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Abstract

We study the problem of making predictions of an adversarially chosen high-dimensional state that
are unbiased subject to an arbitrary collection of conditioning events, with the goal of tailoring
these events to downstream decision makers. We give efficient algorithms for solving this problem,
along with several applications that stem from choosing an appropriate set of conditioning events.

For example, we can efficiently produce predictions targeted at any polynomial number of de-
cision makers, such that if they best respond to our predictions, each of them will have diminishing
swap regret at the optimal rate. We then generalize this to the online combinatorial optimization
problem, where the decision makers have large action spaces corresponding to structured subsets of
a set of base actions: We give the first algorithms that can guarantee (to any polynomial number of
decision makers) no regret to the best fixed action, not just overall, but on any polynomial number
of subsequences that can depend on the actions chosen as well as any external context. We show
how playing in an extensive-form game can be cast into this framework, and use these results to
give efficient algorithms for obtaining no subsequence regret in extensive-form games. This gives
a new family of regret guarantees that captures and generalizes previously studied notions such
as regret to informed causal deviations, and is generally incomparable to other known families of
efficiently obtainable guarantees.

We then turn to uncertainty quantification in machine learning, and consider the problem of
producing prediction sets for online adversarial multiclass and multilabel classification. We show
how to produce class scores that have transparent coverage guarantees: they can be used to produce
prediction sets covering the true labels at the same rate as they would had our scores been the true
conditional class probabilities. We then show that these transparent coverage guarantees imply
strong online adversarial conditional validity guarantees (including set-size conditional coverage
and multigroup-fair coverage) for (potentially multiple) downstream prediction set algorithms rely-
ing on our class scores. Moreover, we show how to guarantee that our class scores have improved
L5 loss (or cross-entropy loss, or more generally any separable Bregman loss) compared to any
collection of benchmark models. This can be viewed as a high-dimensional, real-valued version
of omniprediction. Compared to conformal prediction techniques, our uncertainty quantification
framework gives increased flexibility and eliminates the need to choose a non-conformity score.

. An up-to-date version of this manuscript is available at https://arxiv.org/abs/2310.17651.
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1. An Overview of Our Results

When is it a good idea for a decision maker to react to a predicted outcome as if the prediction is
correct? Understanding the answer to this question has at least two important kinds of applications:

1. It gives us a natural algorithm design principle for sequential decision making under uncer-
tainty, which we call predict-then-act. We first predict the payoffs for each of our available
actions, taking care to produce predictions that are a “good idea” for us to follow, and then
choose our action to optimize our payoff as if the prediction was correct.

2. It gives us a means to coordinate action amongst a wide variety of potentially unsophisticated
agents, each with different objective functions: we produce predictions that are a “good idea”
for each of them to follow, and then allow them to best-respond to our predictions as if they
were correct. In this scenario we don’t need the agents to have the sophistication to run a
complicated decision making algorithm themselves — but we might hope that they obtain
the same kinds of utility guarantees that they would if they were instead running a more
sophisticated algorithm.

Calibration is a natural candidate answer to our question. Informally speaking, predictions are
calibrated when they are unbiased even conditional on the value of the prediction: In other words,
our predictions p for an unknown outcome y should satisfy (for all possible values v our prediction
might take): Ely — v|p = v] = 0. Amongst all policies mapping predictions to actions, the “best
response” policy that acts as if the predictions are correct is payoff optimal if the predictions are
calibrated. Moreover, it has been known since [33] that one can make sequential predictions that
are guaranteed to be calibrated in hindsight, even if outcomes are chosen by an adaptive adversary.

But calibration has at least two serious shortcomings:

1. The statistical and computational complexity of producing forecasts for d-dimensional out-
comes that are guaranteed to be calibrated grows exponentially with d. This is because the
number of (discretized) values v that we might predict in d dimensions grows exponentially
with d. For calibration, not only is our prediction space exponentially large, but we ask that
our predictions be unbiased subject to exponentially many conditioning events. In fact, even
in 1 dimension, it is known that achieving adversarial calibration at a rate of O(v/T) is im-
possible [78] — even though it is possible to obtain swap regret at this rate [11].

2. Calibrated forecasts also need not be informative: even a constant predictor can be calibrated
(so long as it predicts the mean outcome), and, in general, since calibration is a marginal
guarantee, it can fail to hold after conditioning on various decision-relevant features x that
are available at decision time.

When can we overcome these shortcomings?

Our Algorithmic Framework for Unbiased Prediction We study the problem of sequentially
making predictions p; € R? of d-dimensional adversarially selected vectors y; € R?, potentially as
a function of available contexts x;. We ask for predictions that are unbiased subject to some set of
conditioning events £, where each event E(z, p;) € € can be a function of both the context x; and
our own prediction p;. In other words, we want that after 7" rounds of interaction:

E [(pt — y)|E(zt, pt)] <a(E) forallE€&.

te[T] -
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Here we say that such predictions have £-bias bounded by «. The standard notion of calibration
corresponds to the set of events defined as E,(p;) = 1[p; = v] for each v in some e-net of the
prediction space, when predictions are limited to being made from the same net. The size of an e-net
in d dimensions is exponential in d, which is a major difficulty with high-dimensional calibration.
Our first result is an algorithm for making £-unbiased predictions for any collection of events

&, with bias a(E) = O (%) and with per-round running time scaling polynomially with d,

t, and |&| for each round ¢ € [T]. Here Ty = Zthl E(z, pt) is the number of rounds for which
event I was active. Thus the algorithm is computationally efficient whenever the set of events £
is polynomially sized, and up to low order terms, achieves in an adversarial setting a bias rate that
would be statistically optimal even in a stochastic setting. When the events are “disjoint” (i.e. at
most one is active for any given prediction), we show how to improve the per-round running time to
depend only polylogarithmically on ¢ at each round ¢ € [T].

We establish several basic connections between our ability to make unbiased predictions subject
to events defined by the best-response correspondence of a downstream decision maker, and the
regret of that downstream decision maker, whenever the utility function of the decision maker is
linear in the state vector y; that we are predicting. This captures decision makers who have arbitrary
valuations over d discrete states when we predict a probability distribution over those states, as well
as a number of other important cases. We then apply this result to obtain new results in online
combinatorial optimization, learning in extensive form games, and uncertainty quantification using
prediction sets.

Warm-up Application: Groupwise Swap Regret for Many Decision Makers To build intu-
ition, we start by deriving algorithms for obtaining no swap regret in the experts problem with d
actions. Informally, an agent has no swap regret if they have obtained utility that is as large as
they would have had they played the best action in hindsight—not just overall, but also on every
subsequence on which they selected any particular one of their actions. For a decision maker with
utility function u, to guarantee that they will have no swap regret when they best respond to our
predictions, it suffices that our predictions are unbiased with respect to the d disjoint events defined
by their best response correspondence — i.e. the events in which they choose to play each of their d
actions. Similar observations have been made before [52, 77, 91]. But now, paired with our predic-
tion algorithm, we can efficiently make predictions that guarantee diminishing swap regret to every
downstream decision maker with utility function in a polynomially sized set U, with bounds that
are optimal up to a term growing logarithmically with |U|. We can also enlarge the set of events as
a function of external context z; to simultaneously give diminishing swap regret to each agent not
just overall, but for arbitrary subsequences of actions that might e.g. correspond to demographic
or other decision relevant groupings of the prediction space. This improves upon [10], who gave
algorithms for obtaining diminishing external groupwise regret for a single decision maker.

Application to Uncertainty Quantification: Online Prediction Sets with Anytime Transparent
Coverage A popular way of quantifying the uncertainty of machine learning predictions in multi-
class classification problems is to produce prediction sets rather than point predictions. A prediction
set is a set of labels that is intended to contain the true label with some target probability, say 95%.
Given an example z, if we knew the true conditional probability p(y|x) of each label y, we could
produce the smallest possible prediction set subject to the coverage guarantee by sorting the labels
in decreasing order of their likelihood, and including them in the prediction set until their cumula-
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tive probability exceeded 95%. More generally, we could optimize any other objective function to
produce a prediction set, and read off the coverage rate of our set by summing the probabilities of
the labels included within our prediction set. Unfortunately, the scores produced by machine learn-
ing models are not true conditional probabilities, and so this approach generally does not work. The
approach taken by the conformal prediction literature (see e.g. [4, 82]) is to use a “non-conformity
score” to reduce the high dimensional space of prediction sets to a 1-dimensional nested set of pre-
diction sets, and solve a 1-D quantile estimation problem. Much of the art in making conformal
prediction work well is choosing the “right” 1-dimensional scoring function.

We give a score-free method of producing prediction sets in arbitrary sequential prediction prob-
lems. Given a method for mapping individual label probabilities to prediction sets (such as e.g. find-
ing the smallest set subject to a coverage constraint), we produce predicted probabilities for each
label that are unbiased conditional on the event that the method includes the label within the pre-
diction set. For any polynomial collection of such methods, our predicted probabilities can be used
by each of these methods, and they will be guaranteed to satisfy the same coverage guarantees they
would have had the probabilities been correct. In other words, the prediction sets have “transparent”
coverage guarantees, in that we can estimate the coverage of each method by simply summing up
the predicted scores for each label that is contained within the method’s prediction sets. For exam-
ple, this lets us give class probabilities that can be simultaneously used to produce prediction sets
for many different coverage probabilities, and optimizing many different objectives (e.g. weighted
prediction set sizes with different weights). By defining our events in terms of relevant context,
we can also extend all of our guarantees to offer groupwise or multivalid coverage as in [7, 60].
Through another appropriate instantiation of our event collection, we also, for the first time, obtain
online adversarial set-size-conditional ([3]) coverage guarantees.

Moreover, we can produce class scores with these transparent coverage guarantees that are si-
multaneously as accurate as any other prediction method at our disposal: we show how to produce
scores satisfying a high-dimensional notion of calibeating [30]. What this means is given any poly-
nomial collection of predictors f () which map features to class probabilities, we produce predicted
class probabilities that have smaller Brier score — or cross entropy — or more generally lower loss
according to any Bregman score than any predictor in the class, while simultaneously being useful
for producing prediction sets. This can be viewed as an online, high-dimensional, and real-valued
extension of omniprediction [36, 41]. In addition to giving a more flexible collection of guarantees
than conformal prediction methods, this eliminates the need to choose a non-conformity score.

Application: Subsequence Regret in Online Combinatorial Optimization and Extensive Form
Games We next consider the online combinatorial optimization problem, in which a decision
maker has a combinatorially large action space corresponding to subsets of d base actions, and has
a utility function that is linear in the payoff of each of the base actions. A canonical special case of
this setting is the online shortest paths problem, in which the base actions correspond to edges in a
network, and an agent’s action set corresponds to the set of s — ¢ paths in the network (different
agents might have different source and destination pairs). The action space of each player can be
as large as 2%. Given any polynomial collection of subsequence indicator functions (which can
depend both on external context as well as the decisions made by the decision makers — e.g. the
subsequence of days on which the chosen path includes toll roads and it is raining), we show how
to efficiently make predictions such that the downstream decision maker has no regret to any of
their O(2%) actions, not just overall, but also as restricted to any of the subsequences. Subsequence
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regret guarantees like this were previously known for settings with small action spaces [11] (i.e., via
algorithms with running time that is polynomial in the number of actions) — we give the first such
result for a large action space setting. Our result naturally extends to making predictions that give
this guarantee not just to a single decision maker, but to every decision maker with utility function
in any polynomially sized set U.

We then observe that this result applies to extensive form games as a special case. Informally
speaking, an extensive form game is a sequential interaction played on a game tree. A player con-
trols a subset of the nodes in the tree, and must decide on an action to take at each node; opponents
or chance players decide on actions at other nodes, and play proceeds down the tree until it reaches
a leaf node which corresponds to a payoff to each agent. Internal nodes of the game tree can be
grouped together into “information sets” that are indistinguishable to the agent (which constrains
the agent to choose the same action at every node within an information set). Because an agent
must decide on an action to take at each node of the tree, the strategy space of the game is expo-
nentially large in the size of the game tree. Nevertheless, the expected payoff that a strategy yields
for a player can be expressed as the inner product of a vector representing the set of leaves that the
agent’s strategy makes reachable, and a vector corresponding to the payoff-weighted vector of prob-
abilities that the agent’s opponents’ make each leaf reachable. This means it can be expressed as an
online combinatorial optimization problem of dimension equal to the number of leaves in the game
tree (exponentially smaller than the number of actions). Our methods therefore give algorithms
for obtaining subsequence regret in extensive form games for arbitrary polynomial collections of
subsequences.

Our method does not require that the information sets in the extensive-form game satisfy the
“perfect recall” assumption as many prior methods do, and is an efficient reduction to the “best re-
sponse” problem in extensive form games. That is, whenever it is possible to efficiently compute an
extensive form strategy that best responds to fixed opponent strategies, our algorithms are efficient.
In some cases, the running time of our algorithms can be improved to depend on the number of
information sets rather than the number of game tree leaves. We show that subsequence regret gen-
eralizes the existing notion of regret to informed causal deviations [23, 45] — which means it can be
used to achieve convergence to notions of extensive form correlated equilibrium; subsequence regret
is incomparable to other known families of regret guarantees in extensive form games [26, 27, 74].

1.1. Roadmap

Due to space constraints, we relegate the rest of our discussion to the appendix. Here is a summary
of where our various results can be found:

e In Section A, we discuss further related work not covered in this introduction, as well as
exciting future directions that we hope this work could be useful for.

* In Section B, we discuss the fundamentals of our transparent decision-making pipeline; in
particular, we formally define the online learning setting, our model of a downstream decision
maker, and several notions of regret for downstream decisions.

* In Section C, we introduce our generic algorithm for making high-dimensional unbiased pre-
dictions, analyze it, and give its performance guarantees.

* In Section D, we prove a basic guarantee for downstream decision makers: that best-responding
to our (appropriately unbiased) predictions leads to no swap regret and no type regret.
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* In Section E, we rigorously develop our uncertainty quantification framework for prediction
sets with transparent coverage (Section E.2) and prove our best-in-class result with respect to
all sufficiently smooth separable Bregman losses (Section E.3).

* In Section F, we develop further applications: No group swap regret (Section F.1), as well as
no subsequence regret guarantees in online combinatorial optimization (where there are ex-
ponentially many possible decisions for the decision maker to choose from) and in extensive-
form games (Section F.2).

* In the remaining Sections, all omitted proofs are provided, along with further discussion
where appropriate.
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Appendix A. Further Future Applications and Related Work

More Applications We expect that our framework will find many other applications. We here
mention a few. First, there are some basic applications that take advantage of the ability of our
framework to make predictions within an arbitrary convex feasible region. For example, we can
make probability forecasts in d outcome settings that satisfy marginal (or top label) calibration sub-
Ject to the constraint that the predicted probabilities sum to 1. Similarly we can produce predicted
CDFs for a real valued outcome satisfying marginal quantile calibration [50] at each quantile level,
subject to the constraint that our predicted quantile values are monotone. Although these applica-
tions are extremely simple, we are not aware of ways to easily obtain these guarantees with prior
work.

We also briefly mention an application of our techniques that is explored in concurrent work
of [17], who apply our algorithms in a repeated principle agent setting defined by [14]. Briefly,
[14] gave a mechanism that replaced the standard “common prior” assumptions that underlie prin-
cipal agent models with calibrated forecasts of an underlying state, and is applicable in adversarial
settings. [14] use the traditional notion of calibration, and as a result inherit exponential computa-
tional and statistical dependencies on the cardinality of the state space. [17] show how to apply our
techniques to recover the same results (under weaker assumptions) with an exponentially improved
dependence on the cardinality of the state space.

A.l. Related Work

Calibration, multicalibration and downstream optimization The study of sequential calibra-
tion goes back to [19] who viewed it as a way to define the foundations of probability, and algorithms
for producing calibrated forecasts in an adversarial setting were first given by [33]. [32] were the
first to connect sequential calibration to sequential decision making, showing that a decision maker
who best responds to (fully) calibrated forecasts obtains diminishing internal regret (and that when
all agents in a game do so, empirical play converges to correlated equilibrium). [61] and [29] make
a similar connection between “smooth calibration” (which in contrast to classical calibration can be
obtained with deterministic algorithms) and Nash equilibrium.

In the recent computer science literature, there has been interest in constructive calibration guar-
antees (obtained by efficient algorithms and obtaining good rates) that hold conditional on context
in various ways, called multi-calibration [56]. Multicalibration has been studied both in the batch
setting [40, 51, 56, 66] and in the online sequential setting [31, 34, 36, 50]. For the most part (with
a few notable exceptions [42, 91]) multicalibration has been studied in the 1-dimensional setting
in which the outcome being predicted is boolean. This has been extended to predicting real val-
ued outcomes, with notions of calibration tailored to variances [59], quantiles [7, 60], and other
distributional properties [76]. See [80] for an introductory exposition of this literature.

There is a line of work that aims to use (multi)calibration as a tool for a one-dimensional form
of downstream decision making, called omniprediction. The goal of omniprediction, introduced in
[41], is to make probabilistic predictions of a binary outcome as a function of contextual information
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that are useful for optimizing a variety of downstream loss functions. [41] show that a predictor that
is multicalibrated with respect to a benchmark class of functions H and a binary label can be used
to optimize any convex, Lipschitz loss function of an action and a binary label (see [43] for a
related set of results). These results are in the batch setting. In the online setting, [67] defined “U-
calibration”, which can be viewed as a non-contextual version of omniprediction, in which the goal
is to make predictions that guarantee an arbitrary downstream decision maker no external-regret.
Since there is no context in this setting, the benchmark class to which regret is measured is the
set of constant functions. In comparison to [67], our goal is to give both stronger guarantees than
external regret, and to be able to do so even when the state space is very large. What we pay for these
stronger guarantees is a logarithmic dependence on the number of downstream utility functions our
guarantees hold for ([67] give algorithms that guarantee no external regret for any downstream
utility function). Using a connection between multicalibration and swap-regret established by [40]
and [44], [36] give oracle efficient algorithms for online multicalibration, with applications to online
omniprediction — i.e. algorithms that are efficient reductions to the problem of online learning over
the benchmark class of functions H. Like other work in omniprediction, this result is limited to the
1-dimensional binary setting.

The most closely related work is [91], who define and study “decision calibration” in the batch
setting in the context of predicting a probability distribution over & discrete outcomes. Decision
calibration is a slightly weaker requirement than what we study, also defined in terms of the best-
response correspondence of a decision maker’s utility function. Decision calibration asks, infor-
mally, that a decision maker be able to correctly estimate the expected reward of their best response
policy; we ask for a slightly stronger condition that requires them to also be able to estimate the
utility of deviations as a function of their play. This kind of unbiased estimation (based on the best
response correspondence of a decision maker) has also been previously observed to be related to
swap regret in [77] and [52]. The algorithmic portion of our work can be viewed as extending [91]
from the batch to the online adversarial setting; Our applications hinge crucially on both the online
aspect of our algorithm and on the more general setting we consider, beyond predicting distributions
on k outcomes.

An expansive recent literature has focused on the similarly named predict-then-optimize prob-
lem [24, 25, 71]. This line of work investigates a setup in which predictions made from data are
to be used in a linear optimization problem downstream in the pipeline. This is similar in motiva-
tion to our ‘predict-then-act’ framework, but with two important differences: (1) the predict-then-
optimize framework aims to optimize for a single downstream problem, whereas our framework
aims to simultaneously provide guarantees to an arbitrary finite collection of downstream decision
makers; and (2) the surrogate loss approach studied in this literature is naturally embedded in a
batch/distributional setting, where the goal is to exactly optimize for the Bayes optimal downstream
decision policy, up to generalization/risk bounds; meanwhile, our framework naturally lives in the
online adversarial setting, and aims for different notions of optimality defined in terms of regret
bounds, as well as omniprediction-type ‘best-in-class’ optimality. Both frameworks can be used
to solve downstream combinatorial optimization problems [20, 72]; but our framework appears to
have a broader set of applications — as a consequence of its strong calibration properties, we are
able to apply our framework to derive strong uncertainty quantification guarantees, which do not ap-
pear to naturally fit within the predict-then-optimize framework. There also exist other approaches
for learning in batch decision making pipelines, that are different from the predict-then-optimize
method; see e.g. [22, 65, 85, 89].
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No-regret guarantees in online learning There are also long lines of work in online learning
related to our applications; here we survey the most relevant. No-regret learning, which requires that
a decision maker obtain cumulative loss at most that of their best single action in hindsight against
an adversarial sequence of losses, has been studied at least since [53] — see [54] for a modern
treatment of this literature. We highlight [62] (which we will make use of) who give efficient
no regret algorithms in online linear and combinatorial optimization problems, which are large-
action-space settings in which the cost of each action has linear structure. Internal regret, which
corresponds to regret on the subsequences defined by the play of each action, was first defined
by [32], who also showed it could be obtained by best responding to calibrated forecasts. [70]
defined a notion of “wide-range regret” which is equivalent to subsequence regret: that a player
should have no regret not just overall on the whole sequence, but also on subsequences that can be
defined both as a function of time (“time selection functions”) and as a function of the actions of
the learner. [11] gave algorithms for obtaining this kind of subsequence regret (including, notably
internal (or “swap”) regret as a special case). The algorithm of [11] is efficient when the action space
is polynomially sized: it requires computing eigenvectors of a square matrix of dimension equal to
the number of actions in the game. Motivated by fairness concerns, [10] give an algorithm for
obtaining diminishing “groupwise” regret, which is equivalent to regret with respect to a collection
of time selection functions; very recently (and concurrently with this paper), [2] show how to modify
the algorithm of [10] to make it “oracle efficient” — to reduce it to the problem of obtaining external
regret with overhead polynomial in the number of time selection functions. These results do not
accommodate subsequences that can depend on the actions of the learner, which are crucial for our
applications. We give the first efficient algorithms for getting subsequence regret, for an arbitrary
polynomial number of subsequences, in online combinatorial optimization settings, by operating
over the (polynomially sized) linear representation space for the costs rather than the (exponentially
sized) action space.

The problem of efficiently obtaining no-regret in extensive form games was first studied by
[92], who gave algorithms for obtaining no (external) regret, which is sufficient for convergence to
Nash equilibrium in zero-sum games in self-play. [23, 45] give algorithms for obtaining no-regret
to causal deviations, which is sufficient for convergence to a notion of correlated equilibrium in
extensive form games [86]. More recently, there has been renewed theoretical interest in regret-
minimization in extensive form games: both [74] and [26] have defined incomparable classes of
no-regret guarantees. Our notion of subsequence regret in extensive form games generalizes regret
to causal deviations—which can be obtained by asking for no-regret on those subsequences in which
the player makes each particular internal node in the game tree reachable—and is incomparable to
the classes defined in both [74] and [26].

Uncertainty quantification The goal of conformal prediction is to endow black box predictors
with the ability to produce “prediction sets”” — predictions corresponding to sets of labels — that
have the property that they contain the true label with a desired coverage probability. Conformal
prediction uses a one-dimensional “non-conformity score” to reduce the problem to a 1-dimensional
quantile estimation problem—see [82] and [4] for approachable introductions to the topic. A pri-
mary point of departure for our work is that we dispense with the non-conformity score, and deal
directly with the high-dimensional prediction set problem.
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Our method, while different from conformal prediction, provides online adversarial coverage
guarantees, and thus joins a very recent collection of works on adversarial conformal inference
methods [7, 37, 38, 50, 90].

While vanilla conformal prediction approaches give marginal coverage guarantees (i.e., those
that hold on average over the entire data set), significant amounts of recent work in conformal
prediction has focused on obtaining conditional guarantees of various sorts, which hold even over
smaller, relevant portions of the data. [87] was perhaps the first to study conditional coverage prob-
lems. While it was shown by [35] that obtaining full conditional coverage in a distribution free
regression setting is impossible, various special types of conditional coverage have been studied in
the batch conformal setting, e.g. [81], [79], [58], [28], [15], [8]. Recently, multicalibration tech-
niques (aimed at calibrating to either the variance or the quantiles of the non-conformity score)
have been used to give group-conditional and threshold conditional guarantees in both the batch
and adversarial settings [7, 21, 39, 50, 59, 60]—all of this still applied in the presence of a chosen
non-conformity score, which makes the problem 1-dimensional.

An appealing feature of our method is that it predicts probability scores that “look like the
true conditional probabilities p(y|x) for the purposes of producing prediction sets”. The fact that
deep neural networks often produce miscalibrated class scores was observed by [49] and gener-
ated a large literature that is too expansive to fully survey here. [81] showed via a reduction to
the Neyman-Pearson lemma that if scores exactly coincided with the true conditional probabilities,
they could be used to produce set-size optimal prediction sets. Other relations between true condi-
tional probabilities and optimality of various prediction set efficiency criteria were studied by [88].
Rather than aiming for optimality in an absolute sense, we demonstrate that our multiclass probabil-
ity predictions satisfy a strong best-in-class property, which is new to the uncertainty quantification
literature, but has been studied in several recent works on calibration. [30] introduces the problem
of “calibeating”: making (one-dimensional) calibrated forecasts in an adversarial setting that have
lower Brier score than any fixed and given benchmark model. [69] give improved bounds for simul-
taneously calibeating many models. We show how to produce multiclass models that give transpar-
ent coverage guarantees while simultaneously satisfying a high-dimensional version of calibeating;
obtaining lower Brier score (or indeed any Bregman score) than any one of a collection of given
benchmark models. This can also be viewed as a high-dimensional and real-valued generalization
of omniprediction [41].

Appendix B. Preliminaries
This section introduces the central object of our study, the sequential (online adversarial) pipeline:
Data — Predictions — Decisions.

In Section B.1, we define the prediction task as well as the desired event-conditional unbiasedness
guarantee for the predictions. In Section B.2, we formally introduce the utility-based model for
downstream decision makers, as well as several types of regret, i.e., metrics with which to measure
the decision maker’s success.

