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Abstract

Sparse recovery in linear systems underpins
applications from signal processing to high-
dimensional regression. Sparse Bayesian Learn-
ing, grounded in the principle of automatic rel-
evance determination (ARD), offers a practical
Bayesian mechanism for feature sparsity via
marginal likelihood optimization. Yet, its reliance
on a homoscedastic noise model renders it sen-
sitive to data contaminations such as outliers or
misspecified noise, harming model fit and predic-
tions. Instead, we propose jointly learning indi-
vidual feature and sample relevancies, enabling
simultaneous model and data sparsification via a
single Bayesian objective. This symmetric prun-
ing of model and data offers a natural extension
that preserves conjugacy, admits closed-form up-
dates for standard optimization procedures, and
aligns with perspectives from robust regression
and influence functions. Empirical results across
diverse regression tasks affirm that a joint ARD
approach consistently yields both sparse and ro-
bust prediction models.

1. Introduction

Recovering sparse representations in linear systems is a
fundamental learning problem, with applications stretch-
ing from generic system resolution in ill-posed high-
dimensional settings (Biihlmann & Van De Geer, 2011)
to signal processing (Giacobello et al., 2012), compressed
sensing (Ji et al., 2008; Chen et al., 2001), and imaging
(Meer et al., 1991; Lustig et al., 2007). As such, a mul-
titude of proposals from traditional regularization (Tibshi-
rani, 1996) to greedy matching pursuit (Tropp & Gilbert,
2007) tackle the task of identifying a sparse and informa-
tive feature subset. In a Bayesian context, the principle of
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automatic relevance determination (ARD) leverages a data-
driven, sparsity-inducing weight prior to suppress superflu-
ous weights during model fitting (MacKay, 1992; 1995).
Centered around marginal likelihood maximization, the ap-
proach is operationally also known as sparse Bayesian learn-
ing (SBL) (Tipping, 2001; Palmer et al., 2003).

Here, the canonical linear system is given as
y = X0 +¢, (1

where y € R™ denotes the target signal, X € R"*% a po-
tentially overcomplete feature dictionary, @ € R? the un-
known model weights, and ¢; ~ AN(0, \;) independent
Gaussian noise. The ARD prior is then characterized by
6; ~ N(0, v 1), with «y; the learned precision parameter
of the j-th weight, dictating its concentration around zero.
If v; — oo, the weight is driven to zero and its respec-
tive feature column in X is effectively pruned. We denote
features as X for notational simplicity, but nonlinear map-
pings ®(X) are certainly permitted, and used throughout
our experiments (§ 4).

The standard SBL formulation imposes i.i.d. Gaussian noise,
corresponding to a homoscedastic noise model with scalar
variance \ shared across terms (i.e., \; = A Vi). It can be
estimated alongside weight precisions v = (71,...,7%4),
but is usually treated as a secondary nuisance parameter
(Neal, 1996). As a result, the framework can be sensi-
tive to potential data contamination through outliers, heavy
tails, and varying dispersion, rendering the underlying noise
model p(e | \) misspecified with significant potential to
impact model fit and subsequent predictive performance
(Rousseeuw & Leroy, 2003). Yet, approaches to equip
Eq. 1 and related designs with more flexible noise mod-
elling within a Bayesian framework tend to either (i) impose
additional noise or model structure conditions, (ii) leverage
‘robust’ distributions that compromise Gaussian conjugacy
and necessitate approximate inference, or (iii) do not inte-
grate naturally into the SBL modus operandi of evidence
maximization.

Instead, we propose a straightforward extension to the ARD
principle: the inclusion of per-sample noise variances \;
as primary parameters. With a drop-in replacement of A
by A = (\q,..., \,) we optimize (+y, A) simultaneously to
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Figure 1. An illustration of the proposed sparsification approach for polynomial regression on the mcycle dataset (Silverman, 1985)
(d =12, n = 128). Left: Model-only sparsification identifies two prunable features (marked in red), but treats every sample as equally
relevant for model fit, including six known outliers (®). Right: Joint learning of per-weight («) and per-sample () parameters via the
marginal likelihood not only sparsifies features akin to model-only ARD, but additionally identifies and automatically downweighs noisy
samples. This permits data diagnostics and leads to better posterior predictive fit (here, for 10-fold cross-validation with EM, an RMSE of

23.6 vs. 24.6 and NLL of 4.61 vs. 4.67).

identify both shrunken weights via -; and noisy samples
for which )\; is large. This hinges on the intuitive framing
of model robustification as a data sparsification task (Jin &
Rao, 2010), and ensures the automatic downweighting of
samples deemed uninformative or counterproductive dur-
ing model fitting (see Fig. 1 for an example). By viewing
the model and data as complementary contributions to the
marginal likelihood, we obtain a single unifying objective
that naturally promotes both sparsity and robustness. We
demonstrate consistent improvements over homoscedastic
baselines across different regression problems, and link our
approach to existing robust regression techniques.

2. Background and Related Work

We begin by revisiting underlying concepts and prior work
on SBL, as well as broader related sparsification and robus-
tification (Tab. 1). More can be found in App. A. Regarding
notation, matrices M, vectors v and scalars s are distin-
guished by case and bolding.

Sparse Bayesian Learning. Denoting model and data
parameters « and X within a two-tier Bayesian hierarchical
model', the joint probability factorizes as

p(y, 0,7, A) =p(y [ 0,X)-p(0[7) p(v) pN),

with p(y | 8, A) the likelihood function, p(@ | ) the ARD
prior and p(7),p(X) denoting hyperpriors placed on the
parameters of interest. By Bayes’ rule, the posteriors over

'Where A = (X, ..., )\) in the homoscedastic case.

weights 0 and parameters (v, A) satisfy

POy, v, A) x<p(y | 0,X)-p(0|7),
p(v, A y) ccp(y |7, A) - p(7) - p(N).

Employing uninformative (or flat) hyperpriors p(vy)
1,p(A) o 1 then indicates that p(y, A | y) < p(y | v, A),
and hence a maximum a posteriori (MAP) parameter esti-
mate can be obtained by maximizing the marginal likelihood
instead (Tipping, 2001), given by

p(y | 7. A) = / ply [0, X)p(0]7)d0. @

This is optionally referred to as evidence maximization or
Type-II maximum likelihood (Neal, 1996). Estimates of
(7, A) can subsequently be plugged in to (iteratively) update
the weight posterior p(0 | y,~, A) and perform predictive
inference on new observations.

Under Gaussian conjugacy—as is the case for SBL—the
term in Eq. 2 results in a closed-form objective (see § 3)
but remains jointly non-convex in (v, A), requiring itera-
tive re-estimation procedures. Standard approaches include
expectation maximization and MacKay’s updates employ-
ing a fixed-point condition (MacKay, 1995), as well as a
fruitful string of research connecting SBL to standard MAP
estimation and iterative reweighted least squares (Wipf &
Nagarajan, 2007; 2010; Wu & Wipf, 2012; Candes et al.,
2008; Chartrand & Yin, 2008). Recent work has also ex-
plored alternative ARD priors (Giri & Rao, 2016; Zhou
etal., 2021; Ray & Szabd, 2022) and surrogate objectives
(Wang et al., 2024; Zhang et al., 2025).
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Table 1. Comparison of model and data (or joint) ARD to related concepts in the literature. We desire a learning approach to satisty both
model sparsity and robustness to contaminated data or misspecified noise.

Property Model & Data ARD Model ARD, RVM  Sparse GPs  Bayesian Pruning Robust GPs  Robust Regression
Sparsity v v v v X X
Robustness v X X v v

Robust SBL and GPs. Extensions to more flexible noise Table 2. A high-level summary of optimization behaviour across

models have primarily targeted SBL via the relevance vec-
tor machine model (RVM, see App. A). These include (i)
introducing inlier and outlier noise components with sepa-
rate parametrizations (Mitra et al., 2010; Sundin et al., 2015;
Nannuru et al., 2019), or (ii) imposing a different functional
structure on the model (as a mixture, Faul & Tipping (2001))
and noise term (as a separate GP, Khashabi et al. (2013);
Gerstoft et al. (2018)). This usually breaks conjugacy and
requires variational approximations or tailored update rules.

Similar ideas on functional noise models can be found in
the literature on robust GPs (Goldberg et al., 1997; Kerst-
ing et al., 2007; Lazaro-Gredilla & Titsias, 2011; Liu et al.,
2020a). This includes the incorporation of heavier-tailed
likelihoods such as mixtures, the Laplace, or Student-¢ (Van-
hatalo et al., 2009; Jylanki et al., 2011; Shah et al., 2014;
Lindfors et al., 2020; Ament et al., 2024) and relies almost
exclusively on approximate inference. In contrast, our sym-
metric treatment of noise parameters provides closed-form
updates, requires no additional structural assumptions, and
retains a simple model design.

3. Joint Automatic Relevance Determination

We next state the explicit marginal likelihood objective, with
a more efficient dual formulation given in § B.1.

The Marginal Likelihood Objective. Revisiting the no-
tation in § 2, the ARD model prior p(€ | «y) and noise prior
p(e | A) are instantiated as

d
p(0]v) = HN(0373_1) :N(Ovril)

where I' = diag(y) and A = diag(\), collapsing to
A = )1, for the homoscedastic case. Subsequently the
likelihood function is given by p(y | 8,A) = N (X0, A).
Hyperpriors p(), p(\) are chosen to be uninformative, for
instance v; ~ Gamma(a,b) and \; ~ InvGamma(a,b)
with a,b =~ 0. This choice serves conjugacy and induces
Student-t marginals on 6 and y, theoretically motivating
effective sparsification (Tipping, 2001).

Leveraging Gaussian conjugacy, the marginal likelihood

investigated SBL procedures.

Method  Improvement Guarantee Convergence Cost
EM Monotone in £(=, A) Stationary point Low
MacKay None, Heuristic Fixed point Low
£5-IRLS Monotone in surrogate Local optimum  Medium
£;-IRLS Monotone in surrogate Local optimum High
Grad. None, Optimizer-dependent ~ Stationary point ~ Variable

(Eq. 2) is given as p(y | v,A) = N(0,%y), and we can
write out the objective explicitly as

L(y,A) =—logp(y |7, A)

n 1 1 _
5 log(27) + 3 log |3y | + inEyly 3)

=log|Sy| +y 'Sy,

where maximization of p(y | =, A) is equivalent to mini-
mization of its log-negative, and the final equivalence holds
up to additive constants. ¥y = A + XTI 1 XT € Rx"
models the data covariance, with X' X" capturing
model-induced covariance in sample space and noise vari-
ance A marking unreliable data points. The log-determinant
log |Xy | serves as a complexity penalty, reflecting an ‘Oc-
cam’s Razor’ effect of the marginal likelihood (Rasmussen
& Ghahramani, 2000).

For a given pair (v, A) the weight posterior can be computed
as p(e | Y7 )‘) = N(/Le, 29)’ where

o =g X"Aly and g = T+ XTA*IX)*1

denote updated posterior mean and covariance. g €
R?*4 highlights the parameter’s complementary roles, with
X T A~'X downweighting noisy sample contributions while
model precision I' shrinks weakly supported weight direc-
tions, enacting the joint ARD effects.

Optimizing for Heteroscedastic Noise. Both L(v, \)
and the dual £~(')/7 A) (8§ B.1) are jointly non-convex and
coupled in (v, A), necessitating iterative re-estimation. For
A = diag(X), we show that the same closed-form update
for \; emerges from three standard SBL procedures: ex-
pectation maximization (EM), MacKay’s updates, and ¢5-
iterative reweighted least squares (¢2-IRLS). We also discuss
£1-IRLS and gradient updates. Full derivations are deferred
to App. B, a table of update rules to § B.7, and pseudocode
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to App. C; optimization properties are summarized in Tab. 2.
We restrict ourselves to optimization via EM next.

