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ABSTRACT

This paper provides the first randomized subspace methods for optimization over
fixed-rank matrix manifolds. This allows us to avoid expensive full matrix de-
compositions to ensure efficient exponential map computations via at most a 2 x 2
eigendecomposition and rank-one updates, with low storage costs. To facilitate
this, we analyze the geometries of fixed-rank matrix manifolds as Riemannian
quotients of convenient product manifolds. Due to the quotient structure, sub-
spaces of interest correspond exactly to those in the horizontal space of said prod-
uct manifolds. A tangent subspace descent scheme is then devised by decompos-
ing the horizontal space into orthogonal subspaces. Existing instances of tangent
subspace descent depend upon the selection of a subspace from a fixed collec-
tion of ones that vary smoothly over the entire manifold. In sharp contrast to
these instances on other manifolds, subspaces in our scheme are not selected from
any such smoothly varying collection. Instead, the randomly selected subspace
at the current iterate is carefully constructed based on the past iterates and their
accompanying subspace selections. Experiments for the trace regression problem
demonstrate the superiority of the methods relative to full gradient methods in
terms of both CPU time and iterate count.

1 INTRODUCTION

This paper proposes the first randomized subspace methods for solving
* = mi 1
f7 = min f(y) (D

where M is a fixed-rank matrix manifold and f : M — R is a differentiable function. We specif-
ically consider the manifolds of m x n matrices with rank r, M = R"*", and n x n positive
semidefinite matrices with rank r, M = S7'". Problem (IT[) arises in several important data sci-
ence applications such as matrix completion (Vandereycken,[2013), compressed sensing (Wei et al.}
2016; |Luo et al 2024)), semidefinite matrix approximation (Musco & Woodruff, [2017) and trace
regression (Slawski et al.,|2015; |Han et al., 2021)).

In the Euclidean setting, coordinate descent methods are often employed for problems that are very
high-dimensional. Fundamentally, these methods operate as follows: pick a random subspace, usu-
ally from a pre-determined collection such as spans of coordinate blocks; project a first-order derived
search direction onto the subspace; then move in that direction. Such methods generate iterates with
a low, and often dimension-free, computational complexity while enjoying the same overall iteration
complexity as standard first-order methods (Beck & Tetruashvili, 2013; Nesterov, [2012)). Naturally,
this is the source of their widespread popularity for high-dimensional problems.

Interest in first-order methods methods for Riemannian optimization (RO) has surged over the past
decade due to the frequently high-dimension of the underlying manifolds (Zhang & Sral |2018};/2016;
Criscitiello & Boumall, [2023};|Chen et al.; 2024)). Thus the adaptation of randomized subspace meth-
ods to this setting is an enticing goal for the RO community. To the best of our knowledge the first
coordinate descent type method for RO dates back to the randomized subspace method proposed by
Shalit & Chechik| (2014) which applies only to the orthogonal group. The first generic framework
for constructing convergent coordinate descent methods on any complete Riemannian manifold,
called Tangent Subspace Descent (TSD), was proposed by |Gutman & Ho-Nguyen| (2023). A fruit
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of this framework was a new coordinate descent method that extended the orthogonal group-based
scheme of [Shalit & Chechik|(2014) to the Stiefel manifold. Later, Darmwal & Rajawat| (2023) pro-
posed a randomized subspace method, readily seen as an instance of TSD, on the manifold of (full
rank) positive definite matrices. Other recent papers have focused on retraction-based randomized
subspace methods for minimization over product manifolds (Li et al.l 2023 |Peng & Vidall 2023}
Firouzehtarash & Hosseini, 2021). Recently [Han et al.[(2024)) devise a straightforward, but partial
generalization of tangent subspace descent to incorporate retractions and vector transports. This
includes a new tangent subspace descent-type scheme for optimization over the low-rank positive
semi-definite (PSD) matrix manifolds. This scheme suffers from two key issues. First, the chosen
retraction is not defined over the entire tangent bundle. Thus, it may lead to ill-defined iterates.
Second, the subspace selection mechanism depends upon the choice of representative, implying the
scheme is not well-defined on a low-rank PSD matrix manifold. By contrast, our scheme depends
upon the exponential map on defined by complete quotient geometry, and thus bypasses the first
issue. Additionally, our subspaces selections are independent of the representative except on a set
of measure zero, which the algorithm is unlikely to ever encounter.

Our proposed randomized subspace methods for fixed-rank matrix manifolds differ from all of the
aforementioned instances along two key technical directions. First (non-smooth subspace selec-
tion), the set of subspaces considered for selection at each iteration do not arise from any smoothly
varying subspace collection. In a sense which we make rigorous in Section [3| we provide the first
non-smooth method of subspace selection. Second (lifting by Riemannian quotients), our methods
depend upon a “lift” of the problem (T to a related convenient Riemannian product manifold via
Riemannian quotient operations. These products have simple expressions for various Riemannian
constructs including Riemannian metrics and exponential maps.

Combined, these two innovations permit us to construct randomized subspaces methods for fixed-
rank matrices which are efficient in terms of computational time and storage, but still guarantee
standard rates of convergence for first-order RO.

This paper is organized as follows. In Section[2} we provide the notation and language of RO and
quotient manifolds necessary to understand all of our results in the sequel sections. In Section
we describe the Tangent Subspace Descent (TSD) framework and the conditions guaranteeing its
convergence in the presence of Riemannian quotient structures. In particular, we describe the three
necessary ingredients: a quotient geometry, a horizontal decomposition, and cheap, simple expres-
sions for gradient projections and exponential maps. Each of our main convergence pivots on the
verification of these conditions and the complexity results depend on the latter cheap expressions.
We also clarify the sense in which all previous instances of TSD depend upon “smooth” subspace se-
lections. In Sectiond] we elaborate each of the three ingredients necessary for building our random-
ized subspace descent method on the manifold of fixed-rank matrices, R!**™, via TSD. In Section
we elaborate each of the three ingredients necessary for building our randomized subspace descent
method on the manifold of fixed-rank positive semidefinite matrices, S',’", via TSD. In Section@, we
present proof-of-concept experiments that compare the Riemannian gradient descent method against
our scheme in the context of trace regression over the manifold of fixed-rank positive semidefinite
matrices. These experiments indicate the computational superiority of our scheme over full gradient
methods.

2 PRELIMINARIES: RIEMANNIAN OPTIMIZATION

In this section, we describe all of the rudiments of Riemannian optimization and quotient manifolds
required for our work. For full details we refer to the books of [Boumal| (2023, particularly Ch. 9)
and Gallier & Quaintance, (2020, particularly Chs. 5 and 23).

If M is a Riemannian manifold, then we let T, M denote the tangent space and (-, -), the Riemannian
metric of M at x € M. In the presence of a Riemannian metric on M, we can utilize Riemannian
constructs such as the (Riemannian) exponential map at x € M, Exp, : T, M — M, and the
Riemannian gradient, V f, of a differentiable function f : M — R.

Tangent spaces, Riemannian metrics, and Riemannian exponential maps interact well with product
structures. If My, ..., M}, are Riemannian manifolds, then the Cartesian product M := Hle M; is
a manifold whose tangent space at x = (z1,...,25) € M is T, M = Hle T, M;. We can endow
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the product manifold M with a Riemannian metric,
(1) (k)
<'> '>:cl D... 0P <'7 >

T
which is expressed for arbitrary © € M and v := (vy,...,v%),w := (wq,...,wg) € T, M as,
k .
Z <vi7 wl>(r?
i=1
where (-, >§c? is the Riemannian metric on M; at x;. As Riemannian exponential maps respect
product metrics, M’s exponential map is given as,

Expy’ (v) = (Exp, (01), ., Expy, (vr)) ,
where Exp;i : T, M; — M is the exponential map for M; at x; € M;.

The basic building blocks of the product manifolds we consider in this paper are Stiefel manifolds
and the manifold of positive definite matrices. The n x r Stiefel manifold is

St(n,r) = {X eR™" : XX =1I,}
where I is the r x r identity matrix and R"™*" is the set of n x r matrices. We let S7, | denote

the manifold of r x r positive definite matrices. The tangent spaces for these manifolds at arbitrary
points U € St(n,r) and P € §', | are

Ty St(n,r) = {UA Y ULB: Ac Skew(r),B € RW”XT} L TpSL, =S @

where U+ € St(n,n — r) satisfies U U+ = 0, and Skew(r) and S" respectively denote the sets
of r X r skew-symmetric and symmetric matrices. For Riemannian metrics, we will focus on the
canonical metric on St(n, 7) and the affine-invariant metric on S, , , which are given by

St(n,r 1
<UA1+ULB1,UA2+UL32>U( ) =§<A17A2>+<B1,B2>
(D1, Doyt = (P~V2D, p=1/2 p=1/2D,p=1/%)  (3)

where (-, -) denotes the usual Euclidean inner product between two equal-sized matrices (X,Y) :=
Tr(X TY). Closed-form formulas for the Riemannian exponential maps for these metrics (provided
in Appendix@) respectively date back to|Edelman et al.|(1998)) and Moakher|(2005). These formulas
are key to the construction of cheap and easy updates.

Riemannian quotient structures play a pivotal role in our methods. For each fixed-rank matrix man-
ifold we consider, we “lift” the problem to a convenient product of Stiefel and positive definite
manifolds by way of Riemannian quotient operations. The convenience of such lifts derives from
the simple and often efficient expressions they give for Riemannian constructs, such as exponential
maps and parallel transports, on the lifted space. As the reader will soon see, the simplicity of the
exponential map via lifting is of particular importance for our presented methods. A Riemannian

manifold MM is said to be a Riemannian quotient manifold of a Riemannian manifold M if there is
a surjective differentiable map m : M — M such that drr, : [ker(dm,)]* — Ty, M is a linear

isometry for each z € M, where [ker(dr,)]* is the orthogonal complement of ker(dm,) in M’s
Riemannian metric. In this case, we call H, := [ker(dr,)]* and V, := ker(dn,) the horizontal

space and vertical space at x. Furthermore, we call M the total space and M the base space.

In the presence of a Riemannian quotient structure, we can solve (I)) by instead solving the equivalent
“lifted” problem

f*=min f(z), where f(z):= f(r(x)), “)
reM
over the total space, M . In fact, Boumal (2023, Prop. 9.6) states that global minimizers, local
minimizers, and first/second-order critical points of (I)) and (@) are in direct correspondence with
each other. Moreover, Riemannian gradient methods are readily adapted to solving (@), because of
the following practical formula (Boumal, [2023| Prop 9.39), for lifting Riemannian gradients on M
to M atany x € M:
V(@) = draly. [Vf(7(2))] € Ha. (5)
The quotient structure of the fixed-rank matrix manifolds will be described in Sections ] and [3]
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Algorithm 1 Randomized TSD

Input: Initial point zy € M, stepsize sequence {7 }¢>0

Output: Sequence {z;};>0 C M.

fort=0,1,2,...do
Get subspace decomposition S ¢, . . ., Sm¢ C T, M and distribution P, over [m)].
Draw i; € [m] randomly from P;.
Compute x4, := Exp,, ( ne Projg, (Vf(xt)))

end for

3 TANGENT SUBSPACE DESCENT VIA NON-SMOOTH SUBSPACES AND
RIEMANNIAN QUOTIENT MANIFOLDS

The construction of our randomized subspace methods depends upon the Tangent Subspace Descent
(TSD) framework of Gutman & Ho-Nguyen| (2023), which generalizes coordinate descent methods
to solve problems of the form @ In this section, we introduce the TSD framework, and expound
on how our fixed-rank matrix manifold algorithms differ from all other existent TSD instances. We
pay special attention to the conditions ensuring convergence and cheap iterations in the presense of
Riemannian quotient structures, and thus support our developments for fixed-rank matrix manifolds.

