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Abstract

In experimental causal inference, we distinguish
between two sources of uncertainty: design un-
certainty, due to the treatment assignment mecha-
nism, and sampling uncertainty, when the sample
is drawn from a super-population. This distinc-
tion matters in settings with small fixed samples
and heterogeneous treatment effects, as in geo-
graphical experiments. The standard bootstrap
procedure most often used by practitioners primar-
ily estimates sampling uncertainty, and the causal
bootstrap procedure, which accounts for design
uncertainty, was developed for the completely ran-
domized design and the difference-in-means es-
timator, whereas non-standard designs and esti-
mators are often used in these low-power regimes.
We address this gap by proposing an integer pro-
gram which computes numerically the worst-case
copula used as an input to the causal bootstrap
method, in a wide range of settings. Specifically,
we prove the asymptotic validity of our approach
for unconfounded, conditionally unconfounded,
and individualistic with bounded confoundedness
assignments, as well as generalizing to any linear-
in-treatment and quadratic-in-treatment estima-
tors. We demonstrate the refined confidence inter-
vals achieved through simulations of small geo-
graphical experiments.

1. Introduction

Randomized controlled trials (RCTSs) are used to estimate
causal effects across the sciences, social sciences, and indus-
try. An important complement to estimating causal effects
is providing valid uncertainty quantification, which enables
statistically sound decision-making between tested policies.
We distinguish between two types of uncertainty: sampling
uncertainty and design uncertainty. Sampling uncertainty
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captures the uncertainty associated with inferring statistics
of a population given a random sample of that population.
Design uncertainty, by contrast, captures the uncertainty
associated with the random assignment of units to treat-
ment and control conditions. Design uncertainty is associ-
ated with the finite population model of causal inference,
in which the universe consists of exactly /N units. Some
units are observed under the treatment condition while oth-
ers are observed under the control. The objective in the
finite population model is to estimate the average difference
between treated outcomes and control outcomes for these N
units, typically in the absence of distributional assumptions
on these outcomes. Uncertainty arises from the fact that
each unit is only observed under the treated or controlled
condition, so that any statistic derived from RCT data will
vary slightly from one randomization to another.

Sampling uncertainty has received extensive attention in
the statistics literature. Well-known methods to estimate
sampling uncertainty include the bootstrap (Efron, 1979),
in which random draws from the sample mimic the popula-
tion distribution, and Wald-type confidence intervals, which
rely on asymptotic normality of the sample statistic. The
methodological toolkit available to quantify design uncer-
tainty is considerably more sparse (Imbens & Menzel, 2021;
Aronow et al., 2014). For reasons explained in Appendix
2.1, methods to estimate sampling uncertainty are typically
conservative for design uncertainty. The gap widens for
experiments with heterogeneous effects, small sample sizes,
and a large fraction of the population included in the exper-
iment. Even fewer methods apply to general designs such
as those that balance covariates of the treated and control
groups, which are widely used precisely in the settings with
small experimental samples and heterogeneous treatment
effects (Harshaw et al., 2024).

In this paper, we propose a novel application of integer
programming to identify the joint potential outcome distri-
bution that maximizes the variance of the chosen estimator
while being consistent with the randomization design and
the observed marginal distributions of potential outcomes.
Solving for this joint distribution numerically is what allows
us to extend prior work (Aronow et al., 2014; Imbens &
Menzel, 2021) which relies on well-known results of the
optimality of the isotone copula for the difference-in-means
estimator and completely randomized assignment. In partic-
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ular, our method applies to all unconfounded (and known
and probabilistic) assignment mechanisms, as well as any
individualistic (and known and probabilistic) assignment
mechanisms that verifies some bounded confoundedness.
We examine conditionally unconfounded assignments as
a special case. Furthermore, our method applies to any
linear-in-treatment estimator, i.e. estimators of the form
> ; Zia; + by, and quadratic-in-treatment estimators, i.e. es-
timators of the form 3, b; + >, Z; Zja; ;, which include
among others, difference-in-means, linear regression on the
treatment variable and a covariate, and any doubly robust
estimator fit out-of-sample. We provide asymptotic valid-
ity results and illustrate the application of our method to a
simulated geographical experiment, using real data from the
International Monetary Fund (IMF). Our method provides
similar coverage and generally tighter confidence intervals
across a variety of settings when compared to a widely used,
but more conservative baseline.

In Section 2, we define and introduce our method for the il-
lustrative setting of the completely randomized assignment
and the difference-in-means estimator. In Section 3, we
show that the same approach can be generalized to linear-
and quadratic-in-treatment estimators. In Section 4, we
show our method applies and is asymptotically valid for
unconfounded assignments, conditionally unconfounded
assignments, and individualistic with bounded confounded-
ness assignments. We conclude in Section 5 with practical
simulations on real data.

1.1. Related works

The quantification of design uncertainty traces its roots to
Neyman (1923), who studied the difference-in-means esti-
mator under complete randomization in the finite population
setting. Later work identified tight upper bounds for bi-
nary (Robins, 1988), interval (Stoye, 2010), and continuous
(Aronow et al., 2014) outcomes. Imbens & Menzel (2021)
extend the method of Aronow et al. (2014) with a resam-
pling procedure they call the causal bootstrap, providing a
more practical confidence interval construction.

Tighter variance estimates can be obtained when predic-
tions are paired with informative covariates. Ding et al.
(2019) and Wang et al. (2020) extend the work of Aronow
et al. (2014) to the difference-in-means estimator in the pres-
ence of covariates, while Fan & Park (2010) propose the
fewer-than-n bootstrap method in the presence of covariates.
Another body of literature studies design uncertainty for
linear regression estimators. Freedman (2008), Schochet
(2010), Samii & Aronow (2012), and Lin (2013) character-
ize the contexts in which classical sampling-based variance
estimators are valid in the design setting, while Abadie et al.
(2014) and Fogarty (2018) propose regression variance es-
timators specific to the finite-population setting. Abadie

et al. (2020) propose a novel variance estimator for linear
regression under both design and sampling uncertainty that
trades off between a classical ordinary least squares variance
estimator and a novel design-based estimator based on the
fraction of the population that is sampled.

Other studies expand design uncertainty estimation beyond
Bernoulli or completely randomized designs. Dasgupta
et al. (2015) and Lu (2016) study design uncertainty under
factorial designs. Imai (2008) extends Neyman’s upper
bound to the matched-pairs design, which is a special case of
covariate-balancing designs; Fogarty (2018) further extends
this result to regression adjustment for matched pairs.

Neyman'’s original variance estimator is unbiased only for
homogeneous (“strictly additive”) treatment effects. Muker-
jee et al. (2018) identify a less restrictive set of constraints
on the potential outcomes and experimental design under
which the variance of certain estimators is unbiasedly es-
timable. This approach relies on a “Q decomposition” of
the variance, where the matrix Q must be derived for each
experimental design. The approach fails for certain designs
including matched pairs, where units in the same pair cannot
be assigned the same treatment. Chattopadhyay & Imbens
(2024) introduce two new variance decompositions for gen-
eral designs and illustrate their application to completely
randomized designs.

Like in (Aronow et al., 2014), our approach relies on iden-
tifying the variance-maximizing coupling of treated and
control observations. We then apply the causal bootstrap
method of Imbens & Rubin (2015) to generate confidence
intervals. Our main contribution to these works is to gener-
alize to new estimators and assignment mechanisms through
the formulation of an integer program, which no longer re-
quires the worst-case coupling to be known in closed-form.
In a related optimization framework, Ji et al. (2023) show
how to estimate bounds on a functional of the joint distri-
bution via optimal transport. They do not explicitly solve
for the optimal coupling, but their dual approach is robust
to misspecification of marginal treated and control outcome
probabilities in the presence of covariates. Finally, Harshaw
et al. (2021) propose a minimal variance bound among all
quadratic forms through a convex optimization procedure.
Their method yields interesting admissibility results but only
considers quadratic bounds. Our approach, inspired by the
Frechet-Hoeffding bound approach used by Aronow et al.
(2014) and Imbens & Menzel (2021), avoids this limitation.

