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ABSTRACT

The Energy Transformer (ET) recasts the forward pass as gradient descent on a
scalar energy, connecting attention to Modern Hopfield Networks and associative
memory. Scaling ETs via Mixture-of-Experts (MoE) breaks this variational struc-
ture: standard router weights depend on the token state, producing a router gradi-
ent residual that prevents the MoE output from being any energy’s gradient. We
propose Boltzmann Routing, which eliminates the external router and derives ex-
pert selection from a free-energy functional F = −β−1

r log
∑

e exp(−βrEe). We
prove that the negative gradient of F exactly recovers the weighted expert output
with zero residual, that the combined system admits a Lyapunov function, and that
attention and routing are dual instances of the same associative retrieval mecha-
nism. Experiments across three scales (8 to 32 experts) show that Boltzmann
routing achieves accuracy comparable to standard MoE (0.440 avg at 8 experts)
without any auxiliary balancing loss, while a distillation variant maintains near-
perfect load balance at 32 experts. A cross-scale analysis reveals a fundamental
tension: exact energy compatibility comes at the cost of expert collapse at scale,
and collapse count alone does not determine performance, with implications for
energy-based routing more broadly.

1 INTRODUCTION

Modern Hopfield Networks (Hopfield, 1982; Krotov & Hopfield, 2016; Ramsauer et al., 2021) store
patterns as attractors of an energy landscape and retrieve them via gradient descent. The Energy
Transformer (ET) (Hoover et al., 2023) builds on this principle: attention, feed-forward layers, and
the iterative forward pass are all cast as minimizing a single energy functional Etotal = EATT +EFF.
This variational structure guarantees monotonic energy decrease, convergence to fixed points, and
a transparent connection to associative memory. More recently, Dehmamy et al. (2025) introduced
Energy-GPT, a variant of ET suited for auto-regressive language modeling, which we will focus on
in this paper.

Mixture-of-Experts (MoE) (Shazeer et al., 2017; Fedus et al., 2022; Dai et al., 2024) has emerged as
the dominant paradigm for efficient scaling. A natural question arises: can MoE be integrated into
Energy Transformers while preserving their energy-based structure? The answer is not straight-
forward. In standard MoE, the output is MoE(h) =

∑
e we(h) fe(h) with input-dependent router

weights we(h). If each expert has energy Ee with fe = −∇hEe, the chain rule produces a router
gradient residual:

−∇h

[∑
e we(h)Ee(h)

]
=

∑
e we fe(h)︸ ︷︷ ︸

desired

−
∑

e∇hwe · Ee(h)︸ ︷︷ ︸
residual ̸= 0

. (1)

No energy function exists whose gradient yields the standard MoE output. The stop-gradient fix
(∇hwe := 0) restores compatibility but freezes routing, limiting expert specialization. Recent
energy-based language models (Dehmamy et al., 2025; Gladstone et al., 2025) demonstrate viability
at scale but do not address this routing incompatibility.
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Contribution. We propose Boltzmann Routing, which eliminates the external router and derives
expert selection from a free-energy functional over expert energies. Our contribution include:

• We prove exact energy compatibility with zero residual (Theorem 1), Lyapunov stability (The-
orem 2), and a structural duality revealing that attention and routing are instances of the same
associative memory retrieval mechanism (Remark 2).

• We evaluate three routing strategies across three ET configurations with 8–32 experts, showing
that Boltzmann routing achieves comparable downstream accuracy to standard MoE without a
separate router loss (Section 6).

• We identify a fundamental tension between energy compatibility and expert collapse at scale,
along with cross-scale findings (including that collapse count does not determine performance
and that temperature initialization is critical), offering practical guidance for energy-based MoE
design.

2 BACKGROUND

Energy Transformer. The Energy-GPT variant of ET defines a total energy of token repre-
sentations g = {gA}NA=1 (layer-normed) as EA = EATT

A (g) + EFF(gA). The attention en-
ergy EATT

A (g) = − log
∑

B<A exp(SAB) is a negative log-partition function, with SAB =

gTAW
T
QWKgB . For the feed-forward energy, Energy-GPT showed good performance using

EFF(h) = −GELU(W1h)
⊤(W2h) with W1,W2 ∈ Rm×d, however, Hopfield network variants

such as EFF(h) = −∥GELU(Wh)∥2 also work. The forward pass performs T iterations of
h ← h − η∇hEA for each token A. Although each EA does not monotonically decrease, due
to it being coupled to tokens B < A, Dehmamy et al. (2025) showed in very networks (i.e. large T )
EA will eventually converge after previous tokens converge.

MoE with Energy Experts. Each expert e ∈ {1, . . . , Ne} is an Energy MLP with energy Ee(h) =

−GELU(W
(e)
1 h)⊤(W

(e)
2 h). The expert output fe(h) = −∇hEe(h) follows a dual-path architec-

ture reusing the same weight matrices. A standard router computes we(h) = softmax(Wgh)e via a
learned gate Wg ∈ RNe×d, producing the incompatibility in equation 1.

3 BOLTZMANN ROUTING

Our key idea is to eliminate the external router and let experts “vote for themselves” through their
own energy values.

Definition 1 (Boltzmann MoE Energy). Given Ne experts with energies {Ee(h)}Ne
e=1 and a learnable

inverse temperature βr > 0, the Boltzmann MoE energy is the negative free energy of a canonical
ensemble over experts:

FMoE(h) = − 1

βr
log

Ne∑
e=1

exp
(
−βr Ee(h)

)
. (2)

The associated Boltzmann routing weights wB
e (h) = exp(−βrEe)/

∑
e0 exp(−βrEe0) assign higher

probability to experts with lower energy i.e. those that fit the token best in the energy landscape.
Theorem 1 (Exact Energy Compatibility). The negative gradient of FMoE equals the Boltzmann-
weighted expert output with zero residual:

−∇hFMoE(h) =

Ne∑
e=1

wB
e (h) fe(h) . (3)

Proof. Differentiating equation 2 directly: ∇hFMoE =
∑

e
exp(−βrEe)

Z (−∇hEe) = −
∑

e w
B
e fe.

