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ABSTRACT

This paper provides the first randomized subspace methods for optimization over
fixed-rank matrix manifolds. This allows us to avoid expensive full matrix de-
compositions to ensure efficient exponential map computations via at most a 2×2
eigendecomposition and rank-one updates, with low storage costs. To facilitate
this, we analyze the geometries of fixed-rank matrix manifolds as Riemannian
quotients of convenient product manifolds. Due to the quotient structure, sub-
spaces of interest correspond exactly to those in the horizontal space of said prod-
uct manifolds. A tangent subspace descent scheme is then devised by decompos-
ing the horizontal space into orthogonal subspaces. Existing instances of tangent
subspace descent depend upon the selection of a subspace from a fixed collec-
tion of ones that vary smoothly over the entire manifold. In sharp contrast to
these instances on other manifolds, subspaces in our scheme are not selected from
any such smoothly varying collection. Instead, the randomly selected subspace
at the current iterate is carefully constructed based on the past iterates and their
accompanying subspace selections. Experiments for the trace regression problem
demonstrate the superiority of the methods relative to full gradient methods in
terms of both CPU time and iterate count.

1 INTRODUCTION

This paper proposes the first randomized subspace methods for solving

f∗ := min
y∈M

f(y) (1)

where M is a fixed-rank matrix manifold and f : M → R is a differentiable function. We specif-
ically consider the manifolds of m × n matrices with rank r, M = Rm×n

r , and n × n positive
semidefinite matrices with rank r, M = Sn,r+ . Problem (1) arises in several important data sci-
ence applications such as matrix completion (Vandereycken, 2013), compressed sensing (Wei et al.,
2016; Luo et al., 2024), semidefinite matrix approximation (Musco & Woodruff, 2017) and trace
regression (Slawski et al., 2015; Han et al., 2021).

In the Euclidean setting, coordinate descent methods are often employed for problems that are very
high-dimensional. Fundamentally, these methods operate as follows: pick a random subspace, usu-
ally from a pre-determined collection such as spans of coordinate blocks; project a first-order derived
search direction onto the subspace; then move in that direction. Such methods generate iterates with
a low, and often dimension-free, computational complexity while enjoying the same overall iteration
complexity as standard first-order methods (Beck & Tetruashvili, 2013; Nesterov, 2012). Naturally,
this is the source of their widespread popularity for high-dimensional problems.

Interest in first-order methods methods for Riemannian optimization (RO) has surged over the past
decade due to the frequently high-dimension of the underlying manifolds (Zhang & Sra, 2018; 2016;
Criscitiello & Boumal, 2023; Chen et al., 2024). Thus the adaptation of randomized subspace meth-
ods to this setting is an enticing goal for the RO community. To the best of our knowledge the first
coordinate descent type method for RO dates back to the randomized subspace method proposed by
Shalit & Chechik (2014) which applies only to the orthogonal group. The first generic framework
for constructing convergent coordinate descent methods on any complete Riemannian manifold,
called Tangent Subspace Descent (TSD), was proposed by Gutman & Ho-Nguyen (2023). A fruit
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of this framework was a new coordinate descent method that extended the orthogonal group-based
scheme of Shalit & Chechik (2014) to the Stiefel manifold. Later, Darmwal & Rajawat (2023) pro-
posed a randomized subspace method, readily seen as an instance of TSD, on the manifold of (full
rank) positive definite matrices. Other recent papers have focused on retraction-based randomized
subspace methods for minimization over product manifolds (Li et al., 2023; Peng & Vidal, 2023;
Firouzehtarash & Hosseini, 2021). Recently Han et al. (2024) devise a straightforward, but partial
generalization of tangent subspace descent to incorporate retractions and vector transports. This
includes a new tangent subspace descent-type scheme for optimization over the low-rank positive
semi-definite (PSD) matrix manifolds. This scheme suffers from two key issues. First, the chosen
retraction is not defined over the entire tangent bundle. Thus, it may lead to ill-defined iterates.
Second, the subspace selection mechanism depends upon the choice of representative, implying the
scheme is not well-defined on a low-rank PSD matrix manifold. By contrast, our scheme depends
upon the exponential map on defined by complete quotient geometry, and thus bypasses the first
issue. Additionally, our subspaces selections are independent of the representative except on a set
of measure zero, which the algorithm is unlikely to ever encounter.

Our proposed randomized subspace methods for fixed-rank matrix manifolds differ from all of the
aforementioned instances along two key technical directions. First (non-smooth subspace selec-
tion), the set of subspaces considered for selection at each iteration do not arise from any smoothly
varying subspace collection. In a sense which we make rigorous in Section 3, we provide the first
non-smooth method of subspace selection. Second (lifting by Riemannian quotients), our methods
depend upon a “lift” of the problem (1) to a related convenient Riemannian product manifold via
Riemannian quotient operations. These products have simple expressions for various Riemannian
constructs including Riemannian metrics and exponential maps.

Combined, these two innovations permit us to construct randomized subspaces methods for fixed-
rank matrices which are efficient in terms of computational time and storage, but still guarantee
standard rates of convergence for first-order RO.

This paper is organized as follows. In Section 2, we provide the notation and language of RO and
quotient manifolds necessary to understand all of our results in the sequel sections. In Section 3,
we describe the Tangent Subspace Descent (TSD) framework and the conditions guaranteeing its
convergence in the presence of Riemannian quotient structures. In particular, we describe the three
necessary ingredients: a quotient geometry, a horizontal decomposition, and cheap, simple expres-
sions for gradient projections and exponential maps. Each of our main convergence pivots on the
verification of these conditions and the complexity results depend on the latter cheap expressions.
We also clarify the sense in which all previous instances of TSD depend upon “smooth” subspace se-
lections. In Section 4, we elaborate each of the three ingredients necessary for building our random-
ized subspace descent method on the manifold of fixed-rank matrices, Rm×n

r , via TSD. In Section 5,
we elaborate each of the three ingredients necessary for building our randomized subspace descent
method on the manifold of fixed-rank positive semidefinite matrices, Sn,r+ , via TSD. In Section 6, we
present proof-of-concept experiments that compare the Riemannian gradient descent method against
our scheme in the context of trace regression over the manifold of fixed-rank positive semidefinite
matrices. These experiments indicate the computational superiority of our scheme over full gradient
methods.

2 PRELIMINARIES: RIEMANNIAN OPTIMIZATION

In this section, we describe all of the rudiments of Riemannian optimization and quotient manifolds
required for our work. For full details we refer to the books of Boumal (2023, particularly Ch. 9)
and Gallier & Quaintance (2020, particularly Chs. 5 and 23).

If M is a Riemannian manifold, then we let TxM denote the tangent space and ⟨·, ·⟩x the Riemannian
metric of M at x ∈ M . In the presence of a Riemannian metric on M , we can utilize Riemannian
constructs such as the (Riemannian) exponential map at x ∈ M , Expx : TxM → M , and the
Riemannian gradient, ∇f , of a differentiable function f : M → R.

Tangent spaces, Riemannian metrics, and Riemannian exponential maps interact well with product
structures. If M1, . . . ,Mk are Riemannian manifolds, then the Cartesian product M :=

∏k
i=1 Mi is

a manifold whose tangent space at x = (x1, . . . , xk) ∈ M is TxM =
∏k

i=1 TxiMi. We can endow
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the product manifold M with a Riemannian metric,

⟨·, ·⟩(1)x1
⊕ . . .⊕ ⟨·, ·⟩(k)xk

,

which is expressed for arbitrary x ∈ M and v := (v1, . . . , vk), w := (w1, . . . , wk) ∈ TxM as,
k∑

i=1

⟨vi, wi⟩(i)xi

where ⟨·, ·⟩(i)xi
is the Riemannian metric on Mi at xi. As Riemannian exponential maps respect

product metrics, M ’s exponential map is given as,

ExpMx (v) =
(
Exp1x1

(v1), . . . ,Exp
1
xk
(vk)

)
,

where Expixi
: Txi

Mi → Mi is the exponential map for Mi at xi ∈ Mi.

The basic building blocks of the product manifolds we consider in this paper are Stiefel manifolds
and the manifold of positive definite matrices. The n× r Stiefel manifold is

St(n, r) :=
{
X ∈ Rn×r : X⊤X = Ir

}
where Ir is the r × r identity matrix and Rn×r is the set of n × r matrices. We let Sr++ denote
the manifold of r × r positive definite matrices. The tangent spaces for these manifolds at arbitrary
points U ∈ St(n, r) and P ∈ Sr++ are

TU St(n, r) =
{
UA+ U⊥B : A ∈ Skew(r), B ∈ R(n−r)×r

}
, TPSr++ = Sr (2)

where U⊥ ∈ St(n, n − r) satisfies U⊤U⊥ = 0, and Skew(r) and Sr respectively denote the sets
of r × r skew-symmetric and symmetric matrices. For Riemannian metrics, we will focus on the
canonical metric on St(n, r) and the affine-invariant metric on Sr++, which are given by〈

UA1 + U⊥B1, UA2 + U⊥B2

〉St(n,r)
U

=
1

2
⟨A1, A2⟩+ ⟨B1, B2⟩

⟨D1, D2⟩
Sr++

P = ⟨P−1/2D1P
−1/2, P−1/2D2P

−1/2⟩, (3)
where ⟨·, ·⟩ denotes the usual Euclidean inner product between two equal-sized matrices ⟨X,Y ⟩ :=
Tr(X⊤Y ). Closed-form formulas for the Riemannian exponential maps for these metrics (provided
in Appendix A) respectively date back to Edelman et al. (1998) and Moakher (2005). These formulas
are key to the construction of cheap and easy updates.

Riemannian quotient structures play a pivotal role in our methods. For each fixed-rank matrix man-
ifold we consider, we “lift” the problem (1) to a convenient product of Stiefel and positive definite
manifolds by way of Riemannian quotient operations. The convenience of such lifts derives from
the simple and often efficient expressions they give for Riemannian constructs, such as exponential
maps and parallel transports, on the lifted space. As the reader will soon see, the simplicity of the
exponential map via lifting is of particular importance for our presented methods. A Riemannian
manifold M is said to be a Riemannian quotient manifold of a Riemannian manifold M̃ if there is
a surjective differentiable map π : M̃ → M such that dπx : [ker(dπx)]

⊥ → Tπ(x)M is a linear
isometry for each x ∈ M̃ , where [ker(dπx)]

⊥ is the orthogonal complement of ker(dπx) in M̃ ’s
Riemannian metric. In this case, we call Hx := [ker(dπx)]

⊥ and Vx := ker(dπx) the horizontal
space and vertical space at x. Furthermore, we call M̃ the total space and M the base space.

In the presence of a Riemannian quotient structure, we can solve (1) by instead solving the equivalent
“lifted” problem

f̃∗ = min
x∈M̃

f̃(x), where f̃(x) := f(π(x)), (4)

over the total space, M̃ . In fact, Boumal (2023, Prop. 9.6) states that global minimizers, local
minimizers, and first/second-order critical points of (1) and (4) are in direct correspondence with
each other. Moreover, Riemannian gradient methods are readily adapted to solving (4), because of
the following practical formula (Boumal, 2023, Prop 9.39), for lifting Riemannian gradients on M

to M̃ at any x ∈ M̃ :
∇f̃(x) = dπx|−1

Hx
[∇f(π(x))] ∈ Hx. (5)

The quotient structure of the fixed-rank matrix manifolds will be described in Sections 4 and 5.

3



162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215

Under review as a conference paper at ICLR 2026

Algorithm 1 Randomized TSD

Input: Initial point x0 ∈ M , stepsize sequence {γt}t≥0

Output: Sequence {xt}t≥0 ⊂ M̃ .
for t = 0, 1, 2, . . . do

Get subspace decomposition S1,t, . . . , Sm,t ⊆ Txt
M and distribution Pt over [m].

Draw it ∈ [m] randomly from Pt.
Compute xt+1 := Expxt

(
−ηt ProjSit,t

(∇f(xt))
)

.
end for

3 TANGENT SUBSPACE DESCENT VIA NON-SMOOTH SUBSPACES AND
RIEMANNIAN QUOTIENT MANIFOLDS

The construction of our randomized subspace methods depends upon the Tangent Subspace Descent
(TSD) framework of Gutman & Ho-Nguyen (2023), which generalizes coordinate descent methods
to solve problems of the form (1). In this section, we introduce the TSD framework, and expound
on how our fixed-rank matrix manifold algorithms differ from all other existent TSD instances. We
pay special attention to the conditions ensuring convergence and cheap iterations in the presense of
Riemannian quotient structures, and thus support our developments for fixed-rank matrix manifolds.

Algorithm 1 formally elaborates the randomized TSD framework. The fundamental insight underly-
ing this framework is that coordinate blocks in the Euclidean setting correspond to tangent subspaces
in the general Riemannian setting. Thus, the algorithm operates by randomly selecting a subspace
from an orthogonal collection, called a subspace decomposition, that spans the entire tangent space
at the current iterate, projecting the negative Riemannian gradient onto this subspace, then moving
in the projected direction along the manifold via the exponential map.

A randomized subspace selection rule provides a method of selecting a subspace decomposition
at each point, together with a distribution over these subspaces. Good selection rules ensure that
TSD converges and that Riemannian operations such as gradient projections and exponential map
evaluations are efficiently computable.

Our methods for fixed-rank matrices differ from previous instances of TSD in two critical ways.
First, the previous randomized subspace selection rules on Euclidean space, the Stiefel manifold and
the positive definite manifold arise from subspaces that vary smoothly across the entire manifold.
Consider a collection of tangent subspaces S := {Sx ⊆ TxM}x∈M , where each Sx has dimension
k. We say that the collection S is smoothly varying over M (or that S is a smooth distribution (Lee,
2012, Ch. 19)) if, for any x ∈ M , there exists a set of k smooth vector fields on a neighborhood U
of x whose span is Sy for all y ∈ U . We say that a randomized subspace selection rule is smooth
if there exist smoothly varying collections S1, . . . , Sm such that at every x ∈ M the subspace
decomposition is given by S1

x, . . . , S
m
x .

Theorem 3.1 (Proof in Appendix B). Euclidean coordinate descent, the TSD instances of Gutman &
Ho-Nguyen (2023) for Stiefel manifolds and of Darmwal & Rajawat (2023) for the positive definite
matrix manifold depend upon smooth randomized subspace selection rules.