B.1. Predictions

We are faced with a sequential high dimensional prediction setting, defined by an arbitrary context
space X and a convex compact prediction space C C R? for some finite dimension d. With-

16



HI1GH-DIMENSIONAL UNBIASED PREDICTION

out loss of generality (up to scaling our bounds by a multiplicative constant), we assume that
2maxyec [[ylloo < 1.
Inrounds ¢t € {1,2,...}, alearner, or predictor, interacts with an adversary as follows:

1. The learner (may) observe a context z; € X’;

2. The learner produces a distribution over predictions 1, € AC, from which a prediction p, € C
is sampled;

3. The adversary produces an outcome y; € C.

Let IT = {(x,p,y) € X x C x C} denote the set of possible realized triples at each round. An
interaction over 7" rounds produces a transcript 7 € II7. We write W;t as the prefix of the first
t—1 triples in 77, for any ¢t < T'. We write IT* = (J7_, II7 for the space of all transcripts. A learner
is a collection of randomized algorithms (one for each ¢) mapping a transcript of length ¢ — 1 and
a context to a distribution over predictions at round ¢: Learner; : II'"! x X — AC. An adversary
is a collection of randomized algorithms, each mapping a transcript of length ¢ — 1 to a context
and a distribution over realizations: Adv; : II'"* — X x AC. This models an adaptive adversary
who can make decisions as an arbitrary function of the past history, but must be independent of the
learner’s randomness at round ¢. A learner paired with an adversary implicitly define a distribution
over transcripts.

An intermediate goal (generally in service of downstream decision making, as defined in Section
B.2) will be that in hindsight (i.e., in expectation over the empirical distribution of the transcript 777
that ends up being realized after T" rounds) our predictions are unbiased, not just overall, but also
conditional on various events. We now formally define the notion of events and our unbiasedness
objective.

Definition 1 (Events) An event E is an arbitrary mapping from transcripts, contexts and predic-
tionsto [0,1]: E: II* x X x C — [0, 1].

If the range of E is {0,1}, then we say that E is a binary event. We say that a collection of
binary events £ is disjoint if for every (mw,z,p) € II* x X x C: Y- pee E(m,2,p) < 1.

We will elide arguments to I that are not used; for example, if an event is independent of the
transcript, we will write E(xy,p) rather than E (w1, x¢, pt), and if the event is also independent
of context, then we will simply write E(p;).

Definition 2 (Event Frequency) Fixing a transcript iy = {(zt, pt, yt) }1—;, the frequency of event
E with respect to mr at time t is given by:
t

nt(Ea 7TT) - Z E(W;Ta xT7pT>

T=1

Observe that for any collection of disjoint events £ and any round t, one has ) ¢ Nt (m37, E,mr) <
t.

Definition 3 (Event-conditional unbiasedness) Fix a collection £ of events and a function « :
R — R. A transcript mp = {(x4, p, yt) } iy is a-unbiased with respect to & if for every E € £ and
every coordinate i € [d]:

T
Z(pt,i — Y1) - E(ze,pr)| < a(me(E, 7).
t=1

17



HI1GH-DIMENSIONAL UNBIASED PREDICTION

Remark 4 Two remarks about Definition 3 are in order. First, it asks for our prediction vectors
to be unbiased (on average over time) separately across their coordinates. However, we allow the
conditioning events E to depend on the entire vector p;. This is where our approach derives its
power, compared to asking for multi-calibration guarantees separately in every coordinate (such
guarantees can be obtained by running e.g. the algorithms of [50] independently for each of the d
coordinates).

Second, we let a be a function of ny(E, ). This allows us to give finer-grained guarantees that
will scale with o(ny(E,m7)) =~ \/ni(E, 7r), as opposed to the coarser style bounds of o =~ /T
used in most prior work! [50, 69]. One notable exception is [51], who give similarly refined bounds
in the batch setting by reducing to no-regret learning algorithms with 2nd order regret bounds —
we get our improvement in the same way (by reducing to a different no regret learning algorithm,
but one that also has 2nd order regret bounds).

B.2. Decisions and Regret

We are interested in making predictions that are useful for downstream decision makers. We study
decision makers who can choose amongst a set of actions A = {1,..., K}*> Agents will obtain
utility that is a function of both the action they take, and the outcome y € C C R¢ (which, in a
game theoretic setting, may itself depend on the actions taken by the agents). We will assume that
the utility functions are linear and Lipschitz-continuous in y.

Definition 5 (Decision maker’s utility) A wtility function v : A x C — [0,1] maps an action
a € A and an outcome y € C to a real number u(a,y). We assume that for every action a € A:

1. u(a,-) is linear in its second argument: for all oy, a0 € R, y1,y2 € C,
u(a, a1y1 + agy2) = aru(a, y1) + agu(a, y2)
2. wu(a,-) is L-Lipschitz in its second argument, in the Lo, norm: for all y1,ys € C,
[u(a, y1) = ula, y2)| < Lily1 — y2[loc
We write Uy, to denote a collection of L-Lipschitz utility functions of this form.

Remark 6 For simplicity we assume that the utility function is linear in y, but we can equally well
handle the case in which the utility function is affine in y: we simply augment the prediction space
C with an extra (d + 1)-st coordinate that takes constant value 1. This preserves the convexity of
C, and now allows for arbitrary constant offsets in the utility of each action a. This allows us to
capture many settings of interest. As an example, if there are d discrete outcomes that are payoff
relevant to the decision maker in arbitrary ways, then we can define C as the simplex of probability
distributions over outcomes, and let u(a,p) be the expected utility for the agent who plays action
a when the outcome is sampled from p; this is linear in p, and captures the setting studied in prior
work [67, 91]; but our results extend to the more general case of arbitrary convex compact C, and
so we are not limited to talking about distributions over discrete outcomes. Most of our applications
will take advantage of this generality.

1. For the problem of online “quantile multicalibration”, [7] gave bounds scaling with a quantity analogous to
v/nt«(E, ), but at a cost of an exponentially sub-optimal dependence on other problem parameters.

2. Without loss of generality, we assume all downstream have the same action set. If not, let K be the cardinality of the
largest action set, and introduce dummy actions for any agent with fewer actions.
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A utility function naturally induces a best response function, mapping outcomes y € C to actions
a € A that are utility maximizing given the outcomes:

Definition 7 (Best response) Fix a utility function u : A x C — [0,1]. The corresponding Best
Response function §,, : C — A is defined as:

du(y) = argmax u(a, y)
acA
We assume that all ties are broken lexicographically. If 6,,(y) = a, we say that a is a best response
for utility function u given y. We write Ey, 4(y) = 1[0,(y) = a] to denote the binary event that a is
a best response to y for utility function u. Observe that for any utility function u, the set of events
{Eu.q}taca is disjoint.

Lemma 8 For any utility function u that is linear in its second argument, the corresponding best
response function 8, has convex levelsets: for any a1, a0 € RZ0 with a1 + ap < 1, and any

y1,Y2 € C, if 6u(y1) = 0u(y2) = a, then 0, (c1y1 + a2y2) = a.

Proof This follows from the linearity of u in its second argument and the definition of §,,. For any
alternative action o’ € 4, We can compute:

u(a, (cqy1 + azy2)) = aqula,yr) + au(a, y2)
> aqu(d,y1) + agu(a’, y2)
= u(d, (a1y1 + a2y2))

Here the first and last equalities follow from linearity of u in its second argument, and the inequality
follows from the definition of the best response function §,,. |

As we make predictions pq, . .., p: a decision maker with utility function u may use these pre-
dictions to take a sequence of actions ay, ..., a;. We call a decision maker straightforward if they
take the predictions at face value, assuming that y; = p;:

Definition 9 (Straightforward Decision Maker) A straightforward decision maker with utility
function u treats predictions as correct and at each day t chooses a; = 6,,(py).

Because the predictions need not be correct, in hindsight (i.e. with knowledge of the realizations
Y1,---,Yt), a straightforward decision maker may regret not having taken some other sequence of
actions. We study several kinds of regret in this paper. ®-regret, as defined by [46], is defined with
respect to a collection of mappings ¢ : A — A from played actions to alternative actions called
strategy modification rules.

Definition 10 (®-regret) Fix a transcript mp. The regret that a straightforward decision maker
with utility function u has with respect to a strategy modification rule ¢ : A — A is:

LT
Z u(p(ar), ye) — ulae, yr),

t=1

r(mr, u, §) =

N

where a; = 8, (p) for each t.
Let ® be a collection of strategy modification rules ¢. We say that the decision maker has
O-regret v if r(mp,u, ¢) < aforall ¢ € P.
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Definition 11 (External regret and Swap regret [11, 32]) For each action o' € A, let ¢, be the
constant function defined as ¢(a) = a for all a € A. External regret corresponds to ®-regret for
Ppy = {po : d' € A}, the set of all constant strategy modification rules.

Swap regret corresponds to ®-regret for @4, equal to the set of all strategy modification rules.

Subsequence regret is defined by a collection of events, and requires that the decision maker
have no external regret on any of the subsequences defined by the events.

Definition 12 (Subsequence regret [11, 69, 70]) Fix a transcript wp. The regret that a straightfor-
ward decision maker with utility function u has with respect to an event E and strategy modification

rule ¢ : A — Ais:

T

T(TFTv u, Ea ¢) = Z E(ﬂ-t—lvxtvpt) (u(¢(at)7 yt) - u(at7 yt))

t=1

where a; = 0,,(py) for each t.
Fix a collection of events E. We say that the decision maker has (€, o)-regret if for every E € £
and for every ¢ € Qpy, r(mr,u, E,¢) < a(np(E,7r)).

Note that although that events are defined as a function of the predictions p;, since a straightforward
decision maker takes actions as a function of the prediction, we can equally well define events as a
function of the actions a; taken by the decision maker. Observe that for a decision maker with utility
function u, swap regret corresponds to subsequence regret for the special case of € = {E,, 4 : a €
A}, the set of subsequences on which the straightforward decision maker would take each action.

Finally, we consider type regret, which was studied (without a name) by [91]. Type regret,
informally, is the regret that a straightforward decision maker has to straightforwardly optimizing
some other utility function ' (or type) instead of her own utility function w.

Definition 13 (Type regret [91]) Fix a transcript 7. The regret that a straightforward decision
maker with utility function u has with respect to an an alternative utility function v’ is:

T(WT> u, ’U/) =

> u(u (pr), yr) — w(u(pr), vr)

t=1

Nl =

Fix a collection of utility functions U. We say that the decision maker has U-regret o if for every
u el r(rr,u,u) < a.

Type regret is not a special case of ® regret, since the comparator class cannot be described by any
strategy modification rule.

Appendix C. Making Unbiased Predictions

In this section we give a general algorithm for obtaining a-unbiased predictions with respect to a
collection of events £, with running time scaling polynomially with d and |£|, and error « scaling
only logarithmically with d and |£]|. The algorithm and its analysis consist of two parts.

The first part is a standard reduction from the problem of online multiobjective optimization to
minimax optimization, using the framework of [69]. Similar reductions appear in [50, 52]. Rather
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than giving an analysis from first principles as [69] do, we follow [52] in directly reducing to an
experts problem (although rather than reducing to a sleeping experts problem as [52] do, we are able
to get improved bounds by using the MsMwC algorithm of [16] for the standard experts problem).
As [51, 52] do, we reduce to a no-regret algorithm that has “2nd order” regret bounds, which allow
us to get more refined guarantees. This reduces the problem of obtaining online unbiased predic-
tions to the problem of solving for the minimax equilibrium strategy of a particular zero sum game
that has exponentially many (in d) strategies for each player, which is an obstacle to solving the
problem straightforwardly. This step can be viewed as applying a contextual/time-varying variant
of Blackwell’s approachability theorem [9], in which the set to be “approached” may change at each
round.

The second part of our algorithm solves this minimax problem — with a polylogarithmic run-
ning time dependence in the approximation parameter (via reduction to the Ellipsoid algorithm) in
the case of £ consisting of binary-valued and disjoint events, or with polynomial running time de-
pendence in the approximation parameter using Follow-the-Perturbed-Leader in the more general
case.

To preface the detailed derivation of the algorithm below, we give its pseudocode (presented as
a single-round call, such that the learner needs to call UnbiasedPrediction (&,t, 1, x¢) at
every round ¢ in the protocol of Section B), as well as its performance guarantees.

A few comments are in order. First, here and in the future we sometimes denote by &; (or
&) the projection of the event collection £ onto round ¢, i.e., the collection of mappings & :=
{E(m,-,+) : X x C — [0,1]}. This is both for notational convenience as well as to emphasize that
our framework allows for the collection of events £ to be revealed gradually over time, so long as
the events E(m, -, -) are available to the learner by the start of each round ¢.

Second, in the pseudocode below g1.;—1 denotes the collection of event gains {gi,...,gi—1},
which we construct to be used by the experts algorithm (MsMwC) in order to come up with event
weights q; in round t.

Third, in the future we may leave out the m; and x; inputs to UnbiasedPrediction for
brevity (and also if the setting is non-contextual and there is no x; to pass), and may simply write
calls to it as UnbiasedPrediction (&,t).

3. We do not explicitly pass gi.t—1, nor the internal state of MsMwC at the end of the previous round, to
UnbiasedPrediction, but it is understood that when UnbiasedPrediction is called at round ¢, this in-
formation is readily available for the next call to MsMwC (i.e., MsMwC does not need to recompute its previous
trajectory from scratch in each round).
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Calculate event gains from the preceding round ¢ — 1 (see Section C.1):

gi1 (9} ,'g)iom, Where g'é;; g =0 E(@1,p-1) - (Pr-1i — Y1) fori € [dl,o = £1, E € &

I

Compute event weights using Multiscale Multiplicative Weights with Correction (see Sec-
tion C.1):
@t = (Gt,(i,0,E) )i, 2 < MsMwC(g1:4—1)

Solve the following minimax problem up to € = 1/t error in minimax value, using either the El-
lipsoid method (if the events in &; are binary and disjoint) or FTPL (otherwise) (see Section C.2):

d
Y —argminmax E (> Y D e 0 E(wnp) - (pri—vi)

eC £~
YleAC Y Vi | =1 oe{-1,1} E€&

Return distribution over predictions 1y
Algorithm 1: UnbiasedPrediction(&,t, m—_1,2t)

Theorem 14 (Guarantees for UnbiasedPrediction) Given a convex compact prediction space
C C R% and a collection £ of events of size |E|, our algorithm UnbiasedPrediction outputs,

on any T-round transcript 7r, a sequence of distributions over predictions ¥,vs, ..., € AC
satisfying:
T T
Z (e, pt) - (pri — ed)| | <O [ m2AIET) + | mdIEIT) Y E [(E(xe,p1))?)
Dt N¢t AN | P =1 Pt~
The per- , and the time it takes to evaluate each E € .

When the events are binary and disjoint, the running time is polylogarithmic in t at any round
t € [T); in the general case the running time is polynomial in t at any round t € [T).

Proof The theorem follows by combining the non-constructive minimax bound (i.e., the bound that
assumes the minimax problem in each round ¢ € [T7] is solved up to an €, error in minimax value) of
Theorem 20 with the runtime guarantees for solving the minimax game with binary disjoint events
(Theorem 25) and with general, not necessarily binary or disjoint, events (Theorem 27). |

Remark 15 ((Nearly-)Anytime Guarantee) As formulated, our UnbiasedPrediction pro-
cedure does not rely on knowing the time horizon T, except through its oracle invocations of MsMwC.
It can be checked that MsMwC only needs an upper bound on T — call it T, — and thus by setting
the internal components of MsMwC to depend on Tax, * we automatically ensure that the bias of

4. Specifically, the internal learning rate n of MsMwC should be set proportional to v/log Tinax, and its internal opti-
mization should be performed over all weight vectors whose individual components are no less than a multiple of
1/Tmax-
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UnbiasedPrediction will be:

T

O | In(2d|€|Tmax) + 4| In(2d|E| Tiax) Z E(x¢,pt))?] after every round T such that T < Ty ax.
t=1Pt"~ wt

The property of our online bound holding at all intermediate rounds, until the final time horizon,
can be referred to as anytime.

It should be noted that algorithms in online learning are often only considered fully anytime if
they have no dependence at all on Ty,.y. Although UnbiasedPrediction does have a depen-
dence on Ty, (1) the regret bound depends on Ty, .5 only logarithmically and so is insensitive to
even large over-estimates; and (2) the per-round runtime of UnbiasedPrediction (and of its
subroutine MsMwC) does not depend on T ., rather, it scales with t at every round t € [T]

C.1. Reduction to a Minimax Problem

We follow [50, 52, 69] in reducing a multicalibration-like problem to a multi-objective learning
problem, in which for each event £/ € £ and each coordinate of our predictions i € [d], we have two
objective values, one corresponding to the positive bias of our predictions, and one corresponding
to the negative bias of our predictions. Our goal is to make predictions so that the maximum value
across all of these 2d - |£| objectives is small, leading to small bias with respect to events £.

We encode these 2d|E| objectives as an experts problem with n = 2d|€| experts. We index the
experts by (i,0, F) for i € [d] representing a coordinate, o € {—1,1} representing a sign, and
E € & representing an event. At round ¢, if the learner predicts p; € C and the adversary produces
outcome y; € C, then the gains for each expert are defined to be:

Yoy =0 E(@e,pe) - (Dri — Ye.i)

Recalling our w.l.o.g. assumption that 2 max,cc ||y||sc < 1, we observe that gfi o.B) € [—1,1],

and that the cumulative gain of each expert (i, o, E) up through round ¢ is: o - ., E(x,,p,) -
(pr;i — Yr.i), which is exactly the o-signed bias of the predictions through round ¢ in coordinate i
conditional on event E.

Recall that our goal is to make each of these o-signed event-conditional bias terms small over
time, i.e., each such term should over time diminish at a rate a(np(F)), where E is the number of
rounds on which the corresponding event E was active. To assist us in this, we invoke the MsMwC
experts no-regret algorithm of [16], which was several years ago used to resolve the “impossible
tuning” problem in online learning with experts.

Tool: MsMwC, A Small Loss Algorithm for the Experts Problem Multi-Scale Multiplicative
Weights With Correction (MsMwC) [16] is an algorithm that can be applied to the experts learning
problem in a way that simultaneously gets regret bounds to every expert that scale with the cumula-
tive (squared) gain of that expert. Recall that in the experts learning setting, the learning algorithm
must sequentially choose amongst n experts in rounds ¢ € {1,2,...}, whose gains (or losses) are
determined by the adversary. In each round ¢:

1. The algorithm chooses a distribution ¢; € A[n] over the experts, and then:

2. A vector of gains for the experts g; € [—1,1]" is chosen by an adversary, and the algorithm
experiences gain §; = g - gy.
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The regret that the algorithm has to expert i after ¢ rounds is defined as R ; = S -_, (g1i — Gt)»
and the goal in this setting is to make the average regret to each expert diminish over time. Classic
algorithms for this problem, such as the Multiplicative Weights Update, attain O(/T") regret bounds
relative to each expert; such regret bounds are not adaptive, in the sense that they don’t depend on
the profile of gains of each expert and thus cannot exploit any possible observed trends in each
particular expert’s gains. In contrast, the algorithm of [16] guarantees that we can simultaneously
bound the regret to each expert ¢, I; ;, by a quantity that scales with the cumulative (squared) gain
of expert 7:

Theorem 16 (Special Case of Theorem 1 from [16]) There exists an algorithm (MsMwC) with
per-round running time polynomial in n, that simultaneously for every expert i, guarantees regret:

Rr; <O | In(nT) +

Applying MsMwC to event-conditional gains: We may now apply the regret-bound for MsMwC
in Theorem 16) to find that:

Corollary 17 MsMwC applied to event gains) When using the gains constructed in this section,
MsMwC plays a sequence of distributions q; € A[2d|E|] that satisfies, for every triple (i*,0*, E*) €
[d] x {—1,+1} x &,

Z Z a,(i,0,E) " 0 - E(ze,pt) - (pri — Yei)

1 i€[d],o=+£1,E€€

ZE 20p0) - (Prse — yoge) — O 1n(2d€|T)—|—\/ln(2d|5|T)Z(E*(;rt,pt))z

te[T]

Thus, to upper bound the bias in our predictions across all coordinates and all events, it suffices
to make predictions p; that upper bound the gain of MsMwC. Towards this end, we define a zero
sum game between the learner and the adversary with objective function equal to the per-round
expected gain of MsMwC:

d
=D > > om0 E@,p)- (0 — i) (1)

i=1 oc{~1,1} E€E

Non-constructively, we can argue that the learner has a prediction strategy which guarantees that
the gain of MsMwC (and hence by construction, the bias of the cumulative predictions, conditional
on any event E € £) is small. We will make use of Sion’s minimax theorem.

Theorem 18 ([83]) Let X C R™ and Y C R™ be convex and compact sets, and u : X x Y — R
be a objective function, such that u(x, -) is upper semi-continuous and quasi-concave for all x € X
and u(-,y) is lower semi-continuous and quasi-convex for all y € Y. Then:

:IEIéI)I(l ma u(z,y) = max min u(z,y).
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The learner will play the role of the minimization player in this zero sum game, and the adver-
sary will play the role of the maximization player. Their pure strategy spaces will both be (subsets
of) C, the prediction space. Observe that u(p,y) is linear in the adversary’s action y (and hence
concave), and so we may take the adversary’s action space to be Ay = C. On the other hand, u(p, y)
is not necessarily convex in p, because of the functions F(x;, p) (which may be arbitrary), and so to
satisfy the conditions of Sion’s minimax theorem, we must discretize the learner’s action space and
allow them to randomize.

Definition 19 Ler C, be any finite e-net of C in the £, norm — i.e. any finite set C. C C such that
forallp € C, there is a p € Cc such that ||p — pl||oc < e

We take the learner’s action space in this game to be A; = AC,, the set of distributions over an
e-net of the prediction space C. This is a convex compact action space, and the utility function is
linear over A; (by linearity of expectation).

We can compute the minimax value of the game by considering the world in which the adversary
moves first, picking a realization y € C, and then the learner best responds with some p € C.: Since
Ce is an e-net of C, the learner can in particular choose p satisfying |p; — y;| < € in every coordinate
1. Together with Corollary 17, this gives us the following theorem:

Theorem 20 Ifatevery roundt € [T the learner samples a prediction from 1, a (1/t)-approximate
minimax strategy for the zero-sum game with utility function u; defined in Equation 1, then for every
coordinate i and every event E € &, the expected bias in coordinate i conditional on event E is
bounded by:

T

ZE(fﬁt,pt) (e — Yei)

t=1

T
<O | QdIE|T) + | In(2dIEIT)- > E [(E(w1,p1))?]

t=1Pt"~ w‘

E
pe~the Vi

Proof Let ¢, = % By definition of an €;-net, for every y € C we are guaranteed that there is a
p € Ce, with ||p — y||eo < €, and thus:

max min u < max € - . . E(x < 6.
yel pECet t(p’ y) _EEE,iE[d} t |Qt’(1:0'7E) ( t7p)‘ >~ €

Thus, Sion’s minimax theorem implies that:

min max E |u:(p, < .
VEAC., yeC pmp[ t(py)] < e

Let v, be any €;-approximate minimax distribution of this game, such that: maxyec Ep, s, [t (Pe, ¥)] <
€;. If the learner samples a prediction from ); at each round ¢, then by definition of the utility func-
tion u¢, the expected loss of MsMwC will be bounded by ¢, at each round ¢. By Corollary 17, after
taking expectations with respect to the randomness in the learner’s play according to the distribu-
tions 9, across rounds ¢ € [T'], we have that the expected bias in each coordinate ¢ conditional on

each event ' € £ is bounded as:

T

Z wtvpt ptz Yt,i

pt~'¢’t Ve 2

]<Zet+0 In(2d|E|T) + IE \/ln(2d!5\T)-Z(E(:vt,pt))2

~pe Vit
P~ te[T)
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<o) +0 [meden) + E \/1n(2d|5\T).Z(E(xt7pt))2

~he Vit
pe~ht te[T)

<0 | m@der) + \/1n<2d|5T>-Z E (B .
te[r) Pt

where the second line follows by bounding the harmonic series, and the final line is by Jensen’s
inequality with respect to the (concave) square root function. |

Theorem 20 gives a (non-constructive) algorithm for producing predictions that have bounded
bias conditional on all events in £. The difficulty is that the algorithm requires playing an approx-
imate minimax strategy for a game in which the learner has an exponentially large strategy space,
and the adversary has a continuously large strategy space. In Section C.2, we show how to make
this algorithm constructive by giving polynomial time algorithms for solving this minimax problem.

C.2. Solving the Minimax Problem
C.2.1. FORr DISJOINT BINARY CONVEX EVENTS

In this section we show how to find an e-approximate solution to the minimax problem defined in
Section C.1, with running time that is polynomial in d, |£|, and log(1/¢) in the case in which the
events £ € & are binary valued and disjoint: for all z,p: > pee B (z,p) < 1. We will also assume
that for every history 7 and context z, the predictions p that satisfy F(m,z,p) = 1 form a convex
set for which we have a polynomial time separation oracle. In Section C.2.2 we will show how to
solve the same minimax problem in the general case, without any of these assumptions (assuming
only that we can evaluate the quantity E(m,x,p) in polynomial time) — with the caveat that our
general solution will have a running time dependence that is polynomial in 1/e rather than log 1/e.
Proofs from this Section can be found in Appendices G and H.

