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Abstract

While generative models, especially large lan-
guage models (LLMs), are ubiquitous in to-
day’s world, principled mechanisms to as-
sess their (in)correctness are limited. Using
the conformal prediction framework, previous
works construct sets of LLM responses where
the probability of including an incorrect re-
sponse, or error, is capped at a user-defined
tolerance level. However, since these methods
are based on p-values, they are susceptible to
p-hacking, i.e., choosing the tolerance level
post-hoc can invalidate the guarantees. We
therefore leverage e-values to complement gen-
erative model outputs with e-scores as mea-
sures of incorrectness. In addition to achiev-
ing the guarantees as before, e-scores further
provide users with the flexibility of choosing
data-dependent tolerance levels while upper
bounding size distortion, a post-hoc notion of
error. We experimentally demonstrate their
efficacy in assessing LLM outputs under dif-
ferent forms of correctness: mathematical fac-
tuality and property constraints satisfaction.

1 INTRODUCTION

Generative models, large language models (LLMs) in
particular, have gained widespread popularity, with
millions of users around the world (OpenAI, 2024a,b,c;
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Gemini Team, 2025). However, they are susceptible to
generating incorrect outputs, or hallucinations (Huang
et al., 2025), requiring caution in their use. Fig. 1 illus-
trates an example where an LLM’s response contains
incorrect steps or sub-responses. Since such correctness
labels are unknown at test time, we need a mechanism
to assess the (in)correctness of the generated responses.

A recent line of work aims to provide statistical guar-
antees for such LLM responses (Mohri and Hashimoto,
2024; Cherian et al., 2024; Rubin-Toles et al., 2025).
These methods rely on p-value based conformal pre-
diction (Shafer and Vovk, 2008; Vovk et al., 2022) to
filter the response set such that the probability of in-
cluding an incorrect response, or error, is capped at a
user-defined tolerance level α. Implicitly, this is done
by computing a p-value based score for each response,
or p-score; then, the filtered response set is obtained
simply by thresholding the p-scores ≤ α. Importantly,
α must be chosen independently of the data. This begs
the question: what if we want a data-dependent α?

Recall the example in Fig. 1, and imagine that the
scores there are the p-scores in question. If the user
pre-sets α = 0.1, the responses are filtered for p-scores
≤ 0.1, resulting in the first two sub-responses. However,
the user would have obtained the same first two sub-
responses if they had pre-set α = 0.01 instead. Since a
tolerance level of 0.01 conveys a much higher assurance
in the responses compared to 0.1, the user would want
to update α = 0.1 → 0.01. This necessitates a data-
dependent α, also called a post-hoc α. Unfortunately,
even though such post-hoc α’s are commonly used in
practice, the guarantees for p-score based methods are
invalidated. This is due to the susceptibility of p-values,
and hence of p-scores, to p-hacking (Carney, 2016).

We propose e-scores as measures of incorrectness : they
are low for correct and high for incorrect responses
(depicted in Fig. 1). These scores, based on e-values,
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PROMPT

Seth is twice as old as Brooke. In 2 years, the sum of their ages will be 28. How old is Seth?

RESPONSE

Let’s denote Seth’s current age as S and Brooke’s current age as B. From the problem, we know
that Seth is twice as old as Brooke, so we can write this relationship as an equation: S = 2B.

✓ e-score: 0.01

In two years, Seth will be S + 2 years old and Brooke will be B + 2 years old. The sum of their ages in
two years will be 28, so we can write another equation: (S + 2) + (B + 2) = 28.

✓ e-score: 0.01

Substituting the first equation into the second equation, we get:
2B +444 +B + 2 = 28 ⇐⇒ 3B + 6 = 28 ⇐⇒ 3B = 22 ⇐⇒ B = 22/3.

✗ e-score: 4.95

Since B represents Brooke’s age, we need to find Seth’s age. From the first equation, we substitute B with 22/3:
S = 2× 22/3 ⇐⇒ S = 44/3.

✗ e-score: 6.01

So, Seth is 44/3 or approximately 14.67 years old. The answer is: 14.67.

✗ e-score: 6.28

Figure 1: E-scores example for mathematical factuality. This is an example prompt and response from
the ProcessBench benchmark (Zheng et al., 2025) (cf. Section 5.1). The LLM’s response is made up of 5
sub-responses, each a step in the mathematical reasoning (starting from the inner and ending on the outer block).
The checks/crosses on the bottom left and the green/red colour of each block represent whether the response is
correct/incorrect up till that point (which is not known at test-time). On manual inspection, we bold part of the
third sub-response causing the incorrectness, cascading to subsequent sub-responses. The e-scores on the bottom
right of each block are our proposed measures of incorrectness: low for correct and high for incorrect responses.

provide statistical guarantees on a post-hoc notion of
error called size distortion (Koning, 2024): the distor-
tion between observing an error and the user’s post-
hoc tolerance level. The non-post-hoc error guarantee
mentioned earlier arises as a special case of this gen-
eralization. Furthermore, we show that our statistical
guarantees remain valid for any generative model and
for a super-set of the response sets considered by Mohri
and Hashimoto (2024); Cherian et al. (2024); Rubin-
Toles et al. (2025). Altogether, this provides avenues
for more diverse applications and use-cases. We exper-
imentally demonstrate the efficacy of our e-scores in
the assessment of LLM responses under two settings:
(i) mathematical factuality, for sound mathematical
reasoning, and (ii) property constraints satisfaction, to
ensure responses satisfy certain desirable properties.

We summarize the contributions of our work as follows.

• We study the problem of achieving statistical guar-
antees for a post-hoc notion of error, namely size
distortion, for generative model outputs. This gen-
eralizes the non-post-hoc guarantees studied before
for LLM responses (Mohri and Hashimoto, 2024;
Cherian et al., 2024; Rubin-Toles et al., 2025).

• We propose e-scores, based on e-values, as mea-
sures of incorrectness. Our theoretical results
show that e-scores achieve the post-hoc statis-
tical guarantees mentioned above. In doing so,
e-scores provide users the flexibility of choosing
data-dependent tolerance levels. Furthermore, we
corroborate our theory with experimental results.
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• We show that our guarantees extend to any gen-
erative model and to a super-set of the response
sets considered by Mohri and Hashimoto (2024);
Cherian et al. (2024); Rubin-Toles et al. (2025).