The second dimension along which our methods differ is that they depend upon “lifting” (1) to
convenient Riemannian product manifolds by way of Riemannian quotient operations, resulting
in (4). The equation (5), which relates the Riemannian gradient on M to that of f̃ on the total
space, has particularly important ramifications for our fixed-rank manifold TSD methods applied
to (4). At each xt ∈ M̃ , instead of selecting among subspaces which span all of TxM̃ , we need
only select from a set of orthogonal subspaces whose sum is Hx. We call such a set a horizontal
subspace decomposition. That said, the same condition and convergence guarantee from Gutman &
Ho-Nguyen (2023) may be used to ensure convergence of our horizontal subspace selection rules.
Assumption 3.2 (C-Randomized Norm). There exists C > 0 such that for any t ≥ 0,√

Ei∼Pt

[∥∥∥ProjSi,t

(
∇f̃(xt)

)∥∥∥2
xt

| {xℓ}tℓ=0

]
≥ C

∥∥∥∇f̃(xt)
∥∥∥
xt

. Here, ∥ · ∥x is the norm on TxM̃

induced by the Riemannian metric ⟨·, ·⟩x.
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Theorem 3.3 (Gutman & Ho-Nguyen (2023, Thm. 4)). Suppose that Assumption 3.2 holds. In
addition, suppose that the function f̃ satisfies the following smoothness assumption: there exists
L̃ > 0 such that for all x ∈ M̃ , v ∈ Hx and i ∈ [m] we have

f̃
(
Ẽxpx

(
ProjSi(x)(v)

))
≤ f̃(x) +

〈
∇f̃(x),ProjSi(x)(v)

〉
x
+

L̃

2

∥∥∥ProjSi(x)(v)
∥∥∥2
x
,

where {Si(x)} is the decomposition of Hx from Assumption 3.2. Then Algorithm 1 with Si,t =

Si(xt) for i ∈ [m], Pt = P (xt) and ηt = C2/(2L̃) for t ≥ 0 yields the following convergence
guarantees:

lim
t→∞

E
[∥∥∥∇f̃(xt)

∥∥∥
xt

]
= 0, min

s∈[t]
E
[∥∥∥∇f̃(xs−1)

∥∥∥
xs−1

]
≤

√
2L̃(f̃(x0)− f̃∗)

C2t
. (6)

Theorem 3.3 states that convergence of the randomized TSD scheme depends on finding a horizontal
subspace decomposition satisfying Assumption 3.2, thus providing a solution method for solving
(1). In Sections 4 and 5 we provide quotient manifold structure for fixed-rank matrices and fixed-
rank PSD matrices, as well as subspace decompositions for the horizontal spaces which satisfy
Assumption 3.2.

4 QUOTIENT GEOMETRY OF THE FIXED-RANK MATRIX MANIFOLD FOR
TANGENT SUBSPACE DESCENT

In this section, we set forth all of the elements for ensuring the convergence and low-cost iterates
of tangent subspace descent on the manifold of fixed-rank matrices, Rm×n

r : a quotient geometry,
a (non-smooth) horizontal subspace decomposition, and computationally and storage-wise cheap
update formulas.

We commence this section with a description of the quotient geometry for Rm×n
r . The total space,

along with its tangent space at an arbitrary element, choice Riemannian metric, and Riemannian
quotient map are

M̃m×n,r := St(m, r)× Sr++ × St(n, r) (7a)

T(U,P,V )M̃m×n,r = TU St(m, r)⊕ TPSr++ ⊕ TU St(n, r) (7b)

⟨·, ·⟩ := ⟨·, ·⟩St(m,r) ⊕ ⟨·, ·⟩S
r
++ ⊕ ⟨·, ·⟩St(n,r) (7c)

π(U,P, V ) := UPV ⊤, where (U,P, V ) ∈ M̃m×n,r. (7d)

Lemma 4.1 (Riemannian Quotient Structure for Rm×n
r ). The map π is a Riemannian quotient map

when Rm×n
r is endowed with its embedded smooth structure and suitable Riemannian metric. Addi-

tionally, the vertical space at (U,P, V ) ∈ M̃m×n,r is given by

V(U,P,V ) = {(UA,PA−AP, V A) : A ∈ Skew(r)} .

The proof of Lemma 4.1 is given in Appendix C.1. Observe that our metric of interest is simply the
sum of known metrics on the Stiefel and positive definite manifolds, namely the canonical metrics
on St(m, r) and St(n, r) and the affine-invariant metric on Sr++. Thus, per our discussion of product
metrics in Section 2, the exponential map on M̃m×n,r, Ẽxp, is given by

Ẽxp(U,P,V )

(
UA+ U⊥B,D, V Ã+ V ⊥B̃

)
:=
(
Exp

St(n,r)
U (UA+ U⊥B),Exp

Sr++

P (D),

Exp
St(m,r)
V (V Ã+ V ⊥B̃)

)
.

4.1 HORIZONTAL SUBSPACE DECOMPOSITION

In this subsection, we describe the second of our three ingredients, a horizontal subspace decompo-
sition. Proofs of results in this subsection are found in Appendix C.2. First, we explicitly describe
the horizontal space under the metric in (7c).
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Lemma 4.2 (Horizontal Space for Rm×n
r ). For any (U,P, V ) ∈ M̃m×n,r, we have

H(U,P,V ) =

Z(D,A,B1, B2) :

B1 ∈ R(m−r)×r,

B2 ∈ R(n−r)×r,

D ∈ Sr, A ∈ Skew(r)


where

Z(D,A,B1, B2) :=

(
U(P−1D −DP−1 +A) + U⊥B1,

1

2
D,V (P−1D −DP−1 −A) + V ⊥B2

)
.

The above explicit description of the horizontal space enables us to describe our computationally
advantageous decomposition in the next result, and we also show that Assumption 3.2 holds. We
introduce some notation for convenience. If P ∈ Sr++ has the spectral decomposition, P = QΛQ⊤

where Q = [q1 · · · qr] ∈ O(r) and Λ = Diag(λ1, . . . , λr) ≻ 0, then denote

DP
ij := QΛ1/2(eie

⊤
j + eje

⊤
i )Λ

1/2Q⊤ = (λiλj)
1/2(qiq

⊤
j + qjq

⊤
i ), Hij := qiq

⊤
j − qjq

⊤
i

for any i, j ∈ [r].

Proposition 4.3 (Horizontal Decomposition for Rm×n
r ). Let (U,P, V ) ∈ M̃m×n,r and P = QΛQ⊤

be a spectral decomposition of P . Define the collection of horizontal subspaces

S1,k(U,P, V ) :=
{
(uq⊤k , 0, 0) : u ∈ ker(U⊤)

}
(8a)

S2,k(U,P, V ) :=
{
(0, 0, vq⊤k ) : v ∈ ker(V ⊤)

}
(8b)

SS,ij(U,P, V ) :=
{
τZ(DP

ij , 0, 0, 0) : τ ∈ R
}

(8c)

SSkew,kℓ(U,P, V ) := {τ (UHkℓ, 0,−V Hkℓ) : τ ∈ R} , (8d)

where i, j, k, ℓ ∈ [r], k < ℓ for SSkew,k,ℓ(U,P, V ), and Z is as in Lemma 4.2. This forms an
horizontal subspace decomposition of H(U,P,V ) under the metric (7c). Moreover, there are m =
r(2r+3)

2 different subspaces in total, so the subspace selection rule that chooses uniformly from this

collection satisfies Assumption 3.2 with C = 1√
m

=
√

2
r(2r+3) .

As mentioned in the introduction and Section 3, this subspace selection rule is not smooth.
Proposition 4.4 (Non-smooth Randomized Subspace Selection for Rm×n

r ). If r > 2, then the sub-
space selection rule induced by the horizontal decomposition (8) is not smooth.

4.2 EFFICIENT UPDATE FORMULAS: EXPONENTIAL MAPS & GRADIENT PROJECTIONS

We now show how the horizontal decomposition (8) ensures cheap exponential map evaluations and
gradient projections both in terms of computation and storage. This ensures that Algorithm 1 for
Rm×n

r with (8) can be implemented efficiently. Explicit formulas and proofs of results in this section
are given in Appendix C.3.

Theorem 4.5 (TSD Exponential Map Complexity on the Rm×n
r ). Let (U,P, V ) ∈ M̃m×n,r, P =

QΛQ⊤ be a spectral decomposition for P , W ∈ H(U,P,V ), and (U+, P+, V+) = Ẽxp(U,P,V )(W ).
Given UQ, V Q and Λ, we can efficiently compute a spectral decomposition P+ = Q+Λ+Q

⊤
+ for

P+, as well as U+Q+ and V+Q+ if W belongs to one of the subspaces in (8). More precisely:

1. W ∈ S1,k(U,P, V ): U+Q+ can be obtained via a computation of a cosine, sine, and
rank-one matrix update. All other components V+Q+ = V Q, Λ+ = Λ remain unchanged.

2. W ∈ S2,k(U,P, V ): V+Q+ can be obtained via a computation of a cosine, sine, and rank-
one matrix update. All other components U+Q+ = UQ, and Λ+ = Λ remain unchanged.

3. W ∈ SS,ij(U,P, V ) with i < j: Λ+ is obtained by a 2× 2 matrix diagonalization, whose
entries are obtained via hyperbolic cosine and sine computations, while U+Q+ and V+Q+

are obtained via cosine and sine computations, and rank-one matrix updates.

6
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4. W ∈ SS,ii(U,P, V ): Λ+ can be obtained by the computation of a scalar exponential
function, while U+Q+ = UQ, V+Q+ = V Q remain unchanged.

5. W ∈ SSkew,kℓ(U,P, V ): U+Q+ and V+Q+ can be obtained via cosine and sine computa-
tions, together with a rank-one matrix update, while Λ+ = Λ remain unchanged.

In other words, we only need to store and update UQ, V Q and Λ at each iteration of Algorithm 1.

The final component needed to implement Algorithm 1 is to describe how we can compute gradients
and their projections using the stored data UQ, V Q and Λ.

To make this precise, recall that we are given a function f : Rm×n
r → R, and we aim to solve

(4), where f̃(U,P, V ) := f(UPV ⊤). Suppose now that f can be extended naturally to some f̄ :
Rm×n → R. Then the Riemannian gradient and projection operations can be computed efficiently.
Proposition 4.6 (TSD Horizontal Subspace Projection Complexity on Rm×n

r ). Suppose the follow-
ing matrices stored for a given (U,P, V ) ∈ M̃m×n,r: (1) a spectral decomposition P = QΛQ⊤

for P along with UQ and V Q; and (2) the (Euclidean) gradient, G := ∇f̄(UPV ⊤) ∈ Rm×n,
where f̄ : Rm×n → R is a Euclidean extension of f : Rm×n

r → R. Projecting ∇f̃(U,P, V ) onto a
subspace H from (8) can be computed using data G, Λ, UQ and V Q, and with operations involving
matrix-vector products with m× n-, m× r- and n× r-matrices. The total computational cost is at
most O(mn).

5 QUOTIENT GEOMETRY OF THE FIXED-RANK POSITIVE SEMIDEFINITE
MATRIX MANIFOLD

In this section, we set forth all of the elements for tangent subspace descent on the manifold of
fixed-rank positive semidefinite matrices, M := Sn,r+ . As for the manifold of fixed-rank matrices,
these include a quotient geometry, a horizontal subspace decomposition, and computationally and
storage-wise cheap update formulas.

We start with a description of a quotient geometry for Sn,r+ . The total space, along with its tangent
space at an arbitrary element, choice Riemannian metric, and Riemannian quotient map are

M̃n,r,+ := St(m, r)× Sr++, T(U,P )M̃n,r,+ = TU St(m, r)⊕ TPSr++ (9a)

⟨·, ·⟩ := ⟨·, ·⟩St(m,r) ⊕ ⟨·, ·⟩S
r
++ (9b)

π(U,P ) := UPU⊤, where (U,P ) ∈ M̃n,r,+. (9c)

Lemma 5.1 (Riemannian Quotient Structure for Sn,r+ ). The map π is a Riemannian quotient map
when Sn,r+ is endowed with its embedded smooth structure and a suitable Riemannian metric. Addi-
tionally, the vertical space at (U,P ) ∈ M̃n,r,+ is given by

VU,P = {(UA,PA−AP ) : A ∈ Skew(r)} .

The proof of Lemma 5.1 is in Appendix D.1. Once again, recognizing our metric is product, we
readily see the exponential map on M̃n,r,+, denoted Ẽxp, is given by

ẼxpU,P

(
UA+ U⊥B,D

)
=

(
Exp

St(n,r)
U (UA+ U⊥B),Exp

Sr×r
++

P (D)

)
.

5.1 HORIZONTAL SUBSPACE DECOMPOSITION

We now describe the horizontal decomposition; proofs of results in this subsection are in Ap-
pendix D.2. With the metric in (9b), we provide an explicit descriptions of the horizontal space.

Lemma 5.2 (Horizontal Space of Sn,r+ ). For any (U,P ) ∈ M̃n,r,+, any vector in H(U,P ) can be
written uniquely in the form

(
U(P−1D −DP−1) + U⊥B, 1

2D
)

for some B ∈ R(n−r)×r, D ∈ Sr.

We now provide a subspace decomposition for H(U,P ). Like our decomposition for the set of fixed-
rank matrices, this decomposition depends upon a spectral decomposition for P .

7
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Proposition 5.3 (Horizontal Decomposition for Sn,r+ ). Let (U,P, V ) ∈ M̃n,r,+ and P = QΛQ⊤ be
a spectral decomposition of P . The collection of horizontal subspaces

Sk(U,P ) :=
{
(vq⊤k , 0) : v ∈ ker(U⊤)

}
(10a)

Sij(U,P ) := Span

(
U(P−1DP

ij −DP
ijP

−1),
1

2
DP

ij

)
(10b)

where 1 ≤ i ≤ j ≤ r and 1 ≤ k ≤ r, forms an orthogonal decomposition of T(U,P )M̃n,r,+ under the
metric (9b). Moreover, there are m = r(r+3)

2 different subspaces in total, so the subspace selection

rule that chooses uniformly from this collection satisfies Assumption 3.2 with C = 1√
m

=
√

2
r(r+3) .

As for the fixed-rank matrix manifold, and as foreshadowed in the introduction as well as Section 3,
this randomized subspace selection rule is not smooth.
Proposition 5.4 (Non-smooth Randomized Subspace Selection for Sn,r+ ). If r > 2, then the sub-
space selection rule induced by the horizontal decomposition in Proposition 5.3 is not smooth.

5.2 EFFICIENT UPDATE FORMULAS: EXPONENTIAL MAPS & GRADIENT PROJECTIONS

The horizontal decomposition (10) ensures cheap exponential map evaluations and gradient projec-
tions both in terms of computation and storage. This ensures that Algorithm 1 for Sn,r+ with (10) can
be implemented efficiently. Explicit formulas of results in this section are given in Appendix D.3.
The proofs largely mimic those of results in Section 4.2, we provide proof outlines in Appendix D.3.

