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Abstract

Implementing adaptive experimentation methods in the real world often encounters a mul-
titude of operational difficulties, including batched/delayed feedback, non-stationary envi-
ronments, and constraints on treatment allocations. To improve the flexibility of adaptive
experimentation, we propose a Bayesian, optimization-based framework founded on model-
predictive control (MPC) for the linear-contextual bandit setting. While we focus on simple
regret minimization, the framework can flexibly incorporate multiple objectives along with
constraints, batches, personalized and non-personalized policies, as well as predictions of
future context arrivals. Most importantly, it maintains this flexibility while guaranteeing
improvement over non-adaptive A /B testing across all time horizons, and empirically out-
performs standard policies such as Thompson Sampling. Overall, this framework offers a
way to guide adaptive designs across the varied demands of modern large-scale experiments.
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1. Introduction

Experimentation is a core component of the deployment life-cycle of machine learning (ML)
models in the real world, particularly for large-scale Internet platforms. These systems
are often calibrated by a multitude of hyperparameters, ranging from model parameters
to preferences over different metrics and objectives. These choices may influence system
behavior in an unpredictable, black-box manner. This necessitates experimentation to
carefully evaluate them and ensure quality of service.

Given the large number of possible configurations, adaptive experimentation offers a
powerful methodology for efficiently allocating sampling effort. However, modern experi-
ments increasingly involve many considerations and constraints, making it difficult to design
adaptive methods in an appropriate manner. To name a few: first, experiments are almost
always conducted in large batches with infrequent updates to the sampling policy (Bakshy
et al., 2018; Offer-Westort et al., 2020; Jobjornsson et al., 2022). Second, given the wide
heterogeneity in how users respond to treatments, non-stationarity in the arrivals of users
to the experiment can derail adaptive sampling policies (Qin and Russo, 2023). Finally,
these experiments often must meet certain constraints, such as requiring sufficient sample
coverage for post-experiment inference (Offer-Westort et al., 2020; Zhang et al., 2020), re-



quiring fairness (Chen et al., 2020), and ensuring safety (Amani et al., 2019). Given the
difficulties of operationalizing adaptive algorithms, almost all experiments are non-adaptive
A/B tests (Sculley et al., 2015; Agarwal et al., 2016).

In this work, we introduce a flexible optimization-based framework for designing adap-
tive experiments in a linear contextual bandit setting, in order to model personalization and
non-stationarity. Under large batches, asymptotic normality of standard estimators allow
the experimenter to update a tractable Bayesian model of their uncertainty. Using this
model, we apply the model-predictive control (MPC) design principle to adaptively plan
the sampling allocations: after observing new samples, re-solve for an optimal non-adaptive
sampling policy to use for the rest of experiment. By resolving after every batch, the pol-
icy remains adaptive while working flexibly with batched feedback. Since the policy is the
outcome of an optimization sub-routine, we can flexibly incorporate constraints. Finally, it
allows the experimenter to incorporate predictions of context arrivals, ensuring robustness
against predictible non-stationarity (e.g. day-of-the-week, seasonality).

Related Work Our work is most related to Che and Namkoong (2023), which models
batched experiments as an MDP and proposes a model-predictive control policy for the
multi-armed bandit. This work extends their approach to the linear contextual setting.
In this regard, it is also closely related to dynamic programming approaches in Bayesian
optimization (Frazier et al., 2008; Gonzalez et al., 2016; Lam et al., 2016; Wu and Frazier,
2019; Jiang et al., 2020). The considered objective of this work is simple/policy regret in
linear contextual bandits, which has been studied by Ruan et al. (2021); Deshmukh et al.
(2020); Zanette et al. (2021); Krishnamurthy et al. (2023). Our work builds on this literature
by providing a Bayesian, optimization-based framework which can handle constraints in
batch settings. In this sense, our work is also related to Jorke et al. (2022), which trains
non-adaptive policies to minimize Bayesian simple regret, and Qin and Russo (2023), who
study Bayesian bandit algorithms in the linear contextual setting which are robust to non-
stationary variation. We propose a policy which also has a performance guarantee against
uniform sampling, but which requires additional knowledge of context arrivals.