We begin by formulating our problem in Section 2, and
discuss related work in Section 3. We define our pro-
posed e-scores in Section 4. Sections 5 and 6 include
experimental results and theoretical analyses, respec-
tively. We finish with concluding remarks in Section 7.

2 PROBLEM FORMULATION

We are interested in providing guarantees pertaining
to the (in)correctness of generative model outputs. We
describe: (i) the generative model outputs we consider,
(ii) their (in)correctness, (iii) the desired post-hoc guar-
antees, and (iv) practical examples of post-hoc use.
While we use LLMs to provide concrete examples, our
setup could be instantiated with any generative model.

2.1 Generative Model Outputs

We define the prompt space X , a sub-space of language.
Given a prompt x ∈ X , an LLM π generates a response,

gπ (x) = y = (y1, y2, . . .) ∼ π (·|x) ,

an ordered set of sub-responses that collectively answer
the prompt. These sub-responses could be sentences,
steps in chain-of-thought reasoning (Wei et al., 2022),
etc., akin to the example in Fig. 1. While natural for
auto-regressive models, we do not assume any particular
dependency structure. Note that singular responses of
length |y| = 1 are a special case. We define the sub-
response space Y, also a sub-space of language. Then,
each sub-response yi ∈ Y and the response y ∈ ∪i≥1Yi.

We could evaluate y alone, but we consider a larger set
of responses. Notice that a single generated response
can form multiple responses: the partial responses
y≤i = (y1, . . . , yi), for i = 1, . . . , |y|. In doing so, the
user could find partial but correct responses, similar to
the example in Fig. 1. We define such a response set,

Y (gπ (x)) = {y≤i : y = gπ (x) , i = 1, . . . , |y|} . (1)

Note that this includes the full generated response itself
gπ (x) ∈ Y (gπ (x)). We will generalize this response
set to a larger one in Section 6.1. However, we continue
to use the definition in Eq. (1) as it is suited for the
experimental benchmarks we consider (cf. Section 5).

2.2 Oracle (In)Correctness

There are different notions of correctness that are of
interest to us. Factuality is a pertinent one, to ver-
ify whether responses are based on facts (Mohri and

Hashimoto, 2024; Cherian et al., 2024; Rubin-Toles
et al., 2025). Another is property constraints satisfac-
tion, to ensure responses have certain desirable proper-
ties (Dhillon et al., 2025). To adapt to such use-cases,
we define (in)correctness with respect to an oracle o,

o (x,y) =

{
1, y is correct as a response to x

0, y is incorrect as a response to x
,

determining the correctness of y as a response to the
prompt x. Further, we define the labeled response set,

O (x, gπ (x)) = {(y, o (x,y)) : y ∈ Y (gπ (x))} .

2.3 Desideratum for Statistical Guarantees

Given an LLM π and a prompt x ∈ X , we construct its
(unlabeled) response set Y (gπ (x)). Our goal then is to
assess the (in)correctness of each response in this set,
i.e., we want to reason about the unknown oracle labels
o (x,y) for every response y ∈ Y (gπ (x)). We do so
by complementing each response with a non-negative
score s (x,y) ∈ R≥0 as a measure of incorrectness : low
for correct responses and high for incorrect responses.
Consequently, we will provide the scored response set,

S (x, gπ (x)) = {(y, s (x,y)) : y ∈ Y (gπ (x))} ,

to facilitate the user in deciding which responses to
include (and use) or not. In particular, they could
decide to filter the scored response set at some α ∈ R≥0,

Sα (x, gπ (x)) = {(y, v) ∈ S (x, gπ (x)) : v ≤ α} .

Since we want to avoid incorrect responses, we treat
the inclusion of any incorrect response in the filtered
set Sα (x, gπ (x)) as an error at α. Then, a possible
desideratum for our measures of incorrectness is to
upper bound the probability of error at α by α itself,

P {error at α}=P

{
∃ (Y, ·) ∈ Sα (X, gπ (X))

s.t. o (X,Y) = 0

}
≤α.

(2)
In doing so, α represents the user’s tolerance level. This
is considered by Mohri and Hashimoto (2024); Cherian
et al. (2024); Rubin-Toles et al. (2025), who use p-
value based conformal prediction (Shafer and Vovk,
2008; Vovk et al., 2022) to achieve this. Note that
the above requirement assumes that α is determined
independently of the data (the prompt, the responses,
and the scores). However, in practice, users would
want to use a data-dependent tolerance level α, as
highlighted by the scenario in Section 1. On realizing
that they would obtain the same filtered set if they pre-
set α = 0.01 instead of 0.1 in the example in Fig. 1, the
user wants to update α = 0.1 → 0.01, conveying higher
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assurance in the responses with a smaller tolerance level.
This necessitates a data-dependent α, or a post-hoc α.

Specifically, we want to enable the user to choose α after
observing the prompt x and the scored response set
S (x, gπ (x)). Since α is now a random variable, Eq. (2)
cannot be applied directly. We therefore generalize our
desideratum instead to a post-hoc notion of error at α,

E

[
1 {error at α (X,S (X, gπ (X)))}

α (X,S (X, gπ (X)))

]
=

E

1
{
∃(Y, ·)∈Sα(X,S(X,gπ(X))) (X, gπ (X))

s.t. o (X,Y)=0

}
α (X,S (X, gπ (X)))

≤1.

(3)
The ratio of observing an error at α and α itself is
expected to be at most 1. The ratio captures the
distortion between observing an error and the user’s
tolerance level; furthermore, the bound ensures that
the expected distortion is controlled. Koning (2024)
uses such an expected distortion for hypothesis testing,
calling it size distortion (with size referring to an error).
This generalizes Eq. (2), recovered when α is a fixed pre-
set value. Thus, Eq. (3) will be our new desideratum.

