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ABSTRACT

We consider the problem of optimization of deep learning models with smooth
activation functions. While there exist influential results on the problem from the
“near initialization” perspective, we shed considerable new light on the problem.
In particular, we make two key technical contributions for such models with L
layers, m width, and 08 initialization variance. First, for suitable 08, we establish

a O(%\ﬂ%)) upper bound on the spectral norm of the Hessian of such models,

considerably sharpening prior results. Second, we introduce a new analysis of
optimization based on Restricted Strong Convexity (RSC) which holds as long as

the squared norm of the average gradient of predictors is Q(%) for the square

loss. We also present results for more general losses. The RSC based analysis does
not need the “near initialization” perspective and guarantees geometric convergence
for gradient descent (GD). To the best of our knowledge, ours is the first result on
establishing geometric convergence of GD based on RSC for deep learning models,
thus becoming an alternative sufficient condition for convergence that does not
depend on the widely-used Neural Tangent Kernel (NTK). We share preliminary
experimental results supporting our theoretical advances.

1 INTRODUCTION

Recent years have seen advances in understanding convergence of gradient descent (GD) and variants
for deep learning models (Du et al.} 2019; |Allen-Zhu et al. 2019;Zou & Gul|2019; Zou et al., 2020
Liu et al.| 2022 J1 & Telgarsky} 2019;/Oymak & Soltanolkotabi, |2020; Nguyen) 2021). Despite the
fact that such optimization problems are non-convex, a series of recent results have shown that GD
has geometric convergence and finds near global solution “near initialization” for wide networks.
Such analysis is typically done based on the Neural Tangent Kernel (NTK) (Jacot et al., 2018)), in
particular by showing that the NTK is positive definite “near initialization,” in turn implying the
optimization problem satisfies a condition closely related to the Polyak-t.ojasiewicz (PL) condition,
which in turn implies geometric convergence to the global minima (Liu et al.,|2022; [Nguyen, 2021).
Such results have been generalized to more flexible forms of “lazy learning” where similar guarantees
hold (Chizat et al.| 2019). However, there are concerns regarding whether such “near initialization”
or “lazy learning” truly explains the optimization behavior in realistic deep learning models (Geiger
et al.,[2020; |Yang & Hu, [2020; |Fort et al., [2020; [Chizat et al., 2019).

Our work focuses on optimization of deep models with smooth activation functions, which have
become increasingly popular in recent years (Du et al., 2019; [Liu et al.,|2022; [Huang & Yaul 2020).
Much of the theoretical convergence analysis of GD has focused on ReLU networks (Allen-Zhu et al.|
2019;|[Nguyen, 2021)). Some progress has also been made for deep models with smooth activations,
but existing results are based on a variant of the NTK analysis, and the requirements on the width of
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such models are high (Du et al.,2019; |Liu et al.| |2022). Based on such background and context, the
motivating question behind our work is: Are there other (meaningful) sufficient conditions beyond
NTK which lead to (geometric) convergence of GD for deep learning optimization?

Based on such motivation, we make two technical contributions in this paper which shed light on
optimization of deep learning models with smooth activations and with L layers, m width, and o3
poly(L)

initialization variance. First, for suitable 02, we establish a O(T) upper bound on the spectral
m

norm of the Hessian of such models (Section d)). The bound holds over a large layerwise spectral
norm (instead of Frobenius norm) ball BE};‘T(QO) around the random initialization 6, where the

radius p < /m, arguably much bigger than what real world deep models need. Our analysis builds
on and sharpens recent prior work on the topic (Liu et al., [2020). While our analysis holds for
Gaussian random initialization of weights with any variance o§, the poly(L) dependence happens

when 032 < ﬁu)% (we handle the -1 scaling explicitly) .

Second, based on our Hessian spectral norm bound, we introduce a new approach to the analysis of
optimization of deep models with smooth activations based on the concept of Restricted Strong Con-
vexity (RSC) (SectionE]) (Wainwright, [2019; Negahban et al.| 2012} [Negahban & Wainwright, 2012
Banerjee et al.,|2014;/Chen & Banerjee,2015). While RSC has been a core theme in high-dimensional
statistics especially for linear models and convex losses (Wainwright, 2019), to the best of our knowl-
edge, RSC has not been considered in the context of non-convex optimization of overparameterized

deep models. For a normalized total loss function £(0) = X" | l(y;, §;), 9 = f(0;2;) with

predictor or neural network model f parameterized by vector 6 and data points {x;, y; }"_;, when ¢
corresponds to the square loss we show that the total loss function satisfies RSC on a suitable restricted
set Q. C R? (Deﬁnitionin Section atstep t as long as || "1 | Vo f(6y; Xl)HZ = Q(ﬁ)
We also present similar results for general losses for which additional assumptions are needed. We
show that the RSC property implies a Restricted Polyak-Eojasiewicz (RPL) condition on @, in turn
implying a geometric one-step decrease of the loss towards the minimum in Q°,, and subsequently
implying geometric decrease of the loss towards the minimum in the large (layerwise spectral norm)
ball BE};‘T(GO). The geometric convergence due to RSC is a novel approach in the context of deep
learning optimization which does not depend on properties of the NTK. Thus, the RSC condition
provides an alternative sufficient condition for geometric convergence for deep learning optimization
to the widely-used NTK condition.

The rest of the paper is organized as follows. We briefly present related work in Section [2]and discuss
the problem setup in Section [3] We establish the Hessian spectral norm bound in Section 4] and
introduce the RSC based optimization analysis in Section[5] We experimental results corresponding
to the RSC condition in Section[6|and conclude in Section[7] All technical proofs are in the Appendix.

2 RELATED WORK

The literature on gradient descent and variants for deep learning is increasingly large, and we refer
the readers to the following surveys for an overview of the field (Fan et al.| 2021} Bartlett et al., 2021)).
Among the theoretical works, we consider (Du et al., [2019; |Allen-Zhu et al.,[2019; Zou & Gul|[2019;
Zou et al.,|2020; Liu et al., 2022)) as the closest to our work in terms of their study of convergence on
multi-layer neural networks. For a literature review on shallow and/or linear networks, we refer to
the recent survey (Fang et al.,2021)). Due to the rapidly growing related work, we only refer to the
most related or recent work for most parts.

Du et al.|(2019); Zou & Gu|(2019); |Allen-Zhu et al.[(2019); Liu et al.| (2022) considered optimization
of square loss, which we also consider for our main results, and we also present extensions to more
general class of loss functions. [Zou & Gu|(2019); Zou et al|(2020); |Allen-Zhu et al.| (2019); Nguyen
& Mondelli| (2020); Nguyen| (2021); Nguyen et al.| (2021)) analyzed deep ReLU networks. Instead, we
consider smooth activation functions, similar to (Du et al.,|2019; [Liu et al.,|2022)). The convergence
analysis of the gradient descent in (Du et al., 2019; |Allen-Zhu et al.,|2019; Zou & Gu, 2019} |Zou
et al.;|2020; Liu et al.| 2022) relied on the near constancy of NTK for wide neural networks (Jacot
et al., [2018; [Lee et al., [2019; |Arora et al., 2019; |L1u et al., 2020), which yield certain desirable
properties for their training using gradient descent based methods. One such property is related to the
PL condition (Karimi et al., 20165 Nguyen, 2021}, formulated as PL* condition in (Liu et al., 2022).
Our work uses a different optimization analysis based on RSC (Wainwright, [2019}; |Negahban et al.,
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2012 Negahban & Wainwright, |2012)) related to a restricted version of the PL condition. Furthermore,
Du et al.[(2019); |Allen-Zhu et al.| (2019); |Zou & Gu|(2019); |Zou et al.|(2020) showed convergence in
value to a global minimizer of the total loss, as we also do.

3 PROBLEM SETUP: DEEP LEARNING WITH SMOOTH ACTIVATIONS

Consider a training set D = {x“ yitt ., x; € X CRY y; € Y C R. We will denote by X € R™*4
the matrix whose ith row is x; . For a suitable loss function /, the goal is to minimize the empirical

loss: £(6) = L3 e(y;, yl) = L5 U(yi, f(0;%;)), where the prediction §; = f(6;x;) is
from a deep model, and the parameter vector § € RP. In our setting f is a feed-forward multi-layer
(fully-connected) neural network with depth L and widths m;,l € [L] := {1, ..., L} given by

a9 (x)=x,

oW (x) = ¢ (W}LWU)a(l—l)(x)) , l=1,...,L, o
\ Hel—1
£O%) = () = — v TalB ()

where W () € Rmixmi—1 [ ¢ [L] are layer-wise weight matrices, v € R™ is the last layer vector,
@(+) is the smooth (pointwise) activation function, and the total set of parameters

0:= (VGC(W(l))T, . 7V6C(W(L))T,VT)T € REk—1 mame—1tme , 2)

with mg = d. For simplicity, we will assume that the width of all the layers is the same, i.e., m; = m
[ € [L], and so that § € RLm’+m For simplicity, we also consider deep models with only one output,
i.e., f(0;x) € Rasin (Du et al, 2019), but our results can be extended to multi-dimension outputs
as in (Zou & Gul 2019), using V € R™=** for k outputs at the last layer; see Appendix

Define the pointwise loss ¢; := £(y;,-) : R — R, and denote its first- and second-derivative as

0= dz(g;’u‘ and ¢} = W The particular case of square loss is £(y;, 9:) = (y; — ;). We
2 (gixs

denote the gradient and Hessian of f(;x;) : RP — Ras V,f := 9f(Bixi) 0 xl ,and V2f := %.

The neural tangent kernel (NTK) K (+;0) € R™*™ corresponding to parameter 6 is defined as
Kok (x4,%536) = (V; f, V; f). By chain rule, the gradient and Hessian of the empirical loss w.r.t. §
are given by a/;(a = 13" UV,f and 85920) = 150 [NV T+ N2 F]. Let || -]l
denote the spectral norm for matrices and Ls-norm for \ Vectors

‘We make the following assumption regarding the activation function ¢:

Assumption 1 (Activation function). The activation ¢ is 1-Lipschitz, i.e., |¢'| < 1, and By-smooth,
/!

/1< B

Remark 3.1. Our analysis holds for any ¢g-Lipchitz smooth activations, with a dependence on ¢,
on most key results. The main (qualitative) conclusions stay true if ¢ < 1+ o(1) or ¢4 = poly(L),
which is typically satisfied for commonly used smooth activations and moderate values of L. O

We define two types of balls over parameters that will be used throughout our analysis.