An alternative derivation via the Helmholtz free-energy decomposition F = ⟨E⟩wB − β−1
r H(wB)

is given in Section A.

Why does this work? In standard MoE, the router Wg and experts are independently parameterized,
so∇hwe introduces directions unrelated to the energy landscape. In Boltzmann routing, the weights
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Table 1: Structural parallel between attention, Hopfield retrieval, and Boltzmann routing. Note, in
Boltzmann routing the softmax is over the expert indices e.

Attention Hopfield retrieval Boltzmann routing

Score S q⊤k � �⊤x� ��r Ee(h)
Weights softmaxA(SAB) softmax�(� �⊤x�) softmaxe(��rEe)
Retrieves Context Stored tokens Computation

are derived from the expert energies, creating a log-sum-exp structure where weight gradients cancel
by construction. The router is not an external component; it emerges from the energy landscape
itself.
Remark 1 (Top-k approximation). Theorem 1 holds for the full Boltzmann distribution over all
Ne experts. In practice, we apply top-k selection and renormalize: w̃e = wB

e /
∑

e0∈top-k w
B
e0 for

e ∈ top-k. This introduces a small approximation error bounded by the total probability mass of
the discarded experts. When βr is large (sharp routing), the top-k experts carry nearly all the mass,
making the approximation tight.

4 EXPERT SELECTION AS ASSOCIATIVE RETRIEVAL

The Boltzmann MoE energy equation 2 and the Energy-GPT EATT share a striking structural iden-
tity.
Remark 2 (Attention-Routing Duality). The ET attention energy and the Boltzmann MoE energy
are both negative log-partition functions over softmax distributions. Defining expert scores Se(h) =
−βrEe(h):

EATT
A = − log

∑
B

exp(SAB)︸ ︷︷ ︸
attention: sum over tokens

←→ FMoE = − 1
βr

log
∑
e

exp(Se)︸ ︷︷ ︸
routing: sum over experts

. (4)

Table 1 makes the parallel precise. In Modern Hopfield Networks (Ramsauer et al., 2021), retrieval
produces a softmax-weighted sum over stored patterns. Boltzmann routing produces a softmax-
weighted sum over expert computations, where the “similarity” is the negative expert energy. The
ET and Energy-GPT with Boltzmann MoE thus performs two complementary forms of associative
retrieval: attention retrieves relevant context from the sequence, while routing retrieves relevant
computations from the expert repertoire.

5 CONVERGENCE AND IMPLEMENTATION

Theorem 2 (Per-Token Lyapunov Stability). Fix a token A and hold all other token representations
{gB}B ̸=A constant. Define the per-token energy EA(hA) = EATT

A (g) + αFMoE(hA) with α > 0.
Assume each expert energy Ee has Le-Lipschitz continuous gradient and that EA is bounded below.
Under the dynamics h(t+1)

A = h
(t)
A − η∇hA

EA(h
(t)
A ) with η < 2/L (where L is the Lipschitz con-

stant of∇hA
EA), EA is a strict Lyapunov function: EA(h

(t+1)
A ) ≤ EA(h

(t)
A )− η

2∥∇hA
EA(h

(t)
A )∥2.

The proof follows from the standard descent lemma: both EATT
A (a log-sum-exp in hA with fixed

context) and FMoE (a proper energy by Theorem 1) are L-smooth in hA. The smoothness constant
of the MoE term satisfies LF ≤ maxe Le + βrVarwB [∇hEe] (see Section B); full derivation in
Section A.

Note that global monotonic decrease across all tokens does not hold: in Energy-GPT, updating
token B shifts the attention energy EATT

A for all A > B via the scores SAB . Crucially, FMoE(hA)
depends only on token A’s own representation and introduces no additional inter-token coupling.
Global convergence follows from the cascading argument of Dehmamy et al. (2025): for large T ,
tokens converge sequentially—token 1 first (no attention dependencies), then token 2 (coupled only
to the now-converged token 1), and so on—with the per-token Lyapunov guarantee applying at each
stage.
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Table 2: Cross-scale results. WikiText PPL (↓), average accuracy over 11 benchmarks (↑), and
expert collapse count (Dead = <1% tokens). Best per column in bold.

8×1024 (E2) 32×2048 (E6) 32×1024 (E9)
Routing PPL↓ Avg↑ Dead PPL↓ Avg↑ Dead PPL↓ Avg↑ Dead

Standard MoE 40.36 0.440 0 35.27 0.453 3 42.30 0.433 6
Stop-Gradient 40.17 0.437 0 36.84 0.445 0 43.48 0.429 0
Boltzmann Pure 41.17 0.440 4 46.18 0.420 26 68.72 0.404 22
Std (no aux) 40.23 0.440 3 35.51 0.451 24 42.23 0.431 23
Boltzmann F5 42.82 0.433 0 42.58 0.442 2 57.53 0.419 27

In practice, the Energy Block update (Equation (8)) includes a learned projection Π and layer norm,
which deviate from the idealized gradient descent assumed here. These components improve train-
ing stability but mean the strict Lyapunov guarantee holds only approximately.

Temperature interpolation. The inverse temperature βr interpolates between uniform averaging
(βr → 0+: all experts contribute equally) and winner-take-all routing (βr → ∞: lowest-energy
expert only). Making βr learnable lets the model discover the optimal exploration-exploitation
trade-off, mirroring the role of temperature in Hopfield retrieval (Demircigil et al., 2017).

