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Abstract

We address the problem of stochastic combinatorial semi-bandits, where a player
selects among P actions from the power set of a set containing d base items. Adap-
tivity to the problem’s structure is essential in order to obtain optimal regret upper
bounds. As estimating the coefficients of a covariance matrix can be manageable
in practice, leveraging them should improve the regret. We design “optimistic”
covariance-adaptive algorithms relying on online estimations of the covariance
structure, called OLS-UCB-C and COS-V (only the variances for the latter). They
both yield improved gap-free regret. Although COS-V can be slightly suboptimal,
it improves on computational complexity by taking inspiration from Thompson
Sampling approaches. It is the first sampling-based algorithm satisfying a O(v/T)
gap-free regret (up to poly-logs). We also show that in some cases, our approach
efficiently leverages the semi-bandit feedback and outperforms bandit feedback
approaches, not only in exponential regimes where P > d but also when P < d,
which is not covered by existing analyses.

1 Introduction

In sequential decision-making, the bandit framework has been extensively studied and was instrumen-
tal to several applications, e.g. A/B testing (Guo et al., 2020), online advertising and recommendation
services (Zeng et al., 2016), network routing (Tabei et al., 2023), demand-side management (Brégere
et al., 2019), etc. Its popularity stems from its relative simplicity, allowing it to model and analyze a
wide range of challenging real-world settings. Reference books like Bubeck and Cesa-Bianchi (2012)
or Lattimore and Szepesvari (2020) offer a wide perspective on the subject.

In this framework, a decision-maker or player must make choices and receives associated rewards,
but it lacks prior knowledge of its environment. This naturally leads to an exploration-exploitation
trade-off: the player must explore different actions to determine the best one, but an inefficient
exploration strategy may harm the cumulative rewards. Efficient algorithms rely on exploiting the
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environment’s structure, such as estimating the parameters of a reward function instead of exploring
every action.

This paper focuses on the stochastic combinatorial semi-bandit framework. At each round, the player
chooses a subset of base items and receives a feedback for each item chosen. The action set is
included in the base items’ power set, and can therefore be exponentially big and difficult to explore.
The main challenge in this framework is to effectively combine the information collected through
different actions (that may share common base items).

Problem formulation. We consider a set of d € N* base items, each item ¢ € [d] = {1,...,d}
yielding stochastic rewards. A player accesses these rewards through a set A C {0,1}? of P € N*
actions, each corresponding to a subset of at most m > 5 items®. We refer to actions a € A using
their components vector a = (a;);e(q) € {0, 1} where for all j € [d], a; = 1 if and only if action a
contains base item j.

The player interacts with an environment over a sequence of T € N* rounds. At each round ¢t € [T,
the player chooses an action A; € A, the environment samples a reward vector Y; € R?, the player
observes the realization for every item contained in Ay, and receives their sum. The interactions
between the player and the environment are summarized in Framework 1.

Framework 1 Stochastic Combinatorial Semi-Bandit
Foreacht € {1,...,T}:
* The player chooses an action A; € A.
* The environment samples a vector of rewards Y; € R? from a fixed unknown distribution.
* The player receives the reward (A;,Y;) = > . A ;Y% ;.
* The player observes Y; ; forall i € [d] s.t. A;; = 1.

Assumptions. We make the following assumptions. For all ¢ € [T, Y; is independent of the past
rewards and the player’s decision o (A1, Y7,..., As_1,Y;—1, A;). There exists a mean reward vector
E[Y;] = ¢ € R? and a second order moment matrix S = E[Y;Y,"] € My(R). The positive semi-
definite covariance matrix is denoted X € My(R), with 3 = S — ;" . There exists a known vector
B € RY such that forall ¢ € [T and i € [d], |Y3,;| < B;/2 almost surely (and |Y; ; — p1;| < B;).

The objective of the decision-maker is to minimize the expected cumulative pseudo-regret defined as:
E[Rr] = E [S{ (0" - A )] = S, A, (1)

where (-, -) denotes the usual inner product in R, a* € arg max,e 4{a, j1) is an optimal action, and
A, = {a* — a, p) is the sub-optimality gap for action a € A.

1.1 Existing work and limitations

Combinatorial semi-bandit problems have been extensively studied by the bandit community since
their introduction by Chen et al. (2013). Here, we only highlight key earlier works related to this paper.
For a comprehensive introduction to this literature, we refer the interested reader to the monograph
by Lattimore and Szepesvari (2020).

A first line of works considers deterministic algorithms based on the optimistic principle and upper
confidence bounds (UCBs). Chen et al. (2013) first designed CUCB, computing UCBs for the items’
average rewards, converting these into UCBs for the actions’ rewards, and choosing the action with
the highest one. It was later analyzed by Kveton et al. (2015), who proved a regret upper bound
uniform over all possible covariance matrices ¥ (hence, paying the worst-case). Combes et al. (2015)
highlighted the importance of designing 3-adaptive algorithms by showing that the regret could be
improved by a factor of m when the items’ average rewards are independent. Subsequently, Degenne
and Perchet (2016) developed OLS-UCB, an algorithm intended to leverage the covariance structure.
However, OLS-UCB requires prior knowledge of a positive semi-definite covariance-proxy matrix
I, such that for all t > 1 and for all u € R?, E[exp((u,Y; — 1))] < exp(2||u|?). Estimating T in

@Throughout the paper, the term item (or base item) refers to an element in the set [d], while an action denotes
a subset of base items in A.



practice is challenging and leads to regret bounds depending on it instead of the “true” covariance
matrix ¥, potentially resulting in significantly looser bounds. This issue was addressed by Perrault
et al. (2020b), who proposed a covariance-adaptive algorithm, ESCB-C, with asymptotically optimal
gap-dependent regret upper bounds. Yet, it suffers from an additive constant of order A;fn , which
prevents its conversion into an O(\/T )® gap-free bound. Thus, none of the above works proposes
a O(\/T) gap-free and covariance-adaptive regret bound, which is one of the key contributions of
this paper. A common drawback of these works is also their potentially prohibitive computational
complexity, due to the need to solve a maximization step over a large action set A C {0, 1} that
can be exponentially large. Some works, such as Cuvelier et al. (2021) or Liu et al. (2022), propose
solutions to achieve polynomial time complexity, for example by applying UCB at the item level only
rather than the action level. However, these approaches only work for independent rewards or under
specific assumptions on their distribution, making the analysis for generic and unknown distributions
extremely challenging. Another approach to tackle the computational burden in combinatorial
semi-bandits is to resort to sampling algorithms, which we detail below.

A second line of works for stochastic combinatorial semi-bandits considers randomized algorithms
inspired by Thompson Sampling (TS) for multi-armed bandits (Thompson, 1933). These algorithms
involve sampling a random vector ji; € R% at each round t + 1 € [T — 1] from a distribution
representing a “belief” over the parameter yu, taking a decision A;y; € argmax,e 4({a, fit), and
updating the belief distribution using the observations. The main appeal of these approaches lies in
their computational complexity, especially when solving a linear maximization problem in particular
action spaces (such as matroids). Recent works have designed and analyzed such algorithms. Notably,
Wang and Chen (2018) consider independent item’s rewards. Perrault et al. (2020a) refine it and
assume a known variance-proxy I' and therefore suffers from the same drawbacks as Degenne and
Perchet (2016). Their technical analysis also yields a gap-dependent regret bound with an undesirable
A term, preventing a O(V/T) gap-free rate. A central contribution in our paper is the combination
of the computational efficiency for sampling algorithms with the covariance-adaptivity O(\/T)
gap-free from our UCB approach.

Besides, the literature concerning our setting has historically mostly focused on cases where the
action set is exponentially large, namely P > d, and the way to get quasi-optimal regret rates in these
instances. However, outside of these regimes, the commonly derived regret bounds are too rough and
fail to show the benefit of the semi-bandit feedback. While the conventional stochastic combinatorial
semi-bandit regret upper bound grows as O(vmdT") (Kveton et al., 2015), a O(vmPT) could
be achieved using bandit feedback only (Auer et al., 2002b). Intriguingly, the latter appears to
outperform the semi-bandit rate as soon as P < d, making the extra information obtained through a
richer feedback seemingly useless. Fine-grained analyses, clearly taking the structure into account,
are therefore needed.

1.2 Contributions

A new deterministic optimism-based algorithm (Section 2). We present OLS-UCB-C (Online
Least Squares Upper Confidence Bound with Covariance estimation), relying on the optimism
principle. The analysis of OLS-UCB-C sketched in Section 5.2 shows the following properties:

e First optimal gap-free regret upper bound. OLS-UCB-C yields a similar gap-dependent regret
bound as ESCB-C from Perrault et al. (2020b) up to logarithmic factors, and the first optimal
covariance-adaptative gap-free O(\/T ) regret bound (Theorem 1).

* Improved performance over UCB in all regimes of P/d. Under some conditions on the
covariance matrix 3, we prove that OLS-UCB has a uniformly better regret than UCB, showing
that properly leveraging semi-bandit feedback indeed consistently offers an advantage on
(simple) bandit algorithms, which is not straightforward from existing analyses.

» Improved complexity over concurrent algorithms. OLS-UCB-C circumvents the convex opti-
mization problem that ESCB-C requires to solve at each round and is therefore more efficient,
despite suffering in the very large P regime as many other deterministic algorithms.

The first stochastic optimism-based algorithm (Section 3). We introduce COS-V (Combinatorial
Optimistic Sampling with Variance estimation), a TS-inspired algorithm exploiting the “frequentist”
confidence regions derived in Section 4. It satisfies the following:

®We denote O for O when T' — o, up to poly-logarithmic terms.



e Improved complexity for P > 1 compared to other deterministic semi-bandit algorithms.
COS-V can be efficient in the very large P regime, which is the main blind spot of OLS-UCB-C.

o First gap-free O(\/T ) regret upper bound for a sampling algorithm. The analysis we provide
in Section 5.3 exploits the common structure of the OLS-UCB-C and COS-V algorithms. It
enables the derivation of a gap-dependent bound for COS-V that does not involve the A~
term we typically find in the analysis for other TS algorithms (Wang and Chen, 2018; Perrault
et al., 2020a), consequently leading to a new O(\/ZT% variance-adaptive gap-free regret upper
bound for a sampling algorithm.

A novel gap-free lower bound (Section 2.2). We show a gap-free lower bound on the regret for
stochastic combinatorial semi-bandits, explicitly involving the structure of the problem (the items
forming each action) and the covariance matrix 3. This lower bound highlights the optimality of the
gap-free upper bound we establish for OLS-UCB-C.

Technical details are deferred to Section 4, Section 5, and the Appendix.

Table 1: Asymptotic O(-) regret bounds and per-round time complexities up to poly-logarithmic terms in d, for
the following deterministic algorithms: UCB (Auer et al., 2002a), UCBV (Audibert et al., 2009), CUCB (Kveton
etal., 2015), OLS-UCB-C (Degenne and Perchet, 2016), ESCB-C (Perrault et al., 2020b), and OLS-UCB-C (ours);
as well as the two stochastic algorithms: CTS-Gaussian (Perrault et al., 2020a) and COS-V (ours).

Notations: a refers to actions; ¢ and j refer to items; m denotes the maximum number of items per action; B is
a vector of bounds on the items’ rewards; I' is a covariance-proxy matrix; « is the maximum of “correlations-
proxy”; we abbreviate max{z,0} to (z)4 forany z € R ; Cf‘;‘T refers to the complexity of the optimisation
step needed in ESCB-C.

