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Abstract

We study the problem of gradient descent learning of a single-index target function f,(x) =
o.((x,8)) under isotropic Gaussian data in R, where the link function o, : R — R is an un-
known degree q polynomial with information exponent p (defined as the lowest degree in the Her-
mite expansion). Prior works showed that gradient-based training of neural networks can learn
this target with n > d®®) samples, and such statistical complexity is predicted to be necessary
by the correlational statistical query lower bound. Surprisingly, we prove that a two-layer neural
network optimized by an SGD-based algorithm learns f,. of arbitrary polynomial link function with
a sample and runtime complexity of n < T =< C(q) - dpolylogd, where constant C(q) only de-
pends on the degree of o, regardless of information exponent; this dimension dependence matches
the information theoretic limit up to polylogarithmic factors. Core to our analysis is the reuse of
minibatch in the gradient computation, which gives rise to higher-order information beyond corre-
lational queries.

1. Introduction

Single-index models are a classical class of functions that capture low-dimensional structure in the
learning problem. To efficiently estimate such functions, the learning algorithm should extract the
relevant (one-dimensional) subspace from high-dimensional observations; hence this problem set-
ting has been extensively studied in deep learning theory [3, 5, 9, 25, 27, 34], to examine the adap-
tivity to low-dimensional targets and benefit of representation learning in neural networks (NNs)
optimized by gradient descent (GD). In this work we study the learning of a single-index target
function with polynomial link function under isotropic Gaussian data:

where ¢; is i.i.d. label noise, @ € R? is the direction of index features, and we assume the link
function o, : R — R is a degree-¢g polynomial with information exponent p defined as the index of
the first non-zero coefficient in the Hermite expansion (see Definition 1).

(1.1) requires the estimation of the link function o, and the relevant direction 8 with d param-
eters; it is known that learning is information theoretically possible with n 2> d samples [4, 16].
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Indeed, when o, is polynomial, such complexity can be achieved up to logarithmic factors by a
tailored algorithm that exploit the specific structure of the low-dimensional target function [13]. On
the other hand, for gradient-based training of two-layer NNs, existing works established a sample
complexity of n > d®) [7, 9, 15], which presents a gap between the information theoretic limit
and what is computationally achievable by (S)GD. Such a gap is also predicted by the correlational
statistical query (SQ) lower bound [2, 17], which states that for a CSQ algorithm to learn Gaussian
single-index models using less than exponential compute, a sample size of n > dP/? is necessary.

Although CSQ lower bounds are frequently cited to imply a fundamental barrier of learning
via SGD (with the squared loss), strictly speaking, the CSQ model does not include empirical risk
minimization with gradient descent, due to non-adversarial noise and existence of non-correlational
terms in the gradient computation. Recently, [19] exploited higher-order terms in the gradient update
arising from the reuse of the same minibatch, and showed that for certain link functions with high
information exponent (p > 2), two-layer NNs may still achieve weak recovery (i.e., nontrivial
overlap with ) after two GD steps with O(d) batch size. While this presents evidence that GD-
trained NNs can learn f. beyond the CSQ complexity, the weak recovery statement in [19] may not
translate to statistical guarantees; moreover, the class of functions where SGD can achieve vanishing
generalization error is not fully characterized, as only specific examples of ¢, are discussed.

Given the existence of (non-NN) algorithms that learn any single-index polynomials with n =
O(d) samples [13, 16], it is natural to ask if gradient-based training of NNs can achieve similar
statistical efficiency for the same function class. Motivated by observations in [19] that SGD with
reused batch may break the “curse of information exponent”, we aim to address the question:

Can a two-layer NN optimized by SGD with reused batch learn arbitrary polynomial single-index
models near the information-theoretic limit n = O(d), regardless of the information exponent?

1.1. Our Contributions

We answer the above question in the affirmative by showing that for (1.1) with arbitrary polynomial
link function, SGD training on a natural class of shallow NNs can achieve small generalization error

using polynomial compute and n = O(d) training examples, if we employ a layer-wise optimization
procedure (analogous to that in [2, 3, 17]) and reuse of the same minibatch:

Theorem [informal] A shallow NN with N = Od(l) neurons can learn arbitrary single-index
polynomials up to small population loss: Eg[(fo(x) — fu(2))?] = o04p(1), using n = Oq(d)
samples, and an SGD-based algorithm (with reused training data) minimizing the squared loss
objective in T = O4(d) gradient steps.

* The theorem suggests that NN + SGD with reused batch can match the statistical efficiency of
SQ algorithms tailored for low-dimensional polynomial regression [13]. Furthermore, the sample
complexity is information theoretically optimal up to polylogarithmic factors, and surpasses the
CSQ lower bound for p > 2 (see Figure 1); this disproves a conjecture in [2] stating that n < dr/?
is the optimal sample complexity for empirical risk minimization with SGD.

* A key observation in our analysis is that SGD with reused batch can go beyond correlational
queries and implement (a subclass of) SQ algorithms. This enables polynomial transformations
to the labels that reduce the information exponent to (at most) 2, and hence optimization can
escape the high-entropy “equator” at initialization in polylogarithmic time.
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Figure 1: Sample complexity of learning single-index model where the link function o, has degree ¢ and
information exponent p. For the CSQ lower bound, we translate the tolerance to sample complexity using the
i.i.d. concentration heuristic 7 ~ n~1/2. We restrict ourselves to algorithms using polynomial compute.

>

2. Problem Setting and Prior Works
2.1. Complexity of Learning Single-index Models

We aim to learn a single-index polynomial (1.1) where o, has information exponent p defined below.

Definition 1 (Information exponent [7]) Ler {He; }]?";0 denote the normalized Hermite polynomi-
als. Given g € L?(vy) and its Hermite expansion g(z) = > i2o ajHe;(2), the information exponent
is defined as IE(g) = p := min{j > 0: o;; # 0}

Note that f, contains ©(d) parameters to be estimated, and hence information theoretically n 2 d
samples are both sufficient and necessary for learning [6, 16, 26]; however the sample complexity
achieved by different learning algorithms depends on structure of the link function.

* Gradient-based Training of NNs. While NNs can easily approximate a single-index model
[4], existing statistical complexity of gradient-based learning scales as n > d®®): in the well-
specified setting, [7] proved a complexity of n = é(dpfl) for online SGD, which is improved to
é(dp/ 2) by smoothing [15]; as for the misspecified setting, [9, 18] showed that n > dP samples
suffice. Note that this exponential dependence on p also appears in the CSQ lower bound [1, 17].

* Statistical Query Learners. If we do not restrict ourselves to correlational queries, then (1.1)
can be efficiently solved near the information-theoretic limit. Specifically, [13] proposed an SQ
algorithm that learns any single-index polynomials using n = O(d) samples; the key ingredient
is to construct nonlinear transformations to the labels that lowers the information exponent to 2.
This is consistent with the recently established SQ lower bound [16].

2.2. Can Gradient Descent Go Beyond Correlational Queries?

Correlational statistical query. A statistical query (SQ) learner [24, 32] accesses the target f,
through noisy queries ¢ with error tolerance 7: |¢ — Eq ,[¢(z,y)]| < 7. Lower bound on the
performance of SQ algorithm is a classical measure of computational hardness. In the context of
gradient-based optimization, an often-studied subclass of SQ is the correlational statistical query
(CSQ) [11] where the query is restricted to (noisy version of) Ez ,[¢(x)y]. To see the connection
between CSQ and SGD, consider the gradient of expected squared loss for one neuron f, (x):

vwEw,y(fw(m) - y)Q X _Em,y[y Vo fw ()] + Eg [ fo(x) - Vi faw () |-

correlational query can be evaluated without y

One can see that information of the target function is encoded in the correlation term in the gradi-
ent. To infer the statistical efficiency of GD, we replace the population gradient with the empirical
average, and heuristically equate the tolerance 7 with the scale of i.i.d. concentration error n~1/2,
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For Gaussian single-index model with information exponent p, [17] proved a lower bound stat-
ing that a CSQ learner either has access to queries with tolerance 7 < d—r/4, or exponentially many
queries are needed. This suggests a sample complexity lower bound n > dP/? for poly-time CSQ
algorithm, which is conjectured to be optimal for empirical risk minimization with SGD [2].

SGD with reused data. The gap between SQ and CSQ algorithms primarily stems from the ex-
istence of label transformations that decrease the information exponent. While such transformation
cannot be utilized by a CSQ learner, [19] argued that they may arise from two consecutive gradient
updates using the same minibatch. For illustrative purposes, consider an example where one neuron
fw(x) = o({x,w)) is updated by two GD steps using the same training example (x, y), starting
from zero initialization w® = 0 (we focus on the correlational term in the loss for simplicity):

w? =w' +n-yo' ((x, w'))x = no’(0) y - x + nyo’ (no’ 0)||z|? - y)z. (2.1

CSQ term non-CSQ term

One can see that in the second gradient step, the label y is transformed by the nonlinearity ¢’. Based
on this observation, [19] showed that if the non-CSQ term in (2.1) reduces the information exponent
to 1, then weak recovery can be achieved after two GD steps with n = O(d) samples.

2.3. Challenges in Establishing Statistical Guarantees

Importantly, the analysis in [19] does not lead to concrete learnability guarantees for the class of
single-index polynomials, due to the following technical challenges.

SGD decreases information exponent. To show weak recovery, [19, Definition 3.1] assumed that
the student activation o can reduce the information exponent of the labels to 1; while a few examples
are given, the existence of such transformations in SGD (with batch reuse) is not guaranteed:

* The label transformation employed in prior SQ algorithms [13] is based on the thresholding func-
tion, but extracting such transformation from SGD updates on the squared loss is challenging.
Instead, we show in Proposition 6 that bounded-degree monomial transformation suffices.

