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ABSTRACT

The problem of robot control often requires solving a system of ordinary differential
equations (ODEs). Traditionally this has been accomplished by using iterative
ODE solvers. These solvers start with an initial guess, which is iteratively improved
to converge to a correct solution. However, traditional solvers can be slow and do
not combine well with other systems since they are not differentiable. In response,
some researchers have proposed using neural networks in an end-to-end system that
directly maps perceptual inputs to control actions. Because of their differentiablity,
end-to-end approaches can be composed with other modules more readily than
traditional ODE solvers. However the end-to-end approach no longer carries the
guarantee that the solution obeys the required dynamics. We propose a framework
for using Neural ODE to combine the flexibility of the end-to-end approach with
the guarantees of traditional solvers. In our approach a neural network is used
to provide the initial guess to a differentiable ODE solver. The ODE solver then
yields a solution trajectory. We use this trajectory to improve the guesses of the
neural network. This framework allows the neural network to learn initial guesses
that are close to the correct solution, improving overall system performance while
ensuring that dynamics constraints are always satisfied. We demonstrate the utility
of this framework in the case of robot control, where we use it to solve a family of
boundary value problems that are essential for steering an autonomous vehicle to a
goal state.

1 INTRODUCTION

For robots to have a positive impact on society, they must be able to safely navigate in complex
changing environments. Because robots are physical systems, their motion is ultimately governed
by sets of differential equations, so that safe navigation reduces to solving a system of (typically)
ordinary differential equations subject to some boundary value constraints (known as boundary value
problems or BVPs). Some BVPs can be very slow to solve and as such it has been suggested to avoid
solving them where possible(1, 14.3.3). This however limits the scope of applicable algorithms for
systems where BVP solutions are slow.

The traditional approach to building a robot navigation system is to write down a parametric form
for the robot’s dynamics, estimate the parameters in a system identification process, and then solve
the equations (offline in advance or online as the robot moves) to determine appropriate controls (2).
This process is time-consuming at every step, requiring substantial expertise to produce a system
that functions in realistic settings. The resulting systems are also difficult to integrate with other
subsystems such as perception and low-level control. In light of these challenges, some researchers
have proposed replacing the entire robot control pipeline with an end-to-end approach that maps
perceptual inputs to controls using large neural networks (3). This approach has shown promise in
small demonstrations (4), but has yet to be applied in demanding safety-critical settings, in large part
because end-to-end approaches have no guarantees of correctness or safety: if an end-to-end model
successfully drives a car down a road, that provides little confidence that the system can operate
successfully in any other conditions.
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In this work we offer two contributions: first we describe how to extend the Neural ODE framework
to create a fully differentiable solver for boundary value problems, and second we show that using
a neural network to initialize our BVP solver leads to significant performance improvements along
with a guarantee of safe operation regardless of the neural network’s outputs.

2 INITIAL & BOUNDARY VALUE PROBLEMS

We are interested in controlling robots by solving differential equations where we are given both a
starting point (typically the robot’s current position) and an endpoint (some goal to which we want to
move). Before we show how neural networks can be used to safely solve this problem, we review the
relevant numerical mathematics of initial value problems and boundary value problems, pointing out
connections to machine learning along the way.
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Figure 1: (left) Euler’s method for solving an initial value problem. (right) Shooting method for
solving a boundary value problem. The iterative solver updates pj to pj+1 to reduce the constraint
violation gF .

To begin, suppose we have a physical system characterized by a state vector x ∈ Rn. We will write
the derivative of the state with respect to time as ẋ, and we will fix an interval of time [t0, tF ] ⊆ R.
With this notation, the initial value problem (IVP) is to find a function x : R → Rm satisfy the
equations ẋ = f(t,x) and x(t0) = xI for some given initial value xI . The problem is, starting
from some externally given value xI , to find a trajectory x(t) that is consistent with the dynamics
that are specified by the function f , which may be quite complicated. In practice such problems are
solved numerically. A representative numerical method is Euler’s method, which starts from x0 and
repeatedly extends the solution forward in time by a small increment h ∈ R up to some final iteration
K using the rule

xk+1 = xk + h · f(tk,xk). (1)

The sequence of points {x0,x1, . . . ,xK} is then returned as the solution trajectory. Although simple
to describe, implementations of Euler’s method with finite-precision arithmetic suffer from accuracy
and stability problems; generalizations of the method use additional function evaluations to mitigate
these problems, but ultimately share the same iterative structure. Since all of the operations involved
in these methods are differentiable, iterative ODE solvers can be implemented in an automatic
differentiation framework such as PyTorch (5). This allows us to compute the gradient of some loss
function with respect to the inputs of the ODE solver. One of the significant innovations of the Neural
ODE approach of Chen et. al. (6) is to show this can be done with constant memory cost.