Fdbck. Algorithm Info. Time Complexity Gap-Free Asymptotic Regret
Budt UCB B P (T, (a7 B)?)"?
UCBY 2 P (TY,a"Sa)'?
CUCB B mP (Tmd)"?|| B s
OLS-UCB® r m? + Pd? o
S-Bndt. ESCB-C @ m? + P CY, o
1/2
0LS-UCB-C @ m? 4+ Pd? (T, max,/icq Zjea(zi,j)g
S-Bndt. CTS—Gaussbian(b) r poly(d) 1% s
Ccos-v® @ poly(d) (Tm e i)

2 Covariance-adaptative deterministic algorithm: 0LS-UCB-C

In this section, we design a new algorithm that efficiently leverages the semi-bandit feedback. It
approximates the coefficients of the covariance matrix X online. The approximation is symmetric
by construction and yields a coefficient-wise upper bound of X, but it is not necessarily positive
semi-definite, a constraint that can be challenging to impose in practice.

2.1 Algorithm: OLS-UCB-C

We present OLS-UCB-C described in Alg. 2 and detail below the successive steps it performs.

Initial exploration. The algorithm first explores by choosing every base item i € [d] and every
“reachable” couple (i, j) € [d]? at least once.

@Note that 0LS-UCB incur a A ™2 term in its gap-dependent bound. This was overlooked by the authors but
yields a T2%/3 gap-free bound.

® Assuming A has matroid structure, the computational complexity is improved compared to a O(P) for
large P.



Rewards means estimation. At each round ¢ +

1 € [T — 1], the algorithm uses an empirical mean Algorithm 2 0LS-UCB-C

[i; for p defined as Input § > 0, B € R%.

PO fort=1,...,Tdo

= Ni 2pmn da o @ if {a € Almingjeaniiy < 1} # 0
where d, = diag(a) € My(R) is the diago- then
nal matrix of the elements in a € A; n (; ;) is Choose any A, in the above set.
the number of times items ¢ and j (with possi- else
bly ¢ = j) have been chosen together; N, = Compute fi;_1 from (2).
diag((ns,(i,i))iefa) € Ma(R) is the diagonal ma- Compute 3%, from (3) and (4).

trix of item counts. Compute Z;_; from (5).

Choose A; € A from (6).

Rewards covariances estimation. The covari- Environment samples Y; € R

ances are estimated by Receive reward (A, Y;) = Zz ApiYia.
Xt,(6,5) = St,(4,5) — Ht,ifbt g 5 (3) end if
. . end for
where Sy (i) = - — Y og Asids i YeiYe

The algorithm uses 3., a coefficient-wise upper-confidence bound of 32 whose coefficients are
defined for a fixed 6 > 0 as

. . B;B: [ bhs h? s 1
Xi,6i5) = X, (i) T 1 ’ < e s Mo ) 4)
Vv ntv(iJ) nt’(i7j) nt,(’i,j)
1/2
where hy 5 = (1 +21og(1/8) + 2log (tlog(t)2d(d + 1)) + log(1 + t))

Optimistic action choice. Following the ‘optimistic’ principle of UCB-like algorithms, the estimated
rewards ({fit,a))q.c4 are inflated by bonuses, yielding corresponding upper confidence bounds.
The bonuses involve the history through a regularized empirical design matrix (with empirical

covariances):
t

Zy =) daXda, +dg N, + BT, (5)

s=1
wheredy, = diag(ﬁ]t) € My(R), Iis the identity matrix and 32, is the coefficient-wise upper bound
for the covariance matrix defined in (4). Formally, OLS-UCB-C chooses

Aper € argmas {(a, ) + fis N7 a5, } (©6)
where f; 5 = 6log(1/d) + 6<log(t) + (d+2) 10g(10g(t))> + 3d<2 log(2) + log(1 + e)).

Efficiency improvement. While Perrault et al. (2020b) use an axis-realignment technique to derive
their confidence regions, our approach builds ellipsoidal confidence regions. This simplifies the
computation of an upper confidence bound for each action as we have a closed-form expression. In
comparison, Perrault et al. (2020b) need to solve linear programs in convex sets at each iteration.

2.2 Regret upper bounds

Theorem 1. Let T € N* and § > 0.
Then, OLS-UCB-C (Alg. 2) satisfies the gap-dependent regret upper bound

E[RT1=O(1og<m>2i ma ”5”‘),

= a€A/i€a,Ng>0 Aa

max{3; j,0}, and the gap-free regret upper bound

E[RT]:(j(log(m)\/T\/Zj_l max agﬂ).

a€A/i€a

2 _
where 07 ; = Zjea

The proof is outlined in Section 5 and the specific details are presented in Appendix E.



Optimal gap-free bound. This result shows that 0LS-UCB-C yields the same gap-dependent regret
upper bound as ESCB-C (Perrault et al., 2020b) (up to poly-logarithmic factors) and more importantly
yields a novel covariance-adaptive and optimal O(\/%) gap-free bound, as shown by the following
lower-bound proven in Appendix A. Unfortunately, only the positive coefficients of ¥ are considered
in our bound but the inclusion of negative correlations could be advantageous to reduce the rate at
which the regret increases. However, it could complicate the analysis greatly and is thus deferred to
future research.

Theorem 2. Let d,m € N* such that d/m > 2 is an integer, T € N*, and ¥ > 0 a covariance
matrix. Then, there exists a stochastic combinatorial semi-bandit with d base items, and a reward
distribution with covariance matrix 3 on which for any policy T, the pseudo regret satisfies

1/2
max DI .
: aG.A z€a ’

Improvement over CUCB. Our gap-free and gap-dependent bounds outperform those of CUCB
(Kveton et al., 2015) no matter the covariance structure, as (T'md)'/?||B|ls > (Tr(X)T)Y/2.©
Besides, in the particular case of a diagonal 3%, our gap-free upper bound gains a factor at least /m
over the one of CUCB. In this scenario, 02, = X, ; forall a € A and i € a. Our gap-dependent and
gap-free upper bounds are then roughly bounded as

Z — A and /Tr(Z)T,
=1 gcA/ica

respectively.

Improvement over UCBV. Assuming that 33; ; > 0 for all 4, j, our upper-bound umformly improves
the one of UCBV of order (T'Y", a' Xa) '~ since in this case Zd_1 MaXee A\ied Ta; < 2, lla]s.
Existing semi-bandit analyses could only leverage semi-bandit feedback in the regime P >> d, which
is natural in combinatorial bandits but not systematic in real-world applications.

3 New sampling algorithm for combinatorial semi-bandits: COS-V

In this section, we introduce a randomized algo-
rithm inspired from TS, enabling to get potentially

Algorithm 3 COS-V

computational complexity at the cost of not lever- Inputd >0, B € Ri.
aging off-diagonal covariances. fort € [T] do
The difficulty in designing and analysing TS algo- if {a € As.t ming jyeq ne, i) <1} # 0
rithms generally stems from controlling the ran- then .
dom exploration. To that end, we parametrize the Choose Ay in the above set.
exploration distribution using the same estimators else R
as OLS-UCB-C. Compute fig—1 (2).
Compute (351, (i.i) Jic[d) (4)-
3.1 Algorithm: COS-V Compute (Z;_1 (i i))ic[q) from (5).

Sample fi;_; from (7)
Choose A; € arg maxgea{a, fit—1)-

tL)

We propose a sampling strategy using “frequentist

estimators, C0S-V, described in Algorithm 3. Environment samples Y; € R
The algorithm begins with the same exploration Receive reward (A, Yi) = 32 AraYii.
phase as OLS-UCB-C. Thereafter at each round finfd if

end for

t+1 € [T'— 1], we sample parameters (f; ¢ )ic[q]
using 1-dimensional normal distributions biased
toward the positive orthant. Formally, for all ¢ € [d], we sample

Z1/2 N
~ ~ 7'L Z 'LT
Mt,iNN(Mt,i (14 g, E)fténfz 2 E5nt( )> @)

t,(iy4)

1/2
where g 5 = (1 + 2log (th 10g(t)2/§)) and f; s is the same as for OLS-UCB-C.

©We denote > for > up to a constant factor.



3.2 Regret upper bound

Theorem 3. Let T € N*, and § > 0.

Then, COS-V (Alg. 3) satisfies the gap-dependent regret upper bound
d

Bifr] = O log(m* Y- 522 ), ®)
i=1 b
where A; yin = min{A,, a € A such that i € a}, and the gap-free regret upper bound

E[Rr] = 0(log(m)ﬁ m> ¢, 2”) . )

The proof is outlined in Section 5 and the specific details can be found in Appendix F.

Novel variance-dependent bound. Theorem 3 presents the first variance-dependent bound for a
sampling-based semi-bandit algorithm. Unfortunately, integrating the covariances 3J; ; in the leading
term is still an open problem. Possible leads include exploring other biasing strategies for sampling,
or using oversampling approaches like Abeille and Lazaric (2017) which inflate the confidence
regions in the linear bandits setting.

Novel gap-free regret bound. An important novelty of our gap-dependent bound Eq. (16) is the
absence of A ™ terms present in the previous analyses of CTS (Wang and Chen, 2018; Perrault et al.,

2020a). In particular, this improvement yields the first O(\/T) gap-free regret upper bound for a
sampling strategy.

4 Mean and covariance estimation

In this section, we present concentration results for fi; (rewards means) and ﬁ]t (rewards covariances,
estimated with y;) used in OLS-UCB-C and COS-V, which are central to prove Theorem 1 and
Theorem 3 (sketched in Section 5).

4.1 Covariance-aware confidence region for the average reward

Average reward estimation. Leta € A, t > d(d + 1)/2, as introduced in Section 2.1, the least
square estimator for the mean reward vector u using all the data gathered after round ¢ is

fir =N, ! 22:1 da,Ye=p+N;! 22:1 da,ns,
where the 1, denote the deviations Y, — p.

Confidence region design. We design confidence regions inspired from LinUCB literature (Rus-
mevichientong and Tsitsiklis, 2010; Filippi et al., 2010; Abbasi-Yadkori et al., 2011) and the work
of Degenne and Perchet (2016). Major differences with those works include using Bernstein’s style
concentration inequalities involving the covariance matrix 3, assuming a multidimensional noise
term, and combining them with a covering argument to relax dependence in d (peeling trick from
Degenne and Perchet, 2016). We introduce the regularized design matrix defined by

Z; = V;+ Nids + || B|*T,

where V; = 22:1 da_ Xd 4, is the design matrix (of which the OLS-UCB-C and COS-V use an
empirical version). Let S; = Ny (fi; — p), the deviations of (a, fi;) are bounded as

(@, fie — m)] <IN allz, [1Sellz, 1 - (10)

Designing a confidence region for ||.S; Hzgl therefore allows to control the deviations |{a, ji; — u)]
uniformly on A. Let § > 0, we define the event

G ={ ||St||z;1 < fis}s (11)
with f; s = 6log(1/0) + 6[log(t) + (d + 2) log(log(t))] + 3d[21og(2) + log(1 + e)].

This event can also be written G; = { ||, — lin,z 1w, < ft,5} and is therefore equivalent to /i
Z, ;
belonging to an ellipsoid around the true reward mean vector .



Confidence region probability. The following result proven in Appendix B presents an upper
bound for P(GF).

Proposition 1. Lett > d(d + 1)/2 and 6 > 0. Then, P(Gf) < 6/(tlog(t)?).

Proving this result relies on an argument adapted from Faury et al. (2020) and a covering trick from
Degenne and Perchet (2016).

4.2 Confidence interval for covariances estimator

Rewards covariances estimator. Lett > d(d + 1)/2 and a “reachable” couple (i, j) € [d]? . The
coefficients of ¥ can be estimated online by Y as introduced in Section 2.1

Xt (i,5) = St — futiflt -

Rewards covariances upper confidence bound. Let § > 0. We use the following coefficient-wise
upper estimates of 3 in our algorithms

. X B;B; [ 5h h? 1
Xt i.5) = XeGig) T — : ( R et e ) )
VGG TG T ()

1/2
with hy 5 = (1 +2log(1/6) + 2log (tlog(t)2d(d + 1)) + log(1 + t))

Favorable event design. We define C, as the event where all the coefficients of 33, are indeed upper
bounding those of 3:

C = {V(z’,j) € [d]* “reachable”, ﬁt,(i’j) > Eiﬁj}. (12)

Favorable event probability. The following result proven in Appendix C presents an upper bound
for P(Cy).
Proposition 2. Lett > d(d + 1)/2 and 6 > 0. Then, P(C{) < §/(tlog(t)?) .