Implementation. Boltzmann routing evaluates all Ne expert energies for FMoE (∼ O(Nedm)),
then executes only the top-k lowest-energy experts with renormalized weights. No auxiliary loss is
needed, the βr provides implicit entropy regularization. The full algorithm is in Algorithm 1.

6 EXPERIMENTS

Setup. All experiments use a three-layer architecture: a standard GPT block (softmax attention
+ SwiGLU MLP), an Energy Block (energy attention + Energy MoE, iterated T=6 times), and a
standard GPT post-block. Hidden size 1024, top-2 routing, 30k training steps on NemoTron-CC (Su
et al., 2025). We report acc norm for ARC-C, ARC-E, HellaSwag, OBQA, PIQA, SciQ and acc
for BoolQ, COPA, LAMBADA, RACE, Winogrande. Avg is the mean of these 11 scores; WikiText
word perplexity (PPL, ↓) is reported separately. More details can be found in Section D. Formal
variant definitions with energy compatibility analysis are in Section C; full per-benchmark results
and routing dynamics figures for each configuration are in Sections D.1, D.3 and D.4.

Routing variants. We compare five strategies, all using Energy MLP experts (Table 3): Standard
MoE: learned linear gate with aux loss (λ=0.001), not energy-compatible (Section C.1); Std (no
aux): same gate without balancing, a collapse stress test; Stop-Gradient: detached gate, per-step
energy compatible via sg(we) (Section C.2); Boltzmann Pure: free-energy routing with exact global
compatibility, no external router (Section C.3); Boltzmann F5: Boltzmann training with KL-distilled
gate for inference (Section C.4).

Scale configurations. E2 (Section D.1): 8 experts × 1024 intermediate, dense 4096 (156M total,
144M active), all variants comparable at this scale. E6 (Section D.3): 32 × 2048, dense 4096
(274M total, 148M active, dense-dominated), collapse differences emerge but dense layers mask
them. E9 (Section D.4): 32 × 1024, dense 512 (185M total, 122M active, MoE-focused), routing
quality differences fully exposed. We also performed a temperature sweep (Section D.2) showing
that βr = 2.0 achieves the best accuracy while the learned βr converges to≈ 0.17, near the soft end
for E2 configuration.

Finding 1: Energy compatibility costs performance at scale. Standard MoE (non-compatible)
achieves the best perplexity at 32 experts (35.27 in E6, 42.30 in E9), while the energy-compatible
Boltzmann Pure degrades from 41.17 to 68.72 as expert count and MoE scale grow (Table 2). The
router gradient residual equation 1, while theoretically undesirable, appears to provide useful opti-
mization signal that helps maintain expert diversity.

Finding 2: Stop-Gradient degrades at scale. Stop-Gradient achieves the lowest perplexity at 8
experts (40.17, Table 2) through near-perfect load balance (Figure 1a), but drops to third at 32 experts
(36.84 in E6, 43.48 in E9). Its detached routing prevents expert co-adaptation, a cost that grows
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(a) Normalized Entropy (H=Hmax ) (b) Expert Collapse Count

Figure 1: E9 routing dynamics over 30k steps (32 experts, MoE-focused). Stop-Gradient maintains
perfect entropy but lacks specialization. Boltzmann Pure and F5 collapse catastrophically (�22/32
dead). Standard MoE loses 6 experts but achieves the best perplexity. Full �gures for all con�gura-
tions in Sections D.1, D.3 and D.4.

with expert count, visible in the �at entropy curve that masks a lack of content-aware specialization
(Table 10).

Finding 3: Collapse count does not determine performance. In E9, Std (no aux) with 23 col-
lapsed experts achieves 42.23 PPL, while Boltzmann Pure with fewer collapsed (22) achieves 68.72
PPL, that is 63% worse (Table 2 and �g. 1b). The quality of surviving experts matters more than their
count: a learned gate produces better-specialized active experts than energy-based routing, which
concentrates on suboptimal low-energy attractors.

Finding 4: Dense layers mask routing quality. Moving from E6 to E9 widens the PPL gap
between Standard MoE and Boltzmann Pure from 11 to 26 points (Table 2), revealing that large
dense layers absorb most modeling burden and mask MoE routing differences. The MoE-focused
architecture (E9) is a more discriminative testbed for routing ef�cacy. Temperature initialization is
also critical: in E6, F5 with �r =0:1 collapses 28/32 experts (62.14 PPL), while �r =1:0 collapses
only 2/32 (42.58 PPL; Tables 7 and 8).

7 DISCUSSION

Boltzmann routing provides the �rst exact solution to the MoE energy incompatibility problem,
with provable Lyapunov stability and a structural duality connecting expert selection to associative
memory retrieval. However, our experiments reveal a gap between theory and practice: the energy-
compatible Boltzmann Pure variant suffers from catastrophic expert collapse at scale (22 to 26 of
32 experts dead), because the energy landscape funnels tokens to a few low-energy attractors in a
self-reinforcing cycle. Standard MoE, which breaks energy compatibility, avoids collapse through
aux loss and independent router parameterization. This suggests that the router gradient residual
may act as an implicit regularizer promoting expert diversity.

The attention-routing duality (Remark 2) positions the ET as an associative memory with two re-
trieval mechanisms: attention retrieves the relevant context from the sequence, while routing re-
trieves the relevant expert dynamics. Both mechanisms emerge from descent on log-sum-exp free
energies, differing only in whether the stored objects are vectors or vector �elds. This perspective
inherits the log-sum-exp structure underlying the exponential storage capacity results for Modern
Hop�eld Networks (Ramsauer et al., 2021; Demircigil et al., 2017), though whether analogous ca-
pacity bounds apply to expert routing remains an open question.