Expectation Maximization. Treating 6 as latent, the
E-step sees computing the intermediate posterior p(6 |
v,7%, AY) at current parameters, while maximization un-
der that posterior (M-step) yields the updates

1
7§+1 — ————— and

M2 4 x[ Y x;,
1o ; + [Seljj ' L '

where 19 ; and [YXg];; denote the j-th (diagonal) entries,
r; = (yi — X, pe) is the i-th training residual, and x,
indicates the i-th row of X.

Both updates follow from exact posterior second moments
and take on intuitive interpretations: y; grows when both
weight magnitude and posterior variance are small, while
\; decomposes learned noise into data fit (r?) and model
uncertainty (xiT Y X;). We find that the squared residual
term tends to dominate empirically. EM updates are rel-
atively stable and efficient, with monotone improvements
in £(v,A)%. For A = AL, the noise updates reduce to a
scalar computation, and more generally simplify across all
SBL methods. Two complementary interpretations of the
obtained noise update are given in § B.8, connecting it to
data influence and to GP robustness.

4. Empirical Results

We next present our experimental findings, covering tab-
ular and neural network regression tasks. Further pro-
tocol details and additional synthetic and kernel experi-
ments are reported in App. D and App. E. Our code
is made publicly available at https://github.com/
alextimans/robust-sbl.

Experimental design. To demonstrate the robustness bene-
fits of data ARD we consider settings where (real-world) in-
lier data is subject to contamination in target space, perturb-
ing a small fraction of samples to yield plausible response
outliers. Model fit is assessed primarily through downstream
hold-out predictive performance, using root mean squared
error (RMSE) as a comparable point-estimate metric and
Gaussian negative log-likelihood (NLL) for probabilistic
predictions. For the NLL we evaluate posterior predictive
mean and variance at test points (X, yi) as fx = X, o
and A\, = A\p + XIEgX*, which requires a base noise level
Ap. We conservatively set A, = mean(A) as the plug-in
average training noise learned by data ARD.

To quantify both model and data sparsity without hard
thresholding or explicit pruning we report a threshold-free
effective support size (ESS), a scalar in (0, 1] (or 0-100%)

>Under the exact update; in practice we equip methods with
damping and clipping for stability, see § D.1.

that summarizes the effective fraction of active elements,
those being either high-relevance weights (ESS(8)) or high-
relevance samples (ESS(y)). Concretely, given nonnegative
relevance scores (1/; or 1/);) we normalize to a probabil-
ity mass and compute the exponentiated Shannon entropy
(i.e. perplexity), interpreted as the number of active entries;
dividing by the total dimension yields ESS (see App. D;
Grendar (2006); Martino et al. (2016)). Alternatively, we re-
port signal recovery as the fraction of true non-zero weights
or outliers contained in the top-k elements ranked by -~
respective A (i.e. top-k recall).

4.1. Tabular Regression Benchmarks

We evaluate joint ARD in all its variants on nine tabular
regression benchmarks from UCI and OpenML (Dua et al.,
2017; Bischl et al., 2025). Features are standardized and
mapped via random Fourier features to approximate an RBF
kernel, yielding a nonlinear and flexible, but correlated de-
sign (d = 256). We compare against sparse and robust
regression baselines, with an exact RBF-kernel GP serving
as a predictive reference point on clean data (Tab. 6).

At 10% outlier contamination on three representative
datasets, we see in Tab. 3 that joint ARD maintains a strong
predictive fit by downweighting corrupted samples. A well-
working robustness mechanism should approximately re-
flect the injected outlier rate; indeed, an ESS(y) =~ 90%
indicates joint ARD downweighs roughly the right amount,
as do robust Student-t (Geweke, 1993) and Huber (Huber,
1964) baselines. In addition, joint ARD simultaneously
yields meaningful feature sparsity, and predictive gains
against sparsity-only baselines—homoscedastic variants,
Ridge, and GP—are clearly visible. Nonetheless, SBL ap-
proaches can be sensitive to learning dynamics, as seen in
the gradient-based variants.

4.2. Neural Network Regression

Our second experiment considers image-based crowd count-
ing on ShanghaiTech (Zhang et al., 2016). We extract fixed
nonlinear DINO-2 features (d = 384, Oquab et al. (2024))
and learn a final linear layer with joint ARD, akin to a neu-
ral linear model (Ober & Rasmussen, 2019). Targets are
transformed as z = log(1 + y) to stabilize count variance
and render label noise approximately additive and Gaussian
in log-space, better matching our likelihood assumptions.
We inject noise by randomly corrupting labels for a subset
of high-count images, mimicking annotator inaccuracies in
crowded scenes (for 20% effective contamination). This
time we additionally act upon learned noise variances (via
EM) by repeatedly refitting the model with the top-k-th frac-
tion of samples removed, as determined by the ranking of A
on the full set. We compare to both an oracle (rank by true
outliers) and random data removal.
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Table 3. Comparison of heteroscedastic SBL methods against sparse (Ridge, GP) and robust (Student-¢, Huber) baselines on predictive
RMSE and effective support sizes (weights 8 and samples y). Improvements over homoscedastic SBL counterparts are shown as (—z%),
indicating the relative reduction in RMSE from robustness. Results are shown on three tabular UCI regression tasks with 10% outlier

contamination (avg. over 10 trials, + 10); lowest RMSE in bold.

Energy Carbon Protein
Method RMSE () ESS(#) ESS(y) RMSE() ESS(#) ESS(y) RMSE() ESS(#) ESS(y)
OLS 5.73£0.71 100 100 0.118 £+ 0.006 100 100 2932.8 +412.3 100 100
Ridge 2.79+0.31 96.0 100 0.053 £ 0.004 92.6 100 957.2 £ 96.0 90.9 100
GP 2.85£0.29 9.2 100 0.053 £ 0.005 16.9 100 880.5 £ 70.2 27.7 100
Student-¢ 2.23£0.17 100 92.5 0.028 £ 0.003 100 90.2 1060.3 + 134.8 100 89.7
Huber 2.14£0.23 100 83.5 0.015 £ 0.004 100 90.1 653.8 £+ 140.6 100 88.5
EM 1.89 +0.14 (-32.07%) 29.4 91.2 0.015 £ 0.004 (-69.91%) 15.3 92.0 525.8 £116.3 (—44.95%) 11.7 91.7
MacKay 1.97 £ 0.16 (—29.70%) 6.7 88.4 0.016 £ 0.004 (—67.93%) 2.7 90.8 520.6 £ 129.6 (-45.12%) 5.2 90.2
l2-IRLS 1.89 £0.15 (-31.89%) 39.5 91.0 0.014 £ 0.004 (—70.34%) 22.7 91.5 524.0 £115.4 (—44.91%) 19.0 91.5
¢1-IRLS 2.48 +0.54 (—25.46%) 18.5 95.4 0.020 £ 0.003 (—71.53%) 1.9 93.1 601.6 £ 103.5 (—60.88%) 7.3 92.5
Grad. (Primal)  2.28 £ 0.27 (-18.52%) 11.8 64.4 0.013 £ 0.004 (-72.62%) 4.2 89.6 565.1 £ 129.8 (—40.81%) 9.8 87.1
Grad. (Dual) 2.28 £ 0.27 (—18.42%) 11.1 64.4 0.013 £ 0.004 (-72.63%) 3.7 89.6 565.5 £ 130.1 (—40.75%) 8.2 87.0

225 4 1.0 4 =&= Oracle
‘_>x 0.8 4 == Random
300 + 1 I =o= Data ARD
5, | —1 § 0.6 -
27.5
< 7 ~
s 1 T 04
25.0 4 ] &
& 024
225
T T T T T 0.0 T T T T T
0 5 10 15 20 25 0 5 10 15 20 25

Data Removal [%] Data Removal [%]

Figure 2. Results for crowd counting on Shanghailech using
pretrained DINO features, with joint ARD via EM on the model’s
output layer (n = 716, avg. over 10 trials, &= 10). Top: Unreliable
count labels coincide with crowded scenes and tend to be identified
as such effectively. Bottom: Models fitted on gradually smaller
data subsets ranked by learned A maintain stable performance
(MAE) despite a shrinking training signal.

Quantitative results in Fig. 2 affirm high signal recovery for
data ARD initially matching the Oracle, with an expected
drop curve as high-noise (and hence signal) samples are
gradually pruned and the task hardens; and that removing
high-noise samples stabilizes performance (here via mean
absolute error, MAE) under increasing data scarcity, while
random removal degrades performance. That is, joint ARD
closer matches Oracle errors which gradually improve as
true contaminants are removed, affirming an actionable data
signal.

Yet, modest net MAE gains, together with very low ESS(8)
(Fig. 7), suggest the injected corruptions are only mildly
harmful and that the DINO representation is redundant for
this task, with very few feature directions sufficing for good

performance. This is plausible, since DINO-2 is trained
on vast amounts of data and generalizes exceptionally well
(Oquab et al., 2024), hence despite no finetuning crowd-
counting likely constitutes a simple task for this powerful
feature model.

5. Discussion

At its core, data ARD introduces heteroscedastic noise and
induces sample-adaptive reweighting, promoting robustness
to contaminants while remaining closely aligned with stan-
dard model-only ARD, a key strength of the approach. By
treating model weights and data samples symmetrically as
parameters governed by the marginal likelihood, joint ARD
unifies sparsity and robustness within a single objective
and highlights previously underexplored model-data cor-
respondences. These insights extend naturally to ¢;- and
£5-IRLS surrogate objectives, where regularization on both
coefficients and residuals emerges. No additional ad-hoc
structural assumptions are required beyond those inherent to
the framework, and our regression experiments corroborate
the practical benefits of the idea.

A principal limitation, however, is that our closed-form up-
dates rely on a linear-in-weights parametrization (Eq. 1).
While such models remain expressive through nonlinear
feature mappings, they do not cover highly nonlinear param-
eterizations such as end-to-end deep neural networks. This
constraint is shared by recent SBL-related proposals (Zhang
et al. (2025); Wang et al. (2024); Ament & Gomes (2021),
among others), and constitutes a principal angle for future
work. Few tailored attempts have been made (Karaletsos
& Riitsch, 2015; Kharitonov et al., 2018; Li et al., 2020),
and broader applicability will likely trade tractability for
scalable variational approximations.

A promising candidate in this direction is the Bayesian
Learning Rule (BLR; Khan & Rue, 2023; Shen et al., 2024),
a natural-gradient variational method whose objective re-
covers L(y, A) in the linear setting (as we show in § B.9),
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Table 4. We compare joint ARD with EM using the exact, closed-
form posterior to EM with the BLR-provided approximate poste-
rior on Boston, following the protocol in § 4.1 (avg. over 10 trials,
+ 10). Lowest errors in bold.

Uncontaminated 10% Contamination
Method RMSE ({) NLL ({) RMSE (]) NLL ()
EM (exact) 3.31+0.43 2.55+0.11 4.754+1.00 2.924+0.09
EM (BLR) 4.05+0.70 2.84+0.18 4.294+0.66 2.91+0.11

permits an ARD-type parametrization, and draws its own
connections to influence (Nickl et al., 2023; Tailor et al.,
2025). A tentative experiment in Tab. 4 suggests poten-
tial for future integration, combining closed-form EM up-
date rules for («, A) with a variational approximation for
p(@ | y,7v,A). An alternative route may perhaps leverage
links between GPs and neural networks (Dutordoir et al.,
2021; Khan et al., 2019).

Other directions warranting future treatment include (i) a
better understanding of £(«y, A) and possible tractable sur-
rogates (Lotfi et al., 2022; Zhang et al., 2020), including
potential to reduce existing learning sensitivities (§ D.1); (ii)
the integration of alternative sparsity-inducing priors within
SBL, such as the Horseshoe or Spike-and-Slab (Carvalho
et al., 2009; Ray & Szabd, 2022); and (iii) the expansion to
other tasks and settings benefitting from data sparsity, such
as continual and active learning (Chang et al., 2023; Hiibot-
ter et al., 2024). Clearly, the related literature on sparse and
robust models is vast, and many more comparisons can be
drawn. In this work, our intent was to provide a simple yet
principled foundation for robust SBL, opening up several
promising avenues for investigation.