5 Regret upper bounds

In this section, we provide a sketch of the proof for Theorem | and Theorem 3. For both OLS-UCB-C
and COS-V, the idea to bound the regret is to find a sequence of favorable events (£;);>q(a+1)/2 that
are true with high probability, and under which the regret grows logarithmically with time.

5.1 Template bound

Let (€ )e[7) be a sequence of events, then for both OLS-UCB-C and COS-V standard derivations yield
E[Rr] < Amax( (d+1)/2+ Yy (d+1)/2 P(EF )) + E{ t= d(d+1 /2 ]1{5t}AAt+1} - 313)

Assuming that the sequence of events (£;);>q(a+1)/2 happens with high enough probability, it is
sufficient to control what happens conditionally to it. In particular, Proposition 6 in Appendix D
states that if we can bound Ai‘ o with a linear combination of terms evolving as n, (kl ) for every
couple (i,j) € A;y1 and different k£ > 1, then we can infer a worst-case behaviour, which yields
Theorem 1 and Theorem 3.

In the following, we w111 refer to the term Z

d +1) ©) as the unfavorable event probability
and to the term E|[ Zt d(d+1)/2 ]l{Et}AAij

as the Zlgh-probablhty regret.

5.2 Regret of OLS-UCB-C

For OLS-UCB-C we consider the sequence of events & = {G, N C;} for all t > d(d + 1)/2,
corresponding the confidence regions of (fi¢)¢>q(a+1)/2 and of (3, i j))e>d(d+1) /2, (i,j)lq)> defined
in Section 4. Under these events, we can upper-bound the high-probability regret from Eq. (13) with
the following proposition (proven in Appendix E.1).



Proposition 3. Let § > 0. Then, OLS-UCB-C yields

T-1 d 2
E[ > AAmn{gmct}}:0<log(T>210g(m>2 max )

t—d(dr1)/2 — acAjica A,
as T — oo, where o2 0= jea(Zig)+

Conclusion of the proof. Injecting results from Proposition 3 (high-probability regret) as well as
Proposition 1 and Proposition 2 (unfavorable event probability) into the template bound (13), we get

2
E[RT]:()(log 2log(m Zaenj?féa A ) (14)

1€[d]

for OLS-UCB-C as T' — oo. This provides the gap-dependent bound of Theorem 1. The gap-free
bound is detailed in Appendix E.4. Tt is enabled by the fact that our gap-dependent bound does not
incur any term in A2 | unlike Perrault et al. (2020b); Degenne and Perchet (2016).

min?

5.3 Regret of COS-V

For the analysis of our stochastic algorithm COS-V, we need to consider events related to the sampling
distributions in addition to the events G; and C; introduced in the precedent section. For this purpose,
we denote the event H; defined as

He = {VZ S [d},

" Ati1/2
(,Ut,i + (L4 9gt5)frs (Zﬁtl > bt

<gt5ftz“/}. (15)

The high-level idea of the event H, is to ensure that the sampled rewards fi; ; upper-bound the true
mean p; while not being too far for all the items ¢ € a*. Showing that the event H; indeed occurs
with high-probability (Lemma 7 in Appendix F) and setting the events & = {G; N C; N H;}, we can
upper-bound the high-probability regret in the following proposition (proof is in Appendix F.2).

Proposition 4. Let § > 0. Then COS-V yields

T-1

3 2 L mE,
IE{ 3 AAm]l{gthtﬂ%t}] O(log(T) log(m) (ZA‘ : ))

t=d(d+1) i=1 — Hmn

Conclusion of the proof. Injecting results from Proposition 4 (high-probability regret) as well as
Lemma 7, Proposition 1 and Proposition 2 (unfavorable event probability) into the template bound
(13) yields

i
E[Rr]) = O<log(T)3log(m)2 Z ml . ) , (16)

ie[d] 2, min
as T — oo. This provides the gap-dependent bound of Theorem 3. As it does not incur any term in
A as in Wang and Chen (2018); Perrault et al. (2020a), this result can be used to derive a O(f )

gargu%ree bound for a sampling-based combinatorial semi-bandit algorithm.

6 Concluding remarks

We propose and analyze two algorithms for combinatorial semi-bandits. OLS-UCB-C is a deterministic,
covariance-adaptive algorithm. Compared to other existing approaches, our algorithm is typically less
computationally demanding and yields the first O(\/T ) gap-free regret rate that explicitly depends
on the covariance of the base item rewards and the structure. COS-V is a variance-adaptive, TS-like
algorithm. Its complexity is significantly lower under certain types of constraints, but its regret is
suboptimal as it assumes worst-case correlations. However, leveraging the analysis of OLS-UCB-C, it
also yields the first O(\/T ) gap-free regret upper bound among sampling-based approaches.
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Appendix

The Supplementary is organized as follows:

— Appendix A proves the lower bound from Theorem 2,

— Appendix B outlines proofs concerning the concentration of the average estimator (Proposi-
tions 1)

— Appendix C presents those for the covariance estimator (Proposition 2),

— Appendix D establishes general propositions used to upper-bound the number of times each
item is chosen,

— Appendix E and Appendix F detail proofs for 0OLS-UCB-C and C0S-V,

— Appendix G presents some experimental results.

A Proof of the lower bound (Theorem 2)

Theorem 2. Let d,m € N* such that d/m > 2 is an integer, T € N*, and X = 0 a covariance
matrix. Then, there exists a stochastic combinatorial semi-bandit with d base items, and a reward
distribution with covariance matrix 3 on which for any policy w, the pseudo regret satisfies

1/2
max DI .
- aG.A z€a ’

Proof. We follow the methodology of Auer et al. (2002b), modifying it to account for the different
variances among actions.

Letd, m € N* such that d/m > 2 is an integer, T' € N*, and a covariance matrix 3 > 0. We consider
the structure where A = {a1,...,aq4/m} C {0, 1} contains d/m disjoint actions each having m
base elements. We consider that for all p € [d/m)], (ap)icjq) = (1{(p — 1)m < i < pm}) Let
7 be a policy. As all the actions are disjoints, we can reduce ourselves to a multi-armed ban 19 with
d/m actions, where for all p € [d/m)] the variance of the p-th action is (a,, X,).

Let X' € My, (R) be the diagonal matrix where for all p € [d/m], ¥/ = a) Za,. Let ¢ > 0, and

d/m
A = 20\[ 2, TR a17)

/! — 3 /
where X1, = minye(q/m) 2,

We denote Gy ~ N(0,%’) a (d/m)-dimensional centered Gaussian distribution with covariance

matrix 3'. Letp € [d/m], we consider the mean vector 1(P) € R%/™ having coordinate 0 everywhere

and A at coordinate p, for all ¢ € [d/m)], ul(.p N {i = p}. We introduce the Gaussian reward

distributions G}, ~ N'(u?), ¥') and denote T}, = Zthl 1{A; = p}. Then, using policy 7, and
considering the reward distributions G}, and G/, the average number of times action p has been
chosen satisfies

Erc, [T — Erco [Tp]‘ <T TV((W, Go), (7, Gp)) < T\/;KL<(W7 Go), (7, Gp)) . (18)

where TV denotes the total variation distance, KL denotes the Kullback—Leibler divergence and
the last inequality uses Pinsker’s inequality. Then, using the divergence decomposition between
multi-armed bandits (Lemma 15.1 in Lattimore and Szepesvari, 2020),

d/m
KL((m, Go), (1,Gp)) = Y Er g, [Tr] KLNV(0, '), N (), 2))
k=1
d/m ( (p)\2
)
= ZEW Go Tk] 22,
k=1

12



Reinjecting this expression into Eq. (18), we get

T d/m
EW,GP [TP] < Erq, [TP] iy Z ’
2 Xk
k=1
1

b,p
s d/m
=ErcolTp] + cr| TE 6, [T, Znin Z = + reinjecting Eq. (17)
Xhp 2

d/m
< Er o [Ty] + ey | TEr, G, [1))] Z E;c,k

Now, summing over the actions p,

d/m d/m

Z]E‘rrG <ZE7TG0

(19)

We denote Rg? ) the average cumulative regret incurred with the reward distribution G, then

d/m d/m

ZR“’) AZT Er.c,[T}])

d/m 2 d/m
=2 E;nink% ( Z Erq, > <+ reinjecting Eq. (17)
d/m s
> 2c\| xR TR + from Eq. (19)
/ d
=2c 23I/nin E
> 2c ;nini
m
Taking ¢ = 21:, 1-17),
d/m d/m 2
d 1 m
R(P) > T YU 11 —
Z T ; k,k 2 d

d/m
TZE;M —asm/d<1/2.

v
I
\
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Therefore, there exists at least one instance p* € [d/m] such that

Now, decomposing
d/m d/m
PIREEDD ( Z Z 2m> = Z e ) Big
k=1 k=1 i€ax j€ax i€[d] Jj€a

we get

B Concentration of the average rewards estimations (Proposition 1)
Proposition 1. Lett > d(d +1)/2 and § > 0. Then, P(Gf) < §/(tlog(t)?).

Proof. Lett > d(d+1)/2and § > 0.
We have

fr.s = 6log(1/8) + 6(log(t) + (d+2) log(log(t))) + 3d(2 log(2) + log(1 + e))

og(t)? o ¢
=6log <t1 i(t) (log( log(?) ))> + (6d10g(2) + 3dlog(2+ (e — 1))>> .

T+ (e—1

Covering argument (Peeling trick). The peeling trick consists in separating the space of trajectories
up to round ¢ into an exponentially large number of parts, each having an exponentially small
probability.

Formally, let 0 < € < 1. For each p € N¢ we associate the set
D, ={zeRst.Vie[d, (1+eP <z; < (L+eP '}, (20)

As an abuse of notation, we denote by (¢t € D,,) the event ((nt7(i,i) + 1)ie[d] € Dp).

Setting P; . = Llolg(gl(j_)s)J, we define for each p € [Pt’é]d
N, = diag(((l n e)pi>ie[d]) e My(R),
Z:,=V;+N,ds + || B|*I. (21)

In particular, under the event (¢t € D,), N; < (1 + ¢)N,,.
Using this covering, we decompose
¢
PG =P( | D dans|| > fus
s=1 Z;l
= Z P<<||St|zt1 > fms) N(te Dp)>
]d

PE[Py, e

< Z P<<||St|zf,,,1, > ft,rs) Nn(te DP)) :

PE[Py )¢

We now apply the following Lemmas.
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Lemma 1. Lett > d(d+1)/2,0< e < 1, p € [P )¢ and § > 0. Then,

Norm,

P<||St||zmﬁ > 6log (Norm"

t,p

)+ 6log(1/6)> <, 22)
where

1/2 1
Noru, = [ (22N < 5 bexp{-IAlE,  Jan.
A€R4
1
Normy, :/ 112320 < 5} exp{-IAlZ,, A
AERE

Lemma 2. Lett > d(d+1)/2,0<e<1landp € [Py Then,

Norm 1 det(Z; ;)
1 ( P ) < dlog(2) + = log [ S82tp) ) 23
o8 Norm,;/ — 0g(2) + 98 det(Zo,p) 23)
Moreover, under event (t € Dp),
Norm,, 1
< — .
o <Normp7t) < dlog(2) + 5dlog(2 + ) (24)

In our case, setting € = e — 1, they yield

PG < > d P({wt”zt,; > 6log (“Ogé(t)Q log(t)d> + <6dlog(2) + 3dlog(1 + e)) }

PE[P, ]
N(te D,,))
tlog(t)? a Norm,,
S Z I[D HSt”Z:;, > 6 log T log(t) + 6 log m
PE[Py ¢ ' P

N(te D,,)) < Lemma 2

tlog(t)? J Norm,,
P 1 1 —1 1
> (IIStllzw >6 og< 5 loa(t)! ) +Glog { Fm

PE[Py ¢

IN

< Lemma 1

1 1
< -
- Z 6tlog(t)2 log(t)4

PE[Py,e]?
1 1
=5————— _log(t)*
Tog(@)2 log)? 18
B 1)
~ tlog(t)?”
O
B.1 Proof of Lemma 1
Lemma 1. Lett > d(d+1)/2,0< e <1, p € [P )¢ and § > 0. Then,
Norm
P > 61 ( P ) log(1/8) | < 2
(”StHzt; > 6log Normy,, +6log(1/0) | <94, (22)

where

1/2 1
Norm, = [ 1{IZIA < 5 fexp{=lAI, 3.
[S

1/2 1
Normy :A Rdn{uztg A< 5 fexp{= NI, , }x.
g
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Proof. We adapt the proofs from Faury et al. (2020), which adapts Abbasi-Yadkori et al. (2011) itself.
Lett >d(d+1)/2,0<e<1,p€ [P]%and§ > 0.