Following the reduction to a zero-sum game in Section C.1, our goal is to solve for the learner’s
equilibrium strategy ¢; € A(C) in the game with utility function

d
ut(p,y) = Z Z Z @ Gi,0.8) " O E(mi—1,74,p) - (Di — Yi)

1=1 ge{-1,1} €€

corresponding to the per-round gain of MsMwC. In other words, we need to approximately solve
the minimax problem defined as:

1/}: = argminmax [ [ut(p,y)] 2)
YEA(C) yEC prp

By relaxing the minimization player’s domain from C to A(C), the set of distributions over pre-
dictions, we have made the objective linear (and hence convex/concave), but we have continuously
many optimization variables — both primal variables (for the minimization player) and dual vari-
ables (for the maximization player). Our strategy for solving this problem in polynomial time will
be to argue that it has a solution in which only |£| many primal variables take non-zero values,
that we can efficiently identify those variables, and that we can implement a separation oracle for
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the dual “constraints” in polynomial time. This will allow us to construct a reduced but equivalent
linear program that we can efficiently solve with the Ellipsoid algorithm.

We first observe that in the utility function u;(p, y), the learner’s predictions p “interact” with the
outcomes y only through the activation of the events F(m;_1, x¢,p). This implies that conditional
on the values of the events F(m;_1,x¢,p), there is a unique p; that minimizes wu.(p,y) simulta-
neously for all y. In general the collection of events F(m_1,x¢,p) could take on many different
combinations of values — but our assumption in this section that the events are disjoint and binary
means that there are in fact only |£| different values for us to consider. The predictions we need to
consider are defined by the following efficiently solvable convex programs:

Definition 21 For E € &, let p; " be a solution to the following convex program (selecting arbi-
trarily if there are multiple optimal solutions):

d
mininizegee 3 Y duior) oD
=1 oe{-1,1}
subject to
E(ﬂ—t—la lUt,p) =1

Let Py = {p; ’E} pee be a collection of |E| vectors in C constituting solutions to the above
programs.

Remark 22 As we have assumed in this section, the set of p such that E(my_1,x¢,p) = lis a
convex region endowed with a separation oracle, and so these are indeed convex programs that we
can efficiently solve with the Ellipsoid algorithm. This is often the case: for example, if we have a
decision maker with a utility function u over K actions, the disjoint binary events E,, , (for each
action a € [K]) are defined by K linear inequalities, and so form a convex polytope with a small
number of explicitly defined constraints. This will turn out to be the collection of events relevant for
obtaining diminishing swap regret for downstream decision makers.

We next verify that the prediction values defined in Definition 21 are best responses for the
minimization player against all possible realizations y; that the maximization player might choose,
conditional on a positive value of a particular event:

Lemma 23 Simultaneously for all y € C, we have:

*, B .
P € argmin  u(p, y).
p!E(Wt71,$t,p):1
A consequence of this is that solutions to the following reduced minimax problem (which now
has only |€| variables for the minimization player — the weights defining a distribution over the ||
points p; = ) are also solutions to our original minimax problem 2:

1/;: = argmin max [E [ut(p,y)] 3)
YeA(P,) YEC p~p

Lemma 24 Fix any optimal solution v} to minimax problem 3. Then 1)} is also an optimal solution
to minimax problem 2.
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Thus, to find a solution to minimax problem 2, it suffices to find a solution to minimax prob-
lem 3. Minimax problem 3 can be expressed as a linear program with || + 1 variables but with
continuously many constraints, one for each y € C:

minimize e a(p,) Y
subject to 4)

Ep~plut(p,y)] <v Vyel

We can find an e-approximate solution to a polynomial-variable linear program using the Ellipsoid
algorithm in time polynomial in the number of variables and log(1/¢) so long as we have an efficient
separation oracle — i.e., an algorithm to find an e-violated constraint whenever one exists, given a
candidate solution. In this case, implementing a separation oracle corresponds to computing a best
response for the adversary (the maximization player) in our game—and since the utility function
in our game given in Equation 1 is linear in the Adversary’s chosen action y, implementing a
separation oracle corresponds to solving a linear maximization problem over the convex feasible
region C—a problem that we can solve efficiently assuming we have a separation oracle for C.
There are a number of technical details involved in making this rigorous, which can be found in
Appendix G. Here we state the final algorithm and guarantee.

for &' € £ do
Solve the convex program from Definition 21 to obtain p*.
Let P, = {p*¥} pee.
Solve linear program 4 over P; using the weak Ellipsoid algorithm to obtain solution 1/;.
if ¢, ¢ A(P) then
Let ¢} be the Euclidean projection of 1, onto A(P) returned by the simplex projection algo-
rithm.
else
Let ¢} = v);.
return v;

Algorithm 2: Get -Approx-Equilibrium-LP (t,¢,&)

Theorem 25 Given a polynomial-time separation oracle for C, for any ¢ > 0, there exists an
algorithm (Algorithm 2) that returns an e-approximately optimal solution 1} to minimax problem 2
and runs in time polynomial in d, |€|,log(1).

C.2.2. THE GENERAL CASE

For a general collection of events — which are not necessarily disjoint, may be real valued, and
may not correspond to convex subsets of the prediction space — the technique we gave in Section
C.2.1 for approximately solving the game with a polylogarithmic dependence on the approxima-
tion parameter no longer applies. Nevertheless, by simulating play of the zero-sum game that we
wish to solve using appropriately chosen learning dynamics, we can still compute an e-approximate
minimax strategy in time polynomial in 1/e.

At a high level, our strategy will be to simulate play of the zero-sum game with objective func-
tion defined in Equation 1. The maximization player (the adversary) will play according to the
Follow-the-Perturbed-Leader algorithm introduced below. This allows us to efficiently minimize

28



HI1GH-DIMENSIONAL UNBIASED PREDICTION

regret over the adversary’s high dimensional action space because we can express the adversary’s
utility function as a linear function of their own action, which casts their learning problem as an in-
stance of online linear optimization. Most straightforwardly, we would like the minimization player
(the Learner) to best respond to the Adversary’s actions at each round: but the Learner’s utility func-
tion is complex, because of interactions with the events F/, which can be arbitrarily defined. Thus it
is not clear how to efficiently compute a best response for the learner. Nevertheless, the structure of
the utility function makes it such that they can guarantee themselves the value of the game at each
round simply by copying the Adversary’s strategy, which is computationally easy. Although this is
not necessarily a best response, it suffices for our purposes: standard arguments will imply that the
time-averaged play for the Learner converges to an approximate minimax strategy of the game.

Tool: FTPL, An Oracle Efficient Algorithm for Online Linear Optimization In the present
setting of general (not necessarily disjoint) events, we will make use of Follow the Perturbed Leader
(FTPL), an oracle efficient algorithm for online linear optimization [53, 62]. In the online linear
optimization problem, the learner has a decision space D C R” and the adversary has a state space
SCR" Inroundst € {1,...,}:

1. The algorithm chooses a distribution over decisions D; € AD;
2. The adversary chooses a state s; € S;

3. The algorithm experiences gain §; = Eq,~p, [{dt, gt)] = (Ed,~D,[dt], 9t)-

After ¢ rounds, the regret of the algorithm to decision d € Dis: Ry g =Y., ((d,s:) — Gr).

In contrast to the experts problem defined in Section C.1, in which the number of choices for
the algorithm at each round is n, here the algorithm can choose any element of D at each round,
which may be exponentially large in n (or continuously large). An algorithm (“Follow the Perturbed
Leader”) of [62] gives an oracle efficient algorithm for obtaining diminishing regret guarantees for
this problem, which means that it runs in time polynomial in n and the time needed to solve linear
optimization problems over D — i.e. to solve problems of the form d; = argmax,cp(d, s) for any
vector s € R™. The algorithm is simple and maintains its distribution D; at each round implicitly
by giving an efficient sampling algorithm: At round ¢, Dy is the distribution corresponding to the
sampling algorithm:

1. Let s = Zt;:ll sr + z, where z € R" is such that each coordinate z; is sampled z; ~
Unif[0, 1/6] from the uniform distribution over the interval [0, 1/4] for some parameter 0.

2. Let d; = argmaxycp(d, ).

Theorem 26 ([62]) Let A = supy, q,cp ||d1 —dz||1 be the diameter of the decision space, let K =
SUPgep ses |(d, s)| be the maximum per-round gain of the algorithm, and let A = supcg ||s||1 be
the maximum norm of any state. Then for any 6 < 1, Follow the Perturbed Leader has regret at
round T to each decision d that is at most:

A
Rra < 0KAT + .

Choosing § = ﬁ gives:
rc?z%( Rrq <2VAKAT.
€
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Simplifying the Adversary’s objective: When thinking of the Adversary’s optimization problem,
it is helpful to elide the parts of the objective function (from Equation 1) that are independent of the
adversary’s actions. Towards this end we define the following objective:

d
ui(p.y) =Y —vi - s1i(p) = (~y, s:(p)),
i=1
where for any p € C, we define:

sti(p) = Z Z (Go.B) - 0 - E(x1,p) ©)
} Ee

oe{-1

for each i € [d]. Note the relationship between the two objective functions:

u(p,y) = ((p — ), 5:(p)) = (p, 5:(p)) + wy(p, y).- (6)

Since the difference between w;(p, y) and uj(p,y) (the term (p, s;(p))) is independent of the
Adversary’s chosen action y, the Adversary’s regret as measured with respect to uj is identical to
regret as measured with respect to u;; thus from this point onwards, we imagine the Adversary to
be optimizing for uj.

Observe that fixing p (and hence s:(p)), u}(p, -) is a linear gain function of exactly the form that
Follow-the-Perturbed-Leader is designed to optimize. To implement Follow-the-Perturbed-Leader,
we will need to assume the existence of an online linear optimization oracle over C — i.e. an
optimization algorithm M : R — C which solves:

M (s) € argmax (—y,s).
yeC

The complete algorithm is stated in Algorithm 3.

Initialize s¢(po) to 0.

2dC? 2d
Set T, = 2 5 - T7
Fix distribution Z = Unif[0, §].
forr=1,...,7do

Compute y, = E.cz [M (E;;ést(pk)—kz)] // Adversary chooses the FTPL

distribution
Setpr =y, // Learner copies Adversary’s expected action
Compute s;(p;) as defined in Equation 5.

Define p as the uniform distribution over the sequence (p1,p2,- -« , p77).

return p

Algorithm 3: Get -Approx-Equilibrium (t,€)
Theorem 27 Foranyt € [T]| and € > 0, Algorithm 3 returns a distribution over actions p which
is an € -approximate minimax equilibrium strategy for the zero-sum game with objective ;.

To prove Theorem 27, we first establish an intermediate fact — that within the learning dynamics
simulated in Algorithm 3, the Adversary has low regret. The proof can be found in Appendix I, and
just instantiates the guarantees of Follow the Perturbed Leader in our setting.
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Lemma 28 Playing FTPL for T’ rounds with perturbation parameter § = 1/ 2 al d_ for a learner with
decision space C and adversary with state space S = {s(p) | p € C} yields a regret bound:

Ryvy < V2dC?T7
forall y € C, where d is the dimension of all vectors in C and C = 2 maxyec||y||so-

Proof [Proof of Theorem 27] Define y* as the adversary’s best response in hindsight to the realized
sequence of actions taken by the learner during the run of Algorithm 3:

T’ T’
y* = argmax Y uj(pr,y") = argmax Y u(pr,y),
yec T=1 yec T=1

where in the second equality we use the fact that the Adversary’s best-response function is identical
under v and v’. Let D, denote the adversary’s FTPL distribution over actions at round 7 — i.e. the

distribution defined by M (Zk o St(pk) + Z), where Z ~ Z. Looking first at the expected gain
of the adversary over the realized transcript, we see that:

T/

Z E ut DPr, Y > Zut b,y RT/,y ’

=1 yeDbr

where Ry~ is the adversary’s regret from playing FTPL. The cumulative utility that the adversary
would have achieved with their best fixed action in hindsight (as measured with respect to the
original utility function ;) can now be bounded as:

Tl

T T’ T’
max > uy(pry) = Y urlpr,y’) =Y ui(pr.y”) + D (prosi(pr)
ve = =1 T=1 =1
T/
<RT/ *+Z E [ui(pr.y ) +Zp7-73t pr))

yN‘r

The first line follows from Equation 6. To simplify the expected sum of utilities Eil Ey~D, [ui(pr, )],
we use the fact that at each round 7 in Algorithm 3, the learner’s response p; is defined to be ex-
actly the expectation of the adversary’s distribution D,. So, the expected utility under the original
objective function u, for the realized sequence of plays can be computed for each 7:

E [u(pny)]= E [<<p7—y>,st<p7>>]—<(p7— E [y]>,st<p7>>—o

yND‘F yNDT yND‘r

Using Equation 6 once more,

T T
=2 B o) =3 B iy +Z prosilpr))
T T’
— Z E [ug(pr,y)} Z<p7'75t(p7')>
=1 y~Dr T=1
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Substituting this into the bound on the utility of the adversary’s best response in hindsight:

T/ T T
rgggzut(m,y) < <RT’,y* - Z<p7'7st(p7')>> + Y (pr, si(pr)
T=1

T=1 T=1
= Ry
<v2dce?T,

with the last inequality following directly from Lemma 28. Notice that for any fixed strategy y € C:

1 T

7 D ulpry) = E [w(py)),

i=1 p~p

where p is the learner’s mixed strategy returned from Algorithm 3, the uniform distribution over all
realized vectors p; in the transcript. Thus,

vV 2dC?T!
max B [u(p,y)] < ————

yGC p~p T/ ’

andsopisay/ 2‘%92 -approximate equilibrium strategy for the learner. By our choice of 77 = 2§g2 ,

this simplifies to €, as desired. |

Assuming we can compute the term Ep_[y.| exactly for each round 7, Algorithm 3 offers a
computationally efficient method for finding an ¢’-approximate minimax strategy for the learner.
However, the ability to do so depends on the geometric structure of C, and though there are natural
sets C (such as the unit hypercube and the simplex) for which obtaining a closed-form expression
for the expectation is straightforward, in general this may not be the case. In these cases, we may
sample from the distribution D, to obtain an approximate value for the expectation at round 7. We
give the sampling-based Algorithm 6, along with Theorem 87 that establishes its guarantees, in
Appendix 1. The proof of Theorem 87 will be similar to the proof of Theorem 27 but with additional
use of concentration inequalities in order to bound the sampling errors.

Appendix D. Connecting Predictions and Decision Making

We next make connections between our ability to make unbiased predictions and the quality of
decisions that are made downstream as a function of our predictions in a general setting. The
form of the argument will proceed in the same way that it will in our main applications, and so is
instructive.

Specifically, we will show that a straightforward decision maker who simply best responds to
our predictions can be guaranteed both no swap regret and no type regret (see Section B.2 for
definitions) — if we just make our predictions unbiased conditional on the events defined by the
decision maker’s best-response correspondence.

The Predict-then-Act Paradigm These results, whose formal statements are given below, sug-
gest a natural design paradigm for sequential decision algorithms, which we call predict-then-act.
The idea is simple: first we make a prediction p; for an unknown payoff-relevant parameter y,
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and then we choose an action as if our prediction were correct — i.e. we best respond to p;. This
is nothing more than implementing a straightforward decision maker for our predictions. We can
parameterize the predict-then-act algorithm with various events £, such that our predictions will
be unbiased with respect to events in £. Whenever £ is a collection of polynomially many events
that can each be evaluated in polynomial time, the predict-then-act algorithm can be implemented
in polynomial time per step. While Predict-Then-Act is quite simple, its flexibility in a variety of
settings lies in the design of the event set £ and prediction space C. By choosing the events £ to be
appropriately tailored to the task at hand, we can arrange that Predict-Then-Act has guarantees of
various sorts.

fortinl...T do
Compute ¥; +UnbiasedPrediction (&,t)
Predict p; ~ 1
for u; € U do
Decision maker ¢ selects action a; = 6, (p;) = argmax,¢c 4 u;(a, pt)
Observe outcome ; € C

Algorithm 4: Predict-Then-Act (T,U,E,C, A)

D.1. No Swap Regret

We start by showing that predictions that are unbiased conditional on the outcome of the best re-
sponse functions of downstream decision makers cause the actions of those downstream decision
makers to have low swap regret. Similar observations have been previously made by [77] and [52]
in the context of a single decision maker in the experts learning problem. In contrast, [32] showed a
similar connection (also for a single decision maker in the experts learning problem) for full distri-
butional calibration, which conditions on every event in a (discretization) of the prediction space.
This is an exponentially large number of conditioning events in the dimension of the prediction
space. The advantage of the theorem below is that it requires a number of conditioning events that
is only linear in the number of utility functions u of interest and downstream actions a, and — in
view of our unbiasedness guarantees obtained in Section C gives a regret bound that scales only
logarithmically in the dimension d of the decision space using an algorithm with running time that
is only polynomial in d.

Theorem 29 Fix a collection of L-Lipschitz utility functions Uy, an action set A = {1,..., K},
and any transcript tp. Let € = {Ey, o : v € UL, a € A} be the set of binary events corresponding
to straightforward decision makers with utility functions u € Uy, taking each action a € A. Then
if mr is a-unbiased with respect to £, for every u € Uy, the straightforward decision maker with
utility function u has swap regret at most:

2Ly cao(nr(Eyq, 1))

<
(bﬁzi}fAr(ﬂT, u, ¢) >

T
If o is concave, then this bound is at most:
2LKa(T/K)
< - ' 7
Sl d) £ =g
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The logic of the proof is simple. For every action a and alternative action b, we consider the
subsequence of rounds on which a straightforward decision maker would have chosen to play a in
response to our predictions. Our predictions are unbiased conditional on the event that the decision
maker chooses to play a — i.e. this subsequence — and so (on average over the subsequence), the
decision maker’s estimates for the payoff they received for playing a, as well as the payoff that they
would have received for playing b are correct. Moreover, the reason they chose to play a on each
round in this subsequence (as a straightforward decision maker) was because pointwise, on each
round, we estimated that a would obtain higher payoff than b. Thus, it must be that on average over
the subsequence, a really did obtain higher payoff than b. Since this is true for every pair of actions,
the decision maker must have had no swap regret. The proof formalizes this logic:

Proof [Proof of Theorem 29] Fix any ¢ : A — A and any u € U;. We need to upper bound
r(mr, u, ¢). Using the linearity of u(a, -) in its second argument for all a € A, we can write:

T

S u(@(6u(p0)) 9e) — ulbulpe). vo)

t=1
— %Z Z u(gp(a), yt) —ula, y)

a€A t:6,(pt)=a
T

= 32D Bl (u(6(@), ) — ula,)

T(WT,U, ¢) = %

acA t=1
T
-y <u <¢<a>, = Eu,a<pt>yt> —u < = Eu,a<pt>yt>>
acA t=1 t=1
T T
< Z <u (qﬁ(a), % ZEu,a(pt)pt> —u (a, % ZEu,a(pt)pt> 4 2L@(”T(f1t7a;WT))
acA t=1 t=1
2LO&(TLT(EU as 7TT))
< ,
¥ ()
2L ZCLEA a(nT(Eu,av 7TT))

T

Here the first inequality follows from the a-unbiasedness condition and the L-Lipschitzness of w:
indeed, for every a’ (and in particular for a’ € {a, ¢(a)}) we have

T T
1 1
U (a’, T ;—1 Eu,a(pt)pt> —u <a/7 T ;—1 Eu,a(pt)yt>

1
S LHT Z(pt - yt)Eu,a(pt)Hoo
t

L a(nr(Eyq, 7))L
:maX|¥(pt,i_yt,i)Eu,a(pt)|S (nz( Z’ﬂa 7)) .

The 2nd inequality follows from the fact that by definition, whenever d,(p;) = a (and hence when-
ever By o(pt) = 1), u(a,pt) > u(d’,p;) forall ' € A, and the fact that by Lemma 8, the levelsets
of 4, are convex, and hence u(a, 3 S Bualpe)pe) > u(d, + S Eualpe)py) forall o
Recall that for any utility function u, the events { £, , }q4c 4 are disjoint, and so for any u and
any 7T, Zae A nr(Ey,q, mr) < T. Therefore, whenever « is a concave function (as it is for
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the algorithm we give in this paper, and as it is for essentially any reasonable bound), the term
Y aca &(nr(Eyq, mr)) evaluates to at most Ko(T'/K). [

D.2. No Type Regret

Predictions that are unbiased conditional on the outcome of the best response functions of down-
stream decision makers with utility functions in I/ also suffice to guarantee that downstream decision
makers have no type regret to any utility function in /. Guarantees of this sort were first given by
[91], in a batch setting.

Theorem 30 Fix a collection of L-Lipschitz utility functions Uy, an action set A = {1,..., K},
and any transcript tp. Let € = {Ey o : u € U,a € A} be the set of binary events corresponding
to straightforward decision makers with utility functions u € Uy, taking each action a € A. Then
if ™ is a-unbiased with respect to &, for every u € Uy, the straightforward decision maker with
utility function u has type regret with respect to Uy, at most:

L Ey 0, 77)) + Eua,
max (7, u,u’) < max 2acA (a(nT( w0 7)) + (01 (Bua WT)))
u'eUr, u' eUr, T

For any concave o, this bound implies:

2LKa(T/K
max 7(mp, u, u') < 2LKa(T/K)
u/ eUr, T

The proof of Theorem 30 can be found in Appendix J.

Appendix E. Application: Score-Free Prediction Sets with Anytime Transparent
Coverage

Set-valued multiclass prediction Consider a multi-class prediction problem, in which examples
are of the form (z,y) € X x Y, where X is some feature space and ) is some finite (but pos-
sibly large) label space with |))| = k. A standard task in the area of distribution-free uncertainty
quantification is to train a model S : X — 27 that, given features « € X, outputs a prediction set
S(x) € 2Y. The idea is that, in contrast to regular classification, here the trained model S need not
map every feature vector z € X to a single label in ): instead, it is at liberty to map any z € X to
a set consisting of multiple labels at once, thus indicating uncertainty about the prediction.

A central objective in this setting is to ensure that the prediction sets produced by the model
cover (i.e. include) the true label y of a feature vector z with probability at least 1 — a € [0, 1]
over the data. More formally, the coverage probability Pr(, [y € S(x)] must be no less than (or,
sometimes, approximately equal to) a certain prespecified coverage level 1 — « € [0, 1]. We refer
to prediction sets satisfying this coverage guarantee as (1 — «)-prediction sets. Typical choices
of a include 0.1 and 0.05, but other values may be appropriate depending on the domain (e.g.,
safety-critical applications such as autonomous driving may require a very small o).
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A naive approach to building prediction sets For many multiclass prediction tasks, there exist
readily available high-performance pretrained classifiers such as deep neural networks which, as
an intermediate layer of their prediction mechanism, estimate a probability vector p(xz) € A) on
any input x € X. Suppose we could take these probabilities at face value — i.e., trust that they
closely approximate the true conditional label distribution p(y|x). Then, one compelling way to
build (1 — «)-prediction sets would be to:

1. Sort the probabilities p(z) in nonincreasing order, such that each label i € [k] gets assigned a
position ogored(?) € [k] in this sorted order, and

2. Output the prediction set S(x) consisting of the top k, labels in this sorted order, where k, is
the smallest index such that the sum of predicted probabilities of all chosen labels is at least
1 — «. That is,

Seored(z) = { i € [K] | Tronea(i) € [1, k], where ky = min >, Beyizi-a
kthreN . .
1€[k]:1<0orted (1) <Kgnr

The sorting step in this procedure guarantees that if p(x) in fact truly represented conditional
label probabilities, this procedure would not only give the desired 1 — « coverage, but would in fact,
on average, yield the smallest prediction sets with 1 — o coverage, as measured by the number of
labels included in S(z).

Unfortunately, the caveat here is that such probability scores p(x), even those output by pre-
trained models with very low cross-entropy (or other) loss, are not guaranteed to even be close to
true conditional probabilities. For this reason, the above procedure will generically fail to obtain its
target coverage level.

Prediction sets with provable coverage guarantees The field of conformal prediction, which
has seen substantial development in recent years (see [4] for a gentle introduction), provides one
principled way to address the shortcomings of using predicted probabilities to form prediction sets.
Namely, instead of using raw predicted probabilities p(z), conformal prediction sets are formed
with the help of a so-called non-conformity score function s : X x Y — R, which projects the
otherwise high-dimensional problem of coming up with a prediction set onto a one-dimensional
quantile estimation problem: For a new example z, a prediction set is chosen by selecting all labels
y such that s(x,y) < 7, for some threshold 7 € R which should ideally be a 1 — « quantile of the
distribution on non-conformity scores over examples (z, y) in the calibration dataset. Most confor-
mal prediction methods in both the batch and sequential setting boil down to estimating quantiles
of this distribution in various ways.

Conformal prediction, in contrast to naive set prediction methods, offers guaranteed valid cov-
erage: in other words, it provably forms (1 — «)-prediction sets, and is oblivious to the choice of
score s or the underlying data distribution. A disadvantage of this approach is that the (average)
prediction set size, and hence the informativeness and usefulness of the produced prediction sets
in practice, is very sensitive to the choice of non-conformity score. For this reason, significant ef-
fort goes into designing custom non-conformity scores s(z,y) for various applications, and such
scores are usually not guaranteed to have any form of tight relationship with the true conditional
probabilities p(y|x).
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Our contribution: Prediction sets with anytime transparent coverage In contrast to conformal
prediction, in what follows we present an online algorithm for obtaining prediction sets with valid
coverage that directly calibrates (high dimensional) raw predicted probability vectors, rather than
working in a one-dimensional projection of the coverage problem. The probability forecasts we
produce have a number of desirable properties:

1. Transparent coverage: Our predicted probability vectors can immediately be used by any
downstream prediction set algorithm as if they were the true conditional probabilities — in
particular, the naive sorting-based prediction set algorithm discussed above, when fed our
probability vectors as input, will in hindsight, on actual data, obtain exactly (up to vanishing
terms) the same (marginal or conditional) coverage that it would obtain if our probabilities
were the true conditional class probabilities.

