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Abstract

The paradigm of linear structural equation model-
ing readily allows one to incorporate causal feed-
back loops in the model specification. These appear
as directed cycles in the common graphical repre-
sentation of the models. However, the presence of
cycles entails difficulties such as the fact that mod-
els need no longer be characterized by conditional
independence relations. As a result, learning cyclic
causal structures remains a challenging problem.
In this paper, we offer new insights on this prob-
lem in the context of linear non-Gaussian models.
First, we precisely characterize when two directed
graphs determine the same linear non-Gaussian
model. Next, we take up a setting of cycle-disjoint
graphs, for which we are able to show that simple
quadratic and cubic polynomial relations among
low-order moments of a non-Gaussian distribution
allow one to locate source cycles. Complement-
ing this with a strategy of decorrelating cycles and
multivariate regression allows one to infer a block-
topological order among the directed cycles, which
leads to a consistent and computationally efficient
algorithm for learning causal structures with dis-
joint cycles.

1 INTRODUCTION

In this work we study linear structural causal models [Pearl,
2013] that allow for feedback loops. Throughout, we con-
sider a collection of observed random variables (X;);cv
that is indexed by the nodes of a directed graph G = (V, E).
The linear structural equation model (LSEM) associated to

the graph G hypothesizes that the random variables (X;);cv

satisfy a system of structural equations

X, = Z )\jin + &4, (D)
Jjepa(i)

where pa(i) = {j € V : j — ¢ € E} is the set of parents
of node 7 € V, and the noise terms (¢; )¢y are centered and
independent. Our problem of interest is causal discovery
from observational data, i.e., given i.i.d. samples from this
model, we are interested in learning the graph G and the
unknown coefficients \;; € R.

Our focus is on discovery in models with non-Gaussian er-
rors. The non-Gaussianity may render causal directions iden-
tifiable also in settings where classical Markov equivalence
theory prevents identification [Maathuis et al., 2018]). In the
well understood setting of directed acyclic graphs (DAGs),
each linear non-Gaussian model is associated to a unique
DAG [Shimizu et al., |2006|. This fact has spurred active
development of discovery algorithms [Shimizu et al.| [2011],
also dealing with issues of high dimensionality [Wang and
Drton, 2019, [Tramontano et al., [2022] or latent variables
[Salehkaleybar et al., 2020, |Liu et al., 2021} |/Adams et al.,
2021} /Cai et al.,[2023}|Wang and Drton, 2023} |Schkoda et al.,
2024]. For a comprehensive review beyond these selective
references, see|Shimizul [2022].

A problem that remains challenging also in the linear non-
Gaussian case, however, is discovery of causal structures
that are allowed to contain directed cycles. Directed cy-
cles encode feedback loops and lead to difficulties such as
models that cannot be described in terms of conditional
independence and whose linear causal effects do not cor-
respond to coefficients in conditional expectations [Spirtes
et al.,|1998|]. For linear Gaussian models, this results in the
fact that conditional independence relations alone do not
allow one to learn precisely which variables are adjacent to
each other in the graph [Richardson, |1996b, |Ghassami et al.}
2020]. Hence, while algorithms focusing on conditional in-
dependence tests [[Richardson, [1996al \Semnani and Robeva,
2025] can be useful, they are unable to infer all identifiable
aspects of the underlying causal structure.
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Work of |[Lacerda et al.| [2008]] stresses the possibility of
different graphs with reversed cycles inducing the same
linear non-Gaussian models. In the present work, we revisit
this issue and give a complete characterization of when
any two directed graphs are equivalent in the linear non-
Gaussian setting (see Section [3)).

Lacerda et al.| [2008]] and more recently Dai et al.| [2024]]
show that cyclic models can be learned using independent
component analysis (ICA) or Independent Subspace Analy-
sis (ISA) combined with a sorting strategy over all permuta-
tions of the considered variables. Here we consider a setting
that lies between the classical DAGs and the fully arbitrary
structures considered by |Lacerda et al.| [2008]]. Specifically,
we focus on graphs in which cycles remain disjoint (i.e.,
each node belongs to at most one cycle). While such graphs
do appear in applications [Grace et al., 2016]], our motivation
is computational and focused on a discovery algorithm that
learns such graphs computationally efficiently (Section ).
In particular, our proposed algorithm avoids the search over
permutations that features in ICA-based approaches.

We remark that the algorithm of Lacerda et al.| [2008]] out-
puts all graphs and edge weights for which the product of
absolute edge weights along any cycle is smaller than 1.
This can also be done in our setting of cycle-disjoint graphs.

A key insight for our algorithm is that the strong compo-
nents of a cycle-disjoint graph can be learned using simple
quadratic and cubic constraints on the second and third mo-
ments. The algorithm uses the constraints to recursively
identify initial strong components and leverages further al-
gebraic relations among moments to learn the edges inside
each component. Multivariate regression then allows one to
determine the edges between the components. Our proce-
dure is reminiscent of that of Kawahara et al.|[2010], which
learns a DAG over groups of variables but does not offer an
efficient way to find the right grouping of the variables.

The rest of the paper is organized as follows. Section
reviews preliminaries for linear non-Gaussian SEMs. Sec-
tion [3] provides a complete characterization of the equiva-
lence classes of directed graphs which give rise to the same
linear non-Gaussian model (Thm. [3.5). In Sectionfd] we pro-
pose our algorithm for causal discovery based on second and
third moments of the observed random vector. Our method
works for cycle-disjoint directed graphs, i.e., directed graphs
in which no two directed cycles intersect (Def. [d.T)). In such
graphs, if several vertices form a directed cycle, then there
are no additional edges among those vertices. We conclude
with Section [5] which presents numerical experiments.

2 PRELIMINARIES

Let G = (V, E) be a directed graph (DG) with vertices V'
and directed edges F. Since we allow directed cycles in our
graph, it is not always possible to find a topological ordering

of the vertices (an ordering so that edges only go from a
smaller to a larger numbered vertex). Instead, there exists
such an ordering among the strong components of G.

Definition 2.1. A subset of vertices C C V is a strong
component (or a strongly connected component) of G, if
there exists a directed path from any vertex i € C' to any
other vertex j € C, and C is a maximal such subset.

Now, let X = (X;);cv be a random vector that satisfies
the linear structural equations of (I). We can rewrite the
equations in (I)) in matrix-vector format as

X =ATX +¢, @)

where € = (¢;);ev collects the noise terms, and the parame-
ter matrix A = (\;;); jev has A;; = O unless ¢ — j is an
edge in E. For a well-defined model, the matrix A should
satisfy I — A being invertible. Indeed, precisely then, the
system in (2)) admits a unique solution, X = (I — A)~Te.

Definition 2.2. We denote the set of |V| x |V| matrices
A = (N ) for which I — A is invertible and \;; = 0 if
i = j € E by RE. Denote the set of A which in addition
satisfy \ij # 0ifi — j € E by RE.

We assume throughout that the random vector ¢, and thus
also X = (I — A)~ e, is centered. The second moments of
X form the covariance matrix

S = (sij)ijev = (B[XiX;])ijev- 3)

Similarly, the third-order moments of X form a tensor of
order 3, which we denote by

T = (tiji)ijkev = (E[XiX;X5])ijkev- 4)

Let Q) = (Eleig)])ijev and QF) = (Eleicjer])ijnev
be the second and third-order moment tensors of €. By the

independence of the ¢;, both Q) and Q) are diagonal

tensors whose diagonal entries we denote by w?) and wf'),

respectively. Since X = (I — A)~Te, we have that
S =8(AQP) =T -AN)"TQ?[T - AT,
T =T(A, Q)
=0 e (I—A)te(I-A)"te(I—A)"

where e denotes Tucker product. In other words, the entry
tij1 of T equals

ST = A) il (2= A) [ = A) 7l

a,b,ceV

&)
= Y (I =8 ail( = 8)as (7 = 8) Q-
acV
(6)



Going forward, we will study the non-Gaussian model spec-
ified by (@) via the set of second- and third-order moments

M>3(G) = {(S(A, 0?), 7(A,Q®)) : A € RP,
Q@ e rIVIXIVI diagonal and positive definite,

QB e RIVIXIVIXIVI diagonal}.