Let A € R? such that ||| < g7 and s € [t]. We denote F_; = 0(A1, Y3, ..., Aro1, i1, Ay).

Then, |ATd4.n,|| < 1/2and

E[exp()\ dan —ATda EdAA ’ 1} <1

which yields that (Mk()\)) = (exp (ATS), — ”)\”%/’“))keN* is a F -supermartingale.

keN*

Let p € [P, (]9, we consider the density g, of a d-dimensional Gaussian with covariance matrix
%(dig + ||B||21)71 =1z} - truncated in the ellipsoid {2 € R?, HZ1/2x|| <1it,

1z e RY, |1Zy7]| < 5}
gp(@) = Zexp (— Jallg,, ) -

Norm,,

where Norm,, is the normalisation constant.

We integrate (Mk(/\))k . for A\ ~ g,, and define (M, x)ken- as
N

1{)| 22| < 5t

Norm,,

M,y = M (N)d\ = / exp ()\TSk - HAH%W)d)\
AERC AERC

which is still a supermartingale.

Let \; , € arg max ATS; —[[AlZ, ,)- Then

{Zéfﬁuxusi}(

exp(Ai ] Sk — 1N 1%, ) /
I1Z/5 All<

* \ T 2 * 12
o exp ((A ) TS - A, + ||At,p|zk,p>cu

1

2

exp)\ Af
_ =2 | ””Zw)/ exp [ ATSk = [MzZ,, — 22X Zk A7, |dA
” 1/2)\+Z1/2/\* <1

Normp

2

exp(Af Sk — ||>\Zp||2zt,p)
Normp ” 1/2)\” 1

Z
exp(Af Sk — 1N, 11Z, )
- —27 ) Y
Normp |z 1/2/\H§%QXP kpA l ||zk

exp(\ TSk — N, 1%, )

= Nor ormyp
Normp P

HIZop <} [
— 27
/AeRd Normy, ,, A (Sk koA ) H)‘sz

where we can recognize gy, ,, the density of a d-dimensional Gaussian with covariance matrix L 52y, ;,
truncated in the ellipsoid {z € R, ||Z1/23:|| <1}

< ATSE, — ||>\||Zk 2)\Tka>\*,p> d\

{125y <}
grp(@) = Lexp (= llel3,, ),

Normyg,

with Normy, ,, the normalisation constant.
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Besides, Jensen’s inequality yields
1/2

/ || Zg), Al < 1}
AER4

Normy, ,,

exp <)\T (Sk — 2Zk,p)‘;fk,p) — ||A||2ka>d)\

_ / ghp(A) exp (AT (s - 2zk,px;p)> dx
Rd
> exp ( / 9o VAT (Sk = 2Zi,0,) d)\>
R4

.
— exp <(Sk ~2Zp i, ) /R d gt,p(A)AdA>

=1.
Therefore, for all k € N*

Y Normy T 2
1 Z Mp,k Z m eXp()\;pSk — ||)‘z<,p||Zk7p)'

Markov’s inequality yields

re(i )

Normy «T * 112 !
> P(Nm P Sk = Ny lz,) 2 5

N . Norm
- P(At;sk — 1Nyl > log (o) + logu/a)) .

k,p
Taking k = ¢ in particular gives

1/2
0,/11 A<i Normy,

5>IP’< max  ATS; — |||, >log(1\brmp)+log(1/§)>.
Iz

The constraint on A in the inner expression prevent to use the usual optimal value for subgaussian r.v.
which could give a bound for ||S; ||QZ,1. Instead, we introduce
t,p

N 1 Z;;St
tp = TTar
P 4TS
for which
||Z1/2)\ I <1||Z1/2Z—1/2|‘||St||2;;
ow Aerll = 31 o Zer Mg
t,p
1
< —.
— 4
Then
1 1 Norm
> — P > 71’)
5_P<4||St|zt‘; 16151z = los (o +log<1/6>>
16 Norm 16
=P( 1S, > —1 (7”) —log(1/6
(II tlz;s 2 5 los (Jorm, ) + 75 18(1/9)
> P [|Sll-1 > 6log (M)wlogu/(s) .
- Zip = Norm,
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B.2 Proof of Lemma 2

Lemma 2. Lett > d(d+1)/2,0<e<1landp € [Py | Then,
Norm 1 det(Z;p)
1 L) <dl 1 — ) 23
o8 (Normp’) 0g(2) + <det(Z )) 23)

Moreover, under event (t € ’Dp),

Norm 1
I ————P ) < dlog(2 —dlog(2 .
8 (Normp’) < dlog(2) + 2 0g(2 +¢)

(24)

Proof. Lett > d(d+1)/2,0 < e < 1and p € [P, ]¢. Then, following steps from Faury et al.

(2020) yields
Normp:/ {22y < | }exp{—||)\||2zo }dA
AERE v

)\< exp{—||\|[?}dX,
= T e I = 5 ety

and

Nowmng, = [ 1{jzgal < 3} exp{-IAl3, , Jax
AER

_ 1
- 1)zl 2z 12 ) < 7} VI
Tz fon 1B 20N < T eI

Noting that ||Zl/2 _1/2|| < 1, we deduce

1 2
I < 7 } exp{=IIAIP}dA.

Normy ), > /
P /7Zt )

Therefore,
Norm,  [det(Zyy) Jes 1{IAN < 3 }exp{—[IAl*}ax
Normy , — det(Z ,p) fRd {||)\|| < i}exp{—||)\||2}d)\

We treat the integrals as

Jaa 1{IAN < 3} exp{~[IAl2}ax Jra (ﬂ{W <it+ifi<mis ;}) exp{—||AI2}dA

Jra 1A < LY exp{—IA7}ax Jra {1 < 1} exp{=IA[2}dA
. Joa 1{% <IN < 3} exp{— A2}
Jua L{INI < 3} exp{—[IA2}ax
exp(—1/16) Jea 1{% < 1A < 3}
eP(=1/16) - a{Ial < 3 fax

= 2%,
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Thus

1 Tt (i,i) D
< dlog(2) + - 1 L 5
< dlog(2) + 1 og(‘H( +(1+e)mzi,i+|\3||>
", (i%)
1 _— .
( ( +(1+6)pi)>

In particular under event (¢ € D,,),

N d
log ( ormy, > < dlog(2) + 3 log(2 +¢).

Normy

C Concentration of the covariances estimations (Proposition 2)

Proposition 2. Lett > d(d + 1)/2 and 6 > 0. Then, P(C{) < §/(tlog(t)?) .

It is a direct application of the following proposition:

Proposition 5. Let § € (0, 1). Then with probability 1 — 6, for all t > d(d + 1)/2 and (i, j) € [d)?
“reachable”,

. B:B; [ 5h h? 1
|Xt,(i,j) _ Ei,j‘ § I J ( t,0 + t,0 . ) '
Nt,Gig)  T,G60) T 3,9)

where hy 5 = (1 + 2log(1/6) + 2log(d(d + 1)) + log(1 +t))'/2.
Proof. Letd > 0,t > d(d+ A)/2. We remind

= {V(i, ) € [d]* “reachable”, ﬁ]t,(m) >3}
Let (i,4) € [d]* “reachable”. Then

)Zt,(z‘,j) = St,(i,j) - ﬂt,iﬂm‘
t

t
1 1
= A Ve — ( ZAY)( ZASJYSJ)

@) =1 [t i s=1

And,
t t

N 1 1

\0J) g=1 K ,] o

i o D( mw

s=1

NEs IAJ[ D]

— ZAMASJ[SHJ Sig) l(
ES RS

Ny 4

s=1 s=
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A triangle inequality yields

X, (1,5) — Big| <

ZAS’LAS][ EX’ sg z]}
s=1
B ntzZqu[ ER ﬂz:|

+ =L
2 s=1

Sl

s=1

t,(i,5)

72‘47]{ 5, MJ}
tJ s—1
izt:As,j {Ys,j—#a} :

", s=1

B
2

We make repeated use of the following Lemma

Lemma 3. Let (H,)ien- be a filtration, (U;)ien+ be an H, adapted martingales bounded by C' € R,
with E[U1] = 0, and (1{V;})ten~ be a predictable process and § > 0.

Then with probability at least 1 — 9, for all t

11»( > et H{VA}U, ¢ 21og(1/6) + log(1 + ztjll{vs})> )

1‘*‘22:11{‘/8} g 1/1+Zi:1]1{V8} s=—1

Therefore, with probability at least 1 — §/2, for all (z 7) and t,

t
1 B;B;
AsiAs j|YsiYs ;i —Siil| < Ay i Ag —Si; —
’[’Lt7(17‘7) ; S$,7 8,7 |: 8,1+ 8,7 'L,]:| —= nt (l ]) + 1 Z 7 ,j [ S, 7 9 j 7,7_]} + 4(nt7(l,j) + 1)
B;B; 1
< I V/21og(1/6) + 2log(d(d + 1)) + log(1 + t)
4 nt,('é,j) + 1
B;B;
Ane i)
< i\/ﬂog (1/0) + 2log(d(d+ 1)) + log(1 +¢)
— AN
B;B;
R
Ane i)

With probability at least 1 — §/2, for all 7 and ¢,
1< 1<
Asi{Ysi— z} Asi{Y:ei_ z}
nt,i; ’ A nt,iJrlg ' i b

B,
< —21 .\ /210g(1/6) + 2log(2d) + log(1 + t) + .
2 /M (i4) Ny (i4)

%

27 (i,4)

_|_

Therefore, reinjecting those expressions yields that with probability at least 1 — ¢, for all (¢, j) and ¢,

25 < BB V/210g(1/6) + 2log(d(d + 1)) + log(1 + t) + _BiBj
4\/ t,(4,7) nt7(i;j)
N B;B;(2log(1/6) + 2log(2d) + log(1 + 1)) N B; B,

4\ /M (i) 0, (5.5) Ang (3,) M, (5,5)

Xt (i) —

B;B; 1 1
+ = + ) V/2108(1/3) + 210g(2d) + log(1 + 1)
4\ GGy TG,/ ()

BiB; [ 1 1
+ V/210g(1/6) 4 21log(2d) + log(1 + t)
4 (x/”t,@,i) \/nt,u,j))
B;B; B;B;
< 25 /210g(1/8) + 2log(d(d + 1)) + log(1 + ) + ——1
/M (i.g) Any (i g)
N B;B;(2log(1/6) + 2log(2d) + log(1 + 1)) N B; B,
A/T08 ), .g) Ane (a0 M, (5.9)

1 1
+ V/21og(1/68) + 21log(2d) + log(1 + t).
(\/nt,(i,i) \/”t,(j,j))

B;B;

T
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To simplify this expression, using 1y ; jy < min{ng ;q, 7, (;,5)F and 7 65y < /T, 607, (.g)
yields

[Xt,Gi,5) — 2 g <5

BB, 1

4 VM)

B;B;

et B (1 +21og(1/6) + 2log(d(d + 1)) + log(1 + t))

4 Mg
BB, 1

—.
4G
1/2

Denoting h; 5 = (1 + 2log(1/6) + 2log (tlog(t)?d(d + 1)) + log(1 + t)) , we have with
probability at least 1 —

V/21og(1/6) + 2log(d(d + 1)) + log(1 + t)

_|_

26
d(d+1)tlog(t)?

