship between rewards and next states.

Specifically, we introduce a sequence of bridge functions
{bt : S ×A× S → R}Tt=1 satisfying the moment condi-
tion that

E[bt(St, At, St+1) | Rt, St, At] = Rt, a.s. (2)

Equation (2) links the target quantity of interest to the ob-
servable offline distribution, and converts the recovery of
E[Rt | St, At] into an estimable conditional moment prob-
lem.

Taking conditional expectation of (2) given (St, At) yields

E[bt(s, a, St+1) | St = s,At = a]

=E(Rt | St = s,At = a) := r̄t(s, a).
(3)

Thus, the bridge function reproduces the correct one-step
conditional mean reward required by the Bellman recursion.

Moreover, a crucial observation which enables practical
estimation is that

P (St+1 | Rt, St, At, Ot = 1) = P (St+1 | Rt, St, At),

by Assumption 4.1. This implies that the bridge moment
condition in Equation (2) can be identified from the observed
subset {Ot = 1}. This means we can estimate the bridge
function bt using only samples where rewards are observed,
and then evaluate it at samples with Ot = 0 to impute the
missing rewards.

We further introduce the following assumptions for the iden-
tification of the policy value.
Assumption 4.3 (Positivity). For all t = 1, . . . , T , and for
all (s, a, r) ∈ S ×A×R, 0 < et(s, a, r) < 1.

The positivity assumption ensures that every state-action-
reward triple has a positive probability of being both ob-
served and unobserved, which is commonly used in causal
inference literature.
Assumption 4.4 (Completeness). For all (s, a) ∈ S × A,
t = 1, . . . , T ,

(1) For any square-integrable function h,

E[h(Rt) | St = s,At = a, St+1]

=

∫
h(Rt)p(Rt | s, a, St+1)dRt = 0, a.s.

if and only if h(Rt) = 0, a.s.;

(2) For any square-integrable function g,

E[g(St+1) | Rt, St = s,At = a]

=

∫
g(St+1)p(St+1 | Rt, s, a)dSt+1 = 0, a.s.

if and only if g(St+1) = 0, a.s.
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Assumption 4.4 guarantees the existence and uniqueness
of the bridge functions bt, for t = 1, . . . , T . Completeness
assumptions are standard in the proximal causal inference
(Tchetgen Tchetgen et al., 2020; Cui et al., 2024), where
they ensure that the conditional expectations are sufficiently
rich to identify the target functional.

To provide concrete intuition, we characterize completeness
in the tabular setting.

Example 4.5 (Completeness in tabular set-
ting). Assume S, R are tabular. Let ma-
trix Mt,s,a ∈ R|S|×|R| where Mt,s,a(s

′, r) :=
P (St+1 = s′ | Rt = r, St = s,At = a) , s′ ∈ S, r ∈ R.
Then

1. If for all (t, s, a), rank(Mt,s,a) = |R|, then Assump-
tion 4.4 (1) holds, and hence the bridge exists;

2. If for all (t, s, a), rank(Mt,s,a) = |S|, then Assump-
tion 4.4 (2) holds, and hence the bridge is unique;

3. If |S| = |R|, then Mt,s,a is invertible for all (t, s, a)
if and only if both Assumption 4.4 (1) and Assump-
tion 4.4 (2) hold.

Then we give the identification results for policy value as
follows:

Theorem 4.6 (Policy value identification). For an aug-
mented MDP satisfying Assumptions 3.1, 3.2 and 4.1 to 4.4
and some regularity conditions, there always exist bridges
{bt}Tt=1 that satisfy Equation (2), and the policy value then
can be identified using {bt}Tt=1.

See Appendix C for other regularity conditions and proof.

Based on Theorem 4.6, we develop a value-based approach
for policy value identification, which circumvents modeling
the missing mechanism explicitly, in contrast to approaches
such as Miao & Tchetgen Tchetgen (2016); Miao & Tchet-
gen (2018); Wang et al. (2025). This is practically signif-
icant as it can avoid the high variance induced from IPW
methods or requires strong parametric assumptions about
the missingness. Our identification procedure consists of
three steps.

Step 1 (Learn bt). For each t = 1, . . . , T , learn bt from

E
[
bt(s, a, St+1) | Rt = r, St = s,At = a

]
= r,

using the observed subset with Ot = 1. This step leverages
the shadow variable structure to extract reward information
from state transitions.

Step 2 (Identify Qπ and V π). Define the imputed reward

R̃t := OtRt + (1−Ot)bt(St, At, St+1), (4)

and solve the Bellman recursion

Qπ
t (s, a) =E[R̃t + V π

t+1(St+1, Ot) | St = s,At = a],

V π
t (s, o−) =

∑
a

πt(a | s, o−)Qπ
t (s, a), V π

T+1 ≡ 0.

It is trivial to verify that

E[R̃t | Rt, St, At] = Rt, a.s. (5)

Step 3 (Identify the policy value). Compute V (π) =

ES̃1∼ρ̃1
[V π

1 (S̃1)] by backward induction.

5. Estimation
In this section, we discuss estimation of policy value and
propose a FQE-style estimation method. To estimate the
policy value, it suffices to estimate the bridge functions {bt}
from conditional moment models

E[bt(St, At, St+1)−Rt | Rt, St, At, Ot = 1] = 0, a.s.,
(6)

which can be viewed as nonparametric instrumental variable
(NPIV) problems. A natural approach would be to directly
minimize the squared conditional moment

min
bt∈B(t)

E
[(
E[bt(St, At, St+1)−Rt | Rt, St, At, Ot = 1]

)2]
.

However, this is not implementable for a single batch of
trajectories because the squared conditional moments can
lead to the double-sampling issue (Baird et al., 1995; Sutton
et al., 1998). To circumvent the double-sampling problem,
we adopt a min-max estimator for bt (Dikkala et al., 2020).
The key insight is to replace the squared conditional moment
with a saddle-point formulation that can be estimated from
a single batch of samples.

For each time step t, we solve

min
bt∈B(t)

sup
g∈G(t)

1

nt

∑
i∈Iobs

t

[
(bt(St,i, At,i, St+1,i)−Rt,i)gt(Rt,i,

St,i, At,i)
]
− λ(∥gt∥2G(t) +

U

δ2
∥gt∥22) + λµ∥bt∥2B(t) ,

(7)
where Iobst = {i ∈ {1, . . . , n} : Ot,i = 1} denotes the
observed dataset at time t, and nt = |Iobst |. We denote
the function classes of gt and bt by G(t), B(t), which can
be chosen as finite dimensional linear spaces, and infinite
dimensional spaces like RKHSs, neural networks, etc. We
focus on RKHSs in this paper. Let Q(t) be the RKHS con-
taining functionQt. The term λ U

δ2 ∥gt∥
2
2 is theL2 penalty on

the critic function gt. The norms ∥ ·∥2G(t) , ∥ ·∥2B(t) , ∥ ·∥2Q(t)

denote the functional norm associated with G(t), B(t), Q(t).
λ,U, δ, µ > 0 are tuning parameters for the penalties.
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Algorithm 1 Proximal FQE algorithm

Input: Offline dataset D = {τi}ni=1, where τi =
{(St,i, At,i, Ot,i, R

obs
t,i , St+1,i)}Tt=1, target policy π =

{πt}Tt=1, horizon T , function classes {B(t),G(t),Q(t)}.
Initialize: V̂ π

T+1(·, ·)← 0.
for t = T down to 1 do

Bridge fitting: Obtain b̂t by solving Equation (7) on
Iobst .

Imputation: for all i = 1, . . . , n set ̂̃Rt,i ← Robs
t,i +

(1−Ot,i)b̂t(St,i, At,i, St+1,i).
Targets for Bellman regression:
if t < T then
yt,i ←

̂̃
Rt,i + V̂ π

t+1(St+1,i, Ot,i), i = 1, . . . , n.
else
yt,i ←

̂̃
Rt,i, i = 1, . . . , n.

end if
Fit Qt: regress yt,i on (St,i, At,i) by Equation (8) to
obtain Q̂t.
Define V π

t : V̂ π
t (s, o−)←

∑
a πt(a | s, o−)Q̂t(s, a).

end for
Output: V̂ (π)← 1

n

∑n
i=1 V̂

π
1 (S1,i, 0).

Then, we can substitute the estimates into fitted-Q-
evaluation (FQE) algorithm and obtain the estimate of policy
value V̂ (π). See Algorithm 1 for the point-estimated pol-
icy value estimation algorithm, where we use penalized
nonparametric least squares to learn Qt:

Q̂t = arg min
f∈Q(t)

1

n

n∑
i=1

(
f(St,i, At,i)−yt,i

)2
+λt∥f∥2Q(t) ,

(8)
where yt,i is defined in Algorithm 1.

6. Theoretical results
In this section, we establish consistency and finite-sample
estimation error bounds for bridges b̂t and the policy value.

6.1. Preliminaries

Definition 6.1 (Local Rademacher Complexity (Bartlett
et al., 2005)). For any function class G defined over ran-
dom variable X and radius δ > 0, the local Rademacher
complexity is

Rn(G, δ) = Eε,X

[
sup

g∈G:∥g∥2≤δ

∣∣ 1
n

n∑
i=1

εig(Xi)
∣∣],

where {Xi} are i.i.d. samples of X and {εi} are
Rademacher random variables. ∥g∥22 := E[g(X)2] is the L2

norm of function g.