We call this set the model of second- and third-order mo-
ments corresponding to G.

While the covariance matrix S captures the entire depen-
dence structure in the Gaussian case, higher-order moments
are relevant in the linear non-Gaussian setting. Assuming
that the diagonal elements of Q(3) are nonzero (that is, the
distribution of ¢ is skewed), the second- and third-order mo-
ments are enough to identify the graph G and the coefficient
matrix A when G is acyclic [e.g.,[Wang and Drton| [2019].
In Section[d] we use the second- and third-order moments
to learn graphs we term cycle-disjoint (Def. 4.T).

The classical notion of treks describes the source of nonzero
covariances in linear SEMs. In our linear non-Gaussian
setting, the more general notion of a k-trek is needed.

Definition 2.3. A k-trek between the vertices iy, . . .,
k-tuple of paths T = (P4, ..., Py) with common source { =
top(7) and respective sinks iy, ..., ix. The node € is called
the top of the trek. The set of all k-treks between iy, . .. iy
is denoted by T (i1,...,i). A trek 7 = (Py,...,P;) €
T (i1, ... ,ix) is called a simple trek if P, N P, = top(7)
Sforall u,v € [k], that is, the only common vertex between
each pair of paths P, and P, is the top of the trek. Moreover,
we say that T has non-empty sides if any path P, in T is

non-empty, i.e., top(7) % iy.

i isa

The trek rule uses these treks to specify how the entries of
S and T can be expressed in terms of the entries of A, 0@,
and Q). It was originally used in the Gaussian setting [Sul
livant et al.l 2010]] and was later extended to higher-order
moments for linear non-Gaussian models [Robeva and Seby,
2021, /Amendola et al., 2023]]. It states that the covariances
s;; and third moments ;). can be expressed as

sij = E

(Pi,P;)ET (4,5)
3 AN AP o)
top(P ,Pj,Py)’
(Pi,Pj,Pr)ET (i,5,k)

P,y P;, (2)
MNP ™)

tijk =

where for a path P = (uy,...,u,) we write A\’ =

Augus Mugug - - - Mip_qun-
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Figure 1: Distribution equivalent graphs G and G’.

3 DISTRIBUTION EQUIVALENT
GRAPHS

In the case of acyclic graphs, observational data is enough to
uniquely recover the underlying causal graph [Shimizu et al.,
2006]. However, when we allow graphs containing cycles,
we cannot identify the graph (and thus also parameters)
uniquely. We now state a characterization of all the graphs
and parameters that give rise to the same distributions. The
discussion and results of this section hold for all directed
graphs and do not require the disjoint cycles assumption we
make later when discussing discovery.

For any directed graph G = (V, E), let P(G) be the set of
all joint distributions of random vectors X = (I — A)~!
that solve the structural equations from (2) for A € RZ and
¢ a random noise vector with independent components.

Definition 3.1. Let G = (V, E) and G' = (V, E') be two
graphs on the same set of vertices. Then G and G' are
distribution equivalent if P(G) = P(G’).

The following Example [3.2] shows that we can obtain dis-
tribution equivalent graphs by transforming the structural
equations. We then prove in Theorem 3.5]that in fact all dis-
tribution equivalences arise from such transformations. Our
consideration of nonzero parameters \;; in Deﬁnition
is tied to the fact that to transform the models, we need to
divide by the A;; coefficients; see also Examplebelow.

Example 3.2. Let G and G’ be the DGs pictured in Figure(l]
The graph G gives rise to the following structural equations
in variables 3,4, 5:

X3 = A3 X1 4+ 53 X5 + €3,
Xy = AoaXo + Aga X3 + €4,
X5 = M5 Xy +65.

Assuming all of the \s are nonzero, we can rearrange these
equations to solve for the variables on the right-hand side



G = (124) = (1234)

Figure 2: Permutations that factor according to vertex-

disjoint cycles in G.

of each equation and obtain

X3 = (—A2a/A34) Xo + (1/A34) Xa + (—1/A34)e4,
—_—— —— ~———

Aoy A A
Xy = (1/Ms5) X5 + (—1/ 45 )es,
H}\,’_/ %/,—/
54 €4

X5 = (—Ai3/As3) X1+ (1/Xs3) X3 + (—1/Xs3)e3
—_— ~—— —_——

’ / ’
As Ass €5

Note that this transformation does not affect the variables
1,2,6,7,8. In particular, X also lies in the model generated
by G'. Therefore, G and G' are distribution equivalent.

Definition 3.3. Ler G = (V,E) be a DG, and let 7 be
a permutation of V. We say that m factors according to
vertex-disjoint cycles in G if for all 7 = (i1 ia -+ is) in
the disjoint cycle decomposition of , the directed cycle
i1 — ip — -+ — 15 — 11 is in G. Such a permutation 7
determines a unique DG 7(G) = (V,n(E)) via

(i) ifi =n(j) and i # j, theni — j € n(E), and
(ii) if i # w(j) and i # j, theni — j € w(E) if and only
ifi — w(j) € E.

Condition (ii) above is equivalent to “if i # 7(j), then
i— 7 1(j) € n(E) ifand only ifi — j € E.”

Put differently, in order to construct the graph 7(G), we
need to reverse one or several disjoint cycles in G, and if
the edge ¢ — j was on one of these cycles (and thus got
reversed to j — 1), all edges k — j that originally pointed
to j have to now be changed to point to ¢, i.e., k — <.

Note that in Example we had G’ = 7(G) with 7 =
(3 4 5). In other words, we reversed the cycle 3 — 4 —
5 — 3, and we had to adjust the edges pointing to 3,4, 5
according to the rule above. Although in this example all
cycles in G are vertex-disjoint, this need not be the case in
general. Here we provide another example.

Example 3.4. Figure 2] pictures G and ©(G) for two dif-
ferent choices of m. In fact, these three graphs comprise an
entire distribution equivalence class.

We remark that if 7 factors according to vertex-disjoint
cycles in G, then the graphs G and 7(G) have the same sets
of p-adjacencies as defined in Richardson|[1996a].

The theorem below characterizes all graphs distribution
equivalent to a given directed graph G. Here, we write =4
for equality in distribution.

Theorem 3.5. Two directed graphs G = (V,E) and
G' = (V,E') are distribution equivalent if and only if
G’ = w(QG) for a permutation w on 'V that factors according
to vertex-disjoint cycles in G. Moreover, given A € RE and
a noise vector € with independent components for the model
corresponding to G, the permutation T uniquely determines
a coefficient matrix ' € RE" and a noise vector &' with

independent components for the model given by G' such
that X' := (I — N)Te' =4 (I - AN)"Te = X.

PROOF.  We first prove the necessity of our condition.
A candidate (A’,¢’) must satisfy ¢/ =4 (I — A)T(I —
A)~Te. Since £’ must have independent components and
the entries of € are non-Gaussian, the Darmois-Skitovich
Theorem [Darmois, [1953] Skitovich, [1953]] implies that
every row of (I —A")T (I — A)~" has precisely one nonzero
entry. In other words, there exists a permutation matrix P
and a dilation matrix D so that

(I-ANPD=1-A\. 8)

We can write I — A = (—\;j)i jev With Aj; = —1fori =
1,...,n. Suppose that right multiplication by P permutes
the columns of I — A via the permutation 7, so that the
diagonal entries of (I — A)P are —\;-(;). But I — A’ has
diagonal entries equal to 1, so we must have A;.¢;) # 0.
This implies that 7(¢) = i or ¢ — w(i) € E. In particular,
factors according to vertex-disjoint cycles in GG. Moreover,
since I — A’ has diagonal entries equal to 1, by , the i-
th diagonal entry of D must equal —1/X;(;). Hence, if we
write [ — A" = (=\};)i jev with Xj; = —=1fori =1,...,n
as before, then

v = S Ay, i (),
- NGy, ifi=w().