* If the link function o, is even, then its information exponent after arbitrary nonlinear transfor-
mation is at least 2; such functions are predicted not be not learnable by SGD in the n =< d
regime [19]. To handle this setting, we analyze the SGD update up to polylog(d) time, at which
a nontrivial overlap can be established by a Gronwall-type argument similar to [7].

From weak recovery to sample complexity. Note that weak recovery (i.e., | (w, 8)| > & for small
constant € > 0) is insufficient to establish low generalization error of the trained NN. Therefore, we
need to show that starting from a nontrivial overlap, subsequent gradient steps can achieve strong
recovery of the index features (i.e., [(w, 8)| > 1 — ¢), despite the link misspecification.

3. SGD Achieves Almost-linear Sample Complexity

We consider the learning of single-index polynomials with degree ¢ and information exponent p;
hence the link function admits the Hermite decomposition o, (z) = Z?:p ajHe;(2).
We train the following two-layer NN with N neurons using SGD to minimize the squared loss:

fo(@) = £ 3N, ajo((z, w;) + b)), 3.1)

4
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where ©® = (wj,a;, bj)éyzl are trainable parameters, and o : R — R is the activation function
defined as the sum of Hermite polynomials up to degree C,, given as o(z) := Efio BiHe;(z),
where C,; only depends on the degree of link function o... Our SGD training procedure is described
in Algorithm 1 in the Appendix, and below we outline the key ingredients of the algorithm.

* Algorithm 1 employs a layer-wise training strategy common in the recent feature learning theory
literature [2, 3, 9, 17, 28], where in the first stage, we optimize the first-layer parameters {w; }f;l
with normalized SGD to learn the low-dimensional latent representation (index features @), and
in the second phase, we train the second-layer parameters {a; };VZI to fit the link function o.

* The most important part in Phase I of Algorithm 1 is the reuse of same minibatch in the gradient
computation. Specifically, we sample a fresh batch of training examples in every two GD steps;
this enables us to extract non-CSQ terms from two consecutive gradient updates outlined in (2.1).

Weak Recovery Guarantee. We first consider the “search phase” of SGD, and show that after
running Phase I of Algorithm 1 for 7' = polylog(d) steps, a subset of parameters w achieve non-
trivial overlap with the target direction 8. We denote H (g; ) as the j-th Hermite coefficient of some
g € L%(7y). Our main theorems handle polynomial activations satisfying the following condition.

Assumption 1 Foralll < i < C, and k = 0, 1, we assume that H(U(i)(a(l))i_l; k) £ 0.

Lemmal Givenany{ > 2andk > 0. For Cy, > %, if we choose {Bi}ic:”o where each (3; is
randomly drawn from some interval [a;, b;], then H (0O (cM)¢=1; k) # 0 with probability 1.

Theorem 2 Under Assumption 1, for suitable hyperparameters nt = O(Nd~") and 5; =1-0(1),
after Phase I of Algorithm 1 is run for T\ ; = dpolylog(d) steps, there exists a subset of neurons
'w?Tl € W with |W| = O(N) such that {(w?Tl,t?)‘ > c for some ¢ 2 1/polylog(d).

The theorem implies that after seeing n = O(d) samples, the parameters escape from the high-
entropy equator around initialization, analogous to the information exponent p = 2 setting in [7].

Strong recovery and sample complexity. After weak recovery is achieved, we continue Phase |
to amplify the alignment. Due to the nontrivial overlap between w and @, the objective is no longer
dominated by the lowest degree in the Hermite expansion. Therefore, to establish strong recovery
((w,0) > 1 — ¢), we place an additional assumption on the activation function.

Assumption 2 Recall the Hermite expansions 0.(2) = > i_, ajHe;(2), o(2) = E]Cio BiHe;(z),
we assume the coefficients satisfy oij3; > 0 forp < j < gq.

Lemma 3 [fweseto;(z) = Ez%o Bj.iHe;(2), where for each neuron we sample (3; ; R Unif({£r;})
with some constant r;, then Assumption 1 and 2 are satisfied in exp(—©(q))-fraction of neurons.

Note that in our construction of activation for Assumptions 1 and 2, we do not exploit knowledge of
the link function o, other than its degree ¢ which decides the constant C,. The next theorem shows
that by running Phase I for O(d) more steps, a subset of neurons can achieve strong recovery.

Theorem 4 Under Assumptions 1 and 2, given parameter w; starting from a nontrivial overlap,
for suitable hyperparameters n* = O(Nd~') and 5’; =1 — O(e), if we continue to run Phase I of

Algorithm 1 for Ty o = O(ds2) steps, then (wi(T1’1+T1’2), 0) > 1 — € with high probability.
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Combining the first two theorems, we know that after 77 = 2(71,; + T12) steps, at least
1/polylog(d) fraction of neurons become e-close to 6. The following proposition shows that after
strong recovery, training the second-layer parameters in Phase II achieves small generalization error.

Proposition 5 After Phase I terminates, for suitable \ > 0, the output of Phase Il satisfies

Ex[(fo(z) — fi(z))?] Se.

with probability 1 as d — oo, if we set Ty = C(q)N*polylog(d)e—2, N = C(q)polylog(d)e" for
some constant C(q) depending on the target degree q.

Putting things together. Combining the above theorems, we conclude that in order for two-layer
NN (3.1) trained by Algorithm 1 to achieve € population squared loss, it is sufficient to set

n =T + Ty = C(de 2 Ve ) polylog(d), N = Ce polylog(d),

where constant C' only depends on the target degree q. Hence we may set e ' = polylogd to
conclude an almost-linear sample and computational complexity for learning arbitrary single-index
polynomials up to o4(1) population error.

4. Conclusion and Future Directions

In this work we showed that a two-layer neural network (3.1) trained by SGD with reused batch can
learn arbitrary single-index polynomials up to € population error using n = O~(d6_2) samples and
compute. Our analysis is based on the observation that by reusing the same minibatch twice in the
gradient computation, a non-correlational term arises in the SGD update that transforms the labels
(despite the loss function is not modified). Specifically, following the definition in [16], we know
that polynomial o, has generative exponent at most 2, which implies the existence of nonlinear
transformation 7 : R — R such that the information exponent p, becomes at most 2, i.e.,

E[T (y)He;((x,0))] #0, fori=1or?2.

We show that restricting 7 to be polynomial is sufficient, and such transformation can be extracted
by Taylor-expanding the SGD update. Then we show via careful analysis of the trajectory that
strong recovery and low population error can be achieved under suitable activation function.

Future directions. First, our analysis only handles link functions with generative exponent p, <
2; while this covers arbitrary polynomial o, analogous to [13], it is interesting to examine whether
SGD with reused batch can learn targets with p, > 3 with a sample complexity matching the SQ
lower bound. It is also possible that ERM algorithms on i.i.d. data can achieve a statistical com-
plexity beyond the SQ lower bound due to non-adversarial noise [20, 21]; such mechanism is not
exploited in our current analysis. Additional interesting directions include extension to multi-index
[8, 10, 14, 23], hierarchical polynomials [29], and additive models [31]. Lastly, the SGD algo-
rithm that we employ requires a layer-wise training procedure and a specific batch reuse schedule;
one may therefore ask if standard multi-pass SGD training of all parameters simultaneously also
achieves the same statistical efficiency.
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Algorithm 1 Gradient-based training of two-layer neural network

Input : Learning rates n’, momentum parameters {4, number of steps 11, Tb, £ regularization .
Initialize w9 ~ S71(1), a; ~ Unif{+r,}.
Phase I: normalized SGD on first-layer parameters
fort = 0to 77 do
if ¢ > 0 is even then
Draw i.i.d. sample (z,y).
Interpolate w’; + w’ — & (wh — 'w;*Q).
Normalize w’; +— w’/[|w’]].
end if .
w§‘+1<_w§'_ntvw(f@(m)_y)2’ (]:1,7N)
end for
Initialize b; ~ Unif([—Cj, Cy)).
Phase I1: SGD on second-layer parameters
~ . T 2
G « argmingepy 75 221 (fo (@) — yi)” + Allal®.

Output: Prediction function x — fg () with e-= (ay, w?l,bj)éyzl.

Notations. ||-|| denotes the /5 norm for vectors and the ¢ — ¢ operator norm for matrices. Og4(+)
and o4(-) stand for the big-O and little-o notations, where the subscript highlights the asymptotic
variable; we write O(-) when (poly-)logarithmic factors are ignored. Q(-), ©(-) are defined analo-
gously. v is the standard Gaussian distribution in R. We denote its L?-norm of a function f with
respect to the data distribution (which will be specified in the sequel) as || f|| ;2. For g : R — R,
we denote ¢’ as its i-th exponentiation, and ¢(?) is the i-th derivative. Finally, we say an event A
happens with high probability when the failure probability is bounded by poly(d)e~C# 184, where
C is a sufficiently large constant and the hidden constants in poly(d) do not depend on C;.

Appendix A. Proof Sketch

In this section we outline the high-level ideas and key steps in our derivation.

A.1. Monomial Transformation Reduces Information Exponent

To prove the main theorem, we first establish the existence of nonlinear label transformation that (7)
reduces the information exponent, and (i) can be easily extracted from SGD updates. If we ignore
desideratum (i7), then for polynomial link functions, transformations that decrease the information
exponent to at most 2 have been constructed in [13, Section 2.1] and [16, Corollary 4.4]. However,
these prior results are based on the thresholding function with specific offset, and it is not clear if
such function naturally arises from SGD with batch reuse. The following proposition shows that the
effect of thresholding can also be achieved by a simple monomial transformation.

