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Abstract

Second-order methods can address the shortcomings of first-order methods for the optimiza-
tion of large-scale machine learning models. However, second-order methods have signifi-
cantly higher computational costs associated with the computation of second-order infor-
mation. Subspace methods that are based on randomization have addressed some of these
computational costs as they compute search directions in lower dimensions. Even though
super-linear convergence rates have been empirically observed, it has not been possible to
rigorously show that these variants of second-order methods can indeed achieve such fast
rates. Also, it is not clear whether subspace methods are efficient for non-convex settings.
To address these shortcomings, we develop a link between multigrid optimization methods
and low-rank Newton methods that enables us to prove the super-linear rates of stochastic
low-rank Newton methods rigorously. Our method does not require any computations in
the original model dimension. We further propose a truncated version of the method that
is capable of solving high-dimensional non-convex problems. Preliminary numerical experi-
ments show that our method has a better escape rate from saddle points compared to the
state-of-the-art first-order methods and thus returns lower training errors.

1 Introduction

When it comes to applying second-order optimization methods in machine learning, there are two open ques-
tions: 1. Can second-order methods be implemented efficiently? 2. Can second-order methods outperform
standard first-order methods for traditional ML metrics such as generalization error? Regarding the latter
question, several recent articles have argued the efficacy of second-order methods in deep learning [Singh &
Alistarh (2020); [Pascanu & Bengio| (2013)); [Dauphin et al| (2014)), reinforcement learning [Wu et al.| (2017)
and variational inference |Regier et al.|(2017) (to name but a few). Given the recent promising experimental
results obtained via second-order methods, the first question regarding the efficiency of these methods has
become even more urgent. In this paper we provide some answers to the first question.

The development of randomized methods such as sketching and sub-sampling has enabled the application of
second-order methods to large scale ML models. Super-linear convergence for sub-sampled methods has been
shown in various recent works e.g., Berahas et al.| (2017)); Bollapragada et al.| (2019); [Erdogdu & Montanari
(2015)); [Pilanci & Wainwright| (2017a); [Roosta-Khorasani & Mahoney| (2019)). But all the existing methods
require computations with the full Hessian, which is of order O(n?) to compute/store, and require O(n?)
operations to compute the Newton direction. Stochastic multilevel or sub-space methods, such as the one
proposed in this paper, have O(nN) cost for computing and storing the Hessian, and O(n?N) cost for
computing the Newton direction (where N <« n is the dimension of the sub-space). However, it is unclear
if stochastic multilevel methods can still converge super-linearly when the hessian is approximated via a
random method. Although it is clear from numerical experiments that randomized Newton methods can
obtain super-linear convergence, rigorous proof under general conditions has not appeared before Hanzely
et al.| (2020)); |Gower et al.| (2019)).
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In terms of the theoretical contributions of this paper, the algorithms of [Pilanci & Wainwright| (2017b]) and
Tsipinakis & Parpas| (2024) are particularly relevant since they are analyzed using self-concordant functions.
In Pilanci & Wainwright| (2017b]), restrictive assumptions are made regarding the Hessian. In particular,
the authors assume that the square root of the Hessian is available or easily computable, and the method
requires access to the full Hessian and both the proof and hence the algorithm cannot be extended to the
non-convex case. In this paper we relax all these assumptions without compromising the convergence rate. In
Tsipinakis & Parpas| (2024)), super-linear convergence was established, but the algorithm cannot be applied
to the non-convex case without non-trivial modifications. This paper links multilevel optimization methods
and randomized Newton methods. We exploit this link and establish the global convergence of the algorithm
and a local super-linear convergence rate for self-concordant functions. Because of the way the low-rank
Hessian approximation is performed, our method can easily be extended to the non-convex case and to very
high dimensions (even when the Hessian is dense).