Since \;; # 0 if and only if ¢ — j € FE, we have that
G’ = 7(G) as required.

To prove the sufficiency of our condition, we can simply
calculate that (I — A)~Te =4 (I — A')~T&’, where A’ is
determined as above, and &’ =4 (I — A')T(I — A)~Te =
DPTe. 0

In our Definition [3.1] of equivalence, we can rearrange the
structural equations, and thus transform the graph only if the
A coefficients we divide by in our procedure are nonzero,
which is satisfied whenever A € ]Rf . However, if some of
the \;; are zero for an edge ¢ — j € I, then the random
variable does not necessarily lie in the transformed model.

Example 3.6. Consider the graphs G and G’ in Figure[3]
Let A € R¥ satisfy the sparsity pattern arising from G but



Figure 3: The 3-cycles of Example
have additional zeros so that it no longer lies in RE :

A:

o O O
o O w
o O O

Let Q@) = Q) = diag(1,2,1). Then, the second- and
third-order moments S and T are

1 3 0 1 30
S=(3 11 0], Tm. =3 9 o],
0 0 1 00 0
3.9 0 00 0
T =(9 29 0|, 75».=]0 0 0],
0 0 0 00 1

and (S,T) € MZ3)(G). We will show that (S,T) ¢
ME3)(G"). Suppose that there exist

0 0 i3
A/ = /21 0 0 ’
0 Ny O

Q@ = diag(w’gl,wég,w’%), Qe = diag(wél,wg2,w§3)

such that S = (I —N)"TQ@ (I —A) L and T = Q3" o
(I —A)"te(I—AN)"te(I—N)"L Taking inverses,

1 3
3, 2 0
sl—-(-3 L1 o] =
2 2
0 0 1
1 (A3) _ Aoy >‘/13
Way w; w) Wy
— 21 (A5)? 1 Azo
‘*’,él w1 , w; Wao
_ A Az (A52) 1
UJ’23 Woo Wao Was

This leads to the solution

3

2
)\'21 = ﬁ,/\'13 =0, )\32 = O,wél = —,w'QQ = 11,w§3 =1.

11

EquatingT = Q®) o (I—A)"le(I—A)"Le(I—A)"1
we get

’ !
/ 2Tws, Ywsq

1 3 0 w31 + Tz Top 0 3 9 0
3 9 0= 91W2§12 301sz ol, (9 29 O
0 00 0 0 0 0 0 0

Jwiy 3wh,

S 0\ (0 0 0 00 0
=2 wy, of. [0 0 0)={00 o0

0 0 0 0 01 0 0 wiy
This set of linear equations in why, wh,, whs does not have
a solution. For example, we have 3 = 9{"%,9 = 3;}%2,

which has no solution. Therefore, we cannot transform the
equations so that (S,T) € M3 (G").

4 DISCOVERY ALGORITHM FOR
CYCLE-DISJOINT GRAPHS

This section presents the concepts and results essential for
our discovery algorithm. We begin by formally defining the
considered graphs.

Definition 4.1. A directed graph G is cycle-disjoint if each
one of its nodes belongs to at most one cycle in G.

For example, the graphs in FigureT]are cycle-disjoint, while
those in Figure [2] are not. Note that a cycle-disjoint graph
G has all its strong components equal to directed cycles
(without any additional edges in the components).

The general Theorem allows us to particularly easily
characterize all graphs that are distribution equivalent to a
graph with disjoint cycles. This can be done by reversing
the orientation of any of the disjoint cycles and adjusting
the incoming edges.

Our discovery algorithm has two distinct steps:

Step 1. Discover the strong components of the graph G,
their topological ordering, and the edges and edge weights
within each component.

Step 2. Discover the edges and edge weights between dif-
ferent components.

Below, we prove that these steps can be implemented via
algebraic constraints among the second and third moments.

Remark 4.2. Causal discovery algorithms that process al-
gebraic relations among moments can be practically imple-
mented using sample moments calculated from data. Com-
paring sample quantities to thresholds, one may decide algo-
rithmically whether an algebraic constraint of interest holds.
A suitable choice of a threshold renders such algorithms con-
sistent because sample moments consistently estimate true
moments when the available sample size tends to infinity.

In the rest of this section we assume that G = (V, E) is
a cycle-disjoint graph and that (S, T) € M?3(G) are the
second- and third-order moments of a random vector fol-
lowing the LSEM given by GG. We will use further notation
as follows. In graph G = (V, E), the set of ancestors of
a subset C' C V, denoted by anc(C), is the set of nodes
u € V with a directed path (of length at least 0) from « to



some v € C. We say that C' is ancestral if anc(C) = C.
Finally, a node v € V is a root (node) if {v} is ancestral
and a cycle C is a root cycle if it is ancestral.

All complete proofs of the results that follow are provided
in the supplementary material

4.1 DISCOVERING THE STRONG COMPONENTS

For two vertices u, v € V, we define the determinants

2% 2 S S
(P o),

tuuu  tuuw
Suu Suw Svv
3% 3
du'u = det tuwu  tuwv  tuvw
tuwv  Tuve  tovw

Note that d3X3 = d23, but d2%? # d2X? in general.

vu ° u

Theorem 4.3. The determinants d2)? and d3>® satisfy the
following relationships.

(a) d?X? = 0 identically if and only if v and v have no

uv
common ancestors and v is not an ancestor of u;

(b) d3X3 = 0 identically if and only if there exists no sim-
ple 2-trek (P, P,) € T (u,v) with non-empty sides.

By “identically” we mean for any choice of A € R¥ and
distribution on €.

We remark that conditions (a) and (b) can be restated using
trek-separation [Sullivant et al.,[2010]; cf. Lemma|A.2

The previous theorem allows us to identify the root nodes
of the graph (Corollary .4) as well as a collection of cycles
containing all root cycles (Corollary [4.5)).

Corollary 4.4. The determinant d>? = 0 identically for
all w € V ifand only if r is a root of G.

Corollary 4.5. Set C to be the collection of all maximal
C C V such that for all u,v € C, we have d3X% = 0
identically but d**? # 0. Then, C contains all root cycles.

uv

To precisely identify the root cycles in the set of candidate
root cycles C, we use Proposition[4.7)and Lemma [4.8] To
state them, we first need a definition.

Definition 4.6. We denote by R4 p the set of regression
coefficients obtained when regressing the variables in A on
the variables in B.

Proposition [d.7)shows that if we regress all remaining vari-
ables on an ancestral set C' (e.g., a root cycle), the regression
residuals will follow the LSEM corresponding to the graph
obtained by removing the vertices C' and all their adjacent
edges from the graph G, denoted by G[V \ C].

Proposition 4.7. Let X = (I — A)~T'c be a random vector
whose distribution is in the LSEM given by the graph G. Let
C C V be an ancestral set in G, and define the vector of
residuals

Xwc.c = Xy\¢ — Rw\c,cXc-

Then the joint distribution of Xyr\c.c is in the LSEM given
by the induced subgraph G|V \ C, with

Xvieo =T = Anone) Tene.

Now, to detect the root cycles within C, we take two can-
didate root cycles C, D € C, and regress D on C. If C
is indeed a root cycle, then X p ¢ should be independent
of X . We check such independence using the third-order
moments (assuming existence of skew).

Lemma 4.8. For C from Corollary[d.3} and C, D € C, de-
fine the residuals Xp.c = Xp—Rp,cXc. Then C is a root
cycle if and only if the matrix (E[X2(Xp.c)d))cec,dep is
identically zero forall D € C \ C.

Therefore, we can recursively identify root nodes and root
cycles, regress them away, and continue identifying more
root nodes and root cycles until we have gone through all
nodes. This process finds not only the strong components,
but also a topological ordering among them.

4.2 DISCOVERING ALL EDGES AND EDGE
WEIGHTS IN CYCLES

When identifying root cycles as above, we can also identify
all edges and edge weights within each such cycle. First, to
identify the skeleton of a root cycle, we use the following
result, which follows from Drton et al.|[2019, Eqn. (6.1)].