This transparency property can be understood as a novel interpretability, or trustworthiness,
guarantee for prediction-set-based uncertainty quantification: While existing conformal pre-
diction methods rely on calibrating thresholds for nonconformity scores — which are not
necessarily interpretable as, or guaranteed to look like, true conditional class probabilities
— our method of producing raw predicted class probabilities bestows transparency upon any
number of downstream prediction set algorithms, allowing them to produce valid-coverage
sets by simply taking our probabilities at face value.

2. Anytime coverage: It is typical for online adversarial learning approaches to specify a fixed
time horizon 7" upfront, such that both the learning rates and the final guarantees are a func-
tion of 7" and may only hold upon reaching the time horizon. In contrast, on any prespecified

subsequence of data points of length ¢, we are able to attain statistically optimal O (%) cov-

erage error rates, and we only need a very coarse upper bound on the maximum time horizon
Tax as (1) our method’s per-round running time at any round ¢ does not depend on Ty, (in-
stead it depends on ¢ itself), and (2) our coverage error bound only depend logarithmically on
Thax, 1.€. is very insensitive to 7; ' hax.> Thus, for example, we could pause the algorithm at any
point t < Ti,.x, and then restart it when more data becomes available, and the transparency
and coverage guarantees would continue to smoothly evolve from where we left off. A simi-
lar property holds for the one-dimensional adaptive conformal inference methods of [38, 90],
but these methods do not accommodate conditional coverage constraints (or have the other
desirable downstream properties of our method).

3. Accommodates multiple diverse downstream tasks at once: Our probability predictions not
only help avoid the need to choose or commit to a non-conformity score, but allow us to make
predictions that are simultaneously useful for a variety of downstream tasks. For example, we
can predict probabilities that are useful for simultaneously producing prediction sets with
different coverage levels (see Corollary 39) and/or aimed at optimizing different objectives.

4. Achieves best-in-class prediction quality: In our probability vector predictions, we are able
to incorporate side information in the form of logits of any existing multiclass predictor:
in fact, we show the stronger property that, given any finite collection Q of such external

5. See also Remark 15 on anytime coverage in Section C. Also, note that, while all our transparent coverage results
are (almost) anytime, our Best-in-Class result, Theorem 54, does require a more time-horizon-sensitive setting of a
discretization parameter.
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predictors (which could, for instance, be pretrained NNs), we can increase the quality of our
probability vector predictions to nearly match the performance of the logits of the best model
in 9, simultaneously as measured by Brier score, cross-entropy loss, and other well-behaved
proper scoring rules.

5. Enforces set-size-conditional validity, multigroup fairness, and other conditional coverage
guarantees: By making our predictions unbiased conditional on appropriate (modestly-sized)
families of events, our probability predictions can easily guarantee various forms of condi-
tional validity on the outputs of downstream prediction set algorithms. This includes not only
strengthened multigroup fairness guarantees as compared to [7] (in terms of the dependence
on the number of demographic groups |G|), but also the highly desirable property of valid cov-
erage conditional on the prediction set size (dubbed size-stratified coverage validity in [3]),
which to our knowledge has not been provably obtained in the adversarial conformal pre-
diction literature until now. More generally, we can efficiently obtain coverage conditional
on any polynomially sized collection of events that are determined by any combination of
external context and our own predictions.

We now provide (the most general form of) our algorithm, displayed below as Algorithm 5:
Class-Probabilities-for-Prediction-Sets. Wealsoinformally summarize the state-
ments of its diverse set of donwstream guarantees, which we just listed above. Before doing that, we
give an informal definition that captures the behavior of straightforward prediction set algorithms
whose aim is to achieve valid (1 — «)-coverage.

Definition (Informal) [Prediction set algorithm]A prediction set algorithm S is a mapping
S I x X x AY — [0,1)P.

At each round t, it takes in the past history, m;_1, the new context xy, our predicted class proba-
bility vector in this round, p;, and outputs this round’s prediction set S(7i—1,xt, pt) in the format of
a vector in [0,1]Y, where the entry corresponding to each label y € Y, (S(m_1, 7, pr)) € [0,1],
designates the probability with which the algorithm includes label y into its prediction set. (If the
algorithm is deterministic, then each entry (S(m—1, z¢,pr)) € {0, 1}.

This definition is reiterated, somewhat more formally, in Definition 31 below.

Definition (Informal) /(1 — «)-aspiring prediction set algorithm]A downstream prediction set al-
gorithm S is called (1 — «)-aspiring if, when fed any predicted probability vector p(x) € A), it
always outputs a prediction set that would have coverage 1 — « if p(x) was the true conditional
probability vector.

This definition parallels Definition 9 of a straightforward decision maker and essentially adapts
it to our uncertainty estimation setting: it captures prediction set algorithms that are naive, or
straightforward, in that they are willing to trust the predicted class probabilities as if they were
correct. For instance, the naive greedy sorting-based algorithm described above is (roughly speak-
ing) > (1 — a)-aspiring. (The precise definition is given in Definition 37.)
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Theorem (Informal) [Guarantees for Class—Probabilities-for—-Prediction-Sets]

The algorithm Class—Probabilities-for-Prediction-Sets guarantees, With any
collection of downstream prediction set algorithms S as input and on any sequence of potentially
adversarially generated data, that for every S € S:

* The realized per-label coverage of S for each label y € Y (the online analog of the batch
probability Prx y[Y =y A y € S(X)]) will be equal, up to a diminishing error, to the an-
ticipated per-label coverage for y (i.e., the coverage level on y that S would expect to obtain,
based on treating our predicted probabilities at each round as correct). See Theorem 35;

* Similarly, the realized marginal coverage of S (the analog of the batch probability Prx y [Y €
S(X)]) will be equal, up to a diminishing error, to the anticipated marginal coverage S would
obtain if our class probabilities had been correct. See Corollary 36;

— For any downstream prediction set algorithm that is (1 — «)-aspiring, this implies valid
(1 — «) realized marginal coverage; see Corollary 38.

s (set-size-conditional? =Y ) Given as input any set-size function defined as® sz : [0, 1]|y | —
{0} U [NViaxsz) for some maximum set size Nyaxsy, the anticipated and realized coverage will
coincide, up to error terms, even conditionally on the prediction set size. See Section E.2.1;

— For any downstream prediction set algorithm S that is (1 — «)-aspiring, this implies
valid realized set-size-conditional (1 — «) coverage.

* (multigroup-fair? ='Y') Given as input any family G of demographic groups G : X — [0, 1]
— which for any individual with features x determine if they belong (G(x) = 1), do not
belong (G(x) = 0), or belong partially (G(x) € (0,1)) to a certain (often normatively
defined) population group — the anticipated and realized coverage will coincide, up to error
terms, conditionally on every group G € G. See Section E.2.1;

— For any downstream prediction set algorithm S that is (1 — «)-aspiring, this implies
valid realized (1 — o) multigroup coverage.

* (booster? = Y ) Generalizing set-size-conditional and the multigroup coverage, it can be
guaranteed for every family B of conditional constraints defined by subsequence indicators
B : II* x X x AY — [0,1] (which we call ‘boosters’) that decide whether or not to in-
voke the conditional constraint given any transcript m,_1, context x;, and prediction p;. See
Section E.2.1;

— For any downstream prediction set algorithm S that is (1 — «)-aspiring, this implies
valid realized (1 — «) conditional coverage with respect to the family of conditioning
events given by the booster mappings.

* (best-in-class? =Y ) Given as input any collection of competing class probability predictors
O — where each predictor ¢ € Q outputs, at each round t, a predicted class probability
vector gz € AY as a function of the context x; (and possibly also as a function of past history
and even of our class probability predictions in the current round) — our predictions will

6. More generally, sz can be any bounded mapping from [0, 1]”! to [0, 0c); in that case, we can simply discretize it.
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be guaranteed to beat all predictors q € Q simultaneously with respect to all L-Lipschitz
Bregman losses, up to diminishing gap that scales with L. (The result also extends to locally
Lipschitz Bregman losses.) See Theorem 54 and Corollary 56.

Moreover, at each roundt = 1,2,..., Class—-Probabilities—for—-Prediction—-Sets
has runtime polynomial in t,|Y| and in the size |Et| of the aggregated event collection in that round.

INPUT: Collection of downstream prediction set algorithms S,
set-size-conditional? € {Y, N}, set size function sz : [0, 1]Pl — {0} U [Nmaxsz]s

multigroup-fair? € {Y, N}, collection of protected groups G,
booster? € {Y, N}, collection of booster predictors B,
best-in-class? € {Y, N}, collection of competing predictors Q

forroundst =1,2,...do

Receive context x; € X

Assemble event collection £°:

Forevery S € S, form: £ := {Eg},ey, with Eg,(p) := (S(m—1,2¢,p))y forp € AY

5}; — Useggfg

&'« &L // transparent per-label coverage

if set-size-conditional? = Y then
For all § € S, form: &L g < {Ewsn}o<n<Nume> With Egsn(p) =
1[sz(S(m—1,x¢,p)) = n] forall p
&'y (USES Eg x gstz,S>

if multigroup-fair? = Y then
&L — {Eg}geg. where Eq := G(24) // each G stands for a
context—-defined demographic group
EL+ E'UEL x Eé

if booster? = Y then
& < {EB}pen, where Eg(p) := B(m—1,24,p) forp € AY; // boosters find
miscovered regions
El ELUEL x &

if best-in-class? = Y then
Ep  {Epnitnefoyuiri/slick)s where Eppni(p) = 1lp; = nd] for p € AY
; // d-level sets of our predictor; see Definition 53, and see
Theorem 54 for the appropriate setting of §

Elt&g — {E ,n,i}qu,ne{O}U[(l/ﬂ],ie[k’}v where Eqm’i(p) = 1[(q(7rt_1,p))i ~ n5] fOI‘p S

AY; // 0-level sets of all competing predictors g€ Q
t t et t
E & UEL, xE o
Predict P, + UnbiasedPrediction(El t, m_1,2¢) ; // Pre AAY is a

mixture over probability vectors
Sample realized predicted probability vector p; ~ P;
Receive correct label y; € ) from adversary

Update transcript: m; < m—1 U (¢, Pt Yt)

Algorithm 5: Class-Probabilities-for-Prediction-Sets
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E.1. Online Adversarial Multiclass Set Prediction Preliminaries

Setting We let X' be the feature space and ) be the label space with |)| = k. When it is notation-
ally convenient for indexing purposes, we without loss of generality assume ) = {1,..., k}. Exam-
ples arrive—and predictions about them are made—in a sequential fashion, in rounds ¢ = 1,2, .. ..
Specifically, in each round ¢:

1. A new example arrives, and its features x; € X are revealed to the learner.

2. The learner computes a (realized) probability prediction p, € A} as a function of past rounds’
history and the observed features ;.

3. The (realized) prediction set .Sy C ) is generated as a function of p;.

4. The realized label y; € ) is revealed by the adversary.

Prediction set algorithms We now define the notion of a prediction set algorithm, which is re-
sponsible for forming prediction sets .Sy in all rounds ¢ as a function of past history, the current
context, and our (the learner’s) predicted multiclass probability vector. Intuitively, this algorithm
may be viewed as representing a downstream decision maker who takes in our probability predic-
tions and builds a prediction set so as to optimize whichever utility function (e.g., a notion of average
prediction set size) it has.

Definition 31 (Prediction set algorithm) A prediction set algorithm S is a mapping
S I x X x AY — [0,1]M.

The first input to S is the transcript w;_1 up until the current round t, thus allowing the algorithm’s
decisions to depend on past history. The second input takes in the features of the example at round
t. The third input captures the dependence of the algorithm’s decisions in round t on our predicted
probability vector p; € A).

For any m;_1,x and py, the algorithm’s output S(m;—1,z,p;) is a |)|-dimensional vector; by
convention here and below, we will index it by y € ). The interpretation of the algorithm’s output
is that for any y € ), the algorithm .S will include label y in the realized prediction set .S; with prob-
ability (S(m—1,2,pt))y € [0, 1] over its internal randomness. Note that the entries of S(m;—1, z, pt)
will generally not sum to one: since S outputs prediction sets rather than singular labels, the output
S; is allowed to contain multiple labels at once.

As an important special case of the above definition, a deterministic prediction set algorithm is
defined as a binary vector valued mapping

S I x X x AY — {0,1}V1.

A prediction set algorithm that is not deterministic is referred to as randomized.

When convenient, for any label y, instead of (S(t, x, p;)), we may alternatively write Prly € ;]
when S is randomized and 1[y € S;] when S is deterministic, suppressing the dependence on m;_1,
T and Dt
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Coverage metrics We now define the notions of (marginal and per-label) realized and anticipated
coverage of a prediction set algorithm on any transcript. As discussed above, a natural desideratum
in this setting is to ensure that the realized coverage of the prediction set algorithm meets some
prespecified target level.

Definition 32 The realized (marginal) coverage of a prediction set algorithm S on a T-round
transcript T is denoted.:

Prr[Y € 8] = ZPr [y: € S,

where yy, for t € [T), are the realized labels.

Note that this is simply the empirical probability of the realized labels belonging to the prediction
sets produced by the algorithm.

Definition 33 The anticipated (marginal) coverage of a prediction set algorithm S on a T-round
transcript T is denoted.:

Pry[Y € 8] := ZZpty Prly € Sy,

t 1 yey

where py ,, are the learner’s predictions. Note that the anticipated coverage does not depend on the
actual realized labels y;.

The interpretation is simple: If our predicted probability vector p; , were to be taken at face value,
i.e. assuming that the labels y; are sampled from the distribution p;, then f’vrT [Y € S] would be
exactly the expected coverage that the algorithm would get after round 7', where the expectation is
taken both over the randomness of S and the randomness of the labels y; being sampled from the
distributions p;. Note that to evaluate the algorithm’s anticipated coverage Prp[Y € S|, one needs
to know our predictions p;, but not the realized labels.

Definition 34 (Per-label realized and anticipated coverage) For any label y € Y, we define the
realized and anticipated coverage that a prediction set algorithm S achieves on label y alone over
a T-round transcript wr, analogously to the marginal coverage metrics defined above:

T
Prrly € 9] == Zly—yt} Pr[y € S, andPrT[yGS Zpty Pr[y € Sy.
=

The just defined notion of per-label coverage will serve as a key stepping stone towards showing
our transparent marginal coverage guarantee for any downstream algorithm .S. Namely, we will (in
Theorem 35) show the stronger guarantee of transparent per-label coverage for any S. For intuition,
it is instructive to compare per-label coverage, which we just introduced, to label-conditional cov-
erage, a common object of study in the area of conditional conformal coverage guarantees ([87]).
In the batch setting, the former would correspond to Pr(xy)[Y = y A y € S(X)], whereas the
latter would translate to Pr(x yy[Y € S(X)|Y = y]. Thus, per-label coverage is a joint probability
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(of two events coinciding: label y being selected as the correct label, and it being included in the
prediction set by .5), while label-conditional coverage is the corresponding conditional probability.

We observe that for any prediction set algorithm 5, its time-averaged (anticipated or realized)
marginal coverage is simply the sum over all labels y € Y of its label-specific (anticipated or
realized) coverage values:

Prp[Y € §]=> Prrlye S, and Pry[Y € §] = ZPrTyeS (7
yey yey

This observation will later be useful in translating our per-label transparent coverage guarantees
(Theorem 35) into marginal transparent coverage guarantees (Corollary 36).

E.2. Anytime Transparent Coverage: Marginal, Per-Label, and Conditional

In this section, we show how to apply our UnbiasedPrediction algorithm in order to produce
predictions of per-label probabilities p; € AY that provide transparent and flexible coverage guar-
antees for any downstream algorithm S that produces prediction sets Sy := S(m—1 U {z},p¢) asa
function of past history and our current predictions.

Intuitively, since our predictions are to be used by S to compute a prediction set, we would
like to make them unbiased conditional on the collection of events, for each label 4y € ), that y is
included by S in the prediction set once S sees our predicted probabilities. (This may remind the
reader of the “regret” constructions in the prior sections, where we condition on the collection of
events defined by the downstream decision maker’s best-response correspondence.)

Thus, we instantiate UnbiasedPrediction on the region Couiticlass = AY C R¥ with a
natural collection of k events: £s := {Eg , },cy, where each event Eg ,, is defined by Eg ,, (71, ¢, pt)
(S(me—1U{z¢}, pt))y, encoding the probabilities of inclusion of each fixed label y into the prediction
sets .Sy across rounds t.

For instance, when the prediction set algorithm S’ is deterministic, all events Eg , are binary,
and simply represent the indicator of whether or not, given the predictions p; made on that round,
the label y is included in the prediction set S;.

In fact, as we will show in Theorem 35 below, we can achieve transparent coverage simultane-
ously for multiple downstream algorithms .S belonging to any finite collection S. It will suffice to
instantiate UnbiasedPrediction with £s = Uges&s the union of event families £g over all
algorithms S € S. As a result, the runtime of our method will only scale linearly in |S|, while the
coverage error bound will only pick up a log |S| dependence.

On the dependence of Class—Probabilities—for-Prediction—-Sets on input pre-
diction set algorithms S: Our algorithm only makes oracle queries to the downstream prediction
set algorithm S at each round ¢. It completely disregards the internals of .S, and only needs to know
(for a deterministic algorithm) which labels the algorithm includes in its prediction set as a function
of the underlying probability forecast p;, or (for a randomized algorithm) the probability that each
label is included in its prediction set.

In this manner, Class-Probabilities-for-Prediction-Sets functions as a wrap-
per around any prediction set algorithm S (or even a collection of algorithms S). Given the
computational efficiency guarantees for UnbiasedPrediction established in Theorem 14, the
“wrapped” prediction algorithm will thus be computationally efficient insofar as the downstream
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prediction algorithm S is efficient and ) is enumerable — i.e. the running time will be polynomial
in || and the running time of S.

Transparent coverage guarantees: We now show that Algorithm 5 guarantees, no matter the
downstream prediction set algorithm(s), that the realized and anticipated coverage for every label
y € Y will coincide, up to O(1/+/T) — or better — error terms.

Theorem 35 (Transparent Per-Label Coverage) Fix any collection S of prediction set algorithms,
where each algorithm S € S uses our method’s probability vector predictions py € AY in every
round t. If we instantiate Algorithm 5 with the event collection

Es :={Esy}tsesyecy, with Egy(mi—1,24,p) := (S(m—1 U{a},p))y forp e AY,  (8)

then in expectation over Py, Py, ... € AA)Y), the distributions Algorithm 5 outputs, the anticipated
and realized coverage of every label y € Y by every prediction set algorithm S € S will be
approximately equal at every round T' € [Tyax] (Where Tyax is the maximum time horizon):

(kLS| Tona) + /(KIS | Tona) - Sy B, [Prly € 1]
T

pem Vi Hﬁﬂy €8] - Prrly € S]H <0

Proof Let Coulticlass := AY C RF. Suppose in each round, we predict and receive realizations from
the space Cryuiticlass, Where at each round ¢, the adversary picks a vector in {standard basis vectors in RF } C
Crnulticlass> and is interpreted as (1[y = y])yey — the vector that indicates which label y € ) was
realized in round ¢.

Accordingly, we abuse notation and index the coordinates of our predicted vectors p; by y € V
as well. In the current multiclass setting, we interpret our chosen predicted vector p; as a distribution
over the labels.

We now instantiate Theorem 14 on the space Cpyiticlass With the collection of events £s defined
as in Equation 8. For each § € S and y € ), the event Eg, is defined simply as the probability
in round ¢ that S would include label y into the prediction set, given features z; and our prediction
py. In other words, we have, over the internal randomness of the set selection algorithm S given the
current round’s inputs, that

Esy(m—1,24,pt) = Prly € S].

Abusing notation and indexing the coordinates of the predicted vector p; and the realized vector
Y by y € Y rather than ¢ € [k], we then have, for all Eg, € Es, any T', some constant ¢ > 0, and
per-round distributions ; over the predictions output by our unbiased prediction algorithm, that

T
E Esy(xe,pr) - (pry — 1y = wa])| < ¢ (2K?|S| Tax)+¢' (2k2]S|Tnax) - >, B [(Esy (w1, p0))?)-
P~ VE |7 te[T] pe~t

Here, we used that d = |Es| = k|S|. Now, rename the distributions over predictions from 1), into
P,. Dropping the squares on the events inside the square root (since our events’ values are in [0, 1])
and observing that

T T T

S syt we, ) (prg-ly=u)) = 3 Prly € Silpey— Y Prly € SiAly=y] = T(Prrly € S-Prrly € S)),
t=1 t=1 t=1
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we obtain, for every prediction set algorithm S € S and label y € ), that

E {TW@&@GSyfﬁﬁWGSmjgdmﬂﬁwﬂhwﬂw’IM%ﬂ&ﬂmQ-E: E [Prly € S]],
pe~Py vt te[T] pe~Py

and dividing through by T yields the desired claim. |

Recalling that marginal (realized or anticipated) coverage is just the sum of per-label (realized
or anticipated) empirical coverage probabilities over all labels, and applying the triangle inequal-
ity, we thus obtain, as a direct consequence of Theorem 35, the corresponding marginal coverage
guarantees for the instantiation of Class-Probabilities-for-Prediction—-Sets with
the same event family Eg:

Corollary 36 (Transparent Marginal Coverage) Fixany collection S of prediction set algorithms,
where each algorithm S € S uses our method’s probability vector predictions p, € A) in every
round t. If we instantiate Algorithm 5 with the event collection as in Equation 8, i.e.:

Es = {Esy}sesyey, with Es (11,24, p) 1= (S(m—1 U {x:},p))y forp € AY,

then in expectation over Py, Py, ... € AAY), the distributions Algorithm 5 outputs, the anticipated
and realized marginal coverage of every prediction set algorithm S € S will be approximately
equal at every round T € [Tynax| (Where Tyax is the maximum time horizon):

W%MHﬁﬂYeﬂ—ﬁAYGQH

VI In(( V)| Tmax) | 1 ‘ - <|y| 1H(!37\|5!Tmax)>
S O T + T y%} 1H(|y|‘S|Tmax) tez:[ﬂ ptINEPt [PI‘[y S St]] S O \/T .

Application: Interpretable Conformal-Style Valid Coverage without Nonconformity Scores
We now spell out a sample application of Class—-Probabilities—-for-Prediction—-Sets
instantiated with the collection of events £ = £ for some family of downstream prediction set algo-
rithms S, to illustrate how our method can easily produce (1 — «)-prediction sets, thereby achieving
the main desideratum of e.g. conformal prediction. We begin with a definition:

Definition 37 ((1 — «)-Aspiring Prediction Set Algorithm) Fix o € [0, 1]. A prediction set al-
gorithm S : II* x X x AY — [0, 1]l is called (1 — «)-aspiring if for all 7 € II*.c € X,p =
(Py)yey € AY:

Zpy (S(m,z,p))y =1—qu

yey

Importantly, the property of an algorithm S being (1 — «/)-aspiring guarantees that, when it uses our
predicted class probabilities in each round ¢, its anticipated marginal coverage is equalto 1 — o —
and not just on average over all rounds ¢ € [T, but also on any given round t.

Perhaps the simplest example of an aspiring prediction set algorithm S is a fractional variant of
the naive algorithm discussed at the beginning of this section:
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1. Given a predicted probability vector p, order labels i € ) in decreasing order of p, (ignoring
transcript 7 and features ).

2. Start with an empty prediction set, and keep adding labels to it in decreasing order of py,
until the anticipated coverage (i.e., the running sum of predicted probabilities) has become
>1—a.

3. If the final running sum of p, has overshot 1 — «, the last included label ¥, should be
included “fractionally”, i.e., (S(7,z,p))y..., € (0,1), to satisfy exactly 1 — « anticipated
coverage.

Observe that at every round 7', the anticipated coverage of any (1 — «/)-aspiring algorithm S

satisfies:
T

1
PrrlY € 8] = ZZpty Prly € S = TZ(I—@):I—Q.
t 1 yey t=1
Consequently, Corollary 36 implies the following about (1 — «)-aspiring algorithms that use our
predictions:

Corollary 38 (Valid realized marginal coverage for (1 — «)-aspiring prediction set algorithms)
For any family S of (1 — «)-aspiring prediction set algorithms, instantiating Algorithm 5 with the
collection of events £ = Es guarantees 1 — o marginal coverage to all algorithms S € S simulta-
neously, at all times T' < T ax, with deviation from exact 1 — o coverage decaying as (or better

than) O (%)

When might it make sense to provide appropriately unbiased class probabilities to ensure valid
realized coverage for many downstream prediction set algorithms with the same coverage target
1 — a? Note that there are generally many ways to select a prediction set over ) while achieving the
same (1 — «) anticipated coverage — the difference between such different ways to form a (1 — a)-
prediction set may come down, e.g., to the difference in the objective functions (downstream from
the prediction set algorithm) that these selections optimize. Thus, one way to interpret this result is
that it provides valid (1 — «)-coverage in the face of uncertainty over which one of a finite class of
downstream objectives the prediction sets will be used to optimize for.

In fact, our method does not need the algorithms in the collection S to all aspire to the same
coverage level 1 — a; they can each have their individual target coverage levels, and our guarantees
will still hold:

Corollary 39 (Valid realized marginal coverage at different target levels) Consider any collec-
tion S = {S1,S2,...,SNn} of downstream prediction set algorithms where each S; is (1 — «;)-
aspiring — i.e., different algorithms in the collection are seeking different coverage levels. Then, by
instantiating our Class—Probabilities—for-Prediction-Sets method with the col-
lection of events £ = Es, we guarantee valid realized target 1 — «; coverage to each S; € S
simultaneously, at all times T' < Ty,.x, with deviation from exact 1 — «; coverage decaying as (or

Y (Y n(Y]IS | Timax)
better than) O ( N )

The probability vector predictions issued by Class-Probabilities—-for-Prediction—-Sets
under this instantiation will thus have the interesting property of being simultaneously valid at dif-
ferent coverage levels.
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E.2.1. TRANSPARENT CONDITIONAL COVERAGE FOR SET-SIZE-CONDITIONAL AND
MULTIGROUP-FAIR VALIDITY

Thus far we have shown how to make probabilistic predictions that have transparent coverage guar-
antees. But this is not the same thing as making high quality predictions. Can we guarantee that our
predictions are somehow “good” while still offering the kinds of attractive coverage guarantees we
have just given?