Limitations and future work. All results are reported without error bars due to computational
constraints; differences within �1% accuracy should not be over-interpreted. Direct empirical veri-
�cation of the monotonic energy descent predicted by Theorem 2 (e.g., tracking Etotal across inner-
loop iterations) remains an important direction. Energy evaluation cost grows linearly with Ne;
pre-�ltering strategies could help for Ne > 128. Key open directions include: entropy regular-
ization within the Boltzmann framework to prevent collapse without external routers; per-layer or
curriculum temperature schedules (our sweep in Section D.2 shows �r is critical); and scaling within
the Energy-GPT framework (Dehmamy et al., 2025) to determine whether the compatibility/collapse
trade-off persists at larger scales.
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A FULL GRADIENT DERIVATION VIA FREE-ENERGY DECOMPOSITION

The Boltzmann MoE energy decomposes as:

F MoE =
X

e

wB
e Ee +

1
� r

X

e

wB
e log wB

e = hEi w B �
1
� r

H(w B ) ; (5)

where hEi is the expected energy and H is the Shannon entropy. Differentiating by the product rule:

r h F MoE =
X

e

wB
e r h Ee +

X

e

(r h wB
e )

�
Ee + 1

� r
(1 + log w B

e )
�

| {z }
= F MoE +1=� r for all e

: (6)

The parenthetical is constant across e despite appearances: from wB
e = exp(�� r Ee)=Z we get

log wB
e = �� r Ee � log Z, so E e + � �1

r log wB
e = E e � E e � � �1

r log Z = F MoE , where
the Ee terms cancel. Adding the remaining ��1

r gives FMoE + � �1
r , independent of e. SinceP

e r h wB
e = r h (

P
e wB

e ) = r h 1 = 0, the second sum vanishes entirely. Therefore rh F MoE =P
e wB

e r h Ee = �
P

e wB
e f e. �

B SMOOTHNESS BOUND

Proposition 3. If each Ee is Le-smooth (i.e., kr2Eek � L e), then FMoE is LB -smooth with:

L B � max
e

L e + � r

X

e

wB
e kr h Ee � rEk 2; (7)

whererE =
P

e wB
e r h Ee is the Boltzmann-weighted mean gradient.

The second term is the Boltzmann-weighted variance of expert gradients. When experts are well-
specialized (gradients point in different directions), this variance is large, requiring a smaller step
size �. In practice, gradient clipping and per-layer �r scheduling control this.

C EVALUATED ROUTING STRATEGIES

All experiments share a three-layer architecture. The �rst and last layers are standard GPT blocks
(softmax attention + SwiGLU MLP), each executed once. The middle layer is an Energy Block
consisting of energy attention and an Energy MoE layer, iterated T = 6 times via gradient-based
state re�nement. Within this inner loop, each step applies a shared layer norm and updates the state
via:

�h(t) = LN(h (t) ); h (t+1) = h (t) � � �
�
r h E ATT(�h(t) ) + � � MoE(�h(t) )

�
; (8)

where EATT is the energy attention functional, MoE(�) is the expert output, � is a learned projection,
and � � is a learnable scalar (initialized to 4:0) that controls the relative contribution of the MoE
layer to the energy descent step. This scale parameter allows the model to learn the optimal balance
between attention-driven and expert-driven updates during training.

Crucially, every expert across all variants is an Energy MLP, a dual-path architecture with energy
Ee(h) = � GELU(W (e)

1 h)> (W (e)
2 h) and output fe(h) = �r h Ee(h). The variants differ only in

how tokens are routed to experts within the Energy Block and whether this routing preserves the
energy interpretation.

Table 3 summarizes the �ve evaluated strategies and their theoretical properties.

C.1 BASELINE: STANDARD ROUTER WITH ENERGY EXPERTS

The standard MoE baseline uses energy experts paired with a conventional learned linear router.
This is the con�guration that motivates the entire formulation space: it achieves strong empirical
performance but breaks energy compatibility.
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Table 3: Evaluated routing strategies. All use Energy MLP experts; they differ in routing mechanism
and energy compatibility.

Variant Energy Compat. Aux Loss External Router Key Mechanism

Standard MoE No (rh we 6= 0) Yes Yes Learned gate Wgh
Std (no aux) No (rh we 6= 0) No Yes Same gate, no balancing
Stop-Gradient Per-step exact Yes Yes sg(we) each iteration
Boltzmann Pure Exact (global) No No Free-energy routing
Boltzmann F5 Exact (train) KL Train: No / Infer: Yes Boltzmann ! distilled gate

C.1.1 FORMULATION

De�nition 2 (Standard Router with Energy Experts). A learned gate Wg 2 RN e �d produces routing
logits. After top-k selection, the weights are renormalized via softmax:

we(h) =
exp([Wgh]e)

P
e02top-k exp([Wgh]e0)

; y =
X

e2top-k

we(h) f e(h): (9)

Each expert output is fe(h) = �r h Ee(h), the gradient of its scalar energy. An optional auxiliary
load-balancing loss Laux = �

P
e p̂e � �p e penalizes uneven expert utilization, where p̂e is the fraction

of tokens routed to expert e and �pe is its mean routing probability.

C.1.2 ENERGY INCOMPATIBILITY

Despite using energy experts, this formulation is not energy-compatible. Differentiating the na�̈ve
energy

P
e we(h) E e(h) yields:

�r h

hX

e

we(h) E e(h)
i

=
X

e

we(h) f e(h)

| {z }
MoE output (computed)

�
X

e

(r h we) E e(h)

| {z }
router gradient residual

: (10)

Since we(h) = softmax(W gh)e depends on h through the learned gate, rh we 6= 0. The residual
term introduces directions in the update step that do not correspond to any energy descent, breaking
the Lyapunov guarantee.

Within the T -iteration inner loop of the Energy Block, the energy attention contribution performs
valid energy descent; the MoE contribution does not. Nevertheless, backpropagation through the full
computation graph remains well-de�ned, and the model trains normally via standard gradient-based
optimization.