Theorem 5.5 (TSD Exponential Map Complexity on Sn,r+ ). Let (U,P, V ) ∈ M̃n,r,+, P = QΛQ⊤

be a spectral decomposition for P , W ∈ H(U,P ), and (U+, P+) = Ẽxp(U,P )(W ). Given UQ and
Λ, we can efficiently compute a spectral decomposition P+ = Q+Λ+Q

⊤
+ for P+, as well as U+Q+

if W belongs to one of the subspaces in (10). More precisely (ignoring the V components):

1. W ∈ Sk(U,P ): The update to U+Q+ is identical to case 1 of Theorem 4.5.

2. W ∈ SS,ij(U,P ) with i < j: The update to U+Q+,Λ+ is identical to case 3 of Theo-
rem 4.5.

3. W ∈ SS,ii(U,P ): The update to Λ+ is identical to case 4 of Theorem 4.5.

In other words, we only need to store and update UQ and Λ at each iteration of Algorithm 1.
Proposition 5.6 (TSD Horizontal Subspace Projection Complexity on Sn,r+ ). Suppose the following
matrices are stored for a given (U,P ) ∈ M̃n,r,+: (1) a spectral decomposition P = QΛQ⊤ for
P along with UQ and V Q; and (2) the (Euclidean) gradient, G := ∇f̄(UPV ⊤) ∈ Rn×n, where
f̄ : Rn×n is a Euclidean extension of f : Sn,r+ → R. Projecting ∇f̃(U,P, V ) onto a subspace
H from (10) can be computed using data G, Λ, and UQ, and operations involving matrix-vector
multiplications with n× n- and n× r-matrices. The total computational cost is O(n2).

6 NUMERICAL STUDY

We perform a proof-of-concept numerical study to explore the efficacy of TSD versus Rie-
mannian gradient descent (RGD) on the problem of trace regression over PSD matrices
(Slawski et al., 2015; Han et al., 2021). Specifically, we will solve the following problem:
min

(U,P )∈M̃n,r,+

1
2N

∑
p∈[N ](yp − x⊤

p UPU⊤xp)
2. The data for this problem are pairs (xp, yp) ∈

Rn × R for p ∈ [N ]. For our study, we will use simulated data generated from the following
model (see Han et al., 2021, Sec. 4): yp = x⊤

p X∗xp + ϵp, X∗ ∈ Sn+, ϵp ∼ N(0, σ2). We
set σ = 0.1 X∗ =

∑
i∈[r] vi,∗v

⊤
i,∗ where vi,∗ ∼ N(0, In), and N = 1000. We set (n, r) ∈

{(10, 5), (25, 10), (50, 10), (50, 25)}, and generate 30 instances for each setting. For each instance,
we run 2000 iterations of RGD, and 2000 “cycles” of TSD; each cycle is counted as r(r+ 1)/2 + r
iterations (this is the number of different subspaces in our decomposition). Step sizes for each algo-
rithm are chosen via a standard backtracking Armijo line search rule. We stop the TSD algorithm

8
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when (best RGD objective) ≥ 99.9%×(best TSD objective at time t) and running two more cycles.
Our performance metric is the relative percentage gap: gapt = best objective across all algorithms

best objective at time t × 100%.
Figure 1 plots the gap against the number of cycles as well as total CPU time. We see that TSD has
an advantage over RGD, but as the rank r increases, this advantage diminishes slightly.

0 20 40 60 80 100

% of max. cycles

0

20

40

60

80

100

%
G

ap
cl

as
ed

(a) (n, r) = (10, 5)

0 20 40 60 80 100

% of max. cycles

0

20

40

60

80

100

%
G

ap
cl

as
ed

(b) (n, r) = (25, 10)

0 20 40 60 80 100

% of max. cycles

0

20

40

60

80

100

%
G

ap
cl

as
ed

(c) (n, r) = (50, 10)

0 20 40 60 80 100

% of max. cycles

0

20

40

60

80

100

%
G

ap
cl

as
ed

(d) (n, r) = (50, 25)

0 20 40 60 80 100

% of max. time

0

20

40

60

80

100

%
G

ap
cl

as
ed

(e) (n, r) = (10, 5)

0 20 40 60 80 100

% of max. time

0

20

40

60

80

100

%
G

ap
cl

as
ed

(f) (n, r) = (25, 10)

0 20 40 60 80 100

% of max. time

0

20

40

60

80

100

%
G

ap
cl

as
ed

(g) (n, r) = (50, 10)

0 20 40 60 80 100

% of max. time

0

20

40

60

80

100

%
G

ap
cl

as
ed

(h) (n, r) = (50, 25)

Figure 1: Plots of percentage gap closed vs number of cycles (top row) and time (in seconds; bottom
row) when N = 1000. Red lines are RGD; blue lines are TSD. Experiments performed on standard
desktop PC with 2.4GHz processor and 32GB memory.

6.1 COMPLEXITY OF OPERATIONS

TSD has two costly operations: exponential map and gradient projection computations. Choosing a
selection rule that ensures simple exponential map computation depends upon a manifold’s structure.
On the other hand, choosing one that ensures simple, projected gradient computations depends upon
a problem’s structure. Below we describe TSD’s computational benefits in the fixed-rank matrix
manifold setting along both of these dimensions.

Naturally, the worst-case exponential map complexity for the (PSD) fixed-rank matrix manifold is
the sum of the analogous complexities over the Stiefel and positive definite (PD) matrix manifolds.
For the n × r Stiefel manifold, with its canonical metric, and the r × r PD matrix manifold with
its affine-invariant metric, computing the exponential maps costs O(nr2) and O(r3) respectively
(Edelman et al., 1998). By contrast, the exponential map computations along TSD’s considered
subspaces incur at most an O(n) and O(r) costs in the Stiefel and PD components respectively.

The complexity of computing projected gradients is intimately tied to a problem’s structure. Without
any knowledge of such structure, the computational cost equals the sum of two others: computing
a (possibly total Euclidean) gradient and computing a tangent subspace projection. For the fixed-
rank matrix manifolds considered here, projecting a vector from the tangent space of either the total
space, or its ambient Euclidean space, requires matrix-vector products. For the m × n rank r and
n × n rank r PSD manifolds, according to Proposition 5.6 the projection costs alone are at most
O(mr + nr +mn) and O(nr + n2), respectively.

That said, TSD could drastically reduce this complexity for well-structured problems. Exploiting
the gradient’s structure, it may be possible to very efficiently compute it only along the selected
subspace, thus cheaply consolidating the gradient and projection computations. This is indeed the
case for our trace regression experiments. Recalling that N is the number of data points (xp, yp)
where p ∈ [N ], the complexity of the trace regression projected gradient computations can be
deduced from applying Proposition 5.6. After some simplification, these require O(N + Nr +
nr) and O(N) for the subspaces in (10) respectively. By contrast, the Riemannian gradient takes
O(Nnr +Nr2 +Nn2) operations to compute.

9



486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539

Under review as a conference paper at ICLR 2026

REFERENCES

Amir. Beck and Luba. Tetruashvili. On the convergence of block coordinate descent type methods.
SIAM Journal on Optimization, 23(4):2037–2060, 2013. doi: 10.1137/120887679.

Nicolas Boumal. An introduction to optimization on smooth manifolds. Cambridge University Press,
2023. ISBN 9781009166157. URL https://www.nicolasboumal.net/book.

Shixiang Chen, Shiqian Ma, Anthony Man-Cho So, and Tong Zhang. Nonsmooth optimization over
the Stiefel manifold and beyond: Proximal gradient method and recent variants. SIAM Review,
66(2):319–352, 2024.

Christopher Criscitiello and Nicolas Boumal. An accelerated first-order method for non-convex
optimization on manifolds. Foundations of Computational Mathematics, 23(4):1433–1509, 2023.

Yogesh Darmwal and Ketan Rajawat. Low-complexity subspace-descent over symmetric positive
definite manifold. arXiv preprint arXiv:2305.02041, 2023.

Alan. Edelman, Tomás A. Arias, and Steven T. Smith. The geometry of algorithms with orthogonal-
ity constraints. SIAM Journal on Matrix Analysis and Applications, 20(2):303–353, 1998. doi:
10.1137/S0895479895290954.

Mohammad Hamed Firouzehtarash and Reshad Hosseini. Riemannian preconditioned coordinate
descent for low multi-linear rank approximation. arXiv preprint arXiv:2109.01632, 2021.

Jean Gallier and Jocelyn Quaintance. Differential geometry and Lie groups: a computational per-
spective, volume 12. Springer Nature, 2020.

David H. Gutman and Nam Ho-Nguyen. Coordinate descent without coordinates: Tangent subspace
descent on Riemannian manifolds. Mathematics of Operations Research, 48(1):127–159, 2023.
doi: 10.1287/moor.2022.1253.

Andi Han, Bamdev Mishra, Pratik Jawanpuria, and Junbin Gao. On Riemannian optimization over
positive definite matrices with the Bures-Wasserstein geometry. In A. Beygelzimer, Y. Dauphin,
P. Liang, and J. Wortman Vaughan (eds.), Advances in Neural Information Processing Systems,
2021.

Andi Han, Pratik Jawanpuria, and Bamdev Mishra. Riemannian coordinate descent algorithms on
matrix manifolds. In Proceedings of the 41st International Conference on Machine Learning,
ICML’24. JMLR.org, 2024.

John M. Lee. Introduction to Smooth Manifolds, volume 218 of Graduate Texts in Mathematics.
Springer-Verlag New York, 2nd edition, 2012. ISBN 978-1-4419-9982-5.

John M. Lee. Introduction to Riemannian Manifolds, volume 176 of Graduate Texts in Mathematics.
Springer International Publishing, 2nd edition, 2018. ISBN 978-3-319-91755-9.

Yuchen Li, Laura Balzano, Deanna Needell, and Hanbaek Lyu. Convergence and complexity of
block majorization-minimization for constrained block-Riemannian optimization. arXiv preprint
arXiv:2312.10330, 2023.

Yuetian Luo, Wen Huang, Xudong Li, and Anru Zhang. Recursive importance sketching for rank
constrained least squares: Algorithms and high-order convergence. Operations Research, 72(1):
237–256, 2024. doi: 10.1287/opre.2023.2445.

Maher Moakher. A differential geometric approach to the geometric mean of symmetric positive-
definite matrices. SIAM journal on matrix analysis and applications, 26(3):735–747, 2005.

Cameron Musco and David P. Woodruff. Sublinear time low-rank approximation of positive
semidefinite matrices. In 2017 IEEE 58th Annual Symposium on Foundations of Computer Sci-
ence (FOCS), pp. 672–683, 2017. doi: 10.1109/FOCS.2017.68.

Yu. Nesterov. Efficiency of coordinate descent methods on huge-scale optimization problems. SIAM
Journal on Optimization, 22(2):341–362, 2012. doi: 10.1137/100802001.

10

https://www.nicolasboumal.net/book


540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593

Under review as a conference paper at ICLR 2026

Liangzu Peng and Rene Vidal. Block coordinate descent on smooth manifolds: Convergence theory
and twenty-one examples. In Conference on Parsimony and Learning (Recent Spotlight Track),
2023.

Uri Shalit and Gal Chechik. Coordinate-descent for learning orthogonal matrices through givens
rotations. In Eric P. Xing and Tony Jebara (eds.), Proceedings of the 31st International Conference
on Machine Learning, volume 32 of Proceedings of Machine Learning Research, pp. 548–556,
Bejing, China, 22–24 Jun 2014. PMLR.

Martin Slawski, Ping Li, and Matthias Hein. Regularization-free estimation in trace regression with
symmetric positive semidefinite matrices. In C. Cortes, N. Lawrence, D. Lee, M. Sugiyama, and
R. Garnett (eds.), Advances in Neural Information Processing Systems, volume 28, 2015.

Bart Vandereycken. Low-rank matrix completion by Riemannian optimization. SIAM Journal on
Optimization, 23(2):1214–1236, 2013. doi: 10.1137/110845768.

Ke Wei, Jian-Feng Cai, Tony F. Chan, and Shingyu Leung. Guarantees of Riemannian optimization
for low rank matrix recovery. SIAM Journal on Matrix Analysis and Applications, 37(3):1198–
1222, 2016. doi: 10.1137/15M1050525.

Hongyi Zhang and Suvrit Sra. First-order methods for geodesically convex optimization. In Vi-
taly Feldman, Alexander Rakhlin, and Ohad Shamir (eds.), 29th Annual Conference on Learning
Theory, volume 49 of Proceedings of Machine Learning Research, pp. 1617–1638, Columbia
University, New York, New York, USA, 23–26 Jun 2016. PMLR.

Hongyi Zhang and Suvrit Sra. An estimate sequence for geodesically convex optimization. In
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APPENDIX MATERIAL FOR

“Randomized Subspace Methods for Optimization on
Fixed-Rank Matrix Manifolds”

This document provides all supplemental material, with exception to code, for the paper “Random-
ized Subspace Methods for Optimization on Fixed-Rank Matrix Manifolds”.

A SUPPLEMENT TO SECTION 2

For Section 2, the only supplemental materials needed are the closed form expressions for the ex-
ponential maps on the Stiefel manifold, St(n, r), with its canonical metric, and on Sr++, with its
affine-invariant metric. These maps are

Exp
St(n,r)
U (UA+ U⊥B) =

[
U U⊥]Expm([A −B⊤

B 0m−r,m−r

])[
Ir

0m−r,r

]
(11a)

Exp
Sr++

P (D) = P 1/2 Expm(P−1/2DP−1/2)P 1/2. (11b)

for A ∈ Skew(r), B ∈ R(n−r)×r, and D ∈ Sr. The formulae for the Stiefel components geodesics
taken from Edelman et al. (1998), and those for positive definite manifold date back at least to
Moakher (2005).

B SUPPLEMENT TO SECTION 3

In this supplement to Section 3, we prove that the subspace selection rules found in all previous TSD
instances are non-smooth (Theorem 3.1).

First, let us recall each of the subspace decompositions for each TSD instance. Euclidean coordinate
descent is the easiest to describe. Given a partition {B1, . . . , Bp} of {1, . . . ,m}, the subspace
decomposition for coordinate descent is{

Span
(
{ei}i∈B1

)
, . . . ,Span

(
{ei}i∈Bp

)}
.

The subspace decomposition for the TSD instance on St(n, r) at U ∈ St(n, r) from Gutman &
Ho-Nguyen (2023) is

{Span(UHij) : 1 ≤ i < j ≤ p} ∪
{
ker(U⊤)e⊤i : 1 ≤ i ≤ n− r

}
The subspace decomposition for the TSD instance on Sn++ at X ∈ Sn++ of Darmwal & Rajawat
(2023) is {

Span
[
Bi(X)Bj(X)⊤ +Bj(X)Bi(X)⊤

]
: 1 ≤ i < j ≤ n

}
where B(X) is the (unique) Cholesky factor of X , Bk(X) denotes the k-th column of B(X).