2. Model

We consider the linear contextual bandit model with K actions. Each experimental unit
has a context € RP and the reward r(z,a) of assigning an action a to x is

r(z,a) = ¢(x,a)" B* + €, (1)
where ¢(z;,a;) : X x [K] — R? is a known feature mapping, f* € R? is an unknown
parameter vector and ¢; are iid mean zero Ele;] = 0 random variables with fixed, known

measurement variance Var(e;) = s2. This model can flexibly incorporate a variety of inter-
actions between actions and contexts:

While our formulation allows for a variety of objectives, we are primarily interested in
the best-policy identification task, in which an experiment is conducted across 1" rounds in
order to identify an optimal policy 7 for assigning actions to users drawn from a reference
distribution . If the experimenter knew 3*, the optimal policy would be

Vi = Igr?XEXN# mr(al X)o(X, a)Tﬁ*] =Ex~pu [m(?xgb(X, a)' B*



Given that the experimenter only observes noisy estimates of 8*, their objective is to obtain
a policy 7 that minimizes policy regret (also known as simple regret) compared to
the optimal policy.

PolicyRegret; := Vi — Ex..,, [frT(a|X)gz5(X, a)T g*

Batched Experiment Design The experiment is composed of T sequential epochs (or
“batches”). Within each epoch t =0, ...,T — 1,

1. A batch of n; units arrives with contexts {X!}, drawn iid from a distribution
(which may change over time and differ from the reference distribution p)

2. The experimenter selects a sampling allocation policy 7 : X — A based on previous
observations and the contexts of the current batch.

3. Each unit is assigned to an action randomly according to A4; ~ m (X}).

4. The experimenter observes features ®; = {¢(X}, A;)} | and rewards Ry = {Ry;},.

Given that the rewards follow a linear model, it is natural for the experimenter to estimate
B* through the ordinary least squares (OLS) estimator,

Bt = (‘I);r@t)_lq’th-

The signal-to-noise of this estimate will depend on the population design matrix I'; under
sampling allocation :

]-_‘t(ﬂ-) = EX»;NMt Z ﬂ-(a|Xl)¢(XZ7 Q)QZ)(X“ a)T
a€[K]

When the batch size ny — oo is large, the OLS estimator is asymptotically normal by the
central limit theorem. As long as T'y() is invertible, then \/ng(3; — %) = N(0, 52Ty (7)™ 1).
This justifies the normal approximation for the OLS estimator, which is the backbone of
standard inferential procedures and power calculations:

Bi~N (5*752(ntrt(77))_1) . (2)

Bayesian Linear Model We consider an experimenter with a prior belief over (5%,
N(Bo, Xo) with mean Sy € R and ¥y € R¥*? possibly informed by a reservoir of pre-
vious experiments or domain knowledge. After each epoch ¢, the experimenter updates
their posterior beliefs (S, 3;) after assigning actions according to 7 and calculating the
OLS estimator ;. The experimenter updates their posterior using the normal approxima-
tion (2), updating ;11 = (S_Qntft(ﬂt) + E;l)_l and 811 = Et+1(2[1ﬁt+S_2ntft(7rt)ﬁt).
We can think of the belief (3;, X;) as the states of a Markov Decision Process (MDP),
where states transitions are determined by the sampling allocation ;. We can reparame-
terize the state transition using the posterior predictive distribution of Bt given [y, 3.