In general, in an adversarial setting, there is no way to guarantee that our predictions are “good”
in an absolute sense, but we can make sure that they satisfy various consistency conditions. For
set-valued predictions, a natural goal for us will be to ask that such consistency conditions translate,
for downstream predictors using our predictions, into conditional coverage guarantees, a subject
of intensive study in distribution-free uncertainty quantification at least since [87]. At a high level,
conditionally valid coverage guarantees help make sure that target (1 — «)-coverage was not simply
achieved by overcovering on some subsets of the data and undercovering on others.

We will now formalize the observation that our framework allows us to layer in various kinds
of probabilistic consistency constraints: we can add events to the collection £ that will ensure
that our predictions p; entail transparent coverage guarantees over any — possibly weighted —
subsequences of interest in the data.

Boosting a model’s conditional coverage transparency and validity We begin by defining con-
ditional realized and anticipated coverage for a prediction set algorithm S (and their per-label vari-
ants); this will directly parallel the marginal coverage Definitions 33, 32, and 34. We define them
to be conditional on any (nonempty) weighted subsequence of rounds: recall that a weighted subse-
quence W is a mapping W : N — [0, 1], where W (¢) is the weight with which round ¢ belongs to
the subsequence. For unweighted subsequences, i.e., W : N — {0, 1}, W (¢) = 1 means that round
t was included in the subsequence, and vice versa for W (t) = 0.

Definition 40 (Conditional Coverage Metrics) Fix a prediction set algorithm S, a T-round tran-
script oy, and a weighted subsequence W : N — [0,1]. Let (y;)ic[r) be the realized labels and
(Pt,y)te[T],yey be our realized predictions over the transcript 7.

The realized and anticipated coverage of S conditional on W are given by:

Pr o ZtT:1 W(t) - Prly € Sy and Pr . Zthl W (t) Zyeypt,y - Prly € 5
P T[Y es | W] = Ete[T] W(t) , dP T[Y es ‘ W] = ZtE[T} W(t) .

The realized and anticipated per-label coverage of S conditional on W for any label y € ) are
given by:

XL W) 1y =] -Prly € S S W) puy - Prly € S)

Prrlye S|W]: ., andPrply € S|W]:

2tem W) 2tem W)

Clearly, it would be ideal to have our transparent coverage guarantees hold conditional on all
subsequences. Since this is impossible, we must restrict attention to offering such guarantees condi-
tional on all relevant subsequences in the data. Deciding which subsequences are the relevant ones
can be done based either on trying to correct for past failures of the model (i.e., over- or undercov-
erage), or based on normative considerations (e.g., if some regions in the data must be paid special
attention due to them corresponding to protected group of points/individuals).
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We will address normative scenarios shortly; for now, we assume that our goal is to form subse-
quences in a data-driven way in an attempt to find and correct for persistent over- or undercoverage
of the model on certain regions of the dataset, thus boosting its coverage performance. This is often
best relegated to side models which are trained to perform such coverage checks, detecting any over-
or underconfidence regions based on past history. We will refer to such models as booster models.
For our purposes, we will abstract away any internal details of booster models, and instead define a
booster through the mapping from transcripts, contexts, and predictions to a dynamically evolving
subsequence of rounds.

Definition 41 (Booster) A booster is any mapping of the form B : II* x X x AY — [0, 1], where
for any round t, we interpret B(mi_1,x+,pt) € [0, 1] as the booster model’s decision to include, not
include, or partially include the current round t in its generated subsequence of rounds.

Note that the booster B naturally corresponds to a weighted subsequence of rounds, so we will
denote anticipated and realized coverage conditional on its generated subsequence by Prr[Y €
S|B],PrrlY € S|B), Prrly € S| B), Prrly € S| Bl

We now provide our most general transparent conditional coverage guarantee, which general-
izes the marginal guarantees of Theorem 35 and Corollary 36. The proof proceeds in much the
same way as before, with the main difference that we now use an appropriately expanded family of
conditioning events to instantiate UnbiasedPrediction, as well as that our guarantees for each
booster now depend on its cumulative incidence Zte[T] B(m¢—1, x4, pt), rather than on T'. (Note:
below, we may simply write B(x¢, p;), omitting the transcript.)

Theorem 42 (Conditional Transparent Coverage for Arbitrary Booster Collection) Fix a col-
lection S of prediction set algorithms and a collection B of boosters. If Algorithm 5 is instantiated
with the event collection £ := Es x Ep, where Es was defined in Equation 8 and

Ep :={EB}Ben, where Ep(p) := B(m_1,x4,p) forp € AY,

then in expectation over Py, Py, ... € AA)Y), the distributions Algorithm 5 outputs, the anticipated
and realized coverage of every label y € Y by every prediction set algorithm S € S conditional on
every B € B will be approximately equal at every round T € [Tax] (Where Tax is the maximum
time horizon):

E Z B(xy,pr) | - ﬁT[yES]B]—f’;T[yGSB]‘
pe~P, Vit
te[T)
T
< O | n(IY|ISIB|Tmax) + | n(VIIS]1B|Tmax) - D E [B(a,pr) - Prly € 5]
t=1 pi~It

Moreover, the anticipated and realized conditional coverage of every prediction set algorithm
S € S conditional on every B € B will be approximately equal for all T' € [Tinax] (Where Tiax is
the maximum time horizon):

E Z B(zy,py) | - [Prr[Y € S|B] - Pre[Y € S|B]
PP, vt te[T)
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< O [ IVIm(VIIS|IB|Tnax) + Y m(VNISIIBITwax) - Y E_[Blaw,pe) - Prly € S]]

~P,
yey te[r) P

<O VIm(VIISIIBITmax) | Y E_[Blas,pr)]

~P,
te[r) P

As a corollary of this result, we obtain the corresponding coverage guarantees for any family of
(1 — «)-aspiring downstream prediction set algorithms. This is a strengthening of Corollary 38, and
gives our most general valid (1 — «) conditional coverage guarantees.

Corollary 43 (Valid realized 5-conditional coverage for (1 — «)-aspiring prediction set algorithms)
For any family S of (1 — «)-aspiring prediction set algorithms and any booster family B, instanti-
ating our method Class-Probabilities—for—-Prediction—-Sets with the collection of
events £ = Es x Ep guarantees 1 — « realized coverage conditional on every B € B to all algo-
rithms S € S simultaneously, at all times T' < Tiax, with deviation from exact 1 — o coverage
satisfying:

E Y Blawp) | - [Prely € S|B] = (1= a)|| <O | [YI(VI[SIB|Tmax) | Y E_[Blxep)]
]

~Py, vt ~P;
b |\ S ee(r)

We now briefly discuss two important applications of our transparent conditional coverage guar-
antees: set-size-conditional coverage (cf. size-stratified coverage validity of [3]), and multigroup
coverage (introduced in [7, 59, 60]). We have singled them out in the pseudocode for our method
(Algorithm 5) due to their importance, even though they follow from very simple instantiations of
our boosters.

Set-size-conditional coverage The idea behind obtaining valid coverage conditional on the set
size is quite intuitive [3, 4]. We ideally want to ensure that the prediction set is always appropriately
large, reflecting the true amount of uncertainty with respect to any sample — and thus want the
target (1 — ) coverage to hold conditional on picking any possible set size. In particular, this helps
avoid situations where the prediction set is very small and undercovers (which clearly means the
optimal prediction set should have been made larger), or where the prediction set is very large and
overcovers (which clearly means it would be better to remove some labels from the set, improving
both its coverage and its size).

While set-size-conditional coverage has been explored in the batch conformal setting, to our
knowledge such coverage guarantees have not been rigorously studied in the online adversarial
case; we fill this gap in Theorem 45 below. Before presenting our result, we first formally introduce
and discuss a generalized measure of prediction set size.

Definition 44 (Set size function) A set-size function sz is a mapping” sz : [0, 1]¥1 = {0,1, ..., Numaxsz }»
where Nyaxs, denotes the maximum set size. If the prediction set algorithm is known to be deter-
ministic, the set size function can simply be defined as a mapping sz : 2 — {0,1, ..., Nymaxsz }-

Given any realized prediction set Spycq, its size is then given by sz(Spred)-

7. As mentioned earlier, sz can more generally be any bounded mapping from [0, 1]|y I'to [0, 00); in that case, we can
simply discretize it to reduce to the definition given here.
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What are some examples of useful set size functions? The simplest is to take, for any prediction
set Spred € [0, 1]|y |, its size to be sz(Spred) = Zyey(spred)y- If the prediction set is determin-
istic, i.e. Spreqa € {0, 1}‘3", this reduces to sz(Spred) = Zyey 1[y € Sprea), Which is the size of
Spred as a set of labels. We can also define a weighted variant of this set size mapping: given any
fixed nonnegative label weights (wy)yey, we can let sz2(Sprea) 1= >, cy Wy - (Spred )y, Which for
deterministic prediction sets reduces to sz(Spred) = Zyey wy - 1{y € Spred]. This can be useful
when there is a different “cost to pay” for including each label y € ) into the prediction set.

Beyond these examples, we can define sz(-) in arbitrary ways. For instance, one may intuitively
desire that for deterministic sets Spyed, the set size sz(Spredq) should grow with |Spreq|; however, we
place no such requirement on sz. Even more generally, sz can be interpreted decision-theoretically
as a (dis)utility function that maps any selected prediction set to a certain (dis)utility value. Our
next guarantee covers all these cases:

Theorem 45 (Valid set-size-conditional coverage for (1 — «)-aspiring prediction set algorithms)
For any family S of (1 — «)-aspiring prediction set algorithms and any set size function sz :

[0, 1]|y| — {0, 1, ..., Nmaxsz }, instantiating Class—Probabilities-for—-Prediction—-Sets

with the collection of events £ = |JgegEs X Esus, where for each S € S, we define Es :=
{Esy}yey with Es , defined as in Equation 8, and

Es2.8 = {Esz,5.n }0<n< Numaxes» Where Eg, gn(p) := 1[sz(S(m—1 U{z:},p)) = n] forallp € AY,

guarantees 1 — « realized coverage, conditional on every particular set size 0 < n < Npyaxsz 10
all algorithms S € S simultaneously, at all times T' < Tiax, with deviation from target coverage
satisfying:

E[numT(sz =n)- ‘ﬁT[Y € S|sz= n]—(l—a)H <0 (DJ| ln(]yHS]NmaXSZTmaX)\/ E[nump(sz = n)]) ,
pe~ Py, Vt pe~P Vi

where numy (sz = n) = Y 1sz(S(me—1, 24, p)) = n] denotes the incidence of set size n
through round T, and Prr[Y € S|sz = n] is a shorthand for the realized coverage conditional on
the corresponding subsequence.

This result is a direct corollary of Corollary 43, since the events corresponding to each prediction
set size are instances of boosters.

Multigroup coverage As originally introduced, the idea behind multigroup coverage is to pro-
tect various contextually-defined subsets of the data from over- and undercoverage. This is best
illustrated by settings where the feature space X corresponds to feature vectors of individuals in a
population. In that case, many notions of demographic groups considered in the fairness literature
— e.g., defined by sex, age, skin color, gender — are captured by defining appropriate context-
dependent group mappings G : X — [0, 1], where G(x) = 1 means the individual with features
x belongs to the group and vice-versa for G(z) = 0, and G(z) € (0,1) denotes partial group
membership (e.g., belonging to the group with probability G(z)). The goal is then to ensure that
prediction sets produced by an algorithm .S achieve &~ 1 — a coverage not just on average over the
entire population, but also conditionally on each group G that we wish to protect. This desidera-
tum is referred to as multigroup coverage to emphasize that the protected groups do not necessarily
partition the feature space X’ but can instead overlap in arbitrary ways.
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Definition 46 (Group family) A group family is a (finite) collection of groups G € G, where each
G is an arbitrary mapping from X to [0, 1]. We assume that we have oracle access to every G € G,
i.e., that we can query it in O(1) time on every individual x € X.

We now state our multigroup coverage result; we note that it improves on the previous multi-
group coverage result of [7], as our coverage error bound now has the optimal O(In |G|) dependence
on the number of groups in the collection, while retaining the statistically optimal 1/, />, e[T] G(zy)
dependence on the frequency of occurrence of every group G € G.

Theorem 47 (Valid multigroup coverage for (1 — «)-aspiring prediction set algorithms) For any
family S of (1 — «)-aspiring prediction set algorithms and any group collection G, instantiating
our method Class—Probabilities—-for—Prediction-Sets with the collection of events

& =E&s x &g, where:

&g = {Eg}ceg, where Eg(p) := G(z¢) forallp € AY),

guarantees 1 — « realized coverage, conditional on every demographic group G € G, to all algo-
rithms S € S simultaneously, at all times T < Tax, with deviation from exact 1 — « coverage
satisfying:

ptN%t v HﬁT[Y es | G] — (1 _ CM)H < O~ <|y| ln(|y||5”g|Tmax)> :

numr(Q)

where numy(G) = 3,7 G(a1) denotes the incidence of group G through round T', and Prr[Y €
S'| G| is a shorthand for the realized coverage conditional on the group’s subsequence.

This result is a direct corollary of Corollary 43, since the events corresponding to each demo-
graphic group G are instances of boosters.

E.3. Best-in-Class Probabilistic Predictions

We have just established that our probability vector predictions are not only capable of providing
marginal coverage guarantees, but can in fact (with the help of an appropriately augmented condi-
tioning event collection &) provide conditional coverage guarantees of any desired granularity. This
represents one way of ensuring that our predictions are ‘good’ in an absolute sense — i.e. if we
had the computational and statistical power to condition on all possible events, our predictor would
approach the Bayes optimal one; however, in practice, conditioning on all events is unachievable.

Instead, we now focus on showing that we can make our predictions “good” in a very useful
relative sense: given any collection of benchmark prediction models (which can be arbitrary), we
will want our predictions to have lower loss than those of the best model in the benchmark class.
Thus, whenever we have some other way of making good predictions (e.g. by using a large neural
network), we can use that method as part of our own to endow predictions of the same or better
quality with transparent coverage guarantees.

Indeed, in various domains, we might have high quality predictors trained on large quantities of
data: these predictors might perform very well according to standard performance metrics, and yet
not have the kinds of transparent coverage guarantees that we aim to give here. Our goal will be
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to take any (polynomially sized) collection of such predictors as inputs, and provide probabilistic
predictions with anytime transparent coverage guarantees that perform as well as the best predictors
in this benchmark class. This result will thus demonstrate that, in some sense, our anytime trans-
parent coverage guarantees discussed above come “for free”, rather than at the cost of predictive
performance.

To formalize this, we introduce two definitions, of a class of predictors against which we will
be able to compete, and of a class of loss functions measuring how well we can compete with these
predictors.

Definition 48 (Competing Predictor) A predictor q is defined as a sequence of prediction map-
pings qi, ..., qs, - .. where each q; : AY — AY is a mapping from the learner’s predictions to the
predictor’s predictions such that if the learner makes prediction p; in round t then the predictor q
will make prediction q(p;) in round t.

In particular, predictor q is called a competing predictor if for each t, the prediction mapping
q: is revealed to the learner at the beginning of round t (i.e., before the learner has to make a
prediction).

This definition is strong in that it allows (though does not require) the competing predictor to (1)
depend in a functional way upon the predictions that the learner is about to issue, and (2) be updated
dynamically over time without revealing any prediction mapping g: to the learner until round ¢. An
important special case is when the predictor ¢; is an arbitrary pre-trained model f of the context,
and simply predicts ¢ = f(x¢) — but our definition is more general and allows the predictor to
change over time and even to depend on our own predictions.

E.3.1. SCORING RULES, LOSSES, AND BREGMAN DIVERGENCES

Following [1, 48, 68], we now define a natural family of loss functions known as Bregman scores.
All such loss functions assess the quality of a predictor using a chosen Bregman divergence of its
predictions from the ground truth.

Definition 49 (Scoring Rule, Expected Score) A scoring rule is a nonnegative extended-valued
mapping ¢ : AY x oh(AY) — [0,00], where oh(AY) denotes the set of the |Y| standard ba-
sis vectors in AY.

An expected score ¢ associated with scoring rule ¢ is a mapping £ : AY x AY — [0, 00) such
that for every p1,p2 € AY,

U(p1,p2) = Z p2,i - ¢(p1, €:),
1€[k]

where ¢; € AY denotes the ith standard basis vector.

Definition 50 (Bregman Divergence) Given a strictly convex function f : [0,1] — R that is dif-
ferentiable on (0, 1), its associated Bregman divergence over the simplex AY C RF is the mapping
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df: AY xri(AY) - R defined® as

1(p1p2) = > {f(p1) = f(p2i) = f'(p2:) - (1 = p2)}-

i€[k]

We simply refer to a function d : AY x ri(AY) — R as a Bregman divergence if d is identically
equal to dy for some strictly convex differentiable f : [0,1] — R.

Furthermore, for any i € [k] we define the notation dz}(pl,pg) = f(p1s) — f(p2i) — f(p2,i) -
(p1,i — p2,i), S0 that d¢(p1,p2) = Zz’e[k} d}(pl,pg)for any p1 € AY,py € ri(AY). Viewed as a
mapping from p1; € [0,1] and p2; € (0,1) to [0,00), d* is a Bregman divergence (between two
scalars) over [0, 1].

We note that our definition of a Bregman divergence between two vectors asks that it be separable
across the coordinates of these vectors (as opposed to the most general definition of Bregman diver-
gence that drops this requirement); this separability property is convenient for us to use given our
techniques and is satisfied for major Bregman divergences of interest (e.g., Euclidean distance, KL
divergence, Itakura-Saito distance).

Definition 51 (Bregman Score) An expected score { : AY x AY — [0, 00) is called a Bregman
score if the mapping D : AY x AY — R defined, for every p1,ps € AY, as

D(p1,p2) = £(p1,p2) — L(p2,p2)

satisfies D(p1,p2) = d(pa, p1) for some Bregman divergence d and all py € AY,ps € ri(A)).

The following two examples showcase two key members of the class of Bregman scores.

Example 1 (Brier score) The squared Euclidean distance, defined as

drz(pr,p2) = |lpr — pall® = > (pri — p2.4)?,
1€[k]

is a Bregman divergence with respect to the strictly convex differentiable function f(x) = 2.

Consider the Brier scoring rule ¢pyier, given by ¢prier(p, €) := Zie[k] (pi—e;)? foranyp € AY
and any standard basis vector e. The expected Brier score {pyier is then given by

CBrier (1, P2) szz Y i+ L =pi)? | =1+ Ipll> = 2(p1, pa)-
i€[k] J#

Now, it can be easily verified that the expected Brier score is in fact the Bregman score corre-
sponding to the squared Euclidean distance, since {gyicr(p1,p2) — CBrier(P2,p2) = 1+ ||p1]|? —

2(p1,p2) — (1 + [|p2]|? — 2(p2, p2)) = [|p1]|* — 2(p1, p2) + |Ip2l|* = lIp1 — p2||* = dr2(p2, 1)

8. Here, ri denotes the relative interior of a set. The definition of Bregman divergence that restricts the second argument
to be in the relative interior of the domain is customary in the literature [6], and helps avoid problems at boundary
points (such as e.g. for KL divergence). However, we note that for sufficiently well-behaved functions f, their
Bregman divergence dy can easily be well-defined on the boundary — such is the case e.g. for the squared loss.
When that is the case, additional restrictions that we have to place on the second argument of the Bregman divergence
(i.e., in our context, assuming that all coordinates of our and competing predictions are nonzero, as in Theorem 54)
can naturally be ignored.
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Example 2 (Logarithmic score) The KL divergence, defined as

b1
dr(p1,p2) = > pui log -
1€[k]

is a Bregman divergence with respect to the strictly convex function f(x) = xlogz differentiable
n (0, 00).
Consider the logarithmic scoring rule ¢rog, given by ¢rog(p,€) := —log pj() for any p € AY
and any standard basis vector e (where by i(e) we denote the index of the nonzero coordinate of e).
The expected logarithmic score {1,,g is then given by

lLog(P1,D2) szz —logp1i) = melogpu
1€ (k] i€[k]

As it turns out, the expected logarithmic score is in fact the Bregman score with respect to the
KL divergence, since lrog(p1,p2) — lLog(P2:P2) = — D i) P2 108 P1i + X jepy P2il0g p2i =
Dic P2ilog b2t = dicw(p2, p1).

In the remainder of this section, we will lightly abuse notation. Namely, we henceforth let
yt, formerly the notation for the realized label in round ¢, stand for the standard basis vector in AY
whose entry corresponding to the realized label is 1 and all other entries are 0. This makes quantities
like 4(py, y;) well-defined since now both py, y; € A).

We now define our notion of loss for a sequential predictor — which will be its cumulative
Bregman loss across all rounds.

Definition 52 (Bregman Loss of a Predictor) Given any Bregman score {, we define the Bregman
loss of a predictor q = (Qt)te[T] over any T-round transcript Tr as:

Ly(g,7r) i= ) £ae ye)-

te[T]

E.3.2. A BEST-IN-CLASS RESULT FOR BREGMAN LOSSES

Now, we are ready to show the following result: for any family Q of competing predictors g, if we
condition on the product of some J-level sets of each competing predictor ¢ € Q with the J-level
sets of our predictor in every coordinate (altogether, this amounts to O(k|Q|[§~2]) events) with &
chosen appropriately, then for all Lipschitz Bregman losses simultaneously, the loss of our predictor
will be no greater than the loss of any competing predictor, up to lower-order terms.

Definition 53 (d-level sets) A partition 2 of the interval |0, 1] into subintervals, in order, Q1 ..., QN
is called a d-partition if the length of every ); is no greater than ¢, for all i € [N]. For a predictor
with values in [0, 1], its 0 level sets are any level sets §) generated by a §-partition of [0, 1].

Theorem 54 (Beating Competing Predictors under All L-Lipschitz Bregman Losses) Fix any
L > 0 and let Ly, be the family of all Bregman losses Ly whose associated Bregman divergence dy
is L-Lipschitz in its second argument:

|de(p1,p2) — de(p1,D5)| < Llpe — 5| forall py € AY and pa, py € ri(AY).
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Consider any family Q of competing predictors ¢ = (qt)ien. Suppose we make our predictor
p = (pt)ten unbiased conditional on a family of events Eg that includes, for every q € Q, the
product of some coordinate-wise (for i € [k]) §-level sets QP* and Q%" of p and q, respectively:

£ = {&s(p.q) baca With Ex(p.q) = {EL 4 }i.ab)elk]x [N1]x [Na]

where for each i € [k], a € [N1],b € [N2], we define the product of the ath level set of p and the bth
level set of q with respect to coordinate i as

Ejp(pe) = lpei € Q0 A ari(pe) € 0f7).

Further, suppose that p;;,q:; € (0,1) forallt € N, ¢ € Q and i € [d].

Then, the expected Bregman loss Ly of our predictor p (over its internal randomness) is no
greater than every competing predictor’s loss Ly for all Bregman losses Ly € Ly, up to o(T) terms.
Namely, setting § = ©(T /%), we have:

E[L(p, 77)] < min Li(q, 77) + O(L k A/In(k|Q|T) T3/*) for all L, € Ly.
™ IS

Proof Fix any L-Lipschitz Bregman loss L, € L, and any competing predictor ¢ € Q. First, note
that for any transcript 77 of the first 7' rounds:

Le(p,wr)=Le(g,mr) = Y 4D, ye) =g, ye) = Y d(yespo)—=d(ye,a) = Y | Y d'(ye,r)

te(T) te(T) i€lk] \t€[T)

where d is the Bregman divergence associated with ¢, and d’ are the coordinate-wise terms that our
Bregman divergence d splits into.

Thus, we now fix a single coordinate ¢ and carry out the proof for that coordinate alone; the final
bound will just be multiplied by a factor of k& = || to give the overall Bregman loss bound. Note
that:

Z di(ytapt) = Z Z di(yt,iapt,i)’ Z d (Yt ) Z Z di(yt7ia%,i)-

te[T) ab B, (p)=1 te(T) ab ¢:E¢ , (p)=1

We now focus on any fixed a € [Ny],b € [Na]. For convenience, let n}, , := >, 1[E, ,(pt) = 1]
denote the total number of rounds on which the event E* b transplred and let the average values over
this event’s subsequence of p, ¢,y be defined as u!, b( ) = nl S EL () - pras as pl o (q) =

a,b ) )
% >t Eqp(Pt) - quis and as uh RO Zt . b(pt) Yt.i» respectively.

Regarding these averages, observe that for any t, letting az , denote any bound on the absolute
bias on this subsequence, we get

Pei — 1oy (W) < pei — ply ()] + 11l 5 (D) — il s ()] < 6+ 0y

Here, the first term is bounded by § since the subinterval Qﬁ’é is convex (so that both p; ; and the
average over time u; »(y) belong to it) and has length at most §. The second term is bounded by
aé , by definition of subsequence bias.
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Similarly, using that Q9 is a 6-level sets partition for the competing predictor g, we have for
any ¢ that

lgti — 1l p(Q)] < 6.