Impact Statement

This work develops methods for sparse and robust regression
by jointly identifying relevant model features and potentially
unreliable training samples. Potential benefits include im-
proved predictive reliability, better diagnostics for contami-
nated datasets, and more interpretable models in scientific or
engineering applications. As with other data-weighting and
outlier-detection methods, care is needed when applying the
approach to socially sensitive data. Samples assigned low
relevance should not automatically be interpreted as erro-
neous or unimportant without domain context and analysis.
We do not foresee direct negative societal impacts beyond
these general risks of misuse or misinterpretation.
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A. Additional Background

Relevance Vector Machine. As a particular instantiation of SBL, the relevance vector machine (RVM) replaces the feature-
based dictionary X € R™*d ip Eq. 1 with a kernel matrix ® € R™*" centered around samples, such that P, ;= k(x., xj)
evaluates x, at the j-th basis function (Tipping, 2001; Tipping & Faul, 2003). Thus, model ARD now corresponds to basis
pruning and results in a sparse set of ‘relevance vectors’ dictating its functional form®. A correspondence can be drawn to
sparsifying Gaussian Processes (GPs) in explicit weight-space form, further connecting to a broader literature on kernel
learning and inducing points (Liu et al., 2020b; Quinonero-Candela & Rasmussen, 2005; Titsias, 2009). We also point out
links to sparse recovery via stepwise regression and pursuit algorithms (Chen et al., 2001; Keerthi & Chu, 2005; Ament &
Gomes, 2021).

Robust regression. Established approaches in robust regression include the Huber loss, M-estimation, trimmed least
squares, LAD, or median-of-means (Rousseeuw & Leroy, 2003; Lugosi & Mendelson, 2019; Loh, 2024), with strong ties to
data diagnostics via influence functions (Hampel et al., 2011; McWilliams et al., 2014). From a Bayesian perspective, early
work on robust linear models includes O’Hagan (1979); West (1984); Geweke (1993), and may also be tied to influence
(Berger et al., 1994). We draw upon such connections for our derived update rule in § B.8. Recent work in the direction has
centered on data pre-selection (Geppert et al., 2017; Campbell & Beronov, 2019), likelihood reweighting (Wang et al., 2017;
Dewaskar et al., 2025), and neural network training (Stirn et al., 2023; Immer et al., 2023). We offer perspectives towards
integrating SBL with neural networks in § 4.2 and § 5.

Bayesian pruning. More generally, the introduction of sparsity-inducing and shrinkage priors including Laplace (Seeger
et al., 2007), Horseshoe (Carvalho et al., 2009), Spike-and-slab (Ray & Szabd, 2022) and complexity-based (Castillo &
van der Vaart, 2012; Castillo et al., 2015; Martin et al., 2017) has been studied extensively for Bayesian pruning, variable,
and model selection. Perhaps as a well-known bridge between frequentist and Bayesian ideas, the LASSO estimator is both
interpreted as an M-estimator for high-dimensional settings or a Laplace shrinkage prior for sparsification (Hastie et al.,
2015). Recent work includes shrinkage priors on model weights in combination with Bayesian neural networks (Louizos
et al., 2017; Molchanov et al., 2017; Neklyudov et al., 2017; Ghosh et al., 2019; Nalisnick et al., 2021; 2019), and has also
seen explicit use of the marginal likelihood for model sparsification (Immer et al., 2021; Bouchiat et al., 2023; Dhahri et al.,
2024), albeit necessitating approximations via the Laplace.

B. Mathematical Details

We relate £(+, ) to the dual objective £(v, A), provide detailed derivations for all heteroscedastic SBL update rules
(including a summary table in Tab. 5), provide interpretations connecting to influence and robust GPs in § B.8, and discuss
how marginal likelihood optimization connects to the Bayesian learning rule (Khan & Rue, 2023) in linear models (§ B.9).

B.1. Formulation of the dual objective

Evaluation of £(+, A) requires an n x n solve in ¥, and can be numerically sensitive when updates drive I'"! to be large.
Instead, leveraging standard matrix identities (see § B.1) an equivalent dual formulation can be given as

L(v,A) =log|S,"| — log |T| + log |A|

. . “4)
+(y"A Yy -7 Sey),

where ¥ = X TA~ly € R? projects the data into weight space (and similarly appears in the posterior mean pg). Efficiency
is gained by solving for size d x d when d < n, while decomposition of log |X,| highlights individual contributions to
complexity: log |, | — log |T'| penalizes data-induced precision increases relative to the prior, while log |A| discourages
excessive noise fitting. The data term promotes model fit by aiming to close the gap between total and model-explained
variance.

3 Akin to a Bayesian treatment of the well-known Support Vector Machine (Cortes & Vapnik, 1995).
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Objective derivation. We enumerate the primal objective from Eq. 3 as follows

n 1 1 _
—logp(y | 7, A) = 5 log(27) + S log[By| + oy " S5ty
|

—_— ——
m an M

and re-express each part following manipulations.

(I) Using the Woodbury identity | (A + CBCT) ' =A=' —A7'C(B™' +CcTA7'C)"'C" A7 |on ¥, ! we obtain

St =A+XTTIX) T = AT - ATX O+ XTATX) T XTAT = AT - ATIXSeX TAT

=Yg € Rdxd

Plugging into the expression, we then have
yT E;l y = yT (A71 o A71X29XTA71) y = yTAfly . yTAflng XTAfly _ yTAfly o S’TEQS’,
——
=y ERd

where ¥ = X T A~ !y becomes the data projection into weight space.

(I) Applying the matrix determinant lemma as | |A + UWV | = |[W~! + VT A7'U| - |W| - | A| | we obtain

log [Xy| = log (T + XTAT!X|- [T} - |A]) = log [T + X TAT'X| — log |T'| + log A,
———
=3,

where again Yg emerges. Combining (I) and (II) to re-express (III), the dual objective (Eq. 4) is given by

L(v;A) = —logp(y |7, A)
n 1 _ 1 _ - -
=3 log(27) + 3 (log |S5'| — log |T| + log |A]) + 3 (YA 'y — 7 209)

= log |Egl| —log |T'| + log |A| + (yTAfly — 3% y) )

B.2. Update rules from first-order optimality conditions

Consider the primal objective (Eq. 3) as
Ly, A) =log|Sy[ +y Iy,

where we define ITy, = %! for notational convenience moving forward.

Update for v;. A first-order optimality condition for y; is given by

OL(v,A) !
— D7 =,
;

Differentiation of the individual components yields that

log |X )y 1 11 by 1
M :trace(Hya y)—f—ZXIHij, 9 Y :*Hy 48 yHyzfizﬂyX;’erHya
M 95 ; v; O oF

where x; denotes the j-th column of X. Combined, we obtain that

OL(v, A 1 1 !
% == (%) yx; -y (Iyx] x;1) y) = —— (XJT Iy x; — (x] Hyy)2) =0.
Vi 5 7

We now derive two identities to obtain more convenient expressions for the condition. First, using the posterior mean and
covariance definitions we see that

pe=SeX Ay & S5l pe=X"ATy & Tpe=X"A"'(y — Xpa),
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and using Iy, = A= — A7!X X T A~ via Woodbury we observe that IT, y = A~! (y — X pg) (see update derivation
for \; below), which can be plugged into the right-hand side. Taking the j-th component, we obtain the first identity as
x; My y =7 o,j.

Next, we re-use the identity for II, and see that the inner product on the j-th column is given by
T T A-1 TA-1 TA-1 T
x; Iy x; = x; A x; — X AT XX AT x; =u; —u Mgu,

where we define u = X " A~!x;. Additionally defining s; = Y e; as the j-th column of Y, left-multiplying by u' and
solving we find the expression u's; = 1 — 7, - s;; = 1 — 7, - [Xg];;. Furthermore, substituting T, via Woodbury and
simplifying using the identity ¥ (I' + X" A7!X) = I, we find the expression IIy, X = A~!X T, and for the j-th
column ITy x; = A" X X "e; = v; - A~1 X s;. Therefore we obtain the final identity

x; Myxj = 7(XTAT %)) "sj =95 u's; = 91— ;- 555) = 1 (1 =75 - [Sels).
Plugging in both identities into the optimality condition, we find the update as

L —7% - [Zeljj
V(L= - [Selys) =73 - pgy; & (L= -[Sely) =i He,; & 1 = Lf
0.j

)

where 'y;» denotes the previous iterate on the right-hand side (and equates the MacKay update).

Update for \,. We follow the same general steps as above. A first-order optimality condition for A; is given by

o

Differentiation of the individual components yields that

ot
oN;

Olog |Zy |

v trace(Ily E;;) = [y s,

= I, E; I

since A = diag(A) and % = E;;, with E;; € [0, 1]"*™ denoting the basis with a single 1 at (¢,%). Combined, we obtain

% — M) -y (I, By 1)y = [ — (I, y])? £ 0.

We now re-use the Woodbury identity for II, to obtain more convenient expressions for the condition. Since II, =
A1 — A7'XEgX TA™!, we multiply with y and observe that

IIyy = Aty —ATIXEpXTA ly = A y — A "X g = A7 (y — X o),

using the definition of the posterior mean. Defining r = (y — X ug) we see that [IT, y]; = [A~'r]; = A - r;. Taking the
diagonal of the Woodbury identity, we see that

Mylio = A" = AT'XSeXTA 5 = A7 = A7 i, o =%/ Sox;
where x, indicates the i-th row of X. Plugging the two expressions into the condition, we obtain

IL(y, A _ _ _ !
% = [Mylii — (Myyla)* = A7 =X q— (A -m)? =0

Multiplication with \? and re-arranging yields the final update form
PVan

=7l +q =y — %, pe)’+x; Sox;.
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B.3. Update rules for Expectation Maximization
We target the complete-data joint log-likelihood of (y, 8), i.e
logp(y, 0 | v,A) o< logp(y | 0,A) +logp(6 | ),
where 0 forms the latent variable. The E-step sees computing the posterior ¢;(0) = p(@ | y,~v*, At), where we condition on

fixed parameters v, A! from the previous step. Updates for v, A are obtained in the M-step by maximizing the expected
joint under the current posterior, given by

Q(Y,A) =Eqy,0)[logp(y, 0 | v, N)] = Eqg,(g)[logp(y | 8, N)] + Eq, (0 [log p(6 | v)].

Update for v;. Considering dependencies on ~y and since p(6 | v) = H?Zl N(0,7; 1) we obtain that

d
Q(v,") = Eqy0)llogp(0 | )] = > (logy; — 5 - Eq(0)[67]) .
j=1

such that first-order optimality implies

0Q(y,:) 1 1 1
2000 ) _ L g, pt0 o 7=

v 7 E,@)0]  pg,; +[Zelj;’

since ¢:(0) = N (ug, Xg) and we match its second moment.

Update for )\;. Considering dependencies on X and since p(y | 8, X) = [, NV'(x, 8, \;) we obtain that

Q5 A) =Eqgy o) [logply | 8,M)] =) (10g>\ ++ Egoly —X?9)2]),

i=1
such that first-order optimality implies

0Q(, A 1 1 !
0902 Bl xT0°1 20 o X =By o) — T 0] = (i — x] o)+ x] o

since q;(0) = N (1o, Xg) and E[22] = E[z]? + Var(z) by law of total variance applied to z = (y; — x, 0).

Update for )\ in the homoscedastic case. Similarly to the heteroscedastic case above we obtain

n

1
D (i — x:0)21 =nlogA+ 1 By e)lly - X 03],

=1

1
Q(A) = Eq,9)logp(y | 8, X)] = nlog A+ - Eg )

and by first-order optimality we have

0Q(,A) _

n 1 ! 1
= 2 Ea@lly=XOl5] =0 & AT = Sy g)[lly-X 03] = - (ly — X po [} + trace(X 2 X)),

1
n
or more explicitly X' = 1 S [(y; — x pe)? + x| Xg x;] as a simplified, sample-averaged estimate.