Algorithm [I]formally elaborates the randomized TSD framework. The fundamental insight underly-
ing this framework is that coordinate blocks in the Euclidean setting correspond to tangent subspaces
in the general Riemannian setting. Thus, the algorithm operates by randomly selecting a subspace
from an orthogonal collection, called a subspace decomposition, that spans the entire tangent space
at the current iterate, projecting the negative Riemannian gradient onto this subspace, then moving
in the projected direction along the manifold via the exponential map.

A randomized subspace selection rule provides a method of selecting a subspace decomposition
at each point, together with a distribution over these subspaces. Good selection rules ensure that
TSD converges and that Riemannian operations such as gradient projections and exponential map
evaluations are efficiently computable.

Our methods for fixed-rank matrices differ from previous instances of TSD in two critical ways.
First, the previous randomized subspace selection rules on Euclidean space, the Stiefel manifold and
the positive definite manifold arise from subspaces that vary smoothly across the entire manifold.
Consider a collection of tangent subspaces S := {S, C T, M },c s, where each S,, has dimension
k. We say that the collection S is smoothly varying over M (or that S is a smooth distribution (Lee,
2012| Ch. 19)) if, for any z € M, there exists a set of k smooth vector fields on a neighborhood U
of « whose span is S, for all y € U. We say that a randomized subspace selection rule is smooth
if there exist smoothly varying collections S*,...,S™ such that at every x € M the subspace
decomposition is given by S1,... S™.

Theorem 3.1 (Proof in Appendix[B). Euclidean coordinate descent, the TSD instances of|Gutman &
Ho-Nguyen|(2023)) for Stiefel manifolds and of\Darmwal & Rajawat| (2023) for the positive definite
matrix manifold depend upon smooth randomized subspace selection rules.

The second dimension along which our methods differ is that they depend upon “lifting” (I)) to
convenlent Riemannian product manifolds by way of Riemannian quotient operations, resulting
in The equation (5), which relates the Riemannian gradient on M to that of f on the total
space has particularly important ramifications for our fixed-rank manifold TSD methods applied

to @. Ateach x; € M, instead of selecting among subspaces which span all of T}, M, we need
only select from a set of orthogonal subspaces whose sum is H,. We call such a set a horizontal
subspace decomposition. That said, the same condition and convergence guarantee from|Gutman &
Ho-Nguyen|(2023) may be used to ensure convergence of our horizontal subspace selection rules.

Assumption 3.2 (C-Randomized Norm). There exists C' > 0 such that for any ¢ > 0,

\/Eiwpt [Prois,, ()| 1 o] = €[V Fiwn

induced by the Riemannian metric (-, -),.

- || is the norm on T, M

Tt
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Theorem 3.3 (Gutman & Ho-Nguyen| (2023, Thm. 4)). Suppose that Assumption [3.2] holds. In
addition, suppose that the function f satisfies the following smoothness assumption: there exists
L > 0 such that for all z € M, v € H, and i € [m] we have

o ~ - 2
F (Exp, (Projs,s)(v) ) < Fla) + (VF(@), Projs,(v)) + ’
where {S;(x)} is the decomposition of H, from Assumption[3.2] Then Algorithm [I| with S,;7t =

Si(xy) fori € [m], P, = P(x;) and ny = C2/(2L) for t > 0 yields the following convergence
guarantees:

PI’OJS :c)( )

} < 2L(f(x0) —f*) ©)

A E [va(%) C2t

} =0, mlnIE {HV}” (xs-1)

Tt

Theorem 3.3]states that convergence of the randomized TSD scheme depends on finding a horizontal
subspace decomposition satisfying Assumption [3.2] thus providing a solution method for solving
(I). In Sections [ and [5] we provide quotient manifold structure for fixed-rank matrices and fixed-
rank PSD matrices, as well as subspace decompositions for the horizontal spaces which satisfy
Assumption[3.2]

4  QUOTIENT GEOMETRY OF THE FIXED-RANK MATRIX MANIFOLD FOR
TANGENT SUBSPACE DESCENT

In this section, we set forth all of the elements for ensuring the convergence and low-cost iterates
of tangent subspace descent on the manifold of fixed-rank matrices, R**"™: a quotient geometry,
a (non-smooth) horizontal subspace decomposition, and computationally and storage-wise cheap
update formulas.

We commence this section with a description of the quotient geometry for R]”*"™. The total space,
along with its tangent space at an arbitrary element, choice Riemannian metric, and Riemannian
quotient map are

men,r = St(m,r) x S, x St(n,r) (7a)
Tw.pvyMmxn,r = Tv St(m,r) @ TpS';, @ Ty St(n, r) (7b)
() =, 8HmT) g (yShe  (SHT) (7¢)
7(U,P,V):=UPV", where (U,P,V) € My xn.r (7d)

Lemma 4.1 (Riemannian Quotient Structure for R”**™). The map 7 is a Riemannian quotient map
when R7**"™ is endowed with its embedded smooth structure and suitable Riemannian metric. Addi-

tionally, the vertical space at (U, P,V') € Mmm,r is given by
V(U,P.,V) = {(UVAA7 PA— AP, VA) A€ Skew(r)} .
The proof of Lemmal4.T]is given in Appendix [C.I} Observe that our metric of interest is simply the

sum of known metrics on the Stiefel and positive definite manifolds, namely the canonical metrics
on St(m, r) and St(n, r) and the affine-invariant metric on on S’} ;. Thus, per our discussion of product

metrics in Section [2} the exponential map on Man T, Exp, is given by
EXp (v, p,v) (UA +U*'B,D,VA+ VLB) (Exp W (U A+ ULB), Expy* (D),

ExpSt™) (VA + VLB)) :

4.1 HORIZONTAL SUBSPACE DECOMPOSITION

In this subsection, we describe the second of our three ingredients, a horizontal subspace decompo-
sition. Proofs of results in this subsection are found in Appendix [C.2] First, we explicitly describe
the horizontal space under the metric in (7c).
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Lemma 4.2 (Horizontal Space for R7"*™). For any (U, P,V) € ]T/[/anyr, we have
By € Rim=mxr,
Hw.pv) =14 Z(D, A, Bi,By) : By € Ri—r)xr
D eS", A e Skew(r)

where

Z(D, A, By, By) := (U(P‘lD —~DP ' 4 A)+U*B,
%D, V(P~'D—-DP™' - A) + VLBrZ) .

The above explicit description of the horizontal space enables us to describe our computationally
advantageous decomposition in the next result, and we also show that Assumption holds. We
introduce some notation for convenience. If P € S', , has the spectral decomposition, PP = QAQT

where Q@ = [q1 -+ ¢r] € O(r) and A = Diag(Aq,..., A.) > 0, then denote
D = QAP (ese] +e;e] IN2QT = (X)) P (aiq) +qja] ), Hij = qiq] — qja]
for any i, j € [r].
Proposition 4.3 (Horizontal Decomposition for R”*™). Ler (U, P, V) € men,r and P = QAQT
be a spectral decomposition of P. Define the collection of horizontal subspaces
S16(U, P, V) == {(ugy ,0,0) : u € ker(U ")} (8a)
S5, (U, P,V) = {(0,0,vg; ) : v € ker(V ")} (8b)
Ss.(U, P,V) == {7Z(D};,0,0,0) : 7 € R} (8c)
SSkew,ké(U7 P, V) = {T (UHM, 0, —VHM) LT E R} , (Sd)
where 1,5, k, 0 € [r], k < { for Sswew,k,e(U, P,V), and Z is as in Lemma This forms an
horizontal subspace decomposition of H, p,vy under the metric (Ic). Moreover, there are m =

w different subspaces in total, so the subspace selection rule that chooses uniformly from this
collection satisfies Assumptionwith C= \/—% = m

As mentioned in the introduction and Section [3] this subspace selection rule is not smooth.

Proposition 4.4 (Non-smooth Randomized Subspace Selection for R]**™). If r > 2, then the sub-
space selection rule induced by the horizontal decomposition (8) is not smooth.

4.2 EFFICIENT UPDATE FORMULAS: EXPONENTIAL MAPS & GRADIENT PROJECTIONS

We now show how the horizontal decomposition (8) ensures cheap exponential map evaluations and
gradient projections both in terms of computation and storage. This ensures that Algorithm [I] for
R™*™ with (8) can be implemented efficiently. Explicit formulas and proofs of results in this section

are given in Appendix
Theorem 4.5 (TSD Exponential Map Complexity on the R"*™). Let (U, P,V) € me”m P =
QAQT be a spectral decomposition for P, W € R pvy, and (Uy, Py, Vy) = Exp, pvy(W).

Given UQ,V Q and A, we can efficiently compute a spectral decomposition P, = Q+A+QI for
Py, aswell as Uy Q4 and Vi Q- if W belongs to one of the subspaces in (§). More precisely:

1. W e 515U, P, V): UpQy can be obtained via a computation of a cosine, sine, and
rank-one matrix update. All other components V. Q+ =V Q, Ay = A remain unchanged.

2. W e Sa (U, P,V): ViQ4+ can be obtained via a computation of a cosine, sine, and rank-
one matrix update. All other components UL Q1 = UQ, and Ay = A remain unchanged.

3. W e Ss,;(U P, V)withi < j: Ay is obtained by a 2 x 2 matrix diagonalization, whose
entries are obtained via hyperbolic cosine and sine computations, while U Q4 and V1. Q) +
are obtained via cosine and sine computations, and rank-one matrix updates.
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4. W € Ssii(U,P,V): Ay can be obtained by the computation of a scalar exponential
Sunction, while U, Q4+ = UQ, V;:Q+ = VQ remain unchanged.

5. W € Sskew ke(U, P,V): Up Q4 and VL Q4 can be obtained via cosine and sine computa-
tions, together with a rank-one matrix update, while A, = A remain unchanged.

In other words, we only need to store and update UQ,V Q and A at each iteration of Algorithm ||

The final component needed to implement Algorithm|[T]is to describe how we can compute gradients
and their projections using the stored data UQ, V() and A.

To make this precise, recall that we are given a function f : R7"*™ — R, and we aim to solve
, where ]?(U, P,V) := f(UPV"). Suppose now that f can be extended naturally to some f :
R™*™ — R. Then the Riemannian gradient and projection operations can be computed efficiently.

Proposition 4.6 (TSD Horizontal Subspace Projection Complexity on R} *™). Suppose the follow-
ing matrices stored for a given (U, P,V) € men,r: (1) a spectral decomposition P = QAQT
for P along with UQ and VQ; and (2) the (Euclidean) gradient, G := YV f(UPVT) € R™*",
where f : R™*" — R is a Euclidean extension of f : R™*"™ — R. Projecting Vf(U, P, V) onto a
subspace H from (§) can be computed using data G, A, UQ and V Q), and with operations involving
matrix-vector products with m X n-, m X r- and n x r-matrices. The total computational cost is at
most O(mn).