By the L-Lipschitzness of d' in its second argument, we therefore have for our predictor p that

Z d' (Y, pri) < Z 4 (yeis () + Loy - (6 + aly),
tEL (pe)=1 t:E! ,(pe)=1

and for the competing predictor g that

Z di(yt,iafh,i) > Z d’ (yt,i,#fz,b(Q)) —L- nz,b - 0.

t:E;yb(pt)zl t:E;b(pt)zl

Therefore, we have

Z di(ytapt) - di(ytvqt) = Z Z di(ytapt) - Z di(yt,%)

te(T] a,b t:Eé,b(pt)zl t:E , (pr)=1

a,

D A (i) = D & (v 1 p(0))
ab t:E(’IL’b(pt)zl t:E';‘b(pt)zl
+> Lenby - (26+al,)
a,b
< Z L-niy,-(20+al,)
a,b
= 2L(5T + L Z ni’ba;b.
a,b

Here, the last equality uses that ), nfl , = 1 for every <. Meanwhile, the second inequality is by
the fundamental fact that Bregman divergences elicit means, first observed by [6]:

Theorem 55 (Adapted from Proposition 1 of [6]) For any Bregman divergence d : [0,1]x(0,1) —
[0, 00), and any random variable Y with finite support over |0, 1] such that E[Y] € (0,1), we have:

E[Y] = argmin E[d(Y, ).
y€(0,1)

Applying this fact for d’, which is a Bregman divergence over [0, 1], to the random variable
Y representing the empirical distribution of the realized labels y;; over the rounds ¢ on which
E; ,(pr) = 1, we get:

ap(¥) = —— D yei = E[Y] = argmin E[d'(Y, y)] = argmin —— > d'(y1,4,)-
Mab i b ye(©1) ye©.) Map g b
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This then implies the second inequality in the derivation above, since we now have:
Z d (yei 1o p(y)) < Z d" (Y. 11, 5(q)) -
t:E;yb(pt)zl t:Eijb(pt)Zl

Summing the inequality 3, ¢ 7y di(ys, pt) — d'(ye, @) < 20T + L D ab n' ol overi € [k],
we obtain:

Lo(p,mr) — Le(g,mr) <> | 2L0T + LY i yady | = 2kL6T + LY ni,yolh .
7

a,b i,a,b

By Theorem 14, our prediction algorithm achieves for all i, a, b (recalling that our prediction vector
dimension is k and the number of events we condition on is of order |Q|k/5%):

E [n4,400,] < ¢ I(2k(1QIk/0%)T) + ¢'v/In(2k(|QIk/3)T) - | | E [} ]

for some constant ¢’ > (0. We thus have:

E [L¢(p, 77)]—Le(q, 77) < 2kLOT+2Le In(2Tk/8)k /6% 4 L/In(2k(|Q|k/52)T) [En,] ] .
e\p, T g, T Z %b: e

Tr -
)

Now note that for any fixed i, the events corresponding to each pair (a, b) are disjoint by definition,
and thus we have that Y, n’ , = T in that case. Since there are at most 1/ terms in the sum
Y ab A/ Exp [”Z »)» we thus have that its worst-case value over all possible values of ”Z , 1 when

Erp[ni ] = T2 for all a,b. Bounding for convenience \/In(2k(|Q|k/62)T) by 21n(2k|Q|T/4)
in the last term and rearranging, this gives us the worst-case bound of

1
E [Le(p, 71)] — Le(q, 71) < 2kLST + 5In(2k|Q|T/5) - - L - k - 52 VT2

T
Finally, setting § = w now asymptotically equalizes both terms in the upper bound, giving
us:

E [Le(p, 7r)] = Lelg, 77) < ¢"kL/In(k[QIT)T?/*,
for some constant ¢’ > 0, thus implying our desired bound for all L, € Ly, q € Q. [ |

Now, observe that our theorem critically uses the Lipschitzness of the coordinate-wise Bregman
scores in the second argument throughout its domain (0, 1). This property will indeed be satisfied
by a great many Bregman divergences, including, for example, all those that, like the Euclidean dis-
tance, are based on a Lipschitz convex function f. However, there also exist many useful Bregman
divergences, including notably KL divergence, that are not Lipschitz but are locally Lipschitz on
(0,1).

Example 3 (Local Lipschitzness of KL divergence) Consider the ith component of the KL diver-
gence, for any i € [k]: diy (z,y) = zlog 4~ Observe that 8% (x log %) = —3- Therefore, since

in our setting x € [0, 1], we obtain that the KL divergence is %—Lipschitz in its second argument y
whenever y € (e,1).
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Based on this, we can easily formulate an updated version of Theorem 54 for KL-divergence:’
Corollary 56 (Beating the log loss of competing predictors) Given any competing predictor ¢ =
(qt)ie[r), our predictor p = (pt)ye[) can achieve (expected) log loss no worse than that of q, up to
a sublinear term:

~ 1
E [Liog(p, m1)] < Liog(q, m1) + O

(v ) prant
bl MINye(T) ick] mln{p::,u Qt,z‘}

Since we have control over our predictor p, we can easily enforce that it doesn’t have any very
small components p; ;. However, it would appear that we do not have control over the competing
predictor g; thus, in theory, this bound could quickly deteriorate if the competing predictor contin-
ually predicts ever smaller values. However, this should not be a problem in practice: indeed, we
can threshold any competing predictor to never predict less than a certain small probability value
in each coordinate without significantly affecting downstream prediction set making, given that
any “reasonable” prediction set algorithm would be extremely unlikely to include an exceedingly
small-probability label in its prediction set.

Remark 57 (Theorem 54 holds over any convex compact region C C R”, not just the simplex A)))
We want to highlight that our Best-in-Class Theorem 54 (along with natural locally-Lipschitz exten-
sions in the spirit of 56) holds for any convex compact prediction space C, not just the simplex AY

— we only presented it as a result over the simplex since this is the context in which we are applying
this result in this section.

Remark 58 (An Omniprediction view of Theorem 54; The necessity of using Bregman losses)
Our theorem provides an omniprediction-type statement, in the sense of [41]. That is, it is a state-
ment of the form: “Given a collection of competing predictors, and a family of well-behaved loss
functions, it is possible to train a predictor that does (up to a small error term) at least as well as
every competing predictor, simultaneously with respect to all loss functions in the family.”

Our results are stronger than the original omniprediction results in that (1) we generalize from
binary valued outcomes to real valued outcomes, and (2) we generalize from one-dimensional out-
puts to multi-dimensional outputs, as primarily considered in [41 ] and subsequent work. Our results
also hold in the online adversarial setting, as in [36]. Necessarily, the class of loss functions that
we produce “omnipredictors” with respect to is more limited than in the one-dimensional binary
case. One dimensional binary distributions are fully characterized by their mean, and so sufficiently
(multi)-calibrated mean prediction is enough information to optimize all loss functions defined over
one-dimensional binary values. Real valued distributions are not characterized by their means —
and so using tools based on multicalibration and unbiased prediction, we are necessarily limited
to giving guarantees for loss functions such that the mean of the distribution is a sufficient statistic
for optimization, which is what we do here. Indeed, note that a direct converse to the result of [6]
that we used in our proof above, proved under various technical assumptions in [5] and later in [1],
shows that any expected score which elicits means must be a Bregman score; from this, it follows
that our omniprediction result cannot hold more generally than over Bregman scores.

9. We remark that it is straightforward to define a more general analog of Corollary 56, promising to beat competing
predictors according not just to log loss, but to any other locally Lipschitz loss £.
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Appendix F. Application: Groupwise Swap Regret, and Subsequence Regret for
Online Combinatorial Optimization and Extensive-Form Games

We now show how to use the machinery that we have developed to give algorithms in a variety
of sequential settings. In all cases, the scenario we analyze is that in rounds ¢, a predictor makes
predictions py, after which one or more decision makers choose actions that are best responses to
pe (i.e. they function as straightforward decision makers). When we are designing an algorithm
for a single decision maker, we always use the predict-then-act paradigm (Algorithm 4). When we
are designing a coordination mechanism, we imagine that our predictions are made to a variety of
decision makers, who each independently act. We show how guaranteeing that our predictions are
unbiased subject to appropriately chosen events gives desirable guarantees for the decision makers
of various sorts.

F.1. Warm-up: (Groupwise) Swap Regret for the Experts Problem

As the simplest example of how to use the machinery we have developed, we show how to derive
an algorithm that recovers optimal swap regret bounds for the experts problem (defined in Section
C.1). Recall that in the experts problem, there are n “experts” i € [n], and at each round, the
algorithm must choose an expert i; (or distribution over experts ¢;). A vector of gains g; € [—1, 1]”
is realized, and the algorithm obtains reward g ; if she chose expert 7; = i (and expected reward
(g4, g¢) if she chose a distribution over experts ¢;). We can derive an algorithm for this problem
using our framework by — at every round ¢ —

1. Making a prediction p, for the vector of gains g; that will be realized at the end of the round;
2. Selecting the expert 4; that has the largest predicted gain: 4 = argmax;cy Pt,i-

To cast this in our framework, we set the prediction space C = [—1, 1]™ to be the set of all feasible
gain vectors, the action space A = {1,...,n} to be the set of experts, and define a utility function
u: AxC — Rasu(i,p) = p;. This utility function is indeed linear and L-Lipschitz in its second
argument for L = 1. We instantiate our prediction algorithm to produce unbiased predictions with
the set of n disjoint binary events £ = {E, q}qc. (in this case, for each i € [n], the event E,, ;
is defined such that E,;(p;) = 1 if and only if ¢ = argmax; [, pr,;). We can now read off swap
regret bounds from the machinery we have built up:

Theorem 59 The Predict-Then-Act Algorithm parameterized withC = [—1,1]" and £ = {Ey q }acA
obtains at each round t < T expected swap regret at most:

e ] o 75

Tt d)e (I)S wap

We can compute the approximate minimax equilibrium using Algorithm 2, with per-round running
time polynomial in n and logt for each round t € [T.

Proof From Theorem 14, the predictions of the canonical algorithm with event set £ have expected
bias bounded by:

(T, (B, 7)) = O (ln(nT) +/In(nT) - nt(E,wt))
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where here we use that Ei’:l E(xy,pp)? < ny(E,m) < t. Plugging this bound into Theorem 29,
we get that the canonical algorithm has swap regret bounded by

E | max T(Wt,u,¢):| < O( nlni’nT))

e (z’eq)Swap

The running time guarantee follows from Theorem 25, noting that the events £ are disjoint and
binary. |

This recovers (up to low order terms) the optimal swap regret bounds for the experts problem [11,
57], and does so in a nearly “anytime” manner (i.e. with bounds depending on ¢ at every time step
t<T).

Of course, more direct algorithms for obtaining these swap regret bounds are already known—
but a strength of our approach is that it can be easily and transparently adapted to various extensions
of the setting. Most directly, we can simultaneously ask for unbiasedness with respect to the best
response correspondence of multiple utility functions, which allows a single set of predictions to
enable multiple decision makers to simultaneously obtain low swap regret. It also allows for many
generalizations for a single decision maker. We give an example below in Section F.1.1 — obtaining
no group-wise swap regret in a setting with contexts, There are a variety of other extensions that are
possible as well that we leave as simple exercises (e.g. giving swap regret in the sleeping experts
setting, offering group-wise sleeping experts bounds with adaptive regret guarantees in the style
of [55], or giving the kinds of transductive regret bounds of [73] that compete with policies that
choose actions as a function of the realized transcript (groupwise and in the sleeping experts setting
if desired)).

F.1.1. GROUP-WISE SWAP REGRET

Suppose that in each round we need to choose an expert ¢; on behalf of an individual with observable
features x; € X that we learn at the beginning of the round (i.e. before we need to make the
decision). Individuals may be members of different groups G C X', and we may have a collection
of (potentially intersecting) groups G on which we care about the performance of our algorithm.
The groups could represent (e.g.) demographic groups defined by features like race, sex, income,
etc, in a context in which one is interested in fairness (as in the literature on subgroup fairness, e.g.
[56, 63, 64]), or could represent subsets of the population that are believed to be clinically relevant
(e.g. defined by medical history, genotype, etc) in a personalized medicine setting, or anything else.

[10] and [69] gave algorithms for obtaining group-wise external regret; here we show how to
obtain the stronger guarantee of group-wise swap regret, which we can define as follows:

Definition 60 (Group-wise ® and Swap-Regret) Fix a transcript mp and a group G C X. Let
Ta(rr) = {t < T : x, € G}| denote the number of rounds in which x; € G. The regret that
a straightforward decision maker with utility function u has with respect to a strategy modification
rule ¢ : A — A on group G is:

1

r(nr,u, ¢, G) = Tolmr)

> uldlar), ye) — ular, yr),

tx:€G

where a; = 6y,(pt) for each t. Let ® be a collection of strategy modification rules and let G be a
collection of groups. We say that a decision maker has (®,G)-groupwise regret o for a function
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a: R — Rifforevery G € G and for every ¢ € ®, r(np,u, ¢, G) < a(Tg(wr)). We say that the
decision maker has G-groupwise swap regret o if they have (Psyap, G)-groupwise regret « for the
set Dg,qp of all strategy modification rules.

To solve this variant of the experts problem, we continue to have prediction space C = [—1,1]",
A = {1,...,n}, and 1-Lipschitz utility function u : A x C — R defined as u(i,p) = p;. The
only change is that we now instantiate our prediction algorithm to produce unbiased predictions
with respect to the |G| - n events £ = {E,, 4G }ac4,ceg defined such that for each action ¢ € A and
Geg, Eyic(ze,p) =1lifand only if 2, € G and i = argmax;sc(p] Pt,i- We can now apply the
following straightforward modification of Theorem 29, adapted to groupwise swap regret:

Theorem 61 Fix a collection of L-Lipschitz utility functions Uz, an action set A ={1,..., K}, a
collection of groups G € 2%, and any transcript wr. Let € = {Ey 0 : u € Up,a € A,G € G} be
the set of binary events defined as E,, o c(x¢,pt) = 1 if and only if z; € G and 6,(p:) = a. Then
if mp is a-unbiased with respect to £, for every u € Uy, the straightforward decision maker with
utility function u has G-groupwise swap regret at most:

2L je s a(nr(Buaa, 71))

max r(wp,u, ¢, G) <
¢:A—)>(.A (WT ¢ )

Te(mr)
for every group G € G. If « is concave, then this bound is at most:
2LKo(Tg(mr)/K)
G .
(bﬁi}fAr(wT’uvqba ) = TG(TFT)

The proof requires only additional notation compared to the proof of Theorem 29, and can be
found in the Appendix. We can now read off group-wise swap-regret bounds for the machinery we
have built up to get the following bound on anytime groupwise swap regret:

Theorem 62 Fix any collection of groups G C 2%. The canonical Predict-Then-Act Algorithm
parameterized with C = [-1,1]" and € = {Ey,.c ,a € A,G € G} obtains for everyt < T
group-wise swap regret at most:

max 7(m,u, p,G) — O ( nln(n|g|T)>

<0.
¢E q)Swap tG (7Tt )

E

¢

We can compute the minimax equilibrium using Algorithm 3, with per-round running time polyno-
mial in n and t on every round t € [T.

Proof From Theorem 14, the predictions of the canonical algorithm with event set £ have expected
bias bounded at round ¢ by:

a(T,ny(Eyaa,m)) =0 (ln(n\g|T) + \/ln(n|g|T) . nt(Eu7a7g,7rt)> .

Plugging this bound into Theorem 61 we get that the canonical algorithm has G-groupwise swap
regret bounded by

1 T
E | max r(m,u,¢,G) — 0O % <0.
7 ¢€(I>Swap tG(ﬂ-t)
The events that we condition on are no longer disjoint, and thus our predictions will take per-round
running time that is polynomial, rather than polylogarithmic, in the round’s index ¢. |
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F.2. Subsequence Regret in Online Combinatorial Optimization and Extensive Form Games

In Section D we gave two qualitatively different regret guarantees that follow from making pre-
dictions that are unbiased with respect to £ = {E, , : u € U,a € A}, the set of binary events
corresponding to straightforward decision makers with utility functions u € {/ taking each action
a € A. This is a natural collection of events to condition on in settings in which the action set A
is modestly sized — but when .4 is exponentially large, then in general it is not possible to offer
non-trivial guarantees over this collection of events without exponentially large data requirements.

In this section, we show that in the online combinatorial optimization problem, despite the
fact that A is exponentially large (in the number of base actions), it is nevertheless possible to
efficiently obtain subsequence regret with respect to the subsequences defined by any polynomially
large collection of events £. Recall that subsequence regret corresponds to no external regret on
each subsequence — i.e. no regret to each of the exponentially many actions in A, simultaneously
on each subsequence F € €.

The online combinatorial optimization problem is an instance of the online linear optimization
problem (defined in Section C.2.2 in the context of deriving our main algorithm via FTPL) defined
by a set of base actions B = {1,...,n} and a collection of feasible subsets of the base actions
D C 28 Inrounds t € {1,...,T}:

1. The algorithm chooses a distribution over feasible action subsets D; € AD
2. The adversary chooses a vector of gains g; € [—1, 1] over the base actions.
3. The algorithm experiences gain §; = Es,~D, [ e, 9t.il-

For example, if the base actions B correspond to the roads in a road network, the feasible sub-
sets D correspond to collections of roads that form s — ¢ paths in the underlying network, and the
gains correspond to the (negative) road congestions for each edge in the network, then we have the
online shortest paths problem [62, 84]. More generally, D could represent any combinatorial struc-
ture, such as spanning trees, Hamiltonian paths, or anything else. The Follow-the-Perturbed-Leader
algorithm [62] reduces the problem of obtaining efficient external regret bounds for combinatorial
optimization problems to the offline problem of solving linear optimization problems over D. Here
we show how to efficiently get the stronger guarantee of no subsequence regret (defined in Section
B.2) for any polynomial collection of events £ by reduction to the offline problem of optimizing
over D.

To cast online combinatorial optimization in our framework, we set our prediction space to
be C = [—1,1]", our action space to be A = D, and the decision maker’s utility function to be
u(St,pt) = D e s, Pti» which is linear in p; as required.

Recall that the events £ € £ can depend on the chosen set .S; that the learner plays at each
round. If the payoffs of different compound actions S; were unrelated to one another, then we would
have to resort to conditioning on events F, g as in Section F.1 — i.e. the events that correspond
to a downstream decision maker with utility function u playing action S. The difficulty is that in
the online combinatorial optimization problem, there are exponentially many actions .S, and hence
exponentially many such events. Here we take advantage of the linear structure. The idea is that we
can condition on events defined by base actions b € B. In particular, we condition on the events that
the downstream decision maker chooses an action .S that contains base action b. Although there are
as many as 2" compound actions .S, there are only n base actions, and hence n such conditioning
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events. The linear structure of the payoff makes these events sufficient to guarantee the learner no
external regret. If we now want the learner to additionally have a no subsequence regret guarantee
with respect to a collection of arbitrary events £, we instead condition on the intersection of the
events I € £ with the events that the downstream learner plays each of their base actions b, which
results in only n - |€]| conditioning events. This is enough to give us efficient algorithms promising
no subsequence regret on any polynomially sized collection of subsequences:

Theorem 63 Fix a base action set B = {1,2,...n}, prediction space C = [—1,1]|", an action
set D C 28, a collection of events £, and utility function u(Sy, p;) = Ziest pri- Let T = {Ip  :
b € B,E € £} be the set of binary events defined as Iy ;(p;) = 1 if and only if b € 6,(p;) and
E(m¢—1,x¢,p¢) = 1. Then if wp is a-unbiased with respect to T U E, the straightforward decision
maker with utility function u has E-subsequence regret at most:

nr(E,7r)) + a(nr(ly g, 7))
T

max r(mp,u, ¢, F) < Z o

EES,¢E¢EIt beB

The proof of Theorem 63 is in Appendix M. We can read off concrete anytime subsequence
regret bounds using the machinery we have built up:

Corollary 64 Fix any collection of events £. The canonical Predict-Then-Act algorithm parame-
terized withC = [-1,1|", A=D,&' =TUE, whereT = {I, p : b € B, E € £}, obtains expected
subsequence regret at each round t < T at most:

E max  r(m, u, @, E)} <0 (nW) :

T | EEE,$EPEy Vit

We can implement the Predict-Then-Act algorithm using Algorithm 3, with runtime in every round
t € [T'] polynomial in n and t.

Remark 65 We have described the result as if there is a single decision maker. However we can
equally well handle the case in which there are many different decision makers j who experience
affine gain gg Z(yt) for base action © (as a function of some common state ), and who experience

total gain G} (S) = Y, ggﬂ-(yt) for compound action Sy. For example, in the context of an online
shortest paths problem, vy, could be a vector of congestions on each road segment, but different
downstream agents could have different disutilities for delay, could have preferences for or against
toll roads, scenic routes, etc, and could have different action sets corresponding to different source-
destination pairs in the road network. If we have m such downstream agents, we can produce
forecasts that are unbiased according to the events defined in Theorem 63 for each of their utility
functions, which will have the effect of increasing the running time of the algorithm linearly with
m, and increasing the regret guarantee logarithmically in m. The result will be forecasts that yield
regret guarantees simultaneously for all of the m downstream agents.

F.2.1. REGRET IN EXTENSIVE-FORM GAMES

Extensive-form games are a generalization of normal form games in which players may take actions
in sequence, have multiple interactions with one another, and reveal some (but possibly not all)
information about their actions to one another over the course of their interaction. Many real-world
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interactions are fruitfully modeled as extensive form games — for example, superhuman poker
players were developed by modelling poker as a large extensive form game [12, 13].

An extensive form game can be represented by a game tree, where at each node of the tree,
a particular agent plays an action, until a terminal node is reached and utilities for all players are
revealed. Players are able to condition on past play in the game, as specified by the information
set, or a set of nodes for which the revealed past play is the same, capturing the notion of imperfect
information.

Recent work in extensive-form game solving has explored the connection between various no-
regret dynamics and equilibrium concepts, in attempts to find the largest set of strategy modifica-
tion functions, or deviations, such that polynomial time convergence to equilibria is still possible.
[26, 27] find that minimizing regret defined by a set of trigger deviations and linear swap deviations
on sequence-form strategies converge to extensive-form correlated equilibrium (EFCE) and linear
correlated equilibrium (LCE) respectively. On the other hand, [74, 75] categorize families of non-
linear (with respect to sequence-form strategies) behavioral deviations which converge to equilibria
concepts that are subsets or supersets of EFCE.

In this section, we present regret minimization in the extensive-form game setting as a special
case of online combinatorial optimization.

Extensive-form Games An extensive-form game of n players {1,2,...,n} U {c} is represented
by a tree, which includes a set of nodes H and a set of directed edges, or actions A. There is a
chance player c, representing Nature, who at each of their nodes plays actions with fixed probability
determined when the game begins. There are two types of nodes: a terminal node z € H is a leaf
of the tree, while all other non-terminal nodes are referred to as internal nodes. Let Z be the set of
all terminal nodes in the game. An information set I € 7 is a set of internal nodes such that the
information available to the player at these nodes is indistinguishable, i.e. the known history of past
play is the same. The partition function H : H — 7 defines this partition of H into information
sets. At each information set I € Z, a single player i € [n] selects an action from the available
actions at that information set, denoted .A(I) (a basic consistency condition requires that the actions
available at each node of an information set all be the same, and equal to .A(I)). Let Z; be the set of
all information sets at which player 7 chooses an action. Once a terminal node z € Z of the tree is
reached, the game ends and the vector of gains {g1(2), g2(2), . .. gn(z)} for all players is revealed.

An assignment function p : T — [n] U {c} takes as input an information set I € Z and returns
the player who takes an action at that information set. We overload p to also return the acting
player for single nodes in /. Note that for any two nodes h; and h9 in the same information set,
p(h1) = p(he). The successor function ¢ : H x A — H maps any node-action pair (h, a) to the
node resulting from taking action a at h. For any two information sets I, I’ € Z;, we write I < I" if
there exists a path from any node h € I to any node ' € I'.

Strategy Representations and Reachability A standard extensive-form strategy representation is
the behavioral strategy, where at each one of the player’s information sets, a probability is assigned
to each of the actions that the player may take.

Definition 66 A behavioral strategy o; : Z — A(A(Z)) for player i assigns a valid probability
distribution over actions at each information set I € T;. Let o;(1,a) be the probability action a
is played in the distribution over information set 1. A deterministic behavioral strategy, denoted
s;, assigns probability 1 to some action at each information set I € I. Let S; be the set of all

64



HI1GH-DIMENSIONAL UNBIASED PREDICTION

deterministic behavioral strategies of player i, and X; be the set of all (randomized) behavioral
strategies of player 1.

One disadvantage of the behavioral strategy representation is that it results in nonconvexity in the
computation of important quantities, such as the probability of reaching any terminal node. In our
framework, we use a terminal node-based representation of deterministic strategies, representing
each strategy by the subset of terminal nodes it makes reachable, which is a sufficient statistic
to compute the payoff of that strategy. This representation relies on the concept of reachability.
Reachability can be reasoned about as a binary-valued property (whether or not there is a chance a
node is reached) or as a probability (the exact probability of reaching a node). We discuss the former
in the context of a learner’s strategy o;, and the latter with respect to a collection of opponents’
strategies o_;:

Definition 67 A node h € H (or information set I € 1) is made reachable by player ¢ under
behavioral strategy o; if, for a path P, = {(I1,a1), (I2,a2),...,(Ix,ax)} from the root to h (or
I), for all k € [K] such that p(I};) = i, 0;(I, ax) > 0.

Definition 68 The reach probability ry, (or 1) of a node h € H (or information set I € 1) under
opponents’ strategies o_; is
= I opuyUra)
ke[K],p(I))#i
given a path P, = {(I1,a1), (I2,a2),...,(Ix,ax)} from the root to h (or I).