X B;B; / 5Shys h? s 1
[Xt,6.5) — gl < J( Ly

4 N, Gig)  T,(4,5) ”tQ,(m‘)

A union bound yields the desired results. O

C.1 Proof for Lemma 3

Lemma 3. Let (H¢)ien- be a filtration, (Uy;)ien- be an Hy adapted martingales bounded by C' € R
with E[U1] = 0, and (1{V;})+en+ be a predictable process and 6 > 0.

Then with probability at least 1 — 0, for all t
t t
1{V5}U;
]P’( 2oy 1Yo} > ¢ JQlog(l/(S) +log(1 + E ]l{%})) <9J.

LY 1V s v

Proof. Lett > 2. Then U, is C sub-Gaussian and for all \ €

\2C?
exp </\Il{Vt}Ut -3 1{Vt}> Hio1| <1

s=1

E

s=1

We use the Method of Mixtures by integrating for a A\ ~ A/(0,1/C?). This yield

C A2C?
— — ——— ) Wi (XN)dA
//\eR 27TeXp( B) ) t()

Then (Wi(A))ten = (exp()\ 22:1 1{V} U, — )‘ZCQ S ]l{Vs}))tEN* is a supermatringale.

C : 2202 :
_ m/)\ERexp ()\Z]I{VS}US - (1+;]1{V5})>d/\

s=1

= < exp ( (ZZZI ]I{VS}US)Q
V21 Jier 202(1—&—22:11{‘/8})

oo S VUL

27 1+ s VY

:exp< (X' 1{v3u,)? ) 1
202(1+ Y, 1{V.}) SRR

PCH1+ Y1 Jar
s=1

<1.
Therefore,
Yoy H{VIIU, c t
P a 21og(1/6) + log(1 1{V; <94.
<1+2‘;_11{VS}> 1+zz_1n{v;}¢ £01) +log(1 + Y1 }))
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Using the stopping time construction from Abbasi-Yadkori et al. (2011) yields the property for
all ¢. O

D Behaviour in the high-probability events (Section 5)

The following proposition states that under some assumptions on the sequence of events (&;), the
regret can be bounded by problem-dependent quantities (including 32, T', or d). They are not all
explicitly stated in Proposition 6 to make it adaptive to both algorithms but are hidden in the constants.

Proposition 6. Letr € N, e € (1,+00)". Let (£;)¢>d(d+1)/2 be a sequence of events such that for
allt > d(d+1)/2, under &,

A? ,
g ¥ Gy

Cs
Ny (i n®
1€A 11 t,(4,7) selr] L(i,5)€A+1 t,(i,5)

; (25)

where C and (Cs)q¢|r) are problem-dependent positive constants. Ca,_, ; is a positive constant
depending on Ay 1 and i so that, for all a € A, Cq; < 2mX,; ;. Let ¢ € RY and (cs)se) € (RY)”
be positive constants such that 1/c + 3 o1, 1/cs = 1.

Then,

T-1
Z AAt+1]l{6t}

t=d(d+1)/2

) Cai
< 96¢,C'log(m) ieZ[;] (aéﬁ?fea A, )

+ sizl ]l{eS = 2}346 (CSCCS log(m))l/zmd2 <1 +log (i::))

+1{1 < ey < 260301/ (c,CC, log(m))1/€3d2m2/€sA1f2/65

min

€s

+ 11{2 < 85}60.301/63 (cscos 10g(m)>1/es

S

2d2m2/@-§A;;i/fs]. (26)

where (o) ren, (Bk)ken and ko € N* are defined in Appendix D. 1.

Proof. The proof is classical and involves a decomposition of the events &; (see Kveton et al. (2015);
Degenne and Perchet (2016); Perrault et al. (2020b)). By considering each of the r sub-sum in
Eq. (25) and designing sets of event that can happen only a finite number of times.

We introduce two sequences (ay)gen+ and (Bx)ren+, both begin at 1 and strictly decrease to 0
(see Appendix D.1 for their definitions). These sequences are introduced to be able to consider the
different terms of Eq. (25) separately.

Let (cs)sepr] € (RY)" such that - (.
Lett > d(d+1)/2, k € N*. We define the set

]]-/CS = ]..

C 0,24 i

S == { A 5 i < e —— AR }, 27
bk 1€ Agpr, Ny < cimaoy A2 SH 27

t+1 9

and the event
7 b

At,k—{ doa 2B VI<k ) C’<ﬂlm}. (28)

€51 Atg1,i ies}, Atg1,1

A notable difference from previous approaches is the use of X7 ;/C, ; in A}, instead of set cardinals.

This enables the explicit appearance of the C, ; coefficients, which will involve the aii for the

application of this proposition to our algorithms.
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For s € [r], we define

.. e C
Sir = {(z,j) € Ay, N < csmiay A,%x Cs} (29)
t+1
and the events
s = {185k 2 Bum®s V1< k1S5 < Bim? ). (30)

The following Lemma, proven in Appendix D.2, decomposes (&;)¢>d(d+1)/2 using these events.

Lemma 4. Let’s consider the assumptions of Proposition 6. Let Ay j, and (A? k)SE[T] be the events
defined in Eq. (28) and Eq. (30). Let ko € N* such that 0 < mfy, < 5-andt > d(d+1)/2.

ko r ko
1{&} < Z L{Ayx} + Z Z L{AF .}

k=1 s=1k=1

Using it, we decompose

T-1 T-1 r
Z AAt+1]]'{€t} < Z [ZAAf+1ﬂ{At k}+ZZAAf+1]l{At k}}

t=d(d+1)/2 t=d(d+1)/2 Lk=1 s=1k=1
T-1 r ko
= Z |:AAt+1 Z 1{At k}:| =+ Z Z |:AA1,+1 Z H{Afk}} :
t=d(d+1)/2 s=1t=d(d+1)/2 k=1

€19

We begin with the first term of Eq. (31). Let ¢ > d(d +1)/2, and k € [ko). Then,

Atk—{z i > Bpm; Vl<k‘z C <ﬁz} {ﬂmZCA }

Ca . i
€St A1, i€st, i€st,

Therefore,
1 bIF .
:U.{At,k} < ﬂkm E : ]I{Atk N {Z c St,k}} . (32)

C
ie[d] At+1a2

Summing over t and &, and including the gaps yields

Z AAM Z L{A} L (33)

t=d(d+1)/

< Z AAMZﬂ Z CA;Z_]l{A;km{ieSm}}e by Eq. (32)

t=d(d+1)/2
1 AAM

<Zzzz Z Zﬂ C ]l{zEStk}
i€[d] t=d(d+1)/2 k=1 KM G A

T

Ay, C
= Z 3 R Z Bk Z +14]1{nt,(i7i) < C1mak%} L by Eq. 27

2
(C ) i

C
i€ld] t=d(d+1)/2 A P

(34)

Let i € [d], we consider all the actions associated to it. Let ¢; € N* be the number of actions
associated to item ¢. Let l € [qi], we denote €. € A the I-th action associated to item 4, sorted by

el i .
decreasing c , with = = 0 by convention. Then

c
1
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T-1

Ay C
t+1
> 14 M i) < comag —x——5——
Ca 1 Att1 ) 3.
t=d(d+1)/2 t+1,0 Cayiri %
T-1 4 A 1 C
< % 1 < A _
= C Tt (4,4) 1Mok —x ) ) t+1 = €;
t=0 |=1 €t c 11) Ei,i
T-1 qi
Sy oy TR N W
= t,(4,1) A ) t4+1 =
; c1mao el
=0 1o Ceta kC (& o )
T—1 q; l
LAy 1 i 1
= . i Z 1 g < My (i4) o A A1 = e; p < decomposing the event
—0 — el — e k €5
=0 1=1 €t p—1 (Czp_l ) ( 5?11)
T=1a LA 1 1 Ar
2 3 _ 1 €
< ZCP 1 A1 o t(zz)cmak0< Ap ' At—‘—l*ei < as SOP-
t=0 |=1p=1 €i* (C - (02; ) el
Cf7 i e i
i T—-1 qi
a Ae? K 1 1 < Ei,i < 1 A 1
= 2 —_— N (i3 t+1 = €;
— Ceri 3 & Aep=1 19 @D e may,C ( Acp )’ + :
" - (Ce? L C:P,i
i T—-1 qi
L A I 1 i 1 l
< c : 1J — < Mg, (4,4) o mo; ¢S AL Ayrq = e; p + we extend the sum over [
p=1 "€ =0 1=1 (= k (&2-)
Cef?*l i el
i T-1
g Aef 1 i 1 . . . .
= c 1 A, < My (4,0 oo C < 5 5 0 € A¢y1 p < we simplify the inner sum
— el T el k i
p=1 i t=0 (CQP L (Cep,i )
2 2
Acr (oF: P i\ cymaC Ce%’*l,i cymayC . .
< Z : : — < < the event can only happen a given nbr. of times
Ceg) A, » DI Ae?_l i
2 ) i—1 2
i\ eymog,C | Ber & Cer i\ “e1may,C | [ Aer Ae€+1 .
= - — + E — ¢ summation by parts
A ) Bii JCai (3 I\ Ax ) i I\Caa Capn

. q;—1 2

cimoy,C Ce?'b,i e7 J e? Aef“ .. ..

< —— [ ==+ E — + everything is positive
21'71‘ Ae{h‘ P Cef,i Cez-)+1,i

Ael
< amapC Ceti i +/<(Ceg‘7)

—dx
= A q.
Ei,i Aegi - i ) 2
edi ;
2 2 2
_cymogC Ce;“,z' n Ce;“ Ce}
N Ei,i Aegi Aegi Ae%
< 2c1mayC Cefi,i
2cimagC Coui
< 17’“( max “) (35)
Ei,i acA/ica A,
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Reinjecting Eq (%5) into Eq (34) yields

Z AAt+l Z]I{A k:} < Z 22 7 ZO Bl 201;76;0416 ( max Ca,i)

t=d(d+1)/2 ield) acAjica A,

k .
= 2010( ; %) ig[;] (aerféllg/iz}'(Ea ilal)

= 96¢,C log(m)? Z ( max Ca’i) ) (36)

ATi
by a€A/i€a a

We treat the  other terms in a similar way. Let s € [r], ¢t > d(d 4+ 1)/2, and k € [ko],

1
s __ s 2. S 2 2
tk = {|St,k| > Bem®; VI < k7|St,l| < Bim } c {Bkmzls’ > 1}~
Therefore,
L{Af ) < 5 ( )z:[ ] H{Af,k n{(i, ) € Sf,k}}~ (37)
i,7)€[d]?