Definition 3.1 (Norm balls). Given § € R? of the form @) with parameters W(l), l e [L],v, we
define

_ , — _
Spec(@) {9 ERPasin@) | |W® — W )||2 <pLelL]|v—vl2 < p1} NG

PP1

BEuc ={0ecRlasin@) |[|6—0]><p} . 4)

Remark 3.2. The layerwise spectral norm ball BSpCC plays a key role in our analysis. The last layer
radius of p; gives more flexibility, and we will usually assume p; < p; e.g., we could choose the
desirable operating regime of p < v/m and p; = O(1). Our analysis in fact goes through for any
choice of p, p1 and the detailed results will indicate specific dependencies on both p and p;. [
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4 SPECTRAL NORM OF THE HESSIAN OF THE MODEL

We start with the following assumption regarding the random initialization of the weights.

O]
0,ij
W ,o1 > 0, and vq is a random unit vector with

[Voll, = 1. Further, we assume the input data satisfies: ||x;||, = Vd, i € [n].

Assumption 2 (Initialization weights and data normalization). The initialization weights w
N(0,08) for | € [L] where o =

~

We focus on bounding the spectral norm of the Hessian ||V f (6;x)]|2 for 8 € BS‘I;EC(QO) and any

input x € R? with ||x||, = v/d. The assumption ||x|, = V/d is for convenient scaling, such
assumptions are common in the literature (Allen-Zhu et al., 20195 Oymak & Soltanolkotabi, [2020;
Nguyen et al.,[2021). Prior work (Liu et al.,|2020) has considered a similar analysis for § € B ;f“c (6o),

effectively the layerwise Frobenius norm ball, which is much smaller than BE}’p‘f(OO), the layerwise
spectral norm ball. We choose a unit value for the last layer’s weight norm for convenience, since
our results hold under appropriate scaling for any other constant in O(1). All missing proofs are in
Appendix

Theorem 4.1 (Hessian Spectral Norm Bound). Under Assumptions I and I for 0 € BSPee(6y),

P;P1
L+1) )

with probability at least (1 — (m , forany x;,1 € [n ], we have

[VEf(O: %), < ﬁ ; (5)

with cgr = O(L?(1 + %) (1 + py)) where v := o1 + \/m

Remark 4.1 (Desirable operating regimes). The constant v needs careful scrutiny as cy depends
on 7L, Let us choose p; = O(poly(L)). For any choice of the spectral norm radius p < \/m, we
can choose oy <1 — \/é ensuring v < 1 and hence ¢y = O(poly(L)). If p = O(1), we can keep

o1 =1sothaty =1+ \/(») and cg = O(poly(L)) as long as L < /m, which is common. Both of

these give good choices for o; and desirable operating regime for the result. If we choose o1 > 1, an
undesirable operating regime, then cy = O(c®")), ¢ > 1, and we will need m = Q(c®X)) for the
result to be of interest. O

Remark 4.2 (Recent Related Work). In recent work, |Liu et al.[(2020) analyzed the Hessian spectral
norm bound and showed that c; = O(p") for 6 € BE"(6) (logarithmic terms hidden in 0()).
Our analysis builds on and sharpens the result in (Liu et al.| [2020) in three respects: (a) we have
e = O(poly(L)(1 4 ~5%)) for p; = O(poly(L)) where we can choose o; to make y < 1 and thus
obtain ¢y = O(poly(L)), instead of the worse ¢y = O(p®") in|Liu et al. 2020'; (b) even for the

same p, our results hold for a much larger spectral norm ball BFS,IZ,QIC(HO) compared to their Euclidean

norm ball BE“C(HO) in (Liu et al., |2020); and (c) to avoid an exponential term, the bound in (Liu et al.,
2020) needs p < 1 whereas our result can use radius p < /m for all intermediate layer matrices and
p1 = O(poly(L)) for the last layer vector. Moreover, as a consequence of (b) and (c), our results
hold for a larger (spectral norm) ball whose radius can increase with m, unlike the results in |Liu et al.
(2020) which hold for a smaller (Euclidean) ball with constant radius, i.e., “near initialization.” [

Remark 4.3 (Exact constant cz;). For completeness, we show the exact expression of the constant cH

in Theoremm so the dependencies on different factors is clear. Let h(l) := 7' ~1 4 |¢(0)] Zz 1L
Then,

e = 2L(L2*E + Lyb +1) - (14 p1) - ¥ - max~yE ! + 204" max h(l) , (6)
le[L] le[L]
where
Vn = Bo(h(1))? 1) (5207 + (1)) +1) B bk} - ()
1<l1<l2<L ’ ’
The source of the terms will be discussed shortly. Note the dependence on p1, the radius for the last
layer in Bg‘;,elc(ﬁo), and why p; = O(poly(L)) is a desirable operating regime. O

!See the end of Appendix [Alfor a quick note about the network architecture in our work and the one in (Liu
et al., [2020).
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Next, we give a high level outline of the proof of Theoremd.1]

Proof sketch. Our analysis follows the structure developed in |Liu et al.|(2020), but is considerably
sharper as discussed in Remark We start by defining the following quantities: Q.. (f) =

|t € B Q) = maxiacn |G} w0 i vee(v ),

ow)
e R™*™* and Q2.2.1(f) is the maximum over 1 < [; < ls < I3 < L among the three quan-

92011 0aD) 920(2) 00 || || 9ot
ow? |5 9 17 [[owT |y [ 0aT2=Dow2) ||y 5 owlt) ||y [|ow(®2) ||y 22,1

where for an order-3 tensor T € Réixd2xds e define the (2,2,1)—norm as ||T|221 :=

0
maxi<i<r { aTJ(Cl)

a®
(1)

tities H

82 (13)
dallz—1)2

,and’

SUP|jx|lo=( 1zl 2=1 Zk 1 ‘Z kxlzj‘ ,x € R4 7z € R% . The following result in (Liu

et al.| 2020) provides an upper bound to the spectral norm of the Hessian.

Theorem 4.2 (Liu et al.|(2020), Theorem 3.1). Under Assumptions assuming there is § such that

‘ 522 ‘ < 6, with Cy < L?6°F + Lo" + L and Cy < L6", we have
2

2
——=C205(f) , ®)

[VEf(8;%)]|, < 2C1Q2.2,1(f) Qoo (f) + NG

In order to prove Theorem we prove that Theorem [f.2] holds with high-probability where § = =,
L
Qu(f) = O(L(1+9)), Q221(f) = O(LA(144°%)), and Que(f) = O ((HEXJUE2)). Thus we

obtain that the upper bound (#.2) becomes O( pOIy(L)(lj'gL)(Hp 1)), providing a benign polynomial

dependence on L when v < 1, rather than an exponential dependence on the radius p as in (Liu et al.,
2020). O

The analysis for bounding the spectral norm of the Hessian can be used to establish additional bounds,
which we believe are of independent interest, some of which will be used later in Section@ First, we
bound the norms of gradient of the predictor and the loss w.r.t. the weight vector 8 and the input data
X.

Lemma 4.1 (Predictor gradient bounds). Under Assumptions and|2| for 0 € Bﬁ‘;ﬁc(eo) with

probability at least (1 — %) we have

IVof(0;x)[l2 < e and ||V f(0;x)]2 < ©)

AL
\/>( +p1)
with ¢ = (WL + 1)) + (0 + o) TELGOPED, v = vt o hO) = 7+
|$(0)] 32y v

Remark 4.4. Our analysis in Lemma[4.1| provides a bound on the Lipschitz constant of the predictor,
a quantity which has generated interest in recent work on robust training (Salman et al., 2019; Cohen
et al.| [2020; Bubeck & Sellkel 2021).

Under the assumption of square losses, further bounds can be obtained.

Lemma 4.2 (Loss bounds). Consider the square loss. Under Assumptions and fory =01+ \/%,

m

and L(0) < ¢y, ~ for 6 € BS‘;ﬁC(ﬁo), where ¢, = %Z?Zl y? + 2(1 + a)?|g(b)|? and g(a) =

al + 1¢(0)] ZZ'L:1 a' for any a,b € R.

each of the following inequalities hold with probability at least (1 2AL+1) : L(Oy) < o0y

Corollary 4.1 (Loss gradient bound). Consider the square loss. Under Assumptions[Ijand[2] for 6 €
BSPec(6y), with probability at least (1 - 2(Lm+2, we have ||[VoL(0)|2 < 24/L(8)o < 2./, ~0.

with o as in Lemmad.1|and c,, -, as in Lemmald.
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5 OPTIMIZATION GUARANTEES WITH RESTRICTED STRONG CONVEXITY

We focus on minimizing the empirical loss £(8) over 6 € BS};‘T(OO), the layerwise spectral norm
ball in (3). Our analysis is based on Restricted Strong Convexity (RSC) (Negahban et al. 2012}
Banerjee et al.,|2014; |Chen & Banerjee, [2015} [Wainwright| 2019), which relaxes the definition of
strong convexity by only needing strong convexity in certain directions or over a subset of the ambient

space. We introduce the following specific definition of RSC with respect to a tuple (.5, 6).

Definition 5.1 (Restricted Strong Convexity (RSC)). A function L is said to satisfy a-restricted
strong convexity (a-RSC) with respect to the tuple (S, 0) if for any ' € S C R? and some fixed
0 € RP, we have L(0") > L(8) + (0" — 0, Vo L(0)) + 56" — 0|3, with o > 0.

Note that £ being a-RSC w.r.t. (S, 6) does not need L to be convex on RP. Let us consider a sequence
of iterates {0;};>0 C RP. Our RSC analysis will rely on the following Q. -sets at step ¢, which
avoid directions almost orthogonal to the average gradient of the predictor. We define the following
notation: for two vectors 7 and 7, cos(7, ) denotes the cosine of the angle between 7 and 7.

Definition 5.2 (Q¢ sets). For iterate 0; € RP, let g; = % Sor 1 Vaof(0s;x;). Forany k € (0,1],
define Qt, := {0 € R? | |cos(0 — 0;,8:)| > Kk}

We define the set B; := Q% N BSEﬁC(Qo) N By (6;). We focus on establishing RSC w.r.t. the tuple

By, 6;), where BSP¢¢(0,) becomes the feasible set for the optimization and BE(6,) is a Euclidean
PP1 p P2
ball around the current iterate.

Assumption 3 (Loss function). The loss ¢;, i € [n], is (i) strongly convex, i.e., ¢} > a > 0 and (ii)
smooth, i.e., l <b.

Assumption [3]is satisfied by commonly used loss functions such as square loss, where a = b = 2.
We state the RSC result for square loss; the result for other losses and proofs of all technical results
in this section are in Appendix [B]

Theorem 5.1 (RSC for Square Loss). For square loss, under Assumptions[I|and 2] with probability

at least (1 — 2230 g’ € Q1 0 BSPe(0y) N BE(6,) with 0, € BSPe(6y),

a ) _ c
L(0) > L(0;) + (0 — 0, VL(0)) + ?t||0' — 0,3, with o =cy Hgtllg - 7\/% 5 (10)
where g; = %2?21 Vof(0r;x:), c1 = 26% and co = 2cy(20p2 + /Cpy .y ), With cr as in The-
orem 0 as in Lemma and c,, ~ as in Lemma Consequently, L satisfies RSC

w.rt. (QF N BSPeC(00) N BEM(0y), 0;) whenever ay > 0.