2. Our causal bootstrap procedure
2.1. Notation and background

To build intuition, we briefly review Neyman’s conservative
bound and follow-up work on the difference-in-means esti-
mator under a completely randomized assignment. We con-



Integer Programming for Generalized Causal Bootstrap Designs

sider a finite-population potential outcomes model in which
each unit ¢ € [N] is assigned to treatment (Z; = 0) or con-
trol (Z; = 1), and outcome Y;(Z;) is observed. The average
treatment effect is defined as 7 = 4 > iern Yi(1) = Yi(0).
Let Ny and Ny be the number of treated and controlled
units respectively. Define the difference in means estimator

2~ — 1 1 .
™M = N, Zz’:zi=1 Y; No Zz‘:z,;zo Y;

and the completely randomized design that assigns exactly
N7 units to treatment and Ny units to control. Neyman
(1923) decomposed the variance of this estimator as

2 2 2
Syl 5 M

Varz[7pm] = AR N
1 0

where S? is the sample variances of the treated (z = 1) and
control (z = 0) units, while S? is the sample variance of the
unit-level treatment effects Y; (1) —Y;(0). See Appendix A.8
for the full formulas. S? depends on the unknown joint
distribution between treated and control outcomes since it
contains terms Y;(1)Y;(0), making it impossible to estimate
consistently from experimental data in which only one of
Y:(1) or Y;(0) is ever observed. While Neyman used the
fact that variances are nonnegative to conservatively bound
S2 > 0, thus proposing an upper-bound of Var z [#ppv], this
bound can be improved by identifying a joint distribution
that maximizes S? while matching the observed marginal
distributions of Y'(0) and Y'(1). Aronow et al. (2014) iden-
tify this variance-maximizing distribution to be the isofone
(assortative) copula, which pairs the smallest treated out-
come with the smallest control outcome, then the second-
smallest, and so on. They derive analytical variance bounds
using that joint distribution, while Imbens & Menzel (2021)
propose a bootstrap-style approach, imputing the counter-
factual outcomes using the isotone copula and resampling
those imputed outcomes to generate bootstrap samples.

2.2. Our approach

In this work, we propose to identify the variance-
maximizing joint distribution numerically using optimiza-
tion instead of analytical derivations, allowing us to extend
the least favorable copula approach to a broader class of
estimators and assignments. Our goal is to find the joint
distribution of potential outcomes [ ; which maximizes
the variance of some estimator 7 under some assignment
mechanism Z and with some constraint C on the shape of
this joint distribution.

max
Yi(0),Yi(1)ey?

s.t. F071 eC

Varz[7] (2

There are multiple ways of constructing confidence inter-
vals from the solution to this optimization objective. We
propose to follow a similar procedure to the causal bootstrap

method proposed by Imbens & Menzel (2021): we impute
unobserved potential outcomes using the least-favorable
copula obtained above and drawing bootstrap samples via
rerandomization of units to treatment. Confidence intervals
are then constructed from the quantiles of this causal boot-
strap distribution. We refer the reader to a full discussion in
Appendix A.9.

We propose to solve the least-favorable copula problem
numerically, by formulating the optimization problem in
Eq. (2) in a solver-friendly way. To build intuition, we first
consider the difference-in-means estimator. We will explore
generalizations to a wider class of estimators in Section 3.1
and 3.2. The variance of the difference-in-means estima-
tor has a quadratic closed-form for general assignments:
Varz[7] : {Yi(1),Yi(0)} — YTX;,Y, where Y is
the vector of coordinates { N, 'Y;(1) + Ny 'Y;(0) izt v
and Y 77 is the covariance matrix of the random vector
{Z;}i=1...n, with coordinates (Xz7);; = Cov|Z;, Z;].
While it may be tempting to use this formulation directly,
3.2z is positive semi-definite, making the objective straight-
forward to minimize, but more difficult to maximize under
constraints, which is our goal (2).

Instead, we propose the following formulation: consider the
indicator variables X f;j ) with a € {0, 1} indexing the treat-
ment assignment, ¢ € [1, N|indexing the units in the popula-
tion, and ¥, the k** outcome of Xi(,?) =1(Y;(a) = yi) -
In particular, this notation implies that ) is discrete. For
continuous outcomes, ) can be made discrete by replac-
ing it with the support of observed outcomes. We provide
asymptotic validity results of this approach in Section 4.2,
though nothing prevents practitioners from expanding this
discrete support of outcomes—beyond computational scala-
bility, which we cover in Section 5—to cover other unseen
outcomes. We can rewrite the expression of the variance
of the difference-in-means estimator under general assign-
ments as a quadratic form:

Vary[#] = XTYTS,,YX = XTQX, 3)
Q

where X € {0, 1}V ) and Y € RVXZN-K) are a vector
and matrix representation of the indicator variables and po-
tential outcomes respectively; cf. Appendix A.3 for details.

2.3. Adding constraints on the potential outcomes

An important part of our proposed algorithm is imposing
realistic constraints on the missing potential outcomes that
do not jeopardize the asymptotic validity of our bound while
reducing the value of our objective (2), hence making our
bound tighter. We constrain each unit ¢’s potential outcome
Y;(a) to only match one possible value yi, leading to the

constraint kX Z(,‘: ) = 1. Additionally, because we observe
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N of the 2N potential outcomes, we set X Z(kZ ) = 1 if and
only if Y% = y.

A clever observation by Aronow et al. (2014) is that the
observed potential outcomes allow us to impose further
constraints on the missing potential outcomes. While they
focus entirely on the completely randomized assignment,
which we use now to build intuition, we will generalize
our results to other assignments in Section 4.1. If all units
receive treatment with the same probability (different from
1 or 0), we expect the treated observed F** and missing
F™ marginals to match and the controlled observed F%*
and missing F{"** marginals to match. Formally, for any
outcome y and treatment assignment value a € {0, 1}, con-
sider

1 N
ob9 _
Ey EZH i =a,Yi(a) =y),
=1
_ 1 N
F (y) = N, Y U(Zi=1-a,Yi(a) =y).

=1

For a completely randomized assignment, each observed
and missing marginal is equal in expectation to the true un-
derlying marginal F},. In other words, we have the following
equality for any potential outcome y:

Bz [F7 (y =¥ Z (Y

Fo(y)

=Ez[F"(y)].

In our chosen parameterization, this equality on the marginal

distributions can be written as a linear constraint on the
: (a)y.

variables (X, ):

1-2;

N
Zi a i a
Ya € {0,1},vk, > EX;Q - TOXi(k) =0
=1

2.4. Our proposed integer linear program

We now rewrite our objective in Eq. (2) as an integer pro-
gram. For the completely randomized assignment and the
difference-in-means estimator, we know from prior work
that its solution is the isotone copula. The value of the inte-
ger program formulation will become clear as we generalize
it beyond the completely randomized assignment, and be-
yond the difference-in-means estimator—settings for which
closed-form solutions are not always known.

When indicated, the equations below are defined for all a €
{0,1}, forall ¢ € [1, N], and for all y;, € V. As written, the
optimization has binary variables and its constraints are all
linear, but the objective is quadratic. Because the product of
two binary variables is also a binary variable, the objective
can be rewritten as a linear function of binary variables,

for which powerful solvers are available, using standard
transformations; details are provided in Appendix A.3.

max XTQX for X e {0,1}VI (4)
Visk, X7 =1iff v =y, (a)
Va, i, k, ”—olffywsupp(F) (b)
Va, i, in(,j):l ©)
k=1
N
Z 1-2
Ya, k x@ (2 %) g d
a, K, Zz:; ik (Nl No ) ()

Constraint (4.b) is optional and allows us to account for prac-
tical assumptions we may have on the support of F,,. For
example, we may be able to assume that F, C F°*, further
reducing our estimate. Constraint (4.d) is not always feasi-
ble, when taken in conjunction with the other constraints on
(X Z(,? )). To ensure feasibility, we can relax these constraints
for some chosen slackness parameter € > 0,

Ny @ 1—Zi (a)
Va € {07 1}7Vka Z EX»L,IC - T()sz S €.
=1

The regime of feasibility is captured in the following
Lemma, a proof of which can be found in Appendix A.2.

Lemma 2.1. For ¢ = 0, there may be no solution to the
constrained optimization below (4), unless No = Ni. It
admits a feasible solution for € > 1/ min(Ng, N1).

As e decreases, the worst case bound on the variance de-
creases, improving the performance of our estimator. We
include further discussions on the choice of € in Section 4.2.

3. Generalizing to new estimators
3.1. Linear-in-treatment estimators

So far, our results hold only for the difference-in-means
estimator, which has been the primary object of study of
previous work. In fact, they can be easily extended to a
slightly more general class of estimators of the form: 7 :=
Zi\[:l Z;a; + b; , where a; and b; are constants with respect
to the assignment mechanism and linear in the potential
outcomes. We refer to such estimators as being linear-in-
treatment (the second linearity assumption is then implied,
for simplicity). Whether an estimator is linear-in-treatment
depends on the assignment mechanism. Strictly speaking,
the difference-in-means estimator is linear-in-treatment for
a completely randomized assignment but not for a Bernoulli
assignment, since the normalization constants N; I and
N, ! are not constants with respect to Z. The Horvitz-
Thompson estimator (Horvitz & Thompson, 1952) is linear-
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in-treatment for either assignment mechanism:

. _ (Y1) Yi(0) —Y;(0)
T_EZI (N‘Py: +N~(1P¢>>+N'<1Pi)’
a; b;

where P; = P(Z; = 1) is the probability that unit ¢ receives
treatment. For any assignment mechanism and linear-in-
treatment estimator, Varz[7] = >, . a;a;Cov|Z;, Z;] =
XTQ'X, where Q' := YTUTZ,,UY, with Y and X
defined similarly to Section 2.4, and U such thata = UYX,
with a the vector of coordinates {a; }, c(n)- The existence of
U is given by the linearity of a; in the potential outcomes.
The constraints in our integer program in Eq. 4 do not incor-
porate any estimator information, such that we can easily
generalize our results to any linear-in-treatment estimator
by replacing Q with Q’.