Proposition 6 Let f : R — R be any polynomial with degree up to p and || f ”%2(7) =1, then
(i) There exists some i < Cy € Ny such that IE(f%) < 2, where constant C, only depends on q.

(ii) Let f°44 : R — R be the odd part of f with EtNN(O,Id)[ded(t)Q] > p > 0. Then there exists
some i < Cy , € Ny such that IE(f%) = 1, where constant Cq,p only depends on q and p.

10
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We make the following remarks.

* The proposition implies that for any polynomial link function that is not even, there exists some
power ¢ € N only depending on the degree of o, such that raising the function to the ¢-the power
reduces the information exponent to 1. For even link functions, the information exponent after
arbitrary transformation is at least 2 (since the transformed function is necessarily even), and this
lowest value can also be achieved by suitable monomial transformation. Furthermore, we provide
a uniform upper-bound on the required degree of transformation ¢ via a compactness argument.

* The advantage of working with monomial label transformations is that they can be obtained from
two gradient steps on the training examples, by Taylor expanding the activation function ¢’ as
seen in (2.1). In Section A.2, we build upon this observation to show that Phase I of Algorithm 1
achieves weak recovery using n 2 d polylog(d) samples.

Intuition behind the analysis. Our proof is inspired by [13] which introduced a (non-polynomial)
label transformation that reduces the information exponent of any degree-¢ polynomial to at most
2. To prove the existence of monomial transformation for the same purpose, we first show that
for a fixed link function o, there exists some ¢ such that the i-th power of the link function has
information exponent 2, which mirrors the transformation used in [13]. Then, we make use of the
compactness of the space of link functions to define a test function and obtain a uniform bound on
1. As for the polynomial transformation for non-even functions, we exploit the asymmetry of o, to
further reduce the information exponent to 1.

A.2. SGD with Batch Reuse Implements Polynomial Transformation

Now we present a more formal discussion of (2.1) to illustrate how polynomial transformation can
be utilized in batch reuse SGD. We let ° = 1. When one neuron fy,(x) = o((x, w)) is updated by
two GD steps using the same sample (x, ), starting from w" := w, the alignment with 8 becomes

<0,w2) = <0, [wl +n- ya/(<w,w1>)x}> = (0,w)+
Cs—1

n|yo’({w,2))(0, @)+ > (llz*) 'y (@) (o' (w,2)))'o D (w,))(0,z) |. (A1)
=0 =1

We take n < cnd_1 with a small constant ¢, so that n|lz||?> < 1. Crucially, the strength of each
term in (A.1) can vary depending on properties of the link function o, which is unknown. Hence
a careful analysis is required to ensure that the suitable monomial transformation is always singled
out from the gradient update. We therefore divide our analysis into four cases (for simplicity we
present the noiseless setting below).

(I) IfIE(0.) = 1. All terms in the summation in (A.1) with i > 2 decay as fast as n||z||* < 1.
On the other hand, the expectation of yo’ (wT:c)OTac is roughly a1 81 2 1. Therefore we may
isolate the informative term yo’(w ' )8 " . This case is discussed in Section C.3.3.

(IT) Else if IE((0,)!) = 1 for some 2 < I < C,. Let I be the lowest degree of monomial
transformation such that IE((0,)!) = 1. Since o, - - - , o ~! have information exponent larger

11
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than 1, expectations of yo'(w ' @)@ @ and ¢); (i = 2,--- , I — 2) scales as 0 ' w = d~%. For
1 =1 — 1, because O'I has information exponent 1,

Efgr1] =E[(ll|*) "y (1 = D) oW (w ) oD (w 2)8 2]
xcf7 YH(ol;1)H (e (M) 0).

For ¢ > 1, v; decays as cé, which is smaller than the scale of ¥;_1 =< c{fl. Hence the term
Vo1 2 cffl is singled out. This case is discussed in Section C.3.2.

(III) Else if IE(o,) = 2. We have E[yo’(w )0 x] ~ 20280 w. Also, for i > 2, since
02,.-. 0% have information exponent at least 2, expectation of v is roughly of order
(n]|x||?)?6 T w. Therefore, the term yo’(w ' )0z is singled out, and the expectation scales

as a2 Bod /2 at initialization. This case is discussed in Section C.3.3.

(IV) Else IE((0.)!) = 2 for some 2 < I < C,. In this case, since o, - - - , /=1 have information
exponent larger than 2, expectations of yo'(w @)@ a and 1; (i = 2,--- ,I — 2) are at most
(0Tw)? < d~'. Andati = I — 1, because o/ has information exponent 2,

Elr] =E[(n]l]*)y" (T - 1)) (oW (w ) oD (w2)0 x|
=<c H (ol 2)H(eD(eW) 1 1)0Tw

As fori > I, because oi has information exponent larger than 1 for 7 +1 < i < C,, 1; decays
as cI BTw which is smaller than ¢;_1 < 0{7_10Tw. Thus, the term ;1 is dominating, whose

[—14-1/2

scale is roughly ¢, at initialization. This case is discussed in Section C.3.1.

Why interpolation is required. In all the cases above, strength of the signal is at least ] ~1d~1/2

at initialization. However, this signal strength may not dominate the error coming from discarding
the effect of normalization. Usually, given the gradient —g and projection Py =1I;—ww', the

spherical gradient affects the alignment as (6, w'*!) = (9, %> (0,w') +n(0,g) —

31%(lg]/*(8,w') + (negligible terms), see [7] or discussion in [15]. Here (6, g) corresponds to
the signal, and —37?||g||*(0, w") comes from the normalization. Thus, taking 7 sufficiently small,
the normalization term shrinks faster than the signal. However, in our setting, the signal shrinks
at the rate of cé, and hence taking a smaller step does not improve the signal-to-noise ratio. The
interpolation step in our analysis allows us to reduce the effect of normalization without shrinking
the signal too fast, by ensuring that w2(*1) does not move too far from w?.

Combining the four cases yields the following lemma on the evolution of alignment.

Lemma 7 Under the assumptions per Theorem 2, one of the following holds:

(ii) (6, t+1)> > (0, w >+77] (1 _fj(t+1))79Tw§t +7732't(1 _5;(t+1))1/]2t.

Here vy 2, c] ~1is a constant that depends on o, and Vzt is a mean-zero noise.

For (1), taking expectation 1mmed1ately yields that weak recovery is achieved within (n(1—£)y)™! =
t

O(d) steps. For (i), 8 T w 2t : k! can be approx1mated by a differential equation d” = n(1-&)yk'.

Solving this yields ! = k% exp(n(1—§&)yt) ~ d~ 2 exp(n(1—¢&)~t), and weak recovery is obtained
within t < (n(1 — €)y)~! -logd = O(d) steps, similar to the analysis in [7].

12
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A.3. Analysis of Phase II and Statistical Guarantees

Once strong recovery is achieved for the first-layer parameters, we turn to Phase II and optimize the
second-layer with /5 regularization. Since the objective is strongly convex, gradient-based optimiza-
tion can efficiently minimize the empirical loss. The learnability guarantee follows from standard
analysis analogous to that in [1, 3, 17], where we construct a “certificate” second-layer a* € RN
that achieves small loss and small norm:

T 2 * * *
Eo(f-@) - 4 L ajow] '@ +b)) < ot S0,

from which the population loss of the regularized empirical risk minimizer can be bounded via
standard Rademacher complexity argument. To construct such a certificate, we make use of the
random bias units {b; } -, to approximate the link function o, as done in [9, 17, 31].

Appendix B. Polynomial Transformation

Proof of Proposition 6. We use a thresholding and compactness argument inspired by [13].

B.1. Proof for Even Functions (i)

We divide the analysis into the following steps.
(i-1): Monomials reducing the information exponent. Define 7(f) = max_s<¢<2|f(t)|. This
entails that if | f(¢)| > 7(f), then we have |t| > 2.

Consider the following expectation:

Ein(o.1,) K;f&)i(ﬁ — 1)]. (B.1)

We evaluate the case when ¢ is even. (B.1) can be lower bounded as

B0 = Eresor 107012 20 (L) )]

+Erniony 1) < 17 |<2T(f)](2‘£((?)>i(t2—l)]
+Eriony [ 10701 < 7] (%) @2 - 1]

> Erovion [wf(t)\ > 2r(f) (;Eg)@ -1
+Erory |70 <116 |<2T<f>1(jf&)i<22—1>]
+Ervony [L70] < 70 £55) 02 - )

> 3P o001 £ (6)] = 27(f)] — 27"

Note that P[|f(¢)| > 27(f)] is positive (since f is polynomial) and independent of i, while 2~¢
decays to 0 as ¢ increases. Therefore, for sufficiently large ¢+ € N, (B.1) is positive and hence
IE(f*) < 2. The subsequent analysis aims to provide an upper bound on i.

13
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(i-2): Construction of test function. We introduce the notation H (-; j) which takes any function
(in L') and returns its j-th Hermite coefficient. We consider the following test function:

o~ _H(f52) )
H(f) = ; <25(2¢ - 1)i2q> : (B.2)

(i-3): Lower bound of test function via compactness. Let F, be a set of polynomials with degree
up to g with unit L? norm. Because 7 (f) is positive for any f € F,, H(f%;2) is continuous with
respect to f, and JF; is a compact set, inf ;c 7, #°(f) admits a minimum value .74 which is positive.
(i-4): Conclusion via hypercontractivity. Because f is a polynomial with degree at most ¢, Gaus-
sian hypercontractivity [30] yields that

2H(f%2)* < Epono.r,) [(FE)*] < (20 — 1) (Epoprio,1,) [f(t)Q])i = (2i — 1)".