Regarding the stochastic subspace methods, the work of |Gower et al.| (2019) is quite relevant, however the
method only achieves a linear rate, whereas we achieve a super-linear rate for the same iteration complexity.
In addition, the method in|Gower et al.| (2019) cannot be extended to the non-convex case without non-trivial
modifications. In Hanzely et al. (2020]), the authors develop a related method that is based on the cubic
Newton method. But the method has a linear rate, and it is unclear if the method can be efficiently applied
to non-convex problems. Here, in order to apply the Newton method to non-convex problems, we take a
truncated SVD of the Hessian to keep the N + 1 most informative eigenvalues and replace the rest with the
(N + 1)t eigenvalue while negative eigenvalues are replaced by their absolute value. Therefore, as in the
convex case, enforcing the Hessian matrix to be positive definite and premultiplying the negative gradient by
its inverse, we perform a local change of coordinates and thus we should expect an accelerated convergence
behavior compared to the first-order methods. In addition, when dealing with non-convex functions, the
fact that we do not allow for sufficiently small eigenvalues means that slow and flat manifolds around saddle
points will turn into saddles whose eigenvalues are large and we therefore achieve a faster escape rate from
the unstable region of the saddle points. Similar approaches when computing the Newton direction have
already been explored|O’Leary-Roseberry et al.| (2019); Paternain et al.| (2019)); Erdogdu & Montanari| (2015)).
However, they all require the computation of the full Hessian matrix and hence they are inefficient for high
dimensional problems. A work that scales to high dimensional problems which also approximates the Hessian
matrix was explored by Marteau-Ferey et al.| (2019)). The difference to our approach is that it regularizes
the Hessian matrix instead of performing a Truncated SVD. However, selecting the regularization parameter
such that the Hessian matrix becomes positive definite is a difficult task and thus the method is suitable to
convex problems. In addition, their method has limited applicability since it relies on the existence of an {5
regularizer to work. Such an assumption is not present in this paper.

To this end, all the aforementioned advantages of our approach are demonstrated in our numerical experi-
ments. We show that our method is efficient in terms of computational requirements and it can be applied
to models with millions of parameters even when the Hessian is dense. Our numerical experiments suggest
that the proposed method behaves similarly to the cubic Newton method (in terms of efficiency and ability
to escape saddle points) but with significantly less computational requirements. Moreover, we apply the
method to the minimization of a deep autoencoder model, which is known to exhibit numerous flat regions
and saddle points. The results demonstrate that the proposed method escapes saddle points and flat regions
significantly more efficiently than Adam, despite constructing its iterates in a much smaller subspace.

2 Background and Method

In this section, we briefly discuss the main components of multilevel optimization methods, and introduce the
coarse-grained model, which we later modify to compute search directions. In the optimization literature,
multilevel methods are also referred to as multigrid methods. Since there is no notion of “grid” in the
proposed algorithm we use the term multilevel, but in the context of this paper the two terms are equivalent.
Multilevel optimization methods have two components: (1) A hierarchy of coarse models, and (2) Linear
prolongation and restriction operators used to “transfer” information up and down the hierarchy of models.
In this section, we describe these two components; however, for simplicity, we consider a two-level hierarchy.
Our results can be extended to more than two levels without substantial changes.
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2.1 The Coarse-grained Model and Main Assumptions

We first develop the proposed methodology for a convex optimization model. The non-convex case is dis-
cussed in Section Consider the following model,

x* = arg min f(x). (1)
xER™

where we assume that the function f is a strictly convex and self-concordant. Moreover, it has a closed
sublevel set and is bounded below so that x* exists. The definition and properties of self-concordant functions
can be found in appendix [A] and we refer the interested reader to Boyd & Vandenberghe| (2004)); Nesterov
(2004)); Nesterov et al.| (2018); [Nesterov & Nemirovskii| (1994) for additional background information. We
will adopt the terminology used in the multilevel literature and call the model in equation [If the fine model.
We will also assume that we can construct a lower dimensional model called the coarse model. In traditional
multilevel methods the coarse model is typically derived by varying a discretization parameter. In machine
learning applications a coarse model can be derived by varying the number of pixels in image processing
application§Galun et al.| (2015]), or by varying the dictionary size and fidelity in statistical pattern recognition
(see e.g. [Hovhannisyan et al.| (2016]) for examples in face recognition, and background extraction from video).
We denote the coarse model as,

y* = arg min F(y). (2)

yERN

We assume that N < n and typically N < n and that F' is also a strictly convex, self-concordant function.
The property that N < n justifies the use of the terms coarse-grained or reduced order model. The role
of the coarse model is to help generate high quality search directions from the current incumbent point
x; but at a reduced computational cost. Let Ry € RYX" be the restriction operator with which one may
transfer information from the fine to coarse model and thus we define the initial point in the coarse model
as yo := Rypxy at iteration k. For simplification purposes from now onwards we will omit the subscript k
from the restriction operator. In order for the search direction to be useful (e.g. a descent direction), we
assume that first-order coherency condition below holds,