Role of the Calibration Data To aid us in our
desideratum, we are given labeled calibration data that
is assumed to be exchangeable with the test data, which
is similar to Mohri and Hashimoto (2024); Cherian et al.
(2024); Rubin-Toles et al. (2025). This includes n cal-
ibration prompts xi ∈ X , for i = 1, . . . , n, each with
their corresponding labeled response set O

(
xi, gπ

(
xi
))

.
Now, given the test prompt xn+1 ∈ X , we will com-
plement each test response yn+1 ∈ Y

(
gπ
(
xn+1

))
with

a non-negative test score s
(
xn+1,yn+1

)
∈ R≥0 as a

measure of incorrectness, which can additionally de-
pend on the given calibration data. For simplicity and
compactness, we will suppress the notation for the de-
pendence of the scores on the calibration data; note
that the requirement in Eq. (3) (and in Eq. (2)) is now
marginal over both the test and the calibration data.

2.4 Use of Post-Hoc ααα’s

We provide two concrete examples of post-hoc α strate-
gies. A user could choose either one of these or any
other strategy; in return, we will aim to satisfy Eq. (3).

Max-Constrained Adaptive ααα The user has a fixed
pre-set maximum tolerance level αmax ∈ [0, 1]. Since
the scores in the filtered set at αmax could be ≤ αmax,
the user updates their tolerance level α to the maximum
score in the corresponding filtered set Sαmax

(x, gπ (x)),

α (x, S (x, gπ (x))) = max
(·,v)∈Sαmax (x,gπ(x))

v.

Fractional Inclusion Alternatively, the user might
want to include λ ∈ [0, 1] fraction of all responses in
the set S (x, gπ (x)). Then, the user’s tolerance level α
is the maximum score in the corresponding filtered set,

α (x, S (x, gπ (x))) = max
(·,v)∈Sα(x,gπ(x))

v

s.t. |Sα (x, gπ (x))| = ⌈λ · |S (x, gπ (x))|⌉.

Note that by setting λ = 1, the user could get post-hoc
error guarantees for the full generated response itself.

After choosing a post-hoc α strategy, the user gets the
filtered Sα(x,S(x,gπ(x))) (x, gπ (x)) for downstream use.
The user could, for example, treat the longest response
in the filtered set as the default response, as done by
Mohri and Hashimoto (2024); Cherian et al. (2024);
Rubin-Toles et al. (2025), now with added guarantees.

3 RELATED WORK

We begin with two key definitions. Consider a non-
negative random variable R ∈ R≥0. It is a p-variable
if P {R ≤ α} ≤ α, for all α ∈ R≥0. And, it is an e-
variable if E [R] ≤ 1 (which, with Markov’s inequality,
gives P {1/R ≤ α} ≤ α, for all α ∈ R≥0). Furthermore,
its realized value is called a p- and e-value, respectively.

While p-values have been used for hypothesis testing
(Neyman and Pearson, 1933; Wald, 1939), recent devel-
opments highlight the benefits of e-values (Shafer and
Vovk, 2019; Wasserman et al., 2020; Shafer, 2021; Vovk
and Wang, 2021; Wang and Ramdas, 2022; Grünwald
et al., 2024; Ramdas and Wang, 2025). Notably, Grün-
wald (2024) emphasizes their use in post-hoc α settings.
Since we are also interested in post-hoc α’s, we base
our scores on e-values to attain statistical guarantees.

Closest to our work is that of Mohri and Hashimoto
(2024); Cherian et al. (2024); Rubin-Toles et al. (2025).
Mohri and Hashimoto (2024); Rubin-Toles et al. (2025)
adapt ideas from conformal prediction (Shafer and
Vovk, 2008; Vovk et al., 2022), typically used to con-
struct prediction sets for supervised learning prob-
lems, to filter LLM outputs to construct response sets
Sα (x, gπ (x)) for a fixed pre-set α. In both these works,
the dependence on p-values is implicit through their use
of the nested conformal framework (Gupta et al., 2022).
Additionally, rather than a single fixed α, Cherian et al.
(2024) consider a functional α that can vary to improve
fractional inclusion, but is required to be independent
of the scores. Consequently, these works satisfy Eq. (2),
but not its post-hoc generalization in Eq. (3). We
therefore design our scores to achieve the latter for any
generative model and its outputs. Furthermore, our
theoretical results extend to the assessment of response
sets that are larger than those of Mohri and Hashimoto
(2024); Cherian et al. (2024); Rubin-Toles et al. (2025).
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4 E-SCORES

We now describe the scores we propose to achieve
Eq. (3). We defer the theoretical results that justify
our design choices to Section 6.2; but intuitively, our
scores must be reciprocals of the corresponding e-values.
Consequently, we call our proposed scores the e-scores.

The functional form of our e-scores is influenced by
Gammerman et al. (1998), who construct e-values for
supervised learning under exchangeable data (used by
Balinsky and Balinsky (2024); Vovk (2025); Gauthier
et al. (2025) for the same). Specifically, we define our
e-score for each test response yn+1 ∈ Y

(
gπ
(
xn+1

))
,

se-score
(
xn+1,yn+1

)
=(

(n+ 1) · f
(
xn+1,yn+1

)
f (xn+1,yn+1) +

∑n
i=1 f

∗ (xi,O (xi, gπ (xi)))

)−1

,

(4)
where f is any function mapping a prompt x and re-
sponse y to a non-negative value f (x,y) ∈ R≥0, and,

f∗ (x,O (x, gπ (x))) = max
(y,c)∈O(x,gπ(x)):c=0

f (x,y) ,

is the maximum incorrect response value (set to 0 in the
absence of an incorrect response).1 As a result, our e-
scores compare a test response value with the incorrect
calibration response values. The specific definition of
f∗ provides guarantees pertaining to the inclusion of
any incorrect response (cf. Section 6.2), similar to
the non-conformity functions in Mohri and Hashimoto
(2024); Cherian et al. (2024); Rubin-Toles et al. (2025).

For our e-scores to be measures of incorrectness, f (x,y)
should intuitively be a proxy for the oracle o (x,y):
high for correct responses and low for incorrect re-
sponses. If the oracle were known, fo (x,y) could be
any monotonically increasing transformation of the or-
acle. This includes, but is not limited to: (i) o (x,y),
(ii) (1− o (x,y))

−1, and (iii) o (x,y) · (1− o (x,y))
−1.