Therefore, for all polynomials in F,, a partial sum of (B.2) is uniformly bounded by

i( 1‘1(,7”';2)31)2

o0
- <) 277 =977 50 (j— o0).
= \25(2i — 1) 2

=7

Combining this with the fact that 7(f) > % > 0, we know that there exists some C; < 1 +
log, (7, 1) such that

Cq

H(f52) \*_ 1
(G 7) >37%>0

= \25(2i - 1)

for all polynomials in F,. This means that there is at least one i < C,, such that H(f*;2) # 0.

B.2. Proof for Non-even Functions (i)

(ii-1): Monomials reducing the information exponent. We prove that some exponentiation of
g := f? has non-zero first Hermite coefficient. Denote ¢°d¢ as the odd part of g, and similarly
g°v°". Let v(g) € R4 be the value at which the followings hold:

(@) g°44(t) > 0forallt > v(g) and g°%9(¢) < O forall t < —v(g).
(b) g°ve(t) > |g°dd(t)| forall t > v(g) and t < —v(g).

(c) Forforallt > v(g) and t < —v(g), g(s) = g(t) (as an equation of s) only has two real-valued
solutions with opposing signs.

Such threshold v(g) exists because the tail of g = f2 is dominated by the highest degree which is
even. Then, we let 7(g) = max_,,g)<¢<u(g) |9(1)]-
Consider the following expectation:

w251

14
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(B.3) is decomposed as

B3 = Eor 1o 2 370 20

o | Hrls) < lo()] < 37(0) (20 )t]

+Erony | s(0)] < 270)] (205 ) it] . (B.4)

We first evaluate the first term. Because of (c), g(t) = 37(f) has two real-valued solutions o <

0 < 3. Because of (a) and (b), g(8) = ¢V (8) + ¢°**(8) = 37(f) > g™ (=) + ¢°*(-B) =
g°44(—3). Because lim;_, o, g°44() = +o00, and « is the only solution in ¢ < 0, we have v < —f3.
Moreover, for all t > 3, we have g(t) = g®v°(t) + ¢°9(t) > gV (—t) 4 ¢°d(—t) = ¢°dd(—1).
Combining the above, the first term of (B.4) is bounded as

Ev-wioa | Lo(0)] 2 37 22 )t]

37(9)
= Eyon(o,1,) [1[5 <t<—qf (3%8)) } B [Mt >l <3gT((tg))>it]

+Eion(0.1,) [ﬂ[t <o (397(8) Zt]

=Evono1,) 118 <t < —alt] + Epono,r,) {1[75 > —af << 9(t) )z - <g(_t))i> t]

37(9)
> BP0, |8 <t < —a.

Following the exact same reasoning, we know that the second term of (B.4) is positive. Finally, the
third term which is bounded by

Brnorp [(Ug®] < 27(9) () 1] > ~Eynorn [L9(8)] < 27(9)] 1] (;) .

Putting things together,

(B4) > AP no.1 B <t < —a] = Eronor,[Llg(t)] < 27(g)][t] <§> .

The first term is independent of ¢ and positive, while the second term goes to zero as ¢ grows.
Therefore, there exists some ¢ such that IE(g"; 1) = 1.
(ii-2): Construction of test function. This time we consider the following function:

(ii-3): Lower bound of test function via compactness. Let F, be a set of unit L2-norm polyno-
mials with degree up to ¢ and E;pr0.7,)! fed4(4)2] > c. Since JZ(f) is always positive for F,
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J(f) is continuous with respect to f, and F is a compact set, inf yc 7, 7(f) has the minimum
value /%) that is positive. Note that 7 ( f) might depends on c.

(ii-4): Conclusion via hypercontractivity. Using the same argument as in (i), we conclude that
there exists some Cy . such that

Cq

H(f':1) )2 s
122(2@‘(22'—1)2“ T

Because %) depends on ¢, C, . depends on c as well as q. |

Appendix C. SGD with Reused Batch

In this section we establish the statistical and computational complexity of Algorithm 1. Recall that
the algorithm first trains the first-layer parameters with 77 steps of SGD update, where we reuse
the same sample for two consecutive steps. The analysis of first-layer training is divided into two
phases: (i) weak recovery (w '8 > ¢), and (ii) strong recovery (w ' @ > 1 — ¢). We then train the
second-layer parameters after strong recovery is achieved.

The section is organized as follows.

» Section C.1 verifies the conditions on the activation function o to guarantee weak and strong
recovery.

* Section C.2 isolates a (nearly) constant fraction of neurons at initialization with an alignment
w ' @ above a certain threshold. We focus on such neurons in Phase I of first-layer training.

« Section C.3 lower bounds the expected update of alignment w6 of two gradient steps, and
Section C.4 shows that neurons yield weak recovery within 277 ; = O(d) steps.

* Section C.5 discusses how to convert weak recovery to strong recovery using 277 o = O(de_2)
SGD steps.

* Finally, Section C.6 analyzes the second-layer training and concludes the proof.

In the following proofs, we introduce constants ¢; and C;, which depends on d at most polylog-
arithmically. Specifically, the asymptotic strength of the constants is ordered as follows.

1201501_1§02§03502_1

¢y in the main text can be taken as ¢, = ci, where ¢; should satisfy limg ,o, 1 = 0, but the
convergence can be arbitrarily slow. This requirement comes from the fact that we do not know the
exact value of H(co!;k,), which might be very small. To ensure that the signal is isolated, taking
n =< cd~! with arbitrarily slow ¢; suffices. Cy can also be arbitrarily slow, as long as it satisfies
Cy = poly(cy!). C3 = polylog(d) will be used to represent polylogarithmic factor that comes
from high probability bounds.
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C.1. Conditions on the Activation Function
C.1.1. VERIFYING ASSUMPTION 1

In the following, we focus on the activation function of a single neuron and omit the subscript that
distinguishes different neurons. Recall that we consider polynomial activation functions written as

c,
= BiHe;(2)
j=0

For weak recovery, we can use any polynomial that has degree C,, > C, as long as the following
condition holds: If IE(c,) > 2 and there exists some i < C,, such that IE(c%) = 1, o should satisfy

H<(I_11)!J(I)(J( NI=t, 0) £ 0. (C.1)

If IE(0,) > 3 and there does not exist any i < C, such that IE(c%) = 1 (in this case there exists
some i < C such that IE(o?) = 2), o should satisfy

H<(I_11)!J(I)(U( NHI=t, 1) £ 0. (C.2)
Below we prove Lemma 1 which shows that the above conditions are met with probability 1 for
randomly drawn the Hermite coefficients.
Proof of Lemma 1. We note that H (o (c())i=1: k) = E[¢() (¢()))*~1He,] is a polynomial of
{B; }]C;’O. This polynomial is not identically equal to zero. To confirm this, consider o = 2% +
2% ~1. Because 0 (1))~ is expanded as a sum of 2! (i(C, —3) < I < i(Cy—2)+1 with positive
coefficients and each z! is a sum of He;, He;_o - - - with positive coefficients, o(®) (0(1))"_1 has all
positive Hermite coefficients for degree 0,1, --- ,i(Cy — 2) + 1. If £ < i(Cy — 2) + 1, this choice
of o yields H(oW(cM)=1: k) > 0, which confirms that H(c? (¢(1))*~1; k) as a polynomial of
{ BJ} 2, is not identically equal to zero.

Now the assertion follows from the Schwartz—Zippel Lemma [33], or the fact that zeros of a
non-zero polynomial form a measure-zero set. |

C.1.2. VERIFYING ASSUMPTION 2

On the other hand, for the strong recovery we require an additional condition on the activation
function due to link misspecification, which is also introduced in [7, 28]:

p
> jla;Bis’ >0 foralls > 0.
Jj=p

In order to meet Assumption 1 and (2) simultaneously, we follow [31] and randomize the activation
function. Specifically, the activation function should satisfy

(I) IfIE(o.) = 1. We require #; > 0 and Z;J»:lj!ajﬁjsj_l > ( forall s > 0.
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(I) Else if IE((0,)!) = 1 for some 2 < I < C,. We require H(c(D)(c(1))I=1:0) is not 0 and
has the same sign as H((c.)’;1). Also, ?ZQj!aijsj_l > (0 forall s > 0.

(I) Else if IE(0.) = 2. We require S5 > 0 and >-_, jla;B;s’~' > 0 forall s > 0.

(IV) Else IE((0,)!) = 2 for some 2 < I < C,. We require H(c!)(¢()/~1;1) is not 0 and has
the same sign as H((0.)";2). Also, Y21_ jla;Bjs’~" > 0 forall s > 0.

Now we prove Lemma 3 which verifies the existence of an activation function that satisfies the
assumptions above with non-zero probability. The construction does not depend on the link function
itself, but only its degree q.

Proof of Lemma 3. Let c be a sufficiently small constant, and C', be the minimum odd integer with
Cy > max{Cy+1, ¢+2, 3}. With probability 1/2, we choose the coefficients as 3; ~ Unif({£1}),
and ; ~ Unif({—c, c}) for 2 < j < Cj,. Then, it is easy to see (I) and (III) are met with probability
at least 279, because they hold when sign(c;) = sign(f;) holds in the summation.

By taking c sufficiently small, we have

H(oW(eM)10) = ilgr(81)" " +0(c).
=c
When I is even, by adjusting the sign of 8, H(c(D) (¢())/=1;0) is not 0 and has the same sign as
H((0.)%; 1) with probability £. Note that the sign of 3 is independent from whether > i o glaBys’ Tt >
0 for all s > 0 holds. This holds with probability at least 2~ 9*!. Thus we verified (II) for even I.
In the same vein, we can verify (IV) foreven I < C; < C, — 1. We have

H(eD (o)1 1) = (1 + 1)18141(8)' ! +0(c?),

Xc

and (IV) can be verified using the same argument.