3.2. Fitting regressions out-of-sample

In most practical applications, we also have access to covari-
ates, which improve the precision of effect estimates when
they are predictive of the outcomes. In this section and the
next, we consider ways to extend our integer program to
estimators that include covariate information.

One straightforward way to extend our previous analysis
is to consider outcome-to-covariate functions that are fit
out-of-sample. Consider the doubly-robust estimator as an
illustrative example, where we replace the propensity scores
by the true probabilities of each unit being treated, since
we are motivated by randomized experiments where the
probabilities are known. Let f1 and fo be the predicted
outcomes using functions that are fit out-of-sample and
do not depend on Z, and & = Y; — fl( ;) and & =
Y, — fl( ;) the corresponding residuals, such that we write

#o= (AT ROV + B8 - fyw) - UEZge )

The variance of this estimator is equal to the variance of
the Horvitz-Thompson estimator applied to the residuals
Y! « Yi — Zif1(W;) — (1 — Z;) fo(W;). When taking

(2
the variance of 7 with respect to Z and replacing Y, <

Y; — Z; i(W;) — (1 = Z;) fo(W;). we have:

N
1 zZY! 1
-~ — E— _— —
Varz[7] = Varg [N N 2

=1

N (1-Z)Y!

3

1- P

We recognize the Horvitz-Thompson estimator applied to
the residuals Y;. We can apply our method to ¥; < Y/ In
particular, the constraints on the marginal distributions now
constrain the residual marginal distributions to match.

There are many practical settings in which fitted-out-of-
sample functions are available. For example, such functions
may be fitted on the same cohort before the start of the ex-
periment. A typical and straightforward example is to use

a pre-treatment-period value of the outcome as a plug-in
estimator (Abadie, 2005; Deng et al., 2013). If we expect
growth of this variable, we can also account for its rate of
growth and rescale the plug-in estimator with its expected
value; however, fitting this growth rate using data from
the experimental period depends on the treatment assign-
ment Z and should be avoided. We include an example of
this approach in Section 5. Another option is to rely on
sample-splitting, where we split units into C' cohorts, cho-
sen independently of the treatment assignment Z. In that
case, we can estimate a (pair of) function(s) per cohort using
data from all other cohorts.

3.3. Quadratic-in-treatment estimators

Repeating a similar approach to Section 3.1 for estimators of
the form 7 =, b;+ >, Zi Z;a;j, we obtain the following
quadratic form in the coefficients a;; when computing their
variance: Varz[r] = Zm.’k’l a;janCov [ Z; Z;, Zy 2y .
We can then repeat the approach of Section 3.1 as long
as the coefficients a;; continue to be constant with respect
to the treatment assignment and linear in the potential out-
comes. In particular, we show in Appendix A.6 that a linear
regression fitting observed outcome Y;°%* to the treatment
variable Z and a scalar covariate X can be written in this
form, with coefficients a;; that are linear in the potential
outcomes. One advantage of this approach is that we are
no longer required to do sample-splitting or use solely pre-
period information to incorporate covariate information and
reduce the size of our confidence intervals.

4. Generalizing to new mechanisms

We now show that our integer programming formulation in
Eq. 4 can be generalized to a wider class of probabilistic as-
signment mechanisms for any of the estimators in Section 3.

4.1. Known and Probabilitistic assignments

Of the constraints in Eq. 4 requiring generalization, only
(4.d) is restricted to assignments having P; = p Vi. In
the more general setting of all known and probabilistic as-
signment, we no longer expect F™ and F°* to match
exactly—or even approximately. If the treatment proba-
bilities are known however, we can construct an unbiased
estimator of the true marginal F, from both observed and
missing potential outcomes. For a € {0,1} and y;, € Y,
consider the marginal estimators:

Fobs yk

NZP"I— &

Fmis () - ZZI ‘- i)ax<a>
a . N Pl a _ i)a iki
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Through iterated expectations, it holds that E[Fo (y;)] =
E[F(y;,)]. We can thus reformulate constraints (d) as
follows, for all a, k,b € {0,1} x || x {0,1}:

N
Z; 1—-12;
1" X (2 -T2 N,
( ) ik (P 1_131_)—6

i=1 v

The resulting integer program applies to any known, and
probabilistic assignment mechanism.

4.2. Asymptotic Validity

Just because we can formulate (and solve) an integer pro-
gram for any known and probabilistic assignment mech-
anism, does not mean our bound is asymptotically valid.
Our procedure is guaranteed to upper-bound the true vari-
ance only if the true joint distribution is also a feasible
solution of our integer program. This could be violated if
(a) the discrete support we choose, equal to the support of
observed outcomes, does not also encompass the support
of the missing potential outcomes, or (b) the realized dis-
tributions F™*¢ and F°** do not match exactly. Recall that
we proposed relaxing constraint (4.d) to hold with € slack-
ness to ensure feasibility of our integer program. In fact,
by bounding the probability that the observed and missing
marginal distributions are uniformly within an e distance of
each other, we can provide a rate for the probability that our
procedure upper-bounds the true variance as N grows:

Theorem 4.1. For any probabilistic unconfounded assign-
ment mechanism, P (V* > Varz[7]) > 1— 5, where V* is

the output of our integer program, 3 := 8 exp (— %NP) +
% ZiLje[N] Cov(Z;, Z;), € is the slackness parameter
in (4.d), P =min(P,1— P),and P=N"1'%", P,.

As expected, as the sample size /V and the slackness € that
we choose grows, the probability of upper-bounding the true
variance increases. We can therefore justify our approach
theoretically for any unconfounded (and known and prob-
abilitistic) assignments. We will examine the special case
of conditionally unconfounded assignments in Section 4.3.
We can further refine the result above if the assignment
mechanism is also individualistic:

Corollary 4.2. For any probabilistic, unconfounded, and
individualistic assignment mechanism, Theorem 4.1 holds

with B = 8exp(— %Nﬁ’) —|—8exp(— %NIE’Z).

What of confounded assignments? In fact, we can also prove
our approach is asymptotically valid if the assignment is
individualistic with bounded confoundedness, as defined
by (Tan, 2006; De Bartolomeis et al., 2024). Adopting
similar notation to Theorem 4.1,

Theorem 4.3. Suppose that (Y;(0),Y;(1),Z;) are i.i.d

across i € [n], and suppose that
P(Z = aY(0),Y (1))
P(Z =a)
for some § > 0, such that § controls the effect of confound-

edness, with 6 = 0 corresponding to unconfoundedness. If
the slackness satisfies € > 6, then

P(V* > Vary[#]) > 1- 8,

-1/ <9,

867]\”56?/3, — (e=38)P(1+6)

1 _ Qs,—2Ne2
where 3 :=1 — 8e 0 Trote

and €1 =

€0
e—9

2+ote -

Details can be found in Appendix A.5. We leave the gener-

alization to general confounded assignments to future work.

4.3. Conditionally unconfounded assignments

It is possible for the imbalance in F% and F°* to be
fully captured by an observed covariate W;, as is the case
for conditionally unconfounded assignments, which verify
Z; 1 Y;(1),Y;(0)|W;. In that case, we have at least two op-
tions for formulating the integer program. The first option,
and the most straightforward one, is to re-use the integer pro-
gram from Section 4.1 with P, = P(Z;|W,; = W;). While
our previous results follow through trivially, this approach
does not leverage all the covariate information available.

A second approach that leverages the covariate information
is to impose equality of the conditional marginal distribu-
tions, reweighted by the suitable inverse probabilities. In
other words, for all @ € {0,1},y, € Y and values w of
covariate W, consider the conditional marginal estimators:

E (yplw) =

ze( -2z XY
2 By (1= P )]

i:Wi:w
. Zi0-z) X
fmis . i [ ik
S = D B R ]

Here, P;(w) := P(Z; = 1|W; = w) is the probability that
unit ¢ receives treatment Z; = a given covariate W; = w,
and |[{w}| denotes the number of units with covariate W; =
w. As aresult, the following equalities hold for all (a, yx, w)

triplets: E» [ngs(yk‘w)] =Ez {Fgms(yﬂw)} .

These equalities can be expressed in a solver-friendly way,
similar to the formulation of the (4.d) constraints in Sec-
tion 4.1. Doing so allows us to incorporate covariate infor-
mation into our variance estimator for tighter confidence
intervals, since it adds additional constraints to the optimiza-
tion problem. On the other hand, the empirical conditional
marginal distribution F, (y|w) converges to its expectation
more slowly than the unconditional marginal, which will
negatively affect the performance of our variance bound
in small samples. This is especially true when W is high-
dimensional or continuous.
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5. Simulations on real data
5.1. Empirical Results

Our approach is well-motivated for geographical experi-
ments, which assign treatment and control to, e.g. countries
or Designated Marketing Areas. This is due to the fact that
geographical regions are fixed in number, meaning design
uncertainty likely dominates sampling uncertainty. Addi-
tionally, there are often few available regions (on the order
of hundreds) with significant heterogeneity in potential out-
comes. As a result, (a) sample uncertainty quantification
methods are poor approximations of the design uncertainty
of our estimator, and (b) practitioners rely on non-standard
designs and estimators to achieve statistical power. This is
precisely the setting in which existing design uncertainty
quantification methods fall short.