We recall and prove our theorem regarding the smoothness of these subspace decompositions.
Theorem 3.1. Euclidean coordinate descent, the TSD instances of Gutman & Ho-Nguyen (2023)
for Stiefel manifolds and of Darmwal & Rajawat (2023) for the positive definite matrix manifold
depend upon smooth randomized selection rules.

Proof of Theorem 3.1. The manifolds Rm, St(n, r), and Sn++ are Euclidean spaces or properly
embedded submanifolds of a Euclidean space. If V is a global extension of a (rough) vector field
on an properly embedded submanifold of a Euclidean space, then we can simply regard it as a
function between Euclidean spaces. Thus, smoothness of V coincides with the standard smoothness
of such functions. With this mind, we can prove each of the subspace decompositions is smooth.
We present the proof of smoothness for each decomposition separately.

12
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Rm: Each subspace Span
(
{ei}i∈Bj

)
has {ei}i∈Bj

as its basis, and each ei defines a global smooth
vector field. This completes the proof of smoothness.

St(n, r): We must consider two different classes of tangent subspaces Span(UHij) and ker(U⊤)e⊤i .
First, we consider a subspace of the form Span(UHij). By definition, it is spanned by UHij which
is nothing more than the restriction of the smooth function U 7→ UHij to the St(n, r).

Second, we consider a subspace of the form ker(U⊤)e⊤i . Fix a matrix U0 ∈ St(n, r). Let U⊥
0 ∈

St(n, n − r) such that U⊤
0 U⊥

0 = 0. For 1 ≤ j ≤ n − r, let vj : Rn×r → Rn×r be defined
as vj(X) := (I − XX⊤)U⊥

0 eje
⊤
i . Each entry of vj(X) is quadratic in the entries of X , so it is

smooth. By extension, its restriction to St(n, r) is smooth. It remains only to show that {vj(U)}n−r
j=1

span ker(U⊤)e⊤i for each U in an open neighborhood of U0 in St(n, r). Observe for all U ∈ St(n, r)
and 1 ≤ j ≤ n− r that

U⊤vj(U) = U⊤(I − UU⊤)U⊥
0 eje

⊤
i = (U⊤ − U⊤)U⊥

0 ejei = 0

so vj(U) ∈ ker(U⊤)e⊤i . Moreover, vj(U0) = U⊥
0 eje

⊤
i and the columns of U⊥

0 form a basis for
ker(U⊤

0 ), so {vj(U0)}n−r
j=1 is basis for ker(U⊤

0 )e⊤i . Thus, there must be a (n−r)×(n−r) submatrix
of

[v1(U) . . . vn−r(U)] , (12)
which we denote M(U), such that det[M(U0)] ̸= 0. We must have that det[M(U)] ̸= 0 on
some neighborhood of U as M(U) depends continuously on U , as the entries of the matrix in (12)
continuously depend on U , and the determinant is continuous. Consequently, {vj(U)}n−r

j=1 spans
ker(U⊤)e⊤i for U in this neighborhood.

Sn++: To show that Span
(
Bi(X)Bj(X)⊤ +Bj(X)Bi(X)⊤

)
is smooth, it suffices to show that

each B(X) smoothly depends upon X ∈ Sn since this implies each Bi(X) does. To prove that
B(X) smoothly depends on X , we turn to the outer-product version of the Cholesky algorithm.

A positive definite matrix can be written in block form as

A =

Ii 0 0
0 a b⊤

0 b B

 . (13)

where 0 ≤ i ≤ n, a > 0, b ∈ R(n−i−1)×1, and B ∈ R(n−i−1)×(n−i−1). We adopt the convention
that I0 is the empty matrix. If i = n, then A = In. We may write A as the conjugation of a positive
definite matrix by a lower-triangular matrix as follows:

A =

Ii 0 0
0

√
a 0

0 1√
a
b In−i−1

[Ii+1 0
0 B − 1

abb
T

]Ii 0 0
0

√
a 1√

a
b⊤

0 0 In−i−1


Let L be the lower-triangular matrix, and A+ be the symmetric matrix being in conjugated in
the above equation. Observe that A+ is not just symmetric, it is positive definite because A
is positive definite, L is invertible, being a lower triangular matrix with positive diagonal, and
A+ = L−1AL−⊤. Moreover, the entries of both L and A+ depend smoothly upon A. Applying this
process inductively with A initially equal to X , we produce a sequence of invertible lower-triangular
matrices L1, . . . , Ln and positive definite matrices A1, . . . , An+1 satisfying Ai = LiAi+1L

⊤
i , and

such that the entries of Li of Ai+1 depend smoothly on the entries of Ai. Iterating backward, we
conclude Li and Ai+1 smoothly depend on A1 = X . To ease notation, let B∗(X) := L1L2 · Ln.
Applying the equation Ai = LiAi+1L

⊤
i inductively, we deduce

X = A1 = B∗(X)An+1B
∗(X)⊤ = B∗(X)B∗(X)⊤,

because An+1 = In as each Ai is of the form (13). The matrix B∗(X) is lower-triangular, being the
product of lower-triangular matrices, and satisfies M = B∗(M)B∗(M)⊤ so it must be the Cholesky
factor of X , i.e. B∗(X) = B(X). As each Li depends smoothly on X , it follows that B(X) does
as well.

13
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C SUPPLEMENT TO SECTION 4

In this section, we use the notation M = Rm×n
r and M̃m×n,r = St(m, r)× Sr++ × St(n, r).

C.1 RIEMANNIAN QUOTIENT STRUCTURE FOR THE FIXED-RANK MATRIX MANIFOLD

This subsection focuses on the proof of Lemma 4.1, which establishes the Riemannian quotient
structure on the fixed-rank matrix manifold, M = Rm×n

r . The crux of our proof is the application
two theorems, the Global Rank Theorem (Lee, 2012, Theorem 4.14), and (Lee, 2018, Theorem 2.28)
which gives sufficient conditions for a smooth submersion to become a Riemannian quotient map.
We refer the reader to (Lee, 2012, Ch. 3, 4, & 7), (Lee, 2018, Ch. 2) for the definitions of all the
geometric technology employed in these theorems.

Before recalling these theorems, we recall a few definitions. A smooth map between manifolds,
F : M → N , is said to be constant rank if rank(dFp) = rank(dFq) for all p, q ∈ M , and a
submersion if dFp is surjective for all p ∈ M . A (smooth) group action of a Lie group G on a
manifold M̃ is a collection of smooth maps τg : M̃ → M̃ parametrized by g ∈ G satisfying two
properties. The first is that τe = id

M̃
, i.e., the map at the identity element e ∈ G is simply the

identity map. The second is that τgh = τh ◦ τg for any g, h ∈ G; in other words, the map at gh is
obtained by first applying the map at g, then the map at h. When possible, we write p · g in place of
τg(p). When M̃ is a Riemannian manifold we say the action is isometric if τg is an isometry of M̃
for all g ∈ G. We say it is vertical with respect to F : M̃ → N if F (p · g) = F (p) for all g ∈ G and
p ∈ M̃ , and is said to be transitive on fibers if for all q, p ∈ M̃ such that F (q) = F (p) there exists
g ∈ G ensuring q = p · g.

Now, we recall the two theorems we intend to apply:

1. The Global Rank Theorem (Lee, 2012, Theorem 4.14) states that a smooth, surjective map
between manifolds with constant rank is a submersion.

2. The result of Lee (2018, Theorem 2.28) states that if π : M̃ → M is a surjective submersion
and M̃ is endowed with Riemannian metric and a group action that is isometric, vertical,
and transitive on fibers, then there exists a Riemannian metric on M such that π : M̃ → M
is a Riemannian quotient map.

We shall first classify the fibers of π, and exhibit a smooth group action of the r × r-orthogonal
group, O(r), on M̃m×n,r that is vertical and transitive on fibers. The proof follow quickly from the
next lemma.

Lemma C.1. Suppose (U,P, V ), (Ũ , P̃ , Ṽ ) ∈ M̃m×n,r are such that A := UPV ⊤. The following
hold:

1. A vector v ∈ Rr is an eigenvector of P if and only if there exists a left (resp.right) eigen-
vectors x of A corresponding to a non-zero singular value of A such that v = U⊤x (resp.
v = V ⊤x). Moreover, UU⊤y = y and V V ⊤x = x.

2. Consequently, the non-zero singular values of A are exactly the squared eigenvalues of
P , and each non-zero singular value of A has the same multiplicty as its corresponding
eigenvalue of P .

Proof of Lemma C.1. The second item follows immediately from the first one, so we only prove the
first. First, suppose that v ∈ Rr is an eigenvector of P with associated eigenvalue λ > 0. As U⊤

and V ⊤ have full row rank, their columns span Rr. Thus, there exist x and y such that v = U⊤y
and v = V ⊤x. We have that

A⊤Ax = V P 2V ⊤x = P 2v = λ2v

AA⊤y = UP 2U⊤y = P 2v = λ2v,

so y and x are left and right eigenvectors associated to the non-zero singular value λ2.

14
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Next, suppose that x is a left eigenvector associated to a non-zero singular value λ2 > 0. We claim
that v = U⊤x is a eigenvector of P . To see this, we compute

λ2∥v∥ = λ2∥x∥ = x⊤AA⊤x = x⊤UP 2U⊤x = v⊤P 2v,

we have applied ∥v∥ = ∥x∥, because U ∈ St(m, r), in the first equality. Thus V ⊤x is an eigenvector
of P 2 with eigenvalue λ2. The eigenvectors of P 2 are coincide with those of P , because P is positive
semidefinite, so V ⊤x is an eigenvector of P with eigenvalue λ. Replacing x with y, V with U , and
AA⊤ with A⊤xA in the above computation proves the claim for right eigenvectors.

Finally, with the equivalence established, we prove UU⊤y = y and V V ⊤x = x. We compute

λ2y = UP 2U⊤y = λ2UU⊤y

λ2x = V P 2V ⊤x = λ2V V ⊤x.

Dividing by λ2 clinches the equalities.

Lemma C.2. The following hold for the fibers of π:

1. If A ∈ Rm×n
r has the singular value decomposition UDV ⊤ then π−1(A) =

{(UW,W⊤DW,VW ) : W ∈ O(r)}.

2. O(r), a Lie group, smooth and vertically acts on M̃m×n,r as (U,P, V ) · W :=
(UW,W⊤PW,VW ).

3. O(r) acts transitively on fibers, and each fiber is properly embedded submanifold diffeo-
morphic to O(r).

Proof of Lemma C.2. We shall prove each item separately.

1. The inclusion {(UW,W⊤DW,VW ) : W ∈ O(r)} ⊆ π−1(A) is an immediate consequence
of matrix multiplication, so we only prove the reverse inclusion. Choose (Ũ , P, Ṽ ) ∈ St(m, r) ×
Sr++ × St(n, r) such that ŨP Ṽ ⊤ = A. Let W = U⊤Ũ . By construction, the columns of U and
V are respectively the left and right eigenvectors of A corresponding to non-zero singular values by
construction. It thus follows from Lemma C.1, that the columns Ũ⊤U and Ṽ ⊤V are respectively
the left and right eigenvectors of P , and, for each i, the i-th columns of Ũ⊤U and Ṽ ⊤V equal the
same eigenvector of P . This latter fact is restated as W = U⊤Ũ = V ⊤Ṽ . Additionally, the first
item of this last lemma implies ŨW⊤ = Ũ Ũ⊤U = U and Ṽ W⊤ = Ṽ Ṽ ⊤V = V , from which we
see

Ir = U⊤U = U⊤Ũ Ũ⊤U = (Ũ⊤U)⊤Ũ⊤U = W⊤W,

so W ∈ O(r). We then have

P = Ũ⊤AṼ = (Ũ⊤U)D(V ⊤Ṽ ) = W⊤DW.

2. The action of O(r) on Rm×r × Rr×r × Rn×r defined as (U,P, V ) ·W := (UW,W⊤P, V W )
is readily seen to be smooth because it is defined by matrix multiplications and transpositions.
Being a product of embedded submanifolds of Rm×r × Rr×r × Rn×r, M̃m×n,r is an embedded
submanifold. Thus, O(r) restricts to a smooth action on this set. By the first item, this action is
vertical.

3. By the first item, O(r) is transitive on fibers. For a fixed (U,P, V ) ∈ M̃m×n,r, the map
W ∈ O(r) 7→ (UW,W⊤PW,VW ) is bijective and smooth, so it is an immersion by (Lee, 2012,
Proposition 7.26). AS O(r) is compact, this map is smooth embedding by (Lee, 2012, Proposition
4.22), and by (Lee, 2012, Corollary 5.6) it is proper embedding.

Now, we are fully equipped to prove our main lemma regarding the Riemannian quotient structure
for Rm×n,r.
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Lemma 4.1 (Riemannian Quotient Structure for Rm×n
r ). The map π is a Riemannian quotient map

when Rm×n
r is endowed with its embedded smooth structure and suitable Riemannian metric. Addi-

tionally, the vertical space at (U,P, V ) ∈ M̃m×n,r is given by

V(U,P,V ) = {(UA,PA−AP, V A) : A ∈ Skew(r)} .

Proof of Lemma 4.1. We follow a two step process:

1. The map π is a smooth submersion. This requires only that we show the vertical space at
(U,P, V ) ∈ M̃m×n,r is given by

V(U,P,V ) = {(UA,PA−AP, V A) : A ∈ Skew(r)} ,

because the vertical spaces the same dimension across M̃m×n,r. The map π is surjective so
the Global Rank Theorem (Lee, 2012, Theorem 4.14) implies π is a smooth submersion.

2. The group O(r) acts isometrically on M̃m×n,r given the metric (7c). This fact, in conjunc-
tion with Lemma C.2 and (Lee, 2012, Theorem 2.28), implies that Rm×

r can be endowed
with a metric making π is a Riemannian quotient map.

1. Fix (U,P, V ) ∈ M̃m×n,r. Let

ṼU,P,V = {(UA,PA−AP, V A) : A ∈ Skew(r)} .

We need to show that ṼU,P,V = VU,P,V . The inclusion, ṼU,P,V ⊆ VU,P,V , is relatively straightfor-
ward. The differential of the diffeomorphism W ∈ O(r) 7→ (UW,W⊤PW,VW ) at Ir is

H 7→ (UH,PH −HP, V H)

for H ∈ TIrO(r) = Skew(r). As the map is a diffeomorphism, the differential is an isomorphism
onto T(U,P,V )π

−1(UPV ⊤) = Ker(dπ(U,P,V )), and the inclusion follows.