Summing over t and k yields

Z AAHI Z]I{A

t=d(d+1)/

S AAMZ G 147 0{(i,4) € S5} } + by B 37)

t=d(d+1)/2 * et

T—1
Z Z Z Bem AAr+11{(Z j) € St k)

(w)e[d]% d(d+1)/2 k=1

1
Z Z 5]@ Z AAt+1 {nt,(i,j) < mQ/GS (Csakocs)l/esAg/es} .+ by Eq. (29)

(i,5)€[d)? k=1 t d(d+1)/ Apgq

(38)

Let (i, ) € [d]?, we consider all the actions which are associated to it. Let q(l j) € N* be the number
of actions associated to the tuple (i, j). Letl € [g(; ;], this tlme we denote e( ;) € Athe [-th action
associated to tuple (i, j), sorted by decreasing Ael(. 0 , with <

= 0 by convention. Then,
(1 7)

Z Ay, 1 {nt’(i,j) < m?/® (ce0,CC, )1/6§A2/es}

t=d(d+1)/2 At
T—149(,5)
1/es l
<> 3 a (”)]l{nt (.5) < m*% (s CCy)* A2/e Ay —e(m}
t=0 [=1 Atg1
T—149(,5) 1
_ —2/eg —1/es l
= Z Z Ael(iyj)]l{nm(ivj)m /E (CsakCCS) /e g Ag/es R At+1 = 6(1])}
t=0 1=1 e
T—149(,5) l 1
= Aezi.j) Z]l NS < Ny (4,5)M —2/es (c o, CCy ) 1/es < e A1 = el( ’j)}
=0 i=1 o=l Aez()fjl) Aez()i,j)
T—14,5) q(i,j) 1 / / 1
—2/es —1/eg 1
< A :&7]‘) 1 W < nu(m)m (CSOékCCS> < Az/e At+]_ = e(i,j)
t=0 p=1 l=p eP—1

(4,5) (i.9)
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q(i,4)

e e 1
< Zl (LJ) Z ]l{ 2/es < Tt (i,5)M 2/ S(CsakCCs) 1/ < Az/ - 1€ At+1}
p=

1
eﬁ ) €(i.5)

3 qi.5) A m?/es (c,0,CCy) Y/ e m2/¢s (g, CCy )Y e
= Z (i) A2/es a A%
p=1 ot

1
(i,5) ft 7)

1
m2/es (cs,CCy) e YCD T | p2/es (cs,CCy)Y e
e SR o e R
B G

< m2/es (CsakCCs)l/es (Ae%,j))l_wes + RSl (AP )_2/65 (A »  —A P+l )

€(i,4) €i,5) €(i,4)

1-2/e, Ae%i 5
§m2/es(csakCCS)1/eS (A q(”)) +/ D p=2esdy | .

6D A RG]
€(i,5)

If e, = 2, then

1
Z AAtH {nt,(i,j) < mz/es(csakccs)l/esw}

t=d(d+1)/

Ael. .
< m(csa, CC)'/? (1 +/ (.9) -T_ld.r>
A q; s

AG9)
(4,5)

Aty

< m(csapCCy)? (1 + log (imax>> )

min

Reinjecting this expression into yields Eq. (38), fore; = 2

Z Ay Z]l{A Kt < Z Z ﬁk m(csapCCy)Y/? <1+log(imax)>

t=d(d+1)/2 (i.d)Eld]? ke ko] i
d? A al/?
= (¢;,CCs 1/2 1+1o ( max) k
( ) & Amin kz Bk
€[ko]
1/2 Am'}x
< 346(05005 1og(m)) md? 1+1og( - ) . (39)
Else, for 1 < e, < 2, then
Z Ag,, 190 <m2/65(caCC)1/esL
t+1 t,(i,5) = s&k s A2/es
t=d(d+1)/2 Ari
1-2/es Ae(li H
< m2/65(csakCC's)1/eS (A ,,(”>) +/ I g2 es dy
€(i,9) A

9(i,5)
“(i,4)

1-2/es
(b ) T (s - e ) )

€(1>J) (i,4)

1-2/es
< m?® (eapCCy)V <<A G, n) s (Ai}%es - Al%%fs>>
€(i5) i e

< 3m%® (cy0,CCy) e AL-2/%

min
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This yield
Z AAt+1 ZH{A k)< Z Z ﬂ 3m2/e *(csa,CCy )l/es Arlmf/es
t=d(d+1)/2 (1,9)€[d])? k€ [ko] K

= 3(c,CC, )1/e d2m 2/e972A3mr?/es Z
kelko]

l/eS

1/es

fes B
< 189.301/° (cSCC’S 1og(m)) d2m2/e ALY (40)

Finally, for e; > 2,

T-1
es es 1
> AAtH]l{nt,(i»j) < m?® (e, CCy)Y A2/es }

t=d(d+1)/2 At

1-2/e, Ae%y, 5
< m2/® (e, CCL) Yo (A q@J)) —|—/ nD p2les gy
€i.9) A

LG9
(i)

1-2/es
= m?/e (Csakccb')l/es <<A 4, 7>) + e ei 2 (Ai% 2)/% a Alg(%)ﬁ))

(i.5) (i,4)

1-2/eq
< mQ/ES (Csakccs)l/es 6752 (Amax) y

es —
and
m2/es 1/e, Cs 1-2/es
Z AAt+1 ZH{A k} < Z Z ﬂ Csakcc ) j(Amax)
t=d(d+1)/ (i.)eld? keko] F
1/65
= (0xCC) o Pl AR 57 S
s — ke(ko]
1/es
< 63.301/¢ (CSCCS 1og(m)) %d%%ﬂ;ﬁ/% . @D

All in all, we reinject Eq. (36), Eq. (39), Eq. (40) and Eq. (41) into Eq. (31), yielding

T—-1
Z AAt+1 1 {gt}

t=d(d+1)/2
T-1 ko r ko
S Z |:AAt+1 Z 1{At,k}:| =+ Z Z |:AA1,+1 Z 1{A§,k}:|
t=d(d+1)/2 k=1 s=1t=d(d+1)/2 k=1
Ca,i
< 96¢;Clog(m)? Y (aergz}g;a A )

1€[d]
+ 827; It{es = 2}346 (cSC’CS log(m)>1/2md2 <1 +log (ii‘i))

1/es
+1{1 < e, < 2}63.30/ (e,CCLloglm))  dPm®/e ALY

1/es €

+ 11{2 < 68}63.301/55 (csccs 1og(m)) 2d2m2/65A}ng§/eS] L @)

€s —

O
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D.1 Definition of the sequences (o) and ()
Let 8 =1/5, 2 > 0. We define Sy = ap = 1. For k > 1, we define
B = 8%, ap = zp*. (43)

Let’s first look for an adequate k¢ for Lemma 4, taking 1 < kg = [2}25(1%;) +1] < (2log(m) +3)

is sufficient to have 0 < m/3y, < 5. This choice particularly yields
0 2m

(&) (55 )

1-8 1\1
- (“fo U 5) . @)
1
_ <4k0 + 1> .
x
<1,
for x = 4kg + 2.
Besides,
Z = (4ko + 2)ko < 161log(m)? + 52log(m) + 42 < 48log(m)? (45)
asm > 5. LetceR ¢ > 1. Then
ko 1/c ko
Z 4k +2)1/c Z(ﬁl/c—l)k
B k=1
]C() 1
< (8log(m) +14)V/° Y (5°5)"
k=1
<301/(;10g 1/62516
5’% -1
_ 1/c 1/c
307/ “log(m)~/°5 )
S 1
= 30'/¢log(m)'/¢ 1(5"0 -1)
5 21og(v/2m)
_ 1/c 1/c ¥ c e\ v alit) _
30'/° log(m)/* 3 <exp (10g(5)( TR 2) 1

= 30" log(m)"/¢ Z <50m2 - 1)

< 63m*(30"/“log(m)*/*)
< 63.301°m? log(m)*/°.

D.2 Proof of Lemma 4

Lemma 4. Let’s consider the assumptions of Proposition 6. Let Ay i, and (A} ;) se(r) be the events
defined in Eq. (28) and Eq. (30). Let ko € N* such that 0 < mfj, < i andt > d(d+1)/2.

1{&) < Zn{At K}t ETIZ]I{A

s=1 k=1
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Proof. Let’s consider the assumptions of 6, A; j, and (Af 1) selr] be the events defined in Eq. (28)
and Eq. (30). Let kg € N* such that 0 < mf, < 5~ andt > d(d +1)/2.

We first prove that the events for £ > kg cannot happen Letk > k:o,

Atk:{z P gum: i<k Y o <ﬂlm}

iESi CAt+1, ESl At+1,

1 . Ei,i 1 . .
As fBrm < Brm < 5n < mingg Cus and (St,l)l is a decreasing sequence of sets,
=*

i . _ ii
Ziest,ko T < Brg,m imply St r, = 0 and Ziest,k Can = 0 < Brm. Therefore, A, j
cannot happen and we denote

=UJaw= U Ax= U}{ > 02 > Bum; VI<k Y &

E>1 ke[ko] kel[ko] \i€S,y Attt iest, Cappri

< Blm} .

Likewise, for k > kg and s € [r],
= {1520 B U< 1854 < B}

As Brom? < 1/2 < 1 and ( + 1)1 is a decreasing sequence of sets, then | S}, | < Br,m? imply
S5 1, =0 and |S7, | =0 < Bym?>. Therefore, A7 ; cannot happen and we denote

“Uate= U A= U {|Sf,k|zmm2; vz<k,|ss,k<mm2}.

E>1 ke[ko] k€(ko]
The idea is now to prove that
r c
C
(At vl Ag) =ASNMT_, (Af) cee.
s=1
We begin by considering (A} )¢,
(B0)° = MG2y (Av)®

:ﬂZ(Ll({ZCE <ﬁkm}0{z Ei%zm})

A Ca
1€St,k ot =1 *iesy, et
ﬂ {

Then, under (A;)¢, denoting Sy o = A¢y1, as Sy, = 0 and the sets S; 5, are decreasing with respect
to k,

Z CAt+1 i Z Z CAt+17i

n
1€AL+1 Mt,(i0) k=1ieS}, _\S}, t:(3,%)

- 5km} (46)
iest, CA’“ ‘

< - C L Ah, T by Eq. (27
_Z Z At+1713mak C Cﬁ < by q( )

k=1ieS}, \S}, 18
2 ko

Sy Y o

camC

1 1€St,k—1\st,k

oy ¥ oy o)

C’A Ca
i€S) e k e

Carprsi
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k=0 Qf41 cs! Attt Gstl,k L C(AﬂrlvZ
ko—1
:A§t+1lz%+°(1_l)z%>
clmC o iEStl‘O CAf,+1,i 1 A1 (67 EStl‘ CAt+1,’i
A2 ko1 1 1
< ZAwa (T Z mﬂk( - ) < St,0 = A¢q1 and Eq. (46)
cemC \ oy — Q41 Qf
ko—1
_ ,24t+1 — Bi-1— Bk Bro—1
Clc 1 (673 A,
2
1% by Eq. (44 47
< .+ by Eq. (44) 47)
c C
Likewise for s € [r],
(Afyf::mﬁil{|55k|</ﬁgn2}. (48)

Denoting S7 g = A1 X Agp1,a8 S5, =0,

¢y oy &

e D) D (S \Sun T
ko 2
1 A%, 1
< - At <+ by Eq. (29
= N Z Csczmzak c G, yEa )
k=1 (i,5)€St,k—1\St,k
A%
_ t+1
T eom2C P (|St’k 1l |Stk|)
2 ko—1
Arit 1
— 2+ ( St.k] — |5, k+1‘)
cem?C = Okl
2 ko—1
o Appa ‘St,o S 1 — i
= csm2C< » + kZ::l | Stk hr1 Qg
2 1 ko1 1 1
<t (Lwe e Y st (- L))« vyBaa)
csm?C'\ aq 1 Qk+1 Ok
:% ~ Bror — B 4 Bro-t
CQC =1 QL Ak
2
1 Aty
< ———  + byEq.(44) “49)
(6] C

Therefore, under A7 NN,_; (Af) , summing Eq. (47) and Eq. (49)

1 1\ A%,
<<c+§:%>c

s€lr]

Z @_,_ Z [ Z Cs
€A1 "t,(i.4) selr] L(i,j)€At41 ntf(??,j)

2
At

C )
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which contradict Eq. (25) and thus imply £7. By contraposition, we have proved that & imply
AynUL_; (Af). Therefore,

ko r ko
1{&} < Z L{Ayx} + Z Z L{AF .}

k=1 s=1k=1

E Details for 0LS-UCB-C (Section 5.2)

E.1 Proof of Proposition 3

Proposition 3. Let § > 0. Then, OLS-UCB-C yields

T—1
IE[ Z AAHI]I{QtﬁCt}} :O<log 2log(m Zaen.}\?f(GaA )

t=d(d+1)/2

as T — oo, where o ; = 3, (Zi j)+-

Proof. The objective is to use Proposition 6.