However, since the oracle is unknown, we approximate
it with ô. Obtaining such an estimator is a binary
classification problem (since the oracle is binary), where
ô predicts the probability of correctness, now in the
range [0, 1]. Note that the data used for training ô
should be independent of the test and calibration data.
With an estimator ô, the above transformation options
for fô (x,y) translate to e-scores with different ranges,

fô (x,y) =
ô (x,y) ∈ [0, 1] (for e-score 1)
(1− ô (x,y))

−1 ∈ [1,∞] (for e-score 2)
ô (x,y) · (1− ô (x,y))

−1 ∈ [0,∞] (for e-score 3)
.

(5)
1We follow the convention a/0=0 if a=0, otherwise ±∞.

Algorithm 1: E-Scores
Input: Generative model π
Input: Test prompt xn+1

Input: Calibration prompt xi and labeled calibration
responses O

(
xi, gπ

(
xi
))

, for i = 1, . . . , n
Input: Transformed oracle estimator fô
Output: Test scored responses S

(
xn+1, gπ

(
xn+1

))
1 gπ

(
xn+1

)
← π

(
·|xn+1

)
; /* generation */

2 S← ∅ ; /* initialization */
3 for yn+1 ∈ Y

(
gπ

(
xn+1

))
; /* response set */

4 do
5 vn+1 ←(

(n+1)·fô(xn+1,yn+1)
fô(xn+1,yn+1)+

∑n
i=1 f∗

ô (xi,O(xi,gπ(xi)))

)−1

;

/* e-score */
6 S← S ∪

{(
yn+1, vn+1

)}
; /* scored response */

7 return S

Therefore, with an oracle estimator ô and its trans-
formation fô, we can compute our proposed e-scores
in Eq. (4). We summarize this e-scoring mechanism
in Algorithm 1. In Section 6.2, we will show that our
e-scores achieve Eq. (3) for any choice of ô and fô,
regardless of the possible errors in approximating o.

4.1 Combining E-Scores

With different options for the transformed oracle es-
timator in Eq. (5), the use-case would determine the
choice in practice. Alternatively, without making as-
sumptions about or restricting the use-cases, one can
opt to combine multiple e-scores by first combining the
underlying e-values. We use the fact that simple aver-
aging of e-values yields an admissible e-value (Vovk and
Wang, 2021). Let se-score (i)

(
xn+1,yn+1

)
for i = 1, 2, 3

be the three e-scores corresponding to the options in
Eq. (5). Then, we can combine them into one e-score,

se-score (combined)
(
xn+1,yn+1

)
=(∑3

i=1

(
se-score (i)

(
xn+1,yn+1

))−1

3

)−1

.
(6)

We will use this e-score by default, unless mentioned
otherwise. This is also used for the example in Fig. 1.

5 EXPERIMENTAL RESULTS

We now experimentally demonstrate the efficacy of our
proposed e-scores with two practical settings. We dis-
cuss the use-cases individually, then summarize the ob-
served trends collectively. We begin by stating the base-
lines, the metrics for comparisons, the time and memory
complexities, and the experimental setup. We also per-
form a worst-case analysis in Appendix B, where the
post-hoc α’s maximize the size distortion from Eq. (3).
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Baselines We compare against p-value based scores,
or p-scores. Analogous to our e-scores in Eq. (4), the
p-scores can be defined as the corresponding p-values,

sp-score
(
xn+1,yn+1

)
=

1 +
∑n

i=1 1

{
f
(
xn+1,yn+1

)
≤ f∗ (xi,O

(
xi, gπ

(
xi
)))}

n+ 1
,

(7)

comparing a test response value with the incorrect cal-
ibration response values as relative ranks (Shafer and
Vovk, 2008; Vovk et al., 2022). Mohri and Hashimoto
(2024); Cherian et al. (2024); Rubin-Toles et al. (2025)
use such p-scores implicitly to achieve Eq. (2), which
we make explicit in Appendix C. Due to the reliance
on relative ranks, the choice of the transformed ora-
cle estimator in Eq. (5) does not matter, as they are
monotonically increasing transformations of each other.

We also compare with the transformed oracle estimators
in Eq. (5) directly, without any conversion to e- or p-
scores. These naive scores generally do not come with
any statistical guarantees by themselves. We will use
these scores for our worst-case analysis in Appendix B.

Metrics Our comparisons are based on the following.

• Size distortion. This is the most important metric,
from our desideratum in Eq. (3). We report its
empirical mean, which is desired to be at most 1.

• Error vs. α. While we aim to control size distor-
tion, the expected error to α ratio, one might also
be interested in the expected error and expected α
individually. We report empirical means for both.
We ideally want the observed error to be lower
than the tolerance level (mean error ≤ mean α).

• Precision vs. recall. We provide guarantees on
the inclusion of any incorrect response. Simulta-
neously, we do not wish to exclude many correct
responses. As a result, we report the empirical
means for precision (fraction of correct responses
among those included) and recall (fraction of cor-
rect responses included). We compare using the
precision-recall curves (higher is better for both).

Memory and Time Complexities Our e-scores
are cheaper to compute than the p-scores, in memory
and in time. For a given test prompt-response pair,
p-scores compute relative ranks with the calibration
data (cf. Eq. (7)). This requires memory and time that
grows linearly in the amount of calibration data n for
every individual test prompt-response pair. Conversely,
our e-scores compute a sum over the calibration data
(cf. Eq. (4)). This requires constant memory and time
that grows linearly in n. Furthermore, this is a one time
cost, amortized over all test prompt-response pairs.

Setup We randomly split the data 50-50% into the
test and calibration data (no training data is required
as we use pre-trained oracle estimators). The met-
rics are averaged over 100 such random splits. We
use an NVIDIA A100 GPU for the pre-trained oracle
estimators; the remaining computations run on a CPU.

5.1 Mathematical Factuality

ProcessBench (Zheng et al., 2025) is a mathemati-
cal reasoning benchmark. It contains prompts from
GSM8K (Cobbe et al., 2021), MATH (Hendrycks et al.,
2021), OlympiadBench (He et al., 2024), and Omni-
MATH (Gao et al., 2025). The responses are first gen-
erated by 12 open-source LLMs (LLaMA Team, 2024;
Yang et al., 2024a,b; Qwen Team, 2025), then separated
into multiple steps/sub-responses using Qwen2.5-72B-
Instruct (Qwen Team, 2025). Lastly, human experts
annotate the earliest-occurring incorrect sub-response.