We move onto the next inclusion. Suppose that (H1, D,H2) ∈ T(U,P,V )M̃m×n,r such that
dπ(U,P,V )(H1, D,H2) = 0. Consider a curve t 7→ (U + tH1, P + tD, V + tH2), and the cor-
responding curve

t 7→ π(U + tH1, P + tD, V +H2) = (U + tH1)(P + tD)(U + tH2)
⊤.

We are permitted to consider these curves in computing ker(dπ(U,P,V )) because M̃m×n,r and
Rm×n

r are properly embedded submanifolds of their ambient Euclidean spaces. These proper
embeddings allow us to consider π’s extension to the entire ambient space of M̃m×n,r, which
has codomain Rm×n, when computing ker(dπ(U,P,V )). Taking derivatives at t = 0, we see
dπ(U,P,V )(U + tH1, P + tD, V +H2) =

d
dt π(U + tH1, P + tD, V +H2)|t=0, which produces

dπ(U,P,V )(H1, D,H2) = H1PV ⊤ + UDV ⊤ + UPH⊤
2 .

There exist A1, A2 ∈ Skew(r), B1 ∈ R(n−r)×r, and B2 ∈ R(m−r)×r such that H1 = UA1+U⊥B1

and H2 = V A2 + V ⊥B2. Plugging these into the above equation, we find the condition

0 = dπ(U,P,V )(H1, D,H2) = (UA1 + U⊥B1)PV ⊤ + UDV ⊤ + UP (V A2 + V ⊥B2)
⊤

= U(A1P + PA⊤
2 +D)V ⊤ + U⊥B1PV ⊤ + UPB⊤

2 (V ⊥)⊤

Multiplying on the left and the right by U⊤ and V ⊥ respectively, then by (U⊥)⊤ and V respectively,
we obtain B1 = 0 and B2 = 0, so the above equation becomes

0 = U(A1P + PA⊤
2 +D)V ⊤.

Multiplying on the left and the right by U⊤ and V respectively, we obtain D = −(A1P + PA⊤
2 ).

This implies A1P − PA2 is symmetric, i.e.

A1P − PA2 = (A1P − PA2)
⊤ = −PA1 +A2P
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which can be rearranged to
(A1 −A2)P + P (A1 −A2) = 0.

Multiplying this by any eigenvector q of P , with corresponding eigenvalue λ, we see

0 = [(A1 −A2)P + P (A1 −A2)]q

= λ(A1 −A2)q + P (A1 −A2)q

= [λIr + P ](A1 −A2)q.

The matrix, λIr + P , is positive definite so it must hold that = 0(A1 − A2)q. As q is arbitrary
eigenvector of P , and the eigenvectors of P form a basis for Rr, we conclude A1 − A2 = 0 as
desired. We thus, conclude that (H1, D,H2) has the requisite form to belong to Ṽ(U,P,V ).

2. We need only show that O(r) acts isometrically on M given the metric (7c). The metric is product
metric so it suffices to show each of the constituent metrics are invariant under O(r)’s action on each
component. This follows from the relatively simple computations below.

• St(n, r): Choose U ∈ St(n, r) and W ∈ O(r). Furthermore, pick UA1 + U⊥B1, UA2 +
U⊥B2 ∈ TU St(n, r). We compute〈

UA1 + U⊥B1, UA2 + U⊥B2

〉St(n,r)
U

=
1

2
⟨A1, A2⟩+ ⟨B1, B2⟩

=
1

2
⟨WA1,WA2⟩+ ⟨WB1,WB2⟩

=
〈
(UW )A1 + (U⊥W )B1, (UW )A2 + (U⊥W )B2

〉St(n,r)
UW

• Sr++: Choose P ∈ Sr++ and W ∈ O(r). Furthermore, pick D1, D2 ∈ TPSr++ = Sr. We
compute

⟨D1, D2⟩
Sr++

P = ⟨P−1/2D1P
−1/2, P−1/2D2P

−1/2⟩

=
〈
(W⊤P−1/2W )(W⊤D1W )(W⊤P−1/2W ),

(W⊤P−1/2W )(W⊤D2W )(W⊤P−1/2W )
〉

= ⟨W⊤D1W,W⊤D2W ⟩S
r
++

W⊤PW

C.2 HORIZONTAL SUBSPACE DECOMPOSITION

This subsection focuses on the proofs of Lemma 4.2, Proposition 4.3, and Proposition 4.4.

Lemma 4.2 (Horizontal Space for Rm×n
r ). For any (U,P, V ) ∈ M̃m×n,r, we have

H(U,P,V ) =
{
Z(A,D,B1, B2) : B1 ∈ R(m−r)×r, B2 ∈ R(n−r)×r, D ∈ Sr, A ∈ Skew(r)

}
where

Z(A,D,B1, B2)

:=

(
U(P−1D −DP−1 +A) + U⊥B1,

1

2
D,V (P−1D −DP−1 −A) + V ⊥B2

)
.

Proof of Lemma 4.2. Select an arbitrary tangent vector

(UĀ1 + U⊥B̄1, D̄, V Ā2 + V ⊥B̄2) ∈ T(U,P,V )M̃m×n,r.
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We shall find conditions on Ā1, B̄1,Ā2,B̄2,D̄ so that〈
(UĀ1 + U⊥B̄1, D̄, V Ā2 + V ⊥B̄2), (UA,PA−AP, V A)

〉
U,P,V

= 0

for all A ∈ Skew(r). The inner product can be written as〈
(UĀ1 + U⊥B̄1, D̄, V Ā2 + U⊥B̄2), (UA,PA−AP, V A)

〉
U,P,V

=
1

2
⟨Ā1, A⟩+ ⟨P−1D̄P−1, PA−AP ⟩+ 1

2
⟨Ā2, A⟩

=
1

2
⟨Ā1 + Ā2, A⟩+ ⟨D̄P−1, A⟩ − ⟨P−1D̄, A⟩

=

〈
1

2
(Ā1 + Ā2)−

(
P−1D̄ − D̄P−1

)
, A

〉
.

Therefore the condition we need is
1

2
(Ā1 + Ā2)−

(
P−1D̄ − D̄P−1

)
∈ Sr.

But both matrices in the sum above are skew-symmetric, which implies this matrix is orthogonal to
Sr, hence we have Ā1 + Ā2 = 2(P−1D̄ − D̄P−1). This gives the horizontal space.

Proposition 4.3 (Horizontal Decomposition for Rm×n
r ). Let (U,P, V ) ∈ M̃m×n,r and P = QΛQ⊤

be a spectral decomposition of P . The collection of horizontal subspaces

S1,k(U,P, V ) :=
{
(uq⊤k , 0, 0) : u ∈ ker(U⊤)

}
, k ∈ [r]

S2,k(U,P, V ) :=
{
(0, 0, vq⊤k ) : v ∈ ker(V ⊤)

}
, k ∈ [r]

SS,ij(U,P, V ) :=
{
τZ(DP

ij , 0, 0, 0) : τ ∈ R
}
, 1 ≤ i, j ≤ r

SSkew,kℓ(U,P, V ) := {τ (UHkℓ, 0,−V Hkℓ) : τ ∈ R} , 1 ≤ k < ℓ ≤ r

where Z is as in Lemma 4.2, forms an horizontal subspace decomposition of H(U,P,V ) under the
metric (7c). Moreover, there are m = r(2r+3)

2 different subspaces in total, so the subspace selection

rule that chooses uniformly from this collection satisfies Assumption 3.2 with C = 1√
m

=
√

2
r(2r+3) .

Proof of Proposition 4.3. It is clear that

• S1,k(U,P, V ) and S2,k′(U,P, V ) are orthogonal to one another, and are orthogonal to
SS,ij(U,P, V ) and SSkew,i′j′(U,P, V )

• the collections{S1,k(U,P, V ) : k ∈ [r]} and {S2,k(U,P, V ) : k ∈ [r]} are individually,
mutually orthogonal.

Consequently, we must prove that

• SS,ij(U,P, V ) and SS,kℓ(U,P, V ) are orthogonal when (i, j) ̸= (k, ℓ)

• SSkew,ij(U,P, V ) and SSkew,kℓ(U,P ) are orthogonal when (i, j) ̸= (k, ℓ)

• SS,ij(U,P, V ) and SSkew,kℓ(U,P, V ) are orthogonal

First, we will prove SS,ij(U,P, V ) and SS,kℓ(U,P, V ) are orthogonal when (i, j) ̸= (k, ℓ). To see
this, observe that〈(

U(P−1DP
ij −DP

ijP
−1),

1

2
DP

ij , V (P−1DP
ij −DP

ijP
−1)

)
,

(
U(P−1DP

kl −DP
klP

−1),
1

2
DP

kl

)〉
U,P,V

= Tr
((

P−1DP
ij −DP

ijP
−1
)⊤ (

P−1DP
kl −DP

klP
−1
))

+
1

4
Tr

((
P−1/2DP

ijP
−1/2

)⊤ (
P−1/2DP

klP
−1/2

))
.
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Denote Sij = qiq
⊤
j + qjq

⊤
i , and analogously for Skl. For the second term, notice that by definition,

we have P−1/2DP
ijP

−1/2 = Sij , and analogously for P−1/2DP
klP

−1/2. Therefore

Tr

((
P−1/2DP

ijP
−1/2

)⊤ (
P−1/2DP

klP
−1/2

))
= Tr(SijSkl).

This is 0 unless (i, j) = (k, l) or (i, j) = (l, k).

For the first term, notice that P−1DP
ij − DP

ijP
−1 = (λiλi)

1/2(P−1Sij − SijP
−1) =

(λiλi)
1/2(λ−1

i qiq
⊤
j + λ−1

j qjq
⊤
i − λ−1

j qiq
⊤
j − λ−1

i qjq
⊤
i ) = (λiλj)

1/2(λ−1
i − λ−1

j )(qiq
⊤
j − qjq

⊤
i ).

Denote Hij = qiq
⊤
j − qjq

⊤
i and analogously for Hkl. Therefore

(
P−1DP

ij −DP
ijP

−1
)⊤ (

P−1DP
kl −DP

klP
−1
)

= (λiλj)
1/2(λ−1

i − λ−1
j )(λkλl)

1/2(λ−1
k − λ−1

l )H⊤
ijHkl.

Therefore

Tr
((

P−1DP
ij −DP

ijP
−1
)⊤ (

P−1DP
kl −DP

klP
−1
))

= (λiλj)
1/2(λ−1

i − λ−1
j )(λkλl)

1/2(λ−1
k − λ−1

l ) Tr(H⊤
ijHkl).

This is equal to 0 unless (i, j) = (k, l) or (i, j) = (l, k).

Therefore, each term in the inner product is zero unless (i, j) = (k, l) or (i, j) = (l, k). However,
since i ≤ j, k ≤ l, this only occurs if i = k, j = l. Therefore the subspaces Sij(U,P ) are mutually
orthogonal.

Next, we will prove that SSkew,ij(U,P, V ) and SSkew,kℓ(U,P, V ) are orthogonal when (i, j) ̸=
(k, ℓ). We compute

⟨(UHij , 0,−V Hij), (UHkl, 0,−V Hkl)⟩ = 2Tr(HijHkl)

which again equals zero if (i, j) ̸= (k, l).

Finally, we will prove that SS,ij(U,P, V ) and SSkew,kℓ(U,P, V ) are orthogonal. We compute

〈(
U(P−1DP

ij −DP
ijP

−1),
1

2
DP

ij , V (P−1DP
ij −DP

ijP
−1)

)
, (UHkl, 0,−V Hkl)

〉
U,P,V

=
1

2

[
Tr
(
(P−1DP

ij −DP
ijP

−1)Hkl

)
− Tr

(
(P−1DP

ij −DP
ijP

−1)Hkl

)]
= 0,

which establishes the claim.

To see why Assumption 3.2 is satisfied, notice that the subspaces span H(U,P,V ), so

H(U,P,V ) =

⊕
k∈[r]

S1,k(U,P, V )

⊕

 ⊕
1≤i≤j≤r

SSkew,ij(U,P, V )


⊕

 ⊕
1≤i≤j≤r

SS,ij(U,P, V )

⊕

⊕
k∈[r]

S2,k(U,P, V )


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and they are orthogonal. Therefore for any v ∈ H(U,P ), we have

∥v∥U,P =

( ∑
k∈[r]

[∥∥∥ProjS1,k(U,P,V )(v)
∥∥∥2
U,P,V

+
∥∥∥ProjS2,k(U,P,V )(v)

∥∥∥2
U,P,V

]

+
∑

1≤i≤j≤r

[∥∥∥ProjSS,ij(U,P,V )(v)
∥∥∥2
U,P,V

+
∥∥∥ProjSSkew,ij(U,P,V )(v)

∥∥∥2
U,P,V

]) 1
2

=

{
r(r + 3)

r(r + 3)

[ ∑
k∈[r]

(∥∥∥ProjS1,k(U,P,V )(v)
∥∥∥2
U,P,V

+
∥∥∥ProjS2,k(U,P,V )(v)

∥∥∥2
U,P,V

)

+
∑

1≤i≤j≤r

(∥∥∥ProjSS,ij(U,P,V )(v)
∥∥∥2
U,P,V

+
∥∥∥ProjSSkew,ij(U,P,V )(v)

∥∥∥2
U,P,V

)]} 1
2

=

√
[r(r + 3)] · E

[∥∥∥ProjS(U,P,V )(v)
∥∥∥2
U,P,V

∣∣∣∣U,P, V ],
thus Assumption 3.2 is satisfied with C = 1√

m
=
√

2
r(2r+3) .

We conclude with a proof of non-smoothness of the horizontal subspace decomposition.

Proposition 4.4 (Non-smooth Randomized Subspace Selection for Rm×n
r ). If r > 2, then the sub-

space selection rule induced by the horizontal decomposition (8) is not smooth.

Proof of Proposition 4.4. It suffices to show a single subspace from the decomposition is non-
smooth. We consider SS,12(U,P, V ) which is spanned by

W (U,P, V ) =

((
1

λ1
− 1

λ2

)
UH12,

1

2
(q1q

⊤
2 + q2q

⊤
1 ),

(
1

λ1
− 1

λ2

)
V H12

)
.

where q1 and q2 are eigenvectors with corresponding eigenvalues λ1 and λ2. In fact, as
SS,12(U,P, V ) has dimension equal to 1, any spanning vector of it must be a scalar multiple of
W (U,P, V ). Set

U0 =

[
Ir
0

]
, P0 = Ir, V0 =

[
Ir
0

]
,

q1 = e1, and q2 = e2.Then

W (U0, P0, V0) =

(
0,

1

2
(e1e

⊤
2 + e2e

⊤
1 ), 0

)
.