C2

Remark 5.1. The RSC condition a; > 0 is satisfied at iteration ¢ as long as ||g;||3 > o Where
c1, co are exactly specified in Theorem eed, if v (and so o7 and p) is chosen according to the

desirable operating regimes (see Remark 4.1)), p1 = O(poly(L)) and py = O(poly(L)), then we
can use the bounds from Lemma4.2|and obtain that the RSC condition is satisfied when ||g; Hg >
%- The condition is arguably mild, does not need the NTK condition Apin (Kt (+; 0:)) > 0,

and is expected to hold till convergence (see Remark[5.3). Moreover, it is a local condition at step ¢
and has no dependence on being “near initialization” in the sense of §; € BE“C(BO) for p = O(1) as
in (Liu et al.}[2020; 2022).

For the convergence analysis, we also need to establish a smoothness property of the total loss.

Theorem 5.2 (Local Smoothness for Square Loss). For square loss, under Assumptions[l|and
with probability at least (1 — @) v0,0" € BngpelC(Go),

2cr/
L) < LO)+{0 ~0.96LO) + D10/ 013, with §=20"+ L an

with cy as in Theorem[d.1| o as in Lemma[d.1} and c,, -, as in Lemma[.2] Consequently, L is locally
B-smooth. Moreover, if v (and so o1 and p) is chosen according to the desirable operating regimes

(see Remark[4.1) and py = O(poly(L)), then 3 = O(poly(L)).
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Remark 5.2. Similar to the case of the standard strong convexity and smoothness, the RSC and
smoothness parameters respectively in Theorems and [5.2]satisfy a; < 3. To see this note that
ay < 2628 ]|3 < 20% < 3, where the second inequality follows since £ < 1, and ||g;||3 < o® using
Lemma .1l

Next, we show that the RSC condition w.r.t. the tuple (B, 8;) implies a restricted Polyak-Eojasiewicz
(RPL) condition w.r.t. the tuple (B, 6), unlike standard PL which holds without restrictions (Karimi
et al.l[2016).

Lemma 5.1 (RSC = RPL). Let B, := Q, N BS*<C(6g) N BE™(6,). In the setting of Theorem/5.1]

if ay > 0, then the tuple (By, 0) satisfies the Restricted Polyak-Lojasiewicz (RPL) condition, i.e.,
1
— < 2
L(6:) glellgtﬁ(9) < 5 VoL (0] (12)

. - 2(L+1)
with probability at least (1 — ===).

For the rest of the convergence analysis, we make the following assumption where 7" can be viewed
as the stopping time so the convergence analysis holds given the assumptions are satisfied.
7: (Add) oy > 0; (A42) 0, €

.....

BSpee(g).

PsP1

Remark 5.3 (Assumption (A4.1)). From Remark (A4.1) is satisfied as long as ||g;||3 > —<2

C1 \/m
where ¢y, ¢, are as in Theorem [5.1] which is arguably a mild condition. In Section[6] we will present

some empirical findings that show that this condition on ||g;||2 behaves well empirically. O

We now consider the particular case of gradient descent (GD) for the iterates: 0;11 = 6, — . V.L(6;),
where 7, is chosen so that 6,1, € B;2°(6) and py is chosen so that 6,1 € B} (6;), which
are sufficient for the analysis of Theorem [5.1] — we specify suitable choices in the sequel (see

Remark [5.4).

Given RPL w.r.t. (B, 6;), gradient descent leads to a strict decrease of loss in B.

Lemma 5.2 (Local Loss Reduction in B;). Let oy, 8 be as in Theorems[5.1|and[5.2] respectively,
and By := Q! N B5Pe¢(6y) N BE(6;). Consider Assumptions and 4} and gradient descent

PsP1 _
with step size 1y = %7 wi € (0,2). Then, for any 0y, € arginfy g, L£(0), we have with probability
at least (1 — %),
_ QW _
£0rn) = L) < (1 2512 - ) (£060) = L) (13)

Building on Lemma[5.2] we show that GD in fact leads to a geometric decrease in the loss relative to
the minimum value of £(-) in the set ByP<°(6).

Theorem 5.3 (Global Loss Reduction in B5P°°(y)). Let oy, 3 be as in Theorems and

PiP1

respectively, and B, = Q' N Bg%ﬁc(ﬁo) N BE;C(&). Let 0% € arginfeeBE}’;f(eg) L£(0), 0;41 €

arginfy. . L£(0), and v, = %. Let oy, B be as in Theorems and respectively,

and B; := Q. N B§5§C(90) n BEQ“C(Gt). Consider Assumptions and and gradient descent

with step size n; = <, w; € (0,2). Then, with probability at least (1 — %) we have we have
v € 10,1) and

Qg

L(01) — L(0") < (1 G- m) (L) — £(07)) (14)

As long as the conditions in Theorem @] are kept across iterations, there will be a geometric decrease
in loss. For Assumption we have discussed (A4.1) in Remark and we discuss (A4.2) next.
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Remark 5.4 (Assumption (A4.2)). Consider we run gradient descent iterations until some stopping
time T > 0. Given radius p < y/m , Assumption (A4.2) 0; € BE};‘T(@O), t=20,...,T, can be
verified empirically. Alternatively, we can choose suitable step sizes 7, to ensure the property using
the geometric convergence from Theorem Assume that our goal is to get L(07) — L(6%) < ¢
Then, with x7 := min,cip) O‘t t(1 — v)(2 — w), Assumption (A4.1) along with Remark

ensures x7 < 1. Then, it sufﬁces to have T' = flog(ﬁ(eo)zﬁ(e*) )/ log 171XTW = O(log 1). Then,

to ensure 0; € stf;ﬁc(ﬁo), t € [T, in the case of the square loss, since ||VL(6;)|]2 < ¢ for some

constant c (see Corollary , it suffices to have n; < %. Moreover, we point out that having
pa > mreensures ||0p11 — Otz < pa = 041 € BE2“C(9t), which in this case can be guaranteed if

po > % The argument above is informal, but illustrates that Assumption (A4.1) along with

suitable constant step sizes 1, would ensure (A4.2). Thus, Assumption (A4.1), which ensures the
RSC condition, is the main assumption behind the analysis. [

The conditions in Assumption [] (see Remarks [5.1] and [5.4) along with Theorem [5.3] imply that
the RSC based convergence analysis holds for a much larger layerwise spectral radius norm ball
B5Pec(f) with any radius p < /m and p; = O(poly(L)).

Remark 5.5 (RSC and NTK). In the context of square loss, the NTK condition for geometric
convergence needs Amin (Kntk(+; 0:)) > co > 0 for every ¢, i.e., uniformly bounded away from 0 by
a constant ¢y > 0. The NTK condition can also be written as

2
>co>0. (15)
2

v@f 9t7 XZ)

vt H”HZ 1

In contrast, the proposed RSC condition (Theorem 5.1) needs
2

Co
2 > Jm (16)

where m is the width and ¢y = i—f where c¢1, ¢o are constants defined in Theorem As a quadratic

1 n
E Zl Vef(9t; Xi)

form on the NTK, the RSC condition can be viewed as using a specific v in (T3)), i.e., v; = ﬁ for
2

i € [n], since the RSC condition is sz;l ﬁv‘gf(ﬁt; x| > \”/‘)ﬁ For m = Q(n?), the RSC
2

condition is more general since NTK = RSC, but the converse is not necessarily true. O

Remark 5.6 (RSC covers different settings than NTK). The NTK condition may be violated in
certain settings, e.g., Vo f(6:;x;),¢ = 1,...,n are linearly dependent, x; ~ x; for some i # j,
layer widths are small m; < n, etc., but the optimization may work in practice. The RSC condition
provides a way to analyze convergence in such settings. The RSC condition gets violated when
% Z?zl Vo f(0¢;x;) = 0, which does not seem to happen in practice (see Section @), and future
work will focus on understanding the phenomena. Finally, note that it is possible to construct a set of
gradient vectors which satisfy the NTK condition but violates the RSC condition. Our perspective is
to view the NTK and the RSC as two different sufficient conditions and geometric convergence of
gradient descent (GD) is guaranteed as long as one of them is satisfied in any step. O

6 RSC CONDITION: EXPERIMENTAL RESULTS

In this section, we present experimental results verifying the RSC condition
| 250 Vo f(6y x1)||§ = Q (%\/%L)), t = 1,...,7T, on standard benchmarks: CIFAR-
10, MNIST, and Fashion-MNIST. For simplicity, as before, we use g; = % Z?:l Vof(0;%;).

In Figure|Ia), we consider CIFAR-10 and show the trajectory of ||g; ||» over iterations ¢, for different
values of the network width m. For any width, the value of ||g;||» stabilizes to a constant value over
iterations, empirically validating the RSC condition ||g;||2 = Q(poly(L)/y/m). Interestingly, the
smallest value of ||g;||2 seems to increase with the width. To study the width dependence further,
in Figure b), we plot min;c[7) [|g¢/|2 as a function of width m for several values of the width.
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The plot shows that mingc |7 ||g¢||2 increases steadily with m illustrating that the RSC condition is
empirically satisfied more comfortably for wider networks. In Figure c) and (d), we show similar
plots for MNIST and Fashion-MNIST illustrating the same phenomena of min,¢[r) ||&:(|2 increasing
with m.

For the experiments, the network architecture we used had 3-layer fully connected neural network
with tanh activation function. The training algorithm is gradient descent (GD) width constant learning
rate, chosen appropriately to keep the training in NTK regime. Since we are using GD, we use 512
randomly chosen training points for the experiments. The stopping criteria is either training loss
< 1072 or number of iterations larger than 3000.
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0.29 —— width = 2048 o 026
Z
o
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Jeo 5
Lo 2022
0.27 Teo
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>
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(a) CIFAR-10: ||g¢||2 over iterations. (b) CIFAR-10: Minimum ||g||2 vs. width.
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(c) MNIST: Minimum ||g||2 vs. width. (d) Fashion-MNIST: Minimum ||g:||2 vs. width.

Figure 1: Experiments on CIFAR-10: (a) ||g||2 over iterations for different network widths m;
(b) minimum ||g;||2 over all iterations, i.e., min,c[7] [|g¢|2, as a function of network width m.
Experiments on (c) MNIST and (d) Fashion-MNIST. The experiments validates the RSC condition
empirically, and illustrates that the condition is more comfortably satisfied for wider networks. Each
curve is the average of 3 independent runs.