Solving IVPs is a critical intermediate step in solving boundary value problems (BVP), which is
our primary goal and where our approach inherits its efficiency and safety guarantees. To specify a
BVP, suppose we are given not just an initial state for our system, but also a final state x(tF ) = xF .
In addition to the state of the system, BVPs also assume the existence of a vector of parameters
p ∈ Rm. These parameters can be adjusted to change the shape of the solution trajectory, and
are used in numerical procedures to solve the BVP. In the presence of parameters, we write the
differential equation as ẋ = f(t,x,p) and the constraint equations as gI(x(tI),xI ,p) = 0 and
gF (x(tF ),xF ,p) = 0 for functions gI and gF .
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There are several approaches to solving BVPs; we focus on the class of shooting methods. In
this approach, the initial conditions are fixed, an initial parameter vector p0 is chosen, and a
numerical procedure is used to solve the IVP ẋ = f(t,x,p0), x(t0) = x0. The solution is a
sequence {xp0

0 , . . . ,xp0

K }. For an arbitrarily chosen parameter vector p the final value constraint
gF (x

p
K ,xF ,p) = 0 will generally be violated. A shooting method for solving the BVP consists of

using a root-finding algorithm (7) to choose a sequence of parameter vectors {pj}∞j=0 so that

lim
j→∞

gF (x
pj

K ,xF ,pj) = 0. (2)

That this sequence converges for a broad class of problems is a consequence of standard existence
results in the theory of BVPs (8). In general, the rate of convergence of this process depends very
strongly on the choice of p0. Our main contribution is to show that we can use a neural network to
learn how to choose initial parameter vectors that lead to rapid convergence in practice.

3 NEURAL BVP

In the Neural ODE framework described by Chen et. al. (6), we work with the ordinary differential
equation ẋ(t) = f(x(t), t, θ) where t ∈ [t0, t1] ⊂ R is the scalar input, x(t) is the unknown function
we wish to find, and θ is a vector of parameters to the function f . The Neural ODE approach enables
the computation of the gradient of a scalar-valued loss function L with respect to the inputs of an
ODE solver.
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gI(x(tI),xI ,p)
<latexit sha1_base64="JiqoleDCTNz3HtvnvkXl6CNKHkI=">AAACGXicbVDLSgMxFM3UV62vUXe6CbZCC1Jm6kKXBTcWXLRgH9CWIZNm2tDMgyQjlmG+wL0bf8WNiCIudeVf+Alm2kK19UDg5Jx7ufceO2BUSMP40lJLyyura+n1zMbm1vaOvrvXEH7IMaljn/m8ZSNBGPVIXVLJSCvgBLk2I017eJH4zRvCBfW9azkKSNdFfY86FCOpJEs3cn2rku+4SA5sJ7qN89KqFE7gTLAqs18QF3KWnjWKxhhwkZhTki3rte/nq4O7qqV/dHo+Dl3iScyQEG3TCGQ3QlxSzEic6YSCBAgPUZ+0FfWQS0Q3Gl8Ww2Ol9KDjc/U8Ccfq744IuUKMXFtVJjuKeS8R//PaoXTOuxH1glASD08GOSGD0odJTLBHOcGSjRRBmFO1K8QDxBGWKsyMCsGcP3mRNEpF87RYqpnZsgEmSINDcATywARnoAwuQRXUAQb34BG8gFftQXvS3rT3SWlKm/bsgz/QPn8AN8Sixg==</latexit>

gI(x(tI),xI ,p)
<latexit sha1_base64="JiqoleDCTNz3HtvnvkXl6CNKHkI=">AAACGXicbVDLSgMxFM3UV62vUXe6CbZCC1Jm6kKXBTcWXLRgH9CWIZNm2tDMgyQjlmG+wL0bf8WNiCIudeVf+Alm2kK19UDg5Jx7ufceO2BUSMP40lJLyyura+n1zMbm1vaOvrvXEH7IMaljn/m8ZSNBGPVIXVLJSCvgBLk2I017eJH4zRvCBfW9azkKSNdFfY86FCOpJEs3cn2rku+4SA5sJ7qN89KqFE7gTLAqs18QF3KWnjWKxhhwkZhTki3rte/nq4O7qqV/dHo+Dl3iScyQEG3TCGQ3QlxSzEic6YSCBAgPUZ+0FfWQS0Q3Gl8Ww2Ol9KDjc/U8Ccfq744IuUKMXFtVJjuKeS8R//PaoXTOuxH1glASD08GOSGD0odJTLBHOcGSjRRBmFO1K8QDxBGWKsyMCsGcP3mRNEpF87RYqpnZsgEmSINDcATywARnoAwuQRXUAQb34BG8gFftQXvS3rT3SWlKm/bsgz/QPn8AN8Sixg==</latexit>