Otherwise (also with probability 1/2), we choose the coefficients as §; ~ Unif({—c, c}) for
1 <j<C;—2and fc,—1 = Bc, = =£1 to verify (II) and (IV) for odd I. It is easy to see
that Z?ZQj!ajﬁjsj_l > 0 for all s > 0 holds for (I) and Zg:3j!ajﬁjsj_1 > 0foralls >0
for (IIT). In addition, H((Hec, + Hec, 1) ((Hec, + Hec, —1)M)!=1:0) > 0 and H((Hec, +
Hec, 1) ((Hec, 4+ Hec, —1)M)!=1:1) > 0. Therefore, by taking ¢ sufficiently small, flipping
the sign of Hec, + Hec, 1 can change the sign of H(o!)(¢(V))!=1; k) for both (IT) and (IV) with
odd I. Combining all cases yields the desired claim. |

C.2. Random Initialization

In Section C.3.1 we focus on the neurons with slightly larger initial alignment that satisfy /f? =
Ong-) > 2Cd™ 2 at initialization, where constant C'; grows at most polylogarithmically in d. The
following lemma states that roughly a constant portion of the neurons satisfies this initial alignment
condition.

Lemma 8 At the time of initialization, Iﬂ?? = 0" w" satisfies the following:

P[0 > 2C5d~7] = P[) < —2Chd 2] 2 ¢ 19% = Q(1).
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We make use of the following lemma.
Lemma 9 (Theorem 2 of [12]) For any 8 > 1 and s € R, we have

2e(f—1) _ps? /OO 1 2
—Fe 2 < ——e 2dt
26/ “Js V27

.
Proof of Lemma 8. Because x° = v w = eng, where g ~ N (0, I4),

P[k) > 2C5d 2] = Py no.r) {el g =40 A gl < 2d2]

> Pyoniod [efg > 402} P, o [\g\ > Qdﬂ

26(5 v2e(B-1) _spcz o
By letting 8 = 2, we have that IP)[/@? > ng_%] > ¢~16C3 Duye to symmetry, Pk 9 < 2C’2d_%} =
P[0 > 2Cyd"2]. m

C.3. Population Update

We first analyze the training of first-layer parameters by evaluating the expected (population) update
of two gradient steps with the same training example. At each step, the parameters are updated as

wjt! - wj —n'Vu((fo(@) 1))
- (1 & -\ ) | X .
= 'w; — 'V (N Z aja(w; :13)) + 2!V (yN Z aja(wz- a:)) .
Jj=1 j=1

While the second term scales with ntaj = n'c2, the third term scales with 7’ a; = n'cq. Thus, by
setting the second-layer scale ¢, sufficiently small, we can ignore the interaction of neurons; similar
mechanism also appeared in [2, 3]. Specifically, in the following, we show that the strength of the
signal is 6" w ; > -3, Thus, by simply letting ¢, S C5 La- 2 we can ignore the effect of the

squared term. Thus we may focus on the following correlatlonal update

t+1 tT
<—w + 7'V (yNZaJ w a:))

7j=1

Due to the absence of interaction between neurons, we omit the subscript 7 for the index of neurons
and ignore the prefactor of N (which can be absorbed into the learning rate); multiplying N to n'
specified below recovers the scaling of ¢ presented in the main text.
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C.3.1. WHEN IE(c]) =2 wWITH I > 2

First we consider the most technically difficult case, when IE[o,| > 3 and the information exponent
cannot be lowered to 1 for ¢ < C,; in this case, from Proposition 6 we know that there exists some
2 < i < C, such that IE[c] = 2 and we let I be the first such i.

Without loss of generality, we assume (LHS of (C.2)) > 0; the same result holds for the case of
H (ol:2) < 0 except for the opposite sign for the second term in (C.3), by simply setting & = 1+ 17
in the following.

Lemma 10 Starting from w = w, if we choose step size 1 = c,n' = c1d~' and negative momen-
1

tum & =1 — 7, and assume that Cod™ 2 < Kk = 0w < cg and 1 < cg, then the expected change in

the alignment after two gradient steps on the same sample (x,y) in Algorithm 1 is as follows:

1
(I-1)

0 w=0"w+(1+0(c1))- nﬁC{1H< oD () 1) H((04)";2) 5 + i,

where v is a mean-zero random variable that satisfies P[|v| > s] < exp(—s'/¢1/C}) for all s > 0.

Proof. We first compute one gradient step from w = w with a fresh sample (z, y).

T

Vwyo(w'x) = yo' (w'x)x.

Then, with a projection matrix P, = I — ww ', the updated parameter becomes
w+— w+ Pwnya'(me)m =w+ nya'(wTw)Pwac, (C.3)

and the next gradient step with the same sample is computed as

Vwyo(w' z) = nyo’ (w ' z)x

= yo' ((w +nyo’ (w'z)Puz) )

=yo'(w'z +na|p, o' (w z)y)z, (C.4)

here we used the notation ||v||} = v Awv for a vector v € R and a positive symmetric matrix
A € R4 From (C.3) and (C.4), the parameter after the two steps is obtained as

T

w — w + Vyyo(w' )

=w+nyo'(w ) Puz +nyo’ (w'z +n|z|b o' (w'z)y) Puz
=w +1ng,

where we defined
g :=yo' (W' z)P,x +yo' (wTa: + 77HccH%3wa’(wT:c)y)wa. (C.5)
Finally, normalization yields

w . w—&(w—w) _ w—i—ng'
|[w—§(w—w)[|  [lw+nig|
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Therefore, the update of the alignment is

K+ nﬁBTg K+ 77779Tg

0 w= = 1
lw+nagll (1 +n272|g|2)2

. 1 - 1 4.
>+ nif ' g — en'i’llgl* — 5n*i’10 " glllgll*. (C.6)
On the other hand, we have
. 1 - 1 4.
0 w <k +mi0' g+ Saillgl* + 50’10 gllgll”. (C.7)

We evaluate the expectation of (C.6). For the j-th Hermite polynomial He; and u € S, we
have that

Exn0.1,)[Hei(e] @) f(u'x)e! x|
= j(e] Y " EBano,r[f9 7V (w @) + (e] ) M Egrnio,1,[fV T (u @),
(0,2, [Hej (1) f (u@)e] @] = (e] @) (e @) Eano,1[f VT (u"@)].
Therefore,
En(0,1,)[Hej(ef @) f(u' )]
jefz)/™!
0 A A ,
| | Bevoun V@ @)er + (o] @V Ego,nn 9 (u @)
0

Hence the first term of g (C.5) can be exapanded as

q Cy
Elyo' (w'x)Pyx] = P,E [<Z ajHej(OTa:)) <j Z BiHe; (wT:I:)) w]
— =
q , ,
Pw Z |: 'a]ﬁ] 0 w J 10 + (] + 2)!ajﬂj+2 (OTw)]w}
J=p
- Zj!ajﬁj (0Tw)’ "' P0. (C8)

Jj=p

The coefficient is evaluated as

< P < K2 (C.9)

q .
Z j!a]ﬂj (HTw)]_l

Jj=p

For the second term of g (C.5), we first bound the difference in replacing ||x||%_ with d,

0 Elyo’ (w'z +n||z|p, 0 (w'z)y)Puz] — 0 Elyo’ (w'z + ndo’(w' z)y) Puz]|
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= 2[E[(n]lz|B, — nd)h(nlz|b, « 2,0 2,0 Pu)], (C.10)

where h is a polynomial with degree at most (Cj; + q)C‘f1 + g + 1 and coefficients are all O(1).
(C.10) is further upper bounded as

1 1
(C.10) < 2E[(n]|z[|B,, — nd)*]ZE[(h(n]z||b, @ .0 2,0 Puz))’]z,

by Cauchy-Schwarz inequality. E[(n||z||%_ — nd)2]2 = n(2d — 1)2, and the expectation of E[h2]
is O(1) when np < d~!. Therefore, (C.10) is bounded by C’md%.

Now, we consider E[yo’ (w '@ + ndo’(w'x)y) P,]. The following decomposition can be
made.

Elyo' (w'z + ndo’ (w' z)y) Pux|
Co
Z]ﬂjE [yHej—l (w'a+ nda’(wT:c)y)Pwm]

<

_= =

Co -
Z]ﬂj <‘7 i 1>E [yHej_l_k (me) (ndo'(wTa:)y)kPw:v] . (C.11)

=0 j=1

|
.

El

We evaluate each term of (C.11) except for k = I — 1. Each term of (C.11) is a constant multiple
of P,0. and we can evaluate the constant by

‘BTE [yHej_l_k (me) (nda'(wTa:)y) kPw:c]

= (nd)* : (C.12)

E [(a’(wTw))k (U*(QT:B) + v)kHHej_k_l (wT:B)OTPw:c}

Whenk < I-2,0,(0"x),--- ,0.(0" x)"! has information exponent larger than 2. Therefore,
we have

(C.12)

= (nd)*

(’ﬁ 1>E[U4E [(o%w%))’“(o*wTw))’“‘l“Hej—k—l (w'z)e' P “x]

(k —}- 1>E[Ul] Z m!Kq(k—l—&-l)H((o_*)k—l-l—l; m)H((o_/)kHej_k_l; m — 1)0TPw’l)
=0

m=3

When k > I, we know that (0, (8 "))+, ... (6.(0"x))! have information exponent larger
than 1, and (0, (0" x))'~!,-- ,(0.(8" x)) have information exponent larger than 2. Thus, the
expectation in (C.12) is bounded by

(C.12)
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m=2

k+1 0o
1
(k;_ >E[Ul] E m!/f’I(k_lH)H((a*)k_H'l; m— 1)H((a’)kHej_k_1; m)OTowv
1=0

Zjﬂj <§ : 1)}3 [yHej_1_k (me) (nda’(me) (U*(QT;I;) + U))Ing;
j=1
I Cs . ) .
— ; < (nd)k]ﬂj <‘; B 1) <§>E[UI]E [Hej—l—k (me) (J/(me))[ 1 (U*(HTm))I lem] ‘

Note that o, (8" x), - -
[ > 1, we have

07 (nd)’~1jp; (‘}f 1) (f)E[vl]E[Hejlk(wT“’) (a'(««ﬁm))’l(a*<eTw>>”wa}
< (nd)!