C.1.3 TWO ABLATIONS

• Standard MoE (� aux = 0:001): The router gradient residual is present but the aux loss
maintains load balance, preventing expert collapse even at 32 experts.

• Std (no aux) (� aux = 0): Removes all explicit routing regularization. This is a stress test:
can the learned gate self-organize without any balancing signal? At 8 experts (E2) this
works reasonably (3/8 collapsed); at 32 experts (E9) it collapses severely (23/32) yet still
achieves competitive perplexity (Tables 11 and 12), revealing that surviving expert quality
matters more than quantity.

C.2 STOP-GRADIENT ROUTING (BILEVEL)

The simplest �x for energy compatibility: freeze the routing weights at each inner-loop iteration
via stop-gradient, treating routing and token-state descent as two levels of a bilevel optimization
problem.
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C.2.1 FORMULATION

De�nition 3 (Stop-Gradient Routing). At each inner-loop iteration t, routing weights are computed
from the current state and immediately detached:

w(t)
e = sg

�
softmax(top-k(W g h(t) ))

�
; y(t) =

X

e2top-k

w(t)
e f e(h (t) ): (11)

Since r h w(t)
e = 0 by construction, the router gradient residual vanishes identically within each

descent step.

C.2.2 ENERGY COMPATIBILITY

At each iteration, the update h(t+1) = h (t) � �r h E total(h (t) ; w(t) ) descends a well-de�ned energy
landscape with w(t) treated as a constant.

Proposition 4 (Per-iteration energy descent). For step size � � 1=Lt (where Lt is the smoothness
constant of Etotal(�; w (t) )):

E total(h (t+1) ; w(t) ) � E total(h (t) ; w(t) ) �
�
2

kr h E total(h (t) ; w(t) )k2: (12)

However, re-routing at iteration t+1 may change the energy landscape, so global monotonicity is
not guaranteed; only per-step descent holds.

In our experiments, the router is re-evaluated at each of the T = 6 inner-loop iterations (bilevel
alternating), with �aux = 0:001.

C.2.3 KEY PROPERTIES

• Zero overhead: requires only a single .detach() call per iteration.
• The detached router cannot co-adapt with expert gradients during the inner loop, which

limits expert specialization, a cost that becomes visible at 32 experts where uniform but
content-agnostic routing degrades perplexity.

C.3 BOLTZMANN PURE ROUTING

The central contribution of this paper (Section 3): routing weights derived from expert energies via
a free-energy functional, eliminating the external router entirely.

C.3.1 FORMULATION

De�nition 4 (Boltzmann Pure Routing). The MoE energy is the Boltzmann free energy over expert
energies:

F MoE (h) = �
1
� r

log
N eX

e=1

exp
�
�� r Ee(h)

�
; (13)

with routing weights wBe = exp(�� r Ee)=Z and output �r h F MoE =
P

e wB
e f e(h). No external

router Wg exists; no auxiliary loss is used.

C.3.2 ENERGY COMPATIBILITY

Exact and global: the router gradient residual is absent by construction (Theorem 1). Within the
Energy Block, the combined energy Etotal = E ATT + � F MoE admits a strict Lyapunov function
(Theorem 2).

In our experiments, �r = 1:0 , top-k = 2 with renormalized Boltzmann weights, and �aux = 0.

C.3.3 KEY PROPERTIES

• Strongest theoretical guarantees: exact compatibility, global Lyapunov stability, no external
parameters.
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• The energy landscape can trap routing in collapsed states: low-energy experts attract more
tokens, receive more gradient signal, and further lower their energy, a self-reinforcing cycle.

• Without any balancing mechanism, this collapse is tolerable at 8 experts (4/8 collapsed in
E2) but catastrophic at 32 experts (22/32 collapsed in E9, 68.72 vs. 42.30 PPL for Standard
MoE; Tables 9 and 12).

• The gap between theory and practice motivates the inference-ef�cient hybrid variant (Boltz-
mann F5) described next.

C.4 INFERENCE-EFFICIENT BOLTZMANN ROUTING

A dual-mode architecture: Boltzmann routing during training for energy compatibility, distilled to a
linear router for ef�cient inference.

C.4.1 FORMULATION

De�nition 5 (Inference-Ef�cient Boltzmann). This variant maintains two routing mechanisms:

1. Training: Boltzmann weights wBe = exp(�� r Ee)=Z with learnable �r = exp(log � r ).
All expert energies are evaluated for the partition function.

2. Inference: Linear router wLe = softmax(W gh)e, trained via KL distillation:

L distill = � KL � KL
�
sg(wB )




 wL �

: (14)

During training, the MoE output uses Boltzmann weights (energy-compatible); at inference, the
distilled linear router is used (standard MoE cost).

C.4.2 ENERGY COMPATIBILITY

During training: exact, inheriting all Boltzmann Pure guarantees including Lyapunov stability (The-
orem 2).

At inference: approximate. The quality of the approximation is bounded by Pinsker's inequality:

Proposition 5 (Inference bound). If KL(wB kwL ) � � uniformly, then:




 MoEB (h) � MoE L (h)




 �

p
2� � max

e
kf e(h)k: (15)

In our experiments: �KL = 0:01, � r initialized to 0:1 (E9) or 1:0 (E6), learnable via log �r parame-
terization excluded from weight decay.

C.4.3 KEY PROPERTIES

• Training overhead: � 2:5� standard MoE (all Ne expert energies evaluated per token).
Inference cost: identical to standard MoE.

• The KL distillation loss competes with the language modeling objective, which may ex-
plain Boltzmann F5's consistently higher perplexity relative to Standard MoE.

• Temperature initialization is critical: in E6, �r = 0:1 initialization collapses 28/32 ex-
perts (62.14 PPL), while �r = 1:0 collapses only 2/32 (42.58 PPL; Tables 7 and 8). This
connects to the smoothness bound (Section B): low �r reduces the gradient variance term
� r Varw B [r h Ee], smoothing the landscape but delaying expert differentiation.