5 QUOTIENT GEOMETRY OF THE FIXED-RANK POSITIVE SEMIDEFINITE
MATRIX MANIFOLD

In this section, we set forth all of the elements for tangent subspace descent on the manifold of
fixed-rank positive semidefinite matrices, M := Si’r. As for the manifold of fixed-rank matrices,
these include a quotient geometry, a horizontal subspace decomposition, and computationally and
storage-wise cheap update formulas.

We start with a description of a quotient geometry for S”"". The total space, along with its tangent
space at an arbitrary element, choice Riemannian metric, and Riemannian quotient map are

My i = St(m, 1) x STy, Tw.pyMory = Ty St(m,r) & TpS', (9a)
() o= ()00 @ (S (9b)
7(U,P):=UPU", where (U,P) € Mn,r,+~ (9¢)

Lemma 5.1 (Riemannian Quotient Structure for S"""). The map = is a Riemannian quotient map
when Si’r is endowed with its embedded smooth structure and a suitable Riemannian metric. Addi-

tionally, the vertical space at (U, P) € Mnm_,_,_ is given by
Vup={(UA,PA— AP): A€ Skew(r)}.

The proof of Lemma [5.1]is in Appendix [D.I] Once again, recognizing our metric is product, we
readily see the exponential map on M, ,. ., denoted Exp, is given by

Expy.p (UA+ ULB, D) = (EXpSU]t(n’T)(UA +ULB), Expyt (D)) .

5.1 HORIZONTAL SUBSPACE DECOMPOSITION

We now describe the horizontal decomposition; proofs of results in this subsection are in Ap-
pendix [D.2] With the metric in (9b), we provide an explicit descriptions of the horizontal space.
Lemma 5.2 (Horizontal Space of S'}'"). For any (U, P) € M., any vector in Hu,py can be
written uniquely in the form (U(P~*D — DP~1) + UL B, 1 D) for some B € R»=")x" D e S,

We now provide a subspace decomposition for H gy, p). Like our decomposition for the set of fixed-
rank matrices, this decomposition depends upon a spectral decomposition for P.
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Proposition 5.3 (Horizontal Decomposition for S''"). Let (U, P, V) € JT/.I'/,L,T,Jr and P = QAQ" be
a spectral decomposition of P. The collection of horizontal subspaces

Sk(U, P) :={(vg ,0) : v € ker(U ")} (10a)

S;;(U, P) := Span <U(P1D,§T - Df P, ;Di‘;) (10b)

wherel < i < j<randl <k <, forms an orthogonal decomposition OfT(U’p)Mn7r7+ under the

metric Ob). Moreover, there are m = @ different subspaces in total, so the subspace selection

rule that chooses uniformly from this collection satisfies Assumption with C' = \/% = ﬁ

As for the fixed-rank matrix manifold, and as foreshadowed in the introduction as well as Section[3]
this randomized subspace selection rule is not smooth.

Proposition 5.4 (Non-smooth Randomized Subspace Selection for S''"). If r > 2, then the sub-
space selection rule induced by the horizontal decomposition in Proposition[5.3|is not smooth.

5.2 EFFICIENT UPDATE FORMULAS: EXPONENTIAL MAPS & GRADIENT PROJECTIONS

tions both in terms of computation and storage. This ensures that Algorithm (1|for Si’r with (10) can

be implemented efficiently. Explicit formulas of results in this section are given in Appendix [D.3]
The proofs largely mimic those of results in Section[4.2} we provide proof outlines in Appendix [D.3]
Theorem 5.5 (TSD Exponential Map Complexity on S'}'"). Let (U, P,V) € /]\Zn,,.#, P =QAQT
be a spectral decomposition for P, W € H, p), and (U, P1) = Exp(y, py(W). Given UQ and

A, we can efficiently compute a spectral decomposition Py = QQ + Ay QI for Py, aswell as U, Q4+
if W belongs to one of the subspaces in (I0). More precisely (ignoring the V components):

The horizontal decomposition ensures cheap exponential map evaluations and gradient projec-
ﬁ

1. W € S(U, P): The update to U, Q is identical to case 1 of Theorem

2. W € Ss,;(U, P) withi < j: The update to UyQ, Ay is identical to case 3 of Theo-
rem[d.3

3. W € Ssi(U, P): The update to A is identical to case 4 of Theorem

In other words, we only need to store and update UQ and A at each iteration of Algorithm|[I]
Proposition 5.6 (TSD Horizontal Subspace Projection Complexity on Si’T). Suppose the following
matrices are stored for a given (U, P) € M, , +: (1) a spectral decomposition P = QAQT for
P along with UQ and V Q; and (2) the (Euclidean) gradient, G := YV f(UPV'T) € R™*", where
f : R™" is a Euclidean extension of f : S — R. Projecting V f(U, P, V') onto a subspace
H from (I0) can be computed using data G, A, and UQ, and operations involving matrix-vector
multiplications with n x n- and n x r-matrices. The total computational cost is O(n?).

6 NUMERICAL STUDY

We perform a proof-of-concept numerical study to explore the efficacy of TSD versus Rie-
mannian gradient descent (RGD) on the problem of trace regression over PSD matrices
(Slawski et al., 2015, Han et al., 2021). Specifically, we will solve the following problem:
Min g pyegr 78 Lpen) (U — Tp UPU "x,)2. The data for this problem are pairs (2, y,) €
R™ x R for p_ € [N]. For our study, we will use simulated data generated from the following
model (see |Han et al.| [2021, Sec. 4): y, = x;X*:cp +e, Xi €8, ¢ ~ N(0,02%). We
set 0 = 0.1 Xy = 30, viwv;, where v ~ N(0,1,), and N = 1000. We set (n,r) €
{(10,5), (25, 10), (50, 10), (50, 25)}, and generate 30 instances for each setting. For each instance,
we run 2000 iterations of RGD, and 2000 “cycles” of TSD; each cycle is counted as r(r + 1) /2 + r
iterations (this is the number of different subspaces in our decomposition). Step sizes for each algo-
rithm are chosen via a standard backtracking Armijo line search rule. We stop the TSD algorithm
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when (best RGD objective) > 99.9% x (best TSD objective at time ¢) and running two more cycles.

. - best objective across all algorithms
Our performance metric is the relative percentage gap: gap, = >ps_ 2;;;;:3;:11 i % 100%.

Figure[T] plots the gap against the number of cycles as well as total CPU time. We see that TSD has
an advantage over RGD, but as the rank r increases, this advantage diminishes slightly.

() (n,7)

) (n,r) = (10,5) ®) (n,r) = (25,10) (2) (n,r) = (50, 10) (h) (n,r) = (50, 25)

Figure 1: Plots of percentage gap closed vs number of cycles (top row) and time (in seconds; bottom
row) when N = 1000. Red lines are RGD; blue lines are TSD. Experiments performed on standard
desktop PC with 2.4GHz processor and 32GB memory.

6.1 COMPLEXITY OF OPERATIONS

TSD has two costly operations: exponential map and gradient projection computations. Choosing a
selection rule that ensures simple exponential map computation depends upon a manifold’s structure.
On the other hand, choosing one that ensures simple, projected gradient computations depends upon
a problem’s structure. Below we describe TSD’s computational benefits in the fixed-rank matrix
manifold setting along both of these dimensions.

Naturally, the worst-case exponential map complexity for the (PSD) fixed-rank matrix manifold is
the sum of the analogous complexities over the Stiefel and positive definite (PD) matrix manifolds.
For the n x r Stiefel manifold, with its canonical metric, and the » x r PD matrix manifold with
its affine-invariant metric, computing the exponential maps costs O(nr?) and O(r?) respectively
(Edelman et al, [1998). By contrast, the exponential map computations along TSD’s considered
subspaces incur at most an O(n) and O(r) costs in the Stiefel and PD components respectively.

The complexity of computing projected gradients is intimately tied to a problem’s structure. Without
any knowledge of such structure, the computational cost equals the sum of two others: computing
a (possibly total Euclidean) gradient and computing a tangent subspace projection. For the fixed-
rank matrix manifolds considered here, projecting a vector from the tangent space of either the total
space, or its ambient Euclidean space, requires matrix-vector products. For the m x n rank r and
n x n rank r PSD manifolds, according to Proposition [5.6] the projection costs alone are at most
O(mr + nr + mn) and O(nr + n?), respectively.

That said, TSD could drastically reduce this complexity for well-structured problems. Exploiting
the gradient’s structure, it may be possible to very efficiently compute it only along the selected
subspace, thus cheaply consolidating the gradient and projection computations. This is indeed the
case for our trace regression experiments. Recalling that IV is the number of data points (z,, y,)
where p € [N], the complexity of the trace regression projected gradient computations can be
deduced from applying Proposition After some simplification, these require O(N + Nr +
nr) and O(N) for the subspaces in (10) respectively. By contrast, the Riemannian gradient takes
O(Nnr + Nr? 4+ Nn?) operations to compute.
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APPENDIX MATERIAL FOR

“Randomized Subspace Methods for Optimization on
Fixed-Rank Matrix Manifolds”

This document provides all supplemental material, with exception to code, for the paper “Random-
ized Subspace Methods for Optimization on Fixed-Rank Matrix Manifolds”.

A SUPPLEMENT TO SECTION[2]

For Section [2] the only supplemental materials needed are the closed form expressions for the ex-
ponential maps on the Stiefel manifold, St(n, ), with its canonical metric, and on SQ 4, with its
affine-invariant metric. These maps are

Expy " (UA+U'B)=[U U] EXpm({A -BT D [0 Ly } (11a)

B Opmrmr|) [Omers
Expi1+ (D) = PY/? Expm(P~'/2DP~1/%)p'/2, (11b)

for A € Skew(r), B € R(™~")%" and D € S". The formulae for the Stiefel components geodesics
taken from [Edelman et al.| (1998)), and those for positive definite manifold date back at least to
Moakher (2005).

B SUPPLEMENT TO SECTION

In this supplement to Section[3] we prove that the subspace selection rules found in all previous TSD
instances are non-smooth (Theorem [3.1)).

First, let us recall each of the subspace decompositions for each TSD instance. Euclidean coordinate
descent is the easiest to describe. Given a partition {Bi,...,B,} of {1,...,m}, the subspace
decomposition for coordinate descent is

{Span ({ei}iGBl) ,...,Span ({ei}ieBp) } )

The subspace decomposition for the TSD instance on St(n,r) at U € St(n,r) from Gutman &
Ho-Nguyen| (2023 is

{Span(UH;;) : 1 <i<j <p}U {ker(UT)ezT 1<i<n—r}

The subspace decomposition for the TSD instance on S, at X € S, of |[Darmwal & Rajawat
(2023) is
{Span [B;(X)B;(X)" + B;(X)B;(X)"] : 1<i<j<n}

where B(X) is the (unique) Cholesky factor of X, By, (X) denotes the k-th column of B(X).

We recall and prove our theorem regarding the smoothness of these subspace decompositions.

Theorem 3.1} Euclidean coordinate descent, the TSD instances of |Gutman & Ho-Nguyen| (2023)
for Stiefel manifolds and of \Darmwal & Rajawat (2023)) for the positive definite matrix manifold
depend upon smooth randomized selection rules.

Proof of Theorem[3.1] The manifolds R™, St(n,r), and S7 | are Euclidean spaces or properly
embedded submanifolds of a Euclidean space. If V' is a global extension of a (rough) vector field
on an properly embedded submanifold of a Euclidean space, then we can simply regard it as a
function between Euclidean spaces. Thus, smoothness of V' coincides with the standard smoothness
of such functions. With this mind, we can prove each of the subspace decompositions is smooth.
We present the proof of smoothness for each decomposition separately.