B.4. Update rules for MacKay’s updates

MacKay’s updates can be directly obtained from first-order optimality conditions, and we detail those derivations in § B.2.
Alternatively, we can start from the EM updates in § B.3 and leverage simple fixed-point rearrangements (i.e. assuming
convergence to the EM optima) to arrive at the same rules, which we show next.
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Update for v;. Starting from the EM update and multiplying by -y; we obtain

1 1 Yj
t+1 2 i 2
v = < = e, +[Bolj; & —1 = 1e; +7 - [Zelj;-
T pgyt[Zeli A N S A
At a fixed point we then have ’y§+1 = ; and thus
1—; - [Zolyj
L=r;-pg,;+7 - [Selji; © (L= [Selij) =7 1o, & 1 =—"25—",

He,;

recovering the optimality-based update.

Update for ;. For the heteroscedastic case there is no simplification via fixed-point conditions, and so the update takes
the same direct form as for EM, that is

M= (yi — %/ pmo)® +x/ Sox;.

Update for A in the homoscedastic case. We revisit the EM  update given by
AN =L (Jly — X pg||3 + trace(X g X)) and observe that simplifications can be done to the trace term. In
the homoscedastic setting the posterior covariance simplifies to X9 = (I' + %XT X)~1, and thus we see that
XTX = \(E," —T). It follows for the trace term that

d
trace(X £ X 1) = trace(Lg X' X) = A - (trace(Se £y ') — trace(Lp ) = X+ | d — Z%‘ [Xeljj |
=1

where trace(Xg ') = trace(I;) = d. Plugging into the update, invoking the fixed-point condition such that A\'*! = ),
and re-arranging we obtain

d

ly — X poll3
Ae(n=d+> v [Belj | = lly —Xpel & X' = y ,
= n—3"% 4 (1=t [Zeljj)

which aligns with the classical MacKay update found in the literature, e.g. see Tipping (2001), App. A.2.

B.5. Update rules for /5-IRLS

Rather than directly operating on L(, A) (Eq. 3), Wipf & Nagarajan (2007; 2010) employ a majorization-minimization
strategy on an upper-bounding surrogate objective via IRLS. Following notation in Wipf & Nagarajan (2010), £(~, A) can
be equivalently expressed (up to constants) as

LV, A\)=(y—-X0) A (y —X80)+ gspL(0),

where gspr.(0) = miny>o{6' '@ + log |y|} forms a non-separable penalty term. As gspr(6) is (componentwise)
non-decreasing and concave in 82 (and similarly for ||, see ¢;-IRLS) minimization can be accomplished by iterative
l-reweighted least squares. For tractable updates, a quadratic upper bound on gsgy (8) is derived as

gspL(0) <OTTO+1og|Sy| <OTTO+1log|S," | —log|T| + log|A| <OTT O+ (z"v—h*(z) —log|T| + log|A|,

leveraging the determinant lemma and (concave) Fenchel duality of log |E§1 | to admit a separable upper bound, and yielding
the IRLS-style surrogate

d
LSy, x52) = (y = X0) T A (y = X0) = h*(2) + > (v; - (67 + 2;) —log;) + log |A| > L(, ).
j=1

We refer to Wipf & Nagarajan (2010; 2007) for more details on the employed concave conjugate h*(z) and the auxiliary-
bound viewpoint (for the homoscedastic setting).
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Updates for z, 0. Treating A as fixed, the optimal value for auxiliary variables z is given by the slope of log |E;1| at
current iterate v (Fenchel optimality condition), i.e.

dlog |Sy| 9%,
it = TJG = trace(Xo Tﬁi) = trace(Xg Ej;) = [Xg];;.

Minimizing the surrogate w.r.t. 6 at fixed (v, A, z) and dropping constants yields the weighted ridge update

d
t+1 _ : T AL 2
0 fargmem(yfxe) A (Y*XG)JFlej’aj
=

with ridge weights given by w; = ~;, which admits a closed-form solution.
Update for v;. For fixed (6, A, z) minimizing each separable term dependent on ~y yields the optimality condition

1 1 1
(v (02 +z)—logv,) = (24 2,)— — =0 & ~T = = ,
8’)/]‘ (’VJ ( J + ZJ) Og’)/]) ( J + Z]) ’Yj P)/J ejg + Z_j 9]2 + [Ze}jj

characterizing the same optimality condition as the EM update rule in § B.3 (with ; = g ; at convergence). To recover the
iterative update found in Wipf & Nagarajan (2010), we employ the Woodbury identity on >g to obtain

Yo=T+X'A' X)) =77 - XT(A+ X' X)) X0~ =77 - ! XTI, X,
and taking the diagonal element we see that
[Soljy =0 =T XTI, XI5 =9 =772 45 ¢ =% Tyx;
where x; denotes the j-th column of X. Plugging in the expression we obtain the update
Y = (07 + [Be)y) =03+ ()T = () g
which matches the update rule found in Wipf & Nagarajan (2010), Eq. 29. Note that above steps do not rely on a particular

parametrization of A, permitting the same IRLS-style updates to hold in the heteroscedastic case.

Update for )\;. Based on characterization of the same optimality conditions as the EM update rules, we start from a true
stationary point of £(-y, A) and apply the Woodbury identity to X, (as also done in § B.2) to obtain the expression

Myl =A™ = AT XX A =M =02 g, @ =% Zox;

where x; indicates the i-th row of X. Thus ¢; = \; — A2

N = (s = x] 0)% + i = (s —x] 0)% + X — (\)? [

[II,];; plugged into the EM update yields

as an iterative heteroscedastic update.

Update for )\ in the homoscedastic case. As for EM, the homoscedastic case collapses to a simple sample-averaged
estimate, which using the above expression for g; is given by

(Ily = X605+ A" — (\")? - trace(Iy)) = 1 Z(yl —x, 0)+ )\ — % Z[Hy]ii~

i=1 i=1

)\H—l — l
n
B.6. Update rules for ¢, -IRLS

As for the /5 case, a majorization-minimization strategy on an upper-bounding surrogate objective is employed. First, using
Wipf & Nagarajan (2010) we observe the same IRLS formulation of L(, A) as

LY, A) =y —-X0) A (y—X0)+ gssL(0),

where gsp.(6) = min,>o{6' I'0 + log|Xy|} forms a non-separable penalty term. gspr.(6) is componentwise non-
decreasing and concave in |@| (as we show more explicitly below), and thus permits minimization by iterative ¢, -reweighted
least squares.
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Obtaining a separable upper bound. In contrast to the setting in Wipf & Nagarajan (2010) where A is ignored, we now
desire a tractable and separable upper bound on gsgy.(0) that induces ¢;-regularization terms in both ~, A, achievable by
similarly majorizing the concave term log |y, | with an affine Fenchel bound. For the concave function f(X) = log |X| on
a symmetric positive-definite matrix X of size n, we leverage the Fenchel identity

log |X| = min {trace(PX) — log [P| —
og [X| = min {trace(PX) —log [P — n},

whose minimizer is P* = X! (Boyd & Vandenberghe, 2004). This follows directly from the definition of the concave
conjugate of f(X) as f*(P) = minx. o {(P,X) — f(X)} with minimizer X* = P~!, yielding f*(P) = n + log|P|;
and the equivalent relation f(X) = minpy ¢ {(P,X) — f*(P)} made explicit. Thus for any fixed P >~ 0, we obtain
the upper bound log |X| < trace(PX) — log |P| — n, with equality at P*. Appliedto X = ¥y = A + XI'"1 X7 and
P=X ! =TI, we obtain a tight linear upper bound up to constants* given by

n

d n d
log |2y | < trace(TTy A)+trace(Tly XT ' X ") = Z +Z (XTHy X5 9") = Zzi')\rf-z 4
J=1 0= =

i=1

with z; = [IIy];; and ¢; = ij IIy x;. Note that parameters ~y, A are now separable, and the coefficients z;, ¢; match the
expressions obtained by separately tracing the Fenchel optimality condition for each parameter, i.e.

S 310g|2y|
¢ o\;

log |2 )3
= trace(Ily E;;) = [y ], q;iJrl = a;ﬂgyll‘” = trace(Ily 0 ) = ij

J J

Hy Xj.

Plugging the expression into gspr (0), a final separable upper bound is obtained as

n d
gspL(0) OTT O +1og[Sy| <> zi- N+ > (077 +4¢-7;"),

i=1 j=1
yielding the surrogate

n d
LRy, X2,0) = (y = XO) A (y=XO) + Y zi- M+ (077 +a-7") = LV, N.

i=1 j=1

Update for v;. Fixing all other parameters, minimization of each dependent term on -~y yields the optimality condition

q; 41 _ V4
02 v +aj i —92»———0@7 == = .
oy 31004 V=0 73 07 10l

The corresponding weight-side contribution of gspr(0) is upper-bounded by the ¢ penalty

d N :
. 2 —1 _ 2 J _ . .
720 ;:1: O v+a-") = (03’ ot 3-\/@_)> —2~j§:1\/qj 1051,

j=1
which is indeed non-decreasing and concave in each |6, |. Leveraging a different upper bound dependent on ~ only (and
ignoring ), the same update rule for W;H can be found in Wipf & Nagarajan (2010), Eq. 32.

Update for )\;. We first observe the appearence of \ in the quadratic data term. Denoting residuals r; = y; — x; 0, we
equivalently express the surrogate objective as

" d
EIRLS,Y7)\zq:Z A Ly oz )\1)4—2(9]2--%-#%/?;1).

i=1 j=1

*P is held fixed within each iteration, hence — log |P| acts as a constant and can be omitted during minimization.

18



Joint Model and Data Sparsification via the Marginal Likelihood

To obtain a data-side ¢; penalty, we similarly fix other parameters and pool all terms dependent on A to yield the optimality
condition

0
O\

2 2
re |\ 14 r
2 ANtz N)=n -5 =0 & M= Ul

% P

which results in the upper-bounding ¢; penalty

. S VAL Y,
%{Zﬁ?*fﬂ”z‘)}ZZ(T?'mf“wz- =22 vE

i=1 i=1

also non-decreasing and concave in |r;| and |6;|. Note that in practice we alternate between updating € and A, which are
respectively fixed at current iterates. Thus the quadratic data term is kept and the derived ¢; penalty is added, rather than
eliminating A in the same substep (which would result in a ‘pure’ ¢;-only surrogate).

Update for 8. Under fixed parameters, plugging in the above penalty expressions and minimizing the surrogate w.r.t.
then yields the double ¢; -regularized update

d n
t+1 _ . _ TA-1(y g, -
0 —argnbm(y X0) A (y XG)—FZZMJ A +221}1 i,

j=1 i=1

with weights given by w; = ,/q; = 4 /ij IIy x; and v; = \/z; = +/[Ily]s;. Since the residual penalty is non-separable in
6; there is no simple closed-form solution (as for the /5 case), and the problem can be iteratively solved via split-variable or
proximal gradient methods.

Update for )\ in the homoscedastic case. In the case where A = A I, the Fenchel bound yields a A-dependent part of the
no 9

surrogate as + >, 72 + A Y. z;, and minimization yields the global update
AL — 21 i _ ly — X 6|2
iy zi trace(Ily)

Using an alternating update scheme, minimization of the surrogate w.r.t. 8 collapses to a weighted LASSO problem of the

form
d

.1
671 = argmin lly ~ X 6] +2 " w; - 16,1,

j=1
with weights w; = \/q; = /%] Iy x;.

B.7. Summary of update rules

Following derivations for each procedure, a summary of key parameter update rules is presented below in Tab. 5. We
additionally provide high-level descriptions relating SBL optimization procedures to each other. We highlight that despite
taking different perspectives on the target objective, all three methods of EM, MacKay, and /2-IRLS recover the same update
rules for v and A in the heteroscedastic case, bar algebraic arrangements (fixed-point for MacKay’s 7;, Woodbury identities
for £5-IRLS). This stresses the intuitive design of the emerging updates from taking a marginal likelihood perspective.
Homoscedastic updates generally follow from collapsing individual components and employing algebraic simplifications,
but take a similar, sample-averaged structural form to the heteroscedastic update.