Dataset To work with a realistic dataset, we look to the
International Monetary Fund’s publicly-available Gross Do-
mestic Product (GDP) country-level report for the years
2017-2019, restricted to the top 50 countries by GDP (IMF,
2024). While a coordinated worldwide randomized experi-
ment affecting GDP is implausible, we can make the more
reasonable assumption that some global company’s metric-
of-interest in each country is proportional to that country’s
GDP, such that the simulation results would approximately
hold if such a company were to run a country-level ex-
periment. Our outcome of interest is GDP in 2019, with
2017-2018 GDP acting as pre-period covariates.

Settings To showcase the validity and usefulness of our
method, we compare two assignment strategies: the stan-
dard complete randomization design (“Compl. R.”) treat-
ing exactly half of the countries, and a matched-pairs de-
sign (“Matched Pairs”). The matched-pairs design is con-
structed by matching the country with the largest GDP in
2018 with the country with the second largest GDP for
that year, the third largest with the fourth largest, and so
on. We consider two estimators: first, the standard “no-
covariates” difference-in-means estimator, and second, the
doubly-robust estimator from Section 3.2, using pre-period
covariates from 2018 GDP adjusted for growth using the
historical change between 2017 and 2018, as described in
Section 3.2.

Baselines Finally, we compare our method to three base-
lines. Difference-in-means (and its doubly-robust variant)
admits conservative, analytical bounds for its sampling vari-
ance under both complete randomization and matched-pairs;
see Appendix A.7. We form symmetric, Neyman-style con-
fidence intervals based on these bounds. We next consider
the standard sampling bootstrap, which samples with re-
placement N units 1, 000 times, and reports the empirical
confidence intervals as quantiles of the resulting estima-

tor distribution. We also compare to the causal bootstrap
method suggested by (Aronow et al., 2014; Imbens & Men-
zel, 2021), which resamples from the isotone copula. This
method is only theoretically justified in the complete ran-
domization setting for the difference-in-means estimator.
All reported confidence intervals have 95% nominal cov-
erage. We also report the “true confidence intervals” as
defined by the 2.5% and 97.5% quantiles of the distribution
of the estimate when resampling the assignment according
to each design 500 times.

Analysis Select results are summarized in Tables 1-2. A
more complete set of results can be found in Appendix A.1,
including implementation details and a reference to the open-
source solver. For any experiment with complete random-
ization, our optimal causal bootstrap mechanism and the
isotone copula bootstrap yield the same results down to
each simulation as expected: our optimal causal bootstrap
recovers the well-known variance-maximizing joint distribu-
tion exactly. Across all three inference methods and for the
ground truth confidence intervals (Cls), the Cls are greatly
reduced by incorporating pre-period information. These Cls
are further reduced by the matched-pairs design, with more
discussion in Appendix A.1l

All three bootstrap methods achieve lower-than-nominal
coverage for the completely randomized design, due to the
heavy-tailed nature of GDP data, which causes Fa to con-
verge slowly. This problem is particularly acute for the
completely randomized design, which has high likelihood
of assigning the largest GDP countries to the same treatment
group. By contrast, the matched-pairs design balances the
treated and controlled outcomes, improving the convergence
of F, and thus the coverage of the sampling bootstrap and
our method. We provide more discussion of the observed
undercoverage in Section A.10.

The conservative variance estimators fare well at achieving
close-to-nominal coverage. For the doubly robust estimator
under matched-pairs—the setup which achieves the best
power here—the conservative estimator has the narrowest
CI widths for small effect sizes (less than 2.5%), but for
large effect size (over 10%), its CI widths become larger
than those of the sampling bootstrap. Our optimal causal
bootstrap maintains a stable of improvement of at least 11%
in CI widths relative to the sampling bootstrap, across effects
sizes. We emphasize that analytical variance bounds are not
typically available for more complex designs, whereas our
procedure extends as long as the treatment covariance matrix
is available.

For the matched-pairs design, the isotone copula bootstrap
is no longer known to be a conservative estimator. In prac-
tice, we find its resulting CIs are unrealistically narrow: in
Table 1, they never intersect with zero, leading to a coverage
of 0%. This is not surprising in a well-matched A/A setting
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Covariates True CI Inference Method Coverage Median CI
Compl. R.  Matched Pairs Compl. R.  Matched Pairs Compl. R.  Matched Pairs
Sampling Boot. 90% 100% 3967 4110
Conservative Var. 98% 100% 3991 1152
None 3574 762 Isotone Copula 87% 0% 3348 44
Opt. Causal Boot. 87% 100% 3348 2233
Sampling Boot. 91% 100% 141 142
Conservative Var. 94% 95% 143 49
2018 GDbP 142 46 Isotone Copula 90% 91% 133 41
Opt. Causal Boot. 90% 100% 133 102

Table 1: “True CI” and “Median CI” correspond to 95% CI widths in an A/A test under two designs and two estimators.

Covariates Effect True CI Inference Method Median CI Power
Compl. R.  Matched Pairs Compl. R. Matched Pairs Compl. R. Matched Pairs
Sampling Boot. 4015 4160 0.10 0.00
Conservative Var. 4040 1215 0.02 0.00
2:5% 3618 772 Isotone Copula 3395 - 0.13 -
N Opt. Causal Boot. 3395 2256 0.13 0.00
one
Sampling Boot. 4181 4306 0.10 0.00
Conservative Var. 4149 1464 0.02 0.00
10% 3752 800 Tsotone Copula 3540 - 0.13 -
Opt. Causal Boot. 3540 2341 0.13 0.00
Sampling Boot. 111 109 0.32 0.20
Conservative Var. 117 84 0.24 0.46
2:5% 1ol 4 Isotone Copula 99 - 0.39 -
2018 GDP Opt. Causal Boot. 99 97 0.39 0.25
Sampling Boot. 185 235 1.00 1.00
Conservative Var. 189 310 1.00 0.93
10% 90 64 Isotone Copula 154 - 1.00 -
Opt. Causal Boot. 154 203 1.00 1.00

Table 2: “True CI” and “Median CI” correspond to 95% CI widths for multiplicative effects under two designs and two

estimators.

where the difference of outcomes across pairs is larger than
the difference within pairs. In that case, the isotone copula
imputes the counterfactual outcome of each unit with the
observed outcome of its paired unit. No matter how many
times one samples from this imputed copula, the estimated
effect within each pair will be the same, leading to an es-
timated variance of zero. However, the point estimate of
our estimator can be non-zero, even for a well-matched A/A
test, if the paired units are not exactly identical, leading to
zero coverage. As a result, we do not report the median CIs
of the isotone copula bootstrap in Table 2 for the matched-
pairs design. On the other hand, both the sampling bootstrap
and our optimal causal bootstrap have satisfactory coverage
in both complete randomization and matched pair designs.
Across all experiments, our method reduces CI widths by at
least 10% compared to the naive bootstrap, with no loss in
power or coverage, with an exceptional 50% reduction in CI
widths for the difference-in-means estimator with injected
multiplicative effects.

5.2. Scalability Analysis

As mentioned, we focus on the top 50 countries by GDP for
our simulation analysis. For a dataset of this size, our integer
program took 671 seconds on average for the matched pairs
design, and 1057 seconds on average for complete random-
ization. Matched pairs is faster because of the sparsity of its
covariance matrix. However, complete randomization also
admits a linear programming formulation for the worst-case
copula, which took only 22 seconds on average to solve. We
used this faster implementation in our experiments for the
sake of expedience.

To assess the scalability of our formulation, we solved for
the worst-case copula under a null effect, varying the num-
ber of units. Figures 1-2 presents the results of our scaling
analysis, where each data point in the plot represents an av-
erage over 10 simulation runs, along with 95% confidence
intervals based on standard errors.
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Figure 1: Runtime scaling for matched pairs, integer pro-
gram formulation.

6. Conclusion

We propose an integer program approach to design-
uncertainty quantification for linear- and quadratic-in-
treatment estimators for known and probabilistic assign-
ments, that are unconfounded, conditionally unconfounded,
or individualistic with bounded confoundedness. Future
work could look at new classes of estimators or provide
asymptotic validity results for general confounded mecha-
nisms. There is also the possibility of unknown probabilis-
tic conditionally unconfounded assignmentsm, in which
case the probabilities P; would be replaced with estimated
propensity scores. The validity of our approach would then
depend on the quality of these estimates. The limitations of
our work are around computational scaling, which is lim-
ited to—but also best motivated for—small datasets with
hundreds of units.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.