12
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R™: Each subspace Span ({ei}z‘e Bj) has {e;}, . B, as its basis, and each e; defines a global smooth
vector field. This completes the proof of smoothness.
St(n,7): We must consider two different classes of tangent subspaces Span(U H,;) and ker(U " )e, .

First, we consider a subspace of the form Span(U H;;). By definition, it is spanned by U H;; which
is nothing more than the restriction of the smooth function U — U H;; to the St(n, r).

Second, we consider a subspace of the form ker(U ")e,. Fix a matrix Uy € St(n,r). Let Uy €
St(n,n — r) such that U Us- = 0. For1 < j < n —r, let v; : R®*" — R™" be defined
as v;(X) := (I — XX ")Ug-eje; . Each entry of v;(X) is quadratic in the entries of X, so it is
smooth. By extension, its restriction to St(n, 7) is smooth. It remains only to show that {v;(U)}7Z]

span ker(U " )e, for each U in an open neighborhood of Uy in St(n, 7). Observe forall U € St(n,r)
and 1 < j <n —rthat

UToj(U)=U"T(I —UU"Uiejel =(UT —UTUeje; =0

so v;(U) € ker(U")e, . Moreover, v;(Uy) = Ug-eje; and the columns of Ug- form a basis for
ker(Uy ), so {v;(Up) 1 is basis for ker(U, )e; . Thus, there must be a (n—7) x (n—r) submatrix
of

[v1(TU) ... v—r(U)], (12)
which we denote M (U), such that det[M (Up)] # 0. We must have that det[M(U)] # 0 on
some neighborhood of U as M (U) depends continuously on U, as the entries of the matrix in (T2)
continuously depend on U, and the determinant is continuous. Consequently, {v;(U)}Z spans

ker(U T)e, for U in this neighborhood.

St ,: To show that Span (B;(X)B;(X)" + B;(X)B;(X)") is smooth, it suffices to show that
each B(X) smoothly depends upon X € S™ since this implies each B;(X) does. To prove that
B(X) smoothly depends on X, we turn to the outer-product version of the Cholesky algorithm.

A positive definite matrix can be written in block form as

I, 0 0
A=10 a b7|. (13)
0 b B

where 0 < i <n,a > 0,be RO—=Dx1 apd B € R(n—i=Dx(n—i=1) ye adopt the convention
that I is the empty matrix. If i = n, then A = I,,. We may write A as the conjugation of a positive
definite matrix by a lower-triangular matrix as follows:

I; 0 0 I 0 I; O 0
=10 0 i+l 1,7
= iab I, {0 B—lbbT] 0 v e
NG n—i—1 a 0 0 I,—i-1

Let L be the lower-triangular matrix, and A, be the symmetric matrix being in conjugated in
the above equation. Observe that A, is not just symmetric, it is positive definite because A
is positive definite, L is invertible, being a lower triangular matrix with positive diagonal, and
A, = L7YAL~T. Moreover, the entries of both L and A depend smoothly upon A. Applying this
process inductively with A initially equal to X, we produce a sequence of invertible lower-triangular
matrices L1, ..., L, and positive definite matrices Ay, ..., A, ;1 satisfying A; = LiAiHLI, and
such that the entries of L; of A;;; depend smoothly on the entries of A;. Iterating backward, we
conclude L; and A;;; smoothly depend on A; = X. To ease notation, let B*(X) := L1Ls - Ly,.
Applying the equation A; = L;A; 1L, inductively, we deduce

X = Ay = BX(X) A1 B*(X)T = B*(X)B*(X)",

because A, +1 = I, as each A; is of the form (I3)). The matrix B*(X) is lower-triangular, being the
product of lower-triangular matrices, and satisfies M = B*(M)B*(M)T so it must be the Cholesky
factor of X, i.e. B*(X) = B(X). As each L; depends smoothly on X, it follows that B(X) does
as well. 0

13
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C SUPPLEMENT TO SECTION [4]

In this section, we use the notation M = R»*™ and ]\an,r = St(m,r) x S, x St(n,r).

C.1 RIEMANNIAN QUOTIENT STRUCTURE FOR THE FIXED-RANK MATRIX MANIFOLD

This subsection focuses on the proof of Lemma [4.1| which establishes the Riemannian quotient
structure on the fixed-rank matrix manifold, M = R"*™. The crux of our proof is the application
two theorems, the Global Rank Theorem (Lee), 2012, Theorem 4.14), and (Leel[2018, Theorem 2.28)
which gives sufficient conditions for a smooth submersion to become a Riemannian quotient map.
We refer the reader to (Lee, 2012, Ch. 3, 4, & 7), (Leel |2018, Ch. 2) for the definitions of all the
geometric technology employed in these theorems.

Before recalling these theorems, we recall a few definitions. A smooth map between manifolds,
F : M — N, is said to be constant rank if rank(dF,) = rank(dF,) for all p,¢ € M, and a
submersion if dF), is surjective for allp € M. A ( smooth) group action of a Lie group G on a

manifold M is a collection of smooth maps 7, : M — M parametrized by g € G satisfying two
properties. The first is that 7. = idgy, i.e., the map at the 1dent1ty element e € G is simply the
identity map. The second is that 745, = 7, o 74 for any g, h € G in other words, the map at gh is
obtained by ﬁrst applying the map at g, then the map at . When possible, we write p - g in place of

T4(p). When M is a Riemannian manifold we say the action is isometric if 7, is an isometry of M
forall g € G. We say it is vertical with respect to F : M — N if F(p-g)=F(p)forallg € G and
p € M, and is said to be transitive on fibers if for all ¢,p € M such that F'(q) = F(p) there exists
g € Gensuringg=p-g.

Now, we recall the two theorems we intend to apply:

1. The Global Rank Theorem (Lee, 2012, Theorem 4.14) states that a smooth, surjective map
between manifolds with constant rank is a submersion.

2. The result of|Lee|(2018l, Theorem 2.28) states that if 7 : M — Misa surjective submersion
and M is endowed with Riemannian metric and a group action that is isometric, vertical,

and transitive on fibers, then there exists a Riemannian metric on M such that 7 : M — M
is a Riemannian quotient map.

We shall first classify the fibers of 7, and exhibit a smooth group action of the r x r-orthogonal

group, O(r), on men,r that is vertical and transitive on fibers. The proof follow quickly from the
next lemma.

Lemma C.1. Suppose (U, P,V), ((NI, 15, 17) € men,r are such that A :== UPV . The following
hold:

1. Avector v € R" is an eigenvector of P if and only if there exists a left (resp.right) eigen-
vectors x of A corresponding to a non-zero singular value of A such thatv = U x (resp.
v ="V "Tx). Moreover, UU "y = yand VV "z = x.

2. Consequently, the non-zero singular values of A are exactly the squared eigenvalues of
P, and each non-zero singular value of A has the same multiplicty as its corresponding
eigenvalue of P.

Proof of Lemma|C.1] The second item follows immediately from the first one, so we only prove the
first. First, suppose that v € R” is an eigenvector of P with associated eigenvalue A > 0. As U™
and V' T have full row rank, their columns span R”. Thus, there exist 2 and y such that v = U "y
and v = V " 2. We have that

ATAz =VPVTz =P =)\
AATy =UP2U Ty = P%v = M2,

so y and x are left and right eigenvectors associated to the non-zero singular value A2
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Next, suppose that z is a left eigenvector associated to a non-zero singular value A2 > 0. We claim
that v = U Tz is a eigenvector of P. To see this, we compute

M || =Nz =2 AATe =2 TUP?U Tz = v P2,

we have applied ||v|| = |||, because U € St(m, r), in the first equality. Thus V " is an eigenvector
of P? with eigenvalue \%. The eigenvectors of P? are coincide with those of P, because P is positive
semidefinite, so V' ' x is an eigenvector of P with eigenvalue \. Replacing = with y, V with U, and
AAT with ATz A in the above computation proves the claim for right eigenvectors.

Finally, with the equivalence established, we prove UU "y = y and VV "2 = . We compute
Ny=UPUTy=XUU"y
Moe=VPV z=X\VVTa

Dividing by A\? clinches the equalities.

Lemma C.2. The following hold for the fibers of :

1. If A € R™™" has the singular value decomposition UDV' " then n~1(A) =
{(UW,WTDW, VW) : W € O(r)}.

2. O(r), a Lie group, smooth and vertically acts on men,r as (U,PV) - W :=
(UW,WTPW,VWV).

3. O(r) acts transitively on fibers, and each fiber is properly embedded submanifold diffeo-
morphic to O(r).

Proof of Lemma We shall prove each item separately.

1. The inclusion {(UW, W TDW, VW) : W € O(r)} C 7~ !(A) is an immediate consequence
of matrix multiplication, so we only prove the reverse inclusion. Choose (U, P,V) € St(m,r) X

S”. x St(n,r) such that UPVT = A. Let W = U U. By construction, the columns of U and
V are respectively the left and right eigenvectors of A corresponding to non-zero singular values by

construction. It thus follows from Lemma that the columns U T U and VTV are respectively
the left and right eigenvectors of P, and, for each ¢, the i-th colu~mns of U~ TUand VTV equal the
same eigenvector of P. This latter fact is restated as W = U U = YNT V. Additionally, the first
item of this last lemma implies UW T = UUTU = U and VW T = VV TV = V, from which we
see
L=UU=U0"UUTU=U0"D)"TUTU=WTW,
so W € O(r). We then have
P=UTAV = (U'U)D(V'V)=W'TDW.

2. The action of O(r) on R™*" x R™ " x R"¥" defined as (U, P,V) - W = (UW,W TP, VW)
is readily seen to be smooth because it is defined by matrix multiplications and transpositions.

Being a product of embedded submanifolds of R™*" x R"*" x R™*", men-,r is an embedded
submanifold. Thus, O(r) restricts to a smooth action on this set. By the first item, this action is
vertical.

3. By the first item, O(r) is transitive on fibers. For a fixed (U, P,V) € My,xn -, the map
W e O(r) — (UW, wTPW, VW) is bijective and smooth, so it is an immersion by (Lee, [2012}
Proposition 7.26). AS O(r) is compact, this map is smooth embedding by (Lee} 2012, Proposition
4.22), and by (Lee, 2012, Corollary 5.6) it is proper embedding. [

Now, we are fully equipped to prove our main lemma regarding the Riemannian quotient structure
for R™m>"m7,
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Lemma (Riemannian Quotient Structure for R7**™). The map  is a Riemannian quotient map
when R7**™ is endowed with its embedded smooth structure and suitable Riemannian metric. Addi-

tionally, the vertical space at (U, P,V') € Mmer is given by
V(U7p,v) ={(UA,PA— AP, VA): A€ Skew(r)}.
Proof of Lemma We follow a two step process:
1. The map 7 is a smooth submersion. This requires only that we show the vertical space at
(U, P,V)) € My, xn r is given by
V(U,P,V) = {(UA,PA — AP, VA) c A€ Skew(r)} R

because the vertical spaces the same dimension across menm- The map 7 is surjective so
the Global Rank Theorem (Lee} 2012, Theorem 4.14) implies 7 is a smooth submersion.

2. The group O(r) acts isometrically on men,r given the metric (7c). This fact, in conjunc-
tion with Lemma|C.2] and (Lee}, 2012, Theorem 2.28), implies that R”* can be endowed
with a metric making 7 is a Riemannian quotient map.