Observe the eigenvectors for P + ϵ(e1e
⊤
2 + e2e

⊤
1 ) are

1√
2
(e1 + e2),

1√
2
(e1 − e2), e3, . . . , er

and the eigenvectors for P + ϵ(e1e
⊤
3 + e3e

⊤
1 ) are

1√
2
(e1 + e3),

1√
2
(e1 − e3), e2, e4, . . . , er

Consequently, there is no selection of eigenvectors of P that ensures q1 and q2 are continuous,
limP→Ir q1(P ) = e1, and limP→Ir q2(P ) = e2. Thus, W is discontinuous at (U0, P0, V0).

C.3 EFFICIENT UPDATE FORMULAS: EXPONENTIAL MAPS & GRADIENT PROJECTIONS

In the main text, we presented streamlined statements for Theorem 4.5 and Proposition 4.6. In this
section, we dive into the efficient expressions for the exponential map and the gradient projections.
We provide complete statements and proofs of these results.
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Theorem 4.5 (Restated). Fix τ ∈ R. Let (U,P, V ) ∈ M̃m×n,r with P = QΛQ⊤ being a spectral
decomposition for P , where Q = [q1 · · · qr] ∈ O(r),Λ = Diag(λ1, . . . , λr) ≻ 0. Let W ∈
T(U,P,V )M̃m×n,r, and for τ ∈ R, we define U+(τ), P+(τ), V+(τ), Q+(τ),Λ+(τ) as follows:

(U+(τ), P+(τ), V+(τ)) = Ẽxp(U,P,V )(τW ), P+(τ) = Q+(τ)Λ+(τ)Q
⊤
+(τ).

Then we have the following update rules:

1. Fix any k ∈ [r] and u ∈ ker(U⊤). If W = (uq⊤k , 0, 0) ∈ S1,k(U,P, V ), then

U+(τ) = U(I − qkq
⊤
k ) +

(
cos(τ∥u∥2)Uqk + sin(τ∥u∥2)

u

∥u∥2

)
q⊤k ,

while (P+(τ), V+(τ), Q+(τ),Λ+(τ)) = (P, V,Q,Λ). This means that U+(τ)Q+(τ) is
obtained by replacing the kth column of UQ, which is Uqk, with a linear combination
cos(τ∥u∥2)Uqk + sin(τ∥u∥2) u

∥u∥2
.

2. Fix any k ∈ [r] and v ∈ ker(V ⊤). If W = (0, 0, vq⊤k ) ∈ S2,k(U,P, V ), then

V+(τ) = V (I − qkq
⊤
k ) +

(
cos(τ∥v∥2)V qk + sin(τ∥v∥2)

v

∥v∥2

)
q⊤k ,

while (U+(τ), P+(τ), Q+(τ),Λ+(τ)) = (U,P,Q,Λ). This means that V+(τ)Q+(τ) is
obtained by replacing the kth column of V Q, which is V qk, with a linear combination
cos(τ∥v∥2)V qk + sin(τ∥v∥2) v

∥v∥2
.

3. Fix any 1 ≤ i < j ≤ r. Suppose W = (U(P−1DP
ij − DP

ijP
−1), 1

2D
P
ij , U(P−1DP

ij −
DP

ijP
−1)) ∈ SS,ij(U,P, V ). Let αij(τ) := τ(λiλj)

1/2(λ−1
i − λ−1

j ). Then

U+(τ) = U(I − qiq
⊤
i − qjq

⊤
j ) + (cos(αij(τ))Uqi − sin(αij(τ))Uqj)q

⊤
i

+ (sin(αij(τ))Uqi + cos(αij(τ))Uqj)q
⊤
j

P+(τ) = P − (λiqiq
⊤
i + λjqjq

⊤
j )

+ cosh (τ/2) (λiqiq
⊤
i + λjqjq

⊤
j ) + sinh (τ/2)

√
λiλj(qiq

⊤
j + qjq

⊤
i )

V+(τ) = V (I − qiq
⊤
i − qjq

⊤
j ) + (cos(αij(τ))V qi − sin(αij(τ))V qj)q

⊤
i

+ (sin(αij(τ))V qi + cos(αij(τ))V qj)q
⊤
j .

Define

Mij(τ) :=

[
cosh(τ/2)λi sinh(τ/2)

√
λiλj

sinh(τ/2)
√
λiλj cosh(τ/2)λj

]
, G(τ) :=

[
cos(αij(τ)) sin(αij(τ))
− sin(αij(τ)) cos(αij(τ))

]
.

Let e1(τ), e2(τ) ∈ R2 be the two eigenvectors of Mij(τ) with corresponding eigenvalues
γ1(τ), γ2(τ). Define Qij := [qi qj ]. Only the i and j columns of U+(τ)Q+(τ) and
V+(τ)Q+(τ) are changed; all others remain the same as those of UQ and V Q. These
columns are updated as follows:

Uqi → UQijG(τ)e1(τ), Uqj → UQijG(τ)e2(τ)

V qi → V QijG(τ)e1(τ), V qj → V QijG(τ)e2(τ).

(Here, UQij is an m× 2 matrix consisting of the i and j columns of UQ, and similarly for
V Qij .) Furthermore, in Λ+(τ), the entry λi is replaced with γ1(τ), while λj is replaced
with γ2(τ), and all other entries remain the same.

4. Fix any i ∈ [r]. If W =
(
U(P−1DP

ii −DP
iiP

−1), 1
2D

P
ii , V (P−1DP

ii −DP
iiP

−1
)

∈
SS,ii(U,P, V ), then W = (0, DP

ii/2, 0). Thus

P+(τ) = P − λiqiq
⊤
i + λi exp(τ)qiq

⊤
i .

while (U+(τ), V+(τ), Q+(τ)) = (U, V,Q). This means that λi is replaced with λi exp(τ)
in Λ+, while all other entries are the same.
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5. Fix any 1 ≤ k < ℓ ≤ r. If W = (UHkℓ, 0,−V Hkℓ) ∈ SSkew,kℓ, then we have

U+(τ) = U(I − qkq
⊤
k − qℓq

⊤
ℓ )

+ (cos(τ)Uqk − sin(τ)Uqℓ) q
⊤
k + (sin(τ)Uqk + cos(τ)Uqℓ) q

⊤
ℓ

V+(τ) = U(I − qkq
⊤
k − qℓq

⊤
ℓ )

+ (cos(τ)V qk + sin(τ)V qℓ) q
⊤
k + (− sin(τ)V qk + cos(τ)V qℓ) q

⊤
ℓ ,

while P+(τ) = P . Thus, in U+(τ)Q+(τ), Uqk is replaced with cos(τ)Uqk − sin(τ)Uqℓ
and Uqℓ is replaced with sin(τ)Uqk + cos(τ)Uqℓ. An analogous update holds for
V+(τ)Q+(τ).

Proof of Theorem 4.5. We proceed item by item.

1 and 2. This result follows from (Gutman & Ho-Nguyen, 2023, Lemma 5).

3. Note from the proof of Proposition 5.3, we have P−1/2DP
ijP

−1/2 = Sij and P−1DP
ij −

DP
ijP

−1 = (λiλj)
1/2(λ−1

i − λ−1
j )Hij , where Sij = qiq

⊤
j + qjq

⊤
i and Hij = qiq

⊤
j − qjq

⊤
i . Then

by (11) we have

U+(τ) = U Expm
(
τ(λiλj)

1/2(λ−1
i − λ−1

j )Hij

)
P+(τ) = P 1/2 Expm((τ/2)Sij)P

1/2,

V+(τ) = V Expm
(
τ(λiλj)

1/2(λ−1
i − λ−1

j )Hij

)
.

It is straightforward to check that Expm (αHij) is a Givens rotation in the subspace spanned by qi
and qj , i.e.,

Expm(αHij) = I − (qiq
⊤
i + qjq

⊤
j ) + cos(α)(qiq

⊤
i + qjq

⊤
j ) + sin(α)(qiq

⊤
j − qjq

⊤
i ).

Therefore

U Expm
(
τ(λiλj)

1/2(λ−1
i − λ−1

j )Hij

)
= U(I − qiq

⊤
i − qjq

⊤
j ) + (cos(αij)Uqi − sin(αij)Uqj)q

⊤
i + (sin(αij)Uqi + cos(αij)Uqj)q

⊤
j ,

V Expm
(
τ(λiλj)

1/2(λ−1
i − λ−1

j )Hij

)
= V (I − qiq

⊤
i − qjq

⊤
j ) + (cos(αij)V qi − sin(αij)V qj)q

⊤
i + (sin(αij)V qi + cos(αij)V qj)q

⊤
j ,

where αij = τ(λiλj)
1/2(λ−1

i − λ−1
j ).

We also have

Expm(αSij) = I − (qiq
⊤
i + qjq

⊤
j ) + cosh(α)(qiq

⊤
i + qjq

⊤
j ) + sinh(α)(qiq

⊤
j + qjq

⊤
i ),

hence, with α = τ/2, we have

P 1/2 Expm(P−1/2(τ/2)DP
ijP

−1/2)P 1/2

= P 1/2 Expm(αSij)P
1/2

= P − (λiqiq
⊤
i + λjqjq

⊤
j ) + cosh(α)(λiqiq

⊤
i + λjqjq

⊤
j ) + sinh(α)

√
λiλj(qiq

⊤
j + qjq

⊤
i ).

The updates can be written as

U+(τ) = U(I −QijQ
⊤
ij) + UQijG(τ)Q⊤

ij

P+(τ) = P (I −QijQ
⊤
ij) +QijMij(τ)Q

⊤
ij

V+(τ) = V (I −QijQ
⊤
ij) + V QijG(τ)Q⊤

ij .

It is easy to check that if k ̸= i, j, then P+(τ)qk = λkqk, hence qk is still an eigenvector of
P+(τ) with eigenvalue λi, so these components do not change in Q+(τ),Λ+(τ). Furthermore,
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if Mij(τ)e1(τ) = γ1(τ)e1(τ), then we have QijMij(τ)Q
⊤
ij(Qije1(τ)) = γ1(τ)Qije1(τ),

and similarly for e2(τ). Therefore Qije1(τ), Qije2(τ) are the new eigenvectors of P+(τ),
with eigenvalues γ1(τ), γ2(τ). Correspondingly, the new columns of U+(τ)Q+(τ) are
U+(τ)Qije1(τ) = UQijG(τ)e1(τ) and U+(τ)Qije2(τ) = UQijG(τ)e2(τ).

4. Note that DP
ij = λiqiq

⊤
i and Expm

(
τqiq

⊤
i

)
= I − qiq

⊤
i + exp(τ)qiq

⊤
i , by (11) we have

P+(τ) = P 1/2 Expm
(
τqiq

⊤
i

)
P 1/2 = P − λiqiq

⊤
i + λi exp (τ) qiq

⊤
i .

All other components remain the same. Note that the eigenvectors of P+(τ) are exactly the same as
P . Furthermore, all eigenvalues are the same, except that P+(τ)qi = λi exp (τ) qi.

5. Observe that by (11) we have
U+(τ) = U Expm(τHkl).

We know that
Expm(τHkl) = I − (qkq

⊤
k + qℓq

⊤
ℓ ) + cos(τ)(qkq

⊤
k + qℓq

⊤
ℓ ) + sin(τ)(qkq

⊤
ℓ − qℓq

⊤
k ),

and the formula for U+(τ) follows from this. A similar argument holds for V+(τ).

To prove Proposition 4.6, we need expressions for the Riemannian gradient. We derive these in
Lemmas C.3 to C.4.

Lemma C.3. Let G = ∇ ˜̃
f(UPV ⊤) be the Euclidean gradient. Then

∇U f̄(U,P, V
⊤) = GV P, ∇P f̄(U,P, V

⊤) = U⊤GV, ∇V f̄(U,P, V
⊤) = G⊤UP

Proof of Lemma C.3. Throughout the proof, denote ⟨·, ·⟩ as the Euclidean inner product. Fix U ′ ∈
Rm×r, V ′ ∈ Rn×r and P ′ ∈ Rr×r. Then

⟨∇U f̄(U,P, V
⊤), U ′⟩ = d

dt
˜̃
f((U + tU ′)PV ⊤)

∣∣∣∣
t=0

=
d

dt
˜̃
f(UPV ⊤ + tU ′PV ⊤)

∣∣∣∣
t=0

= ⟨G,U ′PV ⊤⟩

⟨∇P f̄(U,P, V
⊤), P ′⟩ = d

dt
˜̃
f(U(P + tP ′)V ⊤)

∣∣∣∣
t=0

=
d

dt
˜̃
f(UPV ⊤ + tUP ′V ⊤)

∣∣∣∣
t=0

= ⟨G,UP ′V ⊤⟩

⟨∇V f̄(U,P, V
⊤), V ′⟩ = d

dt
˜̃
f(UP (V + tV ′)⊤)

∣∣∣∣
t=0

=
d

dt
˜̃
f(UPV ⊤ + tUP (V ′)⊤)

∣∣∣∣
t=0

= ⟨G,UP (V ′)⊤⟩.

The equalities then follow from these.

Lemma C.4. The Riemannian gradient of f̃ at (U,P, V ) is given by

∇f̃(U,P, V ) = (UÃ1 + U⊥B̃1, D̃, V Ã2 + V ⊥B̃2),

where

Ã1 = U⊤GV P − PV ⊤G⊤U, B̃1 = (U⊥)⊤GV P,

D̃ =
1

2
P (V ⊤G⊤U + U⊤GV )P,

Ã2 = V ⊤G⊤UP − PU⊤GV, B̃2 = (V ⊥)⊤G⊤UP.

Proof of Lemma C.4. Let ∇f̃(U,P, V ) be the Riemannian gradient of f̃ at (U,P, V ). We know that
the Riemannian gradient satisfies

Df̃(U,P )[UA1+U⊥B1, D, V A2+V ⊥B2] = ⟨∇f̃(U,P, V ), (UA1+U⊥B1, D, V A2+V ⊥B2)⟩U,P,V

for any tangent vector (UA1+U⊥B1, D, V A2+V ⊥B2) ∈ TU,P,V M̃m×n,r. Furthermore, Boumal
(2023, Eq. (3.36)) states that

Df̃(U,P, V )[UA1 + U⊥B1, D, V A2 + V ⊥B2]

= Df̄(U,P, V )[UA1 + U⊥B1, D, V A2 + V ⊥B2]

= ⟨∇f̄(U,P, V ), (UA1 + U⊥B1, D, V A2 + V ⊥B2)⟩
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with the Euclidean inner product. Now denoting ∇f̃(U,P, V ) = (UÃ1+U⊥B̃1, D̃, V Ã2+V ⊥B̃2),
we observe that

⟨∇f̃(U,P, V ), (UA1 + U⊥B1, D, V A2 + V ⊥B2)⟩U,P,V

=
1

2
⟨Ã1, A1⟩+ ⟨B̃1, B1⟩+ ⟨P−1D̃P−1, D⟩+ 1

2
⟨Ã2, A2⟩+ ⟨B̃2, B2⟩

⟨∇f̄(U,P, V ), (UA1 + U⊥B1, D, V A2 + V ⊥B2)⟩
= ⟨GV P,UA1 + U⊥B1⟩+ ⟨U⊤GV,D⟩+ ⟨G⊤UP, V A2 + V ⊥B2⟩.