Lemma 4.9. Let C be a root cycle. Two vertices u and v
of C are not adjacent if and only if the (i, j)-entry of the
inverse of Sc ¢ is identically zero. Equivalently, © and j are
not adjacent if and only if det Sc o\ = 0 identically.

Once we have found the skeleton of our root cycle, we
choose any one of the two possible orientations. According
to Theorem 3.5] each of those is possible in a representative
of the equivalence class. We then proceed to find the edge
weights on the cycle. The following lemma applies in the
case of cycles of length 3 or more.

Lemma 4.10. Let u, v, w be three consecutive nodes in a
root cycle C and A, the corresponding edge weight in edge



u — v. Then, the matrices

2
1 Aww A2,
AELQU) — Suu Syv Svv and
tuuu  tuww  Tuvw

uuv tuvv tvvv
1 )‘U’U /\121,1) /\121,1) )\?A’U

AB®) Suu  Suwv  Svv Suw  Swvw
uvw tuvw

tuuv t'lL’L)’U tuuw

uuv t’UﬂJU t’U’UU tuvw tvvw

have rank at most 2 and 3, respectively. For generic choices
of A, Q3@ and QO), the respective ranks equal 2 and 3.

This allows us to find simple linear (for cycles of length 3
or more) or quadratic (for cycles of length 2) equations in
the edge weights A, along the cycle.

Theorem 4.11. Let C' be a root cycle in G. Then

(i) If the cycle length is at least 3, and u,v,w € C are
three consecutive nodes on C, then there is a linear
equation in Ay,

p(s,t))\m, = q(S,t), 9

where

p(87 t) = Suu(tivw - tuuwtvvw) + Suw (tuuutvvw
- tuuvtuvw) + Sow (tuuvtuuw
q(s, t) = —Suw (tiuw - tuu’wt'uvw) + Suw (tuv’utuvw

- tuuvﬁvvw) + Sow (tuuvtu'uw -

- tuuutuvw ) )

tuuwtu'uv)-

(ii) If the cycle length is 2 with u,v € C, then there are
two solutions for the edge coefficient A, given by the
quadratic equation

(Suutuuv - Suvtuuu>>\12w + (vatuuu
- Suutuvv)Auv + Suvtuvv - vatuuv = 0 (10)

Note that in the case of cycles of length at least 3, these
equations do not depend on the length of the cycle since
they only use the moments of three of the vertices.

4.3 DISCOVERING EDGES AND EDGE WEIGHTS
BETWEEN STRONG COMPONENTS

Once we have found all strong components, the edges and
edge weights within each components, and a topological
ordering among the strong components, we proceed to find
the edges and edge weights between different strong compo-
nents. This is done via a simple regression, which uses the
topological ordering, and simply regresses each cycle on all
cycles before it in topological ordering. The edge weights
are then equal to the regression coefficients adjusted by the
cycle effect, as shown in the lemma below.

Lemma4.12. Let D be a cycle in G and C C 'V the vertices
of all cycles that appear before D in topological ordering.
Then the parameters \.q with ¢ € C and d € D can be
calculated using the regression coefficient Rp ¢ and the
edge weights Ap p within the cycle D via

Ac.p = RE(I — Ap.p).

PROOF.  The result follows directly since Rp ¢ = (I —
Ap.p)~T(Ac,p)T; see Lemmal|A.4|for more details.  [J

44 ALGORITHM

Combining the results from the previous subsections, we
present our full algorithm in Algorithm [I] The imple-
mentation details can be found in the supplementary ma-
terial [A.8.1] and the code is available in the repository:
github.com/ysamwang/disjointCycles.

Remark[4.2]discusses consistency of the proposed procedure
when a given threshold allows one to determine whether
quantities are zero or nonzero. In practice, this threshold is
not known a priori, so our procedure instead uses a hypothe-
sis test to certify whether each quantity of interest is zero
or nonzero. Thus, a, the level for each hypothesis test is a
tuning parameter we must specify. In addition, because we
perform a large number of tests, we find it empirically ad-
vantageous to use either the Bonferroni-Holm [Holm) [1979]
or Benjamini-Hochberg [Benjamini and Hochbergl [1995]]
procedures to control false positives at various stages of the
algorithm. Additional details are given in the supplement.

Based on our previous results, we obtain the following.

Corollary 4.13. Let G be a cycle-disjoint graph, and let
(S, T) € M?3(G) be the second- and third-order moments
of a random vector following the LSEM based on G. Assume
the coefficients A and the moments Q2), Q) of the noise
vector € are generic. Then Algorithm|l|recovers a graph G’
that is distribution equivalent to G, as well as appropriate
coefficients N’ for G'. Applying Theorem all graphs
distribution equivalent to G may be constructed.

Note that after having recovered G and A, we are also able
to recover Q2 and Q).

The genericity assumption needed when applying our al-
gorithm to a particular distribution is that the distribution
behaves like a typical member of the model with regards to
the tested constraints. Given the polynomial nature of the
constraints, only a measure zero set of parameters lead to
distributions that violate such genericity.

S NUMERICAL EXPERIMENTS

Simulation setup We now consider the empirical per-
formance of the proposed procedure. For each replication
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Algorithm 1 Causal Graph Discovery

Require: Random vector X = (X;); on n components
with moments S = E[X,; X;] and T = E[X,; X; Xj]
Ensure: Causal DG G = (V, F) and edge weights A.

Part 1. Learning strong components, their order, and
edges and edge weights within components

1: Until the graph is nonempty, compute all d?X? and
4333,

2: Set C to be the collection of all vertices r € V such that
such that d2X? = (0 for all u € V/, C is the set of all root
nodes (Corollary [4.4). Record C.

3: If C # (), regress V' \ C on C to obtain samples from
graph without C (Proposition 4.7)); go back to Step 1.

4: Else, set C to be the collection of maximal C' C V such
that d273 = 0 and d2? # 0 for all u,v € C

5: Prune C to obtain C’, all root cycles (Lemma .
Record C'.

6: Compute edges and edge weights along each cycle in
C’ (Lemmaf4.9]and Theorem [4.11).

7: Regress V' \ C’ on C’ to obtain samples from graph
without C’ (Proposition[4.7); go back to Step 1.

Part 2. Learning edges and weights between cycles

8: Working backwards in topological ordering, regress
each cycle on all possible parents to find edges between
cycles (Lemma4.12).

we construct a random graph with |V| = p. We create
p/3 disjoint cycles C1,Cy,...,C, /3 in a total ordering
where |Cy| = 3 for all k. We first include an edge be-
tween 1 node in cycle Cj and 1 node in cycle Cj 1 so
that anc(C) = U;<xC};. Then for all for j < k, and each
u € Cj and v € C}, we add the edge u — v with probabil-
ity 1/2. The linear coefficients corresponding to each edge
in the graph are drawn uniformly from —(.8,.5) U (.5, .8).
For the errors, we consider two distributions: a mixture of
normals with weight .9 on N(—2,.12) and weight .1 on
N(2,.1%) and a Gamma(l,1) distribution. We center the
distributions, and we scale each ¢, so that the standard devi-
ation is uniformly in (.8, 1). Across the various settings, we
let n = 10000, 25000, 50000, 100000.

ICA based procedure We first show that the ICA based
procedure of |Lacerda et al.|[2008]] suffers computationally
when p is not small. Specifically, when the demixing matrix
is estimated imprecisely, the procedure requires a search
over an intractable number of permutations. To examine
this concretely, we let p = 18,21,24, 27 and record the
proportion of times the ICA based procedure returns an
estimate within 24 hours. With gamma errors and n =
100000, the ICA based procedure—as implemented in the
rpy-tetrad package [Ramsey and Andrews| [2023]|—returns
an estimate in 14 out of 25 replicates when p = 18 and 10

out of 25 replicates when p = 21. The performance is worse
when n is smaller because the demixing matrix is estimated
less precisely. When p = 24, 27 the procedure fails to return
an estimate in all 25 replicates; additional details are given
in the appendix.