1. Fix (U, P,V) € My xn o Let
Vupv ={(UA,PA— AP,VA): A€ Skew(r)}.

We need to show that ]N/U7 p,v = Vu,p,v. The inclusion, fﬂu pv € Vu pyv, is relatively straightfor-
ward. The differential of the diffeomorphism W € O(r) — (UW, W T PW, VW) at I is
H+ (UH,PH — HP,VH)

for H € T7,O(r) = Skew(r). As the map is a diffeomorphism, the differential is an isomorphism
onto T(U_’p’v)ﬂ'_l (UPVT) = Ker(dmy,p,v)), and the inclusion follows.

We move onto the next inclusion. Suppose that (Hy, D, Hs) € T(U,P,V)]ijxn,r such that
drw,p,vy(H1, D, Hy) = 0. Consider a curve t +— (U + tHy, P +tD,V + tHs), and the cor-
responding curve

ts (U +tHy, P +tD,V + Hy) = (U + tH,)(P +tD)(U + tH,) .

We are permitted to consider these curves in computing ker(dr(y,p,y)) because Mmm,r and
R™*™ are properly embedded submanifolds of their ambient Euclidean spaces. These proper

embeddings allow us to consider 7’s extension to the entire ambient space of M,y ., which
has codomain R™*™, when computing ker(dm(y,p,1)). Taking derivatives at ¢ = 0, we see

drw,pvy(U +tHy, P +tD,V + Hy) = & w(U + tH1, P +tD,V + Hy)|,_, which produces
drw.pyvy(H1,D,Hs) = HLPV' +UDV' + UPH, .

There exist Ay, Ay € Skew(r), B; € R(®=")*" and By € R(™~")%" such that H; = UA,+U+B;
and Hy = V Ay + V1 B,. Plugging these into the above equation, we find the condition

0 =dnw,pyv)(Hi,D,Hs) = (UA; + U B))PV' +UDV' + UP(VAy +V+B,) "
=U(A P+ PA) + D)V +UB,PVT +UPB, (V5T

Multiplying on the left and the right by U T and V'* respectively, then by (U+) T and V respectively,
we obtain B; = 0 and B = 0, so the above equation becomes

0=U(A P+ PA; + D)V'.

Multiplying on the left and the right by U T and V respectively, we obtain D = —(A; P + PA, ).
This implies A; P — P A is symmetric, i.e.

AP — PAy = (AP — PAy)" = —PA; + AP
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which can be rearranged to
(A —A2)P+ P(A1 — Ag) = 0.

Multiplying this by any eigenvector g of P, with corresponding eigenvalue A\, we see

0=[(A1 — A2)P + P(A1 — Ad)lq
= M(A1 — A3)q+ P(Ay — Ag)q
= [AL, + P](A1 — A3)q.

The matrix, A\I,. + P, is positive definite so it must hold that = 0(A; — A3)q. As q is arbitrary
eigenvector of P, and the eigenvectors of P form a basis for R", we concludeNAl — Ay = 0 as

desired. We thus, conclude that (Hy, D, H3) has the requisite form to belong to Vw,pv)-

2. We need only show that O(r) acts isometrically on M given the metric (7c). The metric is product
metric so it suffices to show each of the constituent metrics are invariant under O(r)’s action on each
component. This follows from the relatively simple computations below.

¢ St(n,r): Choose U € St(n,r) and W € O(r). Furthermore, pick UA; + U+ By, U Az +
Ut B, € Ty St(n,r). We compute

St(n,r)

(UAL + U B, UA; + U By),,

1
= §<A17A2> + (B, Ba)
1
= §<WA1, W Asg) + (WBy, WBs)

— (UW)A, + (U-W) By, (UW) 4 + (U W) By) S0

» S% ,: Choose P € ST, , and W € O(r). Furthermore, pick Dy, Dy € TpS’, | = S". We
compute

(D1, Do) = (PY2D, P=Y/2, p=1/2D, /%)
= <(WTP_1/2W)(WTD1W)(WTP_1/2W)7
(WTP—l/ZW)(WTDZW)(WTP—1/2W)>

-
= (W D\W, W DoW) [

C.2 HORIZONTAL SUBSPACE DECOMPOSITION

This subsection focuses on the proofs of Lemma[d.2} Proposition[d.3] and Proposition .4}
Lemma (Horizontal Space for R™*™). For any (U, P,V) € ]\Ajmm,r, we have

Houpy) = {Z(A, D, By, By): By € ROVIXT By e RO=1XT D e §7 A ¢ Skew(r)}

where

Z(A,D, By, By)

1
= (U(PlD —DP '+ A)+U B, 5D, V(P™'D—-DP™' - A)+ VLBQ> :

Proof of Lemma Select an arbitrary tangent vector

(UA; +U*B1,D,VA; + V' By) € T(U,P,V)M7rz><n,r~

17
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We shall find conditions on A;, By,As,Bs,D so that

((UAy +U*By,D,VAy + V+B,),(UA, PA— AP,V A)) 0

UPV —
for all A € Skew(r). The inner product can be written as

(UAy+U+B1,D,VAy +U"By),(UA,PA— AP,VA)), .,

1, - _ 1 -

541 A) +(PTIDPTY PA = AP) + 2 (45, 4)
1 - _ _ _

- 5(Al + As, AY + (DP 1 A) — (P7'D, A)

1, - - 12 Ao
:<2(A1+A2)—(P 'D-DP 1),A>.
Therefore the condition we need is
1 - _ _
5 (A1 + Az) (P7'D-DpP ') es".

But both matrices in the sum above are skew-symmetric, which implies this matrix is orthogonal to
S", hence we have A; + Ay = 2(P~'D — DP~!). This gives the horizontal space. O

Proposition(Horizontal Decomposition for R7**™). Let (U, P, V) € men,r and P = QAQT
be a spectral decomposition of P. The collection of horizontal subspaces

S1,6(U,P,V) = {(ugy ,0,0) : u € ker(U ")}, ke [r]

Sokx(U, P, V) := {(0,0,vq;) NS ker(VT)}, ke [r]

Ssi;(U, P,V) == {7Z(D};,0,0,0) : 7 € R}, 1<4,j<r
Sskew,ke(U, P, V) := {7 (UH,0,—V Hy) : T € R}, 1<k<it<r

where Z is as in Lemma forms an horizontal subspace decomposition of H, p,yy under the

metric (Td). Moreover, there are m = @ different subspaces in total, so the subspace selection

rule that chooses uniformly from this collection satisfies Assumptionwith C= ﬁ = T(TQ-HS)

Proof of Proposition It is clear that

* S1%(U,P,V) and Sy (U, P,V) are orthogonal to one another, and are orthogonal to
Sg)ij(U, P, V) and SSkcw,i’j/(U, P, V)

* the collections{S1 (U, P,V) : k € [r]} and {S2 x(U, P,V) : k € [r]} are individually,
mutually orthogonal.

Consequently, we must prove that

* Ss,i;(U, P, V) and Ss (U, P, V) are orthogonal when (i, j) # (k, ()
* Sskew,ij (U, P, V') and Sskew,ke(U, P) are orthogonal when (i, j) # (k, £)
* Ss,i;(U, P, V) and Ssyew ke (U, P, V') are orthogonal

First, we will prove Ss ;;(U, P, V) and Ss x¢(U, P, V') are orthogonal when (i, ) # (k,£). To see
this, observe that

_ o1 _ _ B o1
<(U(P ‘D - DLP 1),51){;,1/(13 ‘DI - DLP 1)) , (U(P 'pl - DLP 1),2D,§)>
U,P,V

—Tr ((P7'Df - DhP™) " (P'Df - DEPTY)

1 B CoNT B
+4Tr((P Y2pkp 1/2) (P 1/2pk p UQ)).

18
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Denote S;; = qiq;r +q; qiT , and analogously for Sy;. For the second term, notice that by definition,
we have P’l/QDf;P’l/2 = S,;, and analogously for P~1/2D}, P=1/2. Therefore

T
Tr ((P”QD{;P”Q) (Pl/QD,flPl/Q)) = Tr(S;;Skt)-

This is 0 unless (¢, 5) = (k,1) or (¢,5) = (I, k).

For the first term, notice that P~'DI — DEP=' = (\A)V2(P71S,; — 5;P7Y) =
NA)2O0 i) + M e = A aig) — AT ") = AR = A D (@) — giad).
Denote H;; = ¢iq; — q;q; and analogously for Hy;. Therefore

(P'Df —DEPY) ' (PT'DE ~ DEPTY)
= ()2 = D A PO = AT Hi.

Therefore

_ 1\ T _ _
Te ((P7'Df - DEPTY) T (PTIDL - DEPTY)
= (A 2O = AT A 2O = A7) Tr(Hj Hig).

This is equal to 0 unless (4, j) = (k,1) or (i,5) = (I, k).

Therefore, each term in the inner product is zero unless (i, j) = (k,1) or (i,5) = (I, k). However,
since ¢ < 7, k <, this only occurs if i = k, j = [. Therefore the subspaces S;; (U, P) are mutually
orthogonal.

Next, we will prove that Sskew.ij (U, P, V) and Sskew,ke(U, P, V') are orthogonal when (7, j) #
(k, £). We compute

<(UH7;j, 0, —VHZ'j), (UHM, 0, —VHM» = 2T1"(Hinkl)

which again equals zero if (i, j) # (k,1).
Finally, we will prove that Ss ;; (U, P, V') and Sskew,k¢(U, P, V') are orthogonal. We compute

1
< (U(P—lij — D P, 5D{j,V(P—lDf; — D{jP—l)) ,(UHy, 0, —VHM)>
U,P,V

1

=3 [Tr (P'Df; — D{,P™")Hy) — Tr (P~'D}; — DL P™")Hy)] =0,

which establishes the claim.

To see why Assumption@is satisfied, notice that the subspaces span H y, p vy, 0

H(U,P,V) = @ Slyk(U, P, V) © @ SSkew,ij(U7 P, V)

ke(r] 1<i<j<r

o P SsuUPV)|e| P SmUPV)

1<i<j<r kelr]
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and they are orthogonal. Therefore for any v € H i, p), we have

lollo,p = (z

kelr

2
|

2
Projg, , w,pv) (U)H }

U,P,V

{HPYOJSL’“(U’P’V)(U) HU PV
] P,

2

|

PrOJSS L wpvy (v )H

1
2 2
PrOszkew,ij(va’v)(U)H :l )

U,pP,v U,P,V

z<]<r

2 2
{ (r+3) [ (HPIO‘]Sl P )HU7P7V N HPrO‘]S“(U’P’V) (U)HU,P,V>

2 2 2
HPrOJSs i ( UPV)( )HU,P,V + HPrO-]Sskcw,ij(U,RV) (U)HU7P,V) :| }

1<1,<]<r

= \/[7"(7" +3)]-E [HProjS(pryv) (U)H;Py ‘U, P, V} ,

thus Assumptionis satisfied with C' = \/% =,/ ﬁ 0O

We conclude with a proof of non-smoothness of the horizontal subspace decomposition.

Prop051t10n- (Non-smooth Randomized Subspace Selection for R7"*™). If r > 2, then the sub-
space selection rule induced by the horizontal decomposition (8) is not smooth.