Proposition 6. Letr € N, e € (1,+00)". Let (£;)¢>d(a+1)/2 be a sequence of events such that for
allt > d(d+1)/2, under &,

A2
g ¥ Gy

Cs
es
€A ( (1,7) €A1 tv(i:j)

; (25)

where C and (Cy) s¢[y) are problem-dependent positive constants. Ca,_, ; is a positive constant
depending on Ay 1 and i so that, for all a € A, Cq; < 2mX, ;. Let ¢ € RY and (cs)se) € (RY)”
be positive constants such that 1/c + 3 1,1 1/cs = 1.

Then,

T—-1
Z AAt+1 1 {gt}

t=d(d+1)/2

9 Ca,i
<o Crato? 3 (e, S2)

+ Z_; 11{68 - 2}346<CSCCS log(m))1/2md2 (1 +log (iit))

+ ]1{1 <ey < 2}60.301/68 (csccs log(m)>l/ m2/es AL -2/e

min

€s

S

1/es
+ ]1{2 < es}60.301/€s (CSCCS 1og(m)) d2m2/esA}m§/eS] . ©6)

where (ag)ren, (Bk)ken and ko € N* are defined in Appendix D. 1.

We need to check that its hypotheses are satisfied. Let ¢ > d(d + 1)/2 and 6 > 0, then we have the
Lemma.

Lemma 5. Let § > 0 and t > d(d + 1)/2. Then under {G; N C;}, OLS-UCB-C satisfies

A% 46%,,, (4d + h2 )| B2 IB]2
t+1 141,10 t,8 50 5hy s Bl 2
f1s Z Mt (i) Py n? . . DY 32 + > s

0 €A »(2, (4,7)EAs41 t,(4,5) (3,7)EAt+1 t(z,]) (1,j) €A1 t,(4,7)

2 _ N 2
where oy, | ;= 2ZjeAHl/zj,jgzi,i(Ez,Jﬁ <20%,. 4
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Therefore, we can choose r = 3, e = (2, 3/2, 3) and (§;) = (G, N C;). Taking ¢ = (4,4,4,4) and
identifying the rest of the coefficients yields that OLS-UCB-C satisfies

T-1

Z AAtJrl]]'{gt mct}

t=d(d+1)/2

< 384f% 51 2 ( ’Z)
<38 fT’5 Og(m) g[;] aerg%)(Ea A,

Amax
+692] Blloc fr.s(4d + 12 5)1/* log(m) 2 (1 + log ))

+1460( B[ &2 112075 1og(m)? P d?m? P A1
+296]| B 22 £/ log(m) 2 d®m?/B AL,

As
fr.s =6log(1/0) + 6(log(t) +(d+2) log(log(t))) + 3d(2 log(2) + log(1 + e)),
his = (1 + 2log(1/8) + 2log (tlog(t)?d(d + 1)) + log(1 + t)>1/2,

we deduce

QI

T—1 2
> Aa{Gine) = o<1og(T)210g(m>2 > (aergf;wg;a X:)) . (50

t=d(d+1)/2 i€[d)

E.2 Proof of Lemma 5
Lemma 5. Let § > 0 andt > d(d + 1)/2. Then under {G; N C;}, OLS-UCB-C satisfies

2
AAt+1

s

465, (4d + hi )1 BI% 5he,s || Bl|3 1%
) nt(;—) + > Py + D sz

3 )
€A1 (i,3) €A+ £.(6.7) (h)€Am (i) (i9)€Arr  (6:d)

) _ . 2
where 63, ;=2 ZjeAtJ,l/Ej,_,-sEi,i(Ew)+ <20%,,, .

Proof. Lett > d(d+1)/2 and § > 0. OLS-UCB-C statisfies the following Lemma.
Lemma 6. Lett > d(d+ 1)/2 and § > 0. Then for OLS-UCB-C, under the event {G; N C},

Any < Fro(INS Az, + NG P Augally,) -

Therefore, under {G; N C;}, and

0< A, < frs(ING Az, + IN; T Argalz,)
_ _ 2
A%, S FE(INT Az, + NG P Al )

< 2f75(IN; " Aega |z, + ||Nt_1At+1||22t)
2

At 1 — —
72]‘; < ING Apgallz, + INT A |13, - D
td
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From, here, we develop the right-hand side,

IN; gz, = AL NG 2N P Ay

Z);;
- ¥ (Z¢)

n .. n .. !
(1,) €Ay, BEDT(5.9)

AsZi ="' da,=*da, +dx-N; + || B|’L, we get

B ng. A’AZ.7. Ny .’_2.7, B 2
N A =
(i,5)EA+ 41 t,(4,4) T4, (4,5) €A t,(i,1) €A1 t,(4,1)
M (i.5) D I1B]?
S D G D v ED Dl
€A1 jEA /R, <, PEDTRGD T e a3
by rearranging terms.
Now as for all (i, ) € [d]?, N (i,) < min{ny ¢4y, ¢ (5.5) > then
1 2 1 1B]1?
IN Al < >0 ——(2 Y By)+ Y
€Ay BED Y ea, U <s €Ay (ini)

. 72 _ .
Denoting 6%, ; =23 ica,,,/x, <=, (Zi;)+ yields

=2
_ OAyi1,i B|?
NS el < Y Tty 30 L

_— 2 .
i€A 11 t,(1,7) i€A 1 t,(i,)

(52)

The second term from the right-hand side of Eq. (51) is developed in the same manner but involves

more terms.

”Nt_lAtH”%t = AtT+1Nt_12tNt_1At+1

Ztm‘
_ oy @

(i,j)€Awg, L (EDT60:9)

We remind that Z; = >\, da. 3da, + dg N + || B||I*T where for all (i, j) € [d]?,

Et7(i:j) = Xt’(i)j) + 4

. BiBj< 5hy.s N hi s 1 )

+
VG M) Mg
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. .. . o BB, [ 5his 7 s 1
Being under the event C, Proposition 2 yields 3 (; ;) < 3, ; + =~ (m + Nt (,5) + 7 ) )
Then,

_ 3 M (i.5) i,
HNt 1At+l||2zt < M
- T, (3,i),(4,5)
(i,§) €A1

2
niGj)  BiBj [ 5his his 1
+ > v - + =

(ij)E ALy B D) M) MG (g
N Z nt(“)zw Z 4B7:2 ( 5hi,s n ht2,6 n 21 )
S TG a6 \VIRG) - PG M)
IBI*

_|_

2
n L.
i€At+1 t,(1,7)

< Z At+17 + Z HB||2

1€A¢ 11 T, (i0) 1€AL 11 t ,(4,9)
slIBIE, 1 hisllBll%. 1 IBIZ 1
+ Z 4 n3/2 + Z 4 n2, . + Z 4 nd .
(1,5)EAt+1 t,(4,5) (i,§)EAs 41 t,(4,5) (4,7)EArs1 t,(4,5)
Shisl Bl 1 hislBl3 1 Bl 1
+Z 4 3/2+Z 4 n2“+z 4 n3,. 0"
€A My (ig)  i€A 6(68)  i€Ai t,(4,1)
(53)
Reinjecting Eq. (52) and Eq. (53) into Eq. (51) yields
A%
thtz;l < INF Az, + INT A3,
> 269,11 . (2d + 17 5/2)|| BI3
. Ny (i) o TL2 .
ZeAt+l A (Z,j)eAt+1 t,(Z,j)
: /2 || BI3./2
+ > e D Dl sl
.. no’c .. ny (4,9)
(1,7)€EAt+1 t,(1,5) (1,5) €A1 (2,3
The desired inequality just comes from fr s > fi s O

E.3 Proof of Lemma 6
Lemma 6. Lett > d(d + 1)/2 and 6 > 0. Then for OLS-UCB-C, under the event {G, N C;},
AAt+l < ft75(||Nt_1At+1||Zt + ||Nt_ 7 ) .

Proof. Lett > d(d +1)/2 and 6 > 0. The error in estimating the mean reward for action a with
{a, i) is bounded as

o7 G — )] < N7 allz, || ey dam
The definition of G; = { H Zizl da_ns ||zfl < ft,a} yields that in this event,

(Apgr, fue) < (Apgr, 1) + frslINT Az,

and
—1 x
t

<a*a /,L> -
By the definition of A;,; for OLS-UCB-C in (6),
(a*, fie) + frslN; a* ||z, < (Aupr, fie)

S <a*alat> .
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Combining the expressions gives

(@*, 1) + frs(INT a" |z, = IN a*llz,) < (Avsr ) + Fra(ING Arga |z, + 1IN Argall,) -

Now, we use the fact that under C;, Zt uses coefficient-wise upper bounds of 32, which yields that

IN; ‘a2, <IN 'a

Zi "
Rearranging terms the desired result. O

E.4 Proof of the gap-free bound

Theorem 1. LetT € N* and § > 0.
Then, OLS-UCB-C (Alg. 2) satisfies the gap-dependent regret upper bound

d 2
~ Ua i
E[RT] - O<10g(m) Z aEA/zEa A>0 A >

where o2 ; = > jeq max{X; ;, 0}, and the gap-free regret upper bound

E[RT]—O<1og(m)\/T\/zf_1 max agﬂ>‘

acA/ica

Proof. Let A > 0, then

—1 T-1
S AuamGnet= Y Aa,1{GNCN (A, <A))

t=d(d+1) t=d(d+1)
+ Z AAt+1 {gt NeC N (AAt+l > A)}
t=d(d+1)
T-1
§ TA -+ Z AAH_l]]-{gt N Ct N (AAt+1 > A)} .
t=d(d+1)

Adapting Proposition 6 to account for A 4,,, > A yields
T-1
Au 1{G:NC N (A 1 2] ( -
; Aigr {gt t ( Appr > )} Og Og Z[ aergf}i(Eag )
where < is an inequality up to constant factors (when 7" varies).

Balancing T'A and % log(T')? log(m)? Yicld) (maXaGA/Zea ) yields

E[Rﬂ:O(log( ) log(T)VT /z[;]aenj%éaa )

F Details for COS-V (Section 5.3)

F.1 Proof for Lemma 7

Lemma 7. Let § > 0. Then C0S-V satisfies
T T

1
S P gagm.

s=d(d+A)/2
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Proof. Letd > 0,t > d(d + 1)/2. We remind

He = {VZ € [d},

. 1/2
(th (1+gt6)ft6 nt) >Mt1

< gt(sftz“/}, (54)

1/2
where g; 5 = (2 log (2dtlog(t)?) + log(l/é))
Conditionally to F; = o(A41,Y1,..., A, Yy), forall i € [d]

~ ~ 1,1 Z L'L
Nt,iNN<Mtz (1+9t6)ft6nzé ))» tzant( ))

“t,(i,1)

Let ¢ € a*. Then Gaussian concentration yields

s (

and

|

by integration.
A union bound on i € [d] and t > d(d + 1)/2 yields the result

T . 5
Z P(Ht)f Z W

A1/2

. Z,'Gi _
(Mt,i + (14 g1.5) fr.5 ) — fht,
Nt (i,7)

712 5
2log(2dt log(t)2/0 LGOI P
> /2log(2dtlog(t)?/5) f.s Mo ) = dtlog(t)?

Zl/2
(ﬂt,i + (1 +915)fes - G 0) — [t

t,(2,1)

712 5
2log(2dt log(t)2/0 L0 | <
> /2log(2dt log(t)?/ )ft,énm(i}i) < Tiog(?

t=d(d+1)/2 te[T]
O
F.2 Proof for Proposition 4
Proposition 4. Let § > 0. Then COS-V yields
T-1 dms. .
IE{ S AL L{GnC O’Ht}] - 0<1og(T)310g(m)2(Z A mn)) .
t=d(d+1) i=1 "
Proof. Letd > 0. We first make use of the following Lemma.
Lemma 8. Lert > d(d+1)/2, 6 > 0. Then for COS-V, under {G; N C; N H,},
Ay, 40m3; ; 29mdh? 5| B||%,
My g A0mS g 25| 5
I1.697.5 €Ay (1) €A T (3,9)
45mhy 5| B2 9mHB||2
LD D D Dl (56)
i€AL 1 ny t,(4,%) 1€AL 11 t (4,%)

This enables to use a “modified” version of Proposition 6, which do not consider covariances.