Expectation Maximization. Treating € as latent, the E-step sees computing the intermediate posterior p(0 | y,~v?, A) at
current parameters, while maximization under that posterior (M-step) yields the updates

1
7§+1 ¢ 5 and AT p? 4 x; Yo X,

(g 5+ [Zelyi
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Table 5. Summary table presenting the key parameter update rules across considered optimization procedures.

Method  Objective Update for /" Update for \\™' (Heterosced.) ~ Update for \**'! (Homosced.)
EM logp(y, 0 | 7. A)  (up; + [Sely;) " (yi —x{ pe)® +x/ o x; > (ly = X pol|3 + trace(X 2 X))
MacKay — L(, ) 177, [Bolis (ys — xT po)? + %7 So x; lly—X 03

> _ y=AHell;
He.,j ”_23‘1:1(1_7;'[28]H)

IRLS () L®S(v, s 2) @+ =072 a)™ =% 02+ X - ()Ml & (ly — X 0[5 + AT — (A)? - trace(IT )

IRLS . VE Ty x; lyi—x] 6| ly—Xe6l2
IRLS (£1)  L™2(y, Ai2,q) 7] Vs irace(Tly )
Grad. LONILAA) AL =1y g—é Mo—m FE M=y 2£

where /i ; and [Xg];; denote the j-th (diagonal) entries, r; = (y; — X, pg) is the i-th training residual, and x; indicates
the 4-th row of X.

Both updates follow from exact posterior second moments and take on intuitive interpretations: y; grows when both weight
magnitude and posterior variance are small, while \; decomposes learned noise into data fit (r?) and model uncertainty
(x; Xgx;). We find that the squared residual term tends to dominate empirically. EM updates are relatively stable and
efficient, with monotone improvements in £(v, A)°. For A = \I,, the noise updates reduce to a scalar computation, and
more generally simplify across all SBL methods.

MacKay’s updates. MacKay’s updates (MacKay, 1992; 1995) target £(-y, A) via fixed-point iterations derived from
stationarity conditions, yielding a similar form for 7§+1 and the same update for )\§+1 as EM. Improvement assurances are

traded for faster convergence and increased sensitivity, but we empirically observe broadly consistent behaviour with EM.

ly-Iterative Reweighted Least Squares. Rather than directly minimizing £(-y, A), Wipf & Nagarajan (2007; 2010) sug-
gest a majorization-minimization strategy on an upper-bounding surrogate objective using Fenchel conjugates. Minimizing
the surrogate w.r.t. 6 at fixed (v, ) yields a weighted ridge-type subproblem

d
Ot argmgin (y—X0)"A ' (y—X0)+ ij . 032,
j=1
with ridge weights w; = +;, clarifying the connection to IRLS and admitting a closed-form solution. Subsequent re-

estimation of 7/*" and A{*" yields updates consistent with the same stationarity conditions as EM and MacKay, up to
algebraic rearrangements.

¢ -Iterative Reweighted Least Squares. Following a similar logic to the {5 case, a tractable and separable upper-bounding
surrogate induces ¢ -regularization penalties on weights ¢; and residuals r; of the form

d n
QZ’LU]|9]| and 2ZUZ"|’I‘Z“,
j=1 i=1

with weights given by w; = (x] 37! x;)/? and v; = ([S5'];1)'/2. The resulting double ¢, -regularized subproblem for
0! is convex but no longer admits a closed-form solution since |r;| is non-separable in 6, necessitating more expensive
iterative convex solvers (e.g. ADMM). Exact updates for fy§+1 and )\EH are then obtained using @'*! and map-back rules.

Gradient-based updates. Setting aside analytical tractability, £(+, A) (or £(7, X)) can also be optimized directly via
first-order methods on the objective, either jointly in (v, A) or with alternating steps, yielding updates of the shape
oL
D) O
with parameter-specific learning rates 7. A log+y; and log A; parametrization improves conditioning and enforces positivity,
but learning sensitivities can result in inferior fixed points when compared to closed-form.

oL
AR 5 and AT N
j

Under the exact update; in practice we equip methods with damping and clipping for stability, see § D.1.
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Figure 3. Left: The evolution of feature (1/4) and sample relevance (1/A) over the optimization trajectory for the mcycle experiment
in Fig. 1. Prunable weights and injected outliers (red trajectories) are deemed superfluous to the model fit. Right: Aligning with the
interpretation in § B.8, learned noise parameters \; strongly resemble leverage-aware LOO residual terms r%i,i. Injected outliers record
low sample leverage h; after parameter convergence, stressing their irrelevance for in-sample model fit as opposed to anchoring inlier
points.

B.8. Interpreting Data Relevance

We next provide two complementary interpretations of the resulting noise updates, connecting them to data influence and to
GP robustness.

As an influence-based diagnostic. Influence is commonly understood as a combination of outlierness in target space
y and leverage in feature space X, jointly determining a sample’s impact on the fitted model (Chatterjee & Hadi, 1986).
We show that the derived heteroscedastic noise update )\f“ = 72 + x; Yg x; naturally admits such an influence-based
interpretation on model fit, directly relating it to leave-one-out (LOO) residual diagnostics.

Writing the model’s fitted mean as y = X g = Hy in terms of the ‘hat’ or leverage matrix H (using the definition of pg),
we observe that per-sample leverage under the joint ARD posterior yields

1
hi = —x; S xi,

)\i X; X
measuring how strongly sample y; affects its own fitted value §J; under fixed («y, A). Influence can be equated with the impact
of a point’s finite removal® (LOO, Cook & Weisberg (1980)), and since the EM noise update follows from \; = Ep(g“) [rf]
(§ B.3) we compare to the matching LOO term T2—i,i' That is, how the ¢-th sample’s removal affects its own ¢-th squared
residual, a classical diagnostics known as PRESS (Allen, 1974).
Using a rank-one Sherman-Morrison update, the LOO posterior fit is given as §_; ; = X;r/,l,_iﬁ and LOO squared residual

follows as

2
2 T

— (. — 5 .2 —
i =Y — 9-i4) 11— h)2’
a standard identity for the linear case (Montgomery et al., 2021). It becomes apparent that r%i’i is amplified even for small
in-sample residuals if k; is large. To highlight the shared structure with )\; we take a first-order expansion of 72 ;,; (valid for
|hi| < 1) yielding 2, ; & rZ + 2h;r?. This mirrors the EM update A;*' = r2 + x| $g x; = r? + AL h;, revealing \; as an

approximate, leverage-aware residual update. The correspondence is empirically corroborated in Fig. 3.

Importantly, 7"3“ applies a multiplicative magnification (1 — h;)~2 whereas ); contributes only an additive correction.

Consequently, high-leverage outliers can remain insufficiently downweighted, an instance of classical residual masking that
motivates ‘studentized’ update variants in future work (see a preliminary test in Fig. 6). The derived heteroscedastic updates
we present here primarily respond to data outlierness.

As a robust Gaussian Process. Bridging back to the RVM as a particular instantiation of SBL, its design performs
model sparsification in a kernel basis ® € R"*" (i.e. feature dimensionality d = m) and admits a direct connection
to weight-space GPs (Tipping, 2001). Specifically, the ARD prior & ~ A(0,I'"!) and the RVM’s functional model

®Alternatively, the theory on infinitesimal perturbations via derivatives is also known as sensitivity.
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n

f(x) =>_4_, 05 k(x,x;) together induce a GP prior with finite-rank kernel

Z’yj (x,%x5) k(x',x;),

and marginalizing 0 yields the GP marginal likelihood p(y | v, A) = N(0,A + ®T'~1® ). In this view, driving ; — o0
suppresses the j-th basis function (or column of @) in the induced kernel, promoting coefficient sparsity in the weight-space
GP.

Crucially, model ARD via basis pruning alone may not suffice since each training datum plays a dual role: as an observation
through its row in ® and as a basis through its column in ®. Thus corrupted samples may still impact model fit via their
residual and coupling in ® despite basis removal. By expanding A = diag(\) to heteroscedastic noise, data ARD can
additionally downweight noisy observations directly, counteracting the effect. This yields a weight-space GP interpretation
that is both sparse and robust, while preserving conjugacy and closed-form learning.

Finally, we note conceptual distinctions from both (i) GP sparsity targeting computational scalability, such as inducing-
point methods (Titsias, 2009), and (ii) feature sensitivity in GPs expressed via kernel-internal lengthscales rather than
basis-function sparsity.

B.9. Variational Learning for Linear Regression

To expand the scope beyond strictly conjugate (Gaussian) and linear models, we consider embedding ARD parameter
optimization as part of a larger step-wise optimization procedure utilizing Variational Learning (Khan & Rue, 2023; Khan,
2025). To that end, we take a first step by demonstrating that, for our standard Gaussian linear regression model, the
variational objective precisely recovers the marginal likelihood given in Eq. 3. This provides a stepping stone and a natural
avenue to extensions of the current procedure in future work.

Notation. Following above notation we describe the model and noise priors as p(@ |v) = N (0,I'"!) and
p(e | A) = N(0,A), the data likelihood as p(y | 6,X) = N(X 0, A) =[], N(x; 0, );), and the marginal likeli-
hood as p(y | v, A) = N(0, £y). The exact posterior is given as p(6 | y,~, A) = N (g, Xg), whereas the approximate
variational posterior is denoted ¢(0 | y,~,A) = N (m, S), or ¢(0) in short.

Background. ¢(0) € Q approximates p(0 | y,~, A) and is rendered tractable by originating from the exponential family
Q, whose general p.d.f. takes the form p(8) = h(8) exp((n, T(0)) — a(n)), with T(8) = [0, 00 "] the sufficient statistics.
For our (full) Gaussian choice, ¢(8) can be parametrized in different ways, namely by standard mean and covariance & =
(m, S), by natural parameters = (S™'m, —3S™!), and by expectation parameters p1 = E(9)[T(6)] = (m,S + mm").
These parameterizations are equivalent and map between each other, which can be leveraged to rewrite our target objective
and therein quantities.

The ELBO as target objective. As common in variational inference, we consider the evidence lower bound (ELBO) as a
surrogate maximization objective to the log-marginal likelihood. Since Eq. 3 targets minimization of its negative, we obtain
the relation

L(7,X) = ~logp(y | 7. A) < ~Eqo)llogp(y | 8, X)] + Dkr[g(8) | p(6 | )] = LPO(v, A).
Recovery of the Bayesian learning rule in generality (see Khan & Rue (2023), Eq. 2) is obtained by rewriting

IOng(yi | 0.\ ‘| Z]Eq(B) Ing Yi | 0, )‘ ZE

i=1 =1

—Eq@e)logp(y | 0,A)] = —Eys)

with £;(0) = —logp(y; | 8, \i) = —log N'(x; 8, )\;) the likelihood contribution as a per-sample loss term. Alternatively,
using the posterior relation p(0 | y,v,A) = p(y | 0, X) - p(0 | v)/Z(~, X) the ELBO can be written as

‘CELBO(77 A) = DKL[Q(O) || p(e | Y7, A)] - 10gZ(77 A)a

with Z(v,A) = p(y | 7v, A) the partition function independent of 6. Clearly, for our conjugate Gaussian setting where Q
contains the true posterior, the optimal value ¢*(0) = p(@ | y, -, A) minimizes the objective as Dky,[-||-] = 0, recovering
the exact log-marginal likelihood.
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Reformulation of the ELBO. We now aim to make the same relation more explicit by parametrizing the above ELBO in
terms of natural parameters 1), as employed in variational learning. To that end, following Khan & Rue (2023) we may
express ¢(6)—more specifically, the likelihood terms—using local site functions as

n

9(6) o< p(0 [ ) [ exp(~ti(0)) withsites t:(6) = (VyEy(9)[t:(0)], T(6)),

i=1

where £;(8) as above”. Each site ;(8) is expressed as an inner product between sufficient statistics T(8) and V, Eqe0)[€:(0)],
the natural gradient with respect to natural parameters 7 evaluated at E gy [£;()]. This key quantity is rendered tractable
later on, but for now consider general ¢;(8). We may then re-write the ELBO by expanding Dk [-||-] with the site
parameterization of ¢() to obtain

LHPO(y,X) = —Eqye) [log [ [ (i | 6,X) | + Dxw[a(6) || p(6 | )]

- l
[ ] 0
= —Eq0) long(yZ- | 0,0i) | +Eq) {bg p(qa( | )7)}
=1

= —Eq(e) IOng(yl | 07 Al) +EQ(9) |:10g
L =1 i
[T exp(—t:(8))
= E 10 =
4(6) { ST, p(v: [ 0. 0)
= C(a) - IOgZ(’Yv >‘)a

p(0 | ) I1i_, exp(~ti(0))
p(0v) Z2(v,A)

:| - Eq(@) [log 2(77 A)]

where ¢(0) = > Eqg) [log W} and Z (-, A) forms the partition function of ¢(8). The first term can also be re-

arranged to ¢(8) = Y7 Eqe) [~ logp(yi | 6, i) + logexp(—t;(0))] = D1 Eqe) [(i(0) — t:(0)], and is interpretable
as a posterior correction term (Khan, 2025). Thus reparametrization in terms of natural parameters is made apparent through
t;(0), and the expression is rendered tractable if we can compute the natural gradients, as shown next.