With these concepts, we can define our notion of a “leaf-form strategy”, which represents any be-
havioral strategy o; by an indicator vector specifying which subset of leaf nodes are made reachable
by o;. For the purposes of this work, it is sufficient to restrict our attention to the collection of pure
leaf-node strategies induced by deterministic behavioral strategies.

Definition 69 A leaf-form strategy representation of a deterministic behavioral strategy s; is a bi-
nary vector € {0, 1}‘2‘ indexed by all terminal nodes z € Z, with w, = 1 if z is reachable under
si. Let 11; be the space of all leaf-form strategies of player i induced by the set of all deterministic
behavioral strategies S;.

We can similarly define a representation of opponents’ strategies in terms of the probabilities of
reaching each of the terminal nodes, weighted by the learner’s payoff at each of them:

Definition 70 Fix a collection of opponents’ strategies o_;. The payotf-weighted reachability vec-
tor v induced by o_; is a vector v € RIZl indexed by terminal nodes z € Z with v, = r, - g;(2),
where g;(z) is the payoff for player i at z.

For a strategy profile o where player i is playing a deterministic strategy, if a node is made reach-
able under o;, then the node’s reach probability under o_; is the exact probability of reaching
it. Therefore, for any such strategy profile, we can compute the expected payoff for the learner
(playing a deterministic strategy) as the inner product of a corresponding leaf-form strategy and
payoff-weighted reachability vector:

Lemma 71 Fix a learner’s deterministic behavioral strategy s; and opponent’s strategies o_;. Let
7 be the leaf-form strategy representing s;. Let v be the payoff-weighted reachability vector induced
by o_;. Then, the expected utility for the learner is (m,v).
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Oracle-Efficient Optimization over Leaf-form Strategies The learning algorithms we present
will be efficient reductions to the problem of solving linear optimization problems over the space of
leaf-form strategies. In the remaining exposition, we will assume that we have an oracle for solving
this best response problem. Whenever an extensive form game satisfies the properties of perfect
recall and path recall for the learner, a best-response oracle can be efficiently implemented using
backwards induction — we give details in Appendix L.1.

Definition 72 A best response oracle for a game G is an algorithm that, when given as input game
G, player i, and vector of values v € RIZ|, returns m* = argmax, cyy, (7, v).

Extensive-form Games as Online Combinatorial Optimization We can now cast learning in
extensive-form games as an instance of online combinatorial optimization by viewing each player
as a learner operating with the leaf-form representation of their strategies, maximizing their expected
payoff against an adversary, who chooses a payoff-weighted reachability vector at each round. In
the setup of online combinatorial optimization, for rounds t € {1,2,...,T}:

1. The learner (representing player ¢) picks a leaf-form strategy m; € II;.
2. The adversary picks a payoff-weighted reachability vector v; fixing any o_; € >_;.

3. The learner experiences a gain of g; = (m, vy).

The algorithm for achieving subsequence regret for the learner in this framework proceeds by at
each round ¢ first making a prediction p; € RIZ! of the opponents’ payoff-weighted reachability
vector for that round. The straightforward decision maker then picks a leaf-form strategy m; that
maximizes their expected payoff with respect to p;, using the best response oracle, after which the
true payoff-weighted reachability vector vy is revealed. We can obtain £-subsequence regret bounds
of the form described in Theorem 63, where the action space is A = TII;, the set of all leaf-form
strategies, using base actions B, the set of all one-hot vectors of length | Z]|.

As written, the running time of our algorithm is linear in the number of terminal nodes in
the game tree. This comes from the fact that we have represented the payoff of strategies in the
extensive form game as linear functions over the payoff obtainable at each terminal node. More
generally, however, if payoffs can be described as linear functions over a lower dimensional space,
then the same algorithm can be run with running time dependence on this lower dimension. In
Appendix L.2 we describe conditions under which the running time can be taken to depend only on
the number of information sets of a player, rather than the number of terminal nodes in the game
tree, which can sometimes be a large improvement.

Informed Causal Deviations Choosing different sets of events £ will define different classes of
strategy deviations. Our guarantees will allow us to state that we can obtain no-regret over the set
of all deviations that map the periods for which an event E has occurred (E(z¢,p;) = 1) to any
another fixed strategy. In the following, we show how to pick a small collection of events £ to
recover the well-studied notion of regret to informed causal deviations, which lead to convergence
to extensive-form correlated equilibrium [86].

We show that regret to informed causal deviations [23, 45] is bounded as a special case of regret
to subsequence deviations defined by a polynomial number of events. Informed causal deviations
of a strategy allow a player to consider, in hindsight, the best strategy they could have taken given
that they reach a particular information set (among their own information sets) and take a particular
action at that information set, known as the trigger sequence. A formal definition is given below:
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Definition 73 Fix an information set I' € 1,, subsequent action o' € A(I'), and strategy s,. An
informed causal deviation ¢ of strategy s; € S; returns a strategy such that at each information set
Iel

Ols) = {sm’ Iz 0l =d

si(I), otherwise

Let ®opysat = {@1,0s : I € Li,a € A(D),s' € S;} be the set of all informed causal deviations.

We set up our algorithm to make predictions that are unbiased with respect to the |Z|-| max ez A(1)]
events definedas € = {Fj,: [ € Z;,a € A(I)}. The event E7 ,(p:) = 1 if and only if the strategy
played at time ¢ makes the information set I reachable and plays a at information set I. We now
directly apply Theorem 63 to obtain the following theorem:

Theorem 74 Fix an extensive-form game . Let the base action set B be the set of all one-hot
vectors b, with dimension |Z|. Fix the action space of the learner as the leaf-form strategy space
I; C 2B. Fix events defined as € = {E;o : I € Ti,a € A(I)}, and fix any transcript 7r. Let
Q= {sz,Ez,a b, € B, Er, € £} be the set of binary events defined as ®.,E; ,(pt) = 1ifand only
ifb, € 0y(pt) and E1 o(pt) = 1. Then if mr is c-unbiased with respect to QUE, the straightforward
decision maker has E-subsequence regret at most:

(a(nr(Era,77)) + a(nr(go. ;. 71)))
- .

max r(ﬂTvua ¢7E) < Z

Ee& ,¢c®pqot P
z

Corollary 75 Fix an extensive-form game G and collection of events € = {Er, : I € Z;,a €
A(I)}. The canonical Predict-Then-Act Algorithm parameterized with C = RIZl, A = 11;,&" =
QUE, where ) = {sz,EI,a : b, € B,Er, € &}, obtains expected subsequence regret at each
round t < T at most:

E max  r(m, u, @, E)} < O(

12| In(|2]|Z|| max;ez A(L)|T)
Tt E65,¢€<I>EX, )

Vit

From this guarantee, we can show that having no subsequence regret implies having no causal
regret.

Theorem 76 Fix an extensive-form game G and transcript mr. If the algorithm has £-subsequence
regret with event set € = {Er, : I € Z;,a € A(I)} bounded by:

max r(mp,u, o, F) <«
EEE pedpy ( ) 7¢7 ) 9

then we have that causal regret, or ®-regret with respect to the set ® 4541, is bounded by:

max r(7mr,u,9) < a.
d)e(bcausul ( T ¢)

The proof can be found in Appendix L. An immediate consequence of this result is if all players
minimize subsequence regret with respect to the events defined in Theorem 74, the empirical fre-
quency of play will converge to a solution subset of the set of extensive-form correlated equilibria
(EFCE).
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In general, the kinds of subsequence deviations we define are incomparable to the behavioral
deviation landscape defined by [74] or linear swap deviations as studied by [26]. It appears that
none of these three families of deviations subsumes any of the others. We note that the machinery
we have developed for subsequence deviations is easily able to take into account external context x
and past history, and so can be used to give regret conditional on features that may be relevant but
are not represented within the action space of the game.

Appendix G. Additional Details from Section C.2.1

We solve for an e-approximate solution of linear program 4 using a weak separation oracle, using
an approximate version of the Ellipsoid algorithm.

Definition 77 For any € > 0 and any convex set S, let
St={p:|lp—qlla<e forsomeqe S} S ={x:By(x,e) CS}

be the positive and negative e-approximate sets of S, where By (x,1) is a ball of radius r under the
{5 norm.

Definition 78 A weak separation oracle for a convex set S is an algorithm that, when given input
Y € Q and positive ¢ € Q, confirms that 1) € ST if true, and otherwise returns a hyperplane
a € Q% such that ||a||so = 1 and (a, ) < {a,') + e forall )’ € S~

We express a separation oracle for linear program 4 as the convex program that solves for the most
violated constraint given a candidate solution 1, which is simply the best response problem for the
maximization player in minimax problem 3. This is the problem of maximizing a d-variable linear
function over the convex set C. To make sure that we can control the bit complexity of the constraint
returned by the separation oracle we round the coordinates of the constraint a € R? output by the
separation oracle to a rational-valued vector within +5 of the exact solution by truncating each
coordinate of a to log(2) bits.

Definition 79 A solutionp € S™¢ is e-weakly optimal if, given € > 0, Epy [u(p, y)] < Epoyr[u(p, y)]+
e forall ' € S~ and for all y.

For an e-approximate solution to minimax problem 3, it suffices to find an e-weakly optimal
solution to linear program 4, which we can do using the Ellipsoid method. However, the solution to
the weak optimization may not even be a valid probability distribution (since it only approximately
satisfies the constraints) — in this case, we can project our infeasible solution back to feasibility. We
use the simplex Euclidean projection algorithm given by [18] to project the candidate solution back
to a feasible region and show that this projected feasible solution is still e-approximately optimal.

Theorem 25 Given a polynomial-time separation oracle for C, for any ¢ > 0, there exists an
algorithm (Algorithm 2) that returns an e-approximately optimal solution v; to minimax problem 2
and runs in time polynomial in d, |€|,log(1).

Proof Linear program 4 encodes minimax problem 3. To solve LP 4, we use the Ellipsoid algorithm,
which gives an approximate solution in polynomial time under the following conditions:
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Theorem 80 ([47], Theorem 4.4.7) Given a weak separation oracle over convex constraint set S
and € > 0, the Ellipsoid algorithm finds a e-weakly optimal solution over S in time polynomial
in the bit complexity of the constraints returned by the separation oracle, the bit complexity of the
objective function, and the bit complexity of e.

Fix some € > 0. Let S be the constraint set, which are a set of linear constraints over a convex
compact set (i.e. y € C) and constraints enforcing a probability simplex (i.e. 1) € A(P)), implying

that S is a convex set. Let ¢ = € — . Given an exact separation oracle over C, preservin
204/|€]

log(gl,) bits of the most violated constraint given by the separation oracle and rounding to a rational
number yields an rational € -approximate most violated constraint, which satisfies the conditions
for a weak separation oracle. Thus, we can find an € -weakly optimal solution (7', ') to minimax
problem 3, where ¢’ € S, In the case that 1/’ is a valid probability distribution, we have found an
e-approximate optimal solution ¢} = 9.

Otherwise, 1)’ may violate conditions for a valid probability distribution if the linear constraints
do not constrain the feasible set (i.e. S = A(P)). Since ¢’ € ST¢, there exists some ¥¢ € S such
that |[1)€ — ¢'|| < €’. We find this point 1€ via the simplex projection algorithm in [18].

We show that this projection back to a feasible probability distribution still leaves us with an
e-approximately optimal solution. Let u(p;], y) be the \Slj—dimensional vector such that each coordi-
nate F has entry w, (pj;’E, y). First, we show that |u(p;"™, y)| is bounded by C' = 2maxyec ||y|]oo
for B eé&:

d
P o) <D0 > D auen - ol B py®) - I0)F - uil

1 oe{-1,1} E€€

YD e - I — il

1 oe{-1,1} E€&
lo

(]

(2

M:“ I M:“

Z 4, (i,0,8) - C

€{-1,1} Ee€

1

I
Q

where we used that E(xt,p:’E) < 1and |o| = 1, and that ¢ € A(2d|&|), implying it must sum to

1. From this, we find that ||u:(p},y)||2 < /C? + ... + 0\25| < V€]

Next, by continuity of inner product, given € > 0,y € C, there exists § > 0 such that ||1)¢ —
¢'|| < ¢ implies that || Ep~ye [t (D, ¥)] — Epy [ue(p, y)]|| < €. By Cauchy-Schwarz, we can bound
the difference between the expectations as follows:

I E [u(p,y)] = B [u(p,v)lll2 = (& =", ue(pf, )
P p~Yp

prorhe ’
< |Jof = ¥'ll2 - lluepi, y)ll2
<6 [Jue (P> )2

<5 -CVIE].

Thus, using 1)} = 1)° as the solution and setting 6 = €’ gives us an solution thatis € - C/|E| + €' =

5+ 0 £ 6 < € approximate. By Lemma 24, any optimal solution to minimax problem 3 is an
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optimal solution to minimax problem 2, so we must have that 1)} is an e-approximate solution to
minimax problem 2.

Now we consider the runtime of the algorithm. In order for LP 4 to be well-formulated, we first
solve |£| convex programs (one for each p*¥), which takes time polynomial in d. Now, consider the
bit complexity of the constraints. For the inequality constraints, the bit complexity of each constraint
bounding the objective function is given by the bit complexity of E,~[u(p,y)]. Each coefficient
of Y(p”) is s (p;", y), which is bounded by C' from above. Since there are || variables in this
constraint, the maximum bit complexity of any constraint is bounded by O(log(C|€|)). Similarly,
the objective function has polynomial bit complexity on the scale of O(log(C|€])). Finally, € has a
bit complexity of log(%). The simplex projection algorithm has quadratic runtime in the dimension
of the vector, which takes O(|€|?) time.

Thus, the runtime of the algorithm is polynomial in d, ||, log(C|€]), and log(?). [

Appendix H. Proofs from Section C.2.1

Lemma 81 Simultaneously for all y € C, we have:

* K .
py~ € argmin  w(p,y).
p:E(mi—1,xt,p)=1
Proof The constraint that F(m;—1,x¢,p) = 1 together with the fact that the set of events £ is
disjoint and binary implies that for all other events E’ € £, E'(m;—1, x4, p) = 0. For any p such that
E(m¢—1,x¢,p) = 1, we therefore have that u;(p, y) reduces to:

d
w@y) =D D om0 P Giom) T Y
=1 ce{-1,1}

But in this expression, the p terms have no interaction with the y terms, and hence we have that for
any y:

d
argmin_ uy(p,y) argmin . | Y om0 P diior) 0 i
p:E(m—1,3t,p)=1 pBE(me-1,20p)=1 \ =1 ge( 1,1}

= argmin | > Y diiem) 0P

pBE(me-1,20p)=1 \ =1 ge( 1,1}

N O
=

|
Lemma 82 Fix any optimal solution 1) to minimax problem 3. Then 1)} is also an optimal solution
to minimax problem 2.

Proof We first observe that minimax problem 3 is only a more constrained problem for the mini-
mization player than minimax problem 2, as P; C C. Thus it suffices to show that given a solution
1 for minimax problem 2, we can transform it into a new solution ¢; such that:
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1. %, has support only over points in P, and

2. Forally € C, Epyys, [ulpr, y)] 2 K, g, [u(pe, y)].

Given z/?t, we construct v, as follows: for each event F, we take all of the weight that Qﬁt places on
points p such that E(m;_1,z¢, p) = 1, and place that weight on p; = Py

Z/Jt(pZ’E) = :({p : E(m—1,24,p) = 1})

By construction v has support over points in P;. It remains to show that v); has objective value that
is at least as high as 1), for every y € C:

E [u(py)] = Z Pr [E(m—1,2,p0) = 1] E_[u(pe, y)|E(me—1, 21, pe) = 1]
Pt~ Ece Pt pr~e

S Z PI‘A [E(ﬂ_t—lyxhpt) = 1]u(p:’an)
Eegpt’\“l/)t

= E [u(p,y)

Pt~

The inequality follows from Lemma 23. |

Appendix I. Proofs From Section C.2.2

Lemma 83 Playing FTPL for T' rounds with perturbation parameter § = / 2 al d_ for a learner with
decision space C and adversary with state space S = {s(p) | p € C} yields a regret bound:

Ry, < V2dC?T'
for ally € C, where d is the dimension of all vectors in C and C = 2 maxyec||y||oo-

Proof Recall from Theorem 26 that regret at round 7" for any decision y € C is bounded by:

Ry, < 2VAKAT

when we choose § = \/ﬁ, where K = sup, ,cc (v, 5:(p))], A = sup,eclist(p)ll1 and
A =supy, yecllyr — vzl

From the definition of state vectors in Equation 5, for any p € C, we have that

d

d
Ise@)lr =Y lsei@ =D Y. Y triom) 0 Elwr,p)

i=1 i=1 |oe{—1,1} E€E
d
Z Yo D> |ttom o Ee,p)

=1oe{-1,1} E€€

|
.M&

Il
—

Z 4t,(i,0,E) * o+ E(21, )|

=1 oe{-1,1} E€£

~

71



HI1GH-DIMENSIONAL UNBIASED PREDICTION

d
Z Qt,zaE

i=1 ge{-1,1} E€€

—

since ¢; € A[2d|€|] and by definition, |0 - E (x4, p)| < 1. Thus, we can set A = 1. Since ||y||oc <
C'/2, we similarly have:

SRS

d
[(y, s¢(p))| < Z |y - Stz % Z Z 4t,(i,0,E) * o E(ry,p)| <
=1 |oe{-1

1} Ee€

forall y,p € C, so K = C/2. Finally, since |y;1 — yi2| < C for all y1,y2 € C, it is clear that
A <dC.
Note that for this setting, we have indeed set d to the desired value, since

\/ A _\/ZdC_ [2d
KAT  Nor VT

and now substituting the relevant quantities into the regret bound,

Ryry <20/dC-C/2-1-T' = vV2dC?T"
|

Algorithm 3 for achieving unbiased predictions makes the implicit assumption that the expected
value of FTPL’s output is efficiently computable at each round. In conditions where this is not true,
we can approximate the expectation via a sampling procedure over the distribution with respect to
which we are taking the expectation, and use this approximation to achieve similar results. We make
use of the following concentration inequalities:

Theorem 84 (Hoeffding’s Inequality) Ler {X; } _, be independent random variables such that
X;j € [a, 0] for each j € [n]. Let Sy, = 37| X; be their sum. Then, for any € > 0,

2
Pr[[Sy, — E[Sn]| > €] < 2exp <_n(b2a)2>

Corollary 85 Let {X;}}]_, be independent random variables such that X; € [a,b] for each j €
[n]. Let X = 711 ijl X be the average of their sum. Then, for any € > 0,

n€2
Pr (X - BIX] > < 20 (s )

Lemma 86 Given a sample {yi "~ D7, define p; = Z;L 1 yi as the average of the sampled
values. Forn = 2 > In (5 ) we have that with probability 1 — g

|Eyp, [Yi] — Pril < €0

simultaneously for all i € [d).
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Proof For each i € [d], the set of values {yi,i}?zl are independent draws from the same distribution
such that yiz € [-C/2,C/2]foralli € [d], j € [n]. By direct application of Corollary 85,

2ne
Pr{|Elyi] — pri| > €] < 2exp <_ 020>

Taking a union bound,

2ne
Pr [|E[y1] —pral = eo | J IEly2] = pral = eo |-\ |Elyd] — pral > eo} < 2d exp <— 0>

2ne
= Pr [\E[yl] —pral <eo () IEly2] — pral <eo [)---[) |Elyal = pral < 60} >1—2dexp (_ 0)

With our choice of n, 2d exp (— Qg§g> simplifies to dg, completing the proof. |

Lemma 86 details a sampling procedure to select p, that is close to E,._~p, [y-] with high probabil-
ity. We can use this to slightly modify Algorithm 3 to return a strategy for the learner with similar
guarantees, but which doesn’t make any assumptions on our ability to compute E,~.p, [y]. This is
captured by the following Algorithm 6:

Initialize s¢(po) to 0.

2 2 !
SetT' = 8962 6 — /3.0 = 25 m (24])

Fix distribution Z = Unif[0, .
forr=1,...,7 do
forj=1,...,ndo
Sample 2/ ~ Z

Compute 3 = M (Z;;é se(pr) + z.]r)

Setpr = 271 yr

Compute s;(p;) as defined in Equation 5.
Define p as the uniform distribution over the sequence (p1, p2,- - , pr7)-
return p

Algorithm 6: Get -Approx-Equilibrium-Sampling (¢,¢€,4d")

Theorem 87 For any t € [T] and €',0' > 0, with probability 1 — ¢', Algorithm 6 returns a
distribution over actions D which is an € -approximate minimax equilibrium strategy for the zero-
sum game with objective uy.

The proof of Theorem 87 is similar to the proof of Theorem 27. The primary difference is that
we must now control and keep track of sampling error that comes from estimating [F ¢ z [M (Z;;é st(pg) + z)}

from samples, which we do with standard concentration inequalities.
Proof We bound the adversary’s maximum sum of scores in hindsight with respect to wu;:

T’ T’ T’
rggg(z:ut(pr, y) < (RTgy* + Z E [u;(pf, y)]) + Z(pTv st(pr)) ©)
T=1

=1 =1 y~Dr
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where
T T
y* = argmax Z uy(pr,y*) = argmax Z ut(pr,y)-
yee T=1 yec T=1

Now, we choose p, as the average of n = 26%2 In <2‘g/) independently drawn samples from D,

which ensures we satisfy the guarantee detailed in Lemma 86. By our choice of n, we have ¢g = €/ /2
and dp = ¢’ /T". Since now p; is an estimate of £, p, [y] rather than the exact expectation, for any
specific 7 € [T'] we can only bound the expected utility with high probability:

5t = (& 1-p) s} <|[(( B B1-p0) o))

(ywﬂ% Wil — pri) - 5t,6(pr)

d
<e€o- Z Z Z Ut (i,0,E) - O E(xe,pr)

i=1 |oe{—1,1} E€E
<€

where the second last inequality is true with probability 1 — dp, from Lemma 86. We can quantify
the probability that this inequality holds for all 7 € [T”] simultaneously using a union bound:

T/
Pr U E [u(pr,y)] > €| < T
=1 y~Dr
T/
— Pr [ﬂ E [ut(pq—,y)]ge(]] Zl_T/(SO:l—(s,
T=1 y~D-

So with probability 1 —4’, the sum of expected utilities can be bound, once again following Theorem
217,

T T’
> E [upny)] + Z prysi(pr)) = Z E [w(pry)] < T’ =€T'/2
— = y~D-
T/
== Z ut (pry )] <T'/2 - Z<p7' st(pr))
D> ) = / )
=1 T=

Substituting this into equation 9,

T T’
I?eaxzut br Yy ) < <RT’,y* + 6/T//Q - Z<p7—a St pT ) + Z Pr, St p‘r
=1 T=1

= RT/7y* + E/T//2
< V2dC2T' + €T'/2
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Since % Z;‘F:,l uw(pr,y) = Ep~plut(p, y)], it follows that

V2dC2T" + €T /2
max- E [u(p,y)] < ;
yeC p~p T

and so with probability 1 — ¢’, pis a ( 2dc + £ )—approximate equilibrium strategy for the

. 2 . . . .
learner. By our choice of 77 = S‘jg , this simplifies to €, as desired. |

Appendix J. Proofs from Section D

Theorem 30 Fix a collection of L-Lipschitz utility functions Uy, an action set A = {1,..., K},
and any transcript wp. Let € = {E, . : u € U,a € A} be the set of binary events corresponding
to straightforward decision makers with utility functions u € Uy, taking each action a € A. Then
if T is a-unbiased with respect to &, for every u € Uy, the straightforward decision maker with
utility function u has type regret with respect to Uz, at most:

L E, E
max r(mp,u,u’) < max 2acA (a(nT( w0, 77)) + (07 (Bua, WT)))
u' €U, u' €U, T

For any concave o, this bound implies:

2LKa(T/K
max 7(mp, u, u’) < 2LK(T/K)
u! €U, T

Proof [Proof of Theorem 30] Fix any pair u, v’ € Uy. We need to upper bound (7, u, u’). Using
linearity of w in its second argument, we can derive:

fzu w(Pe), ) = Z Z u(a, yr)

aGA du(pt)=a
1 T
- LS Bt
ac A t=1

1 T
= Zu<aaTzEu,a(pt)yt>
acA
d La(ng(Eyq, 77))
( ( Z u,a pt ) T T A

M

1 & LY yeq(nr(Eya,mr))
> u(Gu(pr), pr) — A T

where the inequality follows from the a-unbiasedness condition with respect to event E, , and the
L-Lipschitzness of u. Similarly, because of the a-unbiasedness condition with respect to event
E.s 4 we have that:

L ZaGA a(nT(Eu’,aa 7))
T

T
T w(Ow (Pe), Yt) < T ZU((SU' (pt), pt) +
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We can therefore bound the regret r (77, u, u') as:

1 & 1 &
r(rr,u,u’) = TZU(S —TZU(%(Z%) Yt)
=1 =1

T
< 23 o). p) L uea ot Bua:mr)) + onr (Bu 71)))
t=1

T
L ZaeA (a(nT(EU’,a> 7r)) + a(nr(Bya, 7TT)))
T

Here the last inequality follows from the fact that by definition of &, (pt), u(du(pt), pt) > u(a’, pt)
forall a’ € A (including a’ = 6,/ (py)).