7 CONCLUSIONS

In this paper, we revisit deep learning optimization for feedforward models with smooth activations,
and make two technical contributions. First, we bound the spectral norm of the Hessian over a large
layerwise spectral norm radius ball, highlighting the role of initialization in such analysis. Second,
we introduce a new approach to showing geometric convergence in deep learning optimization
using restricted strong convexity (RSC). Our analysis sheds considerably new light on deep learning
optimization problems, underscores the importance of initialization variance, and introduces a RSC
based alternative to the prevailing NTK based analysis, which may fuel future work.
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A SPECTRAL NORM OF THE HESSIAN

We establish the main theorem from Section []in this Appendix.

Theorem 4.1 (Hessian Spectral Norm Bound). Under Assumptionsand for @ e Bgf’p‘ic(ﬁo),
with probability at least (1 — 2(67:1)),]?# any x;,1 € [n), we have

LH

vl

with cgp = O(L?(1+7°F)(1 + p1)) where v := o1 + =

V3 £(0:%:)]], < 5)

A.1 ANALYSIS OUTLINE

Our analysis follows that of |Liu et al.|(2020) and sharpens the analysis to get better dependence on
the depth L of the neural network.

We start by defining the following quantities:

o of of m

Quo(f) = 1rgla<XL{H8a(l) Oo} W) eR™, a7
Q L aa(l) (Z) o W(l) aa(l) RmeQ 13
2(f) = max |G |, W T v 5l € : (18

92q,1) Gy H2a/(l2)
Q22.1(f) := 1<1123513<L{’ pewel IO =y LH(?a(lzl)aw(ZZ) — (19)

dal) dall2) 92as)

|, o, | e 2

Owi) |l [lowl=) {5 || galla=D7 {5 54

where for an order-3 tensor 7' € R%*42%ds we define the (2,2, 1)—norm as follows,

ds dy  do
ITll2,2,1 := sup Z ZZTijkxizj , xERD z e R% (21)

[Ix[l2=[|z]l2=1 k=1 |i=1 j=1

We will also use the notation W&+ .= v

A key result established in |Liu et al.[(2020) provides an upper bound to the spectral norm of the
Hessian:

Theorem 4.2 (Liu et al.|(2020), Theorem 3.1). Under Assumptions assuming there is § such that

‘ 82‘(1718)1) ‘2 < 6, with C; < L?62F + L§Y + L and Cy < L%, we have
2
V3£ (0;%)]], <2C1Q22.1(f)Quo(f) + ﬁcz@z(f) ; ®)

In order to prove Theorem 4.1} we prove that Theorem .2 holds with high-probability where

* § = ~ follows from Lemmal[A.3]
o Qo(f) = O(L(1 + ~%)) follows from Lemma|A.4}
© Qo21(f) = O(L*(1 + +°L)) follows from Lemma|A.4and Lemma[A.5] and

* Qu(f)=0 (%\ﬂ%ﬂ“)) follows from Lemma,

while also establishing precise constants to get a proper form for the constant ¢y in Theorem[d.1} As
L5(1+76L)(1+ﬂ1))

aresult, cgy < O( NG

12
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A.2 SPECTRAL NORMS OF W) AND Ly NORMS OF a(¥)

We start by bounding the spectral norm of the layer-wise matrices at initialization.

Lemma A.1. Consider any | € [L]. If the parameters are initialized as w((){zj ~ N(0,02) where

oo = W asin Assumption then with probability at least (1 — %), we have

2m

Wl < o1v/m . (22)

Proof. Fora (m; x m;_1) random matrix WO(Z) with i.i.d. entries wélz ; € N(O, o?), with probability

at least (1 — 2 exp(—t2/202)), the largest singular value of W} is bounded by

Tmax (W) < oo (y/mi + /=) + t . (23)
(0)

0,i5
N(0,1), thus we can use the expectation IE[HWOHéZ)} = UoE[HW()HS)] = oo(v/me + /Mi—1)
from Gordon’s Theorem for Gaussian matrices (Vershynin, 2012, Theorem 5.32) in the Gaussian
concentration result for Lipschitz functions (Vershyninl 2012, Proposition 3.4) considering that
B — ||ooB||, is a op-Lipschitz function when the matrix B is treated as a vector. Let us choose

t = 09v/21logm so that holds with probability at least (1 — 2). Then, to obtain [22)),

m

This concentration result can be easily derived as follows: notice that Wy = aOV_VéZ), where w

Case 1: [ = 1. Withmg = d and m; = m,

W2 < 0o(Vd + vm + /2Zlogm) < ao(2v/m + /2log m)

since we are in the over-parameterized regime m > d.

Case2: 2 <[ < L.Withm; =my_1 =m,

W ls < ao(2v/m + /2logm) .

g1
2(14+/Em)

2m

Now, using o9 = in both cases completes the proof. O

Next we bound the spectral norm of layerwise matrices.

Proposition A.1. Under Assumptions for6 e BE};JCIC(HO), with probability at least (1 - %)

[w®, < (01 + \/’%) vm e[l

Proof. By triangle inequality, for | € [L],

(a)
[WOllz < W5 l2 + WO = WPz < ovv/m +p,
where (a) follows from Lemma[A.T] This completes the proof. O
Next, we show that the output o) of layer [ has an L, norm bounded by O(y/m).

Lemma A.2. Consider anyl € [L)]. UnderAssumptionsand for6 e B§};§C(90), with probability
2l

at least ( — Tn)’ we have

l l i—1 l
o < Vi (4 ) V3 (i ) 101 = (# +160) §v> V.

13



Published as a conference paper at ICLR 2023

Proof. Following Allen-Zhu et al.|(2019); Liu et al.| (2020)), we prove the result by recursion. First,
recall that since ||x||3 = d, we have ||a(?)|| = v/d. Then, since mo = d and ¢ is 1-Lipschitz,

H¢( WLy <o>> _Jl6(0 |2_H¢( WLg (o>)

so that

WD 40

<[

2

2
1
|| H2 ) = \/&

< ﬁ”w 1)H2||04(0)||2 + |9(0)[v/m

- [6(0)]l2

< (al+\r>\ﬁ+l¢( v

where we used Proposmonln the last inequality, which holds with probability at least 1 — E'
For the inductive step, we assume that for some [ — 1, we have

JaD]ly < vim (al ; \/’%)H Ty 2 (al + \/”E)H 6(0)],

which holds with the probability at least 1 — % Since ¢ is 1-Lipschitz, for layer [, we have

o (o)

16(0)]2 < ] W<l>a<“>) ~ 5(0)

d)(\/m
1

< | L ypoge-n

- ’ N

2 2

2
so that

a0, = “¢( WD - 1>)

< ﬁHW(l)||2Ha(l_l)||2 + v/m|¢(0)]
© (al + }) 10D + vimlo(0)|

’f(m\r) +\Fz(al+f)i_l|¢<o>,

where (a) follows from Proposmon @ and (b) from the inductive step. Since we have used
Proposition l times, after a union bound, our result would hold with probability at least 1 —
This completes the proof. D

1
< WO
’ﬁ “

Lt 16(0)l]2

2

da®)

A.3  SPECTRAL NORMS OF oD
(6]

Do ol AND

Recall that in our setup, the layerwise outputs and pre-activations are respectively given by:

o) = (&(n) a0 = L gy 24)
mp—1

Lemma A.3. Consider anyl € {2,...,L}. Under Assumptionsand for 9 € ngpelc(go) with
probability at least (1 — 2),

H 9a® 2

2
< <01+\/%> =~. (25)

14
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Proof. By definition, we have

9V LD

Since [|Allz = supjy(,=1 [[AV]|2, so that [|A]|5 = supjy,—1 >_;(a:, v)?, we have that for 2 < <
L,

2 m

daV) 1 OIS Q)
—| = s L3 [w@®) S W
Er] T o ELC >
(@
< ||VVI)V||2
nvuz 1 m
— —|\lw®y2
Loy
(®)
<7,

where (a) follows from ¢ being 1-Lipschitz by Assumption [I]and (b) from Proposition [A:1] This
completes the proof. O

Lemma A.4. Consider anyl € [L]. Under Assumptionsand for6 e Bipp‘ic(ﬁo) with probability
at least (1 — %)

o] < 2 (s ) S (e ) |¢<o>|r

ow ||,
2
(l "+ e(0 IZWl 1) :

27)

Proof. Note that the parameter vector w() = vec(7W(")) and can be indexed with j € [m] and
j € [d] when! =1and j' € [m] when [ > 2. Then, we have

Ao Ao (D), 0=D
{3“,(1)} T {8W(l)] N T (&) iy - (28)
1,57 ,J

Forl € {2,..., L}, noting that ‘90‘(,) e R™*™” and V| = ||vec(V)]|, for any matrix V', we have

2
m

2
= sup iz l) Za, ]1[2 Vi

2 VIlr=1 M 4j'=1

da®
ow ()

1 o
< sup —[[Val7V3
IVile=1

1 .
< — sup [[V[3[a""3
M| p=1

@ 1 .
< —lat =13

2

¢l [m (i + J%)l S (o + ;%) |¢<o>]
i=1

-1 2
= (v“ + ¢<0>|ZW>

15
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where (a) follows from ||V||§ < ||V||fF for any matrix V, and (b) from Lemma

The | = 1 case follows in a similar manner:

da® 1
Za(02 2 _
”8W(1 d” ” ”X“Q =1
which satisfies the form for = 1. That completes the proof. O

A.4 (2,2,1)-NORMS OF ORDER 3 TENSORS

Lemma A.5. Under Assumptionsand IZI for 6 € BSPe<(0y), each of the following inequalities hold

with probability at least (1 — %) e
Hm pon B’ 29)
‘gﬁ;;v(l)n’lﬁ% 72+<ll+|¢ |Zv7 1>2 +1, (30)
forl=2,...,L; and

forl e [L].