gF (x(tF ),xF ,p)
<latexit sha1_base64="edx4w02rqhG93SiEB8zJVWpd+so=">AAACGXicbVDLSgMxFM3UV62vUXe6CbZCC1Jm6kKXBaG4cNGCfUBbhkyaaUMzD5KMWIb5Avdu/BU3Ioq41JV/4SeYaQvV1gOBk3Pu5d577IBRIQ3jS0stLa+srqXXMxubW9s7+u5eQ/ghx6SOfebzlo0EYdQjdUklI62AE+TajDTt4UXiN28IF9T3ruUoIF0X9T3qUIykkizdyPWtSr7jIjmwneg2zkurUjiBM8GqzH5BXMhZetYoGmPARWJOSbas176frw7uqpb+0en5OHSJJzFDQrRNI5DdCHFJMSNxphMKEiA8RH3SVtRDLhHdaHxZDI+V0oOOz9XzJByrvzsi5Aoxcm1Vmewo5r1E/M9rh9I570bUC0JJPDwZ5IQMSh8mMcEe5QRLNlIEYU7VrhAPEEdYqjAzKgRz/uRF0igVzdNiqWZmywaYIA0OwRHIAxOcgTK4BFVQBxjcg0fwAl61B+1Je9PeJ6UpbdqzD/5A+/wBKRuivQ==</latexit>

gF (x(tF ),xF ,p)
<latexit sha1_base64="edx4w02rqhG93SiEB8zJVWpd+so=">AAACGXicbVDLSgMxFM3UV62vUXe6CbZCC1Jm6kKXBaG4cNGCfUBbhkyaaUMzD5KMWIb5Avdu/BU3Ioq41JV/4SeYaQvV1gOBk3Pu5d577IBRIQ3jS0stLa+srqXXMxubW9s7+u5eQ/ghx6SOfebzlo0EYdQjdUklI62AE+TajDTt4UXiN28IF9T3ruUoIF0X9T3qUIykkizdyPWtSr7jIjmwneg2zkurUjiBM8GqzH5BXMhZetYoGmPARWJOSbas176frw7uqpb+0en5OHSJJzFDQrRNI5DdCHFJMSNxphMKEiA8RH3SVtRDLhHdaHxZDI+V0oOOz9XzJByrvzsi5Aoxcm1Vmewo5r1E/M9rh9I570bUC0JJPDwZ5IQMSh8mMcEe5QRLNlIEYU7VrhAPEEdYqjAzKgRz/uRF0igVzdNiqWZmywaYIA0OwRHIAxOcgTK4BFVQBxjcg0fwAl61B+1Je9PeJ6UpbdqzD/5A+/wBKRuivQ==</latexit>

pJ
<latexit sha1_base64="y694X+PE1knx7PIS7EcxY18m0cM=">AAAB9XicbVC7SgNBFL0bX0l8RS1tBhPBQsJuLLQM2IhVBPOAZA2zs7PJkNnZZWZWCUsaG3/BxkIRO/Ff7PwanTwKTTwwcDjnXu6Z48WcKW3bX1ZmaXlldS2by69vbG5tF3Z2GypKJKF1EvFItjysKGeC1jXTnLZiSXHocdr0Budjv3lLpWKRuNbDmLoh7gkWMIK1kW5KnRDrvhek8ah7WeoWinbZngAtEmdGitXcg//+fX9c6xY+O35EkpAKTThWqu3YsXZTLDUjnI7ynUTRGJMB7tG2oQKHVLnpJPUIHRrFR0EkzRMaTdTfGykOlRqGnpkch1Tz3lj8z2snOjhzUybiRFNBpoeChCMdoXEFyGeSEs2HhmAimcmKSB9LTLQpKm9KcOa/vEgalbJzUq5cOcWqDVNkYR8O4AgcOIUqXEAN6kBAwiM8w4t1Zz1Zr9bbdDRjzXb24A+sjx/D6pWq</latexit>