Proof of Proposition.4] 1t suffices to show a single subspace from the decomposition is non-
smooth. We consider Ss 12 (U, P, V') which is spanned by

1 1 1 1 1
WWU,PV)=||— — — ) UHs, ~(q1q5 D= VH
(U,P,V) (()\1 )\2) 1272((11% +Q2Q1)»(>\1 )\2> 12)

where ¢; and ¢o are eigenvectors with corresponding eigenvalues A\; and Ao,. In fact, as
Ss,12(U, P, V') has dimension equal to 1, any spanning vector of it must be a scalar multiple of
W(U, P,V). Set

Uo = m R =1, voz[ﬂ,

q1 = e1, and g2 = e2.Then
1
W (Uo, Po, Vo) = (07 5(6162T + €2€1T)70> .

Observe the eigenvectors for P + e(ejeq + eae] ) are

1 1
ﬁ(el + 62), ﬁ(el — 62)7637 e

and the eigenvectors for P + €(ejeq + eze{ ) are

7eT

1 1
ﬁ(el + 63), ﬁ(el — 63),62,64, ey Ep

Consequently, there is no selection of eigenvectors of P that ensures ¢; and g, are continuous,
limp_,;. q1(P) = ey, and limp_, 1, g2(P) = eq. Thus, W is discontinuous at (Up, Py, Vp). O

C.3 EFFICIENT UPDATE FORMULAS: EXPONENTIAL MAPS & GRADIENT PROJECTIONS
In the main text, we presented streamlined statements for Theorem [4.5] and Proposition [4.6] In this

section, we dive into the efficient expressions for the exponential map and the gradient projections.
We provide complete statements and proofs of these results.
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Theorem(Restated). FixT € R Let (U P, V) € M, n o with P = QAQT being a spectral
decomposition for P, where Q = [q1 - 7] ( ) = Diag(A1,...,\r) = 0. Let W €

T(pryv)l\’zmxn’r, and for T € R, we define Uy (1), P (1), Vi (7), Q+(7), Ar(7) as follows:

(U (7), Pe(7), Vi (7)) = Exp,py (TW), - Pi(7) = Q1 (1) A+ (1) QL (7).

Then we have the following update rules:

1. Fixanyk € [r] andu € ker(U"). If W = (ugq] ,0,0) € S1 (U, P,V), then
() = U = gl )+ costrlulle) U+ sinGrlull) o ) o

while (Py(T), Vi (7),Q+(7),A+(7)) = (P,V,Q,A). This means that Uy (T)Q4(7) is
obtained by replacing the kth column of UQ, which is Uqy, with a linear combination
cos(7|ull2)Uqk + sin(7|lull2) rir;

flwll2

2. Fixanyk € [r] andv € ker(VT). If W = (0,0,vq] ) € S x(U, P,V), then
Vi(r) = V(I — aray) + <COS(T||U||2)V% + sin(7][v]2 )H B > >

while (Uy (1), Py (7),Q+(7), A+ (7)) = (U, P,Q,A). This means that Vi (7)Q4(7) is

obtained by replaczng the kth column of VQ, which is V qi, with a linear combination
cos(7]|v]|2)Var + sin(7||v||2)m.
3. Fixany 1 < i < j < r. Suppose W = (U(Plef; — DZP’ ), 1D£,U(P’1D£ —

DEP™Y)) € Ss,i;(U, P, V). Let ajji(t) := 7(AiX;) 2\ = A; ). Then

Us(r) = UL = qig; — a;q] ) + (cos(aij(7))Ug; — sin(ei; (1))Uq;)q;

+ (sin(av; (7))Ug; + cos(a; (T))qu)qj
Pi(1) =P~ (Nigig; +Aja;4; )

+cosh (1/2) (Nigsq! + Ajaza; ) + sinh (1/2) V/ANA;(@ig] + aja])
Vi(r) =V = qiq] —q5q; ) + (cos(eu; (7)) Vs — sin(ai; (7))Vg;)q

+ (sin(a; (1)) Vs + cos(aij(T))qu)qJT.

Define
| cosh(r/2)\; sinh(7/2)\/Ai\; _ | cos(ay;(7))  sin(ai;(7))
M'L] (7—) = smh(T/Q) /Tz)\] COSh(T/Q))\j ) G<T) T |: T

Let e1(1),e2(7) € R? be the two eigenvectors of M;;(T) with corresponding eigenvalues
v1(7),v2(T). Define Qi; = [q; q;]. Only the i and j columns of Uy (7)Q+(7) and
Vi (7)Q+(7) are changed; all others remain the same as those of UQ and V Q. These
columns are updated as follows:

Uql — UQZ'jG(T)61<T), Uq] — UQijG(’T)GQ(T)

Vg = VQijG(r)ei(r), Vgj — VQiG(T)ea(T).
(Here, UQ;; is an m X 2 matrix consisting of the i and j columns of UQ), and similarly for
VQij;.) Furthermore, in AL (T), the entry \; is replaced with ~y,(T), while \; is replaced
with vo(7), and all other entries remain the same.

4. Fixany i € [rl. If W = (UP~'DE - DEP~Y),1DE v(P~'DE — DEP™Y) €
Ss.4i(U, P, V), then W = (0, DE /2,0). Thus
Py (1) = P — Niqiq;' + i exp(T)qiq; -

while (U4 (1), V4 (1), Q+ (7)) = (U, V, Q). This means that \; is replaced with \; exp(T)
in Ay, while all other entries are the same.
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S. Fixanyl1 <k <l <r.IfW = (UHpy,0,—V Hyy) € Sskew,kt, then we have
Us(r) =UI — qrai —qeq) )
+ (cos(r)Ua, — sin(r)Uqe) af + (sin(r)Ugs + cos(r)Uar) af
Vi(r) =U( - qeqy, — qeq,)
+ (cos(T)Var + sin(1)Vqe) ¢ + (—sin(7)Vay + cos(7)Var) q/

while Py (1) = P. Thus, in Uy (7)Q4+(7), Uqy is replaced with cos(m)Uqi, — sin(1)Ugy
and Ugqy is replaced with sin(7)Uqy + cos(7)Uqe. An analogous update holds for
Vi (7)Q+(7).

Proof of Theorem We proceed item by item.
1 and 2. This result follows from (Gutman & Ho-Nguyen, 2023, Lemma 5).

3. Note from the proof of Proposition we have P~Y/2DEP=1/2 = §;; and P7'DE —
DEP™Y = (M) 2\ = Aj ) Hyy, where Si; = giq] + q;q and Hij = ¢iq] — ¢;q;" . Then
by (T1I) we have

U, (r) = U Expm (T(AiAj)l/Q(Agl - )\j_l)Hi])

P, (1) = PY?Expm((1/2)S:;)P'/?,

V. () = V Expm (T(Aixj)l/Q(A;l - A;l)Hij) .

It is straightforward to check that Expm («H;;) is a Givens rotation in the subspace spanned by ¢;
and g;, i.e.,
Expm(aHij) = I — (qi9] +q5a; ) + cos(@)(qia] +q5q; ) + sin(@)(qia] — g54,)-

Therefore
U Expm (T(AiAj)W(A;l - A;l)Hi-)
=U(I — qiq) — q;q; ) + (cos(ai)Uq; — sin(ai;)Uq;)q; + (sin(ai; ) Ugi + cos(ui;)Uq;)g;
V Expm (T(AiAj)W(A;l ~ A HH, )
=V({I - qz‘QiT - (Jj(JjT) + (cos(ayj) Vi — Sin(aij)v%)ql'—r + (sin(aq;) Vs + Cos(aij)VQj)qua
where Q5 = T()\i)\j)l/Q()\i_l - /\J_l)
We also have
Expm(aSy;) = I — (@] +q¢;q; ) + cosh(a)(qiq; + g5 ) +sinh(e)(@iq] +¢;q, ),
hence, with &« = 7/2, we have
P2 Expm(P~Y/2(r/2)Df, P~1/2)p1/?
= PY? Expm(aS;;)P'/?
= P— (Nigig +Aja;q; ) + cosh(@)(Nigiq” + Ajgzq) ) + sinh(a) /AN (qig) + ¢5q )
The updates can be written as

Ui(r) =UI - Qi;Q);) + UQi;G(1)Q;
Py(r) = P(I - Qi;Q};) + Qi; My (1)Q,;
Vi(r) = V(I - QyQ) + VQi;G(1T)Q,;.

It is easy to check that if k& # 4,7, then Py (7)qx = Agqx, hence gy is still an eigenvector of
P, (1) with eigenvalue )\;, so these components do not change in Q4 (7), AL (7). Furthermore,
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if Mij(T)el(T) = ’}’1(7’)61(7’), then we have QijMij(T) ;rj(Qijel(T)) = ’Yl(T)Qijel(T),
and similarly for ep(7). Therefore Q;je1(7),Qije2(7) are the new eigenvectors of P, (7),
with eigenvalues ~;(7),72(7).  Correspondingly, the new columns of U, (7)Q4(7) are
Ur(7)Qijer (1) = UQi;G(7)ex(r) and Up(7)Qijea(T) = UQs; G(7)ez(T).

4. Note that Df; = \iqiq; and Expm (TqiqiT) =1 —qq] +exp(T)qq,, by we have

Py(r)= pl/2 Expm (Tqiq;r) pP2=-p_ )\iqiq; + Ajexp (1) qiq;r.

All other components remain the same. Note that the eigenvectors of P, (7) are exactly the same as
P. Furthermore, all eigenvalues are the same, except that Py (7)q; = A; exp (7) ¢;.

5. Observe that by (II) we have
Uy (1) = U Expm(7Hy).

We know that
Expm(THy) = T — (qrafl + qeal ) + cos(7)(qray + qea) ) +sin(7)(qrqd — qeqyl),
and the formula for U, () follows from this. A similar argument holds for V. (7). O

To prove Proposition .6] we need expressions for the Riemannian gradient. We derive these in
Lemmas to

Lemma C.3. Let G = V;(UPVT) be the Euclidean gradient. Then
Vuf(U,P,V)=GVP, Vpf(UPV")=U'GV, Vyf(UPV")=G'UP

Proof of Lemma|C.3] Throughout the proof, denote (-, -) as the Euclidean inner product. Fix U’ €
R™*" V' € R"*" and P’ € R"*". Then

(Vuf(U,P, VU = %f((U +tU)PVT) = %E(UPVT +tU'PVT) = (G, U'PVT)
t=0 t=0
_ d = d =
(Vpf(UP, VT, P = %f(U(P +tPYVH| = %f(UPVT +tUP'VT) =(G,UP'V")
t=0 t=0
_ d = d =
(Vv f(U,P, VT,V = %f(UP(V+tV’)T) = %f(UPVT +tUP(V')") = (G, UP(V")").
t=0 t=0
The equalities then follow from these. O

Lemma C.4. The Riemannian gradient of f at (U, P, V) is given by
ViU,PV)=(UA +U"'B,,D,VAy + V*By),
where
A =U"qvP-PV'G'U, B, =UY)TGVP,
~ 1
D= 5P(VTGTU +UTGV)P,
Ay =V'G'UP-PU'TGV, B,={VH'GTUP.
Proof of Lemma Let V f(U, P, V) be the Riemannian gradient of f at (U, P, V). We know that
the Riemannian gradient satisfies
Df(U, P)[UA,+U*By, D,V Ay+V+By) = (Vf(U, P, V), UA+U* By, D,V As+ VB )y pv

for any tangent vector (UA; + U+ By, D, VAys+V+B,) € TU7p,VZ\/Zan,T. Furthermore, Boumal
(2023, Eq. (3.36)) states that

Df(U,P,V)[UA; +U"By,D,VAy + VB,
=Df(U,P,V)[UA, + U*By,D,VAy + V1 By)
= (Vf(U,P,V),(UA, +U* By,D,VAy +V1By))
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with the Euclidean inner product. Now denoting V f (U, P, V) = (UA;+U+By, D,V Ay + VL B,),
we observe that

<Vf(U, PV),(UA; +U*By,D,VAy + VB py
1, - ~ ~ 1, - -
= 5<Al,Al> +(By,B))+ (P'DP~', D) + 5<AQ,AQ> + (Bs, By)
(VF(U,P,V),(UA, + U*B1,D,V Ay + V1 By))
= (GVP,UA, + U By) + (UTGV,D) + (G'UP,V Ay + V' B,).