Proposed procedure To demonstrate that our proposed
procedure can handle larger problems, we apply it to prob-
lems where |V| = 30, 45, 60. In the appendix, we also show
results when the graph consists of cycles of size 5. We as-
sess the performance of our proposed procedure through
two measures. First, we consider the proportion of times
that Part 1 of Algorithm [I] correctly identifies the cycles
and their ordering. This ordering is invariant across graphs
in the same equivalence class. We also count the number
of pairs u,v € V x V which are decided correctly; i.e.,
u — v vs. v — u vs. no edge. There may be multiple
graphs in both the equivalence class of the ground truth and
the equivalence class of the estimated graph. However, for
the ground truth, there is a unique graph for which all cycles
are stable; i.e, the product of the edges in the graph are less
than 1 in absolute value. By construction, this is the graph
we used to generate the data. From the equivalence class of
the estimated graph, we pick a unique graph in the follow-
ing way. To orient the skeleton, we estimate the edges for
both orientations and select the orientation with the smaller
pathweight. When the true and estimated graphs are in the
same equivalence class, this should (up to sampling error
when estimating the edgeweights) yield the same unique
graph. However, when the true and estimated graphs are in
different equivalence classes, this may not be the pair of
graphs which maximize the number of correct pairs. These
measures are shown in Figure [d] For each type of graph
and error distribution, we draw 100 replications; for each
setting, we show the combination of o and multiple testing
correction which yields the best average performance.

The procedure performs better when the errors are mixtures
of normals, which has lighter tails, as opposed to gamma. In
addition, we see that as p increases performance generally
decreases. Nonetheless, even when p = 60, nearly 80% of
edges are correctly oriented at the largest sample size when
the errors are mixtures of normals. In Figure [5] we also
show the computational time in seconds. We see that the
computation time increases with both n and p. However,
even at the largest sample size and p = 60, the average time
is still under 1.25 hrs per replication.

6 CONCLUSION

This paper studied causal discovery for linear non-Gaussian
models that feature feedback loops. Restricting to the setting
of cycle-disjoint graphs, we derived algebraic constraints
on moments that reveal the strong components of the graph,
which then facilitates consistent causal discovery.
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As shown in our experiments, moment-based methods are
state-of-the-art for higher-dimensional problems, in which
more established ICA-based methods become prohibitively
expensive in terms of computation time and memory. From
a theoretical perspective, moment-based algorithms also
have the appeal of straightforward consistency guarantees.

Our work proves that cycle-disjoint graphs can be learned
computationally efficiently. More algebraic insights are
needed in order to design moment-based algorithms that
could consistently learn non-cycle-disjoint cyclic graphs.
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A SUPPLEMENT TO SECTION @
A.1 THE TREK RULE AND TREK SEPARATION

As introduced in Section we use the trek rule to express the entries of S and 7" in terms of the entries of A, Q@ and QG

_ Py P;, (2) o P;\Pj\ Py, (3)
Sij = > AT "Wiop(py,pyr And tijk = > ATAIA (P By P
(P;,P;)ET (i,5) (P;,Pj,Pr)€T (4,5,k)
where A¥ = Ay Augus - - - Muy_yu, for apath P = (uy, ..., u,). We will use P (4, j) to denote the set of i — j-paths in

G, and P*(i,j) C P(i, ) to denote those paths that have no repeating vertices. Moreover, the following notation

N7 = 3" AP and A= Y0 AP
PeP(i,j) PeP*(i,j)
will appear in various factorizations of the s;; and ¢;;;.
We further recall the definition of t-separation from Sullivant et al.|[2010].
Definition A.1. Let G = (V, E) be a directed graph and A, B, C, and D subsets of V. A pair (C, D) trek-separates (or

t-separates) A from B if for every trek (Py, P2) € T (a,b) between any a € A and b € B, either Py contains a vertex in C
or P, contains a vertex in D.

A.2 TREK-SEPARATION DESCRIPTION OF THEOREM

Conditions (a) and (b) of Theorem@] can be expressed using t-separation as follows.

Lemma A.2. Let G = (V, E) be a cycle-disjoint graph. Two vertices u,v € V have no common ancestor and v is not
an ancestor of u if and only if (0, u) t-separates u from v. Similarly, there exists no simple trek (P,, P,) € T (u,v) with
non-empty sides if and only if (v, u) t-separates u from v.

PROOF.  The nodes u and v share no common ancestor and v is not an ancestor of « if and only if there exists no simple
trek (P, P,) € T (u,v) with non-empty paths P, and P, and there exists no v — u-path. This is equivalent to (0, )
t-separating u from v

Similarly, there exists no simple trek (P, P,) € T (u, v) with non-empty P,, and P, if and only if the only possible treks
between u and v are either a directed path from u to v or a directed path from v to w. This is equivalent to (v, u) t-separating
u from v.
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A.3 PROOF OF THEOREM

Before proving Theorem [4.3] we need the following lemma.

Lemma A.3. G is a cycle-disjoint graph, and (S, T) € M?3)(Q). Let C be a cycle in G and u,v two nodes in C such
suu SUU SU’U
that (v, u) t-separates u from v. Then, d3%3 = det | tuuwu tuwo tuvw | = 0.

uuv tu'uv t’U’U’U

PROOF. By the trek rule (]Z]), the entries of the second and third-order moments S and 7', can be written as

siy=ay wp” +ai et + -+ alDwd, (1n

:bg”’“)w(@+b§”’“)w§3>+.~~+b§jjk>wg3)

where
Cbgij) _ Z )\Pl)\Pz — )\é—>i)\€—>j and bg”k) _ Z )\Pl)\PQ)\PB — )\E—>i)\€—)j)\€—>k. (]2)
(Pl,PQ)ET(i,j) (Pl,Pz,Ps)GT(i,j,k)
top(P1,P2)=£ top(Py,Pa,P3)=(

We define the following sets of nodes for any two vertices u,v € C

A, = (anc(u) \ anc(v)) U {w € anc(u) Nanc(v) | uw € P forall P € P*(w,v)} and (13)
A, = (anc(v) \ anc(u)) U {w € anc(u) Nanc(v) | v € P forall P € P*(w,u)}.

Since (v,u) t-separates u from v, there exists no simple trek (P,, P,) € T (u,v) with non-empty paths P, and P,.
Consequently, A, U A, = anc(u) U anc(v) and A, N 4, = 0. Therefore,

NE P €Ay e [N e A,
Nvpav=u ff e A, v if¢ € A,
and then,
Suu = Z aéuu)wém + Z aéuu)wém = Z (/\Z_’“)wa) + Z (/\Z_’“)2
=W lcA, = LA,
_ Z ()\Z—)'u, (2) + Z )\Zﬁv )\v%u) w§2)7
leA, LeA,
suv= > (AP 1 ST () Ar 7wl and
leA, LeA,
sow= 3 (AT ) e+ 30 ()
lLeEA, LeA,
Similarly,
Lo, = Z ()\Z—m + Z )\Z—w )\'U—m) wéfﬂ),
LEA, LeA,
tuwy = Z ()\Z%u)g /\q:ﬁv (3) + Z >\€~>v /\vHU) wé?))’
leA, LeA,
tuvv = Z ()\Z—)u)B ()\Z:_)U)Q(Uég) + Z ()\Z—)'u)?’ )\:_HL(AJEB) and
leA, LeA,

tov = Z ()\Z—>u)3(/\:—m)3wé3) + Z (/\E—w)?’

LeEA, leA,



For brevity, we define L. = rea, (/\1’—>u) éz L3 . = S en ()\e—m)2w§2), L® .= Sren, (V_’“)Bwég) and
LY = D tea, ()\6%”) §3). Then the matrix

LSF) )\Z:*)ULSE) ()\}:%v)Q Lv(f)

Suu  Suv  Swv
fuwe tuu tuvw | = Ly L (e LY |+ (14)
tuwe  tuve tovo X:%ULSLB) ()\1:—)1_})2 L® ()\Zﬁv)s L®
()\}:—m)? L1(,2) X;_“‘Lf) Lg)
()\z%u)i)’ Lg)Q) ()\zau)Q L7(J2) )\}:HuL’g) (15)
()\i;—m)? LS,S) /\Z—WLE)?)) Lg?’)

has rank at most 2 since it is the sum of two rank 1 matrices. Therefore d>X3 = 0.