Acknowledgments

Adel Javanmard is supported in part by the NSF Award
DMS-2311024, the Sloan fellowship in Mathematics, an
Adobe Faculty Research Award, an Amazon Faculty Re-
search Award, and an iORB grant form USC Marshall
School of Business. The authors are grateful to anonymous
reviewers for their feedback on improving this paper.

References

Abadie, A. Semiparametric difference-in-differences es-
timators. The review of economic studies, 72(1):1-19,

/‘\/ [

Average Runtime (seconds)
H
\.
\
A

0 40 50 80 100 120 140 160 180 200
Numpber of Units

Figure 2: Runtime scaling for complete randomization,
linear program formulation.

2005.

Abadie, A., Imbens, G. W., and Zheng, F. Inference for
misspecified models with fixed regressors. Journal of the
American Statistical Association, 109(508):1601-1614,
2014.

Abadie, A., Athey, S., Imbens, G. W., and Wooldridge,
J. M. Sampling-based versus design-based uncertainty in
regression analysis. Econometrica, 88(1):265-296, 2020.

Aronow, P. M., Green, D. P,, and Lee, D. K. Sharp bounds
on the variance in randomized experiments. The Annals
of Statistics, 42(3):850-871, 2014.

Chattopadhyay, A. and Imbens, G. W. Neymanian in-
ference in randomized experiments. arXiv preprint
arXiv:2409.12498, 2024.

Dasgupta, T., Pillai, N. S., and Rubin, D. B. Causal in-
ference from 2k factorial designs by using potential out-
comes. Journal of the Royal Statistical Society Series B:
Statistical Methodology, 77(4):727-753, 2015.

De Bartolomeis, P., Martinez, J. A., Donhauser, K., and
Yang, F. Hidden yet quantifiable: A lower bound for
confounding strength using randomized trials. In Interna-
tional Conference on Artificial Intelligence and Statistics,

pp. 1045-1053. PMLR, 2024.

Deng, A., Xu, Y., Kohavi, R., and Walker, T. Improving the
sensitivity of online controlled experiments by utilizing
pre-experiment data. In Proceedings of the sixth ACM
international conference on Web search and data mining,
pp. 123-132, 2013.

Ding, P, Feller, A., and Miratrix, L. Decomposing treat-
ment effect variation. Journal of the American Statistical
Association, 114(525):304-317, 2019.



Integer Programming for Generalized Causal Bootstrap Designs

Efron, B. Bootstrap methods: Another look at the jackknife.
The Annals of Statistics, 7(1):1-26, 1979.

Fan, Y. and Park, S. S. Sharp bounds on the distribution of
treatment effects and their statistical inference. Econo-
metric Theory, 26(3):931-951, 2010.

Fogarty, C. B. Regression-assisted inference for the average
treatment effect in paired experiments. Biometrika, 105
(4):994-1000, 2018.

Freedman, D. A. On regression adjustments to experimental
data. Advances in Applied Mathematics, 40(2):180-193,
2008.

Hall, P. The bootstrap and Edgeworth expansion. Springer
Science & Business Media, 2013.

Harshaw, C., Middleton, J. A., and Sivje, F. Optimized
variance estimation under interference and complex ex-
perimental designs. arXiv preprint arXiv:2112.01709,
2021.

Harshaw, C., Sivje, F., Spielman, D. A., and Zhang, P.
Balancing covariates in randomized experiments with the
gram—schmidt walk design. Journal of the American
Statistical Association, pp. 1-13, 2024.

Horvitz, D. G. and Thompson, D. J. A generalization of sam-
pling without replacement from a finite universe. Journal
of the American statistical Association, 47(260):663-685,
1952.

Imai, K. Variance identification and efficiency analysis in
randomized experiments under the matched-pair design.
Statistics in medicine, 27(24):4857-4873, 2008.

Imbens, G. and Menzel, K. A causal bootstrap. Annals of
Statistics, 49(3):1460-1488, June 2021.

Imbens, G. W. and Rubin, D. B. Causal inference in statis-
tics, social, and biomedical sciences. Cambridge Univer-
sity Press, 2015.

IMF. World economic outlook database, 2024.
https://www.imf.org/en/Publications/
WEO/weo-database/2024/April.

Ji, W., Lei, L., and Spector, A. Model-agnostic covariate-
assisted inference on partially identified causal effects.
arXiv preprint arXiv:2310.08115, 2023.

Lin, W. Agnostic notes on regression adjustments to ex-
perimental data: Reexamining freedman’s critique. THE
ANNALS of APPLIED STATISTICS, pp. 295-318, 2013.

Lu, J. On randomization-based and regression-based infer-
ences for 2k factorial designs. Statistics & Probability
Letters, 112:72-78, 2016.

10

Mukerjee, R., Dasgupta, T., and Rubin, D. B. Using stan-
dard tools from finite population sampling to improve
causal inference for complex experiments. Journal of
the American Statistical Association, 113(522):868—-881,
2018.

Neyman, J. S. On the application of probability theory to
agricultural experiments. Essay on principles. Section 9.
Statistical Science, pp. 465-472, 1923. 1990 reprint of
the original 1923 paper.

Robins, J. M. Confidence intervals for causal parameters.
Statistics in medicine, 7(7):773-785, 1988.

Samii, C. and Aronow, P. M. On equivalencies between
design-based and regression-based variance estimators
for randomized experiments. Statistics & Probability
Letters, 82(2):365-370, 2012.

Schochet, P. Z. Is regression adjustment supported by the
neyman model for causal inference? Journal of Statistical
Planning and Inference, 140(1):246-259, 2010.

Stoye, J. Partial identification of spread parameters. Quanti-
tative Economics, 1(2):323-357, 2010.

Tan, Z. A distributional approach for causal inference using
propensity scores. Journal of the American Statistical
Association, 101(476):1619-1637, 2006.

Wang, R., Wang, Q., Miao, W., and Zhou, X. Sharp bounds
for variance of treatment effect estimators in the finite

population in the presence of covariates. arXiv preprint
arXiv:2011.09829, 2020.


https://www.imf.org/en/Publications/WEO/weo-database/2024/April
https://www.imf.org/en/Publications/WEO/weo-database/2024/April

Integer Programming for Generalized Causal Bootstrap Designs

A. Appendix
A.1. Complete Simulation Results

Integer programs to compute the optimal causal bootstrap imputation were solved using the CP-SAT solver (https:
//developers.google.com/optimization/cp/cp_solver). Experiments were parallelized on a cloud CPU
cluster using 100 workers. Runtime for the final experiments was approximately 2 hours. Smaller runs of approximately 10
minutes were used to debug the simulation code. Tables 4 and 3 report on the complete simulation results on CI width and
power for multiplicative and additive effects, respectively. Table 1 in the main body contains complete results for A/A tests.

Covariates Effect Size Inference Method Median CI Power

Compl. R.  Matched Pairs Compl. R.  Matched Pairs
None 82 Sampling Boot. 3967 4110 0.10 0.00
None 82 Conservative Var. 3991 1152 0.02 0.00
None 82 Isotone Copula 3348 - 0.13 -
None 82 Opt. Causal Boot. 3348 2230 0.13 0.00
None 164 Sampling Boot. 3967 4110 0.10 0.00
None 164 Conservative Var. 3991 1152 0.03 0.00
None 164 Isotone Copula 3348 - 0.14 -
None 164 Opt. Causal Boot. 3348 2230 0.14 0.00
2018 GDP 82 Sampling Boot. 141 142 0.61 0.78
2018 GDP 82 Conservative Var. 143 49 0.61 1.00
2018 GDP 82 Isotone Copula 133 - 0.68 -
2018 GDP 82 Opt. Causal Boot. 133 102 0.68 1.00
2018 GDP 164 Sampling Boot. 141 142 1.00 1.00
2018 GDP 164 Conservative Var. 143 49 1.00 1.00
2018 GDP 164 Isotone Copula 133 - 1.00 -
2018 GDP 164 Opt. Causal Boot. 133 101 1.00 1.00

Table 3: Complete results for 95% CI widths and power for injected additive effects.