Suppose the function class G satisfies

1. symmetric, if g ∈ G then −g ∈ G;

2. star-shaped, if g ∈ G then rg ∈ G for all r ∈ [0, 1];

3. b-uniformly bounded, ∥g∥∞ := supx∈X |g(x)| ≤ b
for all g ∈ G.

Then, the critical radius of such function class G, denoted by
δn, is the smallest solution to the inequalityRn(G, δ) ≤ δ2

b .

6.2. Bridge function estimation error bound

For notational simplicity, define the projection operator Tt :
L2{S × A× S} → L2{R × S ×A}, which satisfies

Ttbt = E[bt(St, At, St+1)|Rt, St, At].

Assumption 6.2 (Boundedness of Tt). For any bt ∈ B(t),
Ttbt ∈ G(t), and there exists L > 0 such that

∥Ttbt∥G(t) ≤ L∥bt∥B(t) .

Assumption 6.3 (Realizability). Suppose the true bridge
function b∗t lies in function class B(t). Similarly, we also
assume Qπ

t ∈ Q(t).

In practice, the boundedness assumption often holds when
the conditional distribution of St+1 given (Rt, St, At) is
sufficiently smooth. Also, Realizability is a standard as-
sumption in nonparametric estimation, requiring that the
function classes are rich enough to contain the true targets.

Next, we define the Bt-bounded norm subset of B(t) as
B(t)B := {bt ∈ B(t) : ∥bt∥B(t) ≤ Bt} andUt-bounded norm
subset of G(t) as G(t)U := {gt ∈ G(t) : ∥gt∥G(t) ≤ Ut}.
Assumption 6.4 (Richness of test function class). We sup-
pose the test function approximation error within subset
G(t)
L2∥(b−b∗t )∥2

B(t)

is bounded by

sup
b∈B(t)

B

inf
gt∈G(t)

L2∥b−b∗t ∥2
B(t)

∥gt − Tt(b− b∗t )∥2 ≤ ηt <∞.

This shows that function class G(t) is rich enough
so that Tt(b − b∗t ) admits an L2-approximation within
G(t)
L2∥(b−b∗t )∥2

B(t)

uniformly over b ∈ B(t)B .

Now we are ready to analyze min-max estimator b̂t esti-
mated by Equation (7).
Theorem 6.5 (Projected bridge estimation error bound
(Dikkala et al., 2020; Miao et al., 2022)). For any t =
1, . . . , T , suppose function class G(t) is star-shaped and
symmetric. Suppose G(t) and B(t) are 1-uniformly bounded.
Define product class

J (t)
B,U :=

{
((s, a, s′), (r, s, a)) 7→ α(bt(s, a, s

′)− b∗t (s, a,

s′))gUb,t(r, s, a) | bt − b∗t ∈ B
(t)
B , α ∈ [0, 1]

}
,

6

Confidential reviewer copy. This manuscript is under double-blind review by ICML 2026. Unauthorized sharing, redistribution, or disclosure is

strictly prohibited.



330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384

OPE for Missingness-Aware Policies in MDPs with Rewards Missing Not at Random

where gUb,t = argmin
gt∈G(t)

U

∥gt − Tt(b − b∗t )∥2. De-

fine the two critical radii for function class G(t)3U and
J (t)
B,L2B , namely δGt and δJt , and their maximum δnt

:=

max{δGt , δJt }. Let δt = δnt
+ c0

√
log(c1/ζ)

nt
. Assume

ηt ≲ δt, then if λ ≍ δ2t
U and µ ≥ 4

3L
2 + 36

Btλ
δ2t , we have

with probability 1− 3ζ, the following bound holds∥∥Tt(b̂t − b∗t )∥∥2 ≲ δt max{1, ∥b∗t ∥2B(t)}.

Corollary 6.6 (RKHS cases with polynomial eigen decay).
We further suppose B(t) and G(t) are RKHSs for all t =
1, . . . , T . KB,t and KG,t are the kernels of B(t) and G(t)
with non-increasing eigenvalues {λBt,j}∞j=1 and {λGt,j}∞j=1.
We assume polynomial decay on eigenvalues, i.e., for some
αB , αG > 1

2 , λBt,j ≲ j−2αB , λGt,j ≲ j−2αG , j → ∞.
Let αmin := min{αB , αG}. Then the critical radius in The-

orem 6.5 satisfy δnt ≲ max{
√
Ut, LBt}n

− αmin
2αmin+1

t log nt.
Consequently, under the conditions of Theorem 6.5, for all
t = 1, . . . , T , with probability at least 1− 3ζ,

∥Tt(b̂t − b∗t )∥2 ≲
√
log(c1/ζ)n

− αmin
2αmin+1

t log nt.

Theorem 6.5 provides a finite-sample bound for the pro-
jected error ∥Tt(b̂t − b∗t )∥2, where linear operator Tt
maps a bridge function to a conditional expectation given
(Rt, St, At). However, for downstream analysis we also
need control of the rooted mean-squared error (RMSE)
∥b̂t − b∗t ∥2.

In general, converting projected error bounds into L2 error
bounds is nontrivial because conditional moment problems
are typically ill-posed inverse problems: the operator Tt is
often compact and hence may not admit a stable inverse
on an unrestricted function class. This phenomenon and
the role of regularization in such conditional moment mod-
els are well-studied in the semi-/nonparametric literature;
see, e.g., (Chen & Reiss, 2011; Chen & Pouzo, 2012). We
introduce an ill-posedness measure for the conditional ex-
pectation operator Tt, following the definition in Dikkala
et al. (2020). Since the true bridge b∗t is not assumed to lie
in B(t)B , we define the best approximation within the ball

bt,∗ := arg min
b∈B(t)

B

∥b− b∗t ∥2, εt(Bt) := inf
b∈B(t)

B

∥b− b∗t ∥2.

Definition 6.7 (Measure of ill-posedness). Define the ill-
posedness coefficient τt(Bt) := sup

b∈B(t)
B

∥b−bt,∗∥2

∥Tt(b−bt,∗)∥2
,

and assume τt(Bt) <∞.

By combining Theorem 6.5 with Definition 6.7, we obtain
an L2 error bound for the bridge estimator:

∥b̂t − b∗t ∥2 ≤ τt(Bt)δt + (τt(Bt) + 1)εt(Bt).

The choice of Bt trades off the approximation bias εt(Bt)
and the ill-posedness factor τt(Bt). Consider the whole
function class B(t), where bt,∗ = b∗t and εt(Bt) = 0 under
Assumption 6.3, this gives the global ill-posedness

τt := sup
b∈B(t)

∥b− bt,∗∥2
∥Tt(b− bt,∗)∥2

,

where we assume τt < ∞. The RMSE is given by ∥b̂t −
b∗t ∥2 ≲ τtδt.
Theorem 6.8 (Bridge estimation error bound). For any
t = 1, . . . , T , suppose function class G(t) is star-shaped
and symmetric. Suppose G(t) and B(t) are 1-uniformly
bounded. Consider min-max estimator b̂t estimated by
Equation (7). Define function classes star

(
B(t) − b∗t

)
=

{r(b−b∗t ) : b−b∗t ∈ B
(t)
B , r ∈ [0, 1]}, and star

(
Tt(B(t)−

b∗t )
)

= {r gUb,t : b − b∗t ∈ B
(t)
B , r ∈ [0, 1]}, where

gUb,t = argmin
gt∈G(t)

U

∥gt − Tt(b − b∗t )∥2. Define the δnt

as the upper bound on the critical radii of G(t)3U and the two

function classes. Let δt = δnt + c0

√
log(c1/ζ)

nt
. Assume

ηt ≲ δt, then if λ ≍ δ2t
U and µ ≥ 4

3L
2 + 36

Btλ
δ2t , then with

probability 1− 3ζ, the following bound holds∥∥b̂t − b∗t∥∥2 ≲ τtδt max{1, ∥b∗t ∥2B(t)}.

6.3. Policy value estimation error bound

Based on Theorem 6.8, we can further bound the OPE error
of the policy value V̂ (π) estimated from Algorithm 1.
Theorem 6.9 (Policy value estimation error bound). Sup-
pose RKHSs Q(t), B(t), G(t) have polynomial eigen-decay
rate

λQt,j ≲ j−2αQ , λBt,j ≲ j−2αB , λGt,j ≲ j−2αG ,

where αQ, αB , αG > 1/2. Define αmin =
min{αQ, αB , αG} > 1

2 . Denote δt,∗ = δ̄t,∗ +

c0

√
log(c1T/ζ)

n for some c0, c1 > 0 where δ̄t,∗ is the up-

per bound of the critical radii of difference classes ∆Q(t),
∆Q(t+1), ∆B(t) and G(t)U defined in Appendix F. Suppose
λt ≍ (δ

∆
(t)
Q
)2 and let τmax = maxt≤T τt. Under Assump-

tions 3.3, 3.4, 6.2 and 6.3 and assumptions for Theorem 4.6,
with probability at least 1− ζ, the policy value estimation
error is bounded by∣∣V̂ (π)− V (π)

∣∣ ≲ KτmaxT
2
√

log(c1T/ζ)n
− αmin

2αmin+1 log n.