We now proceed with the proof of Theorem[{.3]

PROOF OF THEOREM . We begin by proving the converse of (b): assume there is no trek simple (P,, P,) with
non-empty sides. Without loss of generality, assume that there is a path from w to v. If there also exists a path from v to u
then u and v belong to a cycle and then d3%3 = 0 by Lemma

Therefore, we assume there is no path from v to u. In this case,

Ny NEZUAU=Yif ¢ € anc(u)
v if £ & anc(u).

Following the same notation as in (IT)) and (T2) we have that

guu) (}\Z—)u) ’ aéuv) _ ()\Z—)u)z U — )\u—)'uag“i) and
2 (Agﬂv) B ()x“_”’)2 aéuu) if £ € anc(u)
¢ (/\e_”’)2 if ¢ ¢ anc(u).
Therefore,
Sup = A" V50, and Sy, = (/\“_”’ Suu + Z )\5_’” ).
eV
{Zanc(u)

Similarly, it is straightforward to check that

— —v)\2 — L )
tuuv =\ Utuuuy tum) = ()\u v) tuuua and tmm = ()\u U uuu + Z )\ v .

Zganc(u)
Therefore, the matrix

2 (2
0 0 A=) W
Suu Suw Syv Suu AT Sy (/\u—)v); Suu Z@€f§l&u) ( ) ‘

tuwy  tuwo  Cuvv | = | tuwuw AY 7 Tuun (}\uﬁv) tuwa | 10 0 0
tuwo  Tuvw  Toww tuws A7ty ()\u—)v)Q tuuw 0 0 Z lev (/\Kﬁv)gwf))

{Zanc(u)

has rank 2 as it is the sum of two rank 1 matrices, and consequently d2*3 = 0.

The converse of (a) follows directly. Given that there exists no v — u-path and u and v share no common ancestor, the
2 X 2 submatrix

Suu  Suv \ _ [ Suu A" "Suu

tuuu tuuv tuuu )\u_ﬂjtuuu

We will now prove the direct implications, beginning with (b) and then proceeding to (a). First, assume there exists a
simple trek 7 = (P, P») € T (u,v) with top(7) = £ such that P; and P, are non-empty Furthermore, assume that P;

has rank 1. Therefore d2%? = 0.

uv



and P, are the shortest disjoint paths from ¢ to u and v, respectively, containing only distinct vertices. Let P; consist

of vertices ¢ = ug, u1,...,ur = u with edges u; — u;41,¢ = 1,...,k — 1 and P, of vertices £ = vg,v1,...,0s = v
with edges v; = viy1,7 =1,...,8 — 1. Set Ayg 0, = Augius = 2 Mijuigr = Avjw; = Lfori =1,...,k —1and
7 =1,...,s — 1 and set all other \’s to 0. Also, set w,(fi) = wq(jn:) = 1 and wg) = wfj;’,) = 1fori =0,...,k and
j=0,...,s. Moreover, define S .= Zle (Aui—u)? wfi), S = le (Aui—u)3 wl(f)j), s .= Zle (Avi—v)? wff)

and S = S (wie)? WS, then
()\z%u)zw((f) + 55‘2) )\Hu)z\z%wéz)[ ()\EH”)wa) ;r 552)
d?“f:i = det ()\2—>u> UJES) + Sq(,,d) ()\Z—m) )\Z—wwé‘” )\é—m )\K—)v) wf)
(/\l%u)Q )\evaf) AU (AZ*}U)ng)’) ()\zﬁv)?)wf») + 51()3)
2 4+k 22 224k
=det [224+Fk 23 23 =12k > 0.
23 23 234k

Moreover,

2 2
d2%% = det @3 12 33) =22k > 0.

Therefore, d2>? and d33 are not zero for all values of X and w, leading to a contradiction. Thus, there exist no simple trek
7= (P, Py) € T(u,v) with top(7) = ¢ such that P; and P, are non/empty.

Alternatively, if there is a v — wu path, then P; consist of vertices v = wug, u1,...,ur = u with edges u; — u;41,
1 =1,...,k —1and P is just the vertex v. Using the same parameters and notation as above, we also have that

AU 20)1(;2) + 5752) )\v—m)\v—)vwv(?) 92 +k 92
427 = det (! Hu):s 3 g®  (yvouy2 yuou,, (3 | = et 3) =2k >0,
(A Vw4 Sy’ (A )T AT Vwy

which concludes the proof.

A.4 PROOF OF PROPOSITION

The following lemma, necessary for proving Proposition provides a closed-form expression for regression coefficients
when a subset of nodes is regressed onto an ancestral set that contains all of its ancestors.

Lemma A4. Let G = (V, E) be a simple cyclic graph with disjoint subsets of nodes C, D C V such that C is an ancestral
set with anc(D) C CUD. Let Rp ¢ = SD@SalC be the regressing coefficients when D is regressed onto C. Then

Rp.c=(I—-App) F(Acp)”.

PROOF.

Since C'is ancestral, C' and D are disjoints and anc(D) C C U D, there are no edges from D to C nor from V' \ (C U D) to
C or D. Therefore, the matrix A can be written in block form as

Acc Acp Ac,v\(cup)
A= 0 App Ap,v\(cup) )
0 0 Av\(cup),v\(cup)

where V' \ (C U D) can be empty. Hence, the corresponding path matrix (I — A)~! has the form

(I—Acc)™? M, M,
(I — A)71 = 0 (I — AD,D)_l Ms
0 0 (I — Av\(cupy,v\(cup)) "



The regressing coefficients when D is regressed onto C' are defined as Rp,c = Sp,cS¢ 1C, where

(I—-Acce)™?
Spc=(T-M"T),, Q2 ((I-M)"), =M (I-App) T 0)Q® 0
’ ’ 0
= MIQE(I — Ace) ™Y,
and
(I—Ac}c)_l
See=(I=8)7T)gy Q2 (I =Ny o= (I-Ace)™ 0 0)Q® 0
7 ’ 0

=~ Ac,c)fTQg)c(I —Aco)™h
Therefore, we obtain that
Rp.c=MI(I—-Ace).
Our claim that Rp ¢ = (I — Ap p) T (Ac,p)T now follows because
M{" = (I —App)~"(Ae,p) (I = Ace) ™",
which can be deduced from

0= [(I — A)(I — A)il]CD = (I — AC70)M1 — AC,D(I* AD,D)il-

)

PROOF OF PROPOSITION Observe that Lemmaapplies here, thus, Ry\c,c = (I — Avyevne) ™ (Acne)?
Therefore,

Xv\c.o = Xvie — Rvvc.ocXe = Xine — (I = Aveane) T (Aene) Xe.
Since there are no edges from V' \ C to C,

ec T I-AL . 0 ) ( Xc )
= -A)X = ’
<5V\C> ( ) <Ag,\/\c I— A\T/\C,V\c Xv\c

(a3 )
—AcoXo+ Xvie — Ay o e X e
Hence,
Xvco=Xne— I —Anewve) T (Aene) Xe

= (I - Avewo) Tene.

A.5 PROOF OF LEMMA

PROOF.  Let C be the set containing all root cycles in G constructed as described in Corollary [4.3] Let C, D € C be two
distinct sets. If C' is a root cycle, then it is an ancestral set, and thus X¢ = (I — Ac,c)’Tsc. By Proposition we have
that Xp o = (Xyv\c.c)p = (I — Av\c,v\c)7T€V\c)D depends only on ey ¢. This implies that X¢ and Xp ¢ are
independent. Then, for all c € C and d € D, we have that

0=E[X}(Xp.c)d] = E[X}(X4 — RacXc))-

Conversely, suppose C' is not a root cycle. Then there must be a cycle D € C such that there is a directed path from a node
d € D toanode ¢ € C. Take the shortest possible path from d to ¢ so that no interior node of the path is in C.