Let y = (y1, y2, . . .) be a generated response and i be its
annotation. Then, the responses y≤j for j = i, . . . , |y|
are deemed incorrect as they contain the incorrect i-th
sub-response, whereas the responses for j = 1, . . . , i− 1
are correct. Fig. 1 illustrates one such example. This de-
termines the correctness or factuality of the responses.

Zheng et al. (2025) also benchmark math-based process
reward models that predict the correctness probabilities
of sub-responses individually. However, we want an or-
acle estimator to predict the correctness probability of
(partial) responses. We follow Lightman et al. (2024) to
obtain this by multiplying the individual (conditional)
sub-response predictions like conditional probabilities,

ô (x,y) =

|y|∏
i=1

ô (x, yi | y<i) .

We consider two process reward models for such oracle
estimators: (i) Qwen2.5-Math-7B-PRM800K (or Qwen-
PRM) (Zheng et al., 2025) and (ii) Math-Shepherd-
PRM-7B (or MathShepherdPRM) (Wang et al., 2024).

We examine both the post-hoc α strategies described
in Section 2.4, and illustrate the results in Fig. 2. Fur-
thermore, the example in Fig. 1 is from this use-case.

5.2 Property Constraints Satisfaction

UltraFeedback (Cui et al., 2024) is a diverse and fine-
grained preference dataset. It contains prompts from 6
benchmarks (we will only use Evol-Instruct (Xu et al.,
2024) and TruthfulQA (Lin et al., 2022)) and responses
from 17 commercial and open-source LLMs (Chiang
et al., 2023; Tunstall et al., 2023; Taori et al., 2023;
Touvron et al., 2023; Biderman et al., 2023; Almazrouei
et al., 2023; Ding et al., 2023; OpenAI, 2024a; Xu et al.,
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(a) Max-constrained adaptive ααα strategies. We set αmax = 0, .01, .02, . . . , .99, 1 (cf. Section 2.4).
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(b) Fractional inclusion strategies. We set λ = 0, .01, .02, . . . , .99, 1 (cf. Section 2.4).

Figure 2: Scores for mathematical factuality. We use the setting in Section 5.1 to compare our proposed
e-scores (in orange) against p-scores (in blue). The left graphs plot size distortion (cf. Eq. (3)). The center
graphs plot mean error vs. mean α (where the dashed black line is the identity line). The right graphs plot mean
precision vs. mean recall (with the e-scores curves overlapping and hiding part of or the entire p-scores curves).

2024). It also employs GPT-4 (OpenAI, 2024a) to
provide a rating for every response on four different
criteria: helpfulness, honesty, instruction-following, and
truthfulness; these are numerical ratings from 1 to 5.

In practice, users are often interested in responses that
satisfy certain desirable properties; this is equivalent
to thresholding or constraining the property ratings
to their corresponding desirable values (Dhillon et al.,
2025). We use such a constraining mechanism to define
the correctness of responses for two different use-cases.

Helpfulness and Instruction-Following We de-
fine a response to be correct if both its helpfulness and
instruction-following ratings are either 4 or higher. We
use prompts from the Evol-Instruct benchmark (Xu
et al., 2024). We illustrate these results in Fig. 3a.

Honesty and Truthfulness We define a response to
be correct if both its honesty and truthfulness ratings
are 5. We use prompts from the TruthfulQA benchmark
(Lin et al., 2022). We illustrate these results in Fig. 3b.

Cui et al. (2024) also provide a reward model, UltraRM,
that predicts a real-valued preference for a response.
We follow the Bradley-Terry model (Bradley and Terry,
1952) (although without a reference preference value, or
equivalently, a reference preference of 0) and append the
pre-trained UltraRM with a sigmoid operator, updating
its range to [0, 1]. We use this as our oracle estimator.

Note that these use-cases consider the full responses
with |y| = 1. As a result, we only examine the max-
constrained adaptive α strategy (cf. Section 2.4); frac-
tional inclusion would include or exclude all responses.
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(a) Helpfulness and instruction-following. A response is correct if its helpfulness and instruction-following ratings ≥ 4.
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(b) Honesty and truthfulness. A response is correct if its honesty and truthfulness ratings = 5.

Figure 3: Scores for property constraints satisfaction. We use the setting in Section 5.2 to compare
our proposed e-scores (in orange) against p-scores (in blue). We consider different max-constrained adaptive α
strategies, setting αmax = 0, .01, .02, . . . , .99, 1 (cf. Section 2.4). The left graphs plot size distortion (cf. Eq. (3)).
The center graphs plot mean error vs. mean α (where the dashed black line is the identity line). The right graphs
plot mean precision vs. mean recall (with the e-scores curves overlapping and hiding part of the p-scores curves).

5.3 Observed Trends

The trends we observe for the different experimental
use-cases are consistent; we summarize them together.

Size Distortion Our proposed e-scores reliably up-
per bound size distortion to 1 and satisfy Eq. (3),
corroborating our theory in Section 6.2. Conversely,
p-scores are unable to achieve this; the only time they
experimentally do is when all responses (correct and
incorrect) are excluded, achieving 0 error by default.

Error vs. ααα Our proposed e-scores consistently ob-
tain a mean error lower than or approximately equal to
the mean tolerance α. Conversely, p-scores consistently

obtain a mean error higher than the mean tolerance α.

Precision vs. Recall The precision-recall curves of
our proposed e-scores overlap with those of the p-scores.
In satisfying Eq. (3), the e-scores are more conservative
and prefer maintaining high precision over high recall.
Consequently, restricting α’s to be ≤ 1 (under the max-
constrained adaptive α strategies) restricts the e-score
recalls compared to the p-score recalls, resulting in
partial overlap. However, removing this restriction (un-
der the fractional inclusion strategies) retains complete
overlap of the e- and p-score precision-recall curves.

Oracle Estimator The choice of the oracle estima-
tor impacts the metrics. This is best illustrated by
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the precision-recall curves in Fig. 2a, where Qwen-
PRM achieves higher precisions and recalls compared
to MathShepherdPRM. This is expected as the former
is comparatively more accurate (Zheng et al., 2025).