Approximation of natural gradients. The natural gradient terms can be rendered computable in several steps, as detailed
in Khan & Rue (2023). First, reparametrization from 7) to expectation parameters g simplifies natural gradients to render
standard gradients. Next, expression in terms of (m, S) and use of Bonnet’s and Price’s theorems returns terms using first
and second-order derivatives of 6. Finally, the delta method can be used to approximate the expectations by point estimates
evaluated at the mean. That is, computability of the two natural gradients is given by the outlined steps as

Reparam
)]

Vi Eq@e)l:(0 Vi Eqo)[4:(0)]
VmEq9)[li(0)] — 2 [VsEy)[li(0)]] m
fomne T g ) [Veli(6)] — Eq0)|V34i(6)] m
P T40,(0)lo—m — [V3:(6)lo—mm] m,
Vi Eq(e)[0:(0)] "= V0, E 0 [:(0)]
I USE 0 [4i(6)]
PR B o) [V34(0)]
Delta method 1

Ve ( )|9 m -

Reparam

Thus, final approximations require merely gradient and Hessian evaluations at the variational posterior’s mean m, which are
relatively straightforward to obtain.

"Note that 61,Eq(.9) [& (0)] = @nEq(g)[— logp(yi | 0, )\1)] = —@nEq((;)[logp(yi | 0, )\z)}
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Recovering the marginal likelihood objective. Given pratically computable terms, we can now show that for our choice
of Gaussian variational posterior and Gaussian linear regression model the reformulated ELBO objective also exactly
recovers the marginal likelihood. We start by explicitly computing the natural gradients using above approximations. For
our Gaussian linear model we then have

1 1
0;(8) = —logp(yi | 0, \i) = —log N'(x] 8, \;) = 3 log(2m\;) + A (y; —x; 6)?,

2
1 T 2 1 T

Voli(0) = —+(yi —x; O)xi,  Vpli(0) = +xix; .

To compute the natural gradients, we follow the rules outlined above. As ¢;(8) is quadratic in 8, the expectations of Vg£;(6)

and V2/;(0) under Gaussian ¢(8) are exact (affine/constant), thus we can skip the delta approximation. Plugging in the
derivatives then yields the natural gradient terms

. 1 1 1 1 i

Vi Eq0)[4i(0)] = Eqe) ——_(yi —-x,0)x;| — Eq0) | % x; | m= ——_(yi —x, m)x; — (v x; )m = -1 Xi
)\Z )\1 )\z )\z )\’L

1 1 T 1 T

= iEq(g) {sz X; ] = 2)\ixZ X, -

We can now verify a given site function to observe the form

Vi Eq(e)[4:(0)]

~ i 1 %
logexp(—t;(0)) = —(VyEq9)[t:(0)], T(0)) = —(—% X;r 0 + 2)\_0T X; XZT 0)= y—x;r 0 - —

and expanding the quadratic likelihood term we also see that

1 1
log p(yi | 0, \i) = =5 log(2mA:) — 5= (vi — x; 0)?

2\
1 1
= —_log(27)\;) — = (y? — 2yix, 0 + 0" x;x/ 0)
2 2\
B 1 yf Yi T 1T T T
= ( 5log(27r)\1) 2/\1‘) + )\—sz 0 —2>\i0 x;x; 0

Yi T I T T
=Ci+>x;, 0 — —0'x;%x; 0,
+ N X; 2N, X; X;
with @-independent constant term C;. Thus we immediately observe that exp(—t;(0)) o« p(y; | 8, X;), and therefore
c(0) = > Eqo) [log %ﬁ"f\?g)} = 0 up to constants C1, ..., C,. Since the sites parametrized by natural gradients
match the true likelihood factors, ¢(€) matches the optimal ¢* (@) whose factorization yields

n

q*(0) < p(6 | ) [[exp(—t:(8)) o< p(8 | ) [[p(vi [ 8,%) = p(8,y | 7, ),

i=1 i=1

and whose corresponding partition function is Z(v, A) = p(y | 7, A). It follows directly for the reformulated ELBO that
LELBO (4 X)) = ¢(0) — log Z(v,A) = 0 —logp(y | v, A) = L(~, ) recovers the exact marginal likelihood objective
(Eq. 3), affirming that variational learning is amenable to ARD parameter optimization.
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C. Algorithmic Details

Algorithm 1 Joint ARD via Expectation Maximization

1: Input: Data X, y, initialized parameters v°, X’
2: Qutput: Estimated ARD parameters ¥, X and posterior parameters fig, o
> Run until convergence

3: fort=0,...,7—1do

4:  SetT't «+ diag(y?), A! < diag(A?)

5:  Weight posterior at current parameters: > E-Step
Y (M4 XT(AHIX)!
pp  Sp X (A~

6:  Update parameters using posterior moments: > M-Step
Y [(1g)* + diag(Zg)] ™
A (y — X ph)? + diag(X ZH X T)

7: end for

8: Re-compute weight posterior at convergence: [TARID AR > Final assignments
i it

9: SetA «+ 'ytH A AL fig o pbtl By - BLF

10: return 'y,)\ ug,Eg

Algorithm 2 Joint ARD via MacKay updates

1: Input: Data X, y, initialized parameters +°, A"
2: Output: Estimated ARD parameters ~, A and posterior parameters fig, So
> Run untll convergence
3: fort=0,. —1do
4 SetTt «+ dlag( ), At « diag(X\?)
5:  Weight posterior at current parameters:
Yh T+ XT(AHIxX) !
o SHXT (A

6:  Update parameters using rules: > EM updates with fixed-point cond.
i1, 1—~"-diag(3p)
RANE 7\2
(Ne)

AL o (y — X ph)? + diag(X ZHXT)
end for
Re-compute welght posterior at convergence Ko

Set 4 <_,ytA+17 )‘f_ AL g ut9+l S EteJrl
10: return 4, A, f1g, Yo

i+l EH'I > Final assignments

0 %N
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Algorithm 3 Joint ARD via /5-IRLS

10:
11:

: Input: Data X, y, initialized parameters ~y 00

QOutput: Estimated ARD parameters , X and posterior parameters fig, Yo
> Run until convergence
fort=0,..., 7 —1do
Set I't « diag(~?), A + diag(\?)
Data covariance at current parameters:
S AP X () TEXT
I, « (5%)~"

Surrogate ridge solution for weights: > Posterior mean with Woodbury id.
't — (I ' XTIy
Update parameters using rules: > EM updates with Woodbury id.

Y10 + ()T = (v) TP @ diag(X T IT X))
A (y = X012 + X" — (A)? © diag(IT})
end for
Compute weight posterlor at convergence ,u
Set 4 + ’y”’l A AL fig < pbtt S Eteﬂ
return 77)\ ug,Eg

bl Et'H > Final assignments

Algorithm 4 Joint ARD via ¢;-IRLS

1:
2:

3:
4.
5:

10:
11:
12:

Input: Data Xy, initialized parameters 70, A0
QOutput: Estimated ARD parameters , X and posterior parameters fig, Yo
> Run until convergence
fort=0,..., 7 —1do
Set Tt « diag(~?), A + diag(\?)
Data covariance at current parameters:
S AT X () TEXT
t s (25)71
Weights for ¢;-regularized surrogate: > From auxiliary variables
w' « /diag(XTII!, X)

vl /diag(IIt)

Surrogate solution for weights: > Run inner loop for convex solver (e.g. ADMM)
0! = argmin (y — X 0)" (A) 7' (y =X 0) +2(w", 0]) +2(v', |y - X 6])
Update parameters using map-back rules:
t
t+1
R 11|
|y - X 0t+1‘

AL
vt

end for

Compute weight posterlor at convergence ,u
Setd ' A AT fig  pgtt, Bg 2;;“
return 'y,)\ fio, S

bl Et'H > Final assignments

26



Joint Model and Data Sparsification via the Marginal Likelihood

D. Additional Experiment Details

The code to reproduce experiments is made available at https://github.com/alextimans/robust-sbl. Addi-
tional clarifying details are given below.

Effective support size (ESS). Given generic nonnegative relevance scores {r; } ,, i.e. r; = 1/, for weight relevance
and r; = 1/, for data relevance, we first convert them into a probability mass function by normalization,

i
pi = Zm R
j=1"3

optionally using a small € > 0 and clipping for numerical stability. We then compute the Shannon entropy
m
H(p) = =Y pilog(p:)
i=1

quantifying how dispersed the relevance mass is. Exponentiating yields perplexity as Nog = exp(H (p)), denoting an
effective number of active elements, and we report its normalized quantity ESS = N.g/m € (0, 1] as the effective support
size. ESS approaches 1 for uniform relevance and becomes small when relevance concentrates on few elements, matching
our sparsity-inducing interpretation for (v, A). Finally, entropy-based ESS is related but distinct from the effective sample
size commonly used in Monte Carlo methods and importance sampling: our definition corresponds to the Shannon (order-1)

effective number, whereas a popular alternative is the order-2 quantity N, e(ff) =1/, p? (Martino et al., 2017).

Posterior predictive noise estimate. The posterior predictive distribution for a new test input x,, € R is given by
Py | %6 X y) = N(vu | ey M) with g =x[pe and A= X + %, o x.

denoting posterior predictive mean and variance, respectively. In particular, the latter requires selecting a base noise level
Ay that summarizes expected observation noise at test time, and which is a priori unknown. Assuming no distribution
shift, we use a plug-in estimate based on the learned training sample variances A via data ARD. Setting A\, = mean() is
conservative in the sense that it aggregates across all samples, thus a small number of large \; values (flagged as unreliable
by data ARD) can only increase A\, and hence inflate predictive uncertainty rather than overstate confidence. A useful
alternative is to employ a trimmed mean plug-in estimate to reduce sensitivity to extreme values when data contamination is
subsumed, i.e. Ay = mean({)\; : \; € [¢a, ¢1-a]}) Where ¢, and ¢;_, may be pre-selected fixed empirical quantiles of
{Ai}, (e.g. 5% and 95%). Importantly, both choices are computed solely from learned variances A and do not require any
outlier ground truth labels or even prior knowledge of the contamination rate.