RV f(xx) = VF(yo), 3)

See Wen & Goldfarb| (2009) for a discussion of the first-order coherency condition in multilevel optimization.
In addition to the restriction operator we also assume that a prolongation operator, P € R™*¥ is available.
We make the following assumption about these two operators.

Assumption 1. The restriction and prolongation operators R and P satisfy, P = cR”, where ¢ > 0, and
P has full column rank, i.e., rank(P) = N.

The assumptions regarding the restriction and prolongation operators are standard Briggs et al.| (2000) and,
without loss of generality, we assume that o = 1. A simple way to construct the prolongation and restriction
operators, which satisfies Assumption (1} arises from the naive Nystrom method (see [Drineas & Mahoney
(2005) for an introduction). In particular, we construct R and P as described in the definition below.

Definition 1. Let S, = {1,2,...,n} and denote Sy C S, with the property that the elements N < n are
uniformly selected by the set S, without replacement. Furthermore, assume that s; is the i'" element of Sy .
Then the prolongation operator P is generated as follows: the it" column of P is the s; column of L, xn and,
furthermore, we set R as PT.

In addition to the first-order coherency condition, we will also assume that the coarse model is also second-
order coherent,
RV f*(xx)P = V*F(yo). (4)

A simple and surprisingly effective method to construct the coarse model in equation [2 while satisfying both
the first and second order coherency conditions in equation [3]and equation [4]is the so-called Galerkin model,

F(y) = (RYf(x),y  yo) + 5 RV f (< Py ~ yo),y ~ yo). )
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In the context of multilevel optimization methods, the Galerkin model was experimentally tested in |Gratton
et al| (2010) where the authors found that it compared favorably with other methods to construct coarse-
grained models. Motivated by the excellent numerical results in |Gratton et al.| (2010), and its simplicity,
we will adopt the model in equation [f] as the coarse-grained model in the proposed algorithm. The model
in equation [5] also has close links with the recently proposed randomized Newton methods which we briefly
discuss below (for more details see [Tsipinakis & Parpas| (2024)); [Ho et al.| (2019)).

We compute the coarse direction by d HE =Y —Yo. Furthermore, in the case of the Galerkin model defined
in equation [5| we have the closed form solution,

= arg min { [V F(v0)dnlf + (VF(30). dn) | =~ [Pl “VFv0) (6)
dyeRN

Note that the coarse direction is a vector in RY. To correct the incumbent solution x; we must prolongate
it to R™ using the prolongation operator,

dp i == Pdy, = —P[V?F(yo)] 'V F(yo), (7)

where the h and H subscripts denote directions related to the fine and coarse model respectively. If we
naively set P as the identity matrix, the search direction in equation [7] becomes the Newton direction.
When P is selected as in Definition [I] then we obtain the randomized Newton method which is based on
uniform sampling. In this case, the cost to compute the reduced Hessian is O(nN) which is much cheaper
than O(n?) of the Newton method (for details on how to compute the reduced Hessian matrix see Remark
2.1 in (Tsipinakis & Parpas| (2024))). The general multilevel method of this section achieves a local super-
linear convergence for both self-concordant and strongly convex functions [Tsipinakis & Parpas| (2024)); Ho
et al.| (2019)). However, when assuming self-concordant function, one can additionally show that the general
multilevel method enjoys a global and scale invariant convergence analysis |Tsipinakis & Parpas| (2024). In
the next section, we develop a variant of the general multilevel method which achieves a global analysis with
a local super-linear convergence rate, which is also applicable to non-convex functions.