Without considering the ill-posedness, our OPE error bound
achieves the optimal rate in n in the classical nonparamet-
ric regression (Stone, 1982). Our error bound exhibits a T 2

dependence on the horizon, which arises from error propaga-
tion through the Bellman recursion and the additional com-
plexity introduced by estimating bridge functions under the
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MNAR setting. For comparison, Wang et al. (2024) provide
a fine-grained analysis of FQE under fully observed rewards.
Under the completeness assumption for Q-functions alone,
they establish an error bound of order O(T 1.5

√
1/n) for

both parametric and nonparametric settings, improving upon
the O(T 2

√
κ/n) bounds in prior work (Duan et al., 2020;

Zhang et al., 2022). With an additional realizability assump-
tion on the probability ratio functions wπ

t , the rate further
improves to O(T κ̃

√
1/n), matching the sharpest known

bound under the tabular setting (Yin & Wang, 2020). The
additional T factor in our bound compared to the T 1.5 rate
in Wang et al. (2024) partially reflects the cost of correcting
for MNAR rewards through the bridge function mechanism.

7. Experiments
In this section, we conduct simulation studies to evaluate
the performance of the proposed OPE estimator with re-
wards MNAR. We compare it with an IPW based OPE
method (Wang et al., 2025) and a naive FQE baseline
in finite-horizon episodic MDPs. We include the naive
FQE estimator as a simple baseline that ignores the MNAR
mechanism and an IPW based estimator obtained by adapt-
ing the weighting scheme of (Wang et al., 2025), which
was originally developed for a trajectory dropout model.
Our code is available at https://anonymous.4open.
science/r/OPE-MDP-MNAR-4A88/.

We set state St = (St,1, St,2)
⊤ ∈ S = R2 as a two-

dimensional vector. The action space is binary, A =
{−1, 1}. Let O = {0, 1}, R = R. The propensity score is
set as et(St, At, Rt) = expit

(
1−0.1At+0.2(1,−2)⊤St+

2.5Rt

)
. The target policy we want to evaluate is given by

Pπ(At = 1 | St, Ot−1) = expit
{
3[(1, 0.3)⊤St + 0.5

− 0.8(2Ot−1 − 1)]
}

See Figure 3 in Appendix B for visualization of the gener-
ated data.

For function classes, we choose Gaussian kernels for G(t)
andB(t), and consider mean absolute error (MAE) and mean
squared error (MSE) as evaluation metrics.

We conduct two sets of experiments. In the first, we
fix the horizon at T = 8 and vary the sample size
n ∈ {128, 256, 512, 1024, 2048}. In the second, we fix
the sample size at n = 512 and vary the horizon T ∈
{2, 4, 8, 16, 32}. For each configuration, we repeat the ex-
periment over five random seeds and report the MAE and
MSE of the estimated policy value. Figure 2 shows the
MAE of prox (our method), and two baselines naive
(naive FQE) and ipw (IPW-FQE). The left (MAE vs n)
shows that prox achieves the fastest convergence rate as the
sample size increases, and consistently attains the smallest
error across all n, while ipw remains an order of magnitude

higher. naive decreases only slowly with n since ignores
the MNAR mechanism and regresses on observed rewards,
which typically incurs a bias that does not vanish quickly
with more data. In the right figure (MAE vs T ), ipw base-
line becomes markedly unstable for larger T , with a sharp
increase at t = 32, indicating variance blow-up induced by
inverse propensity weights. In contrast, prox remains the
most stable across horizons, showing a significantly slower
growth in MAE as T increases. naive baseline is con-
sistently worse, reflecting the bias introduced by ignoring
reward MNAR. Overall, the convergence rate is consistent
with our theoretical results. Additional simulation details
can be found in Appendix B.

8. Conclusion and Discussion
We study OPE in MDPs with MNAR rewards, proposing
a bridge function approach that recovers the conditional
mean reward without explicitly modeling the missingness
mechanism. Unlike IPW-based methods (Wang et al., 2025)
that require external auxiliary variables, our method uses
the next state as an endogenous shadow variable, avoiding
additional data requirements and IPW variance inflation.

A limitation of our framework is that the reward missingness
process may still be influenced by unobserved confounding
factors that are not fully captured by the observed trajecto-
ries. While our identification relies on assumptions through
the bridge function, violations of these assumptions may
lead to biased policy value estimates in practice.

To address this concern, an important future direction is
to incorporate sensitivity analysis into the proposed OPE
framework. By parameterizing deviations from the bridge
moment conditions or the completeness assumptions, one
can assess the robustness of policy value estimates to poten-
tial unobserved confounding in the missingness mechanism.
Such sensitivity analyses have been studied in proximal
causal inference and POMDPs, and adapting their frame-
works from proximal causal inference and POMDPs to the
reward-missingness mechanism in MDPs is an important
direction for future work.

Figure 2. Policy value estimation MAE versus sample size and
horizon. Left: MAE as a function of n with T = 8. Right: MAE
as a function of T with n = 512.
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A. Discussion on shadow variables
In the causal inference literature on missing data, identification typically requires additional assumptions, most commonly
instantiated through either instrumental variables or shadow variables. Shadow-variable approaches (Miao et al., 2015;
Miao & Tchetgen Tchetgen, 2016) leverage a fully observed variable that is informative about the outcome while being
conditionally independent of the missingness mechanism given covariates and the (possibly unobserved) outcome. In
contrast, instrumental-variable approaches (Sun & Tchetgen Tchetgen, 2018) posit a variable that shifts the missingness
mechanism but has no direct effect on the outcome.

In sequential decision making, Wang et al. (2025) develop an approach that requires specifying a stage-wise shadow variable
Zt that satisfies conditional independence with dropout given (St, At, Rt+1, St+1) while remaining informative about
(Rt+1, St+1) on the observed subset, effectively providing the identifying leverage needed to learn the dropout model.

While such a choice can be plausible, it may rely on additional measurements or domain knowledge to select a valid Zt. In
contrast, we adopt an endogenous choice of shadow variable, which is the next state St+1. Under the exclusion restriction
and relevance condition in Assumptions 4.1 and 4.2, St+1 provides a readily available proxy for the MNAR reward without
introducing an extra auxiliary variable.

Moreover, a natural extension of St+1 is a multi-step future variable, or a low-dimensional summary thereof. This aligns
with a broader predictive-state perspective in POMDPs, where future observations are used to encode information about the
latent state (Littman & Sutton, 2001; Singh et al., 2003). More recently, Xu et al. (2023); Uehara et al. (2023) use multi-step
futures to stand in for the unobserved state: instead of conditioning on the latent state, they condition on a future window
and learn quantities from it, using the future window as a proxy that carries latent-state information.

In missing data problems in MDPs, using longer futures can carry richer information about the missing rewards, and may
make relevance and completeness-type conditions more plausible, but it also increases the statistical and computational
burden as the future window grows. In practice, these tradeoffs motivate using compact summaries of multi-step futures.

B. Additional Experiment Details
B.1. Additional simulation setups

We set the behavior policy that generates the offline trajectories as

Pπb(At = 1 | St) = expit
(
0.3 + (0.8,−0.3)⊤St

)
.

The next state St+1 is generated by transition kernel St+1 = 0.9St + 0.2At12 +N (0, 0.12I2) where 12 = (1, 1)⊤ and
initial state S1 ∼ N (0, I2). The reward model is

Rt = expit
[
(0.9− 0.6At,−0.7)⊤St + (1.3, 2)⊤St+1 − 0.4At

]
+Unif[−0.1, 0.1].

The true policy value is estimated through Monte Carlo by averaging over 5000 independent trajectories generated under the
target policy. We visualize the generated data when n = 1000, T = 10 and random seed is 44. See Figure 3 for an overview
of the data.

For all the RKHSs, the bandwidths are selected by median heuristic trick (Fukumizu et al., 2009); parameter δ is set to
δt = 5n−0.4

t according to (Dikkala et al., 2020). The penalty parameter λrkhs is chosen by cross-validation.

B.2. Baseline methods

B.2.1. NAIVE FQE

In naive FQE baseline, we ignore the missingness mechanism, and perform FQE only on observed samples:

Q̂naive
t = arg min

Q∈Q(t)

1

nt

∑
i∈Iobs

t

(
Q(St,i, At,i)− ynaivet,i

)2

+ λrkhs∥Q∥2Q(t) ,

where

ynaivet,i =

{
Rt,i, t = T,

Rt,i +
∑

a∈A π(a | St+1,i, Ot,i) Q̂
naive
t+1 (St+1,i, a), t < T.
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Figure 3. Data overview. Left: histogram of the true reward rtrue with three overlays: overall (blue), observed O=1 (orange), and
missing O=0 (red). The total missing rate is 11.60%. Missing mass is relatively larger in the low–reward region. Middle: state value
St = (s1, s2) colored by action (blue: a= − 1, red: a= + 1) according to target policy, showing both actions across the state space
without obvious coverage gaps. Right: state value St = (s1, s2) colored by missingness (yellow: O=1, purple: O=0); the non-uniform
placement of missing points indicates observation probability varies with state.

As discussed in Section 4, under reward MNAR we generally have

E[Rt | St = s,At = a,Ot = 1] ̸= E[Rt | St = s,At = a] for some (s, a),

so naive FQE, which regresses on observed rewards, can be biased.

B.2.2. IPW-FQE

In IPW-FQE baseline, since Wang et al. (2025) study a dropout model, we modify their method to fit our reward missingness
setting. At each stage t we solve

Q̂ipw
t = arg min

Q∈Q(t)

1

nt

∑
i∈Iobs

t

wt,i

(
Q(St,i, At,i)− yipwt,i

)2

+ λrkhs∥Q∥2Q(t) ,

where

yipwt,i =

{
Rt,i, t = T,

Rt,i +
∑

a∈A π(a | St+1,i, Ot,i) Q̂
ipw
t+1(St+1,i, a), t < T,

and weights wt,i =
1

êt,i
, i ∈ It. The extended propensity score et is estimated by logistic regression

êt(s, a, b̂) = P (Ot = 1 | St = s,At = a, b̂t = b̂).