6 THEORETICAL RESULTS

We present our theoretical results here. We generalize
the response set from Eq. (1) to a larger set, and show
that our e-scores satisfy our desideratum in Eq. (3).

6.1 Super-Set of Responses

We intend to make the response set from Eq. (1) as
large as possible, while maintaining statistical guaran-
tees. This would enable the assessment of a larger set
of responses, opening avenues for more diverse applica-
tions and use-cases. So, we consider the responses,

Y (gπ (x)) = ∪σ {y≤i : y = σ (gπ (x)) , i = 1, . . . , |y|} ,
(8)

where σ (gπ (x)) is a permuted version of the generated
response gπ (x), and the union is over all permutations.

If we fix σ to the identity ordering only, we recover
Eq. (1). Similarly, Rubin-Toles et al. (2025) restrict σ
to orderings (what they call topological orderings of an
approximate deducibility graph) obtained from GPT-
4o (OpenAI, 2024b). Lastly, Mohri and Hashimoto
(2024); Cherian et al. (2024) do not account for the
inherent ordering of the sub-responses to make up a
response. Therefore, Eq. (8) is a super-set of responses,
containing all the response sets discussed above. In
fact, we believe that it is the largest set of responses to
consider when given a single generated response gπ (x).

Instead of the full response set in Eq. (8), one might
choose to use a sub-set depending on the use-case, while
maintaining guarantees. For example, we use Eq. (1)
in Section 5.1 as it is tailor-made for that benchmark.

6.2 Worst-Case Analysis and E-Values

We are interested in achieving the desideratum in
Eq. (3) for any post-hoc α that a user might choose.
Without restricting the user’s choice, we will analyze
the setting where α (x, S (x, gπ (x))) maximizes size dis-
tortion. If Eq. (3) is satisfied under this worst-case
setting, it will also be satisfied under any post-hoc α.

Note that a response is included in the filtered set
Sα (x, gπ (x)) if and only if its score is ≤ α. As a result,
we can re-write the inclusion of an incorrect response
as at least one incorrect response having a score ≤ α,

∃ (y, ·) ∈ Sα (x, gπ (x)) s.t. o (x,y) = 0

⇐⇒ min
(y,c)∈O(x,gπ(x)):c=0

s (x,y) ≤ α.

Therefore, the worst-case size distortion simplifies to,

E

[
max

α∈R≥0

1
{
min(Y,C)∈O(X,gπ(X)):C=0 s (X,Y) ≤ α

}
α

]

= E

[(
min

(Y,C)∈O(X,gπ(X)):C=0
s (X,Y)

)−1
]
,

because α is set to the smallest value for which the
indicator evaluates to 1, otherwise the whole term is 0.

To upper bound the above expectation by 1 is equiva-
lent to requiring

(
min(y,c)∈O(x,gπ(x)):c=0 s (x,y)

)−1 to
be an e-value (by definition), and hence the specific
choice of our proposed e-scores in Eq. (4). Indeed, if
we use our e-scores here, the above term simplifies to,(

min
(yn+1,cn+1)∈O(xn+1,gπ(xn+1)):cn+1=0

s
(
xn+1,yn+1

))−1

=
(n+ 1) · f∗ (xn+1,O

(
xn+1, gπ

(
xn+1

)))∑n+1
i=1 f∗ (xi,O (xi, gπ (xi)))

,

which is an e-value under exchangeable data for any
non-negative function f (Gammerman et al., 1998).

Lastly, since our e-scores satisfy Eq. (3) under this
worst-case setting, they will satisfy Eq. (3) under any
post-hoc α. We summarize this theoretical result below,
and provide the detailed derivation in Appendix A.
Theorem 1. If the test and the calibration prompts are
exchangeable, then, our proposed e-scores in Eqs. (4)
and (6) upper bound the size distortion (marginal over
the test and the calibration prompts) by 1, as in Eq. (3).

7 CONCLUSIONS

In this paper, we studied the problem of achieving
statistical guarantees for a post-hoc notion of error,
namely size distortion, for generative model outputs.
We proposed e-scores, based on e-values, as measures
of incorrectness. We proved theoretically that our pro-
posed e-scores achieve the desired post-hoc guarantees,
which we corroborated with experimental results. In
doing so, e-scores provide users the flexibility of choos-
ing data-dependent tolerance levels α. We also showed
that our guarantees extend to a large set of responses,
opening up possibilities for more diverse applications.

Future Work Our experiments demonstrated that
the choice of the oracle estimator impacts metrics such
as the precision-recall curves. While we used pre-
trained estimators, they could be trained for specific
applications to strengthen the e-scores. Furthermore,
while we considered size distortion as our post-hoc
notion of error, other candidates exist, although they
are not well understood. Koning (2024) discusses some
alternatives, which could be investigated in the future.
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A PROOFS

We include the detailed derivation of Theorem 1 below. For convenience, we first re-state the theorem.
Theorem 1. If the test and the calibration prompts are exchangeable, then, our proposed e-scores in Eqs. (4)
and (6) upper bound the size distortion (marginal over the test and the calibration prompts) by 1, as in Eq. (3).

Proof. Note that a response is included in the filtered set Sα (x, gπ (x)) if and only if its score is ≤ α. As a result,
we can re-write the inclusion of an incorrect response as at least one incorrect response having a score ≤ α,

∃ (y, ·) ∈ Sα (x, gπ (x)) s.t. o (x,y) = 0 ⇐⇒ min
(y,c)∈O(x,gπ(x)):c=0

s (x,y) ≤ α.

Therefore, the size distortion for any post-hoc α strategy is upper bound by the following (simplified) worst-case,

E

[
1
{
∃ (Y, ·) ∈ Sα(X,S(X,gπ(X))) (X, gπ (X)) s.t. o (X,Y) = 0

}
α (X,S (X, gπ (X)))

]

≤ E

[
max

α∈R≥0

1 {∃ (Y, ·) ∈ Sα (X, gπ (X)) s.t. o (X,Y) = 0}
α

]
= E

[
max

α∈R≥0

1
{
min(Y,C)∈O(X,gπ(X)):C=0 s (X,Y) ≤ α

}
α

]
(i)
= E

[(
min

(Y,C)∈O(X,gπ(X)):C=0
s (X,Y)

)−1
]
= E

[
max

(Y,C)∈O(X,gπ(X)):C=0
(s (X,Y))

−1

]
,

(9)

where the equality (i) is achieved by setting α to the smallest value for which the indicator function evaluates to 1,
otherwise the whole term is 0. We are interested in upper bounding the above expectation by 1 to satisfy Eq. (3).