,(0+(87x))!~! has information exponent larger than 2. Therefore, for

E[ im!ﬁm_lH(HejI(U/)]_l; m— 1)H((a*)]_l; m)GTPw:L']

< (nd)"1R2

And for I = 0, (6.(0 ")) has information exponent 2 and we have
Co

Z(nd)f_ljﬂj <‘; : 1>E [Hej_l (wTaz) (0'(wTa:))I_1 (04 (OTm))I_lea:}

J=1

00 C, .
= -1
= (nd)"* g m!fsm_lH( g j »<‘7
(77 ) P j:1jﬁj 7

1) (") ""Hej_r;m — 1>H((0*)I; m)P,v(C.13)

ItH ( Z]C;H JBj (%j) (0/)1_1Hej—1; 1) = 0, we have

Co 1
(C.13) = (1 + O(k)) - (nd)’ =1 2H<Z;ﬂj G B 1) (o)) "'He;_r; 1)H((a*)f; 2) KPyv.
j=1

=y
We have that

0" E[yo’ (wTas + nda’(wT:c)y) P, z]
= (14 0(x)) - (nd) ~9k0T Py + O(k* + Cind? + (nd)"~2k2 + ()" s + (nd)' 52
When d_%C:), <k <cpandn = c1d~1, we have

OTE[yU’ (wTa: + nda’(wTa:)y)Pwa:] =(140(c1))- c{_lfyﬁ
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Together with the bound on the first term ((C.8) and (C.9)), the expectation of g (C.5) is evalu-
ated as

0" Elg] = (1+O(c1)) - el "y,

By using this, the expected update of the alignment becomes

X B 1. 1.
E[0"w] > s+ i1+ O(cr)) - e~ 'y — S Ellg]*] - 5n* " E(0" glllg]*)

Note that E[||g||?], E[|0 " g|||g||?] < d and & < ¢;. Thus,
E[0"w] >k + i1 +O(c1)) - e 'yw — Cupif? (knd + 17°7jd)

When 77 < ¢3, E[@ T w] is evaluated as

E[0w] > k +7ij(1 + O(c1)) - el L.
In the same way, using (C.7), we also have the opposite bound:

E[OTw] <k+nm(14+0(c1)) - C{_l’}//i

Regarding the noise, recall that
0Tw = %
lw + gl

it (s + ni8'g — E[x + nﬁOTg}) = 0'g — E[0g] is a mean-zero polynomial of Gaussian
inputs, with all coefficients and variances of inputs bounded by O(1). Notice that normalization
does not increase the absolute value of the noise. Thus, regarding v = '~} (0Tw — E[HT’wD,
we have that

Bl 6w — Bl 70Tl > <

0'g—E [HTQ} ‘ > t} < exp(—t/1 /).

This completes the proof. |

C.3.2. WHEN IE(cl) =1 wITH T > 2

Next we consider the case when IE(0,) > 2 and there exists some i < C, such that IE(c%) = 1.
Let I(> 2) be the first such 7. Without loss of generality, we assume (LHS of (C.1)) > 0.

Lemma 11 For the case of IE(cl) = 1, starting from w = w, if we choose step size n = con' =
c1d™! and negative momentum £ = 1 — 7, and assume that d_% <k=0"w< co and i < co,
then the expected change in the alignment after two gradient steps on the same sample (x,y) in
Algorithm 1 is as follows:

1
(I-1)

0"w=0"w+ (1+0(cy)) - nﬁc{_ll'{( 'a(l)(a(l))lfl; O) H((0:)51) + niv,
where v is a mean-zero random variable that satisfies P[|v| > s] < exp(—s'/€1/C}) for all 5 > 0.
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Proof. Similarly to Lemma 10, update of the alignment is evaluated as

07w > 5+ 08 g~ Lrnitlgl? — S8 gllg)? €14
and

07w < s+ nesd g+ el + 516 gl gl
where

g=yo' (w'x)P,x + ya'(wTac + 77H:1:||2pw0'(wTaz)y)Pwm. (C.15)
From (C.8) and (C.9) we know that the first term of g (C.15) is evaluated as
q .
Elyo'(w'z)Pux) = jla;B8;(0"w)’™ P8, (C.16)
Jj=p

where the sum of coefficients are bounded by < k.
We then consider the second term of g (C.15). We can replace ||||3_ by d with the following
bound similarly to (C.10):

|0TE[ya’ (w'z +nl|lz|p_ o' (w'z)y)Poz] — 0 Elyo’ (w'z + nda’(wTa:)y)Pwa:H < Cmd%.

For the term E[yo’ (w' & 4+ ndo’ (w " z)y) P,]. the following decomposition can be made.

Elyo’ (wT:c + nda'(wTaz)y) P,x]|

Cy
=) JB;E [yHej_l (wTCB + nda’(wTaz)y)wa]
j=1
j_l Ca j _ 1 .
= J‘ﬁj( ; )E{yHejlk(wTw) (ndo’ (w " )y) Pwa:]. (C.17)
k=0 j=1

We evaluate each term of (C.17) except for K = I — 1. Similarly to the bounds on (C.12), each term
is a constant multiple of P,v, and we want to bound

‘BE [yHejlk (wT:L') (nda'(wTa:)y)kwa] ) (C.18)

When k < I — 2, 0, (HTas), e ((9Tac)’€+1 has information exponent larger than 1. Therefore,
we have

(C.18) < (nd)*k.
When k£ > I, we have

(C.18) < (nd)k < ¢l
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Now we consider the case when k = I — 1:

Ny Jj—1 T 10T T I
Z]ﬂj<1_ )E[yHej_l_k(w m)(nda (w :13)(0*(9 ac)+v)) P,z

=SS, (5 1) (1) e e 1 T o) 07 ]|

Note that 0,(8 x), -, (0.(0 x))!~! has information exponent larger than 1. Therefore, for
{ > 1, we have

0" (nd)'jB; G: D G)E[UI]E {Hej_l_k(wu) (J,(wa))1_1 (0*(07m))1—lpwm}

< (nd)!! E{ S st H (e, (o)~ m — 1) H (o) m)OTwa]

m=2

< (nd)' k.

And for I = 0, (6.(0 ")) has information exponent 1 and we have

< FNSY j*lEH T o N o (0T ' P
S5 (5 [Hes-a (o) (0w ) (007 w) e

=1

o0 Ca‘ .
= (nd)f—l Z m!mm—1H<Zjﬁj G.: D (g/)I—lHej,I;m — 1>H((U*)];m)Pwv(C.19)
m=1 j=1
ItH < chzal JBj (}j) (Ul)lilHej—I; 0) # 0, we have

Co j 1
(C.19) = (1 +O(k)) - (nd)™* H(Zjﬂj <I B 1) (U')IlHej_[;())H((a*)I; 1) Pyv.
j=1

=y

Note that

C, ,
N F A A N ST N 1 (D (5 (WyI-1.
H(jzljﬂy(,_l)(a) Hey-1:0) = (50 150
Now we have that

0 Elyo’ (w '@ + ndo’ (' x)y) Po]
= (1+O(k)) - (nd)T 1907 Py + Ok + Crnd? + (nd)' 2k + (nd)! + (nd)T k).

When d_%C’3 <k<cpandn = c1d~1, we have

0 Elyo’ (w'z +ndo’(w x)y) Pux] = (1+O(c1)) - ] 'y
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Together with the bound on the first term ((C.16)), the expectation of g is evaluated as
0'E[g] = (1+O(c1)) - e "

By using this and (C.14), the expected update of the alignment becomes

1,
S °E8 glllgl]-

i 1,
E[0"w] >k +ni(1+O0(cr)) - e~y = Srn i Elllg]*] - 5

2
Note that E[||g||%], E[|0 " g|||g||?] < d and k < ¢;. Taking 7] < ¢, yields that
E[0Tw] >k +nij(1+O0(c1)) ¢ .
The upper bound can be obtained in similar fashion,
E[0"w] <k +7ij(1 4+ O(cy)) - el 1.

Finally, the noise can be handled in the exact same way as that of Lemma 10, the details of which
we omit. |

C.3.3. WHENIE(cl)=1,2wITH I =1

We finally consider the case when IE[o,] = 1 or when IE[o,] = 2 and IE[¢}] > 2 fori =
2, -+, C,.

Lemma 12 Starting from w = w, if we choose step size N = c,n' = c1d~" and negative momentum
1

€ =1—1), and assume that d"2 < k = 0' w < ¢y and 7j < co, then for IE[o,] = 1, the expected

change in the alignment after two gradient steps on the same sample (x,y) in Algorithm 1 is as

follows:

0'w=0"w+ (1+0(c1)) - 2071 B1 + nitw,
and when 1E[0.] = 2 and IE[0] > 2 forall i = 2,--- ,C,
0"w=0"w+ (1+0(c1)) - dnfjoa ok + iy,
where v is a mean-zero random variable that satisfies P[|v| > s] < exp(—s'/1/C}) for all s > 0.