These two terms must be equal for all A1, A2 ∈ Skew(r), B1 ∈ R(m−r)×r, B2 ∈ R(n−r)×r and
D ∈ Sr. Note that Skew(r)⊥ = Sr and vice versa, and (R(n−r)×r)⊥ = {0}. Therefore there exists
S1, S2 ∈ Sr and K ∈ Skew(r) such that

Ã1 = 2U⊤GV P + S1

B̃1 = (U⊥)⊤GV P

P−1D̃P−1 = U⊤GV +K

Ã2 = V ⊤G⊤UP + S2

B̃2 = (V ⊥)⊤G⊤UP

Since Ã1 ∈ Skew(r), we have

0 = Ã1 + Ã⊤
1 = U⊤GV P + PV ⊤G⊤U + 2S1

=⇒ S1 = −(U⊤GV P + PV ⊤G⊤U)

=⇒ Ã1 = U⊤GV P − PV ⊤G⊤U.

Similarly, since Ã2 ∈ Skew(r), we have

0 = Ã2 + Ã⊤
2

= 2(V ⊤G⊤UP + PU⊤GV ) + 2S2

=⇒ S2 = −(V ⊤G⊤UP + PU⊤GV )

=⇒ Ã2 = V ⊤G⊤UP − PU⊤GV.

Finally, D̃ ∈ Sr, we have

V ⊤G⊤U +K⊤ = P−1D̃⊤P−1 = P−1D̃P−1 = U⊤GV +K

=⇒ K =
1

2
(V ⊤G⊤U − U⊤GV )

=⇒ P−1D̃P−1 =
1

2
(V ⊤G⊤U + U⊤GV ).

Multiplying on the left and right by P gives the result.

We need the following technical lemma to prove Proposition 4.6.

Lemma C.5. Let V be an inner product space with subspace S ⊂ V . Let u ∈ V . Then v̄ is the
projection of u onto S if and only if u− v̄ ∈ S⊥.

Proof of Lemma C.5. This follows by considering the optimality condition of minimizing f(v) =
1
2 ⟨u − v, u − v⟩ over v ∈ S, which is ⟨u − v̄, v − v̄⟩ ≥ 0 for all v ∈ S. Necessarily, we need
u− v̄ ∈ S̄⊥.

We now state and prove Proposition 4.6 in full detail.
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Proposition 4.6 (Restated). If G is the Euclidean gradient of some extension of f to all of Rm×n,
then the cost of projecting ∇f̃ onto each subspace in the horizontal decomposition (8) is listed below
by type:

Let ∇f̃(U,P, V ) = (UÃ1+U⊥B̃1, D̃, V Ã2+V ⊥B̃2) as in Lemma C.4. Gradient projections onto
subspaces in (8) are computed as follows:

1. Fix k ∈ [r]. We have ProjS1,k(U,P,V )(∇f̃(U,P, V )) = (uq⊤k , 0, 0) where u ∈ Ker(U⊤) is
defined as

u := λk(I − UU⊤)GV qk.

Note also that V qk is the kth column of V Q, and UU⊤ = UQ(UQ)⊤.

2. Fix k ∈ [r]. We have ProjS2,k(U,P,V )(∇f̃(U,P, V )) = (0, 0, vq⊤k ) where v ∈ Ker(V ⊤) is
defined as

v := λk(I − V V ⊤)G⊤Uqk.

Note also that Uqk is the kth column of V Q, and V V ⊤ = V Q(V Q)⊤.

3. Fix 1 ≤ i ≤ j ≤ r. Define zPij := (U(P−1DP
ij−DP

ijP
−1), 1

2D
P
ij , V (P−1DP

ij−DP
ijP

−1)).
Then SS,ij(U,P, V ) = Span({zPij}), hence

ProjSS,ij(U,P,V )(∇f̃(U,P, V )) =
⟨∇f̃(U,P, V ), zPij⟩U,P,V

∥zPij∥2U,P,V

zPij

where

⟨∇f̃(U,P, V ), zPij⟩U,P,V =

(√
λi

λj
−
√

λj

λi

)
(λi + λj)

(
(Uqj)

⊤GV qi − (Uqi)
⊤GV qj

)
+
√
λiλj

(
(Uqj)

⊤GV qi + (Uqi)
⊤GV qj

)
∥zPij∥2U,P,V =

(λi − λj)
2

λiλj
+

1

2
.

4. Fix 1 ≤ k < ℓ ≤ r. Define wP
kl := (UHkℓ, 0,−V Hkℓ). Then SSkew,ij(U,P, V ) =

Span({wP
kℓ}), hence

ProjSSkew,ij(U,P,V )(∇f̃(U,P, V )) =
⟨∇f̃(U,P, V ), wP

kℓ⟩U,P,V

∥wP
kℓ∥2U,P,V

wP
kℓ

=
1

4
(λi + λj)

(
(Uqi)

⊤GV qj − (Uqj)
⊤GV qi

)
wP

kℓ.

Proof of Proposition 4.6.

1. Notice that u = U⊥B̃1qk. Furthermore, for any u′ ∈ Ker(U⊤) we can write u′ = U⊥w′.
Therefore we have

⟨∇f(U,P, V )− (uq⊤k , 0, 0), (u
′q⊤k , 0, 0)⟩U,P,V

=
1

2
⟨B̃1 − B̃1qkq

⊤
k , w

′q⊤k ⟩ = 0.

Lemma C.5 then states that
(
U⊥B̃qkq

⊤
k , 0

)
is exactly the projection.

2. The proof is similar to 1.

3. We have

⟨∇f̃(U,P, V ), zPij⟩U,P,V =
1

2
⟨P−1DP

ij −DP
ijP

−1, Ã1 + Ã2⟩

+
1

2
⟨P−1/2DP

ijP
−1/2, P−1/2D̃P−1/2⟩.

25



1350
1351
1352
1353
1354
1355
1356
1357
1358
1359
1360
1361
1362
1363
1364
1365
1366
1367
1368
1369
1370
1371
1372
1373
1374
1375
1376
1377
1378
1379
1380
1381
1382
1383
1384
1385
1386
1387
1388
1389
1390
1391
1392
1393
1394
1395
1396
1397
1398
1399
1400
1401
1402
1403

Under review as a conference paper at ICLR 2026

We can check that

1

2
⟨P−1DP

ij −DP
ijP

−1, Ã1⟩ =

(√
λi

λj
−
√

λj

λi

)(
λi(Uqj)

⊤GV qi − λj(Uqi)
⊤GV qj

)
1

2
⟨P−1DP

ij −DP
ijP

−1, Ã2⟩ =

(√
λi

λj
−
√

λj

λi

)(
λj(Uqj)

⊤GV qi − λi(Uqi)
⊤GV qj

)
.

Thus

1

2
⟨P−1DP

ij −DP
ijP

−1, Ã1 + Ã2⟩ =

(√
λi

λj
−
√

λj

λi

)
(λi + λj)

(
(Uqj)

⊤GV qi − (Uqi)
⊤GV qj

)
.

Furthermore,

1

2
⟨P−1/2DP

ijP
−1/2, P−1/2D̃P−1/2⟩ = 1

2
⟨DP

ij , P
−1D̃P−1⟩

=
1

2
⟨DP

ij , V
⊤G⊤U + U⊤GV ⟩

=
√
λiλj

(
(Uqj)

⊤GV qi + (Uqi)
⊤GV qj

)
.

Finally, observe that P−1DP
ij −DP

ijP
−1 =

√
λiλj

(
1
λi

− 1
λj

)
Hij where Hij = qiq

⊤
j −

qjq
⊤
i , and P−1/2DP

ijP
−1//2 = Sij = qiq

⊤
j + qjq

⊤
i . Furthermore, ⟨Hij , Hij⟩ =

⟨Sij , Sij⟩ = 2 thus

∥zPij∥2U,P,V =
(λi − λj)

2

λiλj
+

1

2
.

4. The formula holds since

⟨∇f̃(U,P, V ), wP
kℓ⟩U,P,V =

1

2
⟨Hkℓ, Ã1 − Ã2⟩

=
1

2
⟨qiq⊤j − qjq

⊤
i , (U

⊤GV − V ⊤G⊤U)P − P (U⊤GV − V ⊤G⊤U)⟩

= (λi + λj)
(
(Uqi)

⊤GV qj − (Uqj)
⊤GV qi

)
and ∥wP

kℓ∥2U,P,V = 4.

D SUPPLEMENT TO SECTION 5

In this section, we use the notation M = Sn,r+ and M̃n,r,+ = St(n, r)× Sr++.

D.1 RIEMANNIAN QUOTIENT STRUCTURE FOR THE FIXED-RANK PSD MATRIX MANIFOLD

This subsection focuses on the proof of Lemma 5.1, which establishes the Riemannian quotient
structure on the manifold of fixed-rank positive semidefinite matrices, M = Sn,r+ . We follow largely
the same outline as for the fixed-rank matrix manifold, Rm×n

r .

We shall first classify the fibers of π, and exhibit a smooth group action of the r × r-orthogonal
group, O(r), on Sn,r+ that is vertical and transitive on fibers. The proof follows quickly from the
next lemma.
Lemma D.1. The following hold for the fibers of π:

1. If A ∈ Sn,r+ has the singular value decomposition UDU⊤ then π−1(A) =

{(UW,W⊤DW ) : W ∈ O(r)}.

2. O(r), a Lie group, smooth and vertically acts on Sn,r+ as (U,P ) ·W := (UW,W⊤PW ).
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3. O(r) acts transitively on fibers, and each fiber is properly embedded submanifold diffeo-
morphic to O(r).

Proof of Lemma D.1. We shall prove each item separately.

1. The inclusion {(UW,W⊤DW ) : W ∈ O(r)} ⊆ π−1(A) is an immediate consequence of
matrix multiplication, so we only prove the reverse inclusion. Choose (Ũ , P ) ∈ M̃n,r,+ such that
ŨPU⊤ = A. Let W = U⊤Ũ . By Lemma C.2, with V = U we can find some W ∈ O(r) such that
Ũ = UW , P = W⊤DW .

2. The action of O(r) on Rm×r × Rr×r defined as (U,P ) · W := (UW,W⊤P ) is readily seen
to be smooth because it is defined by matrix multiplications and transpositions. Being a product
of embedded submanifolds of Rm×r × Rr×r, M̃n,r,+ is an embedded submanifold. Thus, O(r)
restricts to a smooth action on this set. By the first item, this action is vertical.

3. By the first item, O(r) is transitive on fibers. For a fixed (U,P, V ) ∈ M̃n,r,+, the map W ∈
O(r) 7→ (UW,W⊤PW ) is bijective and smooth, so it is an immersion by (Lee, 2012, Proposition
7.26). AS O(r) is compact, this map is smooth embedding by (Lee, 2012, Proposition 4.22), and by
(Lee, 2012, Corollary 5.6) it is proper embedding.

Now, we are fully equipped to prove Lemma 5.1 regarding the Riemannian quotient structure for
Rm×n,r.
Lemma 5.1 (Riemannian Quotient Structure for Sn,r+ ). The map π is a Riemannian quotient map
when Sn,r+ is endowed with its embedded smooth structure and a suitable Riemannian metric. Addi-
tionally, the vertical space at (U,P ) ∈ M̃n,r,+ is given by

V(U,P ) = {(UA,PA−AP ) : A ∈ Skew(r)} .

Proof of Lemma 5.1. We follow a two step process:

1. The map π is a smooth submersion. This requires only that we show the vertical space at
(U,P ) ∈ M̃n,r,+ is given by

VU,P,V = {(UA,PA−AP ) : A ∈ Skew(r)} ,

because the vertical spaces have the same dimension across M̃n,r,+. The map π is surjective
so the Global Rank Theorem (Lee, 2012, Theorem 4.14) implies π is a smooth submersion.

2. The group O(r) acts isometrically on M̃n,r,+ given the metric (9b). This fact, in conjunc-
tion with Lemma D.1 and Lee (2012, Theorem 2.28), implies that Rm×

r can be endowed
with a metric making π is a Riemannian quotient map.

1. Fix (U,P ) ∈ Mm×n,r. Let

Ṽ(U,P ) = {(UA,PA−AP ) : A ∈ Skew(r)} .

We need to show that Ṽ(U,P ) = V(U,P ). The inclusion, Ṽ(U,P ) ⊆ V(U,P ), is relatively straightfor-
ward. The differential of the diffeomorphism W ∈ O(r) 7→ (UW,W⊤PW ) at Ir is

H 7→ (UH,PH −HP )

for H ∈ TIrO(r) = Skew(r). As the map is a diffeomorphism, the differential is an isomorphism
onto T(U,P )π

−1(UPU⊤) = Ker(dπ(U,P )), and the inclusion follows.

We move onto the next inclusion. Suppose that (H,D) ∈ T(U,P,V )Mm×n,r such that
dπ(U,P )(H,D) = 0. Consider a curve t 7→ (U + tH, P + tD), and the corresponding curve

t 7→ π(U + tH, P + tD) = (U + tH)(P + tD)(U + tH)⊤.
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We are permitted to consider these curves in computing ker(dπ(U,P )) because M̃n,r,+ and Sn,r+
are properly embedded submanifolds of their ambient Euclidean spaces. These proper embeddings
allow us to consider π’s extension to the entire ambient space of M̃n,r,+, which has codomain Sn,
when computing ker(dπ(U,P )). Taking derivatives at t = 0, we see dπ(U,P )(U + tH, P + tD) =
d
dt π(U + tH1, P + tD)|t=0, which produces

dπ(U,P )(H,D) = HPU⊤ + UDU⊤ + UPH⊤.

There exist A ∈ Skew(r), B ∈ R(n−r)×r such that H = UA + U⊥B. Plugging these into the
above equation, we find the condition

0 = dπ(U,P )(H,D) = (UA+ U⊥B)PU⊤ + UDU⊤ + UP (UA+ U⊥B)⊤

= U(AP + PA⊤ +D)U⊤ + U⊥BPU⊤ + UPB⊤(U⊥)⊤

Multiplying on the left and the right by U⊤ and U respectively, we obtain D = PA − AP .
Multiplying on the left by U⊤P−1 and on the right by U⊥, we obtain B⊤ = 0. We thus, conclude
that (H,D) has the requisite form to belong to Ṽ(U,P,V ).