As a footnote, we observe that the “true CI”” widths increase with effect size for both designs when there are no covariates,
as expected. However, they sometimes decrease with effect size with covariates. This is due to the fact that the covariates
model some growth in outcomes, and these models are not fit in-sample. Therefore, it is possible for variance reduction to
be largest for nonzero effect sizes.
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Covariates Effect Size Inference Method Median CI Power

Compl. R.  Matched Pairs Compl. R.  Matched Pairs
None 2.5% Sampling Boot. 4015 4160 0.10 0.00
None 2.5% Conservative Var. 4040 1215 0.02 0.00
None 2.5% Isotone Copula 3395 - 0.13 -
None 2.5% Opt. Causal Boot. 3395 2256 0.13 0.00
None 5.0% Sampling Boot. 4068 4206 0.10 0.00
None 5.0% Conservative Var. 4079 1298 0.01 0.00
None 5.0% Isotone Copula 3447 - 0.13 -
None 5.0% Opt. Causal Boot. 3447 2284 0.13 0.00
None 7.5% Sampling Boot. 4121 4260 0.10 0.00
None 7.5% Conservative Var. 4114 1381 0.02 0.00
None 7.5% Isotone Copula 3495 - 0.13 -
None 7.5% Opt. Causal Boot. 3495 2314 0.13 0.00
None 10.0% Sampling Boot. 4181 4306 0.10 0.00
None 10.0% Conservative Var. 4149 1464 0.02 0.00
None 10.0% Isotone Copula 3540 - 0.13 -
None 10.0% Opt. Causal Boot. 3540 2341 0.13 0.00
2018 GDP  2.5% Sampling Boot. 111 109 0.32 0.20
2018 GDP  2.5% Conservative Var. 117 84 0.24 0.46
2018 GDP  2.5% Isotone Copula 99 - 0.39 -
2018 GDP  2.5% Opt. Causal Boot. 99 97 0.39 0.25
2018 GDP  5.0% Sampling Boot. 122 121 0.93 0.98
2018 GDP  5.0% Conservative Var. 124 148 0.89 0.75
2018 GDP  5.0% Isotone Copula 102 - 0.97 -
2018 GDP  5.0% Opt. Causal Boot. 102 126 0.97 0.92
2018 GDP  7.5% Sampling Boot. 154 169 1.00 1.00
2018 GDP  7.5% Conservative Var. 152 228 1.00 0.88
2018 GDP  7.5% Isotone Copula 126 - 1.00 -
2018 GDP  7.5% Opt. Causal Boot. 126 162 1.00 1.00
2018 GDP  10.0% Sampling Boot. 185 235 1.00 1.00
2018 GDP 10.0% Conservative Var. 189 310 1.00 0.93
2018 GDP  10.0% Isotone Copula 154 - 1.00 -
2018 GDP  10.0% Opt. Causal Boot. 154 203 1.00 1.00

Table 4: Complete results for 95% CI widths and power for injected multiplicative effects.
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A.2. Proof of Lemma 2.1 in Section 2.3

To show the first part of the Lemma 2.1, we observe that for any outcome ¥, setting € = 0 implies F.2%% (yy,) = F™ (yy).
The observed distribution F°%%(y3,) is already determined and not in our control. Further, No FP%*(yi,) = NoFJ™* (yy,) =

Z 1-2Z)X (,i ) which is an integer value. Since F?**(yy) is already given, it may be that there exists an outcome ¥,
such that NoFP% (y) is not an integer, in which case the (d) constraints above are not feasible when ¢ = 0.

We now tackle the second statement of Lemma 2.1. The constraints corresponding to a = 1 are decoupled from those
corresponding to a = 0. Here, we focus on @ = 1 and the case of @ = 0 can be treated similarly. Define the shorthand

obs (1)
Pk = Fy yk Zsz N

for every yi, € supp(F7*). Note that the values of pj, are given by constraint (a) and >, pr = 1. Let m := | supp(F{"%)|
and C be the set of controlled units (|C| = Np). For each k € [m], we let A, C C be an arbitrary set with |[Ag| = | Nopx],
such that the sets Ay, are disjoint. Note that

m m

| Uy Akl =D Akl = [ Nopi) < No > px = No.

k=1 k=1 i=1
Therefore, the number of controlled units not covered by any of Ay is at most

m m m

ri=|C\ U, Ax| = No = Y [ Nopr| = > (Nopx — [ Nopx)) <D 1 =m.
k=1 k=1 k=1

We next increase the size of |A], . .., |A,| by adding one element of C'\ UX_; A} to each of them (Note that this is possible
since as we showed above r < m). This way, we have

|Ag| = | Nopi) +1, fork=1,...,r
|Ax| = [Nopk|, fork=r+1,....,m,
the sets Ay, are disjoint and their union covers C.
We are now ready to construct a feasible solution as follows. For i € C' (i.e., a controlled unit), we set

1 1 1€ Ak7
Xi(k) = .
0 otherwise.

In addition, for i € C° (i.e., a treated unit), we set
X =1 it (1) =y 5)
(1)

Constraints (a) and (c) are clearly satisfied as X, are binary variables that are zero outside supp(£**). Condition (a) is
also satisfied by (5) and noting that for i € C'¢, we have Yi"bs = Y;(1). To verify constraint (c), note that if ¢ € C, only one

of X Z(,i ) is one and the rest are zero because the sets Ay, are disjoint. The same holds for i € C* clearly by the construction
in (5).

We next verify constraint (d). We have

) Zi w1 ) | Al
R S Y SIS
=1 ’LEC
Fork =1,...,r, we have
‘ _|Ak|‘_‘ [ Nopk | +1‘:‘1—(Nopk—LNoka) oL
Pk No =Ny
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Likewise, for k = r + 1,...,m we have

‘ |Ak|’ _ ‘ Noka ‘ ‘Nopk - LNoka 1
Pk — = |Pk —
Ny No

Combining the previous two inequalities, we obtain that constraint (d) is satisfied for ¢ > 1/Ny for a = 1.

Following the same procedure for a = 0, we get that there exists a feasible solution to optimization (4) for ¢ >
]./ min(NO, Nl)

When Ny = Ny, note that in this case we can form a one-to-one matching of units in the control set to units in the treatment
set. Take any such matching, and for i € N let k; be the outcome of the unit that ¢ is matched to. Set X 1(1;_ %) — 1 and

Xi(,i_zi) = 0 for all k£ # k;. Set Xi(kzi) = 1if Y;°* = y;, and Xi(kZi) = 0 otherwise. By construction, this solution satisfies
constraints (4).a—(4).c and also constraints (4).d for e = 0.
A.3. Constructing the Integer Linear Program in Section 2.4

Let y(® e RIYI be the vector of potential outcomes ). Consider the following matrix and vector variables, with Y (®) an
N x (N - K) matrix and X® an (N - K) vector:

y@T 0 . 0
v@ . 0 y®T 0
. o o
0 0 y(a)T
T
X@ = (x{¢ oxf x{ X0k

We further consider the following combined matrices:

X (0)
— ( Ly 1vy(1 —
v (YO 4v0) x = (X))

While the notation is clumsy, it allows us to rewrite Varz[7] in a solver-friendly way, with X a vector and our objective
the quadratic function. Recall that the variance of the difference-in-means estimator has a quadratic closed-form for
general assignments: Varz[7] : {Y;(1),Y;(0)} — YTX,,Y, where Y is the vector of coordinates {N; 'Y;(1) +
NJIK(O)}Z 1..n , and 3z is the covariance matrix of the random vector {Z;};—1..n, with coordinates (Xz);; =
Cov|Z;, Z;]. Rewriting Varz[7] in terms of X and Y, we obtain:

Vary[7] = XTYTE,,YX = XTQX.
Q

Because ¥z is positive definite for any probabilistic assignment, it can be decomposed into the product of a matrix
and its transpose RTR. by the Cholesky decomposition. Thus, Q can be written as the positive semi-definite matrix
Q= YTRTRY.

Furthermore, in the objective (4) we have products of binary variables of the form X Z(;: )X ;2). We replace this product with

a new binary variable X 1(1? ]b,? € {0,1}, and introduce the following linear constraints to ensure the variable corresponds to
the product of the original variables:

(a,b) (a)
le?]é SX{L

(a,b) (b)
sz,]f — X

x (a:b) (a) (b)

Xipje =Xy + X5, —1
It is easy to check that X (,? b} = 1if and only if both X Z(,j )= 1land X (2) = 1. After this transformation, the integer program
consists only of binary varlables and the objective and constraints are all linear.
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A.4. Derivations of Section 3.1

For any assignment mechanism where Ny, N1 > 0, the difference-in-means estimator can be written as:

e (S HO) O s,

a; b;

where V; is the number of treated units and N is the number of controlled units. Estimators of this form have expectation
E(7) = 3", E[Z;]a; + b; and we can write their variance as a sum over all assignments:

N 2
Vary[7 ZIP’ (Z zia; +b; — ) ZP =2z) <Z ai(z; — E[ZJ))

Substituting for D; = z; — E[Z;], we have Vary[7] = Varp[r] = Y ,P(D = d)(3,aidi)’ = S,P(D =
d) (ZZ ; didjaiaj) = >_;; @ia; B[D;D;], such that the objective function we are trying to maximize with respect to
Y;(1) and Y;(0) is

Var |7 Z a;a;Cov|Z;, Z;] 6)

)

A.5. Proof of Theorems in Section 4.2

In optimization (4)(d) the slackness parameter ¢ was chosen to allow for a feasible solution. Other than feasibility, we note
that while Ez[F™ (y)] = Ez[F% (y)], for a given sample the distributions F™** and F°** may not match exactly. In this
section, we derive a finite sample analysis of optimization (4). Specifically, the next theorem provides a lower bound on the
probability that for a given sample, the two distributions F*%* and F°** are uniformly close to each other, namely within
a distance of at most €. This also gives a rate for the probability of the optimal objective value of (4) upper bounding the
quantity of interest Var z[7], as the sample size increases.