D.1. Practical implementation of update rules

Stable learning of closed-form SBL updates benefits from several practical safeguards. First, all matrix operations required
for posterior moments (inversions, diagonals, and quadratic forms) are implemented via Cholesky factorization and triangular
solves, yielding both improved numerical stability and computational efficiency over explicit inversion. Second, we damp
iterative parameter updates using an exponential moving average as

Y = Q=) Forite, AT e (L= n)X ALY,y €(0,1], 0 € (0, 1],

which improves conditioning and smooths optimization trajectories, analogous to the learning rate in gradient-based
schemes. In practice we found strong damping in the range of € [5 - 10%,2 - 1072] to be necessary. Third, we clip
extreme values to preserve positivity and avoid ill-conditioning, e.g. €min € [1076,1072] and epax € [102,106], and add a
small magnitude-adaptive jitter to X, and X9 when required for robust factorization. Fourth, optimization convergence is
monitored via a relative /., change criterion on log-parameters for scale-invariance,

[log A"+! —log X[

[ log vt —log ¥ || cen
1+ [[log A1

1+ [[log v+ |oo

< €re1  and

combined with a small patience window (e,; = 10~° for 5 patience steps). Empirically, we found this to be more reliable
than loss-based stopping on the objective. For ¢1-IRLS we warm-start the inner convex subproblem (solved via ADMM)
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from the current iterate §* rather than re-optimizing from scratch. Finally, we also warm-start data ARD by initially updating
only = for several iterations before enabling A (in the range of 50 — 300 steps), and subsequently updating A only every
K € [2, 5] outer iterations (rather than at every step), which yields a stronger initial fit and reduces the risk of overfit.

Introducing heteroscedastic noise expands the parameterization from a single scalar noise level to n additional free variance
parameters, substantially increasing flexibility and, with it, the risk of overfitting. In particular, the model risks prematurely
‘explaining away’ residual structure by inflating individual \; values instead of improving the predictive mean, a well-
known tendency in heteroscedastic regression that can be exacerbated in highly expressive models (Cawley & Talbot,
2010; Griinwald et al., 2017; Wong-Toi et al., 2024). As a result, the learning dynamics of joint ARD can be sensitive
to hyperparameters and numerical choices, and the above regularization mechanisms (damping, clipping, jittering, and
robust stopping) are often necessary to obtain well-conditioned posteriors and meaningful convergence results in practice.
Strongly misspecified priors can have a notable impact on convergence speed and recovery, an effect more pronounced for
noise variances A (which live on the residual scale) and less so for weight precisions = (which live on their own scale).
Nonetheless, we found weakly-informative choices to consistently work well across different algorithms and experiments,
which in practice may look like a fixed scalar initial value (e.g. s = 0.1) across parameters.

D.2. Experiment design protocols

Synthetic experiment (§ E.1). We generate linear regression data with sparse ground-truth weights and uncorrelated
Gaussian features. For each trial, we sample a support set S C {1,...,d} uniformly at random and draw nonzero weights
0; ~ N(0,1) for j € S, with §; = 0 otherwise. Features are sampled i.i.d. as X € R"*¢ with rows x; ~ N(0,I).
Observation noise is Gaussian with a base scale o. We then sample an outlier index set O C {1,...,n} uniformly without
replacement of size |O| = |p - n|, where p € [0, 1] is the contamination fraction. This set is assigned inflated variance by a
multiplier m. The targets are then generated as

N(0,0?), i¢0,

i =%, 0+, i~
EEET  SG N(, (mo)?), i€ O.

We return (X,y) together with the ground-truth supports S and O for evaluation. To generate the weight recovery
heatmap in Fig. 4 we fix p = 0.2,m = 10 and vary |S| and o, whereas to generate the data recovery heatmap we fix
|S| = 0.2 d,oc = 0.2 and vary p and m. Throughout, n = 500, d = 50 remain fixed and test samples . = 1000 for
predictive evaluation are generated entirely uncorrupted.

Tabular regression benchmarks (§ 4.1). Training targets y are standardized to zero mean and unit variance. We then
sample an outlier index set O C {1, ..., n} uniformly without replacement of size |O| = |p - n], where p € [0, 1] is the
contamination fraction. For each i € O we draw a sign s; € {—1,+1} i.i.d. Rademacher and add a signed perturbation of
amplitude a > 0:
Ui = Yi+as;d, i€0,

where 6; ~ N(1,0.25%), yielding heterogeneous outlier magnitudes around a while most §; = y; for i ¢ O remain
uncorrupted. The outlier amplitude is fixed at @ = 3.0, and we report results for p = 0 (uncontaminated) and p = 0.1 (mild
contamination).

The evaluated datasets in original sample size and feature dimension are: Boston (n = 506,d = 13), Carbon (n =
10721,d = 5), Concrete (n = 1030,d = 8), Elevators (n = 16599,d = 18), Energy (n = 768,d = 8), Kin8nm
(n = 8192,d = 8), Power (n = 9568, d = 4), Protein (n = 45730,d = 9), and Yacht (n = 308,d = 6). We consistently
randomly split 20% for hold-out test evaluation (uncontaminated) and cap datasets with large training splits to a fixed
maximum N, = 2000 for computational efficiency (again, sampled at random). Otherwise we use the full training set.
For datasets with multiple targets (Carbon with 3 targets, Energy with 2 targets) we only regress on the first target and omit
the others.

Sparse kernel regression (§ E.2). The experiment follows the same general protocol as for tabular regression above, the
key difference being a switch from random Fourier features to a kernel-based feature matrix ® € R™*" instantiating the

RVM.

Neural network regression (§ 4.2). Denoting the log-transformed count label as z; = log(1 + y; ), we form a high-count
pool P as the indices of the top | ppool - 7] values of {z;}?_;, and sample an outlier set O C P uniformly at random with
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|O| = | pout - |P]]. We then contaminate targets in log-space additively via

5= ate o N(0,02), i¢O,
T CON(,02,), i€O.
The pool fraction is fixed at ppo01 = 0.4 and the contamination fraction at po,¢ = 0.5, yielding an effective contamination
rate of ppool - Pout = 0.2. The inlier scale is set to 03, = 0.0 (no contamination) while the outlier scale is fixed at
Oout = 0.45.

Regarding the ShanghaiTech dataset, we only make use of the consistent ’part B’ set (n = 716) to avoid test-time distribution
shifts caused by web-crawled crowd scenes in ’part A’. The data is randomly split into 80% train and 20% test samples
(uncontaminated). For DINO-2 features we employ a fixed pre-trained backbone model DINOv2-ViT-S/14 (d = 384,
see https://github.com/facebookresearch/dinov2) with no additional finetuning and access image features
from the penultimate layer with a mean aggregation.

Method implementations. We predominantly employ PyTorch for implementing all SBL updates and experiments
(Paszke et al., 2019), with gradient-based updates making use of the Adam optimizer. We implement random Fourier
features as well as Ridge and Huber regression baselines via scikit—-learn (Pedregosa et al., 2011), and the exact GP
and sparse GP (via inducing points, nij,g = 256) using GPyTorch (Gardner et al., 2018). Robust regression with Student-¢
likelihood is implemented using EM-style iterative steps with a map-back to Gaussian variance. The BLR is implemented
using the IVON optimizer (Shen et al., 2024) to obtain a variational posterior and is iterated with EM steps.
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Figure 4. We visualize results for the synthetic setting in § E.1 (n = 500, d = 50, avg. over 10 trials). Left: Representative data and
weight recovery behaviour against key design parameters, here for £2-IRLS. Recovery degrades as the signal becomes increasingly sparse,
or contaminated noise resembles inlier noise (m < 1). Right: Relative gains in signal recovery from heteroscedastic vs. homoscedastic
modelling, coarsly averaged across different noise levels. Largest benefits are obtained under realistic settings of high weight sparsity and
low contamination, with improvements even in weight recovery.

E. Additional Experiment Results

We report additional results, including (i) a synthetic data regression experiment to validate joint ARD behaviour (§ E.1), (ii)
a kernel regression experiment to benchmark the RVM model (§ E.2), (iii) full experimental results for tabular regression on
all nine datasets for uncontaminated and 10% contamination cases (Tab. 6, Tab. 7, Tab. 8, Tab. 9, Tab. 10), (iv) an additional
experiment relating to influence and leverage (Fig. 6), and (v) baseline results and more visual examples for neural network
regression (Fig. 7, Fig. 8).

E.1. Signal Recovery on Synthetic Data

To probe the behaviour and limitations of joint ARD in a controlled setting, we generate sparse linear regression data
and inject response outliers by inflating the noise variance on a small subset of samples, that is y; = x, 0 + ¢; with
€i ~N(0,0?%), 0; € {o, m-c}. The sparsity ratio controls the fraction of nonzero entries in 8 and the contamination ratio
controls the fraction of samples assigned the inflated noise level m - .

Representative recovery heatmaps in Fig. 4 for £2-IRLS show strong weight and outlier recovery overall, but degrade when
the feature signal becomes weak, i.e. large o or very sparse 8, and when outliers are hard to separate, i.e. m < 1 or scarce
contamination. Indeed, identifying noisy samples is notably harder than recovering sparse weights for the given design.
Nonetheless, heteroscedastic modelling improves over homoscedastic baselines across settings, with the largest gains in
realistic regimes of sparse signals and low contamination. We additionally report an Oracle baseline using true weights and
noise levels, and note that under homoscedastic noise the random chance recovery rate k/n bounds attainable data recovery
improvements.

E.2. Sparse Kernel Regression (RVM)

We conduct a regression experiment similar to § 4.1 on the Boston dataset (Harrison Jr & Rubinfeld, 1978), replacing Fourier
features with an RBF kernel basis and thereby instantiating the model as an RVM. Since the basis size scales with n (here,
d = n = 506) this constitutes a relatively high-capacity regime in which robustness is nontrivial to achieve. Predictive
performance in Fig. 5 compares /5-IRLS against robust and sparse baselines for varying contamination fractions, and we
highlight a competitive disadvantage for RVM models against GP baselines, whose lengthscales are optimized internally
rather than fixed at initialization.

Nonetheless, joint ARD consistently shows low RMSE and improved NLL relative to non-robust alternatives. Interestingly,
an inducing-point sparse GP outperforms the full GP, suggesting mild robustness benefits from data subsetting. On clean
data, the RVM (using ¢5-IRLS) attains ESS(0) ~~ 33%, indicating substantial shrinkage within the full set of basis functions.
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Figure 5. Kernel regression performance on Boston as a function of data contamination (n = 506, 20% test split, avg. over 20 trials,
4 10). The RVM corresponds to ¢2-IRLS in an RBF kernel basis with fixed scalar lengthscale.

Table 6. Comparison of heteroscedastic SBL methods against sparse and robust baselines in predictive RMSE and effective support sizes
(weights 0 and samples y). Improvements over homoscedastic counterparts are shown as (—z%). Results on Energy, Carbon, Protein
with no contamination (avg. over 10 trials, £10).

Energy Carbon Protein
Method RMSE ({) ESS(@) ESS(y) RMSE() ESS(@) ESS(y) RMSE() ESS(@) ESS(y)
OLS 1.67 +£0.22 100 100 0.014 £ 0.003 100 100 460.6 + 73.1 100 100
Ridge 2.13+£0.13 89.1 100 0.026 £ 0.002 69.9 100 742.3 £118.7 71.3 100
GP 1.43+0.24 3.9 100 0.013 £+ 0.004 6.2 100 356.4 + 83.7 6.9 100
Student-t 2.40 £0.22 100 96.7 0.032 £ 0.003 100 96.4 1498.8 + 131.7 100 93.9
Huber 2.14+0.24 100 88.4 0.015 £ 0.004 100 99.3 634.3 +£128.7 100 97.6
EM 1.86 £ 0.17 (+1.73%)  38.4 100 0.014 £ 0.004 (+1.16%) 24.9 100 453.4 £ 106.7 (—0.23%) 19.4 100
MacKay 1.92+0.15 (+3.17%) 7.7 98.6 0.015 £ 0.003 (+10.45%) 3.1 100 487.5 £ 114.2 (+7.03%) 6.3 100
£2-IRLS 1.86 £ 0.17 (+2.51%)  44.6 100 0.014 £ 0.004 (+0.36%) 18.7 100 451.4 £ 111.5 (-0.96%) 15.9 100
£1-IRLS 1.87+0.14 (+9.03%) 9.6 100 0.015 £ 0.003 (+9.34%) 5.7 100 481.8 £109.9 (+6.18%) 10.8 100
Grad. (Primal)  2.36 + 0.36 (+25.88%) 8.2 72.8 0.013 +£0.004 (-6.58%) 3.9 100 532.5+ 133.1 (+16.48%) 9.1 96.5
Grad. (Dual) 2.36 £0.36 (+25.83%) 8.0 72.8 0.013 £0.004 (-6.57%) 3.3 100 532.3 £133.2 (+16.39%) 7.7 96.5

Table 7. Comparison of heteroscedastic SBL methods against sparse and robust baselines in predictive RMSE and effective support sizes
(weights 0 and samples y). Improvements over homoscedastic counterparts are shown as (—z%). Results on Boston, Yacht, Concrete
with no contamination (avg. over 10 trials, +10).