2. We need only show that O(r) acts isometrically on M given the metric (7c). The metric is product
metric so it suffices to show each of the constituent metrics are invariant under O(r)’s action on each
component. This was established in the course of proving Lemma 4.1.

D.2 HORIZONTAL SUBSPACE DECOMPOSITION

This subsection focuses on the proofs of Lemma 5.2, Proposition 5.3, and Proposition 5.4.

Lemma 5.2 (Horizontal Space of Sn,r+ ). For any (U,P ) ∈ M̃n,r,+, we have

H(U,P ) =

{(
U(P−1D −DP−1) + U⊥B,

1

2
D

)
: B ∈ R(n−r)×r, D ∈ Sr

}
.

Proof of Lemma 5.2. Choose an arbitrary (UĀ + U⊥B̄, D̄) ∈ T(U,P )M̃n,r,+. We shall find condi-
tions on Ā, B̄, D̄ so that 〈

(UĀ+ U⊥B̄, D̄), (UA,PA−AP )
〉
U,P

= 0

for all A ∈ Skew(r). The inner product can be written as〈
(UĀ+ U⊥B̄, D̄), (UA,PA−AP )

〉
U,P

=
1

2
⟨Ā, A⟩+ ⟨P−1D̄P−1, PA−AP ⟩

=
1

2
⟨Ā, A⟩+ ⟨D̄P−1, A⟩ − ⟨P−1D̄, A⟩

=

〈
1

2
Ā−

(
P−1D̄ − D̄P−1

)
, A

〉
.

Therefore the condition we need is
1

2
Ā−

(
P−1D̄ − D̄P−1

)
∈ Sr.

But both matrices above are skew-symmetric, and thus orthogonal to Sr, hence we have Ā =
2(P−1D̄ − D̄P−1).

Proposition 5.3 (Horizontal Decomposition for Sn,r+ ). Let (U,P, V ) ∈ M̃n,r,+ and P = QΛQ⊤ be
a spectral decomposition of P . The collection of horizontal subspaces

Sk(U,P ) :=
{
(vq⊤k , 0) : v ∈ ker(U⊤)

}
Sij(U,P ) :=

{
τ

(
U(P−1DP

ij −DP
ijP

−1),
1

2
DP

ij

)
: τ ∈ R

}
where 1 ≤ i ≤ j ≤ r and 1 ≤ k ≤ r, forms an orthogonal decomposition of T(U,P )M̃n,r,+ under the
metric (9b). Moreover, there are m = r(r+3)

2 different subspaces in total, so the subspace selection

rule that chooses uniformly from this collection satisfies Assumption 3.2 with C = 1√
m

=
√

2
r(r+3) .
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Proof of Proposition 5.3. It is clear that Sk(U,P ) and Sij(U,P ) are orthogonal, and that
{Sk(U,P ) : k ∈ [r]} are mutually orthogonal. We will prove that Sij(U,P ) and Skl(U,P ) are
orthogonal whenever (i, j) ̸= (k, l).

To see this, observe that〈(
U(P−1DP

ij −DP
ijP

−1),
1

2
DP

ij

)
,

(
U(P−1DP

kl −DP
klP

−1),
1

2
DP

kl

)〉
U,P

=
1

2
Tr
((

P−1DP
ij −DP

ijP
−1
)⊤ (

P−1DP
kl −DP

klP
−1
))

+
1

4
Tr

((
P−1/2DP

ijP
−1/2

)⊤ (
P−1/2DP

klP
−1/2

))
.

Denote Sij = qiq
⊤
j + qjq

⊤
i , and analogously for Skl.

For the second term, notice that by definition, we have P−1/2DP
ijP

−1/2 = Sij , and analogously for
P−1/2DP

klP
−1/2. Therefore

Tr

((
P−1/2DP

ijP
−1/2

)⊤ (
P−1/2DP

klP
−1/2

))
= Tr(SijSkl).

This is 0 unless (i, j) = (k, l) or (i, j) = (l, k).

For the first term, notice that P−1DP
ij − DP

ijP
−1 = (λiλi)

1/2(P−1Sij − SijP
−1) =

(λiλi)
1/2(λ−1

i qiq
⊤
j + λ−1

j qjq
⊤
i − λ−1

j qiq
⊤
j − λ−1

i qjq
⊤
i ) = (λiλj)

1/2(λ−1
i − λ−1

j )(qiq
⊤
j − qjq

⊤
i ).

Denote Hij = qiq
⊤
j − qjq

⊤
i and analogously for Hkl. Therefore(

P−1DP
ij −DP

ijP
−1
)⊤ (

P−1DP
kl −DP

klP
−1
)

= (λiλj)
1/2(λ−1

i − λ−1
j )(λkλl)

1/2(λ−1
k − λ−1

l )H⊤
ijHkl.

Therefore

Tr
((

P−1DP
ij −DP

ijP
−1
)⊤ (

P−1DP
kl −DP

klP
−1
))

= (λiλj)
1/2(λ−1

i −λ−1
j )(λkλl)

1/2(λ−1
k −λ−1

l ) Tr(H⊤
ijHkl).

This is equal to 0 unless (i, j) = (k, l) or (i, j) = (l, k).

Therefore, combining both cases,〈(
U(P−1DP

ij −DP
ijP

−1),
1

2
DP

ij

)
,

(
U(P−1DP

kl −DP
klP

−1),
1

2
DP

kl

)〉
U,P

= 0

unless (i, j) = (k, l) or (i, j) = (l, k). However, since i ≤ j, k ≤ l, this only occurs if i = k, j = l.
Therefore the subspaces Sij(U,P ) are mutually orthogonal.

To see why Assumption 3.2 is satisfied, notice that the subspaces span HU,P , so

HU,P =

⊕
k∈[r]

Sk(U,P )

⊕

 ⊕
1≤i≤j≤r

Sij(U,P )

 ,

and they are orthogonal. Therefore for any v ∈ HU,P , we have

∥v∥U,P =

√√√√∑
k∈[r]

∥∥∥ProjSk(U,P )(v)
∥∥∥2
U,P

+
∑

1≤i≤j≤r

∥∥∥ProjSij(U,P )(v)
∥∥∥2
U,P

=

√√√√√r(r + 3)

2

∑
k∈[r]

2

r(r + 3)

∥∥∥ProjSk(U,P )(v)
∥∥∥2
U,P

+
∑

1≤i≤j≤r

2

r(r + 3)

∥∥∥ProjSij(U,P )(v)
∥∥∥2
U,P


=

√
r(r + 3)

2
E
[∥∥∥ProjS(U,P )(v)

∥∥∥2
U,P

| U,P
]
,

thus Assumption 3.2 is satisfied with C = 1√
m

=
√

2
r(r+3) .

29



1566
1567
1568
1569
1570
1571
1572
1573
1574
1575
1576
1577
1578
1579
1580
1581
1582
1583
1584
1585
1586
1587
1588
1589
1590
1591
1592
1593
1594
1595
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610
1611
1612
1613
1614
1615
1616
1617
1618
1619

Under review as a conference paper at ICLR 2026

We conclude with a proof of non-smoothness of the horizontal subspace decomposition.

Proposition 5.4 (Non-smooth Randomized Subspace Selection for Sn,r+ ). If r > 2, then the sub-
space selection rule induced by the horizontal decomposition in Proposition 5.3 is not smooth.

Proof of Proposition 5.4. It suffices to show a single subspace from the decomposition is non-
smooth. We consider S12(U,P ) which is spanned by

W (U,P ) =

((
1

λ1
− 1

λ2

)
UH12,

1

2
(q1q

⊤
2 + q2q

⊤
1 )

)
.

where q1 and q2 are eigenvectors with corresponding eigenvalues λ1 and λ2. In fact, as S12(U,P )
has dimension equal to 1, any spanning vector of it must be a scalar multiple of W (U,P ). Set

U0 =

[
Ir
0

]
, P0 = Ir,

q1 = e1, and q2 = e2.Then

W (U0, P0) =

(
0,

1

2
(e1e

⊤
2 + e2e

⊤
1 )

)
.

Observe the eigenvectors for P + ϵ(e1e
⊤
2 + e2e

⊤
1 ) are

1√
2
(e1 + e2),

1√
2
(e1 − e2), e3, . . . , er

and the eigenvectors for P + ϵ(e1e
⊤
3 + e3e

⊤
1 ) are

1√
2
(e1 + e3),

1√
2
(e1 − e3), e2, e4, . . . , er

Consequently, there is no selection of eigenvectors of P that ensures q1 and q2 are continuous,
limP→Ir q1(P ) = e1, and limP→Ir q2(P ) = e2. Thus, W is discontinuous at (U0, P0).

D.3 EFFICIENT UPDATE FORMULAS: EXPONENTIAL MAPS & GRADIENT PROJECTIONS

In the main text, we presented streamlined statements for Theorem 5.5 and Proposition 5.6. In this
section, we dive into the efficient expressions for the exponential map and the gradient projections.
We provide complete statements of these results. As the proofs are very similar to Theorem 4.5
and Proposition 4.6, we provide proof outlines for brevity.

Theorem 5.5 (Restated). Fix τ ∈ R. Let (U,P ) ∈ M̃n,r,+ with P = QΛQ⊤ being a spectral
decomposition for P , where Q = [q1 · · · qr] ∈ O(r),Λ = Diag(λ1, . . . , λr) ≻ 0. Let W ∈
T(U,P )M̃n,r,+, and for τ ∈ R, we define U+(τ), P+(τ), Q+(τ),Λ+(τ) as follows:

(U+(τ), P+(τ)) = Ẽxp(U,P )(τW ), P+(τ) = Q+(τ)Λ+(τ)Q
⊤
+(τ).

Then we have the following update rules:

1. Fix any k ∈ [r] and u ∈ ker(U⊤). If W = (uq⊤k , 0, 0) ∈ Sk(U,P ), then

U+(τ) = U(I − qkq
⊤
k ) +

(
cos(τ∥u∥2)Uqk + sin(τ∥u∥2)

u

∥u∥2

)
q⊤k ,

while (P+(τ), Q+(τ),Λ+(τ)) = (P,Q,Λ). This means that U+(τ)Q+(τ) is ob-
tained by replacing the kth column of UQ, which is Uqk, with a linear combination
cos(τ∥u∥2)Uqk + sin(τ∥u∥2) u

∥u∥2
.

2. Fix any 1 ≤ i < j ≤ r. Suppose W = (U(P−1DP
ij −DP

ijP
−1), 1

2D
P
ij)) ∈ SS,ij(U,P, V ).

Let αij(τ) := τ(λiλj)
1/2(λ−1

i − λ−1
j ). Then

30



1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1671
1672
1673

Under review as a conference paper at ICLR 2026

U+(τ) = U(I − qiq
⊤
i − qjq

⊤
j ) + (cos(αij(τ))Uqi − sin(αij(τ))Uqj)q

⊤
i

+ (sin(αij(τ))Uqi + cos(αij(τ))Uqj)q
⊤
j

P+(τ) = P − (λiqiq
⊤
i + λjqjq

⊤
j )

+ cosh (τ/2) (λiqiq
⊤
i + λjqjq

⊤
j ) + sinh (τ/2)

√
λiλj(qiq

⊤
j + qjq

⊤
i ).

Define

Mij(τ) :=

[
cosh(τ/2)λi sinh(τ/2)

√
λiλj

sinh(τ/2)
√
λiλj cosh(τ/2)λj

]
, G(τ) :=

[
cos(αij(τ)) sin(αij(τ))
− sin(αij(τ)) cos(αij(τ))

]
.

Let e1(τ), e2(τ) ∈ R2 be the two eigenvectors of Mij(τ) with corresponding eigenvalues
γ1(τ), γ2(τ). Define Qij := [qi qj ]. Only the i and j columns of U+(τ)Q+(τ); all others
remain the same as those of UQ. These columns are updated as follows:

Uqi → UQijG(τ)e1(τ), Uqj → UQijG(τ)e2(τ).

(Here, UQij is an m× 2 matrix consisting of the i and j columns of UQ, and similarly for
V Qij .) Furthermore, in Λ+(τ), the entry λi is replaced with γ1(τ), while λj is replaced
with γ2(τ), and all other entries remain the same.

3. Fix any i ∈ [r]. If W =
(
U(P−1DP

ii −DP
iiP

−1), 1
2D

P
ii

)
∈ SS,ii(U,P ), then W =

(0, DP
ii/2). Thus

P+(τ) = P − λiqiq
⊤
i + λi exp(τ)qiq

⊤
i .

while (U+(τ), Q+(τ)) = (U,Q). This means that λi is replaced with λi exp(τ) in Λ+,
while all other entries are the same.

Proof outline of Theorem 5.5. The proof is almost identical to the corresponding cases (1, 3, 4) in
Theorem 4.5.

Proposition 5.6 can be proven using the same techniques as those used to derive Proposition 4.6. We
state the explicit formulas below, and provide an outline of the proof.

Proposition 5.6 (Restated). Suppose the following matrices are stored for a given (U,P ) ∈ M̃n,r,+:

1. a spectral decomposition P = QΛQ⊤ for P along with UQ and V Q,

2. and the (Euclidean) gradient, G := ∇f̄(UPV ⊤) ∈ Rn×n, where f̄ is a Euclidean exten-
sion of f : Sn,r+ → R.

Then the Riemannian gradient is

∇f̃(U,P ) = (UÃ+ U⊥B̃, D̃)

where Ã = U⊤(G+G⊤)UP − PU⊤(G+G⊤)U

B̃ = (U⊥)⊤(G+G⊤)UP

D̃ =
1

2
PU⊤(G+G⊤)UP.

Furthermore, projections of ∇f̃(U,P ) onto subspaces in (10) are computed as follows:

ProjSU,P
k

(∇f̃(U,P )) =
(
U⊥B̃qkq

⊤
k , 0

)
=
(
λk(In − UU⊤)(G+G⊤)Uqkq

⊤
k , 0

)
ProjSU,P

ij
(∇f̃(U,P )) =

⟨∇f̃(U,P ), vPij⟩U,P

∥vPij∥2U,P

vPij =
√

λiλj(Uqj)
⊤(G+G⊤)(Uqi)v

P
ij

where vPij :=

(
U(P−1DP

ij −DP
ijP

−1),
1

2
DP

ij

)
.
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Proof outline of Proposition 5.6. The Riemannian gradient derivation proceeds by first deriving the
Euclidean gradient of f̄ , similar to Lemma C.3. Then, the Riemannian gradient expression is
obtained through Boumal (2023, Eq. (3.36)) and performing some algebraic arguments, as in
Lemma C.4. Projections are computed by again employing Lemma C.5, and then performing the
necessary algebraic simplifications.
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