. . . 24,0
Proof. For the inequality (29), note that from (26) we obtain (("’z(l%))?)ijk =

L d)"( )WZ(,?WU) and so

Zj’

8204(1) // (l)
(0al=0)2 |, — p (W Ov) (WD),
H(aa(l_l))2 221 villae Hw”rlmz
S sup Bo ’ (WOv1); (W),
ol lvall,=1 7 Z
(a)
< W(l) W(l)
N \v1|\281|1\\,-2” _12m ¢>Z vi); vo)?
1

5Bs  sup  (WOVLE+ W Ova3)

2m 7 vyl =lvall,=1

1
< S BIWOI3 + W)

©]
< By(o1+ p/vVm)? = By, (32)

where (a) follows from 2ab < a? + b? for a, b € R, and (b) from Proposmonm A. 1} with probability at
least1 — =

For the inequality (30), carefully following the chain rule in (28) we obtain

9?a® 1 (1 (-1 1 (1
<3a(z1)3w(z)>l _ = EQSN(OZE ))Wi(k)a;’ )l[j:i] + 7m¢/(0¢§ ))lli:jll[j’:k]'
3,55

16
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Then, we have

9%a®
H Aall=DoWw

2,2,1

= S (e Ema

Vil =lVallp=1527 |x=1 j=1 j/=1

1 (1
+ﬁ¢’(a§ ))l[i_jﬂl[jf—k]> Vi kVajj
m 1 m
= swp o Y=Y @)l IV, ZVVv(k)Vlk
Ivill,=IVallp=13=7 | 2 k=1

1 m ~
NG Z ¢ (6 )ik Vi

= Hvluz—sﬁl\%uFAm Z‘ (WOv1)i(Vaa™h), +;§I§Ivl,kV2,m|
= nvluzanlvan—l 2m ¢Z WOVE + (Vaal 705+ 177122 vally [V, [l
el Vel et o HW VlH +HV all” 1)H mé\le,,-,: ,
@ 1 L HWz)H +H = 1” Vsl
Q% 72+( =1y 160 |Z¢ 1>2 +1
where (@) follows from [[Vaa D[, < [Vall, [a!~Y|| < [IVallp o', = [la*], and

|
S Vo, € vVmy X || Va.,. z, and (b) follows from Propositionand Lemma

with altogether holds with probability at least 1 — 2L

For the last inequality (31)), we start with the analysis for [ > 2. Carefully following the chain rule
in (28) we obtain

92a0 1 0y -1 (1)
(WW) - - m(ZS (& oy e =g L=
1,55 kk’

17
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Then, we have
’ 52a®

(GW(Z))Q 2,2,1
m m m — .
1 -1
- Sup DD ( &g Vg )]l[j—z‘]]1[k—z‘]V1Jj/V2”“k/>

Vil p=IIVall =1 i=1 |j5,7'=1k,k’'=1

m

_ : o (a)) =Dy ) = (=D,
= sup Z - Z(aj, VLU’)Z(%« Vgﬂk/)

Vil p=IVall p=1 =3 prom] =1

< sup B ‘ (Vi) (Vyat=Y),
Vil p= HvzuF:lm Z

< sup o ¢Z (Vaal=D)2 4 (Vyal-D)2

Vil p= HV2HF

= sw HVW“ v, +HV2&” ")
uvlnp nvzup—l 2m”

2m
2

< By (vl‘l +6(0)] Zvi”) :
i=1

which holds with probability at least 1 — 201

. For the case [ = 1, it is easy to show that

9%a) 1 (1) 9%a)
((aW(l))Z) ik E(b//(ai )Xk’Xj’]l[j:i]]l[k:i] and so H W ||y,

the proof. O

< Bg. This completes

of

A.5 Lo NORM OF 7 7y

Letb®) := 21 ¢ R™ forany I € [L]. Let b} denote b() at initialization. By a direct calculation,
we have

0 _
b = Oall

of [+ 9a0 \ or
) H Oall=1) | dalL)
U'=Il+1
L
1 , / 1
_ INT pt)
(H FmWeD )m"’

U=1+1

where D) is a diagonal matrix of the gradient of activations, i.e., D(l )= ¢(a El/)). Note that we
also have the following recursion:

of _ 9att)  of

da) — 9al) Jal+1)

_ L(W(l+1))TD(l+l)b(l+1) .
m

b® =

Lemma A.6. Consider anyl € [L]. Under Assumptionand for 0 € BSPe<(0y), with probability

PsP1
atleastl—w,
L1
1 p

bO|, < — = 1 33
[ ”2_\/5 al+m (14 p1) (33)

and “ gf‘l ’YLil
b < < . 34
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Proof. First, note that ||[b(")||, = \F Ivlly, < =(lIvolly + Iv = volly) < ﬁ(l + p1), where
the inequality follows from from Proposition Now, for the inductive step, assume Hb(l) H2 <

(1+ ) (1 +p1) with probability atleast 1 — 2. Then,

o]
9 2

Hb(z—1)

E)a( )
-5

b0 H dalV
<

where the last inequality follows from Lemmawith probability at least 1 — %(Z +1). Since we
use Proposition once at layer L and then Lemma (L — 1) times at layer [, then we have that
everything holds altogether with probability at least 1 — %(L — [+ 1). We have finished the proof

by induction. O
Lemma A.7. Consider anyl € [L]. UnderAssumptionsand for 0 € ngpic(ﬁo), with probability
at least 1 — w,
,YL—l
Hb(”H < (14 p1). (35)
o] m

)

Proof. For any [ € [L], by definition i-th component of b(®), i.e., b( , takes the form

b _ dall) af 5a(l’) iv
v ! (l) dal) agl) vm o

Then, with Wz(,? denoting the ¢-th column of the matrix w®,

daP) ¢'(a) (W(z))T ﬁ oal) ( H 9al)
8@21) \/a B et 804([/71) \/> l+ aa(llfl) )
L—-1-1
’Y
<
(d)
<yttt
_ Lt
(36)
where (a) follows from ag(l::)l) = \/%df (&El))(Wfi))T, (b) from ¢ being 1-Lipschitz, (¢) from

Lemma L and (d) from HW(l H < HW(Z) H2 and Proposition which altogether holds with
probability 1 — 2 (L — ).
Therefore, for every i € [m],
e |30<(” ‘
Vi gal
<L
T Vm

1
< =7t
7\/7,%’7 ( +p1)a

vl
2

where the last inequality follows from (36)) and ||v||, < ||vo||o+ ||V — Vol < 1+ p1. This completes
the proof. [
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A.6 USEFUL BOUNDS

Lemma 4.1 (Predictor gradient bounds). Under Assumptions I and l for 0 €
probability at least (1 -

BE‘;CIC(OO) with
%Linjl)), we have
Ve f(0:x)ll2 < o

L
and  [[Vxf(0;x)[]2 < \F( +p1) 9)
with 0> =

(ML +1)? + L0+ p)? T (R0 ED, y = o1+ 2= h(l) = 471 +
|6(0)] 2252y v

Proof. We first prove the bound on the gradient with respect to the weights. Using the chain rule
af  9a f

oal)  af

ow®) — dw® Aal'=1) 9ga(L)
U=1+1
and so
2 2 L ’ 2 2
of < da 2ol of (@) || g 2(L—1)
ow® ||, ~ || dw® Oal'=1) galD) || —
2 2 =141

1 2
0|, mte)
2

®) =
< <7l‘1 +9(0)] Zv’”) 2D (1 +p)?
i=1
for I € [L], where (a) follows from Lemma (b) follows from Lemmam IA.4] Similarly,
2
af 2 1 (L i—1
Haw<L+1> Q_EHO‘ [, = (++1a0 'ZV :

where we used Lemma[A 2] for the inequality. Now

L+1
2 of
Vo flly = Z w®
=1 2
(a)

<

=0,

L 2
<v +160) |zv ) +1+p122<“+|¢ |zw ) (w0
=1
2

where (a) follows with probability 1 — % (L 4 1) using a union bound from all the previously used
results.

We now prove the bound on the gradient with respect to the input data. Using the chain rule
of  of 0o [ 0o\ of
x  0a® — 9a0 lH
and so

1 900 ) 5a®
S P
2 9a(0 2

Loooa®) \ of
Pt 804“' D) dal)

of

ox

9o L
= H 9o ||, aaa’ D H dalD)
(a) -1
<yt ﬁ (1+p1)
L
)
= Um (1+p1)

where (a) follows from Lemma

and Lemma
bound. This completes the proof.

6| with probability at least 1 — % due to union

O
20
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Lemma 4.2 (Loss bounds). Consider the square loss. Under Assumptions and fory = o1+ \/%,

each of the following inequalities hold with probability at least (1 (LH : L(Oy) < o0y
and L(0) < ¢y, ~ for 8 € BSpec(y), where Cabp = %Z?:l y? +2(1 + ) lg(b)|? and g(a) =

PP1

a® + [4(0)| ZiLzl a’ for any a,b € R.

Proof. We start by noticing that for § € Bgf;elc(ﬂo),

1 n n

L) == (yi— f(O:x))* < %Z(zyf +2[£(0;%:)]%). (37)

n )
=1 =1

Now, let us consider the particular case § = 6, and a generic ||x||, = V. Let ol be the layerwise
output of layer [ at initialization. Then,

|f(0o;x)| = 7"0Ta((>L) (x)

< ﬁ'l"ag)(x)“z
2’\/%( +9(0 IZU >
= g(01),

where (a) follows by assumption and (b) follows from following the same proof as in Lemma[AZ2]
with the difference that we consider the weights at initialization. Now, replacing this result back
in (37) we obtain L(6y) < co,, -

Now, let us consider the general case of € BEI;)G‘;C(GO),

(1+pl)<7 +[¢(0 |ZVZ 1) m

where (a) follows from [[vl, < [[voll, + ||V = voll, < 1+ p1, and (b) follows from Lemma [A.2}
Now, replacing this result back in we obtain £(0p) < ¢, -

In either case, a union bound let us obtain the probability with which the results hold. This finishes
the proof. O

Corollary 4.1 (Loss gradient bound). Consider the square loss. Under Assumptionsland 2] for 6 €
BSPec(6y), with probability at least (1 2(L+% we have |[|[VoL(0) (|2 < 24/L(0)0 < 2,/¢p, 70,

with o as in Lemma[.I|and c,, ~ as in Lemma

(a)
Proof. We have that [|VoL(0)|l, = ||+ 20, 6Vof|l, < 2 S0 161 IVefll, < 230 [y —
()
U] < 204/ L(0) < 2,/¢,, ~0 where (a) follows from Lemma and (b) from Lemma O
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A.7 REGARDING THE NETWORK ARCHITECTURES IN OUR WORK AND|LIU ET AL.|(2020))’s

A difference between the neural network used in our work and the one in (Liu et al.| [2020)) is that
we normalize the norm of the last layer’s weight at initialization, whereas (Liu et al.| [2020) does
not. However, if we did not normalize our last layer, then our result on the Hessian spectral norm

bound would still hold with O instead of O; consequently, our comparison with (Liu et al., [2020)
on the dependence on the network’s depth L (our polynomial dependence against their exponential
dependence) would still hold as stated in Remark [4.2].

B RESTRICTED STRONG CONVEXITY

We establish the results from Section [5]in this appendix.

B.1 RESTRICTED STRONG CONVEXITY AND SMOOTHNESS

Theorem 5.1 (RSC for Square Loss). For square loss, under Assumptions|[I|and[2} with probability
at least (1 — 2E51) g’ € QU N BEPe(6) N BEY°(6,) with 0, € BSP°(6y),

Qy . _ 12 C2
L) = L(0:) +{0" = 6:, VoL (0)) + 5 116" — Ocll3 . with a;=cr|gll; — N
where g; = %Z?:l Vof(0s;%;), c1 = 262 and co = 2c(20p2 + VCor~)» With cpr as in The-
orem o as in Lemma and cp, , as in Lemma Consequently, L satisfies RSC

w.rt. (QL N B3P (00) N BEY(6;), 0y) whenever oy > 0.