• The learned �r (initialized at 1:0) converges to � 0:17 in E2, suggesting optimizer dynam-
ics or weight decay bias it toward uniformity.

C.5 F6: GAUSSIAN MIXTURE / HOPFIELD ROUTING

Formulation F6 routes tokens based on their squared Euclidean distance to expert prototype means
� e 2 Rd, establishing connections to Gaussian mixture models Dempster et al. (1977) and modern
continuous Hop�eld networks Ramsauer et al. (2021).
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C.5.1 ENERGY FUNCTIONAL

De�nition 6 (Gaussian Mixture MoE Energy). Given expert means f�1; : : : ; � E g and inverse tem-
perature �G = 1=TG :

Egauss(h) = �
1

� G
log

N eX

e=1

exp
�

�
� G

2
kh � � ek2

�
: (16)

The Gaussian routing weights are wG
e = softmax(�kh � � ek2=(2TG )).

The negative gradient of Egauss pulls h toward the weighted centroid: �rh Egauss =
P

e wG
e (� e �

h), a soft nearest-neighbor retrieval step analogous to the Hop�eld network update rule.

C.5.2 HYBRID ROUTING AND EXPERT MEAN DYNAMICS

F6 supports a hybrid mode combining distance and linear gate logits:

r hybrid
e = � H �

�
�

kh � � ek2

2TG

�
+ (1 � � H ) � [h > Wg]e; (17)

where �H 2 [0; 1] interpolates between geometric and learned routing. Expert means are maintained
via EMA: � e  
 � e + (1 � 
) �he, mirroring the M-step of the EM algorithm. Router weights are
detached ( �we = sg(wG

e )) for energy compatibility, following the bilevel (F1) strategy.

C.5.3 KEY PROPERTIES

• Geometric interpretability: routing corresponds to Voronoi-like partitions of representa-
tion space.

• Hop�eld connection: expert means act as stored patterns; routing performs associative
retrieval.

• Natural load balancing: EMA-maintained means track the token distribution, preventing
expert collapse.

• Negligible overhead: routing operates in Rd (� 0:5% additional FLOPs).

• Combined F6+F3: Gaussian pre-�lter for two-stage Boltzmann routing combines F6's
ef�ciency with F3's theoretical guarantees.

C.5.4 GAUSSIANBOLTZMANNMOE: LEARNED PRECISION MATRICES

The isotropic F6 formulation assumes all experts have equal, spherical in�uence regions. A nat-
ural generalization replaces Euclidean distances with Mahalanobis distances, giving each expert a
learned precision structure via low-rank factors We 2 R k�d , where k is the expert intermediate
dimension.

De�nition 7 (Mahalanobis Gaussian MoE). Given expert centroids f�egN e
e=1 , low-rank precision

factors fWeg, and optional mixing coef�cients �e, the expert energy is:

Ee(h) = kW e(h � � e)k2; (18)

with full GMM routing logits:

`e = log � e + 1
2 log det(W >

e We) � kW e(h � � e)k2 + be; (19)

where be are optional per-expert bias terms for auxiliary-loss-free load balancing (cf. DeepSeek-V3).

The expert output is the exact negative energy gradient:

f e(h) = �r h Ee = �2 W >
e We (h � � e); (20)

preserving energy compatibility: de�ning the free energy F (h) = � log
P

e exp(`e), we have
�r h F =

P
e we(h) f e(h) exactly, where we = softmax(` e).
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KL distillation router. Following the F5 strategy (§C.4), we add an auxiliary linear gate Wg 2
RN e �d trained via KL divergence to mimic the full GMM routing distribution:

L KL = � KL � D KL
�
log softmax(Wg h)




 sg

�
softmax(`)

��
; (21)

where sg denotes stop-gradient. At inference time, only the linear gate is evaluated for top-k expert
selection, followed by sparse computation of fe for the selected experts only. This avoids computing
all Ne expert energies, reducing per-token cost from O(Nekd) to O(kd + N ed).

Anti-collapse regularization. Expert collapse—where a subset of experts receives all tokens and
the rest become inactive—is the primary practical challenge for Gaussian MoE routing. We employ
�ve complementary anti-collapse mechanisms:

1. Routing entropy bonus (
ent ): Maximizes per-token routing entropy H(w1; : : : ; wE ) to
prevent winner-take-all dynamics.

2. Mixing entropy bonus (
 mix ): Maximizes entropy of the mixing coef�cients
H(� 1; : : : ; � E ) to keep all experts a priori equally likely.

3. Centroid repulsion (� rep ): Penalizes � 1
N e (N e �1)

P
i6=j k� i � � j k2 to spread expert cen-

troids in representation space.

4. W-diversity (� div ): Penalizes pairwise cosine similarity between �attened We matrices to
encourage distinct precision structures.

5. Bias-based balancing: Maintains running per-expert token fractions�f e via EMA and up-
dates biases be += � (1=N e � �f e) to steer routing toward underutilized experts, without
backpropagation through the balancing signal.

C.5.5 PRELIMINARY RESULTS: EXPERT COLLAPSE ANALYSIS

We test GaussianBoltzmannMoE on WikiText-2 (GPT-2 tokenizer, sequence length 1024) with a
small model: hidden size 512, 3 layers with 4 energy iterations, 8 experts, intermediate size 256,
top-2 routing. Training uses AdamW (lr = 3 � 10�4 , cosine decay) for 1000 steps on a single
RTX 4090.

Baseline: log-determinant normalization enabled. With the full GMM logits of Eq. equation 19,
the 1

2 log det(W >
e We) term grows unboundedly during training, reaching auxiliary loss values of

�1:5�10 6. This drowns the distance-based routing signal, causing 6 out of 8 experts to collapse
(normalized routing entropy � 0:33, language modeling loss stuck at �7:5).