The simplified bound follows from the concavity of « and the fact that for every utility function
u, the events { £, 4 }qc 4 are disjoint, which implies that ), _ 4 n7(Eyq, 77) < T. [ |

— u(bu(pt), pt)) +

<

Appendix K. Proofs From Section F.1

Theorem 61 Fix a collection of L-Lipschitz utility functions Uy, an action set A = {1,..., K}, a
collection of groups G € 2%, and any transcript wp. Let £ = {Evac:ucly,ac A GeG}be
the set of binary events defined as E,, o c(x¢,p:) = 1 if and only if x; € G and 6,(p;) = a. Then
if T is a-unbiased with respect to &, for every u € Uy, the straightforward decision maker with
utility function u has G-groupwise swap regret at most:

2L ) e a(nr(Eyac, 7))
Ta(mr)
for every group G € G. If a is concave, then this bound is at most:
2LKa(Tg(mr)/K)
Ta(rr)

Proof [Proof of Theorem 61] Fix any ¢ : A — A, uw € Uy, and G € G. We need to upper bound
r(mp,u, ¢, G). Using the linearity of u(a, ) in its second argument for all a € A, we can write:

P 6,G) = 3 u(6(u(pe)) )

TG WT) t:x €G

(
DD

T
) Su(pt)=a,2:€G

acA

IN

a ) ) )G
qﬁjAr(TrT u, ¢, G)

max r(wr,u, ¢, G) <
¢ A—A ( T (ZJ )

- u(éu(pt)v yt)

u(¢p(a), yt) — u(a,yt)

Z u,a,G fUt’Pt ( (¢(a)7yt)_u(aayt))

TG —

= a;‘(u< tZT; w,a,G (T, )Y, )— (

Z(U< ZT: By a,G(zt,pe)p )— (

acA t=

IN
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T
Z uantapt ))

t=1

T
Z u,a,G 37t7pt )

=1
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2La(nr(Eyac, WT)))
Te(mr)
2La(nr(Eyaac, 1))
é Z < Tg(TFT) )

acA
2L ZaGA a(nT(Euﬂ, 7TT))
Ta(mr)

Here the first inequality follows from the a-unbiasedness condition and the L-Lipschitzness of w:
indeed, for every o’ (and in particular for o’ € {a, ¢(a)}) we have

T
( Z u,a,G l‘mpt >_ < Z u,a,G :L't)pty>|

=1 =1

(nT (Eu,a,Ga 7TT) ) L
Te(mr) '

The 2nd inequality follows from the fact that by definition, whenever d,,(p;) = a (and hence when-
ever By o(pt) = 1), u(a, pr) > u( ,pt¢) forall a’ € A, and the fact that by Lemma 8, the levelsets of
d,, are convex, and hence u(a, W Zt 1 Bua.c(ze, pe)pe) > u(d, Totrr) 7rT Et 1 Euac(xe, pe)pt)
for all a’.

For any utility function v and group G, the events {E,, , ¢ }ac 4 are disjoint, and so for any w,
G,and any 77, Y 47 (Eya,c, ) < Tg(mr). Therefore, whenever « is a concave function (as
it is for the algorithm we give in this paper, and as it is for essentially any reasonable bound), the
term ) . 4 a(np(Eyqq, 7)) evaluates to at most Ko(Tg(nr)/K). [ |

’Z DPti—Ut, Z)EuaG(pt>’

Ta(nr) ZE[Ul]

1
<L - Eua oo =
>~ ‘TG’(WT) Zt:(pt yt) s 7G(pt)‘

Appendix L. Additional Details from Section F.2

L.1. A Best-Response Oracle for Leaf-Form Strategies

In Section F.2, we reduced the problem of obtaining subsequence regret in an extensive-form game
to the problem of optimizing over the set of all leaf-form strategies for that game, to find the learner’s
best response to any collection of opponent strategies. Here, we present a best-response oracle that
efficiently returns a learner’s best response for the subset of games for which the learner has perfect
recall and path recall. While perfect recall is a well-studied and standard property in the literature,
we introduce path recall as a new but related property specific to the requirements of our best-
response oracle.

Definition 88 A player i has perfect recall in an extensive-form game G if, for any information set
I € Z; and any two nodes x,y € I, for any node x' € I' € T; that is a predecessor of x, there is
also a node y' € I’ that precedes vy, such that the action played at x' on the path to x and the action
played at y' on the path to y are the same. If all players have perfect recall, then the game G itself
is said to have perfect recall.

Intuitively, a player has perfect recall if the partition of their nodes into information sets does
not lose them any information about their past actions, i.e. the full history of a player’s own actions
is deducible from their current information set.
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Nature

(a,0) (c,d) (e, f) (9, 1) (a,0) (c;d) (e, f) (9,h) (h,3) (4, k) (I,m) (n,0)

Figure 1: Examples of extensive-form games. In the game on the left, Player 1 has path recall, but
not perfect recall. In the game on the right, Player 1 has perfect recall, but not path recall.

Definition 89 A player i has path recall in an extensive-form game G if, for any information set
1 € 7Z; and any two nodes x,y € I,

e Foranynode x' € I' € I, that is a predecessor of x, there is also a node ' € I’ that precedes
.

o For any node h such that p(h) # i, if h is a predecessor of x, then h is a predecessor of y.

Intuitively, a player has path recall if the partition of their nodes into information sets does not
lose them any information about the past sequence of their own information sets and opponents’
nodes along the path to any information set, i.e. the full history of the player’s information sets
and opponents’ nodes reached so far is deducible from their current information set. Thus, perfect
recall allows us to reason about the past in terms of one’s own actions, while path recall allows us
to reason about the past in terms of the sequence of learner’s information sets and opponents’ nodes
passed so far. A game can satisfy perfect recall and not path recall, and vice versa (see Figure 1). In
conjunction, however, these properties imply a useful structure to the game which we can exploit.

Lemma 90 Define an extensive-form game G for which player i has perfect recall and path recall.
For any node h such that p(h) # i, define Cy, as the set of all children of h, i.e.

Cp={NW € H | K = c(h,a) for some a € A(TI(h))}.

For any of player i’s information sets I' € L;, either all nodes of I' are contained in Cy, or none of
them are.

Proof Fix a node h played by someone other than player 7 and an information set I’ € Z;. Assume
by way of contradiction that there exist nodes hj and hg in I’ such that hy € C}, and he ¢ Cj. By
definition of path recall, h must be an ancestor of hy. Since hy ¢ C},, there must be some node R,
on the path between h and ha. If p(hf) # i, this contradicts the assumption of path recall (since
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h’ is an ancestor of hg but not of hy). If p(hf) = i, then in order for path recall to be satisfied,
some ancestor i) of h; must be in the same information set as ). Since any ancestor of h; is also
an ancestor of hf, h) and k), being in the same information set violates the assumption of perfect
recall. Thus, for any node h such that p(h) # i, if any node in I’ is in C},, then all nodes of I’ must
be in C},. |

Lemma 91 Define an extensive-form game G for which player i has perfect recall and path recall.
For any information set I such that p(I) = i and action a € A(I), define Ct 4 as the set of all
nodes resulting from playing action a at nodes in I, i.e.

Cra={N €M | =c(h,a)for some h € I}.
For any information set I' € L;, either all nodes of I' are contained in Cg 4, or none of them are.

Proof The proof parallels that of 90. Fix any two information sets I, I’ € Z;, and any action
a € A(I). Assume by way of contradiction that there exist nodes /; and hg in I’ such that by € Cr 4
and hy ¢ Cr,. By definition of perfect recall, 7o must be a descendant of some node in I along
the path taken after playing action a. That is, ho is the descendant of some node hfy € Cp,. if
p(Rh) # i, then path recall is not satisfied, since A is an ancestor of hy but not of hy. If p(hh) = 1,
then in order for path recall to be satisfied, some ancestor i) of h; must be in the same information
set as hf,. However, this means that i, an ancestor of a node in I (call it 2Y), and k), a descendant
of anode in [, are in the same information set. In order for perfect recall to be satisfied, there must
be some ancestor of i} (a node in I) that is also in I, which itself violates the property of perfect
recall. Thus, if any node in I’ is in C'1 .4, then all nodes of I’ must be in Cra- |

For any game that satisfies perfect recall and path recall for the learner, the children of any
of the learner’s information sets (or any opponent’s nodes) is a union of learner’s information sets
and opponents’ nodes. Thus, we can reason inductively about the leaf-form strategies restricted by
any subtree of the game in terms of the leaf-form strategies restricted by the children of the root
node of the subtree (or the information set rooting the subtree). This gives us a natural recursive
algorithm able to return the optimal leaf-form strategy at any subtree rooted either at a learner’s
information set, or at an opponent’s node, given a collection of opponents’ strategies (in terms of a
payoff-weighted reachability vector).

Firstly, note that Algorithm 7 returns a set of leaf nodes rather than a leaf-node strategy. We
use this representation for ease of proof, with the observation that it is trivial to convert a set of leaf
nodes to a leaf-node strategy, i.e. some T e {0, 1}‘3 . For any subset of leaf nodes s € 2%, we use
S to represent the corresponding vector representation. Secondly, Algorithm 7 takes a set of nodes
I as input. In practice, this will either be a single node played by an opponent (or a terminal node),
or an information set played by the learner (player 7).

For notational purposes in following proofs, for any deterministic behavioral strategy m € II;,
let s, be the corresponding leaf-form strategy. For any set of nodes I € 27¢, let 7| be the restriction
of 7 to nodes in the subtree rooted at I, and let s |; be the restriction of s to the collection of leaf
nodes reachable from I, that is, z € s|7 iff z € s, and z is a descendant of some node in I.

Theorem 92 Fix an extensive-form game G, a player i, a set of nodes I representing either one of
player i’s information sets or a single node of another player, and a payoff-weighted reachability
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// Base case - terminal nodes
if I = {h} Nh € Z then

return Gh}fﬁ(h» // return payoff-weighted probability of
reaching terminal node h and the corresponding leaf-form
Strategy

else

if I € 7, then
// Player ¢’s information set
for a € A(I) do
Initialize s, = 0, v, = 0.
for ' € Cf 4 such that p(h') # i do
Let (s,v) = Best—Response-Leaf-Form ({h'}, 7,i,G)
Sq =8 U S8,V = Vg +0
for I' € Cp, such that p(I") = i do
Let (s,v) = Best-Response-Leaf-Form (I, 7,0, Q)
Sqg = 8Sq U8,V =g+
Let amax = max,¢ A(I) Va
return (Sq.. Vo, )

elseif 7 = {h} and p(h) # i then

/! Opponent node

Initialize s; = (0, v; = 0.

for i/ € C}, such that p(h’) # i do
Let (s,v) =Best-Response-Leaf-Form ({h'}, 7,0, G)
sr=srUs, vy =vr+v

for I’ € C}, such that p(I') = i do
Let (s,v) = Best—Response-Leaf-Form (I, 7,i,G)
sr=srUs, vy =vr+v

return (sy,vy)

Algorithm 7: Best-Response-Leaf-Form (/, 7,@', G)

vector v € RIZl. If player i has both perfect recall and path recall in G, then the backwards induc-
tion algorithm (Algorithm 7) returns an optimal leaf-form strategy sy that maximizes the player’s
expected payoff over the set of all restrictions of leaf-node strategies to the subtree rooted at I, and
the corresponding expected payoff vy. That is,

Sr = argmax(?,?ﬂm
SW‘[,WEHi

vy = (7, 8_]>>

Proof We proceed by induction. Our base case is when [ consists of a single terminal node (some
h € Z). In this case, no more actions are to be played and since there must exist some strategy
w € II; such that A is reachable, there is exactly one leaf-form strategy restricted to the current
sub-tree: s = {h}. So Algorithm 7 returns the only viable (and thus optimal) strategy, and the
corresponding expected payoff for player ¢ is 7(h).
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If I is not just a terminal node, there are two cases to consider; when I is an information set
playable by player i, and when I consists of a single node playable by some opponent. When I ¢ 7,
I = {h} such that player i does not control the action taken at h. Define S; = {s:|7 | m € II;}
as the collection of all leaf-node strategies restricted to the current sub-tree (rooted at ). Consider
C}, the set of children of node h. By Lemma 90, C}, can be written as a disjoint union U;"* ; I},
such that each I is either an information set played by player ¢ or a single node played by some
opponent. For any strategy m € II;, the restricted strategy 7|; is described entirely in terms of
strategies restricted by each of the sets Ij,. That is, for any information set I’ € Z; within the current
subtree, 7| is defined as follows:

rli(I') = 7lo(I')

where C'is the unique I}, which roots the subtree containing I’. Further,

m

Sﬂ" Z Sﬂ"[k

k=1

since each terminal node in the subtree rooted at I will be in the subtree of exactly one of the subtrees
rooted at each of the subsets Ij,. Therefore, we can optimize for s; by separately optimizing for each
of the strategies sy, . By the inductive hypothesis, Algorithm 7 applied to each of these sets of nodes
will return the optimal strategies, and the resulting leaf-node strategy (i.e. the set of reachable leaf
nodes via this strategy) will be the union of all the resulting s;, . The corresponding expected payoff
will accordingly be the sum of the childrens’ payoffs.

Finally, we must consider the case when I € Z;. For any action a € A(I), the set Cr, (using
Lemma 91) of children of nodes in I reached upon taking action a can be written as a disjoint union
Upw Iy of information sets played by player 7 and single nodes played by opponents. Therefore,
the maximum expected payoff conditioned on taking action a at I is the sum of the maximum
expected payoffs with respect to each of the I;, making up C7, - and by the inductive hypothesis,
the payoff returned by Algorithm 7 for eack I is the payoff corresponding to the optimal leaf-
form strategy restricted to /. Having computed the maximum expected payoff received for taking
each possible action at I, selecting the optimal distribution over actions at I is straightforward - we
deterministically choose the single action which maximizes this value ex post.

As Algorithm 7 implements the logic described above in each case, the proof is complete. M

Running Algorithm 7 on the root node of any game G satisfying the necessary properties will return
a best-response leaf-form strategy for the learner along with the corresponding expected payoff.

L.2. Improving Algorithm Efficiency

The algorithm for obtaining subsequence regret has computational efficiency depending largely on
two factors - the length of the vector predicted at each round (upon which the algorithm mak-
ing unbiased predictions has a linear dependence) and the efficiency of the best-response oracle.
The best-response oracle described in the previous section (Algorithm 7) uses the payoff-weighted
reachability vector v; with length | Z|, the number of terminal nodes in the game being played. This
representation was chosen in order to be able to describe the expected payoff of a learner’s strategy
as a linear function of the strategy. For extensive-form games where there is a more compact rep-
resentation that satisfies this linearity property and is still sufficiently informative in order for the
algorithm to compute a best-response, the general principle described in Section F.2 still works -
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now with the algorithms introduced in Section C running in time linear with respect to this smaller
vector dimension. Below, we describe a class of extensive-form games for which the length of the
vector prediction scales with the number of the learner’s information sets, as opposed to the number
of terminal nodes, and for which the best-response oracle described in the previous section (with
very minor alterations) still outputs best-responses.

At a high level, Algorithm 7 reasons about the maximum possible payoff at any node of a tree
in terms of the payoffs of its children, and, starting from the terminal nodes, backtracks through
the tree to choose, at each of the learner’s information sets, the action which maximizes expected
payoff. Thus, any linear representation of the opponents’ (predicted) strategy which allows us to
compute the expected payoff for each action at each of the learner’s information sets will suffice.

Definition 93 An information set I € I, of player i is a terminal information set if for each node
h € I, none of the descendants of h are playable by player i.

Definition 94 The predecessor function P; : Z — Z; U () for player i maps each terminal node =z
to the last information set of player i that is played along the path from the root to z. If no such
information set exists, then P;(z) = (.

For any game G where P;(z) is a terminal information set for each z € Z!° (assuming the
learner is player ¢), rather than predict the probability of reaching each terminal node, we can predict
v as the expected payoff for taking each viable action at each of the learner’s terminal information
sets. Correspondingly, instead of picking a leaf-form strategy, the learner can pick a “terminal
information set” strategy 7 indexed by pairs of terminal information sets I and actions a € A(I),
such that w7 , = 1 iff action a is taken at information set /. Then, the net payoff using strategy =
is (m,v), where vy , is the expected payoff from taking action a at information set I, and we once
again have a linear optimization problem, now in dimension scaling linearly with the number of
information sets and available actions at each of these information sets. Since the payoff for each
non-terminal information set is deducible from the payoffs at each terminal information set (since
the path to any leaf node must cross some terminal information set), the same Algorithm 7, modified
only to consider terminal information sets as base cases instead of terminal nodes, will be able to
compute a best-response.

L.3. Connecting Subsequence Regret to Other Forms of Regret in Extensive-Form Games

To define subsequence regret in a similar framework as causal regret, or more generally, ®-regret,
we must define deviations in terms of behavioral strategies, rather than in terms of leaf-form strate-
gies. In the rest of this section, we work only with behavioral strategies, and we assume efficient
conversion of leaf-form strategies to behavioral strategies via an oracle.

Definition 95 Fix a collection of binary events £ and behavioral strategy space S;. Fix some E €
E. A subsequence deviation is a function ¢ : S; — S; such that

s, E=1
dr(s;i) =

si, otherwise

Let @y be the set of all possible subsequence deviations.

10. The games shown in Figure 1 are examples of games satisfying this property. Figure 2 is an example of game that
does not satisfy this property.
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Figure 2: A two-player extensive-form game. Of Player 2’s three information sets, only /5 and I3
are terminal. Note that P(z9) = P»(z19) = I1, which is not a terminal information set.

Translating the events defined by Theorem 74 to a set of subsequence deviations, we obtain:

Corollary 96 Fix an information set I', subsequent action ' € A(I), strategy s, events & =
{Ere : 1 € Zj,a € A(I)}, and transcript 7r. Let a subsequence deviation ¢p o of strategy
s; € S; return a strategy such that at each information set I € T,

el =
¢I’,a'(82‘)(1) — Sz( )7 Ly a 1

si(I), otherwise

Let Oy, be the collection of all ¢ o. If the learner has (€, o)-subsequence regret, then the learner
has ®-regret with respect to the class of subsequence deviations bounded by:

max r(mr,u, ¢ e) < a
(251/’0‘/ Eq)sub

The proof of this follows straight from definition — for each event £y ./, the learner deviates to some
fixed strategy s, in the transcript whenever E ,» = 1. To show that no subsequence regret over
events £ implies no causal regret, we will define a related, but slightly different notion of a causal
deviation that we will use to directly compare to a subsequence deviation known as a reachable
informed causal deviation.

Definition 97 Fix an information set I', subsequent action a’ € A(I), and strategy s,. A reachable
informed causal deviation ¢ of strategy s; € S; returns a strategy such that at each information set
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Iel,

si(I), I>»1T1,s;(I')=d I reachable under s;
¢(si) = :
si(I), otherwise

Let @, cqusat = {0105 : I € Liya € A(I),s € S;} be the set of all reachable informed causal
deviations.

Lemma 98 Fix an extensive-form game G and any transcript wr. Let the action space A = S;
be the set of all deterministic behavioral strategies of player i. Then, for all ¢1 s € Prcausar and
/
€ (I)causal:

ILa,s
/
T(T[-Tv Uu, ¢I,a,3) = T(ﬂ-T7 u, ¢I,a,s)

Proof Suppose the transcript of behavioral strategies in 7 is (s1, S2,...s7). Observe that for
all strategies s; where k € [T such that the trigger information set I is reachable under sy,
Ora,5(8k) = 9T 4.5(5k), by definition.

Thus, the modified strategies differ only between strategies s; such that I is not reachable under
sj. When I is not reachable under s;, ¢1,4.(s;)(I') = s;(I') and ¢ , (s;)(I") = s;(I") for all
I' € T; except for information sets I’ = I. However, since I is not reachable under sj, play will
never reach I, and thus the regret must also be equal between the two modified strategies. |

Lemma 99 The set of reachable informed causal deviations ®..q,sq1 is a subset of the subsequence
deviations Dy, defined by events E = {Ej, : I € I;,a € A(I)} in Theorem 74.

Proof Fix any ¢ o ¢ € Pr.causal With trigger sequence (I’, a’) and trigger deviation s’. By defini-
tion,

s'(I), I=1I,s(I')=d,Iisreachable under s

s(I), otherwise

¢I/,a’7s/ (3) = {

Clearly, when I’ is reachable under s and s(I’) = a, and thus Erq, = 1. Thus, ¢p o ¢ (s) can be
expressed as a subsequence deviation:

s'(I), Er.=1
s(I), otherwise

D1 () = B30, 4 (5) = {

where s'(I) is the behavioral strategy equal to s’(I) at all information sets I > I’, and equal to s([)
otherwise. |

Theorem 76 Fix an extensive-form game G and transcript wp. If the algorithm has £-subsequence
regret with event set € = {Ey, : I € Z;,a € A(I)} bounded by:

max r(7mr,u FY<a
FEE peDry ( T, 7¢7 )_ )

then we have that causal regret, or ®-regret with respect to the set P qy5q1, is bounded by:

max r(mp,u,9) < a.
¢eq>cauml ( T )
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Proof We can apply Corollary 96, showing that if we have £-subsequence regret at most «, we must
have ®-regret with respect to gy bounded by:

max r(7, u <«
(beq)sub ( T ¢))
Next, by Lemma 98, we can safely consider only the set of reachable causal deviations ®; causal
as relevant to causal regret. By Lemma 99, we have that @, caysa1 C Pgup, and thus, we must have

max r(rr,u,¢) = max r(rr,u,¢) < max r(rr,u,¢) <o
¢eq>causal (beq)r—causal ¢sub6@5ub

Remark 100 The set of linear-swap deviations [26] is not a superset of the deviations that can be
captured by subsequence regret over a fixed collection of events £. In their paper, the authors give
an example of a nonlinear swap (see their Example E.3), where strategy A1 By is swapped to A1 By,
and strategy Ao By is swapped to A1 B1. A simplified game tree is given below this remark. This
can be represented with subsequence deviations with event set £ = {E1 2, Es 1}, where E; j = 1
if A; is played at information set I and B; is played at information set I, deviating to the fixed
strategy A1 B1 whenever an event occurs.

Nature

21 22 23 24 25 26 27 28 29 210 211 212 213 214 215 216

Figure 3: A simplified game tree given in [26], Example E.3.

Remark 101 The deviations of the behavioral deviation landscape [74] are not a superset of the
deviations that can be captured by subsequence regret over a fixed collection of events £. For
example, instantiating an event set £ = {Eq, 1, ;.05 : 11,12,I3 € T;,a3 € A(I3)} such that
Eq 15.15,0s = 1if a strategy makes I, I3 reachable under the learner’s strategy but also plays the
action ag at information set I3 does not correspond to any deviation type enumerated within the
behavioral deviation landscape.
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Appendix M. Proofs From Section F.2

Theorem 63 Fix a base action set B = {1,2,...n}, prediction space C = [—1, 1]", an action set
D C 2B, a collection of events £, and utility function u(Ss,ps) = Ziest pi- Let T = {lh g :
b € B,E € £} be the set of binary events defined as Iy ;(p:) = 1 if and only if b € 6,(p;) and
E(m¢—1,x¢,p¢) = 1. Then if wp is a-unbiased with respect to T U E, the straightforward decision
maker with utility function u has E-subsequence regret at most:

r(np,u, ¢, E) < Z o(nr(E, 7)) +Ta(nT(Ib7Ev7TT))

max

Ec€,0cPpat ben

Proof [Proof of Theorem 63] Fix any ¢ € ®gy and E € £. We need to upper bound 7 (7, u, ¢, F).
Using the linearity of u(S;, ps) = ;¢ s, Pt in its second argument for all S; € A, and observing
that ¢(-) is a constant strategy modification function (i.e. ¢(D) = D’ for all D € D), we can write:

T
r(rr,u, ¢, E) = %Z E(xy, pr, me—1) - (w(@(6u(pr), yt) — u(0u(pt), yt))

=1
L T
= = Blopomo) - (u(D ) — u(Gu(p). w)
=1
LT
= fZE Tty iy Te—1) Zytb—*ZE Tt, Pty Ti-1) Z Yt.b
=1 beD! bebu(pe)
. T
= T( ZE(th,pt,m 1 ytb_ZZIbE pt) ytb>
beD’ t=1 beB t=1
) T
=7 ZZE(xtvptvﬂt—l)'pt,b—fb,E(Pt)‘Pt,b>
beB t=1
a(ng(E, 7)) + a(ng (I, 7))
> T
beB
<y a(np(E, 7)) + a(ng (I, 7))
o T
beB

Here the first inequality follows the a-unbiasedness condition over Z: for every b € B, we have

T

> (ro = yes) Io.e(pr)

t=1

< a(nr(lp,g, 7))

Similarly, a-unbiasedness over £ gives us, for every b € B:

T
Z Pry — Yeo) E(ze, pr, m—1)| < alnp(E, 7).
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The 2nd inequality follows from the fact that by definition of the straightforward decision maker,
u(0u(pt), pt) > u(D’,py) for any D’ € D, and the second term in the previous expression can be
simplified:

T T
S ) po= E(x,ptme1) - prv = D B(w, pe mi1) - u(Gu(pe), i)

beB t=1 t=1 bes, (pr) t=1

Corollary 102 Fix any collection of events £. The canonical Predict-Then-Act algorithm parame-
terized withC = [-1,1]", A=D,&' =TUE, whereZ = {I, g : b€ B, E € £}, obtains expected
subsequence regret at each round t < 'T" at most:

E max (7, u, @, E)} <0 (”W) )

Tt E€5,¢€‘I>EX, \/-E

We can implement the Predict-Then-Act algorithm using Algorithm 3, with runtime in every round
t € [T'] polynomial in n and t.

Proof From Theorem 14, at round ¢ the predictions of the canonical algorithm with event set &£’
have expected bias bounded by

E [o(T.ny(E' )] = O (1n(n|5’|T) +/In(n|€T) - nt(E’,wt))

= 0 (n(nIg|T) + VI(lETT) - m(F )

for each event E' € £. Since ny(E’,m;) < t, we can plug this into Theorem 63 to get that the
canonical algorithm has £-subsequence regret bounded by

ny/In(n|&E|T)
r(mr,u, ¢, E) <O (ﬁ) .

max
Ec&,pcPex
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