Figure 4 summarizes how the MSE varies with the sample size n (left) and the horizon T (right).

C. Proof of Theorem 4.6
In this section we provide the proof of identification result in Theorem 4.6.

Part A: Identification by bridge functions

We first show that the policy value can be identified by the bridge functions {bt}Tt=1 if the bridges exist.

Fix t ∈ {1, . . . , T} and suppose there exists a measurable function bt : S × A× S → R satisfying the Equation (2). By
Assumptions 4.1 and 4.3, conditioning on the event Ot = 1 is well-defined and

E[bt(St, At, St+1) | Rt, St, At, Ot = 1] = E[bt(St, At, St+1) | Rt, St, At].
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Figure 4. Policy value estimation MSE versus sample size and horizon. Left (MSE vs n, log scale): prox attains the smallest and most
stable MSE; naive and ipw exhibit substantially slower error decay as n increases. Right (MSE vs T , log scale): MSE climbs roughly
monotonically with T ; prox preserves a gap over naive at every T , with the gap growing as T increases. ipw becomes unstable when T is
high.

So Equation (2) holds if and only if Equation (6) holds.

For the imputed reward R̃t defined by Equation (4), Equation (5) implies that it has the same conditional mean reward as Rt

given (St, At):

E[R̃t | St = s,At = a] = E[bt(s, a, St+1) | St = s,At = a] = E[Rt | St = s,At = a] := r̄t(s, a).

Now consider the augmented process. By Assumption 3.2, the augmented process is Markov, and the Bellman recursion
holds with one-step reward r̄t(St, At):

Qπ
t (s, a) = E

[
r̄t(s, a) + V π

t+1(St+1, Ot) | St = s,At = a
]
,

V π
t (s, o−) =

∑
a

πt(a | s, o−)Qπ
t (s, a), V π

T+1 ≡ 0,

which is equivalent to Equation (1). Therefore, the policy value V (π) = E[V π
1 (S̃1)] is identified.

Part B: Existence of bridge functions

We now establish existence of the bridges. For a probability measure µ, let L2(µ) denote the space of all squared
integrable functions of x with respect to measure µ(x), which is a Hilbert space endowed with the inner product ⟨g1, g2⟩ =∫
g1(x)g2(x)dµ(x). For any s, a, t, we define operator

Tt|(s,a) : L2
(
PSt+1|s,a

)
→ L2

(
PRt|s,a

)
,

where (Tt|(s,a)h)(r) := E
[
h(St+1) | Rt = r, St = s,At = a

]
. Its adjoint operator is defined by

T ∗
t|(s,a) : L

2
(
PRt|s,a

)
→ L2

(
PSt+1|s,a

)
,

where (T ∗
t|(s,a)g)(s

′) = E
[
g(Rt) | St+1 = s′, St = s,At = a

]
. Then, the bridge equation (2) can be written as a first-kind

Fredholm integral equation
(Tt|(s,a)h)(r) = g(r),

where the unknown functions are h(·) = bt(s, a, ·) ∈ L2
(
PSt+1|s,a

)
and the right hand side is g(r) = r ∈ L2(PRt|s,a).
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Assumption C.1 (Hilbert-Schmidt property). For any (s, a) ∈ S ×A, for all t = 1, . . . , T , denote conditional densities
pSt+1|Rt

(s′ | r, s, a), pRt|St+1
(r | s′, s, a). We have∫
R

∫
S
pSt+1|Rt

(s′ | r, s, a)pRt|St+1
(r | s′, s, a)ds′dr <∞.

This ensures that the operator Tt|(s,a) is Hilbert–Schmidt and thus admits a singular system {(σs,a,t,ν , φs,a,t,ν , ψs,a,t,ν)}ν≥1

satisfying Tt|(s,a)φs,a,t,ν = σs,a,t,νψs,a,t,ν and T ∗
t|(s,a)ψs,a,t,ν = σs,a,t,νφs,a,t,ν .

Assumption C.2. Suppose {(σs,a,t,ν , φs,a,t,ν , ψs,a,t,ν)}ν≥1 is a singular system of Tt|(s,a). Then for all (s, a) ∈ S ×A
and t = 1, . . . , T , ∑

ν≥1

〈
g, ψs,a,t,ν

〉2
L2(PRt|s,a)

σ2
s,a,t,ν

<∞,

where
〈
g, ψs,a,t,ν

〉
L2(PRt|s,a)

=
∫
R g(r) · ψs,a,t,ν(r)pRt|s,a(r)dr.

Lemma C.3 (Picard’s Theorem (Kress, 1989)). Let H1,H2 be real Hilbert spaces and K : H1 → H2 a compact linear
operator with adjoint K∗ : H2 → H1. Then, there exists a singular system {(λν , ϕν , ψν)}∞ν=1 of K, with singular values
λν > 0 and orthonormal sequences {ϕν} ⊂ H1, {ψν} ⊂ H2 satisfying

Kϕν = λνψν , K∗ψν = λνϕν .

Given g ∈ H2, the first–kind Fredholm equation Kh = g has a solution h ∈ H1 if and only if

(a) g ∈ ker(K∗)⊥;

(b)
∑∞

ν=1 λ
−2
ν |⟨g, ψν⟩H2

|2 <∞,

where ker(K∗) = {h : K∗h = 0} is the null space of K∗, and ⊥ denotes the orthogonal complement to a set.

Proposition C.4 (Existence of bridges). Under Assumption 4.4 (1), Assumptions C.1 and C.2, for all (s, a) ∈ S ×A and
t = 1, . . . , T , there exists a solution h to equation

Tt|(s,a)h = g,

where h := bt(s, a; ·) ∈ L2
(
PSt+1|s,a

)
and g(r) = r ∈ L2(PRt|s,a). Equivalently, for any fixed (s, a) and t, there exists a

function bt(s, a, ·) satisfying Equation (2).

Proof. By Assumption C.1, for all (s, a) ∈ S ×A and t = 1, . . . , T , the operator Tt|(s,a) is Hilbert–Schmidt and thus
compact. Suppose there exists function f ∈ ker(T ∗

t|(s,a)), then by definition, T ∗
t|(s,a)f = 0. By Assumption 4.4 (1), we have

f(Rt) = 0, a.s. Therefore, ker(T ∗
t|(s,a)) = {0}, and hence ker(T ∗

t|(s,a))
⊥ = L2

(
PRt|s,a

)
. Because reward Rt is bounded,

then g ∈ L2
(
PRt|s,a

)
. So the condition (a) in Lemma C.3 is satisfied.

Additionally, condition (b) is also satisfied by Assumption C.2. By Lemma C.3, there exists a solution h ∈ L2(PSt+1|s,a) to
Tt|(s,a)h = g where g(r) = r, i.e., there exists function bt(s, a, ·) such that:

E
[
bt(s, a, St+1) | Rt = r, St = s,At = a

]
= r.

Part C: Uniqueness of bridge functions

Next we study the uniqueness of the bridge functions.

Proposition C.5 (Uniqueness of bridges). Under Assumption 4.4 (2), any bridge function bt satisfying

E[bt(St, At, St+1) | Rt, St, At] = Rt, a.s.

is unique.
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Proof. Suppose there exist different bridge functions b1,t and b2,t satisfying the equation above for any t. Then,

E[b1,t(St, At, St+1)− b2,t(St, At, St+1) | Rt, St, At] = 0, a.s.

By Assumption 4.4 (2), we have
b1,t − b2,t = 0, a.s., ∀t = 1, . . . , T,

which contradicts b1,t ̸= b2,t. Thus uniqueness holds.

D. Proof of Theorem 6.5
For a function class G and radius δ > 0, given sample {Xi}, the local empirical Rademacher complexity is defined by

R̂n(G, δ) = Eε

[
sup

g∈G:∥g∥2,n≤δ

∣∣ 1
n

n∑
i=1

εig(Xi)
∣∣ ∣∣∣ {Xi}

]
where ∥g∥22,n = 1

n

∑n
i=1 g(Xi)

2. The empirical critical radius δ̂n is the smallest solution to the inequality R̂n(G, δ) ≤ δ2

b .
Wainwright (2019) gives the relationship of critical radius and empirical critical radius: with probability at least 1− ζ,

δn ≤ O(δ̂n +

√
log(1/ζ)

n
),

which enables us to study on empirical critical radius δ̂n.

Define
Ψt

n(b, g) =
1

nt

∑
i∈Iobs

t

(bt(St,i, At,i, St+1,i)−Robs
t,i )gt(R

obs
t,i , St,i, At,i),

and population level version

Ψt(b, g) = E
[
(bt(St, At, St+1)−Rt)gt(Rt, St, At)

∣∣Ot = 1
]
.

Moreover, Let

Ψt,λ
n (b, g) = Ψt

n(b, g)− λ
(
∥gt∥2G(t) +

U

δ2
∥gt∥22,nt

)
,

Ψt,λ(b, g) = Ψt(b, g)− λ
(
2

3
∥gt∥2G(t) +

U

2δ2
∥gt∥22

)
.