These two terms must be equal for all Ay, Ay € Skew(r), By € R(m=m)xr B, ¢ R(=7)x" apd
D € S". Note that Skew(r) = S” and vice versa, and (R("~7)*7)L = {0}. Therefore there exists
51,52 € S" and K € Skew(r) such that

A =2UTGVP+ 5,

B =UH"avp
PlDP'=UTGV + K

Ay =VTGTUP+ S,

B, =(VvHTaTup

Since A; € Skew(r), we have
0=A +A] =UTGVP+PV'G"U +25,
— S, =—-(U'GVP+PV'G'U)
— A, =U'GvP-PV'GU.
Similarly, since Ay € Skew (r), we have
0=Ay+ AJ
=2(VTG'UP + PUTGV) + 285,
— So=—(V'G'UP+ PUTGV)
— A, =V'GTUP-PUTGV.
Finally, D¢ S”, we have
VIGTU+ K" =P 'D"P =P 'DP'=UTGV+K
1
— K= 5(VTGTU ~-U'GY)
. 1
— P 'DP!'= 5(VTGTU+ Urav).
Multiplying on the left and right by P gives the result. O

We need the following technical lemma to prove Proposition [4.6]

Lemma C.5. Let V be an inner product space with subspace S C V. Let u € V. Then U is the
projection of u onto S if and only if u — v € S*.

Proof of Lemma[C.3] This follows by considering the optimality condition of minimizing f(v) =

1{u—v,u—v) overv € S, which is (u — v,v — ¥) > 0 for all v € S. Necessarily, we need

u—7veSt. O
We now state and prove Proposition[d.6]in full detail.
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Proposition (Restated). If G is the Euclidean gradient of some extension of f to all of R™*",
then the cost of projecting V f onto each subspace in the horizontal decomposition ®) is listed below
by type:

Let VJ?(U, PV)= (Ufll +ULB,,D,VAy+ VLBQ) as in Lemma|C.4l Gradient projections onto
subspaces in (8) are computed as follows:

1. Fix k € [r]. We have Projslyk(prvv)(Vf(U, P,V)) = (ugy ,0,0) where u € Ker(U ") is
defined as
u:=M\(I -UUT)GVq.
Note also that V qy, is the kth column of VQ, and UUT = UQ(UQ) .

2. Fixk € [r]. We have Projszﬁk(U,P’V)(Vf(U, P,V)) = (0,0,vq] ) where v € Ker(V ") is
defined as
vi= M - VVTG Ugs.
Note also that U qy, is the kth column of VQ, and VV' T =VQ(VQ)T.

3. Fix1 <1i < j <r. Define zi]; = (U(P’lDiF;fDZP*l), %DZ,V(PilDZ—Df;P*l)).
Then Ssi;(U, P, V) = Span({z];}), hence
. Iy <vf~(U7 P, V)’ZiR>U7P7V
PrOJSSYij(U,P,V) (Vf(U7 P) V)) = P2 . 5
HzinU,P,V

where

(VFU,PV),zE v py = <\/§ — \/§T> N+ X)) (Ug) "GV — (Ug;) "GV gy)

Aidi (Ug)"GVai + (Ugi) "GV qy)

Pz =) 1
Iz, pv = T + 3

4. Fix1 < k < ¢ < r. Define wl, := (UHy,0,—V Hyp). Then Ssyew.ij(U, P,V) =

Span({w,fz}), hence
. ry <V,]?(U7 P7 V)7wP>U,P,V
Projsg,....,w.pvy(VI(UPV)) = bt "

||w153||2U,P,V

1
= Z()\i +X) (Uq) TGV = (Ug;) "GV i) wiy.

Proof of Proposition

1. Notice that u = U~ B g.. Furthermore, for any v’ € Ker(U ") we can write v’ = U~w'.
Therefore we have

<Vf(U7 P7 V) - (qu:, 07 0)7 (u/q;:r7 07 O)>U,P,V
1 - -
= §<B1 - qukq27w’q2> =0.
Lemmathen states that (U L Barq] O) is exactly the projection.

2. The proof is similar to 1.

3. We have

1 .
(VIU.PV),2i)upv = 5(PTIDj = DP™ Ay + Ag)

(et %]

+ %<P‘1/2D5P‘1/27 p=2ppi/2).
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We can check that
Lip—ipr _pppt dpy = ([ A (0 (Ug) TGV s — A (Ug) TGV
§< ij — Yij A1) = )\7 - )\71 ( i(Ugy) ¢ —Aj(Uqi) ‘IJ')

1, 1 = i Aj
5<P 'Df - DEPT! Ay) = ( v ~/;) (\j(Ug) "GV — \i(Ug:) "GV g;) .
7 i

Thus

L 1P Pp-1 j i Ai Aj T T

§<P Dij - Dsz LA+ A2> = . — N ()\z + )\j) ((qu) GVgq; — (qu) GV(]j) .

J 7

Furthermore,

LpvzpEp-12 p=i2pp-i2) = Lpr p-ipp-y)
2 i 27
K

=i\ (Ug;)"GVaq + (Ug;) TGV g;) .

= %(DP VIGTU+UTGY)

Finally, observe that P’lDZ — DZP*1 = /i ()\i — )\%) H;; where H;; = qiq]—.r —

qjq; » and P*1/2D£1D*1//2 = S5 = qiq;r + q;q; . Furthermore, (H;j, H;;) =
(Sij,Sij> = 2 thus
Pz _ Ai=N)? 1
lzillopyv = T)\; + 5

4. The formula holds since
~ 1 - -
(VEU,PV),wipuvpy = §<er,z41 — Ag)

= %(qiqf —qq ,(UTGV —VTGTUYP - PUTGV —VTGTU))
=N+ X) ((Ug) TGV — (Ug;) ' GVg)

and ”wlchZ”QU,P,V =4

D SUPPLEMENT TO SECTION
In this section, we use the notation M = S'}'" and Mnﬂ“,+ = St(n,r) x ST ,.

D.1 RIEMANNIAN QUOTIENT STRUCTURE FOR THE FIXED-RANK PSD MATRIX MANIFOLD

This subsection focuses on the proof of Lemma [5.1] which establishes the Riemannian quotient
structure on the manifold of fixed-rank positive semidefinite matrices, M = S'}"". We follow largely
the same outline as for the fixed-rank matrix manifold, R} *".

We shall first classify the fibers of 7, and exhibit a smooth group action of the r x r-orthogonal
group, O(r), on S'" that is vertical and transitive on fibers. The proof follows quickly from the
next lemma.

Lemma D.1. The following hold for the fibers of 7:

1.If A € SY" has the singular value decomposition UDU" then n='(A) =
{(UW,WTDW): W € O(r)}.

2. O(r), a Lie group, smooth and vertically acts on S;'" as (U, P) - W := (UW,W " PW).
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3. O(r) acts transitively on fibers, and each fiber is properly embedded submanifold diffeo-
morphic to O(r).

Proof of Lemma We shall prove each item separately.

1. The inclusion {(UW,WTDW) : W € O(r)} C n~*(A) is an immediate consequence of
matrix multiplication, so we only prove the reverse inclusion. Choose ([7 ,P) € Mnyrﬁr such that
UPUT = A.LetW =UTU. By Lemma with V' = U we can find some W € O(r) such that
U=UW,P=WTDW.

2. The action of O(r) on R™*" x R™" defined as (U, P) - W := (UW, W T P) is readily seen
to be smooth because it is defined by matrix m/uvltiplications and transpositions. Being a product

of embedded submanifolds of R™*" x R"*", M, , . is an embedded submanifold. Thus, O(r)
restricts to a smooth action on this set. By the first item, this action is vertical.

3. By the first item, O(r) is transitive on fibers. For a fixed (U, P,V) € M,, , 1, the map W €
O(r) — (UW,W T PW) is bijective and smooth, so it is an immersion by (Lee, 2012, Proposition
7.26). AS O(r) is compact, this map is smooth embedding by (Leel [2012}, Proposition 4.22), and by
(Leel 2012, Corollary 5.6) it is proper embedding. O

Now, we are fully equipped to prove Lemma regarding the Riemannian quotient structure for
RMXn,r

n,r

Lemma (Riemannian Quotient Structure for S, ). The map w is a Riemannian quotient map
when Si’ is endowed with its embedded smooth structure and a suitable Riemannian metric. Addi-

tionally, the vertical space at (U, P) € Mn,rﬁ is given by
Vw,py={(UA,PA— AP): A € Skew(r)}.
Proof of Lemmal[5.1} We follow a two step process:
1. The map 7 is a smooth submersion. This requires only that we show the vertical space at
(U, P) € My, + is given by
Vupyv ={(UA,PA— AP): A € Skew(r)},

because the vertical spaces have the same dimension across Mn,T7+. The map 7 is surjective
so the Global Rank Theorem (Lee, 2012}, Theorem 4.14) implies 7 is a smooth submersion.

2. The group O(r) acts isometrically on ]\Z,,,T7+ given the metric (Ob). This fact, in conjunc-
tion with Lemma and |[Lee| (2012, Theorem 2.28), implies that R]** can be endowed
with a metric making 7 is a Riemannian quotient map.

1. Fix (U, P) € My, xn,r. Let

Vw.p) = {(UA, PA— AP) : A € Skew(r)}.
We need to show that f)(U., p) = Vw,p)- The inclusion, f/(U, P) € Vw,py, is relatively straightfor-
ward. The differential of the diffeomorphism W € O(r) — (UW, W T PW) at I, is
Hw— (UH,PH — HP)

for H € Ty, O(r) = Skew(r). As the map is a diffeomorphism, the differential is an isomorphism
onto T(y, pyn~ ' (UPU ") = Ker(dm(y, p)), and the inclusion follows.

We move onto the next inclusion. Suppose that (H,D) € Tw,p,vyMmxn, such that
dm,py(H, D) = 0. Consider a curve t > (U + tH, P +tD), and the corresponding curve

ts (U +tH,P+tD)= (U +tH)(P+tD)(U +tH)".
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We are permitted to consider these curves in computing ker(dm(y, py) because MnyrnL and S’"
are properly embedded submanifolds of their ambient Euclidean spaces. These proper embeddings

allow us to consider 7’s extension to the entire ambient space of ]\A/[/n,,.7+, which has codomain S,
when computing ker(dm, py). Taking derivatives at t = 0, we see dr(y,py(U + tH, P +tD) =

% (U + tHy, P +tD)|,_,, which produces
drw.py(H,D)=HPU' +UDU" +UPH'.