Specialize all weights A, to zero except for those on the path. Then (Rp ¢)q4e = 22¢ and

Sce

E Sde
]E[XCQ(XD.C)d] = E[Xcz(Xd - Rd,cXc>] = E[szd] - Rd,CE[XS] =teed — ?tccc =0
if and only if Sccteeq — Sqetece = 0 or equivalently, d§;2 = 0. However, by Theorem a), dgde is not identically zero if d
is an ancestor of c.



A.6 PROOF OF LEMMA

PROOF.  Let C be aroot cycle and let u, v, w € C be three consecutive nodes. Since C'is a root cycle and there is an
edge u — v, the sets A, and A, defined in (13) are A, = C'\ v and A, = {v}. Therefore, following a similar construction
as in Lemma[A3] we obtain

1T A A2, 21 )‘tév >\32U
A(?) _ Suu Suv Svv _ L7(i ) )\uqu(J, ) )‘QZLvLT(i ) +

wv tuuu tuu’u tuvv - Lgf) )\ungg) )\12“,-[451,3)
3 3 3
tuuv tu'UU t'UU'U A/U/UL'EL ) Aing] ) )\ivL'(u, )

0 0 0

()\:—)u)Q LS)Q) )\:auLgQ) LS,Q)

(/\i;au)ii Lq(JQ) ()‘ZHU)Q Lg) )\’)L:HUL,S)Q)

2 w\2 (2 2 v\2 (2 3 w\3 (3 3
where Lﬁ) = ZéeAu ()\EH ) w§ ), LE,) = ZZEAU ()\ZH ) wé ), Li) = ZéeAu ()\ZH ) wé ) and LE,) =

3 ( . .. .
> teA, ()\L’_”’) wéd). Consequently, Aﬁ}) has rank at most 2 since it is the sum of two rank 1 matrices.

Moreover, since AV 7% = AV7"Y \,,, we have

Suw = Z >\€~>u>\€~>ww§2) + Av—)uAv%wwi(?) — L(Q) + /\:—)u)\vasg)

uw\v
LeA,
_ L—u l—w, (2) v—vyv—w, (2) _ (2) 2
Svw = Z ()‘ - )‘“U)/\ - wy AT wi() ) = )‘u"’Luw\v + )\fquS) )
leAy

where L) = D tea, )\Zﬁuvﬁw(ﬂf)- Defining LE, = D ten, (/\5%“)2 )\Eﬁwwém we also have that

uw

T Z (/\Z—m)? >\£—>wwé3) + (/\v—>u)2 )\v—muwi()S) _ L(S)w + (/\:—W)Q/\UwLS}?))

leAy,

— Z AZ—)uAZ—)UAZ—)wwéfi) + )\v—>u)\v—>v)\v—>ww1()3) — )‘ungL?;)w + )\:—)U,)\vav(Ji%)
leA,

tovw = Z (/\Z—m)z )\K_HU(UES) + (A’U—)’U)2 )\v—>ww1(}3) — )‘Znggu)w + )\Ungﬁ).
LeA,

Therefore,
1 A )\?w 0 0 0 0 O /\72“} )\?w

A L? MoL? X2 L? 0 o0 00 0 L3 A LB

wo = L9 AL® 2209 0 o]l Tlo 0o 0 L8 L] (16)
Aol A2 L N3 1P 0 0 00 0 ApLihw 22,13,

0 0 0 0 0
()\vﬁu)2L5)2) )\v%uLEJQ) L5}2) )\v%u}\vag) )\’U’LUL’SIQ)
A3 2L AL ) ALy XA L
()\v—>u)2L1()3) )\U_WLT(,S) Lq()3) /\v—m)\vaS?) )\vag”)

Consequently, Aq(ﬁ})w has rank at most 3 since it is the sum of three rank 1 matrices.

Finally, the matrices AS?,} and Agfv)w have ranks 2 and 3 respectively, for generic choices of the parameters, provided their
determinants are not identically zero. To establish this, it suffices to demonstrate a single set of parameters for which their

determinants are nonzero. Take A, = 2 and \;; = 1 for all other edge ¢ — j in C'. Also, set wZ@) = wg?’) =1foralli e C.
Straightforward computations show that, for this choice of parameters, we have

LP=k-1, L®=—-k+1, LB =2c-3, LB =-2k+3,



L® =1 L® =_1 =1.
v ’ v ’ >\uv
Then, the matrix
1 2 4
A2 k 2k —1 4k — 3
uv -k —2k+1 —4k+3
—2k+1 —4k+3 —-8k+7
has rank 2 since all its 3 x 3 minors vanish and det (]1 kai 1) = —1 # 0. Similarly,
1 2 4 4 8
A2 k 2k —1 4k — 3 2k — 2 4k — 5
uv T —k —2k+1 —4k+3 —-2k+2 —4k+5
—2k+1 —4k+3 —-8k+7 —4k+5 —8k+11
1 2 4
has rank 3 since all its 4 X 4 minors vanish and det k 2k —1 2k—2 | =—-2k+1+#0fork > 1.

—2k+1 —4k+3 —-4k+5

A.7 PROOF OF THEOREM

PROOF.  The proof of (i) follows from the decomposition of A given in (T6).

Consider the submatrix A of Aff;) formed by taking the last three rows, that is

Suu  Suv  Svv Suw  Svw
A= tuwu  tuuwo  tuvv  fuuw  tuow

UuUv t'lL’L)'U t’L)'U’U tuvw t’L)'U’lU

Let A= M + N + O be the decomposition of A as in@. Thus, M, N and O are rank-1 matrices formed by the last three
rows of the corresponding matrices in (I6), taken in the same order. Denote by A; the i-th column of A (and similarly for
M, N and O). Define q(s,t) := det(Ay Ay As) and p(s,t) := det(A; Ay As). Then

q(S, t) :det(A2 A4 A5) = det(M2 + 02 N4 + 04 N5 + 05)
:det(Mg Ny+ 04 N5+ 05) + det(Og Ny+ 04 Ns+ 05) = det(Mg Ny +O4 Ny + 05)7 (17)

where the second to last equality follows from the multilinearity of the determinant with respect to its columns, and the last
equality follows because det(O2 Ny + O4 N5 + Os) is zero as it is the determinant of the sum of two rank-1 matrices.

Similarly,
p(s,t) = det(A; Ay As) = det(M1 Ny+04 N5+0s5)+det(O1 Ny+04 Ns+0O5) =det(M; Ny+04 N5+0s)
since det(O1 Ny + Oy4 N5+ Os) is zero as it also is the determinant of the sum of two rank-1 matrices.
Finally, since My = A\, M7 we have

q(s,t) =det(My Ny+ 0Oy N5+ 05)=Aypdet(My Nyi+Og N5+ Os) = Ayup(s, t).
Straightforward computations show that the polynomials g(s, ¢) = det(Az A4 As) and p(s,t) = det(A; A4 As) correspond
to the polynomials in the statement of Theorem Theorem [d.11]

To prove (i), assume C has only 2 nodes u, v. The quadratic equation (I0) on A, follows from the fact that the 3 minors

of Aq(ﬁ,) vanish. Specifically, taking the determinant of the first three rows of AEE;} yields

(Suutuuv - Suvtuuu))\?w + (vatuuu - suutuvv))\uv + suvtuvv - vatuuv-

Furthermore, the coefficient of /\12“), Suutuuv — Suvtuuu, 1S nonzero (see Equation (]E[)).



A.8 CAUSAL GRAPH DISCOVERY ALGORITHM

A.8.1 Implementation details

We now give details of the implementation of Algorithm [T}

* Line 2: To certify if r is a root we test Hy : d2*2 = (0 Vu # r. Specifically, for each u # r we calculate a p-value for
Hy : d272 = 0 which is calibrated using asymptotic distribution of d2*? derived via the delta method. We then control
for multiple testing across the p(p — 1) individual tests.