Proof. Similar to Lemma 10, the update of the alignment is

N 1 . 1 5.
0w >rk+ni0 g— §f~ﬂ72172||g||2 - 5713773|<5’Tg!||g||2

and
. 1 . 1 4.
0w < r+mi0' g+ Sai|gl* + 50’10 glllgl|*
where

g=yo'(w'z)P,x+ ya’(wT:n + TIHSB\ﬁ:uU’(wTa:)y)Pw:n.
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We first consider the case when IE[o,] = 1. We have
0'E[yo’ (w'x)Pux] = 01510 PO = a1 61 (1 — k2).
Because we take n = ¢ d—1 with a vanishing constant ¢; and assume that k < c2, we have
‘BTE[yJ’(wTZL’ + TIHszpwJ/(wTa:)y)wa] — OTE[yU'(wTw)Pwa:H <ndBE < e
and
E[07g] =2(1+0(c1)) - .

The first claim follows from the fact that E[||g||%], E[|0 " g|||g||?] < d and n = ¢1d 1.
Next we consider the case when IE[¢?] = 2 fori = 1,2, -+, C,,. We have

0'E[yo’ (w'x)Pyx] = 2006260 P8 = 2055(1 — K?)k.
On the other hand, because v, - - - , y“~ has information exponent larger than 1, we have
‘BTE[yU'(wTa} + 77H:c||%;.wa’(w—rx)y)wa] - OTE[yU’(me)Pme < ndk = c1k.
Thus, when k < ¢q,
E[0"g] = (1+ O(c1)) - 4oz ok,

which establishes the second claim. [ |

C.4. Stochastic Update

As aresult of the previous subsection, by choosing either of §; = 1 —17; or §; = 1+1);, we obtained
that

(i) When IE[0%] = 1 for some i < C,, the update can be written as

2(t+1)

Ry gy < sy < RS 2 gy e

(i) Otherwise, the update can be written as

2t 2~ 2 2~ 2t 2(t+1) 2t 2~ 2 2~ 2t
Ky 0 NVRy NNy SOk < KGR 207 K +nynvy
Here 77J2.t = n]2.t+1 = c1d™1, 7jj < ca, and ¥ > ¢y that depends on 0. ujzt is a mean-zero random

variable that satisfies P[|V]2t\ > 5] < exp(—s'/¢1/Cy) for all s > 0. We assumed that dz <

Ii?t < ¢ for the former and ngié < n?t < ¢ for the latter. For each neuron j, we sample

Tl,l,j ~ Unlf({l, s aTl,l}) and let ’f]t = Cld_l. Fort=0,--- ,2(T1’17j — 1), we let f; =1- ﬁj

or §§ = 1 + 7); with equiprobability, where 7); = c3, and §§» =1fort =2T11,,---,2(T11 —1).
The goal of this subsection is to prove the following lemma.

Lemma 13 Let Ty = O(d). If the initial alignment satisfies K? > ng_% (for (i) or K,? > 2C’2d_%

(for (ii)), then we have iCQ < /{?Tl’l < ¢ for at least 1/polylog(d) fraction of neurons, with high
probability.

Proof.
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(i) the case of IE = 1. Ifdz < szt <cyforallt=0,1,--- ,7 (0 <7 < Ty — 1), we have

2(7+1 ~ ~
K2 > K iy Tl (€.20)

T T
=ng+ D wy+ Y niyy
s=0 s=0
-

> 92d7% + crepd ey (s +1) — crcdd ™t 1/]25 .

(C.21

s=0

With high probability, Y27_, v2* is bounded by C3v/7 + 1. If 7 + 1 < 4972C3, by letting ¢3

%’ycl_lC:;Qd%, we have ciead 10T + 1 < d-z. If 7 +1 > 4’y_QC§, we have Csv/7+ 1
%y(r + 1). Thus, in either case,

1
C21)>d 2 + sadd ' (r +1).
This verifies that /@?t > Cld_% holds for ¢ = 7 + 1. By induction,

1
m?t >d 4 iclc%d_l’}/(T +1)

holds for ¢ until k2! gets larger than cy. By letting T > cl_lcQ_ 2y=1d, we have k2 > %cz for some

t < T4 1, with high probability.
Now together with (C.20), we have

2(t+1) 2t t~ t~ 2t
K < K +nn - 2y vy

Hence we obtain the following bound with high probability,

|I€§(t+1) - Ii?t| < nﬁﬁj(?y 4+ C3) < e163C3d™ =: Ay
When x27 > %cl holds for some 7, with high probability, we have

1
162 < /i27'+s < ¢y

forall 0 < s < Aj/4cy. Because 1/4A1c9 = é(d) and 77 ; is also (:)(d), with probability (:)(1),
2T 15 satisfies 27 < 2T 1 ; < 27 + 1/4/Aco. This establishes the first assertion.

(ii) the case of IE = 2: If ng_% < /@?t <cforallt =0,1,--- ,7(0<7<T; —1), we

have
R?(T‘*‘l) > H?’T + nTﬁj’{?TV + T]Tﬁjijs
T T
= n? + clc4d_1fy Z Iﬁ?s + creod™! Z Z/JZS. (C.22)
s=0 s=0
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With high probability, }-7_, v?* is bounded by C3v/7 + 1. If 7 + 1 < 4y~2C5 *C3d, by letting
co < 3ve] T1C3C52, we have clcgd L0sV/T +1 < Cod™2. If 74+ 1 > 447205 %C2d, we have
CsvT+1< Q’y(r +1)Cod™ 3. Thus, in either case,

1 L T
(C22) > w/2+ Seread ‘& Y w3
s=0

This verifies that H?t > Cld_% holds for ¢ = 7 + 1. By induction,

1 - T
K2t > /ﬂ??/2 + 50102d 172 HJQ«S
s=0

holds for ¢ until 2t gets larger than co. By letting 77 1 > 10g( 71, we have k2t > 1 5C2

1+ 5C1 cod™ 1)
for some ¢ < T7 1, with high probability. Similarly to the case of (i), we can Verlfy that 1 7¢2 < K2 <
¢y for ©(d) steps. Therefore, we obtain the second assertion. |

C.5. From Weak Recovery to Strong Recovery

In the previous subsection, we proved that after t = 277, = O(d) steps, with probability Q(1)
over the randomness of initialization, 77 ; j, and 7);, neurons achieve small alignment with the tar-
get direction icz < n?Tl'l < c¢g. This subsection discusses how to convert the weak recovery
into the strong recovery. We focus on the neurons that satisfy «;3; > 0 for all j as specified in
Assumption 2.

For each neuron j, we let ¢,n' = n = c;d~! if t is even and ' = 0 if ¢ is odd, for t =
2T 1, ,2(Th 1 +Th2 — 1). The momentum is defined as 5; =1 — 7, where 77 = cqe.

In the following, we show that the strength of the signal is greater than some constant £. Thus,

2
for second-layer initialization ¢, < ¢, the effect of the interaction term V, ( N Z;V: ) ajg(wt,ch)>

~ J

can be ignored, and we drop the subscript that distinguishes /N neurons.

. . 2T
Lemma 14 Consider the neuron that satisfies %CQ < K b < ey We have

0T w2(Tia1+T1,2) >1—¢

with high probability, where Ty 5 = ©0,(de~2).

Proof. The expected gradient (of the correlation term) can be computed as

E[@wya(wzﬂm = [ <Za]HeJ0 w)(iﬁjHej(w2tTm)>:|

= > 180wV 10 + (j + 2)la 820 Tw Y w?].
Jj=p
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Applying P,2:, we have
~ T T d ;
B[Py Vuyo(w? @)] = (0 — (w* 0)w®)>  jla;B;(0 w?) . (C.23)
J=p

The update of the alignment is

5 1 5 1 4.
D > 52 00 g — S lgl? - 50’10 glllgl?,
where
g= sztycaa'(thTac)ac. (C.24)

From (C.23), the expectation of (C.24) is bounded by

q
E[*D] > &% i1 — (57)%) ) jlay8;(0 T w®) ™ — CarPiPd(x™ + ni).
Jj=p
> w2 niEplag By (k7P — CaniiPd(x* + ).

By letting n < c¢;d~! and 1) < ca¢e, we have
1
E[RQ(tH)] > 24 inﬁsp!apﬁp(/i%)p*l.

Because the noise 1% := 7~ 1~ 1(k2(HD) — E[x2(HD)]) satisfies P[|v?| > s] < exp(—sY/1/Cy)
forall s > 0,

1 T11+t—-1 Ty1+t—1
K2(T1,l+t) Z /i2T1’1 + inﬁfp'apﬁp Z (st)p—l + 7]77 Z V2S,
S=T171 5:T1,1

with high probability. The third term is bounded by nnCst < éCQ when t < %n_lﬁ_ng ey and by

_1 3 -
niCs\/t < 417%77302 202t < LnieplayBy(c2/8)P~1 whent < %n_lﬁ_nglcg and e = O(d™1).
Therefore, if kK25 > %CQ holds forall s =717 1,--- ,711 +t — 1, we have

1 1
2Tt > Zo) 4 Znﬁsp!apﬁp(@/&p_lt, (C.25)
with high probability. Thus, by induction, 2711+t > Lcy holds and (C.25) holds for all ¢, until
we get 2(TL1+8) > 1 — . Because of (C.25), we have 2(TL1+1) > 1 —euntil t < T4 2, where
- IR ROV =~ .
T12 2 (3nieplapBp(ca/8)P~1) " = O((niie) ") = O(de™?).

After we achieve the strong recovery £2(T1:18) > 1 — ¢ for some ¢, x2(T11+5) may get smaller
than 1 — . However, by letting s’ be the first such step, because at each step the alignment only
moves at most O (7)) = O(d~'¢), s’ should still satisfies £2(T1:1+5) > 1 — 2¢ > ¢,. Thus, (C.25)
holds again until k2(T1,141) > 1 —e. Therefore, we can guarantee x2(T11+1) > 1—eaftert > T o,
with high probability. |
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C.6. Second Layer Training

This subsection proves the generalization error after training the second layer. Let fo(x) = fo(x)
for ® = (wj,aj, bj)j-vzl where @ € RY and (W, bj)j-V:l are the parameters trained in the first
stage. Here we let a* € RY be the “certificate” such that ||a*|| = O(N) that is shown to exist in
Lemma 16 (here we suppress dependence on constants p, ¢). The following lemma is a complete

version of Proposition 5.