Boston Yacht Concrete
Method RMSE ({) ESS(#) ESS(y) RMSE () ESS(#) ESS(y) RMSE () ESS(0) ESS(y)
OLS 8.47+2.04 100 100 0.89 +£0.24 100 100 7.13 £ 0.60 100 100
Ridge 3.89 +£0.54 96.2 100 7.43 +£1.09 91.1 100 8.04 £ 0.32 71.2 100
GP 3.24 +0.47 10.3 100 0.48 +0.15 5.9 100 5.14 +0.41 15.4 100
Student-t 4.61 +0.68 100 95.9 9.52 £ 1.57 100 93.7 8.35 £0.35 100 97.7
Huber 3.93£0.63 100 93.7 7.54+1.26 100 89.5 7.79+0.34 100 95.7
EM 3.31 +£0.43 (-9.93%) 42.8 100 2.88 £ 0.37 (+45.73%) 30.4 100 7.10 £ 0.53 (—0.85%) 26.0 98.6
MacKay 3.58 £ 0.50 (+1.54%) 14.1 96.0 3.17 £ 0.45 (+48.40%) 10.4 98.8 7.25 4+ 0.60 (+1.57%) 20.3 94.5
£2-IRLS 3.28 £0.41 (-11.24%) 59.0 100 2.83 £ 0.38 (+47.27%) 37.4 100 7.10 £ 0.55 (—0.71%) 27.9 98.1
£1-IRLS 3.44£0.49 (-11.64%) 17.5 100 3.24 £0.49 (+107.75%) 19.8 100 7.11 £ 0.56 (4+0.07%) 33.9 99.4
Grad. (Primal)  3.77 £ 0.69 (+6.69%) 11.9 58.4 4.25+0.51 (+100.18%) 8.3 70.8 7.86 £ 0.58 (+10.37%)  20.0 42.7
Grad. (Dual) 3.77 £ 0.69 (+6.59%) 11.9 58.3 4.28 £ 0.56 (+105.23%) 8.0 70.6 7.86 £ 0.58 (+10.34%) 19.1 42.6
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Table 8. Comparison of heteroscedastic SBL methods against sparse and robust baselines in predictive RMSE and effective support sizes
(weights @ and samples y). Improvements over homoscedastic counterparts are shown as (—x%). Results on Boston, Yacht, Concrete
with 10% outlier contamination (avg. over 10 trials, +10).

Boston Yacht Concrete
Method RMSE () ESS(@) ESS(y) RMSE () ESS(®) ESS(y) RMSE () ESS(O) ESS(y)
OLS 26.85 £ 10.45 100 100 24.83 £ 6.04 100 100 9.89 £ 1.03 100 100
Ridge 4.43 +£0.53 96.5 100 8.62 £ 0.90 92.9 100 8.90 £ 0.46 80.4 100
GP 6.41 +£1.37 25.7 100 7.84 £1.93 6.3 100 8.46 £ 0.62 18.7 100
Student-t 4.29 + 0.66 100 93.7 8.23 +£1.28 100 94.1 8.36 £ 0.42 100 95.1
Huber 3.96 £ 0.61 100 88.6 7.62+1.24 100 85.0 7.99 £0.41 100 91.5
EM 4.75 £ 1.00 (-15.91%) 27.1 91.3 3.95+ 0.63 (—48.57%) 23.8 92.5 7.55+0.74 (-15.01%) 22.0 90.5
MacKay 4.29+0.69 (-25.38%) 13.9 85.5 3.75+0.43 (-51.59%) 9.4 89.8 7.55+0.70 (-15.41%) 20.2 87.2
£2-IRLS 5.26 + 1.14 (-6.83%) 37.8 92.2 4.07 £0.73 (—47.42%) 38.7 92.5 7.55+0.76 (-15.03%) 27.5 90.2
£1-IRLS 7.33 +1.91 (-6.50%) 23.1 93.8 7.37+1.32 (—10.48%) 27.9 98.6 8.02+0.75 (—12.41%) 27.9 94.8
Grad. (Primal)  5.02 +0.81 (—11.98%) 15.7 54.1 4.30 £ 0.54 (—43.42%) 9.5 60.2 8.78 £ 0.77 (—2.10%) 20.8 37.4
Grad. (Dual) 5.01 +0.78 (—12.13%) 15.5 54.0 4.29 £+ 0.54 (—43.55%) 9.1 60.1 8.78 £ 0.77 (—2.10%) 20.1 37.5

Table 9. Comparison of heteroscedastic SBL methods against sparse and robust baselines in predictive RMSE and effective support sizes
(weights 0 and samples y). Improvements over homoscedastic counterparts are shown as (—z%). Results on Power, Kin8nm, Elevators
with no contamination (avg. over 10 trials, +10).

Power Kin8nm Elevators
Method RMSE ({) ESS(@) ESS(y) RMSE () ESS(@) ESS(y) RMSE () ESS(6) ESS(y)
OLS 4.93 £0.56 100 100 0.134 £ 0.005 100 100 0.004 £ 0.000 100 100
Ridge 4.22+0.11 91.4 100 0.141 £ 0.004 60.0 100 0.004 £ 0.000 52.8 100
GP 4.04 +£0.10 5.1 100 0.214 £ 0.345 9.3 100 0.004 £+ 0.001 8.8 100
Student-t 4.26 £0.11 100 98.1 0.143 £+ 0.004 100 97.7 0.004 £ 0.000 100 96.5
Huber 4.17£0.11 100 97.0 0.138 £+ 0.004 100 95.9 0.004 £ 0.000 100 94.7
EM 4.12+0.11 (-0.31%) 64.5 100 0.132 £ 0.004 (+0.08%) 22.3 97.0 0.003 + 0.000 (-0.83%) 16.8 97.2
MacKay 4.15+0.11 (+0.14%) 4.4 97.3 0.134 £ 0.004 (+0.87%) 19.4 90.9 0.003 £ 0.000 (+0.18%) 14.3 93.6
£>-IRLS 4.12+0.11 (-0.41%) 62.2 99.1 0.133 £ 0.004 (+0.29%) 23.3 96.1 0.003 £ 0.000 (-0.86%) 19.0 96.8
¢1-IRLS 414+ 0.11 (-0.11%) 6.2 100 0.132 £+ 0.004 (+0.04%) 30.0 98.9 0.003 £ 0.000 (-1.58%) 22.6 98.3
Grad. (Primal) 4.41 +0.14 (+6.00%) 5.7 42.3 0.141 £ 0.005 (+5.94%) 18.9 34.8 0.004 £ 0.000 (+5.07%) 16.1 38.1
Grad. (Dual) 4.41+£0.14 (+6.03%) 5.6 42.3 0.141 £ 0.005 (+5.94%) 18.5 34.8 0.004 £ 0.000 (+5.10%) 15.8 38.1

Table 10. Comparison of heteroscedastic SBL methods against sparse and robust baselines in predictive RMSE and effective support
sizes (weights @ and samples y). Improvements over homoscedastic counterparts are shown as (—z%). Results on Power, Kin8nm,
Elevators with 10% outlier contamination (avg. over 10 trials, £10).

Power Kin8nm Elevators
Method RMSE () ESS(@) ESS(y) RMSE () ESS(#) ESS(y) RMSE () ESS(@) ESS(y)
OLS 12.41 + 2.59 100 100 0.171 + 0.005 100 100 0.004 £ 0.000 100 100
Ridge 4.83 +£0.17 97.0 100 0.153 £ 0.003 72.3 100 0.004 £ 0.000 68.3 100
GP 4.86 £0.15 194 100 0.156 £+ 0.006 97.1 100 0.004 £ 0.000 27.0 100
Student-t 4.25+0.11 100 92.9 0.144 £ 0.004 100 95.5 0.004 £ 0.000 100 94.3
Huber 4.20 +£0.11 100 91.1 0.140 £ 0.004 100 92.1 0.004 £ 0.000 100 90.2
EM 4.19+0.14 (-11.99%) 51.4 91.1 0.136 +0.004 (-10.58%) 20.2 88.8 0.003 +0.000 (—9.48%) 16.5 89.4
MacKay 4.20 £ 0.11 (-11.74%) 2.9 87.1 0.137 £ 0.004 (—10.34%) 18.2 82.5 0.003 +0.000 (—9.30%) 13.8 84.2
£2-IRLS 4.21 £0.18 (~11.55%) 58.0 90.9 0.136 +0.004 (-10.65%) 23.2 88.6 0.003 +0.000 (—9.59%) 19.4 88.9
£1-IRLS 4.40 £ 0.15 (—19.43%) 6.9 93.2 0.141 £ 0.004 (—10.60%) 23.3 92.7 0.004 4+ 0.000 (-11.88%) 20.6 92.0
Grad. (Primal)  4.58 +0.22 (—3.40%) 8.8 38.6 0.150 £ 0.005 (—1.86%) 19.5 30.7 0.004 £ 0.000 (—2.51%) 16.6 33.3
Grad. (Dual) 4.55 +0.18 (-3.97%) 8.6 38.5 0.150 4 0.005 (—1.86%) 19.1 30.6 0.004 4 0.000 (—2.51%) 16.3 33.3
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Figure 6. Top row: We run an additional experiment complementing § B.8 with original high-leverage outliers representing giant stars
contained in the StarsCYG dataset. Center row: Those four samples clearly exhibit strong leverage and are able to pull the model fit
towards them unless excluded a priori. Here, we run joint ARD with standard EM updates on the single original feature. Bottom row:
Motivated by the connection between A; and the leverage-adjusted LOO residual rz_m- we test a ‘studentized” EM noise update of the

form )\E‘H = r2/(1 — h;)? which uses posterior leverage as a multiplicative magnifier taken to the power p > 2. While heuristic, this
substantially reduces the influence of the high-leverage outliers and yields a fit closer to the uncontaminated case, suggesting potential for
future investigation into leverage-adjusted updates obtained via ARD principles.
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Figure 7. We report predictive performance (MAE), outlier recovery, ESS(y), and ESS() for the neural network experiment in § 4.2
across methods. Rows (top to bottom): OLS, Ridge, MacKay, and EM (avg. over 10 trials, + 10). As expected, OLS and Ridge
exhibit poor outlier recovery and yield ESS(y) = 1.0 (no data sparsification), while Ridge attains feature sparsity comparable to the SBL
approaches. For MacKay and EM, ESS(y) increases as larger fractions of high-noise points are removed, indicating self-consistency:
once outliers are pruned, relevance becomes more evenly distributed across remaining samples, consistent with increasingly homogeneous
inlier noise. EM and MacKay are selected here for their typically faster convergence and lower computational cost.
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Figure 8. We provide additional qualitative examples complementing Fig. 2 by visualizing the five highest- and lowest-noise samples as
ranked by A, learned via EM for three distinct trials (2, 5, 8). High-noise images predominantly depict dense, high-count crowds, while
low-noise examples correspond to simpler low-count scenes, indicating consistent retrieval of unreliable labels.
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