Exp A: disabling log-determinant normalization. Dropping the1
2 log det term from the routing

logits yields a large improvement: LM loss drops from 10:9 to 5:4, and auxiliary loss falls to �18.
However, 4 out of 8 experts remain collapsed (normalized entropy � 0:65).

Exp B: strong anti-collapse regularization. Starting from Exp A and increasing penalties by
10� (
 ent =1:0, 
 mix =1:0, � rep =0:1, � div =0:1) yields the best results: collapsed experts drop from
4 to 2 over the course of training, with normalized entropy rising to 0:80 and two previously dead
experts recovering (reaching 6:6% and 7:7% token share respectively). LM loss remains comparable
at 5:44, con�rming that anti-collapse regularization does not hurt language modeling quality.

Key �ndings.

1. The log-determinant normalization in Eq. equation 19 is the primary cause of expert col-
lapse at this scale and should be disabled or carefully regularized.

2. Strong anti-collapse penalties substantially improve expert utilization (0:33 ! 0:80 nor-
malized entropy) without degrading LM loss.

3. Two experts remain persistently dead even with 10� penalties, suggesting that bias-based
balancing alone cannot rescue completely collapsed experts. Periodic re-initialization of
dead expert centroids or warm-starting with uniform routing may be needed.
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Algorithm 1: Boltzmann Routing with Sparse Execution

Input: h 2 R d; expert weights fW(e)
1 ; W (e)

2 gN e
e=1 ; inverse temperature �r ; sparsity k

Output: MoE output y 2 Rd

/ * Stage 1: Compute all expert energies * /
for e = 1; : : : ; N e do

Ee  � GELU(W (e)
1 h)> (W (e)

2 h);
end
w B  softmax

�
�� r � [E1; : : : ; EN e ]

�
;

/ * Stage 2: Sparse top-k execution * /
S  top-k indices of w B ;
~we  w B

e

� P
e02S wB

e0 for e 2 S;
y  

P
e2S ~we � f e(h) ; // f e = �r h Ee

return y

C.6 BOLTZMANN ROUTING ALGORITHM

Stage 1 Algorithm 1 requires Ne forward projections (O(Nedm)), higher than a linear router's
O(N ed) but reusing expert weight matrices. Stage 2 executes only k expert's full dual-path forward
pass. For large expert counts (Ne � 64), a linear pre-�lter can reduce candidates to 2k before full
energy evaluation.

D EXPERIMENTAL RESULTS

We evaluate �ve MoE routing strategies within a three-layer architecture: a standard GPT pre-layer
(softmax attention + SwiGLU MLP), an Energy Block (energy attention + MoE, iterated 6 times),
and a standard GPT post-layer. Hidden size 1024, top-2 routing, trained for 30k steps (� 63B tokens)
on NemoTron-CC data.

Training details. All models are trained with sequence length 4096. We use AdamW with learning
rate 3�10 �4 , � = (0:9; 0:95), � = 10 �10 , weight decay 0:1, and gradient clipping at 1:0. The learn-
ing rate follows a cosine schedule with 2,000 warmup steps, 28,000 decay steps, and a minimum LR
factor of 0:1.

Training uses BF16 mixed precision with FSDP (stage 0, algorithm 2). Standard MoE, Stop-
Gradient, and Std (no aux) use micro-batch size 8 with 1 gradient accumulation step; Boltzmann
Pure and F5 use micro-batch size 2 with 4 gradient accumulation steps (same effective batch size)
due to the higher memory cost of evaluating all expert energies. Attention uses 16 heads with
multi-head attention (no GQA), RoPE positional embeddings (dimension 64), and RMSNorm nor-
malization (� = 10�5 ). Word embeddings are tied between input and output.

Routing variants:

• Standard MoE : Learned linear gate with aux load-balancing loss (�aux = 0:001).
• Boltzmann F5 : Full Boltzmann routing (all experts evaluated) with KL distillation to a

linear gate; learnable �r .
• Boltzmann Pure : Energy-based routing we = softmax(��E e(h)), no aux loss.
• Stop-Gradient : Linear gate with detach() on router input; energy-compatible.
• Standard (no aux) : Same as Standard MoE with �aux = 0.

Routing metrics. We track four routing diagnostics throughout training:

• Normalized Entropy (H=H max , range [0; 1]) : Shannon entropy of the routing distribution
divided by ln E. A value of 1:0 indicates perfectly uniform routing; 0:0 means only one
expert is ever selected. This measures how spread out routing decisions are, independent
of expert count.

• Routing Entropy (H = �
P

e pe ln pe, range [0; ln E]) : Unnormalized Shannon entropy.
The maximum scales with expert count (ln 8 � 2:08, ln 32 � 3:47), making it useful for
comparing absolute information content across con�gurations.
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• Load Balance (E � mine(pe)= maxe(pe), range [0; E]) : Ratio between least- and most-
loaded experts, scaled by E. A perfect score of E means equal token counts across all
experts; 0 means at least one expert receives no tokens. This captures worst-case imbalance
relevant for hardware utilization.

• Expert Collapse Count (range [0; E]) : Number of experts receiving <1% of tokens.
Collapsed experts are effectively dead, they receive too little gradient signal to recover,
creating a self-reinforcing cycle.

D.1 EXPERIMENT E2: 8-EXPERT BASELINE

Con�guration: 8 experts � 1024 intermediate, dense SwiGLU = 4096 intermediate.

D.1.1 DOWNSTREAM EVALUATION

Table 4: E2: 8-expert downstream results. Lower PPL is better (#); higher Avg is better ("). Best in
bold.