Proposition 1 Let Zy,..., Zp be standard iid N(0,I;) random wvectors. The system gov-
erned by the posterior updates has the same joint distribution as that with the following
state transition:

_ 1y -1
Et+1 = (S 2ntrt(7Tt> + Zt 1) (3)

Ber1 = B+ (% — 1) 2 Z4 (4)



The proof is in Appendix A.1. The state transitions (3) quantifies the future reduction of
uncertainty given a sampling allocation m;, and can be rolled out for several steps. Crucially,
this framework offers a smoothed model of partial feedback, for which state transitions are
differentiable in the sampling allocation m; (as I';(7) is linear in 7). This enables the use
of autodifferentation frameworks (e.g. PyTorch (Paszke et al., 2019) or Tensorflow (Abadi
et al., 2016)) to calculate gradients of objectives with respect to the sampling allocation
along a sample path (Zp, ..., Zr), and optimize via gradient descent.

Bayesian Objective The experimenter’s objective consists of a sum of per-period re-
wards vs, which can depend on the posterior state (fs,Xs) and the sampling allocation 7
at period s. Given a sampling policy m = {m;(:|3:, 1) }/—y, the value function at time ¢ is

T
Vi (Bt T) = E [Z vsm,ﬁs,zS)] .

s=t

If the experimenter is maximizing policy reward or minimizing policy regret, then they
would only experience a terminal reward vy (i.e. vy = 0 for s < T). One can show that
minimizing Bayesian policy regret is equivalent to maximizing the policy reward under the
policy that acts greedily according to final posterior (57, X7):

vr(mr, Br, Y1) = Exy [mgx (X, G)TﬁT}

3. Residual Horizon Optimization

Using the model (3), we can solve for an optimal policy using dynamic programming.
However, this can be computationally expensive, considering the high-dimensional state
and action spaces. We describe a computationally feasible method denoted as Residual
Horizon Optimization (RHO), introduced in Che and Namkoong (2023). The policy is
based on model-predictive control (MPC): at every epoch t, solve for an optimal static
trajectory {pt, ..., pr} of sampling allocations given the current state (8¢, >;). This policy
has many advantages:

e Efficient to solve with stochastic gradient descent (SGD) and function approximation.
e Flexibility with different objectives and constraints.
e The planning problem calibrates exploration with the length of the remaining horizon.

e The experimenter can use knowledge of future context distributions pi, ..., ur to ensure
robustness to non-stationarity (Proposition 2).

Residual Horizon Optimization Concretely, the RHO policy pf (5, 2¢) selects pf from
a sequence of sampling policies pj, ..., p7- that maximizes the following objective

T
maximize V"7 (B, %) = By [Z Vs(Ps, Bs, Es)] (5)
s=1

Ptse-sPT

subject to g(ps) < ¢, Vs=t,..,T



where g; are convex constraint functions and ¢; € R". When the experimenter’s objective
is policy regret, we can show that it is sufficient to optimize over a single allocation p; (see
Appendix A.2).

maxpltmlze Et xp max (X, a)" B + \/¢(X7 a) 3 — Sr(pr)] (X, a)Z (6)

subject to g(pt) < ¢

where Sp(py) = (271 4+ S5 ngTs(pe)) ! is the posterior covariance after sampling with
p¢ across epochs t,..,T. Importantly, the overall objective is differentiable in p;.

Evaluating the objective requires knowledge of the measurement variance s? and the
sum of population covariances z — LR (ps), which in turn requires knowing the context
distributions ;. In practice, to solve the above problem one would

1. Sample Z ~ N(0,1) and contexts from p to approximate expectation in (6).
2. Parameterize the sampling allocation pf(a|z), e.g. multi-layer perceptron.

3. Use current batch {X!}", and samples from future context distributions ys, s >t to
estimate population covariances in X7 (p).

ns S Zzpt a‘XS S ) (XS ) XfNMs, VS:t,...,T—l
i=1 a=1

4. Optimize (6) by stochastic gradient descent over policy parameters 6.

The experimenter can use offline data (as in Zanette et al. (2021)) to estimate future context
arrivals, especially if the non-stationarity of contexts can be planned for (e.g. day of the
week). The structure of this policy immediately gives guarantees on the performance, which
motivates the MPC design principle. The proof is in Appendix A.3.