Proof. Forany ¢ € Q" /2N BE‘;? (6p), by the second order Taylor expansion around 6;, we have

+9%L(6,)

062 U OF

L) = L(6) + (6 — 61, VoL(6))) + %(e' o)

where 8, = €0’ + (1 — £)8, for some ¢ € [0, 1]. We note that 6, € B5Pe(6,) since,

wO-wP| = |-+ a-owP —a-owd| <

13 HW/(I) — Wé”” + (1 -9 HWt(l) — Wo(l)H < p, for any [ € [L], where the last
2 2

inequality follows from our assumption ', 6, € BE}’;C(GO); and

’Wt(LJrl) - WéLH) H2 = ||V — vgll, < p1, by following a similar derivation as in the

previous point.

Focusing on the quadratic form in the Taylor expansion and recalling the form of the Hessian, we get

L0
(0 — 9&%(9’ —0,)
~ ~ T ~
1 — Of(0;x;) Of (0% 0% f(0y:x;
i=1

~ 2 ~
1< 1 / 8f(9t;xi) 1o /ol Ta2f(9t§xz‘) ,
= = e -0, ——~ — (0" —0,) ——————=(0"— 0

TL;KL < ty 96 +’I’L;£Z( t) (992 ( t) )

11 12
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2
and ¢/ = 4is2)
) a 2
cmflx)) :

2
" ! f(etaxl)
Eje <9 0, T >

~ 2
2~/ Of(0x;)  [0f(O;xi)  Of(0r;%;)
>nZ<9—‘)~ 20 +< 0 o9 >>

. Now, note that

where (; = ((y;, f(0;,%;)), ¢} = 78[%;’2) )
z=f(0¢,%:))

i=1
~ 2
2N/, Osx)\® | 2/, Of(Bix)  Of(Bisx)
_n;<9 T +n; T 6

AN/ 0FOsx)\ [, 0F(Oix)  Of(6ix:)
+ni_1<0 O ><9 T 20

@2 Of(0;x;) 4 lof( 9t X;) Of(0i;x;)  Of(0i;%:)
> - /_ 77 _ ) b _ b
22 (0o -2 |75 -
=1 =1 2
x (|6 — 613
2
® 1 <= Of (645 %;) 4 & ~ 9
22<9/_9t’n;80 EZ; WI\@—@IMHG’—@IB
2
© 1 af(9t~xi)> docyr
>2(0 —6,— > ———= 6" — 6,3
< n — 00 v/m
2
() 1 & 9f (0 x:) docy
> 22 |[= ) 2V 107 — 6,2 — 0 — 0,3
> 2t |23 S| =S
2
1 = 0f(0i5%;) docg||0" — 042
= |2x? ||~ — 0 — 0,2
(H ng W | = 16" 6.3 .

where (a) follows by Cauchy-Schwartz inequality; (b) follows by Jensen’s inequality (first term)
and the use of Theorem 4.1|and Lemmal.1|due to 8, € BS%CIC(GO); (c) follows from Hét — GtHQ =
160" + (1 — €)0, — Oi]l, = £1|6" — 0] < [|0" — 6:]|5; (d) follows since 6’ € QL and from the fact
that p" g = cos(p, q) ||p|| ||¢|| for any vectors p, g.

For analyzing I, first note that for square loss, £; , = 2(¢;+ — ;) with g;; = f(ét;xi), SO
that for the vector [¢] ];, we have L||[¢; Jill3 = %37 | (#ic — v:)*> = 4L(6;). Further, with
Qi = (0 — 9t)Taﬂfa(+};m)(9’ — 6;), we have

O2f (0%, ,
@ 0T LD

Now, note that

0*f (0r; %)

2
<l - onl3 |

|Qril =

_cnllé’ — 6,3
2 - \/ﬁ .

/1, 1
> () (ws@”)’

1/2
(a) 1 , ) 1/2 1 n )
= (nm,t]nz) S
- enllo — 013

=2/ L)
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where (a) follows by Cauchy-Schwartz inequality. Putting the lower bounds on /; and I back, with
g =iy, 7‘9‘70(2;""') , we have

4QCHH9/ — GtHg + 2cy ﬁ(ét)
NG

T O%L(6,)

! p—
(0" —6,) 502

(0" = 60) = | 267 l|gll5 — 16" — 0213 -

Now, since 6’ € BF¢(6;), [|0" — 0|2 < pa, so we have

O2L(6;) docrps + 2cm\/ L(6y)
/ T t / 25 (12 / 2
(0" —0.) 962 (0" —0:) > | 267 l&ell5 — N 10" — 013
4docgps + 2cp./C
— 12 P17y
> <2K2|gt|2_ ) g — 3,
where the last inequality follows from Lemmal4.2] That completes the proof. O

Next, we state and prove the RSC result for general losses.

Theorem B.1 (RSC of Loss). Under Assumptions and with probability at least (1 — %),
Vo' € QLN BE}’p'iC(GO) N B (6;),

Cq4+Cap
V.
where g; = %Z?:l Vof(0:;%;), 1 = ar? cq = 2a0cgps, cp is as in Theorem and ¢4y =
e/ A where Ay = =370 (€)% with 0] = %

z

, o , _
L(0') = L(0r) + (0 — 61, VoL(0:)) + 5t|\9’ =05, with ;= ci g5 - (38)

i and 0 € BE}’;IC being some point in
z=f(0¢,x:))
the segment that joins 0’ and 0;. Consequently, L satisfies RSC w.r.t. (Q%. N B,fpec(ﬂo) N B‘EZ“C (0:),6:)
whenever a; > 0.

Proof. Forany 0 € Q" /2N BE‘;‘; (6o), by the second order Taylor expansion around 6;, we have

L(0) = L(8:) + (0" — 0, Vo L(8:)) + %(9/ _ et)Tc‘ﬂge(;)})

where 0, = £0' + (1 = &)0; for some ¢ € [0, 1]. We note that 0, € BE};‘T(GO) since,

(0/ - 0,5) )

= (1 ! ' ! ! 1
wO-wd| = e —ewPra-gw —a-gw| <
§HW/(Z) — Wél)H + (1 -9 HWt(l) — WO(Z)H < p, for any [ € [L], where the last

2 2
inequality follows from our assumption ', 6, € BS}’;C(HO); and

Wt(LH) — WéLH) H2 = ||[v — volly < p1, by following a similar derivation as in the

previous point.

Focusing on the quadratic form in the Taylor expansion and recalling the form of the Hessian, we get

L0
0 —0)" 30(;)(9' — 0;)
~ ~ T ~
1 — Of(0;x;) Of (0% 0% f(0y:x;
i=1

~ 2 ~
_ l - 1 r 8f(9t;xi) l - Il Ta2f(9t§xz‘) ;o
= 1221 4; <9 0y, 0 + - E éi(g ;) oz (CAEAE

i=1

11 12
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8%4(y;,2)

" __
sand 0 = =573

= ét’xi))

z=f(
~ 2
" [0 x:)
yule et,ae>

. Now, note that

where £; = £(ys, f(0;,x,)), ) = 22) )
z=f(01,xi))

~ 2
2\ f(0;%:) Of(0s;x;)  Of(04;x;)
> - J—
n ; < gt’ o0 + ( o0 90
~ 2
_2 ; M ’ 2 - r Of(0;%;) B Of (0¢;x;)
”;< — 0y, 00 > +n;<0 Oe, 00 90

+ - Z<9/ i, ggx’)><a/—0t,8f(ggx")—6f(ggxi)>

@ 2 & Of (%) \ >
> = A J v
=0 — <0 6157 80

1=

af(9t§ Xi) 8f(0~t§ Xi) af(etE Xi)

06 00

16" — 6,13
2 2

o /.
2 a(d _6ta*
n

Of(0s; %,
Zf(t><> Zg\ruet AHUETAE

i=1
2
© Of (6s; x,)> 2a0ci
D ole g, Ly ORI\ 2aen
< n— 90 NGO
2
@ 1 6f(0t'xi)| 2a0cy
> ar?|[= Y === [l6" — 6,5 — 16" — 613
ne 00 , vm
2
1 = Of (645 %5) 2a0cy 0" — 042
— 20 = ) _ o 2
- (an n; 90 Jm 116" = 0cl3

where (a) follows by Cauchy-Schwartz inequality; (b) follows by Jensen’s inequality (first term)
and the use of Theorem and Lemma due to 6, € Bﬁpp‘ic(ﬁo) (c) follows from 0, — 0, ,
160" + (1 — €)0; — i, = £1|6" — 04 < [|0" — 6:]|5; (d) follows since 6’ € QL and from the fact

that p" g = cos(p, q) [[p| |lq|| for any vectors p, g.

For analyzing I, 1 = LS (g )2 i () _pNT 2 Oxi) g1
yzing Iy, let A := > ", (¢} ;)% As before, with Q;; = (¢' — 0;) S (0 — 6y), we

have
82f(ét'xi) a2f(0~t. X;) cullo — et”%
(Quil = |(0" = 00) T —55==(0" = 60)| < 10" = 043 | < .
o7} 90 . NG

Now, note that

Z£ tQt 7

=1

Z —

—\/)\TCHHQI — 0:ll3
vm o
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where (a) follows by Cauchy-Schwartz inequality. Putting the lower bounds on /; and I back, with
g =iy, 7‘9‘70(2;""') , we have

0L (D) _ 2a0cy |0 — 0|2 + ¢
(Ql_et)'l' ae(Qt) (9/_915) > (GHQ ||gtH§_ 0 H” \/L”Q H\/>) HH/ etH% )
Now, since 6’ € By (6,), [|0' — 0|2 < p2. so we have
02L(6, _ 2a0c +cavie
= 00T 0 - ) = (e gl - 222 LN g,
That completes the proof. O

Theorem 5.2 (Local Smoothness for Square Loss). For square loss, under Assumptions|[I|and
with probability at least (1 — L+1 ) V0,6 € BS’ppclc(Go),

2¢cH\/Cp,
L)< LO)+ (60— 0,V0L(0)) + 210" — 012, with =20+ IV gy
2 vm
with cy as in Theorem[d.1} o as in Lemma[d.1} and c,, -, as in Lemma[.2] Consequently, L is locally
B-smooth. Moreover, if v (and so o1 and p) is chosen according to the desirable operating regimes

(see Remark{.1) and py = O(poly (L)), then 3 = O(poly(L)).