Now, we use the definition of our proposed e-scores from Eq. (4). Note that our e-scores depend on the calibration
data; we will make this dependence explicit in the following. Then, the worst-case size distortion simplifies to,

E

[
max

(Yn+1,Cn+1)∈O(Xn+1,gπ(Xn+1)):Cn+1=0

(
se-score

(
Xn+1,Yn+1;X1, . . . , Xn

))−1
]

= E

[
max

(Yn+1,Cn+1)∈O(Xn+1,gπ(Xn+1)):Cn+1=0

(n+ 1) · f
(
Xn+1,Yn+1

)
f (Xn+1,Yn+1) +

∑n
i=1 f

∗ (Xi,O (Xi, gπ (Xi)))

]
.

Note that for a, b ∈ R≥0, the ratio a/(a+b) is a monotonically non-decreasing transformation of a because the
derivative with respect to a (i.e., b/(a+b)2) is non-negative. Consequently, the above maximum is achieved at
f∗ (x,O (x, gπ (x))) = max(y,c)∈O(x,gπ(x)):c=0 f (x,y). Therefore, the worst-case size distortion simplifies to,

E

[
max

(Yn+1,Cn+1)∈O(Xn+1,gπ(Xn+1)):Cn+1=0

(n+ 1) · f
(
Xn+1,Yn+1

)
f (Xn+1,Yn+1) +

∑n
i=1 f

∗ (Xi,O (Xi, gπ (Xi)))

]

= E

[
(n+ 1) · f∗ (Xn+1,O

(
Xn+1, gπ

(
Xn+1

)))
f∗ (Xn+1,O (Xn+1, gπ (Xn+1))) +

∑n
i=1 f

∗ (Xi,O (Xi, gπ (Xi)))

]

= E

[
(n+ 1) · f∗ (Xn+1,O

(
Xn+1, gπ

(
Xn+1

)))∑n+1
i=1 f∗ (Xi,O (Xi, gπ (Xi)))

]
.

Lastly, we assume that the test and the calibration prompts are exchangeable, i.e., for any permutation σ over the
indices {1, . . . , n+ 1}, the ordering of the permuted prompts is equal in distribution to the un-permuted prompts,(

Xσ(1), . . . , Xσ(n+1)
)

d
=
(
X1, . . . , Xn+1

)
.

We can follow arguments similar to those made by Gammerman et al. (1998); Balinsky and Balinsky (2024); Vovk
(2025) to show that the above expectation is ≤ 1 under exchangeability. Specifically, we define random variables,

Ri =
(n+ 1) · f∗ (Xi,O

(
Xi, gπ

(
Xi
)))∑n+1

j=1 f∗ (Xj ,O (Xj , gπ (Xj)))
,
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for i = 1, . . . , n+ 1. Under exchangeability of X1, . . . Xn+1, the distributions of R1, . . . Rn+1 are identical. Then,

E

[
(n+ 1) · f∗ (Xn+1,O

(
Xn+1, gπ

(
Xn+1

)))∑n+1
i=1 f∗ (Xi,O (Xi, gπ (Xi)))

]
= E

[
Rn+1

]
=

∑n+1
i=1 E

[
Ri
]

n+ 1
=

E
[∑n+1

i=1 Ri
]

n+ 1

=

E

[∑n+1
i=1

(n+1)·f∗(Xi,O(Xi,gπ(Xi)))∑n+1
j=1 f∗(Xj ,O(Xj ,gπ(Xj)))

]
n+ 1

= E

[∑n+1
i=1 f∗ (Xi,O

(
Xi, gπ

(
Xi
)))∑n+1

j=1 f∗ (Xj ,O (Xj , gπ (Xj)))

]
(ii)

≤ E [1] = 1,

where the inequality (ii) accounts for the sum being 0, making 0/0 = 0 (by convention). Hence, our e-scores in
Eq. (4) upper bound the size distortion (marginal over the test and the calibration prompts) by 1, as in Eq. (3).

Furthermore, we can use the definition of our proposed combined e-scores from Eq. (6). Note that instead of
combining three e-scores, we can combine any k ≥ 1. The worst-case size distortion from Eq. (9) simplifies to,

E

[
max

(Yn+1,Cn+1)∈O(Xn+1,gπ(Xn+1)):Cn+1=0

(
se-score (combined)

(
Xn+1,Yn+1;X1, . . . , Xn

))−1
]

= E

[
max

(Yn+1,Cn+1)∈O(Xn+1,gπ(Xn+1)):Cn+1=0

∑k
i=1

(
se-score (i)

(
Xn+1,Yn+1;X1, . . . , Xn

))−1

k

]

≤

∑k
i=1 E

[
max(Yn+1,Cn+1)∈O(Xn+1,gπ(Xn+1)):Cn+1=0

(
se-score (i)

(
Xn+1,Yn+1;X1, . . . , Xn

))−1
]

k
.

We have shown that the worst-case size distortion for individual e-scores (in the numerator) is ≤ 1. Then,∑k
i=1 E

[
max(Yn+1,Cn+1)∈O(Xn+1,gπ(Xn+1)):Cn+1=0

(
se-score (i)

(
Xn+1,Yn+1;X1, . . . , Xn

))−1
]

k
≤
∑k

i=1 1

k
= 1.

Hence, our combined e-scores in Eq. (6) upper bound the size distortion (marginally) by 1, as in Eq. (3).

B EXPERIMENTAL RESULTS FOR WORST-CASE ANALYSIS

We include additional experimental results here, expanding on Section 5. In particular, we perform a worst-case
analysis for the different use-cases, where the post-hoc α strategy maximizes size distortion, which we quantified
in Eq. (9). We begin by stating the common baselines considered, in addition to the p-scores from Section 5.