3 Low-rank Multilevel Newton Methods

We saw above that the general multilevel method can be viewed as a randomized Newton method. In
this section we discuss connections of the multilevel scheme with the low-rank Newton method through
the naive Nystrém method and propose constructing the coarse model using a Truncated Singular Value
Decomposition (T-SVD). The version of our method which is suitable for non-convex optimization problems
is given in Algorithm

Let A € R™ ™ be a positive definite matrix and Y € R™*Y with rank(Y) = N < n. The Nystrém method
builds a rank-/N approximation of A, namely Ay, as follows,

Ay = AY(YTAY) 1 (AY)T ~ A. (8)

The Nystrom method has been extensively studied and has been shown to be an efficient low-rank approx-
imation method for different sampling techniques which gives practitioners the freedom to choose from a
wide range of random matrices (for more details see |Drineas & Mahoney| (2005); |Gittens| (2011); Smola &
Scholkopf| (2000); [Williams & Seeger| (2000])). Then, one may obtain the naive Nystrom method when Y is
selected as in Definition [I} Similarly, we may obtain a rank-N approximation of A by T-SVD,

Ay :=UyZyUL.
For A being a symmetric positive definite matrix, 3 € RV is a diagonal matrix containing the N-largest
eigenvalues of A, with o1 > 05 > --- > on, and Uy € R™¥ contains the corresponding eigenvectors.
Although the naive Nystrém method is more efficient compared to the T-SVD method, for the algorithms
we propose below we employ the T-SVD as it gives us direct access to the eigenvalues of the Hessian matrix.
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3.1 Convergence Analysis of Low-rank Newton Method for Self-concordant functions

Based on the Nystrom method in equation |8} substituting A with V2f(xy), Y with P and multiplying right
and left with [V2f(x;)]~! we obtain,

[V2f(x0)] ™" ~ P(RV*f(x)P) 'R, 9)

which implies that the coarse direction in equation [7] can be viewed as an approximation of the Newton
direction that is based on a low-rank approximation of the Hessian matrix. The fact that equation [J] offers a
low rank approximation of the Hessian matrix gives us the freedom to design search directions using different
low-rank approximation approaches. Here, similar to the approach proposed in[Erdogdu & Montanari| (2015)),
we perform a T-SVD approximation method (note that the work of [Erdogdu & Montanari| (2015) is based
on sub-sampling and thus it is different to ours and not directly comparable). In particular, we construct
an approximation of the inverse Hessian, namely Q;}ﬁ, by computing the (N + 1)*" T-SVD of V2 f(x;) and
then replace all the eigenvalues after the (N + 1)*® eigenvalue with o, ;. Formally, ij@ is constructed as
follows:

Q1 = Tevarlnxn + Uk N (Bpy — 0p v Inxn)UR v, (10)
where Ujp ny and 3,y are the matrices of eigenvectors and eigenvalues obtained by the T-
SVD process at xj, respectively.  Thus, by definition, the eigenvalues of Q,:}C have the form
diag (1/0%1,...,1/okN,1/0k N+1,---,1/0k nt1) . Then, (AthC = ng}CVf(xk) is a descent direction. As
a result, for convex (stronlgy or self-concordant) problems, this approach is efficient when the valuable
second-order information is concentrated on the first, say N, eigenvalues. In particular, eigenvalues of large
magnitude correspond to more informative directions since in these directions the objective function has a
large curvature, whereas for eigenvalues that are close to zero the curvature becomes almost flat. Therefore,
by employing equation [I0] in the computation of the search direction equation [7] we aim to determine the
subspace spanned by the dominant eigenvectors associated with the largest eigenvalues, which are those
that yield the fast convergence rate of the Newton method. Such problem structures are typical in machine
learning problem Berahas et al.| (2017), e.g., the Hessian matrix is (nearly) low-rank and/or there is a big gap
between the o and oy 41 eigenvalues. In the convergence analysis, we make use of the Newton decrement,
which is given by,

Axi) 1= [V 0e) T2 £ xa) TV £ ()]
We also define the following quantities

ek = Uki’n, e:=liminfeg, empm = inf{e; | k € N}
Ok,N+1 k—oo
We are now in position to present the convergence analysis of the method. The convergence is split into two
phases according to the magnitude of A(xy). If A(xy) is sufficiently small, then the method enters the fast
region of convergence. The fast region is governed by 1 := (3 — /9 — 4epin)/2. As the theorem shows, the
rate of convergence depends on the magnitude of e.