pJ
<latexit sha1_base64="y694X+PE1knx7PIS7EcxY18m0cM=">AAAB9XicbVC7SgNBFL0bX0l8RS1tBhPBQsJuLLQM2IhVBPOAZA2zs7PJkNnZZWZWCUsaG3/BxkIRO/Ff7PwanTwKTTwwcDjnXu6Z48WcKW3bX1ZmaXlldS2by69vbG5tF3Z2GypKJKF1EvFItjysKGeC1jXTnLZiSXHocdr0Budjv3lLpWKRuNbDmLoh7gkWMIK1kW5KnRDrvhek8ah7WeoWinbZngAtEmdGitXcg//+fX9c6xY+O35EkpAKTThWqu3YsXZTLDUjnI7ynUTRGJMB7tG2oQKHVLnpJPUIHRrFR0EkzRMaTdTfGykOlRqGnpkch1Tz3lj8z2snOjhzUybiRFNBpoeChCMdoXEFyGeSEs2HhmAimcmKSB9LTLQpKm9KcOa/vEgalbJzUq5cOcWqDVNkYR8O4AgcOIUqXEAN6kBAwiM8w4t1Zz1Zr9bbdDRjzXb24A+sjx/D6pWq</latexit>

Figure 2: Solver architecture.

We propose to use this approach as the inner loop in a differentiable BVP solver (see Figure 2). Our
approach is encapsulated in a function, BVPSolve, which takes as input the parametrized dynamics
function f(t,x;p), the constraint functions gI and gF , and an initial guess p0 for the parameter
vector. Given parameter vector pj , The dynamics update module determines the dynamics function
f(t,x;pj) to pass into ODESolve. That function produces a candidate solution x

pj

0 , . . . ,x
pj

F . If that
solution satisfies the boundary conditions given by gI and gF , the trajectory is returned. Otherwise,
the minimizer module computes an updated parameter vector pj+1 that is used in the next solver
iteration.

Unlike an end-to-end approach that simply produces an output trajectory, this approach ensures
that the output of the neural network is corrected by the iterative solver, providing a guarantee that
the system can be used for safety-critical applications such as steering an autonomous vehicle (see
Section 4).

4 EVALUATION

As mentioned in Section 1, one use of boundary value problems is to control an autonomous system.
We use this problem to demonstrate that well selected values of p0 result in fewer iterations to
convergence.

We assume our vehicle moves in a plane, so that its state vector is given by a position (x, y) and
a heading θ. The vehicle is further parametrized by the wheelbase L = 2.33m and has a constant
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speed v = 10m/s. The steering angle is set by a function δ(t,p), where p contains the parameters
of a spline. The vehicle moves with dynamics

ẋ = f(t,x,p) =

ẋẏ
θ̇

 =

 v cos θ
v sin θ

v tan δ(t,p)
L

 (3)

For our test problem the vehicle starts in the state x(tI) = (0, 0, 0). The objective is to finish at time
tF = 1s with a lateral displacement of d meters to the right in the state x(tF ) = (α, d, 0) where α is
unspecified.

We solve this problem with two approaches. In the first approach we produce p0 by sampling the
components near zero, which results in a steering angle near zero. In the second approach we have a
neural network producing the value for p0 from the target displacement d. We then start the Boundary
Value Problem solver with this initial guess and record how many iterations it takes to converge. For
each approach we uniformly sampled 1000 values for d in the range [-0.7, 0.7] and recorded the
number of iterations to convergence. The average number of iterations to convergence was 501.35
iterations for the first approach and 14.45 iterations for the second approach. On average the neural
network approach converged 34 times faster than the traditional approach. A plot of d vs. number of
iterations to convergence can be seen in Figure 3.
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Figure 3: Displacement vs. Iterations to convergence. The low number of iterations to converge near
d = 0 for the non-neural network approach is explained by the fact that p0 sampled yields a steering
value of zero which drives a straight line giving a lateral deviation d = 0.

5 CONCLUSION AND FUTURE WORK

We have shown that a system that combines a neural network with a differentiable iterative solver
for boundary value ordinary differential equations inherits the flexibility and speed of the neural
network and the safety guarantees of the iterative solver. By using the neural network to produce an
initial guess rather than final controls, we can guarantee that the combined system will be applicable
wherever we would have used the iterative solver alone. Moreover, we have shown that the trained
hybrid system runs more than an order of magnitude faster than the iterative system alone, expanding
the range of applications of the system to more demanding control problems. We are investigating
such applications, as well as methods to guarantee graceful degradation of the system in the presence
of adversarial inputs. In the future, we expect that our proposed combination of a neural network and
an iterative solver to find use in many more domains where safe and fast operation is essential.
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