Routing ARC-C ARC-E BoolQ COPA HSwag LAMB. OBQA PIQA RACE SciQ Wino. PPL# Avg"

Standard MoE 0.242 0.469 0.615 0.620 0.325 0.192 0.282 0.637 0.266 0.656 0.534 40.36 0.440
Boltzmann F5 0.249 0.462 0.541 0.630 0.320 0.176 0.300 0.637 0.264 0.673 0.511 42.82 0.433
Boltzmann Pure 0.246 0.470 0.608 0.640 0.327 0.182 0.290 0.639 0.269 0.667 0.504 41.17 0.440
Stop-Gradient 0.239 0.470 0.560 0.640 0.322 0.194 0.274 0.647 0.277 0.676 0.508 40.17 0.437
Std (no aux) 0.249 0.475 0.599 0.630 0.326 0.193 0.284 0.642 0.272 0.655 0.518 40.23 0.440

At 8 experts, all routing variants achieve comparable accuracy (0:433 to 0:440, Table 4). Stop-
Gradient achieves the lowest perplexity (40.17) through near-perfect load balance, while Boltzmann
F5 has the highest perplexity (42.82), likely due to the KL distillation objective competing with the
language modeling loss. Even Boltzmann Pure, which collapses 4 of 8 experts (Table 5), matches
the best accuracy, at this scale the remaining active experts compensate for dead ones.

D.1.2 ROUTING METRICS

Table 5: E2: Routing metrics at convergence (step 30k). Hmax = ln 8 � 2:08. Load balance
= E � min(p e)= max(pe); perfect = 8:0. Collapsed = experts receiving <1% of tokens.

Routing Norm. Entropy Routing Entropy Load Balance Collapsed
(max = 1:0) (max = 2:08) (max = 8:0) (out of 8)

Standard MoE 0.939 1.953 2.109 0
Boltzmann F5 0.952 1.980 2.207 0
Boltzmann Pure 0.442 0.919 0.0 4
Stop-Gradient 0.999 2.079 7.581 0
Std (no aux) 0.647 1.345 0.0 3

Key observations (Table 5 and �g. 2). Stop-Gradient achieves near-perfect uniformity (entropy
0:999, load balance 7:58=8:0) by preventing expert gradients from biasing the router. Boltzmann
Pure collapses rapidly, 4 of 8 experts die by step 50 and never recover, as the energy landscape
concentrates on a few low-energy attractors in a self-reinforcing cycle. Standard MoE and Boltz-
mann F5 maintain all experts alive with moderate balance via aux loss. Without aux loss, 3 experts
collapse, yet downstream performance is unaffected at this scale.

D.2 EXPERIMENT E5: TEMPERATURE SWEEP

We �x the Boltzmann F5 architecture at 8 experts and sweep the inverse temperature �r 2
f0:1; 1:0; 2:0; 5:0g (�xed, not learned). Lower �r corresponds to softer (more uniform) routing;
higher � r to sharper (more peaked) routing.

Moderate sharpness (�r = 2:0) achieves the best average accuracy (0.437), while sharper routing
(� r = 5:0) gives the lowest perplexity (42.06) at some cost to accuracy (Table 6). The softest
setting (�r = 0:1) produces the worst perplexity (45.05), con�rming that near-uniform routing
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(a) Normalized Entropy (b) Routing Entropy

(c) Load Balance (d) Expert Collapse Count

Figure 2: E2: Routing dynamics over 30k training steps (8 experts). Stop-Gradient (teal) converges
to near-perfect uniformity. Boltzmann Pure (orange) collapses irreversibly by step 50. Standard
MoE and F5 stabilize at moderate entropy with aux loss.

Table 6: E5: Temperature sweep. 8 experts � 1024, Boltzmann F5, �xed �r , 30k steps.

� r T = 1=� r ARC-C ARC-E HSwag BoolQ PPL# Avg"

0.1 (soft) 10.0 0.253 0.447 0.319 0.584 45.05 0.435
1.0 1.0 0.241 0.451 0.319 0.564 43.45 0.424
2.0 0.5 0.247 0.473 0.319 0.571 42.23 0.437
5.0 (sharp) 0.2 0.237 0.464 0.318 0.486 42.06 0.428

Learned ! 0:17 0.249 0.462 0.320 0.541 42.82 0.433

wastes expert capacity. The learned �r (E2-B) converges to � 0:17, near the soft end of our sweep,
suggesting that optimizer dynamics or weight decay bias the learned temperature toward uniformity
rather than the optimal operating point.

D.3 EXPERIMENT E6: 32-EXPERT SCALING

Con�guration: 32 experts � 2048 intermediate, dense SwiGLU = 4096 intermediate. The dense
layers still carry most of the per-token compute, which may mask routing quality differences. We
include two Boltzmann F5 variants: one with �r = 0:1 initialization and one with default �r = 1:0
(compiled).

D.3.1 DOWNSTREAM EVALUATION

Table 7: E6: 32-expert results. Dense = 4096, MoE = 32 � 2048, top-2, 30k steps.

Routing ARC-C ARC-E BoolQ COPA HSwag LAMB. OBQA PIQA RACE SciQ Wino. PPL# Avg"

Standard MoE 0.249 0.492 0.588 0.660 0.351 0.203 0.316 0.667 0.261 0.683 0.513 35.27 0.453
Stop-Gradient 0.271 0.482 0.575 0.620 0.338 0.203 0.300 0.650 0.269 0.687 0.504 36.84 0.445
Boltzmann Pure 0.242 0.442 0.465 0.650 0.303 0.165 0.300 0.631 0.257 0.656 0.510 46.18 0.420
Std (no aux) 0.256 0.492 0.614 0.620 0.353 0.201 0.284 0.651 0.288 0.677 0.522 35.51 0.451
F5 (� r =0:1) 0.253 0.465 0.541 0.600 0.315 0.150 0.290 0.618 0.268 0.661 0.511 62.14 0.425
F5 (compiled) 0.242 0.472 0.611 0.660 0.334 0.157 0.312 0.638 0.262 0.651 0.525 42.58 0.442
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