* Line 4: To find all maximal sets C' such that 323 = 0, d?*2 =£ 0, d%%? = 0) for all u,v € C we do the following. To
test if @223 = 0 we calculate a p-value for Hy : d323 = 0 which is calibrated using the asymptotic normal distribution
of d3*3 using the delta method. We apply a multiple testing correction to these p(p — 1)/2 tests. To test if both d222
and d?%? we take the maximum previously calculated p-value (after adjusting for multiple testing) of the two tests
Hy : d?%? = 0 and Hy : d?** = 0. We construct an undirected graph with an edge between each pair in the set

(u,v : d3%3 = 0,d2%2 # 0,d?**2 # ). We then let C be the set of maximal cliques in that graph.

uv

* In practice, the set
C* = ({u, v} : d33% = 0,d53? #0,d25% # 0)

» uv » ovu

may be empty given a fixed hypothesis testing level. When this is the case, we ensure that C* is non-empty with the
following two steps. First, if the set C? = (u,v : d2¥2? # 0, d**2 # 0) is empty for our initial hypothesis testing level,
we set it to

C? = (u,v) = arg min max(72 _,, 72,

1" !
v,v" v, )
v’ v ’ )

d2><2

where 72, . is the p-value when testing if d>Z, = 0. Once C? is non-empty, we then set

C? = ({u,v} : d33 =0).
If C? N C? = (), we then lower the hypothesis testing level until it is non empty; i.e.,

C® = (u,v) =arg max 7 .
(’U’,’U”)Ecz v

where 73

v v

, is the p-value for testing if d>/3, = 0. This ensures that C* = C'> N C* is non-empty.

 Line 5: To prune C to obtain C’ all root cycles we do the following. For each maximal clique C; € C and let
Cy = (v:veCforsomeC €C)\ Cy. Letting X¢,. ¢, be the residuals when regressing X, onto X¢,, we then test
if E(X¢,.0, X (251) is the zero matrix using empirical likelihood. We then apply a multiple testing procedure to each of
the |C| tests. In practice, all C' € C may be rejected, in which case we simply set the root cycle to be the union of all
maximal cliques. Alternatively, we could pick the maximal clique with the largest p-value, but that ends up doing worse
empirically. If, multiple maximal cliques in C' € C are not rejected which happen to have non-empty intersection, we
combine them into a larger single cycle.

» The output of Part 1 is a topological layer where each layer is either a set of singleton nodes or a set of cycles. For each
layer with cycles, we construct an undirected cycle for the set D using the greedy approach described in Algorithm 2]

Algorithm 2 Find Cycle

Require: S the sample correlation of nodes in a p-cycle

o e T T

Start with an empty undirected graph G = {V = [p], E = 0}

cfork=1...p—1do

Eyaia = {(u,v) : uand v are not connected in G and have degree less than 2}
Add the edge arg max,, e g (8)ulto E
end for

valid

: Add the edge (u, v) to G where u and v are the only remaining nodes with degree 1
: Estimate the path weights when orienting the cycle in both directions
: Select the orientation with the smaller absolute value of the product of edgeweights




* Once we have established the undirected cycle, we have two sets of edgeweights for each edge in the cycle (via
Theorem 4.13) corresponding to the two possible orientations of the cycle. We estimate both directions, then pick the
cycle orientation which has the smaller product of the edge weights.

* Line 8: Once we have oriented the cycle and estimated the edgeweights of the cycle A D,D» We select parents for each
node in the cycle through the following procedure:

— Let C denote all nodes which are in a layer preceeding D. We estimate the edgeweights from C' — D using
Acp = Rep(I—Ap.p)

where R¢p is the matrix of least squares coefficients when regressing D onto C'.

— Then for each d € D and ¢ € C, we test the existence of edge ¢ — d by the following. Let d’ € D be the parent
of d in the cycle. Then, we estimate the residuals of Y,; when setting the coefficient A\.; = 0 by the following:

€d,—c=Yq— Z AeaYer — Aar Y.
c'#c

We see empirically that failing to account for the estimation of the nuissance parameters 5\0\07(1 and Ay 4 and
naively testing F'(¢4,—.Y,?) = 0 using empirical likelihood does not maintain nominal size. Thus, we instead take
the following |C| + 1 estimating equations.

my(X) = éq Y2
my(X) = éq_.Y2 ford € Cand 1 < k < |C| (18)

mici41(X) =€ _.Ye

Letting A € RI€IT1xIC1+a Jacobian of the estimating equations with respect the coefficients. Without loss of
generality, we will assume that the potential parent of interest c is first in C'. Then, we have

g(X) =m(X) — Al,_1Ai},_1m2:(|C|+1)(X)~

Using empirical likelihood to test if g(X) = 0 for each (¢,d) € V x V such that ¢ is in a topological layer
preceding d yields a p-value 7. 4. To estimate the final edge set, we add edge ¢ — d if 7. 4 after being adjusted
for multiple testing exceeds a threshold.

A.8.2 Limitations and Future Directions

It is valuable to consider the behavior of the algorithm when its underlying assumptions are violated. This issue is not unique
to our method; for instance, DAG-based algorithms like DirectLiNGAM [Shimizu et al., 2011]] also face challenges when
their acyclicity assumption is violated by the presence of cycles or confounding.

In our case, a key limitation arises when the graph structure contains overlapping cycles. In such cases, our method can
correctly infer the causal structure up to the point where it encounters a root component that is a strongly connected
component but is not a simple cycle (i.e., it contains two or more intersecting cycles). At this juncture, two strategies are
possible. The first is a conservative approach where the algorithm reports that no further simple cycles can be identified
and terminates, providing no additional details about the subgraph induced by the remaining nodes. The second is a
more aggressive strategy that attempts to find a “best-fitting simple cycle model” by, for example, identifying a cycle that
minimizes the violation of the required polynomial equalities.

Our current implementation follows the conservative strategy. When no simple root cycle is found, our algebraic conditions
fail the statistical tests, and the algorithm correctly indicates the absence of a simple cycle before halting. While the more
aggressive strategy is common in implementations of related algorithms like DirectLiNGAM, we have not yet implemented
it for our method. Developing and evaluating such a strategy presents an interesting and potentially fruitful direction for
future work.

B ADDITIONAL NUMERICAL EXPERIMENTS

In this section we first present additional numerical experiments. Specifically, we generate data in the same way as described
in Section However, we now create graphs with p/5 disjoint cycles where each cycle is of size 5. In general, the procedure



performs better when the graphs have 3-cycles when compared to the setting with 5-cycles. Similar to the setting where the
graphs consisted of 3-cycles, the procedure performs better when the errors are a mixture of normals when compared to the

gamma errors.

Mixture of Normal Errors
5-cycles

Gamma Errors
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Figure 6: Results when each graph consists of 5-cycles.
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In Table[T] we give details for the ICA based procedure of [Lacerda et al.| [2008]. Specifically, we generate random graphs
with 3-cycles and data as described in Section[5] We use the implementation from the rpy-tetrad [Ramsey and Andrews)
2023|] and run the experiments on a cluster with 24GB of memory allocated to each job. Table [I| shows the number of
replicates (out of 25 for each setting) where the ICA based procedure returns an estimate within 24 hours. In general,
we see that the computational performance improves as n grows larger and that performance is better for the mixture of
normals when compared to the gamma errors. This is because when the demixing matrix is estimated more precisely fewer
permutations must be considered in the post-processing procedures. We note that in each instance where an estimated graph
is returned, the true graph is recovered exactly.

Table 1: The number of replicates where the ICA approach returns an estimated graph within 24 hours.

Completed replicates out of 25
p | n(in 000s) | Mixture of normals | Gamma
10 16 1
18 25 21 4
500 24 9
100 24 14
10 4 0
25 9 0
21 50 16 1
100 22 10
10 4 0
25 9 0
24 50 1 0
100 1 0
10 0 0
25 0 0
27 50 0 0
100 0 0
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