So the minimizer b̂t can be written as

b̂t = arg min
bt∈B(t)

sup
gt∈G(t)

Ψt,λ
n (b, g) + λµ∥bt∥2B(t) .

By Lemma G.2, with probability at least 1− ζ, for any function gt ∈ G(t)3U ,∣∣∥gt∥22,nt
− ∥gt∥22

∣∣ ≤ 1

2
∥gt∥22 + (δGt )

2,

where δGt = δGnt
+ c0

√
log(c1/ζ)

nt
, and δGnt

is the upper bound of the empirical critical radii of function class G(t)3U . For any

∥gt∥2G(t) ≥ 3U , consider rescaling gt by
√
3U

∥gt∥G(t)
gt ∈ G(t)3U , and we have

∣∣∥gt∥22,nt
− ∥gt∥22

∣∣ ≤ 1

2
∥gt∥22 + (δGt )

2
∥gt∥2G(t)

3U
.

Combine the above inequalities,

∣∣∥gt∥22,nt
− ∥gt∥22

∣∣ ≤ 1

2
∥gt∥22 + (δGt )

2 max

{
1,
∥gt∥2G(t)

3U

}
. (9)
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Thus,

∥gt∥2G(t) +
U

δ2
∥gt∥22,nt

≥ ∥gt∥2G(t) +
U

(δGt )
2

[
1

2
∥gt∥22 − (δGt )

2 max

{
1,
∥gt∥2G(t)

3U

}]

≥ 2

3
∥gt∥2G(t) +

U

2(δGt )
2
∥gt∥22 − U.

(10)

Next, we study the upper and lower bounds of the centered empirical sup-loss

sup
gt∈G(t)

Ψt
n(b̂t, g)−Ψt

n(b
∗
t , g)− 2λ

(
∥gt∥2G(t) +

U

(δGt )
2
∥gt∥22,nt

)
.

For simplicity we omit t and write it as

sup
g∈G

Ψn(b̂, g)−Ψn(b
∗, g)− 2λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
. (11)

D.1. Upper bounding the centered empirical sup-loss

We first decompose Ψλ
n(b, g) by

Ψλ
n(b, g) = Ψn(b, g)−Ψn(b

∗, g) + Ψn(b
∗, g)− λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
≥ Ψn(b, g)−Ψn(b

∗, g)− 2λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
− sup

g∈G
Ψλ

n(b
∗, g),

where the last inequality holds by symmetry of G. Then we have

sup
g∈G

Ψn(b̂, g)−Ψn(b
∗, g)− 2λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
≤ sup

g∈G
Ψλ

n(b
∗, g) + Ψλ

n(b̂, g)

≤ sup
g∈G

Ψλ
n(b

∗, g) +
[
sup
g∈G

Ψλ
n(b

∗, g) + λµ
(
∥b∗∥2B − ∥b̂∥2B

)]
≤ 2 sup

g∈G
Ψλ

n(b
∗, g) + λµ

(
∥b∗∥2B − ∥b̂∥2B

)
.

(12)

By Lemma G.3, for all g ∈ G, similarly, with probability at least 1− ζ we have∣∣Ψn(b
∗, g)−Ψ(b∗, g)

∣∣ ≤ 36δ
[
∥g∥2 + δmax

{
1,
∥g∥G√
3U

}]
≤ 36δ

[
∥g∥2 + δ(1 +

∥g∥G√
3U

)
]
.

(13)

Combine Equation (10) and Equation (13), we have with probability at least 1− 2ζ, for all b ∈ B and g ∈ G,

Ψλ
n(b

∗, g) = Ψn(b
∗, g)− λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
≤ Ψ(b∗, g) + |Ψn(b

∗, g)−Ψ(b∗, g)| − λ
(
∥g∥2G +

U

δ2
∥g∥22,n

)
≤ Ψ(b∗, g) + 36δ

[
∥g∥2 + δ(1 +

∥g∥G√
3U

)
]
− λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
≤ Ψ(b∗, g) + 36δ

[
∥g∥2 + δ(1 +

∥g∥G√
3U

)
]
− λ

(
2

3
∥g∥2G +

U

2δ2
∥g∥22,n

)
+ λU

≤ Ψ(b∗, g)− λ
(
1

3
∥g∥2G +

U

4δ2
∥g∥22,n

)
+ 36δ2 + λU + 36δ∥g∥2 + 36δ2

∥g∥G√
3U
− λ U

4δ2
∥g∥22,n −

λ

3
∥g∥2G

= Ψλ/2(b∗, g) + 36δ2 + λU +
(
36δ∥g∥2 − λ

U

4δ2
∥g∥22,n

)
+
(
36δ2

∥g∥G√
3U
− λ

3
∥g∥2G

)
.
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Using the fact that for any a, b > 0 and any norm, supg∈G(a∥g∥ − b∥g∥2) ≤ a2

4b , suppose λ ≥ C1δ
2

U , and then

sup
g∈G

(
36δ∥g∥2 − λ

U

4δ2
∥g∥22,n

)
≤ 362δ4

λU
≤ 362δ2

C1
;

sup
g∈G

(
36δ2

∥g∥G√
3U
− λ

3
∥g∥2G

)
≤ 182δ4

λU
≤ 182δ2

C1
.

Therefore,

Ψλ
n(b

∗, g) ≤ Ψλ/2(b∗, g) + 36δ2 + λU +
5× 182δ2

C1

Combine this with Equation (12) we get

sup
g∈G

Ψn(b̂, g)−Ψn(b
∗, g)− 2λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
≤ 2 sup

g∈G
Ψλ

n(b
∗, g) + λµ

(
∥b∗∥2B − ∥b̂∥2B

)
≤ 2 sup

g∈G
Ψλ/2(b∗, g) + 2λU + (72 +

10× 182

C1
)δ2 + λµ

(
∥b∗∥2B − ∥b̂∥2B

)
= 2λU + (72 +

10× 182

C1
)δ2 + λµ

(
∥b∗∥2B − ∥b̂∥2B

)
.

(14)

D.2. Lower bounding the centered empirical sup-loss

By Assumption 6.4, we write gb = arg infg∈G
L2∥b−b∗∥2B

∥g − T (b− b∗)∥2 where

sup
b∈B

inf
g∈G

L2∥b−b∗∥2B

∥g − T (b− b∗)∥2 ≤ η <∞.

Also, let gb̂ = arg infg∈G
L2∥b̂−b∗∥2B

∥g − T (b̂− b∗)∥2.

When ∥gb̂∥2 ≤ δ, then

∥T (b̂− b∗)∥2 ≤ ∥gb̂∥+ ∥g − T (b− b
∗)∥2 ≤ δ + η;

if ∥gb̂∥2 ≥ δ, let r = δ
2∥gb̂∥2

∈ [0, 12 ], and rgb̂ ∈ GL2∥b̂−b∗∥2
B

since G is star-shaped. Hence,

sup
g∈G

Ψn(b̂, g)−Ψn(b
∗, g)− 2λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
≥ Ψn(b̂, rgb̂)−Ψn(b

∗, rgb̂)− 2λ

(
∥rgb̂∥

2
G +

U

δ2
∥rgb̂∥

2
2,n

)
= r

(
Ψn(b̂, gb̂)−Ψn(b

∗, gb̂)
)

︸ ︷︷ ︸
(i)

−2λ r2
(
∥gb̂∥

2
G +

U

δ2
∥gb̂∥

2
2,n

)
︸ ︷︷ ︸

(ii)

.

For (ii),

r2
(
∥gb̂∥

2
G +

U

δ2
∥gb̂∥

2
2,n

)
≤ 1

4
∥gb̂∥

2
G +

r2U

δ2
∥gb̂∥

2
2,n. (15)

By Equation (9), with probability at least 1− ζ,

r2U

δ2
∥gb̂∥

2
2,n ≤

r2U

δ2

[
∥gb̂∥

2
2 +

∣∣∥gb̂∥22,n − ∥gb̂∥22∣∣] ≤ r2U

δ2
(3
2
∥gb̂∥

2
2 + δ2(1 +

∥gb̂∥
2
G

3U
)
)
.
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Substitute this into Equation (15) and we get

r2
(
∥gb̂∥

2
G +

U

δ2
∥gb̂∥

2
2,n

)
≤ 1

4
∥gb̂∥

2
G +

r2U

δ2
(3
2
∥gb̂∥

2
2 + δ2(1 +

∥gb̂∥
2
G

3U
)
)

≤ (
1

4
∥gb̂∥

2
G +

1

12
∥gb̂∥

2
G) +

3Ur2

2δ2
∥gb̂∥

2
2 +

1

4
U

=
1

3
∥gb̂∥

2
G + (

3

8
+

1

4
)U

≤ 1

3
L2∥b̂− b∗∥2B +

5

8
U.

(16)

For (i), we consider function class

JB,L2B =
{
((s, a, s′), (r, s, a)) 7→ α(b(s, a, s′)− b∗(s, a, s′))gL

2B
b (r, s, a) | b− b∗ ∈ BB , α ∈ [0, 1]

}
,

where gL
2B

b (r, s, a) = arg infg∈GL2B
∥g − T (b− b∗)∥2. Choose δ = δJn + c0

√
log(c1/ζ)

n , where δJn is the upper bound of
the empirical critical radii of function class JB,L2B . Choose loss function L = (b− b∗)f , then by Lemma G.3, we have
with probability at least 1− ζ, for all b ∈ B and g ∈ G,

|(Ψn(b, gb)−Ψn(b
∗, gb))− (Ψ(b, gb)−Ψ(b∗, gb))| ≤ 18δ(∥(b∗ − b)gb∥2 + δ)

≤ 18δ(∥gb∥2 + δ),

since b− b∗ ∈ BB , which is 1-uniformly bounded.