For the readers’ convenience we recall the statement of Theorem 4.1.

Theorem A.1. Suppose that Yi(a) ~ F; for a € {0,1} and i € [n]. Also assume that {(Y;(0),Y;(1))}icn) and the
assignment variables {Z;};c|n) are independent. Let V* be the optimal objective value of the problem (4). We have

P(V* > Vargz[7]) > 1 -5, (7N
where
e - 32
B :=Sexp ( - ZNP) t a5 Y Cov(Z, 7)),
i,jE[N]
. 1
P=min(P,1-P), P=< ez[;ﬂp(zi =1).

Proof. We start by finding a lower bound for the probability that the following statement holds:

N
Zi (a)
— X —Fr ‘
Nl ik (yk)

i=1

Va € {0,1}, Vk,

€
2

Since Z is independent of Y (*), the set of {Yi(a) 1 € [N], Z; = 1} is a set of random draws from F*. We condition on Z
and let N} = Zfil Z;. By using the Dvoretzky—Kiefer-Wolfowitz (DKW) inequality', we have that for every e > 0,

P
Yk

"Note that DWK inequality provides a bound on the worst case distance of an empirically determined “distribution function” G from its
associated population “distribution function” G. For a discrete variable, we can write the pmf at a value y as F'(y) = G(y+9) —G(y—9),
for a small enough ¢ and apply DWK bound on G(y + d) and G — § separately to get a similar bound for F'(y).

—Fa*(yk)‘ o ;‘Z> < 2e M€/,
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By taking expectation with respect to Z we arrive at

< O - R > 2) < 2E[e=™/7).
1= 1

The correlation among Z;’s will affect the rate of convergence.
By using Chebyshev’s inequality, we have

P(’ZZZ-—ZP

i€[N] i€[N] i,jEIN

with P, = P(Z; = 1). Therefore,
1
IP’(N1 <Y np —N5) <<y Y Covizizy).
i€[N] j

We set § = 5 >3, c(n) Fi> We have
1 4
<= )< —— A
P(Nl <3 2 j Pl) <spyp §_ Cov(Z;, Z;)
i€[N] ¢ i,5€[N

Let £ be the following probabilistic event:

5::{N1>% ZPZ}.

i€[N]

Using the above bound bound on P(£°), we get

i€[N]
€2 4
< - — : —_— ; ).
<o (-5 TRy X 0o
7 2,7

Combining (11) and (8) we obtain the following result:

Zi a 2
]P’( —Xi(k) - F;(yk)’ > E) < 2exp ( . Z Pi> + % Z Cov(Z;,Z;)
Yk 1 2 4 (Zz Pi) L
i€[N] i,jE[N
€ 8
i,J€[N]
By applying a similar argument (using 1 — Z; instead of Z;) we also get
€2 8
sup X! F*(yk)’ ) < 2exp ( _ SN P)) TR - Cov(Z;. Z;).
( . N " 2 4 N2(1 - P)2 i’j%:N] ’
In addition, by triangle inequality we have
(a) — (a) (a) * (a) ¥
\ZNl _!Z S = Fw) ~ Fi(we)|.

Therefore, by union bounding over the two events in (12) and (13) and over a € {O, 1} we get that

R I

N
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with probability at least 1 — 3, where

e - 32
B = 8exp(— ZNP) +W Z[ ]COV(Zi,Zj),
i,jE€[N

with P := min(P,1 — P).

Hence, X is a feasible solution to (8) with the same probability. In addition, recalling (3) we have
V= (XTQX* > XTQX = Vary[7],
which completes the proof. ]

Remark A.2. Under the setting of Theorem A.1, if the assignment variables Z; are independent, then we can sharpen the
probability bound using Hoeffding inequality in (9). In this case, the failure probability 5 will be given by

2 ~ 1 ~
3 :8exp(f EZNP) JrSexp(— 5NP2).

Confounded independent treatment assignments. We next prove a similar result for the case that the treatment variable
can be correlated with the outcomes through a confounding factor.

For the readers’ convenience we recall the statement of Theorem 4.3.

Theorem A.3. Suppose that (Y;(0),Y;(1), Z;) are i.i.d across i € [n] and Y;(a) ~ F7 for a € {0,1}. In addition, suppose
that
P(Z = alY(0),Y (1))
P(Z =a)
for some § > 0. Note that & controls the effect of confoundedness, with 6 = 0 corresponding to unconfoundedness. Let V*

be the optimal objective value of the optimization problem (4), and suppose that the slackness parameter ¢, in constraint (d)
satisfies € > 6. We have

—1| <94,

P(V* > Varz[7]) > 1 - 3, (14)
where
Bi=1-— 8672Ne§ . 867Nf:’ef/3’

. _(e=0PA+58) €=
P =min(P,1-P), € = 24o6+e 0 T ao4ste

Proof. Recall that X Z(,? )= I(Y;(a) = yx). We first establish the following lemma.

Lemma A.4. Under the assumption of Theorem A.3 we have

P(Z; = al X))

P(Z;=a) !

<9.

We define the probabilistic event &, as follows, for a fixed arbitrary ¢y > 0:

&, := { sup <€y .
Yk

Note that by assumption Z;| X Z(,? ) are i.i.d and we denote their distribution by dropping the index i as Z| X ,ga).

N
7
> SXE Bz =1X") Fiu)

i=1

By an application of Dvoretzky—Kiefer—Wolfowitz (DKW) inequality, similar to the proof of Theorem A.l, we have
P(E,) < 2e~2N<,

17
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We also define the probabilistic event € as follows:

- 1 X
=172

> Zi-P(Z=1)
i=1

Recall the notation N; := Zf\; Z;and let P = P(Z = 1). Then, by an application of the multiplicative Chernoff bound
we have P(£) < 2¢~NPe/3,

<e P(Z= 1)} . (15)

Therefore, on the event £ N 3 , we have

N (a)
Zi X(l?) _ Zi:l ZiX

E : ik = N

i=1 Ny dic1 Zi

oYL X~ P(Z = UX[)F; ()| + P(Z = 1X)F; ()

=1

P(Z=1)-[P(Z=1)-

co +P(Z = 1[X\)Fz ()
- P(l*ﬁl)
€0 1+5

<
SPl-a) 1-q

F:(yk)a

where in the last step we used the result of Lemma A.4, by which P(Z = 1| X ,ga)) /P <1+34.

Likewise, on the event £ N g , we have

i Zi gt 5 PZ=1XF () — <o
w2

P(1+61)
1-96 €0
> F(yp) — —————,
- 1+€1 a(yk) P(1+€1)

Therefore, on the event £ N 3 , we have

sup

Z N, zkr — Fy (k)
i=1

€0 149 €0 1—§
<o s+ (120 1) R ey + (10150 R )

< €0 61—|—5’
_P(].—El) 1—61

since F¥(yx) < 1. In addition, by union bounding,
PENE) > 1—P(E) —P(EC) > 1 — 202N — 9 NPL/3

By following a similar argument (replacing the role of Z; by 1 — Z;), we obtain that

N

1-Z; ()
E —X, —F
P NO ik (yk)

€0 61+5
(1—P)(1—€1) 1—61’

sup
Yr

with probability at least 1 — 2¢=2Ne — 2e=N(1=P)ei/3,

Therefore, by triangle inequality and union bounding over a € {0, 1} we get that

N
1- 2, € €1+90
X<“>( ) <2{~ 0 4 : 16
Z AN N T [Pl-e) l-@a (10

i=1

Vk,a,
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with probability at least 1 — 3, where )
Bi=1— 86721\753 _ Se*NPE?/S

and P = min(P,1 — P).
We next set g, €1 such that the right-hand side of (16) becomes e. Namely, we set

(e — 6)P(1+6) )
CT T e 0 P T 2o e
This way, X is a feasible solution to (8) with probability at least 1 — /3, and so
V* = (X)TQX* > XTQX = Vary[7].
O

Proof. (Proof of Lemma A.4) By definition, P(Z; = a|Xi(;€l) = 1) = P(Z; = a|Yi(a) = yi). Therefore, from the
assumption we have
P(Z = alX = 1)

-1 <9.
P(Zi:a) <9

For the other case we write

P(Zi=1L,X =0) _ Y P(Zi = 11Yi(a) = yo) P(Yi(a) = ye)
P(X{) = 0) P(X{) = 0)

P(Z =1|X{) = 0) =

Expanding the denominator as P(Xi(,?) =0) = > 0 P(Yi(a) = ye), we get

P(Z = 11X = 0) _ > ozk P(Zi = 11Yi(a) = yo)P(Yi(a) = ye)
P(Z; = a) ZZ;&]C P(Z; = a)P(Yi(a) = ye) .

Define the shorthand ay := P(Z; = 1|Y;(a) = y¢)P(Yi(a) = y¢) and by := P(Z; = a)P(Y;(a) = ye). Then by our
assumption |Z—f — 1] < 4, or equivalently, (1 — 6)b; < ap < (1 + §)be. This implies that

s BZi= UX =0) Y ar
- P(Zi = a) > ek be

This concludes the proof of lemma. O

<1+496.