Proposition 7. Letr € N, e € (1,+00)". Let (&;)¢>d(a+1)/2 be a sequence of events such that for
allt > d(d+1)/2, under &,

A2t1 Ci Cs
O P

i€A 11 t,(i,) selr] Li€cAipq t,(i,5)

(57

where C and (Cy) se[r] are problem-dependent positive constants. C; is a positive constant depending
on i so that, C; < 2mX; ;. Let ¢ € RY and (cs)se;r) € (RY)" be positive constants such that

]‘/C+ZS€[T] l/cs = 1
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Then,

T—1
Z AAt+1]l{‘c"t}

t=d(d+1)/2
< 96¢,C log(m)? Z (A.Oi. )
icd) i,min
r 1/2 Amax
n Sz:; 1{65 _ 2}346(05005 log(m)> m3/2d<1 + log <Amin ))

min

1/es
+1{1 < e, <2}60.30"/% (¢,CC,log(m)) “ dm+/es AL2/ e

1/es e

+]1{2 < 63}60.301/65 (csccs log(m)> S dmt AL 2/851 . (58)

max

S

where (o) ren, (Bk)ken and kg € N* are defined in Appendix D. 1.

Applied to COS-V, this yields

T-1

> Aa1{GnCnH}

t=d(d+1)/2

< 1536013 5625 log(m)* >
1€[d)

mYi;

7,min

Am X
+ 3727f;p75g:p75h;m;(log(m))1/2|\B||Oom2d2 (1 + log (A a ))
+7329(fr.s9r.s) /2L log(m) | B[ AL md P dA 1

+ 3745(fr.697.5) % * log(m) /3| B| 2P m*/3dA L3

where
fr.s6 =6log(1/0) + 6(log(t) +(d+2) log(log(t))) + 3d(2 log(2) + log(1 + e)),

his = (14 21log(1/6) 4 2log(d(d + 1)) + log(1 + t))'/2,
gt.5 = (1 + log(2dt log(t)?) + log(l/é))l/z.
We deduce

T-1 , , d ms, .
]E[ 3 AAHlll{gtﬁCﬂ?-l}} =O<log(T) log(m) (ZA : ))

t=d(d+1)

F.3 Proof for Lemma 8
Lemma8. Lett > d(d+1)/2, § > 0. Then for COS-V, under {G; N C, N H.},

29mdh? ;|| B||?

%A,,gl <3 %+ y > (55)

n ny ..
fT,égT,(S i€A 11 t, (i) i€A41 t,(4,%)

45mhy 5| B2 9 B 2

— 32
1€EAL 11 TL t,(2,2) 1€EAL 1 t (l i)
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Proof. Lett > d(d+1)/2and § > 0. Then

AAt+1 =(a" — A¢r1, 1)
= (a", pu — fig) + (@ — Apyp1, fie) + (Argr, fir — o)
<{a",pu— fu) + (Ars1, fie — 1)

by definition of A; ;.

Besides,

(@ = fie) = Y ps = fin

i€a*
= Z (Mz‘ = fui + e — ﬂt,i) :
1€a*
Under G; N Cy, for all i € a*,
1/2
i — fir; < frs LA
Nt (4,1)
Under H,, forall ¢ € a*,
51/2 51/2
N Zt,/i _ Zt,é
fei+ (14 gi5)frs — i < gesfes
Nt (4,1) Nt (i,1)
o z,;”
P — i < —fro———.
M, (i4)
Therefore, under {G; N H; N C;},
0<Au,, <(Avpr,fie—p).
We now develop the expression
) ) 2
A%, S (<At+lvﬂt - M>)
Rt X 2
< 2(<At+1, fir — Mt>> + 2(<At+17 fir — M>)

2
= 2( > ﬁt,i—ﬂt,i) +2f75IN; Az,

1€AL 41
2
<om Y (i —find) -+ 262N A,
1€A 11
2 2 Zt,(i,i) 2 -1 2
< 2m(1+ 2gt) fis Z p) +2ft,6||Nt Apiillz,
1€AL 41 t,(i,i)

Z, i _
< 18mg?s s > D a2 NS A, -
i€A 1 b(i0)
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Zi i )P d|| B||?
$ Zu gy By ||2 15
iEAt+1 nt’(i’i) iEAt+1 nt,(i,l) iEAt+1 nt (Z Z)
i d||B||2 %htﬁ”BHgo
<2 ) =4 >
1€AL 11 t,(4:4) 1€AL41 t(Zz) 1€A4+1 nt,(i,i)
hfaIIBII /2 1Bl1% /2
r oy MR, 5 IR
ZeAt+1 (Z ’L) ZEAt+1 t (7/ ’L)
2% (d+ h7 5/2)”3”%0
=2 ot
€A, B A, t,(i,i)
1Bl1%/2
Ly S D Dt
1€A 11 (Z 2) 1€AL 41 t)(lﬂ)
and
_ N (i,5 Ei,' N(i,5) D0 ||B||2
D Dl D Dl e D Dl
(4,7)€As 11 t,(4,2) ", (4,9) i€ A1 t(zz) i€ AL t,(i,1)
< ¥ M, (5.4) V Bii o/ B Z + Y d|| B|I3
> 2
(1,j) €A1 EACOILACH) ZEAt+1 (1) 1€EAL 11 nt,(i,i)
< ¥ Nt ) (Bii + 35,5)/2 > Bii 3 d|BJI%,
- . . . 2
(i) Auir Mot (i,i) TV, (3,9) ieAre, D) A (i)
(m+1)%;, dHB||2
<> )
WL ACGD: €A1 t(z i)
Therefore,
A 36mg; 5f7 5%, 9mg? s f75(2d + hi 5)|| B3
T D s DD T
1€EAL t,(4,1) 1€EAL 11 t,(4,3)
Z 4597 5 f2shes| Bl Z Img; s 125I1Bl1%
3/2 3
i€ A4 Ty (ii) i€Ar41 ", (i)
4mft2,52i,z‘ 2ft2,5d||BHgo
Do Y
€Ay, () €Ay (i)
cy A 7529975 +1) | 5 1252 (27mdg? 512 5 + 2d)
< — 2
i6A1,+1 nt’(l’l) iEA1,+1 ntv(ivi)
Z Z 9m9t2,5ft2,6||B|‘20
3/2 3
i€AL41 T (i) €A1 M (ii)

29mdft 5||BH 9s, 5h

40mf2 g2 Ei,i
Z t,09t,0 )+

n ..
1€EAL1 t,(4,1) 1€AL 11
> T
1€AL+1 t,(4,%) 1€AL41
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This finally yields

AV 40m2; ; 29mdhf75HB||go
7 5 = + Z 2
fT,égT,é 1€AL 11 nt’(i’i) 1€AL nt,(i,i)
9m| B||?
S Bl 3 M
€A1 Ty (ii) €A1 )

G Experimental results

This section outlines some experimental results.

G.1 Theoretical regret upper bound

In this experiment, the objective is to show the effect of the smallest suboptimality gap A, over
theoretical gap-dependent regret upper bounds for ESCB-C and OLS-UCB-C. To that end, we sampled
100 environments with different A,,;,,, with a constant number of items d = 20, a horizon of T = 10°
rounds, and randomly sampled structures. We represent theoretical upper bounds with respect to
1/Amin in Fig. 1.

For readability reasoning, we have rescaled and reweighted the different components of the sums
so that the leading term in the upper-bounds (1/A;, or 1/A2 . for ESCB-C or OLS-UCB-C) is
greater/smaller than the rest, in a significant number of cases. In particular, all the theoretical upper
bounds have the form

c .
AIIlll’l A2

min

Ry < + C,Rest,

where C, C’ and C, are the tuned constants.

For OLS-UCB-C,
Rest = Apax(d(d +1)/2)

AI‘Il X
+ || Blloo fr.5(4d + B2 5)/* log(m) /2 (1 + log (72 ))
+ I BIA £ 30 Jog(m)? B d2m? P AL
+IBIZL £ Tog(m) B Pm* /3 AL,
For ESCB-C,
Rest = Apax(d(d +1)/2)

maX, ica 2,7 ),max
+ 1log(T) log(m)? Z L + log(T') log(m Zlog ( (). )
) imin A(z j),min
+ log(T) log(m Z log ( - max) + log(T') log(m) Z A&,lj/)?min '

Z min 747]
When the minimal gap is too small (right part of Fig. 1), both upper-bounds are of the magnitude of
either 1/A%. or 1/Ai, (depending on the algorithm). In this case, the theoretical regret bound
of OLS-UCB-C outperforms the one of ESCB-C (green dots vs. blue dots). On the other side, when
the gap is big enough, the remaining terms have more impact. In this case, ESCB-C has a better
theoretical guarantee (orange dots vs. red dots).
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Theoretical gap-dependant Pseudo-Regret
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Figure 1: Evolution of regret upper bounds.

G.2 Comparison between ESCB-C and 0LS-UCB-C

We evaluate ESCB-C (approximated as proposed in Perrault et al., 2020b) and OLS-UCB-Cond = 5
items, P = 10 actions, 7' = 10° rounds and randomly sampled structures.

We represent the pseudo-regret evolutions in Fig. 2. The evolutions remain the same until 103 rounds.
After that, ESCB-C seemingly performs better than OLS-UCB-C which has a supplementary log(t)
factor and is more conservative. However, just before 10° rounds, we can observe a slight regime
change for ESCB-C while the pseudo-regret of 0LS-UCB-C continues to increase smoothly. The
average regret of ESCB-C seems to have an inflexion point upward to meet the q75 curve.

Pseudo-Regret

10% 4 —— Average for ESCB-C
Average for OLS-UCB-C

103 4 /
= /
k) /
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g %
g 103
S 7/
Q
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100 4o

10—1 m
10° 10! 102 103 104 10°
Round (log)

Figure 2: Pseudo-regret for ESCB-C and OLS-UCB-C for randomly sampled environments (with q25
and q75 confidence intervals).

41



When observing the final regret with respect to 1/ A, in Fig. 3, overall ESCB-C seems to outperform
OLS-UCB-C except on some corner cases. Those cases skew the distribution for ESCB-C. Especially,
for the case with the smallest suboptimality gap (the rightmost part of the figure), OLS-UCB-C
outperforms ESCB-C.

Pseudo-Regret after 10”5 rounds

® ® ESCB-C
—— Average for ESCB-C
OLS-UCB-C
Average for OLS-UCB-C
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g °®
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e
LR
@ Yo %% @
) ]
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[
100 10t 102 103

1/Delta_{min} (log)
Figure 3: Pseudo-Regret with respect to 1/A iy.

The evolution of the pseudo-regret in this case with the smallest suboptimality gap is presented in
Fig. 4. While ESCB-C seems to fare better in the beginning, we actually see a sharp increase in its
pseudo-regret before 10° rounds. It could have been caused by the computational approximation of
ESCB-C (described in Perrault et al. (2020b)), and/or it could be the impact of the 1/AZ . term.

Pseudo-Regret in the worst environment
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Figure 4: Pseudo-Regret in the “worst” environment.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims of the paper are stated in Theorems and Propositions which
for which the technical proofs are in the Appendix.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The results and theorems are discussed with comments made especially about
some limitations. In particular, computational complexity is addressed.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: The Theorems and proofs are numbered and cross-referenced. The proofs for
the main results are outlined in the paper and formally written in the Appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: The paper is mainly states theoretical results and include no experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: The paper does not include experiments requiring code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized

versions (if applicable).

Providing as much information as possible in supplemental material (appended to the

paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]

Justification: The answer NA means that the paper does not include experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include experiments
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have reviewed the NeurIPS Code of Ethics. The paper does not involve
human subjects or participants, and the data-related concerns are not applicable.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: The paper is mainly theoretical and is not directly tied to an application.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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