When ∥b− b∗∥2B > B, we rescale the function by
√
B

∥b−b∗∥B
(b− b∗), and similarly, we obtain that with probability at least

1− ζ,

|(Ψn(b, gb)−Ψn(b
∗, gb))− (Ψ(b, gb)−Ψ(b∗, gb))| ≤ 18δ(∥gb∥2 + δ)max

{
1,
∥b− b∗∥2B

B

}
.

Therefore, with probability at least 1− ζ, for any g ∈ G,

r
(
Ψn(b̂, gb̂)−Ψn(b

∗, gb̂)
)
≥ r

(
Ψ(b̂, gb̂)−Ψ(b∗, gb̂)

)
− r|(Ψn(b, gb̂)−Ψn(b

∗, gb̂))− (Ψ(b, gb̂)−Ψ(b∗, gb̂))|

≥ r
(
Ψ(b̂, gb̂)−Ψ(b∗, gb̂)

)
︸ ︷︷ ︸

(A)

− 18δr(∥gb̂∥2 + δ)max
{
1,
∥b̂− b∗∥2B

B

}
︸ ︷︷ ︸

(B)

.
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For (A),

r
(
Ψ(b̂, gb̂)−Ψ(b∗, gb̂)

)
=

δ

2∥gb̂∥2
E
[
(b̂(S,A, S′)− b∗(S,A, S′))gb̂(R,S,A)

∣∣Ot = 1
]

=
δ

2∥gb̂∥2
E
[
gb̂(R,S,A)E

(
b̂(S,A, S′)− b∗(S,A, S′) | R,S,A,Ot = 1

) ∣∣Ot = 1
]

=
δ

2∥gb̂∥2
E
{
gb̂(R,S,A)

[
T (b̂− b∗)(R,S,A)

]}
=

δ

2∥gb̂∥2
E
{
(gb̂(R,S,A))

2 − gb̂(R,S,A)[gb̂(R,S,A)− T (b̂− b
∗)(R,S,A)]

}
=

δ

2∥gb̂∥2

{
∥gb̂∥

2
2 −

{
Egb̂(R,S,A)[gb̂(R,S,A)− T (b̂− b

∗)(R,S,A)]
}}

≥ δ

2∥gb̂∥2

{
∥gb̂∥

2
2 − ∥gb̂∥2∥gb̂ − T (b̂− b

∗))∥2
}

=
δ

2

{
∥gb̂∥2 − ∥gb̂ − T (b̂− b

∗))∥2
}

≥ δ

2

{
∥T (b̂− b∗)∥2 − 2∥gb̂ − T (b̂− b

∗))∥2
}

≥ δ

2

{
∥T (b̂− b∗)∥2 − 2η

}
.

For (B),

18δr(∥gb̂∥2 + δ)max
{
1,
∥b̂− b∗∥2B

B

}
= 18δr(

δ

2r
+ δ)max

{
1,
∥b̂− b∗∥2B

B

}
= (9δ2 + 18rδ2)max

{
1,
∥b̂− b∗∥2B

B

}
≤ 18δ2 +

18δ2∥b̂− b∗∥2B
B

.

So when ∥gb̂∥2 ≥ δ, with probability at least 1− 2ζ,

(i) = r
(
Ψn(b̂, gb̂)−Ψn(b

∗, gb̂)
)
≥ (A)− (B)

≥ δ

2

{
∥T (b̂− b∗)∥2 − 2η

}
− 18δ2 − 18δ2∥b̂− b∗∥2B

B
.

Therefore the lower bound of supg∈G Ψn(b̂, g)−Ψn(b
∗, g)− 2λ

(
∥g∥2G + U

δ2 ∥g∥
2
2,n

)
is given by

sup
g∈G

Ψn(b̂, g)−Ψn(b
∗, g)− 2λ

(
∥g∥2G +

U

δ2
∥g∥22,n

)
≥(i)− 2λ(ii)

≥δ
2

{
∥T (b̂− b∗)∥2 − 2η

}
− 18δ2 − 18δ2∥b̂− b∗∥2B

B
− 2λ

(1
3
L2∥b̂− b∗∥2B +

5

8
U
)

≥δ
2
∥T (b̂− b∗)∥2 − ηδ − 18δ2 − (

18δ2

B
+

2λL2

3
)∥b̂− b∗∥2B −

5

4
λU.
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D.3. Combining the upper and lower bounds

Combine the upper bound and lower bound, and then we have either ∥gb̂∥2 ≤ δ, or with probability at least 1− 3ζ, for all
b ∈ B,

δ

2
∥T (b̂− b∗)∥2 − ηδ − 18δ2 − (

18δ2

B
+

2λL2

3
)∥b̂− b∗∥2B −

5

4
λU ≤ 2λU + (72 +

10× 182

C1
)δ2 + λµ

(
∥b∗∥2B − ∥b̂∥2B

)
.

So

δ

2
∥T (b̂− b∗)∥2 ≤

13

4
λU + ηδ + λµ

(
∥b∗∥2B − ∥b̂∥2B

)
+ (90 +

10× 182

C1
)δ2 + (

18δ2

B
+

2λL2

3
)∥b̂− b∗∥2B

≤ 13

4
λU + ηδ + λµ

(
∥b∗∥2B − ∥b̂∥2B

)
+ (90 +

10× 182

C1
)δ2 + 2λ(

18δ2

λB
+

2L2

3
)
(
∥b∗∥2B + ∥b̂∥2B

)
.

If µ ≥ 36δ2

λB + 4L2

3 , then

∥T (b̂− b∗)∥2 ≤
2

δ

(13
4
λU + ηδ + λµ

(
∥b∗∥2B − ∥b̂∥2B

)
+ (90 +

10× 182

C1
)δ2 + λµ

(
∥b∗∥2B + ∥b̂∥2B

))
=

2

δ

(13
4
λU + ηδ + 2λµ∥b∗∥2B + (90 +

10× 182

C1
)δ2

)
≤ 13

2

λU

δ
+ 2η + 4

λµ

δ
∥b∗∥2B + (180 +

20× 182

C1
)δ.

Suppose λ ≤ C2δ
2

U , then with probability at least 1− 4ζ,

∥T (b̂− b∗)∥2 ≤
13

2

λU

δ
+ 2η + 4

λµ

δ
∥b∗∥2B + (180 +

20× 182

C1
)δ

≤ 13

2
C2δ + 2η + 4C2µδ∥b∗∥2B + (180 +

20× 182

C1
)δ

≤ 4C2µδ∥b∗∥2B +
(13
2
C2 + 180 +

20× 182

C1

)
δ + 2η

≲ δmax
{
1, ∥b∗∥2B

}
.

E. Proof of Corollary 6.6
Recall that the product class is denoted by

J (t)
B,L2B :=

{
((s, a, s′), (r, s, a)) 7→ α(bt(s, a, s

′)− b∗t (s, a, s′))gL
2B

b,t (r, s, a) | bt − b∗t ∈ B
(t)
B , α ∈ [0, 1]

}
.

Define the tensor product of two RKHSs B(t) and G(t) as H(t)
⊗ endowed with kernel K⊗,t

(
(x, y), (x′, y′)

)
:=

KB,t(x, x
′)KG,t(y, y

′). Then, one can verify that J (t)
B,L2B satisfies

J (t)
B,L2B ⊆

{
f ∈ H(t)

⊗ : ∥f∥H(t)
⊗
≤

√
Bt

√
L2Bt

}
=: H(t)

⊗,LB .

By Lemma G.5, we have that

Rnt
(J (t)

B,L2B , δ) ≤ LB
√

2

nt

√√√√ ∞∑
i=1

∞∑
j=1

min
{
λBt,iλ

G
t,j , δ

2
}
. (17)

Under the polynomial eigen decay assumptions λBt,i ≲ i−2αB and λGt,j ≲ j−2αG with αmin := min{αB , αG}, by
Lemma G.6, the tensor-product spectrum admits the bound

∞∑
i=1

∞∑
j=1

min{λBt,iλGt,j , δ2} ≲ δ
2− 1

αmin log
1

δ
.
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plugging this into Equation (17) yields

δJnt
≲ LB n

− αmin
2αmin+1

t log nt.

Similarly, we have

δGnt
≲

√
Ut n

− αG
2αG+1

t log nt.

Therefore, δnt = max{δGnt
, δJnt
} satisfies

δnt
≲ max{

√
Ut, LB}n

− αmin
2αmin+1

t log nt,

and the claim follows by Theorem 6.5.

Note that the min-max estimation problem of bt has a closed-form solution, which is discussed in Dikkala et al. (2020)
Appendix E.3.

F. Proof of Theorem 6.9
F.1. Error Decomposition

The estimation error bound can be decomposed as

|E[V π
1 ]− V̂ (π)| ≤ |E[V π

1 ]− En[V
π
1 ]|︸ ︷︷ ︸

(I)

+ |E[V π
1 ]− E[V̂ π

1 ]|︸ ︷︷ ︸
(II)

+ |E(V π
1 − V̂ π

1 )− En(V
π
1 − V̂ π

1 )|︸ ︷︷ ︸
(III)

,

where En[V
π
1 ] := 1

n

∑n
i=1 V

π
1 (S1,i, 0).