Theorem 3.1. Let f be a strictly convex self-concordant function and suppose that the sequence (Xi)gen is
generated by X411 = X, — th;}CVf(Xk), where Q;}C as in @) Suppose also that € # 0. Then, there exist

v >0 and n € (0, 372‘/5) such that

(1) if Mxk) > n, then f(Xpi1) = f(xx) < =
(i7) if M(xx) <, then the line search selects the unit step and

(a) if € € (0,1), then the method achieves a composite convergence rate, i.e.,

1-— €min )\(Xk)
AMXp41) < (1 — A(xp))?

)\(Xk) < )\(Xk)

(b) if e =1, then the method converges with at least super-linear rate, i.e.,

/\(Xk+1) < 1-— £k + )\(Xk)
Axk) = (1= A(xk))?
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The proof of the theorem appears in Appendix The convergence rate depends on the value of . If
e € (0,1), then the method attains a composite rate. If & = 1, then the sequence (gx)ren converges to one
since lim sup;,_, . €x = 1. In this case the method converges at least super-linearly. Quadratic convergence
rate will be achieved if ¢ = 1 and there exists some ky € N such that ¢, = 1 for all & > ky. The theorem
does not discuss explicitly the case ¢ = 0. However, it is readily seen that if this scenario occurs, then
1n = 0 and thus the method converges as in phase Furthermore, unlike the classical theory for strongly
convex functions, the advantage of using self-concordance as our main assumption results in obtaining a
global analysis that has an intuitive local fast convergence rate, which only depends on the ratio between
on and ox41. The cost per iteration of the proposed method is O(Nn?). This is much better than O(n?)
of the full Newton method.

3.1.1 Extension to Non-convex Problems

For self-concordant and other convex functions finding x* can in many instances be considered as an easy
task (e.g., when descent methods are applicable) since all local minima are global. In this case, the unique
global minimum can be attained at an x for which |V f(x)|| = 0. On the other hand, for non-convex
problems, finding x* is in general an NP hard problem. For the latter class of problems, a point x for which
IV f(x)|| = 0 can be one of the many local minima or a critical point such as a saddle, for which the Hessian
matrix is indefinite. Here, we are concerned with the task of finding a local minimum of a general possible
non-convex function f. To achieve this, we propose a variant of the low-rank Newton method which we
conjecture will have a better escape rate from saddles compared to (stochastic) first-order methods (our
conjecture is validated by numerical experiments).

Constructing the coarse direction using the definition in equation is particularly suitable for convex
problems since all eigenvalues are positive. Then, for any ¢ € {1,2,...,n — 1} we have o; > 0 which ensures
the descent property of &;L,k. However, when dealing with non-convex functions such guarantee may not
be true, e.g., at a neighborhood of a saddle point. Since for the Newton method the negative gradient
is pre-multiplied by the inverse Hessian matrix, a negative eigenvalue will result in changing the sign of
the corresponding gradient entry which may yield the Newton method converging to a saddle point or a
local maximum. On the other hand, the Newton method breaks down when there are zero eigenvalues. To
address these shortcomings, we compute the (N + 1)*" T-SVD of the Hessian as above, but here we replace
all the negative eigenvalues by their absolute value. Further, sufficiently small eigenvalues are replaced by
a positive scalar to ensure the non-singularity of the approximated Hessian matrix. Formally, we define
gkt RVN 5 R =1,2,..., N, such that,

9k.,i([Zk, ~]) = max{|[E ~]iul, v}, v >0, (11)

and gx(Xg,n) = diag(gr,1([Ze,N])s- -, 96~ ([Zk,~])). Then we obtain the truncated low-rank approxima-
tion of the Hessian matrix as follows,

|Q;Z}f| = gk(ok N+1) Lusen + Up v(06(Ze.n) ™! = grlokv1) Insn) Uk (12)

Defining the approximated inverse Hessian matrix as above is necessary in order to obtain a descent direction,
which together with an appropriately selected step-size parameter we can guarantee the descent nature of
the Low-Rank Newton method for non-convex problems. Despite the lower iteration cost compared to the
Newton method, there still may be cases that forming the Hessian matrix and computing the T-SVD is too
expensive for some applications (when n is extremely large). In the next section, we address this issue.