Proof. By the second order Taylor expansion about § € B5>%°(6), we have L£(0") = L(0) + (0 —
0,VoL(0)) + (0 — G)Ti@(ﬁ’ —0), where § = €0 4 (1 — €)@ for some ¢ € [0, 1]. Then,

02L(0 _

@ -0 0 g g
0 //8f 9 3 X4 af(e Xl) /a2f(é; Xi) rh
EZ:: V 00 oo o ] =9

_1 - " afexz / o Taf(exl) O

Iz

2
- Landff = S lyr)
z=f(0,x:))

2
_l - " / af(e Xz)
I = nZei <9 0, 56

i=1

Z

=1

where ¢; = ((y;, f(0,%;)), £} = % . Now, note that

z=f(0,x:))

of(0;x:) 0 xz -
H9’—9||§

(b) _
< 20°(|6" — 0|3,
where (a) follows by the Cauchy-Schwartz inequality and (b) from Lemma[d.T]

For I, first note that for square loss, £, = 2(g; — y;) with §; = f(é; x;), so that for the vector
[¢1];, we have 2||[¢4];]13 = 2 327, (3; — yi)? = 4L(0). Further, with

+2f0s%;) =

Qi = (0 —0) 502 (0" —0),
we have
LPfEx) ., - o|ler@x)|  enlle - a3
A= r_ T LA\ g < o 2 s &g < 5 .
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Then, we have

Zgl % T8 fa(gzxz) 0 — é)

Z (i#%) ()

1/2 n 1/2
< (Sen) (;}:Q%)
< 2\/£(5)”{”9/¢g§|@,

where (a) follows by Cauchy-Schwartz. Putting the upper bounds on I; and I5 back, we have

_ 26]—[ ﬁé _
0D gy < g+ VI gy

062

<

IN

2¢H+/Cor, _
202+ 0 3,

where the last inequality follows from Lemma.2] This proves the first statement of the theorem.
Now, the second statement simply follows from the fact that by choosing v (and so p and o)
according to the desirable operating regimes (see Remark {4.1)) and by choosmg p1 according to
Theorem we obtain ¢y = O(poly(L)), p* = O(poly( )) and ¢, , = O(poly(L)). This
completes the proof. O

Next, we state and prove the smoothness result for general losses.

Theorem B.2 (Local Smoothness of Loss). Under Assumptions and 2} with probability at least
(1- Q(Lnjl)) L(0),0 € BSPec(6y), is B-smooth with B = bo* + % with o as in Lemmaand

P;P1
A= L3 (0)* with 0] = % and 0 € BSPeC being some point in the segment
z=f(0:,x:))
that joins 0 and 0 as in (T]).

Proof. By the second order Taylor expansion about 6, we have £(0') = L(0) + (6' — 0,V L(0)) +
(0 - é)T%(G’ —0), where § = €0 + (1 — €)@ for some & € [0, 1]. Then,

;T PLO)
@ -’ T ' —0)

’ 11 //af 0 Xi af 6 X /82f é3xi / )
49-9)%2[@ (ae ) (ae ) + 0 592 )](9—9)

2 ~
" / 6f(6 Xl) 1 . /! ) 82f(0;xi) / )
,Zg <9 0. =54 > +n2£i(9 _Q)TT(Q —0) .

=1

11 I2

where £; = ((y;, f(8,%:)), l} = Myirz)

2 .
52 ,and ¢ = % . Now, note that

2=£(0,%x;)) z=f(0,x;))

2

1S, 0i0x)

L= ;e <9 9, 5
~ 2

@ b af(0;x;) r a2

< = —— 0" =6

M b S

®) 211’ _ nl2
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where (a) follows by the Cauchy-Schwartz inequality and (b) from Lemma[d.T]
For Iy, let A\, = L||[¢5];|3. Further, with @, ; = (¢ — é)T%(G’ — ), we have

(05 x;) _ o || 02 (0 %) cu |0’ — 03
| I T Y Ri) s <o — g112 iiniei) < 2
|Qt71| (9 9) 892 (9 9) — He 9”2 802 , P —

Then, we have

ZE/ 0’ Ta ngZXZ) (9 B é)

Z (J#%) ()

1/2
(a) 1 1/2 1 n
< [ =14, 75 2
— ('le[J |2> ni:1Qz
cull0’ — 0|2
< el 0l

where (a) follows by Cauchy-Schwartz. Putting the upper bounds on I; and I, back, we have

<

L D2L(0) _ v _

0 —6)" o' —0) < |bo” 0 — 0|5 .

= 0) T ) < o+ C o - o
This completes the proof. O
Lemma 5.1 (RSC = RPL). Let B; := Q. N st)l;fic(eg) N BE(0y). In the setting of Theorem
if oy > 0, then the tuple (By, 0) satisfies the Restricted Polyak-fojasiewicz (RPL) condition, i.e.,

1
L(0;) — inf L£(0) < — L£(0:)]2 12
(6~ jnf £(6) < 5~ IVoL(®r)]B (12

with probability at least (1 — %)

Proof. Define
Lo/(0) = L(8.) + (0 — 01, Vo L)) + S0 — 6413
By Theorem[5.1] V0’ € B;, we have
LO) > Lo,(9) . (39)

Further, note that ﬁgt (9) is minimized at ét+1 := 0; — VoL(0;)/a; and the minimum value is:
o . 1
inf 0, (8) = Lo, (Brs1) = £(0) — = Vall0)]3
0 20(,5

Then, we have

(@) A 1
i > > i = - 2
Jnt £(6) > inf Lo,(6) 2 inf L0, (0) = L) — 5 |IVaL ()3

where (a) follows from (39). Rearranging terms completes the proof. O

B.2 CONVERGENCE WITH RESTRICTED STRONG CONVEXITY

Lemma 5.2 (Local Loss Reduction in B;). Let oy, 3 be as in Theoremsrandn respectively,

and B; := Q. N ngpelc(é'o) BE;C(Ot) Consider Assumpttons 2} and 4| and gradient descent

with step size iy = ¢, w; € (0,2). Then, for any 0,41 € arginfyc g L£(0), we have with probability

at least (1 — Q(LJU)

>

QW

L) — £(s) < (1 oy wt>) (C(0) — £rer)) - (13)
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Proof. Since L is 3-smooth by Theorem 5.2} we have
B

L(Op11) < L(0) + (Ors1 — i, Vo L(0r)) + §||9t+1 — 043
_ 2 577152 2
= L(0:) — ml[VaL(01)|l5 + THVeﬁ(et)Hz (40)

= 20— (1- 21) 1vacio0l3

Since 641 € arginfye . £(6) and oy, > 0 by assumption, from Lemmawe obtain
—VoL(0)3 < =201 (L(6:) — L(Br11)) -

Hence

£Bu11) = £ein) < £060 — L0~ (1= 5 ) 19020601

< 200 - £00e) e (1= 5 ) 200008 - £66rsr)
= (1= 20 (1- ) ) (0(00 - 261

where (a) follows for any 7y < % because this implies 1 — % > 0. Choosing n; = %, w € (0,2),

Qg

L) — L) < (1 ULt wt>) (C(0) — L))

This completes the proof. O

Theorem 5.3 (Global Loss Reduction in Bls,f;fic(ﬁo)). Let oy, 8 be as in Theorems|5.1| and

respectively, and B, := Q! N BFS,E,‘?C(HO) N BEY(0;). Let 0% € arginfeeBE}’pef(eo) L(0), 0111 €
arginfyc g, £(0), and y; = %. Let o, 8 be as in Theorems and respectively,

and By := QI N B5Pe¢(6y) N BE(6;). Consider Assumptions and 4} and gradient descent

PsP1
with step size 1y = %, wy € (0,2). Then, with probability at least (1 — %) we have we have
v € 10,1) and
% Qe *
L(0r) — L") < (1 e m) (L) — £(07)) (14)

Proof. We start by showing ~; = % satisfies 0 < ¢ < 1. Since 0* € arginf L(6)

0BT (60)
and 0,41 € BE}’;‘:(@O) by the definition of gradient descent and Assumption |4, we have
Wt

B

where (a) follows from @0). Since £(0;11) > L£(6*) and L(6;) > L(6*), we have v, > 0. Further,
we have L£(0,41) < L£(6;), and so we have ; < 1. To see this, consider two cases: (i) 0;11 € B,
and (i) 9t+1 ¢ B;. When 9t+1 € By, we_have £(9t+1) < £(9t+1) < L’(OQ When 0t+1 ¢ By,
we only consider the case £(6;+1) < L(0411); otherwise, if L(0;41) > L(0:41) then it follows
L(0141) < L(0:) by @D). So, let us consider level sets of the loss between L(6;41) and L(6;).
Because of the definition of @, (which defines a cone), the RSC property due to §' € B, and
the smoohtness of the loss, we will have some ¢’ € B, living in one of those level sets such that
L(0:+1) < L(O") < L(B:), but then L(0;41) < L(0") by definition, implying L(6:11) < L(6;).
Hence, ¢ < 1.

% (a) Wi 2
L(67) < L(Brs1) < L) =5 (1= 5 ) VLI < L(6) .

29



Published as a conference paper at ICLR 2023

Now, with w; € (0,2), we have
L(Op41) — L(67)
= L(Or11) = L(Or11) + L(Ory1) — L(67)

< <1 - %(2 _ wt)) (L(6:) — L(Brsr)) + <1 - O‘tﬂ“t (2 - w)) (L(Br41) — L(67))

(£ - (1- 252 =) 00 - (00 - (1- 2542 - w) 2607

B B
(12822 =) ) (0060 — £67) + 25 2~ ) (LlBrs) — £67)

_ (1 - Gty wo) (L0 — £0%) + “20 @ — w)n(£(60,) — £(0)

_ (1 -2 )2 - w») (L(6,) — £(6%))

That completes the proof. O

C ANALYSIS FOR MODELS WITH k OUTPUTS

In this section, we illustrate that our results can be extended to neural models with &k outputs.

C.1 OPTIMIZATION SETUP WITH k£ OUTPUTS

Consider a training set D = {x;,y;}";,x; € ¥ C R4y, € Y C R* k > 1. We will denote by
X € R"*4 the matrix whose ith row is x; . The goal is to minimize the square loss:

n n k
1 . 1
L) =~ > llyi = 3ills = - DD (win — fnl0;x))?
i=1 1=1 h=1

where the prediction y; := f(0;x;) € R* is from a deep model, f(6;x;), h € [k] denotes the ht"
output, and § € RP denotes the parameter vector. In our setting f is a feed-forward multi-layer
(fully-connected) neural network with depth L and widths m;,l € [L] := {1,..., L} given by

ol (x) =x,

1
U] - _ = w®,0-1) _
! (x)—qb( ml—1w ! (x)), l=1,...,L, @n
1
£(0;x) = o (x) = —VTaP(x),
(0:3) (= ——VTa® )

where W) € R™*mi-1 [ ¢ [L] are layer-wise weight matrices, V' € R™2*F is the last layer
matrix, ¢(-) is the smooth (pointwise) activation function, and the total set of parameters

0 := (vec WD) T, vec(WINT V)T g REL: mumiathme (42)
with my = d. Note that the total number of parameters is p = Zle mym;—1 + kmy. For simplicity,

we will assume that the width of all the layers is the same, i.e., m; = m, [ € [L].