Proposition 2 (Policy Improvement) Consider any static sequence p = (po, ..., pr) of sam-
pling allocation policies, which are dynamically feasible: gi(ps) < ¢;,Vs >t € [T]. Let Vt’_’O:T
be the corresponding value function under the Bayesian model and th* (Bi, 24¢) be the value
function of the RHO policy that solves (5). We have that for all t, 5, % that

Vi (B, S4) > max VP (B, )

This is a robustness property that guarantees performance improvement over A/B testing
for all epochs t, even under non-stationary contexts. This holds even with constraints. In
contrast, adapting standard heuristics (e.g. Thompson Sampling) to constraints requires
ad hoc adjustments and new, bespoke proofs of convergence. These constraints typically
concern the sampling allocation for units in the current batch {X!}™,. Some examples
include:

Ibudget (P1) Zc p(X}) < B, gsafe<pt)=logm< Zpt (XHTr(xh) < f) > log 0.99
=1

where p;(X!) € Ak and r(X!) € RE are the sampling probabilities and possible rewards
for individual Xf. The constraint gpuqget is a budget constraint with action costs ¢ € RE,
and ggafe is a safety constraint that places an lower bound on the probability that the total
reward is above a value —7 > 0 (under a Gaussian approximation, this is concave in p;).
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Figure 1: (Left) Relative gains over uniform sampling in personalization example across a
range of time horizons T (batch size = 100, Gumbel noise with s* = 0.2). (Right)
Relative gains over uniform sampling in day-of-the-week example for s? € {0.2,1}.
Above figure shows policy regret when the final policy assigns an arm for each
day. Below shows simple regret for a final policy that selects a single action.

4. Experiments

Personalization We evaluate the policy regret of different experimentation methods for
a setting in which the optimal policy gives a personalized action for each user. We simulate
an environment with 10 arms, each with an unknown parameter 3, and rewards given as,

r(zs,a) = 2 Ba + €. (7)

We compare against Thompson Sampling (Agrawal and Goyal, 2013), a Myopic version
of RHO, and Top-Two Thompson Sampling (Qin and Russo, 2023). In Figure 4, RHO
exhibits large gains over other benchmarks, which holds under different noise levels and
even heavy-tailed (Student-T) and skewed (Gumbel) noise ¢;. Details can be found in B.

Robustness to Nonstationarity Standard adaptive algorithms have been shown to fail
under nonstationarity (Qin and Russo, 2023). Similar to (Qin and Russo, 2023), we consider
a day of the week effect model in which there are |X'| = 7 contexts and

T(.’IJ, a) = ez + Hz,a + 9(1 + € (8)

This setting consists of one batch experiment per day for seven days with day-specific
rewards. There are 10 actions and we consider two objectives: choosing an action to
deploy for all days (best-arm identification), and choosing an action to deploy for each
specific day (best-policy identification). We observe that major advantage of the RHO
policy is that it can plan for future non-stationarity, as it uses the sum of (known) future
population covariances ZST;tl nsI's(ps), which is feasible since the days in the week are
known in advance. Figure 1 shows that RHO outperforms in both objectives, and additional
details can be found in Section B.



Appendix A. Proofs
A.1 Proof of Proposition 1

We can simplify the Bayesian posterior update for the mean as follows:

Et—i-l(Zt_l/Bt + 372ntft(7r)6t — 8727’%]._‘,5(77')575 + SiQTltFt(ﬂ')Bt)
= By + o1 (s To(m)) (B — Br)

Note that the posterior predictive distribution of 8; ~ N (8%, s2(n,['y(w))~1) is given by

B =B+ S(ntrt)flmzl
= (B + Zi/2Z2) + S(ntrt)_l/Qzl
where Z; and Z; are independent N (0, I;) random vectors. This implies
Var ((sf%trt)(ﬁt - 59) = Var ((s*%trt)(z;/ 27, + s(ntrt)*mzl))