3.2 Coarse-grained Low-rank Newton Method with Analysis for Self-concordant Functions

The computational bottleneck of the procedure described in the previous section arises from the fact that the
computations are performed over the full Hessian. To address this, we perform the T-SVD on the Hessian
matrix of the reduced order model. We begin by describing a low-rank multilevel method which is suitable
for convex optimization. Later, we will present the extension for non-convex functions.
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Algorithm 1 SigmaSVD
Input: p, v, € € (0,0.682),a € (0,0.5), 8 € (0,1), P € R™*V x; 4 € R?
Compute |Q;I’1k\ by equation |16| using the randomized T-SVD [Halko et al.| (2011)
Form |dj, 1| by equation

Quit if 7<th7k(xh7k), |Eihk|> S € R
Armijo search: while fj (Xh,k + tk|dh,k¢

) > fu(%nk) + atn k1 VL (n)ldn k], thk < Btnk
Update: Xpkd+1 = Xp g+ th,k|dh,k|a go to 2
Return xy, j,

Let Qg be a T-SVD-based rank-p approximation of the reduced Hessian matrix in equation EL where
p < N < n. Then, as in equation [0} we take

Q;,} =PQ R~ PRV f(x)P] 'R = Q, ), ~ [V2f(x1)] ",

which in fact is a rank-p approximation of the inverse Hessian matrix with the difference that the computa-
tional cost of forming Q;}C is significantly reduced since we compute [Ug pt1, 32k pt+1] (by T-SVD) over the
reduced Hessian matrix equation [d] We wish our Hessian approximation to have a similar structure as in
equation [I0] thus, we define

Qs = Orpit Iy + Uk p (B — 041 Lpxp) UL, (13)

where Uy, € RVN*P. Therefore, (Ai;hk = fQ;}CVf(xk) is an approximation of the Newton direction. We call
this method SigmaSVD as it is an approximation of Sigma in (Tsipinakis & Parpas| (2024). Let us now define
the approximate decrements for both SigmaSVD and the general multilevel method of section

(14)
< _ 1/2

Axk) = [(RVf(xx))" [V F(yo)] 'RV f(xx)] ",
respectively. Both quantities are analogous to the Newton decrement A\(xj) and serve the same purpose. In
this section, we will construct the operators randomly at each iterations according to Definition [I} thus we
slightly change the notation of random operators to Px and Ry. This way we enhance the applicability of
the method. The following assumption emerges naturally.

Assumption 2. For all k € N it holds S\(Xk) > v with some probability § > 0.

The above assumption is typical when analyzing probabilistic subspace methods |Cartis et al.| (2022); |Tsip-
inakis & Parpas| (2024); [Ho et al| (2019). Since A(xx) is a norm of RV f(xz), assumption effectively
prevents the latter from becoming zero with some probability. This assumptions is needed when analyzing
these methods because Ry V f(x1) = 0 can occur when Ry, € null(V f(xx)).

When assuming self-concordant functions, the convergence analysis of the proposed method is similar to
that in [Tsipinakis & Parpas| (2024), with the difference that the term that controls its convergence rate
is given by &, := (A2(xx) — A2(xx))"/2 instead of & := (A2(xx) — A2(xx))!/2. It has been shown that
e < (1 — p2)V2X(xx), 0 < pp < 1 [Tsipinakis & Parpas| (2024). Intuitively, it should be expected éj to
further incorporate the information carried out by the T-SVD. Self-concordant functions allow us to prove
such an informative upper bound.

Lemma 3.1. For all k € N we have that
1. d:fc,kVQf(Xk)amk = 5\2(Xk)
2. df V2 f(xi)dn e < A2(x)

3. V2 (xi)]2 (dpe — i) | <
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bR ) < A) < M) < AGx)

Further, let Assumption hold. Then, there exists ju € (0,1] such that &, < (1 — 222 2)1/2)\(x.) with

Ok,p+1

probability §.