Define the pointwise loss £;p, := (y;n — gjm)2 and denote its first- and second-derivative w.r.t. ¢;; as
O = —2(yin — 9in) and £, = 2. Let f5,(0;x), h € [k] denote the h'" output, and let the gradient
and Hessian of f(0;x;) w.r.t. § be denoted as

Ofn(0;x:)
a0

_ P ful0;xi)

— 2 .
vfih = and AV fih = 892
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By chain rule, the gradient and Hessian of the empirical loss w.r.t. § are given by

8£ n k
O LSS .

i=1 h=1
PLO) 1L
59(2 ) ~n Z Z m/hvfihvf;z +4hv2fih} .
i=1 h=1

For the last layer, note that
1
fh(g;xi) = \/ﬁvga(L)(X)

where v;, € R™ is the last layer vector corresponding to output f5 and V = [v;,] € R™** is the last
layer matrix. For the analysis, we update the definition of the spectral norm ball to work with each
last layer vector vy,:

. = _
BSre(@) = {0 c RV asin @) | [W — Wy < p,0 € [L], |vi = vall < pr,h € [}
(43)

Similarly, we update the initialization so each of the last layer vectors are unit norm.

Assumption 5 (Initialization). The initialization weights w(()lzj ~ N(0,03) for 1 € [L] where

00 = —7—==,01 > 0, and vo , h € [k| are random unit vectors with ||vo n|, = 1. Further,
2<1+7m )
we assume the input data satisfies: ||x;||l, = V/d, i € [n].

Based on the setup, following Theorem[4.1] we get the following result for the Hessian of each fj,:

Theorem C.1 (Hessian Spectral Norm Bound). Under Assumptions and E] for 0 € BE};;;C(GO) as
in @3), p1 = O(poly (L)), with probability at least (1 — W),for any x;,1 € [n], we have
cH

Vi’
with cgr = O(poly(L)(1 4+ v2E)) where y := o1 + ﬁ.

[V2£(0:%:)|, < (44)

C.2 RESTRICTED STRONG CONVEXITY AND SMOOTHNESS

Let us assume we have a sequence of iterates {6; };>¢ from gradient descent. Our RSC analysis will

rely on the following Qi—sets at step t, which avoids directions almost orthogonal to the average
gradient of the predictor.

Definition C.1 (Q! sets). For iterate 0, € RP, let g, = Ly Zﬁ:l Vo fn(0s;%;). For any
K € (0,1], define Q. := {6 | | cos(8 — 6y, 8:)| > k}.

We define the set B; := Q% N BS}’pﬁC(QO) N By<(0,). We focus on establishing RSC w.r.t. the tuple

(B¢, 0:), where Bls)f;fic(@o) becomes the feasible set for the optimization and B5"(6; ) is an Euclidean
ball around the current iterate.

Theorem C.2 (RSC for k-output Square Loss). For square loss, under Assumptions[I} 5] and[3]

with probability at least (1 — W), V0" € QL N BSPe(60) N BE(6,),

o
L) 2 L0+ 0~ 0, VoL 0) + S0 — 043,
. ke (45)
with o = c1k ||§t||g - —=

Jm

where g; = ni ZZL:I 22:1 Vo fn(0:x;:), c1 = 2x% and co = 2¢cp(20p2 + VEcp, ~), with ¢y is
as in Theorem o as in Lemma and c,, ~ as in Lemma Consequently, L satisfies RSC

w.rt. (Q N BoPec(6) N B (0,), 0;) whenever o, > 0.
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Proof. For any 0’ € in N B,(o), by the second order Taylor expansion around 6;, we have
1 ()
L(0") = L£(0n) + (0" = 0, VoL(0:)) + 5(0" — et)TM(a' —0,),

062

where 0, = €0’ + (1 — £)6, for some ¢ € [0, 1]. We note that 6, € Bg}ﬁc(ﬁo) since,

00— ]~ -+ -0~ <], -

£) Ht(l) — 9((][) ) < p, forany [ € [L], where the last inequality follows from our assumption
6,09V ¢ B5Pe¢(6); and

’9~§L+1) — OSLH) H = HV — VOH < kp1, by following a similar derivation as in the
2 F
previous point.

Focusing on the quadratic form in the Taylor expansion and recalling the form of the Hessian, we get

02L(,)
T t
(0~ 0) T 0~ )
n k ~ ~ T ~
o Tl i Ofn (01 x:) Ofn(01; x:) , P fuOsxi) |,
- (9 - et) ﬁ 722; hz::l [ ih 96 96 + ih 602 (0 - 075)
n k ~ n k
1 afh(et,xz)> 1 T 0 f (B x:)
=2 > (v - o2 2 L0 = 00) (0~ 60) .
1=1 h=1 90 n 1=1 h=1 892
Il 12

where Ly, = (yin, fn (01, %)), £, = 22nz)

i 0*0(yin,z)
5 sand 0 = =573

z=fn(0,%:)) z=fn(0,%:))
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Now, note that

n k
I <9’—9t,8fh i) >

I

9/ _ et’ afh 9t7X1 +

O at,xz Conex) )\
00

vV
S|
NE
HMW Il
P

n k n k ~ 2
_2 r o Ofn(Bxi) 2 i Ofn(Bsxi)  Ofn(Bex:)
=R 2\ g +nZZ T 06
i=1 h=1 =1 h=1
n k ~
4 y o Ofn(Bs%i) oo Ofn(Oxi)  Ofn(0i;x)
T ; h; <9 b =0 =0 =5 B
@ 2 I & O fn(0s;%:) AN 0fuOx) || || 0fn(Oix:)  Ofn(043%:)
> = /_ Y T - b (2 b 3 _ 9 1

k
C ~
> 00— Bl — eu]

1=1 h=1

9t, ZZ O fn( 6t7xz

zlh

2

4koc
- \‘}Hne’ 0,3

2 2]{: <0/ _ 0t, i Z Z afh(g;7 Xl)

\/ \/M
|
i
—
>
i

2
(d) 2 O fn(Bs:%;) 4kocy
> 2%k || = 2D 19— 9,2 — o — 0,2
> 2K nk;; 90 || tlla — Jm [ el
2

1 O fn(0s;%;) doci |0 — 042

=k | 2+ fZZ - 16" — 6,3,
( nk = 00 , vm

where (a) follows by Cauchy-Schwartz inequality; (b) follows by Jensen’s inequality (first term)
0; — 0,

2
160" + (1 — €)0; — Oi]l, = £ 116" — 04]] < [|0" — 6:]|5; (d) follows since 6’ € QL and from the fact
that p " g = cos(p, q) [|p]| [lg]| for any vectors p, g.

and the use of Theorem{4.1|and Lemma 4.1|due to ét € BE%‘?C(HO); (c) follows from

For analyzing I, first note that for square loss, E;h + = 2(Yin,t — yin) With G, ¢ = fr(0;%;), so that
for the vector [€}, ,], we have +|[[¢7, ]II5 = s Eh 1(Gint — yin)? = 4L(6;). Further, with
Qint = (0 — 9tf%(9’ —0;), we have

2 é : 2 é .
|Qinel = (0/_0t)—r%(0/_9t) < 16" = 6:13 %

_cullo — 03
< el Al

Now, note that

Y
I

vVoIVE
|
N \
N
= S
SIRNE
o
a
= 7
= 5
3T
vaH
= <
IS N
- /N
S|
Nk
O
S_.l\')
~
—
~
(V]

2

16" —

0|

2
2
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where (a) follows by Cauchy-Schwartz inequality.

Putting the lower bounds on I; and I back, with g, = & 327 | S| 2nl0ixi) e pave

docy |0 — 0|2 + 2cy/ L(6;)
Jm

- 02L(6,)
062

’_ ;o 215 112 _ o 2
= 2
(0" —6:) (0" —01) >k | 267 [|gell 10" — 0|5 -

Now, since 8’ € B}?;C(et), 10" — 6|2 < pa2, so we have

o8 +9%L(6,) o _ars ko2 ? - docgpa + 2cu\/ L(0r) AT
( t) 962 ( t) = K HgtH2 m || t||2

2 1= 112 docpps + 2cH V chl;'Y / 2
= k| 267 |&gell; — 107 — 04[5 .
vm
where the last inequality follows from Lemmal4.2] That completes the proof. O

Theorem C.3 (Local Smoothness for k—output Square Loss). Under Assumptions and 3} with

probability at least (1 — %) V0,0 € BSPec(0y),

ke /k
LO') < L(O) + (0" — 0, VoL(0) + §||9’ — 0|2, with B=2ko*+ % . 46)

with cyr as in Theorem[ 1| o as in Lemma[.1} and c,, ~ as in Lemmad.2} Consequently, L is locally
B-smooth.

Proof. By the second order Taylor expansion about § € B5P°(6)), we have L£(0") = L(0) + (0 —

0,VoL(0)) + 1(0 — é)Tazigé) (0" — ), where § = €0 + (1 — €)@ for some £ € [0, 1]. Then,
T OPL(0 .
@ -0 T )

)T

_ -1 k , 0 é;ialé;i , 02 0;xi I g
7(9/79)T7 Z[;h fhéex) f}(aex zhf}é(92X)‘| (970)

i 0%(yin,2)
,and £}, = g

where /;;, = f(yi,fh(é, X)), Elih = W -
Z:fh(evxi))

z=Ffn(0,%:))
Now, note that

n k x 2
_1 " I _qn Afn(6;%;)
L= > > b <9 0, 20

1=1 h=1
n k
2y
n <
1=1 h=1

® 219! _ 7|12
< 2ko7[|0" = 0[]z ,
where (a) follows by the Cauchy-Schwartz inequality and (b) from Lemma[.1]

(@)

INg

~ 2
Ofn(0;%:) ;a2

For I, first note that for square loss, £;, = 2(4ir, — yipn) With i, = fh(é; x;), so that for the vector
[€7,), we have L[[€,]13 = 2 370, STh_ (din — yin)? = 4L(0). Further, with

2 0.~ B
Qu =0 o) L0 )
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we have

Ta2fh(9~§xi)(0/_§) 9 fr(0; %)

06?

el — 013

=T Um

Qin| = |(0 = 0) <" ol3

2
Then, we have

@ (1 P v
< <n§j[2u%) (nE:EZQ%>

h=1 i=1 h=1
~ken])9 — 63
<2/ L) T,

where (a) follows by Cauchy-Schwartz. Putting the upper bounds on /; and I back, we have

B 82£(é) _ chH\/ﬁ(é) _
0 —0)" 0 —0) < |2k + ———=——1 |0/ — 0|3
2kcgr/k _
< |2he? + =T o - )3,
vm
where the last inequality follows from Lemmal4.2] That completes the proof. O

Note that we now have the RSC and smoothness results for the k-output case similar to the single
output case. With these properties, the rest of the convergence analysis for the k-output case stays the
same as before.
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