= s_4nt2 (T2 Ty) + (3_2ntft) (SQnt_lFt_l) (3_2ntft)
= S_4Tlt2 (thtrt) =+ (s_QntI‘t)

To compute Var (Et+1(s_2ntFt)(Bt — ﬁt)), we observe that

Var (Et+1(s*2ntft)(ﬂ} — ,Bt)) = Zt+1 (874 ((ntFt)Et(ntFt)) + (8727%5]._})) Et+1
= Et+1 (S_QntFtEt + I) (s_2ntI’t)Et+1
We use the identity (A + B)™! = A7l — (A + AB71A)7! taking A = s ?n["; and
B =¥;"! and observe that

Et+1 = (s_QntFt)_l — [8_4 ((ntFt)Zt(ntFt)) + (S_Qntft)] -1

— A — [(ABT 4+ DA]

Further simplifying, we have

St (57 (L) Ze (L)) + (s72mely)) Sea

:(A_ [(AB~"+1)A] 1) (AB7'+1) )(A—l—[(AB—1+1)A]—1)
= (a7 = (B~ + DA ") (4B 1)~ 1)

= (a7t = [(aB + 1)A] ") AB™

= (a7 = [(aB™ + DA] ") AB™

= Y18 Sy



Finally, we can observe that ¥ 15 ?n;I;X; is equal to ¥; — ;.. Since, Zt+1(s*2ntft)(3t —

. 1
B¢) is a mean-zero Gaussian random vector, it can be expressed as Var (Et-i-l (5720 (B — Bt)) Z.

So altogether the posterior update can be expressed as
(% — D) 2

A.2 Derivation of (6)
Conditional on the current posterior (¢, ¥¢), the final posterior mean after sampling with
static policies py, ..., pr—1 is

T-1
Bt + Z (Es - 25—1—1)1/2 Zs

s=t

where Yg1q = (Z;l—i—zzzt nulwu(py)) L. Since Z, are independent and p, are non-adaptive,
this is a sum of independent random vectors and by the reparameterization trick:

T-1 . T—1 1/2
Y E ez 5 <Z i Zs+1> ’
s=t s=t

= (3 —2p)? 7

We can write the objective then as

B [ 0,0)" 0] = 51 [max o, B+ /o, (51~ Zr)ole, )2

Note that I';(p,) is linear in p, for all u, X7 depends on the sampling allocations only
through the sum. This means that by replacing pq, ..., pr—1 with a the same allocation
policy at each round py, ..., py where p; = ﬁ ZST;,} pt is the average of py, ..., pr—1, one
can achieve the exact same objective value. This will also be feasible since p; will still map
to Ag and since gi(ps) < ¢; for all ps then by Jensen’s inequality, g.(p;) will also be less
than ¢;.

A.3 Proof of Proposition 2

First observe that when at T" and T'— 1, the static policy and RHO coincide so Vf* (Be, X)) =
max; V" (B, X¢). Next, as an induction hypothesis, suppose for all (B¢ 41, Xit1),

Vi1 (Ber1, Big1) > Jmax VI (B, Seg1)-

Then for any (3¢, X¢),



Policy $2=02,02=0.1 s2=02,0°=5 s2=1,02=0.1 s2=1,02=5

(Gumbel) Linear TS 67.0 82.8 94.22 91.7
Linear Top-Two TS 69.1 93.8 93.8 94.0
Myopic 66.5 79.9 83.1 86.5
RHO 61.8 80.3 81.1 86.1
(Student’s t) Linear T'S 77.1 102 90.6 91.6
Linear Top-Two TS 76.1 97.8 90.8 88.9
Myopic 64.5 83.1 70.0 85.77

RHO 60.5 83.0 66.5 83.3

Figure 2: Percent of policy regret of uniform in the personalization setting under multiple
combinations of context variance {0.1, 5}, measurement variance {0.2, 1}, and
noise distribution {Gumbel, Student’s t}

VY (B, S0) = v}, By D) + Ea[VE (Bert, Ser)]
> vi(py, B, X¢) + By [_max VT By Et+1)]
Pt+1:T
= vi(pp, B Xt) + ﬁtnf}?; Eo VAT (Bry1s Seqr)]

= max {v1(p1, B, B1) + ElVEE (Buin, Be)] |
t:

= max V57 (B, %)

Pt:T

using the definition for the policy pj.