F.2. Bound of (I)

For (I), since rewards are bounded in [−1, 1], by Hoeffding inequality, with probability at least 1− ζ,

|E[V π
1 ]− En[V

π
1 ]| ≲ ∥V π

1 ∥∞

√
log(c1/ζ)

n
≤ T

√
log(c1/ζ)

n
,

where constant c1 > 0.

F.3. Bound of (II)

For (II),

|E[V π
1 ]− E[V̂ π

1 ]| ≤ ∥V π
1 − V̂ π

1 ∥2
= ∥

∑
a

π1(a | S1, O0)(Q
π
1 (S1, a)− Q̂1(S1, a))∥2

=
(
E
[(∑

a

π1(a | S1, O0 = 0)(Qπ
1 (S1, a)− Q̂1(S1, a))

)2])1/2

≤
(
E
[∑

a

π1(a | S1, O0 = 0)(Qπ
1 (S1, a)− Q̂1(S1, a))

2
])1/2

:= ∥Qπ
1 − Q̂1∥2,π,
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where Qπ
t (s, a) = E(Rt + V π

t+1 | s, a). Since there is no shift on marginal distributions of states d̃πt and d̃bt when t = 1, by
Assumption 3.3,

∥Qπ
1 − Q̂1∥22,π = E(S1,O0)∼d̃π

1

[∑
a

π1(a | S1, O0 = 0)(Qπ
1 (S1, a)− Q̂1(S1, a))

2
]

= E(S1,O0)∼d̃b
1

[∑
a

π1(a | S1, O0 = 0)(Qπ
1 (S1, a)− Q̂1(S1, a))

2
]

≤ κ1E(S1,O0)∼d̃b
1

[∑
a

πb
1(a | S1)(Q

π
1 (S1, a)− Q̂1(S1, a))

2
]

:= κ1∥Qπ
1 − Q̂1∥22,πb ,

and for simplicity we write ∥Qπ
1 − Q̂1∥22 instead of ∥Qπ

1 − Q̂1∥22,πb . Q̂t is estimated from penalized nonparametric least
square problem Equation (8).

∥Q̂t−Qπ
t ∥2 involves the estimation error of the fitted Q-functions produced by FQE. Unlike standard supervised regression,

the regression targets in FQE are pseudo-labels that depend on nuisance estimates and on future-stage fitted values.
Concretely, at stage t < T , the target takes the form

yt,i =
̂̃
Rt,i + V̂ π

t+1(St+1,i, Ot,i),

where ̂̃
Rt,i depends on the estimated bridge b̂t and V̂ π

t+1 depends on Q̂t+1. Therefore, the regression noise and the
regression function are statistically coupled through the common data, and a direct analysis of ∥Q̂t −Qπ

t ∥2 typically leads
to non-negligible cross terms that are difficult to control without additional device such as sample splitting or cross-fitting.

To decouple the effect of nuisance estimation from the intrinsic regression error, we introduce an oracle comparator Q̂∗
t ,

defined as the solution of the same penalized regression problem as Q̂t but trained on an oracle pseudo-label y∗t , in which
the nuisance components are replaced by their population counterparts.

Q̂∗
t = arg min

f∈Q(t)

1

n

n∑
i=1

(
f(St,i, At,i)− y∗t,i

)2
+ λt∥f∥2Q(t) , (18)

where

y∗t,i =

{
R̃t,i, t = T,

R̃t,i + V π
t+1(St+1,i, Ot,i), t < T,

and V π
t+1(St+1,i, Ot,i) =

∑
a πt+1(a | St+1, Ot)Q

π
t+1(St+1, a).

Then we have

∥Q̂t −Qπ
t ∥2 = ∥(Q̂t − Q̂∗

t ) + (Q̂∗
t −Qπ

t )∥2
≤ ∥Q̂t − Q̂∗

t ∥2︸ ︷︷ ︸
(a)

+ ∥Q̂∗
t −Qπ

t ∥2︸ ︷︷ ︸
(b)

.

For (a), since Q̂t, Q̂∗
t are estimated from Equation (8) and Equation (18), it can be verified that

∥Q̂t − Q̂∗
t ∥2,n ≤ ∥yt − y∗t ∥2,n ≤

√
2∥ ̂̃Rt − R̃t∥2,n +

√
2∥V̂ π

t+1 − V π
t+1∥2,n.

Since

∥ ̂̃Rt − R̃t∥2,n = ∥(1−Ot)(b̂t − b∗t )∥2,n ≤ ∥b̂t − b∗t ∥2,n,
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and

∥V̂ π
t+1 − V π

t+1∥2,n :=
∥∥∥∑

a

πt+1(a | St+1, Ot)
(
Q̂t+1(St+1, a)−Qπ

t+1(St+1, a)
)∥∥∥

2,n

=
( 1

n

n∑
i=1

[∑
a

πt+1(a | St+1,i, Ot,i)
(
Q̂t+1(St+1,i, a)−Qπ

t+1(St+1,i, a)
)]2)1/2

≤
( 1

n

n∑
i=1

∑
a

πt+1(a | St+1,i, Ot,i)
(
Q̂t+1(St+1,i, a)−Qπ

t+1(St+1,i, a)
)2)1/2

:=∥Q̂t+1 −Qπ
t+1∥2,n,π,

then

∥Q̂t − Q̂∗
t ∥2,n ≤

√
2∥b̂t − b∗t ∥2,n +

√
2∥Q̂t+1 −Qπ

t+1∥2,n,π. (19)

Since Q(t) is (T − t+ 1)-uniformly bounded, we consider scaling Q(t) by (T − t+ 1) for convenience.

According to Fischer & Steinwart (2020), under mild conditions, the RKHS norm of kernel ridge regression estimators
is bounded with high probability. and construct RKHS ball Q(t)

RQ
= {Q ∈ Q(t) : ∥Q∥Q(t) ≤ RQ} for all t = 1, . . . , T .

Denote difference class ∆Q(t) := {∆Q | ∆Q = Q1 − Q2, Q1, Q2 ∈ Q(t)
RQ
}. Let δ̄

∆
(t)
Q ,n

be the upper bound of the

empirical critical radii of scaled function class ∆Q(t).

For RKHS B(t), Proposition 9 in Dikkala et al. (2020) gives the closed form of the inner maximization, which implies
that ∥b̂t∥B(t) can be bounded by a constant RB . Thus, consider RKHS ball B(t)RB

= {bt ∈ B(t), ∥bt∥B(t) ≤ RB}. Define

difference class ∆B(t) = {∆b = b1 − b2, b1, b2 ∈ B(t)RB
} and let δ̄

∆
(t)
b ,n

be the upper bound of the empirical critical radii

of ∆B(t). Then, we define δ̄∆t = max{δ̄
∆

(t)
Q ,n

, δ̄
∆

(t+1)
Q ,n

, δ̄
∆

(t)
b ,n
} where δ∆t = δ̄∆t + c0

√
log(c1/ζ)

n for some c0, c1 > 0.

Let ∥Q̂t+1 −Qπ
t+1∥22,b,π := E(St+1,Ot)∼d̃b

t+1

[∑
a∈A πt+1(a | St+1, Ot)

(
Q̂t+1(St+1, a)−Qπ

t+1(St+1, a)
)2]

.

Applying Lemma G.2 on both sides of Equation (19), we have with probability at least 1− ζ,

∥Q̂t − Q̂∗
t ∥2 ≲∥b̂t − b∗t ∥2 + ∥Q̂t+1 −Qπ

t+1∥2,b,π + (T − t+ 1)δ∆t

(Assumption 3.3 (2)) ≲∥b̂t − b∗t ∥2 +
√
κt+1∥Q̂t+1 −Qπ

t+1∥2 + (T − t+ 1)δ∆t
.

(20)

(b) corresponds to a standard penalized least square estimation error. Since ∥Q∗
t ∥Q(t) is bounded, by Lemma G.7, with

probability at least 1− ζ, (b) is bounded by

∥Q̂∗
t −Qπ

t ∥2 ≲ (δ
∆

(t)
Q

+
√
λt)(T − t+ 1),

where δ
∆

(t)
Q

= δ
∆

(t)
Q ,n

+ c0

√
log(c1T/ζ)

n for some c0, c1 > 0.

Therefore, with probability at least 1− ζ/T ,

∥Q̂t −Qπ
t ∥2 ≤ ∥Q̂t − Q̂∗

t ∥2 + ∥Q̂∗
t −Qπ

t ∥2
≲ ∥b̂t − b∗t ∥2 +

√
κt+1∥Q̂t+1 −Qπ

t+1∥2 + (T − t+ 1)δ∆t + (δ
∆

(t)
Q

+
√
λt)(T − t+ 1).
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Applying backward induction from t = T down to t = 1 yields the bound for (II) with probability at least 1− ζ:

|E[V π
1 ]− E[V̂ π

1 ]| ≤∥V π
1 − V̂ π

1 ∥2
≤
√
κ1∥Q̂1 −Qπ

1∥2

≲
T∑

t=1

( T∏
j=1

√
κj

)[
∥b̂t − b∗t ∥2 + (T − t+ 1)δ∆t

+ (δ
∆

(t)
Q

+
√
λt)(T − t+ 1)

]

≲K
T∑

t=1

[
τtδt(1 + ∥b∗t ∥2B(t)) + (δ∆t

+ δ
∆

(t)
Q

+
√
λt)(T − t+ 1)

]
.