A.6. Derivations of Section 3.3

We first prove that the variance of estimators of the form 7 = ZZ b; + Zj Z;Z;a;; can be written as a sum of N 4 products
of a;; and ay,; terms:

Varg[f]| =Y P(Z=2) (> bi+ Y ZiZja;—» bi— > E[ZiZjay;

2

Y P(Z=2) | Y (ZiZ; —E[ZiZ) ai

(2]

> aijanCov [Z; Z;, Z,Z)]
i,7,k,1

We now prove that the regression estimator on Z and a covariate X (later rewritten to W to avoid confusion with the
indicator variables) can be parameterized in such a way.
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Suppose that f is a linear regression with covariate X . The exact model is Y; = By + 81 D; + 82 X;, where D; = Z; — % 51
gives the average treatment effect. Without loss of generality, assume % >_; Xi = 0 (any nonzero mean can be absorbed into
the intercept). We can analytically compute the hat matrix, which is simplified by the fact that >, D; = 0and >, X; = 0.

We compute the inverse of this matrix using Gaussian elimination. Because we only need the second row of the inverse, it
suffices to only partially solve the Gaussian elimination. We only compute the first two rows of the inverse:

+~ 0 0
T 3\ —1 N N_ X XiDi
(X7 X)7 =10 NiNo — NiNo = X (X2)
0 ? ?
The average treatment effect estimate Bl is given by
N o
= [(XTX) I XTY ), = {0 NfVNo _NfVNo Y ()Z( )L} > Y D;
i Z YObin

N ZXD
obs _ . obs
o (20w (R0 )

N X Yobs
_ ZDl }/iObS o 12 2
NiNo 4 ' > X

Next, we perform two algebraic manipulations to write our estimator in terms of the potential outcomes (instead of Yi"bs).

Y = ZY;(1) + (1 = Z:)Y;(0) =: Z,Y; + Y;(0)

D = (2= 3 ) (201 + (- Z)vi00)
_ Ny Ny N
— Zvi1) - szu) My + zvoh
N1
=27 (Yi( )~ >N
N1N0 i N1 NlNOV Nl
-7 21yi0) = Z; _ Oy,
N ( ) N iy oy i)

where we introduce the notation Y; := Y;(1) — Y;(0) and Y; := % + w.
1 0
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A N obs 1 obs
= w D | DY = s ) DX XY

( J

NfVNo Z Zi NNNOK - %Yi(o) - X%X ZDZ'XZ'XJ'(ZJ’YJ‘ + Yj(o))

i J

= e 2 (FRYi0) + w1l Do | Z8NRY - six D (% - RN X2V 4 Y;5(0))

i j
= -7 2_Yi0)
+ WMow XTX Z Z (ZiXTX%Yi - XiX; (ZiZan +2;Y;(0) - 2, — %Yj(o)))
i

= - ) Yi(0) - xhx DD XiX;Y;(0)
7 7 7

+ N XIR DD (ZiXTXNfl\’*szOE - XiX; (ZiZij + 2:Y;(0) - %Zij))
i

It follows that
F=Y - (OxER) +
No LXTX
%
b;
+ MM XIR DD (Z”XTXN%DE - XiX; (Zz‘Zij + 2:Y;(0) - %Zj}G))
i

Because the double sum contains all combinations of 7 and j, we can reindex ¢ and j in the term %Z]YjX,-X j

=Y bt it X (ZXTXGEEY, - XX, (72,7, + Z050) - 277
=Y b+ etk 22 (% (XTXEHT: - XiX¥5(0) + V) - ZiZ,X:X,Y5)

We see we can write 7 = >, b; + >, Zj a;; Z; Z;, where

b =~y (Yi(0) + Xigrk)

Y N L 1 X e
ai; = {NYi M No xTxX XJYJ(O)JFWUXTXYi ifi =j

NNN s XiX; Y; otherwise

Substituting in our definitions of Y; and YZ-, we have
b=~ 5 (Yi(0) + X 4%

aij = {N}NY( )+ No NY(O) - NfVN XTXXX Y(O) Nioxflx(yt(l) —Yl(O)) ifi:j

NfVNo xTxX X5 (Yi(1) - Yi(0)) otherwise

A.7. Conservative Variance Bounds for Section 5

Here we make explicit the analytical, conservative variance estimators used as baselines for the complete randomization and
matched pairs designs in Section 5. Recall that Ny, N; are the number of units in the control and treatment sets, respectively,
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that N = Ny + N; is the total number of units, and that Z; € {0, 1} is the treatment indicator for unit i. For z € {0, 1}, we
define the sample variance estimator

2
&= yiy (Yi(z)— + Z Y,»(z)) .
i:Zi:z

’Z:Zi:Z

An estimator for the sampling variance of diff-in-means under complete randomization is as follows; see Theorem 6.3
in (Imbens & Rubin, 2015).

2 2
S0, 51
Ny Ny

Comparing to (1), we see that this estimator is a conservative upper bound for the true sampling variance as 52 > 0.

For the matched pairs design, let 7() be the difference between the outcomes for the treatment and control units in pair 7,
for j € [N/2]. A conservative estimator for the sampling variance of diff-in-means under the matched pairs design is as
follows; see Theorem 10.1 in (Imbens & Rubin, 2015).

4 N/2 o 1 N/ZA .

A.8. Variance of the Difference-in-means Estimator under a Completely Randomized Assignment

The variance of the difference-in-means estimator is given by

) §2 52 g2
Varz[iprv] = ﬁll + F?) -y (17

2
where §2 = LS 1 (K(z) - % Zi\il E(z)) is the sample variances of the treated (z = 1) and control (z = 0) units,

2
while §2 := -V (Yi(l) - Y;(0) — % SN (Y1) - }Q(O))) is the sample variance of the unit-level treatment
effects Y;(1) — Y;(0).

A.9. Constructing confidence intervals

We propose two different ways of constructing confidence intervals from the optimal value V* of the quadratic program
above. The first approach is to use a normal asymptotic approximation. In this case, the (1 — «)-confidence interval is
computed as 7 £ (1/V*/N) - z1_4/2 With 2, being the (1 — a/2)-quantile of the standard normal distribution. This
approach is justified in some settings. In particular, Abadie, Athey, Imbens, and Wooldridge (2020) study the asymptotic
validity of this approach for linear regression. In other settings, it can be viewed as an approximation, the properties of
which can be investigated by running simulations or A/A-tests. Another approach is to employ a bootstrap procedure similar
to the one proposed in Imbens & Menzel (2021), in which unobserved potential outcomes are imputed via the least favorable
copula and bootstrap samples are drawn via rerandomization of units to treatment. Confidence intervals are constructed
based on the quantiles of the bootstrap distribution of 7, as illustrated in Algorithm 1. Many variants of the bootstrap can
also be applied to a causal bootstrap; for example Imbens and Menzel (2021) bootstrap the ¢-statistic which is asymptotically
pivotal and is known to lead to an asymptotic refinement of the confidence interval in standard settings (Hall, 2013).

In Algorithm 1, supp(Fy,) is the support of the marginal distributions of outcomes F,. If supp(Fy,) is not known (e.g.
continuous outcomes), we can use the support of the observed marginal distributions supp(F.°%*) in Algorithm 1. We revisit
the validity of this assumption in 4.2, and the specific parameterization of the solution X in section 2.4.

A.10. Understanding the undercoverage of bootstrap-based methods

Copula-based methods are liable to suffer from undercoverage in small samples. This is true of the isotone copula method
proposed by Aronow et al. (2014) and used by Imbens & Menzel (2021), as well as our own method. These concerns
diminish in larger samples. Consider the following scenario: The true effect is 0. Regardless of the realized randomization,
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Algorithm 1 Our Causal Bootstrap Procedure

Require: for o € {0,1} : y(a), vector representation of supp(F, ); X(®, solution to Eq. 2; design P(Z).
Initialize: S < ()
fora € {0,1} do
V(o) + (y®)TXO;
end for
for some large number of repetitions do
Sample Z ~ P(Z) and S +— SU{7(Z,Y(a))}
end for
Return [¢, /2, ¢1—a/2] (¢ is the ' quantile of .S).

Unit Pair Yy Y

A 1 11 11
B 1 10 10
C 2 0 O
D 2 0 O

any copula that matches the marginals will lead to a non-zero ATE deterministically. For example, in each of the observed
potential outcome tables below,

Unit Pair Yy, Yi Unit Pair Yy, Y;

A 1 X 1 A I 11 X
B 1 10 X B 1 X 10

the copula will always be imputed as either:

Unit Pair Yy Y Unit Pair Yy Y
A 1 10 11 A 1 11 10
B 1 10 11 B 1 11 10

In either case, the samples of the estimated ATE will be 0.5 or —0.5 deterministically, leading to a coverage of zero. These
issues disappear in larger samples. We refer the reader to our asymptotic validity results for theoretical guarantees in this
setting.
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