Appendix B. Experimental Details

Personalization To incorporate the objective 7 into the flexible reward model 1, the
parameter vector 5* = (8;)K, € REP specifies an embedding vector 3; € RP for each

action where the reward is given by the dot product,
¢(z,0)" 6" =z 5. (9)

In this simulation, there are 10 reallocation epochs and 10 possible arms to deploy,
each corresponding to a separate 3;. We let the context be of dimension 5 and each 3*
is normally distributed with diagonal variance 0.001. The contexts are also distributed
normally according to N(1,02I), where we vary the level of o2 from 0.1 to 5. We choose
to center the distribution at mean 1 because the optimal sampling policy for a mean 0
context distribution is to sample each arm equally. In our setup, a greater context variance
leads to a higher support of optimal arms, while small context variance converges to a
treatment effect example. To test the robustness of the different methods, we also compare
the method under different noise levels and distributions in 2. Specifically, we choose the
Gumbel distribution and student’s t distribution to test robustness under heavy-tailed and



skewed distributions. The high performance of RHO in each setting shows the validity of
the OLS batch approximation under non-Gaussian noise distributions. Additionally, we can
see that thompson sampling performs especially poor with high measurement variance or
context variance

Day of the Week Effects The reward model 1 can also be adapted for 8, where the
parameter vector 5* = (8, Br.a, Ba) € RE+Kd+d g composed of an action-specific vector
B, € RE | a day-specific reward 3, € R, and a reward unique to the action and day
Be.a € RE4. Encoding the day and action into one-hot basis vectors e, € R?, e, € RE,
€ra € RX4 the reward is given by the sum,

d(x,a)T B = (Buy ex) + (Bras eza) + (Bas €a)- (10)

The experimental setting consists of a batch of 100 samples arriving on each day of the week
for seven days. * is distributed according to N(0,0%I) where 02 = 0.001, and in figure 1
we consider Gaussian noise with measurement variances 0.2 and 0.1. There are two natural
objectives that an experimenter may utilize:

1. Best Arm Identification: The goal is to choose the single best arm to deploy
across all days. This corresponds to minimizing the simple regret of an action a. The
objective can then be formulated as

max{z w(z;)p(xs, a TB}

acA

Let ¢(a) = vazl w(x;)p(x;, a). Since we are now optimizing for the mean of an action
effect, we can adjust the RHO objective 6 to reflect this:

[max{gb ,Bt + \/¢ ET(Pt)]WZ}

We benchmark RHO against context unaware thompson sampling and the recently
proposed ”Deconfounded Thompson Sampling” (Qin and Russo, 2023), which op-
timizes the mean while updating its posterior using contexts. Figure 1 shows the
superior performance of RHO compared to existing methods. It is worth noting that
the current thompson sampling methods fail to exploit knowledge of future contexts.

2. Best Arm For Each Day: We also consider a setting where an experimeter can
deploy different arms each day and wants to maximize the expected reward of doing
so. The objective corresponds to 6, but this setup is non-trivial as the distribution of
contexts (days) is non-stationary and deterministic. By planning for future context
distributions, Figure 1 shows how RHO outperforms other benchmarks like linear top
two thompson sampling. Empirically, we find that if RHO naively treats the context
distribution as stationary, in that it plans using only the given contexts at one day,
its performance is worse, showing the necessity of planning.
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