Lemma 15 There exists a 4q-th order polynomial Q(Ry,b,q’) of Ry = max;||w;|| and b =
(bj);\/:1 such that, if we set \ = @(\/
satisfies

o 2 < N—2 2
||fa f*||L2N( +8)+T2)\60

with probability 1 — 6o. Therefore, by taking Ty = O((N*Q(Ruw, b, q) + E[fu(x)*])e2), and
N = O(s71), we have

Toso N2Q(Ry, b, q )) for some oy > 0, the ridge estimator a

(N?Q(Ryb.d') + Eol(£)]) + 5 la”]?, (€26

Eo|(fa(x) — fo(x))] Se.
Proof. Let Pr, be the empirical distribution of the second stage: Pr, := 7 ZT2 0z;- Let(x) =

(o((m,w;)) +b;))Z; so that fa(@) = (a,1)()).

Part (1). Here, we first bound the second term || fa — fillr2(py, ). Since L(fa) + Ma|? <
L(far) + A|a*||?, we have that

1fa = FllZe(py,) + Alal® (C.27)
2 &
< Mar = Feliaey,) + 75 D (o (@) = fa(@)ei + Ma”|>
=1

Now, by the Cauchy—Schwarz inequality, we have

T
- Z for o) = fale)ei = (0" = @) 7 3wl

<2la* - H\/Z”sjm viay)

By applying Markov’s inequality to the right hand side, it can be further bounded by

o _an | Eallo@)? 2 AaIR Ex[|[9(z)(1%]
Ja* — afl |22 < S+ Sjay? + 222
with probability 1 — §;. Thus, by combining with (C.27), we arrive at
A Ex[llv(2)[*] | 3X
2 2 2 |2
o= folagry) + 5181 < Nfar = Fllfaqrgy + —2 s + Sl

Here, by using the evaluation || fo+ — fi HL2(PT2) = O(N~! +¢) in Lemma 16, the right hand side
can be further bounded by

Eo[[[¢()|]

A -
2 ~ 12 —2 2
Ifa = £l + GlI7 < OV 2 +6%) + =22

+*H |7
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Part (2). Next we lower bound || f5 — f«||72 by noticing that

1fa— Full3aey,)
= fa = fellZe(p,) = 1fa — fllfagp,y + 1o — fillizgp,)
1 &
= I fallZ2(py,) — IfallZ2(p,) — 2<T2 Z;fd(mi)f*(ﬂﬁi) - E[fa(mi)f*(wi)o
+ Hf*||%2(PT2) — 1 fellZ2p,) + 1fa = FellZ2(pyy- (C.28)
The first two terms of Eq. (C.28) can be bounded by

aT (Z?ﬁl (@) () "
T

1fallZ2(pyy) — 1 fallZ2p

—Eq WJ(@M%‘)W) a

<lalP s [Wfelliar,) = Mellisr, |

|

The standard Rademacher complexity bound yields that

2 _ 2
E(iﬂl)z 1 [aeR?vll{‘El<1‘ ||faHL2(PI) ||f(1||L2(PT2)

Ts

1 2
Tg Zlo'tfa(xz) “

<2E T sup
(#0021 | aeriija) <1

- T
= (mi)TZ sSup ig Z(a—rw(xi)yl]

i=1 | acrV:laf<1 T3 {5

1 &
<2 Bz T2221|rw<mi>||4]

=2\ Bl @I,

where (o; is the i.i.d. Rademacher sequence which is independent of (acl) 1- Hence, Markov’s
inequality yields that
= 2)alP) | Eallb @),
with probabilty 1 — Js.
The third term in Eq. (C.28) can be evaluated as
1 &
2 <T2 > fa(@) ful@i) — Ba [fa(-’n)f*(w)]>
i=1

T>
T ( LSS ) o) — Em[w(w)f*(w)}))

)iZy

17 2e,) = I all3acey

T
211
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< [lal 2 ZZ (@i) fo(@i) = Ea[th(@) fo(@)]) T (1(5) fi () — Balt(z) fi()])

lel

< llall \/%Em[\lw(w)f*(w) — Bz (¢ () f«(@)][|°]

IN

||au\/ %Ew[nwww + £ 4
< Ml + 57 = Eallw @I + 5. @)

with probability 1 — d3 where we used Markov’s inequality again in the second inequality.
Finally, the fourth and fifth term in Eq. (C.28) can be bounded as

By = 1)

<\ s Bl @)~ 1ol
<\ g Eallr @)1,

T564

Hf*”%2(PT2) £l 2(p,)

with probability 1 — §, where we used Markov’s inequality in the last inequality.
Combining these inequalities, we finally arrive at

e = Loy + (3 - s el i a?

Eollv(@)l?] | Eallv(@l?] | BV, 37, .o
Aol BellflE] Bl 4 Sy,

CO(N-2 L2y +
< O(N +5)+T2)\<

with probability 1 — Z 1 0;. Hence, by setting A > 8\/ o5, B l[¢(2)[|*], we have that

I fa = FellZ2(p,

)2 T 4 *\4

01 03 03 2
When the activation function ¢ is a polynomial, then each ¢j(x) = o((x,w;) + b;) is an order
g-polynomial of a Gaussian random variable (x, w;) which has mean 0 and variance E[( w;)?] =
||w]||2 O(1). Then, if we let R, := max; ||w;| = O(1), the term max; max{E[¢) (ac) ] =[(x)f]}

can be bounded by a 4¢-th order polynomial of R,, and b, which can be denoted by Q(Rw b,4q).

Part (3). By combining evaluations of (1) and (2) together, if we let A = 8\/ Togs Ea[l V(2 )|14]
for some g > 0, (by ignoring polylogarithmic factors) we obtain that

3\
2

la|?

I fa = fellZopy S (N2 +6%) + (2N?*Q(Ruw, b, ') + Ex[(f2)"]) +

9

To\do
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with probability 1 — 48p. Thus, since [|a*[|> = O(N), by setting T» = O((N*Q(Ruw,b.q') +
E[f«(x)4])e2),and N = ©(¢ 1), we obtain that (C.26) < e. [

Finally, we provide the approximation guarantee: If o is a degree-q polynomial, we have the
following result, which follows Lemmas 29 and 30 of [31].

Lemma 16 Suppose that there exist at least N' = ©(N) neurons that satisfy ||'w§T1 — 0| <eand

o is a polynomial link function with degree at least q. Let bj ~ Unif ([—CY, Cy]) with Cy, = O(1),
and consider approximation of a ridge function h(OTa:) with its degree at most q. Then, there exists
ai,...,an such that

1 N T ~

~ Y ajo(wi™ z+b) —hOTx)| =ON" +¢)

N J
J=1

with high probability, where (x,y) is a random sample, and we omit dependence on the degree q in

the big-O notation. Moreover, we have Zjvzl a? = O(N).
We rely on the following result.

Lemma 17 Suppose that Cy, > q. For any polynomial h(s) with its degree at most q, there exists
v(b; h) with |v(b; h)| S Cy such that for all s,

E[o(b; h)o(és + b)] = h(s).

Proof. When g,(s) = o(s) is a degree-¢ polynomial,

0
gq(s) = / o(s+ b)db
b=—¢q
is also a degree-q polynomial. Let us repeatedly define

gq—i(s) = gqf(ifl)(s + 1) — Y9q—(i—1) (S) (Z = 17 27 T 7Q)7

i

and let (c; ;) be coefficients so that (s —1)' = Y =0 Cirj 57 holds for all z. Then, by induction, g;(s)
is a degree-i polynomial. Moreover, we have

i 0
G-ils) =D cig [ ols b
=0 b=

—-q

= 2CoEpunit([—cy,C0) KZ cijllj —q<b< j]>0'(3 + b)} ;
=0

when C}, > q. Therefore, for any polynomial h(s) with its degree at most g, there exists (b; h)
with [0(b; h)| < Cp such that for all s,

E[o(b; h)o(ds + b)] = h(s).
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Proof of Lemma 16. We now discretize Lemma 17. We focus on N’ neurons that satisfy

Hw?Tl — 0| < e (by letting a; = 0 otherwise).

For A = ©(N') = ©(N) (with a small hidden constant), we consider 24 intervals [—C}, Cj(—1+
N, [Co(—=1+ %), Ch(=1+ 2)),- -+, [Cy(1 — &), Cs). By taking the hidden constant sufficiently
small, for each interval there exists at least one b;. Then, for b; corresponding to [Cp(—1 +

i i Cp(—1+5) =
L), Cp(—1 4+ B)), weseta; = & Cbb(flJr%j? o(b; h)db. Here we note that |a;j| = O(1) holds

for all j. If each interval contains more than one b;, we ignore all but one by letting a; = 0 except
for the one. By doing so, because of Lipschitzness of o, we have

1 ~
~ ;ajo(s +bj) — h(s)| = O(N)

for all s = O(1). Because |8 " f| = O(1) with high probability, we have
Ry T T 5N -1
¥ > ajo(0Tx+b;) —h(@'x)| =O0N") (C.29)
j=1

with high probability. Finally, because ||w?T1 — 0| < e, we have

N N
% > aja(nglTa: +b;) — % > ajo(0Tx+b;)| = O((wi™ — 0)Tx) = O(e)(C.30)
j=1 j=1

Combining (C.29) and (C.30), we obtain the assertion. |
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