There exist A € Skew(r), B € R(""~")*" such that H = UA + U*B. Plugging these into the
above equation, we find the condition

0 =drwp)(H,D)=(UA+U+*B)PUT +UDU" + UP(UA+U*B)"
=U(AP+PA" + DU +U*BPUT + UPBT(UH)T

Multiplying on the left and the right by U and U respectively, we obtain D = PA — AP.
Multiplying on the left by U P~! and on the right by U+, we obtain B = 0. We thus, conclude
that (H, D) has the requisite form to belong to V¢ p,v).

2. We need only show that O(r) acts isometrically on M given the metric (7c). The metric is product
metric so it suffices to show each of the constituent metrics are invariant under O(r)’s action on each
component. This was established in the course of proving Lemma4.1 O

D.2 HORIZONTAL SUBSPACE DECOMPOSITION

This subsection focuses on the proofs of Lemmal5.2} Proposition[5.3] and Proposition [5.4]
Lemma (Horizontal Space of S''"). For any (U, P) € Mn,m—’ we have

1
Hw.py = {(U(P‘lD - DP Y)Y+ U'B, 2D> :BeRM X" D e ST} )

Proof of Lemma([3.2] Choose an arbitrary (UA + U*B, D) € T(y,p)My,r,+. We shall find condi-
tions on A, B, D so that

(UA+U*B,D),(UA,PA— AP)), , =0

for all A € Skew(r). The inner product can be written as

_ _ 1 - _
(UA+U*B,D),(UA,PA— AP)), , = (4, 4) + (P~'DP™', PA— AP)

. %(A,A) +(DPY, A) — (P~1D, A)
_ <;A _(P'D-DP) ,A> |

Therefore the condition we need is

12 _ _

;A—(PTID-DP)€s.
But both matrices above are skew-symmetric, and thus orthogonal to S”, hence we have A =
2(P~'D - DP™Y). ]

Proposition(Horizontal Decomposition for S'"). Let (U, P,V) € Mnﬂﬁ and P = QAQT be
a spectral decomposition of P. The collection of horizontal subspaces

Sk(U, P) :== {(vq;;r,()) NS ker(UT)}

5i;(U, P) = {T (U(P_lDZ ~DIPY, ;Df;) ‘re R}
wherel <1i < j <randl < k <, forms an orthogonal decomposition ofT(U’P)Mn’,,7+ under the
metric Qb). Moreover, there are m = @ different subspaces in total, so the subspace selection
rule that chooses uniformly from this collection satisfies Assumpti(m with C = \/% = ﬁ
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Proof of Proposition5.3] 1t is clear that Si(U,P) and S;;(U,P) are orthogonal, and that
{Sk(U,P) : k € [r]} are mutually orthogonal. We will prove that S;;(U, P) and Sy (U, P) are
orthogonal whenever (i, j) # (k,1).

To see this, observe that
_ 0 1 _ o1
<<U(P ‘DI - DiPT), 2D5) , <U(P Ipk — DEP~h, 2D,§’l)>
1 —1nP Pp-1\T (p—1pP P p—1
= §TI‘((P D” _D’L]P ) (P Dk:l _Dk?lP ))

+ i Tr <(Pl/2D§;Pl/2)T (Pl/QD,’:lPl/Q)) .

U,P

Denote S;; = qiq;r + qjqiT, and analogously for Sy;.
For the second term, notice that by definition, we have P~/ 2Df;-P_l/ 2

P=1/2DF P=1/2_ Therefore
.
Tr ((PI/QD{;PI/?) (Pl/QD,ZPl/Q)) = Tr(Si;Sk)-
This is 0 unless (¢, 5) = (k,1) or (¢,5) = (I, k).
For the first term notice that P~'DE — DEP~' = (\X)YA(PTIS; — S P71t =

X)) 2 g + A7 ngl =N laig) = A ga ) = )T = A D (@) — gia)).
Denote H;; = qij —qj ql and analogously for Hy;. Therefore

= S5, and analogously for

(P~'DE - DEPY' (P'DE, - DEPY)

= ()27 = AT RNV PO = AT EY Hig.
Therefore
Tr ((P‘lDf; —pEp)" (P'Df, - D,Zp-l)) (AA) /2 (A
This is equal to 0 unless (¢, ) = (k,1) or (¢,7) = (I, k).
Therefore, combining both cases,

1 1
((v16-20 ot o) (160 D og) ) =
U,P

unless (i, 7) = (k,1) or (¢,7) = (I, k). However, since i < j, k < [, this only occurs if i = k, j = [.
Therefore the subspaces S;;(U, P) are mutually orthogonal.

XAV N Te(H ) Hig).

7

To see why Assumptionis satisfied, notice that the subspaces span Hy; p, so

HU,P: @Sk(U,P) ©® @ Sz]<UaP) )
kelr] 1<i<j<r

and they are orthogonal. Therefore for any v € Hy, p, we have

2
lolloe = | 3 [Prois.om®), ,+ 3= [Prois, wm )

U,P
kelr] 1<i<j<r

. 2 2 . 2
SUPRNE] SARD St RN o

| r(r+3) 2
N 2 Zr(r+3)‘

ke(r] 1<i<j<r
r(r+3) . 2
- ¢ —E U Projs . (v) [, , 1. P],
thus Assumptionis satisfied with C' = \/% = T(T2+3). 0O
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We conclude with a proof of non-smoothness of the horizontal subspace decomposition.

Proposition (Non-smooth Randomized Subspace Selection for SQL_’T). If r > 2, then the sub-
space selection rule induced by the horizontal decomposition in Proposition[5.3|is not smooth.

Proof of Proposition[5.4] 1t suffices to show a single subspace from the decomposition is non-
smooth. We consider S12(U, P) which is spanned by

11 1
WU,P)=((——— ) UHis = (0105 +4q]) ).
N e 2

where ¢ and ¢ are eigenvectors with corresponding eigenvalues A1 and Ao. In fact, as S12(U, P)
has dimension equal to 1, any spanning vector of it must be a scalar multiple of W (U, P). Set

Up = m . R=1,

q1 = e1, and go = e. Then

WUy, Py) — (o !

, 5(61(3;— + €2€I)> .

Observe the eigenvectors for P + e(ejeq + ege] ) are
1 1
ﬁ(el + 62), ﬁ(el — 62), €3,...,Ep
and the eigenvectors for P + €(ejeq + eze{ ) are

1 1
\ﬁ(ﬁ +e3), E(el —€3),€2,€4,...,6r

Consequently, there is no selection of eigenvectors of P that ensures ¢; and g are continuous,
limp_,; q1(P) =e1,and limp_,; go(P) = ey. Thus, W is discontinuous at (Up, Pp). O

D.3 EFFICIENT UPDATE FORMULAS: EXPONENTIAL MAPS & GRADIENT PROJECTIONS

In the main text, we presented streamlined statements for Theorem [5.5] and Proposition [5.6] In this
section, we dive into the efficient expressions for the exponential map and the gradient projections.
We provide complete statements of these results. As the proofs are very similar to Theorem .3
and Proposition f.6] we provide proof outlines for brevity.

Theorem(Restated). Fix T € R. Let (U, P) € J,\Zn’wr with P = QAQT being a spectral
decomposition for P, where Q@ = [¢1 = -+ ¢r] € O(r),A = Diag(A1,...,A) = 0. Let W €

Tw,pyMn,r 4, and for 7 € R, we define U, (1), P (7), Q4 (7), Ay (7) as follows:
(U4(7), (7)) = Expypy (TW),  Pi(7) = Q(T)A4()QL(7).

Then we have the following update rules:

1. Fixanyk € [r]andu € ker(U"). If W = (ugq] ,0,0) € S, (U, P), then
T : u T
Up(r) = U — qrgx ) + <COS(T|U||2)U% + SIH(T||U||2)HUH2) >

while (Py(7),Q+(7), AL (7)) = (P,Q,A). This means that U, (7)Q4(7) is ob-
tained by replacing the kth column of UQ), which is Uqy, with a linear combination
cos(7[|ull2)Ugr + sin(7|[ull2) -

2. Fixany1 <i < j <. Suppose W = (U(P~'D}; — DEP~1), %DZ};)) € Ss,4(U, P, V).
Let i (1) := (DX )2\ — /\j_l). Then
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Up(r)=UU - qiq;r — qjq;—) + (cos(e; (1)) Ugq; — sin(aij(T))qu)q;r
+ (sin(a; (7)) Uqi + cos(ai; (1)) Uqz)q,
Pi(r) =P - (Nigiq; +Ngjq;)
+ cosh (7/2) (Nigiq;' + Ajqzq, ) + sinh (7/2) /Aidj (G, + ¢;4 )-

Define
o COSh(T/Q))\i Sinh(T/Q) )\1)\j L COS(Oéij(T ) Sin(aij (T))
Mij (T) = smh('r/Z)\/m COSh(T/2)>\j ; G<T) = |: sin(ozij (T)) COS(Oéij (T))

Let e1(7),e2(7) € R? be the two eigenvectors of M;;(T) with corresponding eigenvalues
Y1(7), v2(T). Define Q;; == [q;  q;]. Only the i and j columns of U4 (7)Q(7); all others
remain the same as those of UQ. These columns are updated as follows:

Uql' — UQijG(T)el(T), UQj — UQijG(T)eQ(T)'

(Here, UQ;; is an m X 2 matrix consisting of the i and j columns of UQ), and similarly for
V' Qij.) Furthermore, in A (T), the entry \; is replaced with ~,(T), while \; is replaced
with v5(7), and all other entries remain the same.
3. Fixanyi € [r]. If W = (U(P71D£ - DEPY), %Dﬁ) € Ss,i(U, P), then W =
(0, DL /2). Thus
P (1) = P — Niqiq; + Niexp(T)qiq; .

while (Uy(7),Q+(7)) = (U,Q). This means that \; is replaced with \; exp(7) in A4,
while all other entries are the same.

Proof outline of Theorem[5.3] The proof is almost identical to the corresponding cases (1, 3, 4) in
Theorem O

Proposition@can be proven using the same techniques as those used to derive Proposition@ We
state the explicit formulas below, and provide an outline of the proof.

Proposition(Restated). Suppose the following matrices are stored for a given (U, P) € ]f\;.fnm#:
1. a spectral decomposition P = QAQT for P along with UQ and V Q,

2. and the (Euclidean) gradient, G := V f(UPV ") € R"*", where f is a Euclidean exten-
sionof f : S}" = R.

Then the Riemannian gradient is

Vf(U,P)=(UA+U"B,D)

where A=U"(G+GUP - PUT(G+G"U
B=WUHT(G+Gc"Hup
-1
D= 5PUT(G +GNUP.

Furthermore, projections of Vf(U , P) onto subspaces in @) are computed as follows:

Projsv.r (VF(U, P)) = (ULquq,:, 0) = (I, = UUTY(G + GT)Uqrg) ,0)
. iy <VJ?(U7 P)7’U1R>U,P
PrOJSg,P(Vf(U, P)) = T J P = )\i)\j(UQj)T(G+ GT)(qu)vi];
J ijllu,p

ij

1
P._ -1pP Pp-1 P
where v;; := (U(P Dj; — D;;P™), 2Dij> .
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Proof outline of Proposition The Riemannian gradient derivation proceeds by first deriving the
Euclidean gradient of f, similar to Lemma Then, the Riemannian gradient expression is
obtained through |Boumal| (2023, Eq. (3.36)) and performing some algebraic arguments, as in
Lemma [C.4] Projections are computed by again employing Lemma [C.5] and then performing the
necessary algebraic simplifications. O
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