F.4. Bound of (III)

For (III), we first define function class ∆V(t) =
{
∆ = V1 − V2 | V1, V2 ∈ V(t)

RV

}
, where V(t)

RV
is a (T − t+ 1)-uniformly

bounded function class of value functions at time t, induced fromQ(t) under operator Πt: V(t)
RV

= {ΠtQ : Q ∈ Q(t)
RQ
}. Here

linear operator Πt is defined as (ΠtQ)(s, o−) =
∑
πt(a | s, o−)Q(s, a). We choose the cost function as L(f(X), Y ) =

f(X) and apply Lemma G.1. We here also scale V(t)
RV

by (T − t+ 1).

Then, with probability at least 1− ζ,

|E(V π
1 − V̂ π

1 )− En(V
π
1 − V̂ π

1 )| ≲ δ
∆

(1)
V

(∥V π
1 − V̂ π

1 ∥2 + Tδ
∆

(1)
V

),

where δ
∆

(1)
V

= δ̄
∆

(1)
V ,n

+ c0

√
log(c1/ζ)

n , and δ̄
∆

(1)
V ,n

is the upper bound of the empirical critical radii of scaled function class

∆V(1). Note that δ
∆

(1)
V

≤ δ
∆

(1)
Q

.

F.5. Policy value error bound

Combine the above inequalities, we obtain the policy value estimation error bound with probability at least 1− ζ:∣∣V̂ (π)− V (π)
∣∣ ≤(I) + (II) + (III)

≲T

√
log(c1T/ζ)

n
+ (δ

∆
(1)
V

+ 1)∥V π
1 − V̂ π

1 ∥2 + T (δ
∆

(1)
V

)2

≲T

√
log(c1T/ζ)

n
+ T (δ

∆
(1)
V

)2 +K(δ
∆

(1)
V

+ 1)
[
τtδt(1 + ∥b∗t ∥2B(t))+

(δ∆t + δ
∆

(t)
Q

+
√
λt)(T − t+ 1)

]
≲T

√
log(c1T/ζ)

n
+ T (δ

∆
(1)
V

)2 +K(δ
∆

(1)
V

+ 1)
[
τtδt(1 + ∥b∗t ∥2B(t))+

(T − t+ 1)δt,∗

]
≲T

√
log(c1T/ζ)

n
+KτmaxT

T∑
t=1

δt,∗,

where δt,∗ as the maximum of the critical radii of difference classes ∆Q(t), ∆Q(t+1), ∆B(t), and G(t)U for t = 1, . . . , T ,
namely δ

∆
(t)
Q

, δ
∆

(t+1)
Q

, δ
∆

(t)
B

and δG(t) .

With polynomial decay

µQ
t,j ≲ j−2αQ , µB

t,j ≲ j−2αB , µG
t,j ≲ j−2αG , αQ, αB , αG > 1/2,
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the corresponding critical radii satisfy

δ
∆

(t)
Q

, δ
∆

(t+1)
Q

≲ R
1

2αQ+1

Q n
−

αQ
2αQ+1 log n,

δ
∆

(t)
B

≲ R
1

2αB+1

B n
− αB

2αB+1 log n,

δG(t) ≲ U
1

2αG+1

t n
− αG

2αG+1 log n.

Thus, the critical radius δt,∗ satisfies

δt,∗ ≲ max{
√
RQ,

√
RB ,

√
Ut}n−

αmin
2αmin+1 log n,

where αmin = min{αQ, αB , αG}. Therefore, with probability at least 1− ζ, the policy value is bound by∣∣V̂ (π)− V (π)
∣∣ ≲ KτmaxT

2
√
log(c1T/ζ)n

− αmin
2αmin+1 log n.

G. Auxiliary lemmas
Lemma G.1 (Wainwright (2019), Theorem 14.20). Suppose function class F is symmetric, 1-uniformly bounded, and
star-shaped around f∗. Let δ2n ≥ c

n be any solution to the inequality Rn(F∗, δ) ≤ δ2, where F∗ = {f − f∗ | f ∈ F}.
Suppose the cost function L(f(X), Y ) is L-Lipschitz in its first argument f(X). Then for all f ∈ F , with probability at
least 1− c1e−c2nδ

2
n , we have

|En

(
L(f(x), y)− L(f∗(x), y)

)
− E

(
L(f(x), y)− L(f∗(x), y)

)
| ≤ 10Lδn

(
∥f − f∗∥2 + δn

)
.

Lemma G.2 (Wainwright (2019), Theorem 14.1). Given a star-shaped and b-uniformly bounded function class F , set
δn > 0 be any solution toR(F , δ) ≤ δ2

b . Then for any t ≥ δn, with probability at least 1− c1 exp(−c2 nt2

b2 ), we have∣∣∥f∥22,n − ∥f∥22∣∣ ≤ 1

2
∥f∥22 +

1

2
t2

for all f ∈ F .

Lemma G.3 (Foster & Syrgkanis (2023), Lemma 14). Consider a 1-uniformly bounded and star-shaped function class
F , and pick any f∗ ∈ F . Let δ2n ≥ c1

log(logn)
n be any solution to the inequalities Rn(F∗

t , δ) ≤ δ2 for all t ∈ {1, . . . , d},
where F∗

t = {ft − f∗t | ft ∈ F|t}. Assume Lf is L-Lipschitz in its first argument f with respect to its ℓ2 norm. Then for all
f ∈ F , for some universal constants c2, c3 > 0, with probability at least 1− c2e−c3nδ

2
n , we have

|En

(
Lf − Lf∗)− E

(
Lf − Lf∗

)
| ≤ 18Ldδn

(
∥f − f∗∥2 + δn

)
.

The outcome f̂ of constrained ERM satisfies that with the same probability,

En

(
Lf̂ − Lf∗) ≤ 18Ldδn

(
∥f̂ − f∗∥2 + δn

)
.

Lemma G.4 (Wainwright (2019), Example 3.5). Let ε = (ε1, . . . , εn) be i.i.d. Rademacher variables taking values in
{−1,+1} with equal probability. Let A ⊂ Rn be any (possibly infinite) bounded set, and define

Z(A) := sup
a∈A
⟨a, ε⟩ = sup

a∈A

n∑
k=1

akεk.

Let W (A) := supa∈A ∥a∥2. Then for all t > 0,

P
(
Z(A) ≥ E[Z(A)] + t

)
≤ exp

(
− t2

16W (A)2
)
.

Moreover, since −Z(A) = infa∈A⟨a, ε⟩ and the same argument applies,

P
(
|Z(A)− E[Z(A)]| ≥ t

)
≤ 2 exp

(
− t2

16W (A)2
)
.
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Lemma G.5 (Wainwright (2019), Corollary 14.5). LetH be an RKHS with reproducing kernel K and let F := {f ∈ H :
∥f∥H ≤ 1} be the unit ball. Let {µj}∞j=1 denote the non-increasing eigenvalues. Then the local Rademacher complexity
satisfies, for any δ > 0,

Rn(F , δ) ≤
√

2

n

 ∞∑
j=1

min{µj , δ
2}

1/2

.

Moreover, let {µ̂j}nj=1 denote the eigenvalues of the renormalized kernel matrix K ∈ Rn×n with entries Kij = K(xi, xj)/n.
Then the local empirical Rademacher complexity satisfies, for any δ > 0,

R̂n(F , δ) ≤
√

2

n

 n∑
j=1

min{µ̂j , δ
2}

1/2

.

Lemma G.6 (Krieg (2018), Theorem 1(i)). Let σ : N → R+ be a non-increasing sequence with σ(n) → 0. For d ∈ N,
define its d-th tensor power

σd(n1, . . . , nd) =

d∏
k=1

σ(nk), (n1, . . . , nd) ∈ Nd,

and let τ : N → R+ be the non-increasing rearrangement of {σd(n1, . . . , nd)}(n1,...,nd)∈Nd . If for some s > 0 one has
σ(n) ≲ n−s, then

τ(n) ≲ n−s(log n)s(d−1).

Lemma G.7 (Rademacher analogue of Wainwright (2019), Theorem 13.17). Let (xi, yi)ni=1 be i.i.d. with yi = f∗(xi) + ξi,
where E[ξi | xi] = 0 and ξi is conditionally σ-sub-Gaussian. Let F be a symmetric, star-shaped class equipped with a
Hilbert norm ∥ · ∥F . Consider the penalized least squares estimator

f̂ ∈ argmin
f∈F

{
1

2n

n∑
i=1

(yi − f(xi))2 + λn∥f∥2F

}
.

Suppose f∗ ∈ F and ∥f∗∥F ≤ R. Define the localized difference class

G := {∆ = f − f∗ : f ∈ F , ∥f∥F ≤ R}.

and the local empirical Rademacher complexity

R̂n(G, δ) := Eε

[
sup

∆∈G:∥∆∥2,n≤δ

∣∣∣ 1
n

n∑
i=1

εi∆(xi)
∣∣∣ ∣∣∣ x1:n].

Let δ̄n be the upper bound of the critical radii satisfying R̂n(G, δ̄n) ≤ δ̄2n
32σ , and define δn = δ̄n + c0σ

√
log(c1/ζ)

n for some
numerical constants c0, c1 > 0. Assume that λn ≥ 3

4δ
2
n, then there exist constant C1 > 0 such that, with probability at least

1− ζ,
∥f̂ − f∗∥22 ≤ C1R

2
(
δ2n + λn

)
.
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