Baselines In addition to the p-scores defined in Eq. (7), we also compare with their randomized version,

sp-score (randomized)
(
xn+1,yn+1

)
=

u ·
(
1 +

∑n
i=1 1

{
f
(
xn+1,yn+1

)
= f∗ (xi,O

(
xi, gπ

(
xi
)))})+

∑n
i=1 1

{
f
(
xn+1,yn+1

)
< f∗ (xi,O

(
xi, gπ

(
xi
)))}

n+ 1
,

where u ∼ U (0, 1) is a uniform random sample in the range [0, 1]. We can recover the p-scores defined in Eq. (7) as
a special case of this definition by deterministically setting u = 1. While the non-randomized p-scores correspond
to p-values, these randomized p-scores correspond to exact p-values (Shafer and Vovk, 2008; Vovk et al., 2022).2

We also compare with the transformed oracle estimators in Eq. (5) directly, without any conversion to e- or
p-scores using the calibration data. Since we want our scores to be low for correct and high for incorrect responses
(as measures of incorrectness), we define the naive scores to be the reciprocal of the transformed oracle estimators,

snaive
(
xn+1,yn+1

)
=
(
fô
(
xn+1,yn+1

))−1
=


(
ô
(
xn+1,yn+1

))−1 ∈ [1,∞] (for naive 1)
1− ô

(
xn+1,yn+1

)
∈ [0, 1] (for naive 2)(

ô
(
xn+1,yn+1

))−1 ·
(
1− ô

(
xn+1,yn+1

))
∈ [0,∞] (for naive 3)

.

2Consider a non-negative random variable R ∈ R≥0. It is an exact p-variable if P {R ≤ α} = α, for all α ∈ [0, 1].



E-Scores for (In)Correctness Assessment of Generative Model Outputs

Table 1: Scores for the worst-case size distortion analysis. We use the mathematical factuality (cf.
Section 5.1) and property constraints satisfaction (cf. Section 5.2) settings to compare our proposed e-scores
against p-scores and naive scores. We consider the worst-case that maximizes size distortion (cf. Eq. (9)). We
report the mean and the inter-quartile range (which depicts the 25-th and 75-th quantiles) of the size distortion.

Score Worst-case size distortion

Mathematical factuality Property constraints satisfaction

QwenPRM MathShepherd-
PRM

Helpfulness and
instruction-
following

Honesty and
truthfulness

naive (1) 0.24(0.00-0.46) 0.20(0.00-0.37) 0.07(0.00-0.01) 0.09(0.00-0.03)
naive (2) 1.89(0.00-1.86) 1.30(0.00-1.59) 2.25(0.00-1.01) 5.42(0.00-1.03)
naive (3) 1.39(0.00-0.86) 0.80(0.00-0.59) 1.80(0.00-0.01) 4.82(0.00-0.03)

p-score 7.21(0.00-4.00) 7.46(0.00-4.03) 9.60(0.00-4.00) 7.55(0.00-3.98)
p-score (randomized) 15.80(0.00-4.00) 13.96(0.00-4.03) 15.91(0.00-4.00) 14.92(0.00-3.99)

e-score (1) 1.00(0.00-1.95) 1.01(0.00-1.90) 1.00(0.00-0.19) 1.00(0.00-0.34)
e-score (2) 0.79(0.00-0.79) 0.73(0.00-0.89) 0.80(0.00-0.38) 0.97(0.00-0.23)
e-score (3) 1.01(0.00-0.63) 1.01(0.00-0.75) 1.00(0.00-0.01) 1.05(0.00-0.01)
e-score (combined) 0.94(0.00-1.12) 0.91(0.00-1.18) 0.94(0.00-0.19) 1.01(0.00-0.19)

These naive scores generally do not come with any statistical guarantees by themselves. However, because the
reciprocal of naive (1) is always ≤ 1, it happens to correspond to an uninformative e-value that is always ≤ 1
(the expectation is ≤ 1 by design). Therefore, even though naive (1) achieves the size distortion bound in Eq. (3),
it regularly excludes responses (correct and incorrect) and is extremely conservative compared to our e-scores.

B.1 Worst-Case Size Distortion Analysis

We analyze the worst-case size distortion in Eq. (9). Table 1 illustrates the results for both our experimental
use-cases: mathematical factuality (cf. Section 5.1) and property constraints satisfaction (cf. Section 5.2). Our
proposed e-scores (and naive (1)) reliably upper bound the worst-case size distortion to 1 and satisfy Eq. (3),
corroborating our theory in Theorem 1. Conversely, p-scores and other naive scores are unable to achieve this.

C IMPLICIT P-SCORES IN RELATED WORK

Here we highlight the implicit role of p-scores (cf. Eq. (7)), and hence p-values, in the works most closely related to
ours (Mohri and Hashimoto, 2024; Cherian et al., 2024; Rubin-Toles et al., 2025), making it explicit. To begin with,
these works compute the calibration values f∗ (xi,O

(
xi, gπ

(
xi
)))

for i = 1, . . . , n. Given a fixed user-defined
α ∈ [1/(n+1), 1], they compute a threshold τα set to the ⌈(1− α) · (n+ 1)⌉-th smallest of the calibration values
above. Then, a test response yn+1 is included in the returned set if f

(
xn+1,yn+1

)
is larger than this threshold,

f
(
xn+1,yn+1

)
> τα

⇐⇒
n∑

i=1

1
{
f
(
xn+1,yn+1

)
> f∗ (xi,O

(
xi, gπ

(
xi
)))}

≥ (1− α) · (n+ 1)

⇐⇒
n∑

i=1

1
{
f
(
xn+1,yn+1

)
≤ f∗ (xi,O

(
xi, gπ

(
xi
)))}

≤ α · (n+ 1)− 1

⇐⇒
1 +

∑n
i=1 1

{
f
(
xn+1,yn+1

)
≤ f∗ (xi,O

(
xi, gπ

(
xi
)))}

n+ 1
≤ α

⇐⇒ sp-score
(
xn+1,yn+1

)
≤ α.

In our setup, this is equivalent to returning the filtered set Sα
(
xn+1, gπ

(
xn+1

))
using p-scores. We again highlight

that these approaches satisfy Eq. (2), but not its post-hoc generalization in Eq. (3); for that, we propose e-scores.
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