The proof of the theorem below is based on the proof technique of Theorem [3.1] We define the following
quantities

_ OkN

& = , Emin := inf{ey | k € N}, & :=liminf ey,
Ok,p+1 k—o0

(15)
pi=liminf pg, pmin = inf{p | k € N}
k—o0

We will show that the region of the fast convergence is governed by 7 := 3=¥5+4¢ V25+4é, where & := \/1 — Einpt2, ;-
Theorem 3.2. Suppose that f is a strictly self-concordant function, Py, is selected as in Definition [1] and
Emin, bmin #Z 0. Suppose also that Assumption [ holds and the sequence (Xp)ren is generated by Xpy1 =

X — th;}CVf(xk). Then, there exist constants 4 > 0 and 1) € (0, 372\/5) such that

(i) if X(xp,1) > 1, then
Tn(Xngr1) = fo(xne) < =79,

with probability § at each k € N,
(i) if N(xp1) <17, and

(a) if either £ € (0,1) or p € (0,1), then

V 1- émim/”‘2 in T )\(Xk:)
)\(X}c+1) < min )\(Xk) < )\(
(1= A(xx))?

and thus the sequence (A(Xg))ren achieves a composite rate with probability § at each k € N,

(b) ife=p=1, then
)\(Xk;Jrl) < \/1 — Ekui + )\(Xk)

Axk) T (1= Axp)?
and thus the sequence (\(Xi))ken converges super-linearly with probability 6 at each k € N.

Xk)v

)

The proof of the theorem appears in Appendix [C] The difference between theorem and is that
the latter involves uyg, which effectively is the quantity that controls the level of approximation between
the coarse and fine directions. Therefore, a slower convergence rate is expected compared to the low-rank
Newton method in section [3.I] If uj approaches one, then SigmaSVD will achieve the fast rate of the low-
rank Newton method. The method is also an approximation of the multilevel method in[Tsipinakis & Parpas
(2024). Theorem shows that SigmaSVD will convergence similar to the standard multilevel method in
Tsipinakis & Parpas| (2024)) if & is large enough. As in theorem if é=0or g =0, then 77 = 0 and the
method will converge as in phase |(i)

3.3 Analysis for Non-convex Functions and PL Inequality

In this section we analyze SigmaSVD abandoning self-concordance and convexity from our assumptions.
Specifically, assuming Lipschitz continuous gradients, we show reduction in the value of the objective function
for sequences (xx)ren generated using the truncated corse direction equation (17| below. If we further assume
that our objective function satisfies the Polyak-Lojasiewicz (PL) inequality, then the proposed method will
converge with a linear rate.

Based on the discussion in section and given the eigenvalue decomposition which, as in [3:2] returns
Ykp+1 and Uy 41, the truncated reduced Hessian matrix is defined as follows

Q| = Ghpt1(Ckpr1)  Ivan + Uskp(9x(Zp) ™ = ghpt1 (Shpr1) Tosp) Uk, (16)
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then the truncated coarse direction is given by
|dnk| = —|Q) IV f(xk) = —P|Qy RV f(xx). (17)

The full algorithm together with a step-size strategy is specified in Algorithm[I] When the objective function
is convex or self-concordant Algorithm [1| coincides with SigmaSVD in section [3.2

Assumption 3. The gradient of f is Lipschitz continuous on R™, that is, there exists M > 0 such that for
all x,y € R"

Fy) < 700+ V6T (v =) + o ly — I

A direct consequence of the above assumption is the boundness of the Hessian matrix from above: V2 f(x) <
MTIy, for all x € R™.

Assumption 4. There exists fi € (0,1] such that |RxV f(xp)| > IV f(xz)|| with probability § > 0.

In this section we use it in place of assumption [2| to prevent ineffective coarse steps with probability 5.

Theorem 3.3. Let assumptions @ and [4| hold. Suppose also that the sequence (Xp)ren s generated by
Xkt+1 = Xk +t;€\€1h,k| and t, < %. Then

a2
i’lor,
Fxii) — Sxi) < Ty i 2,
with probability §.

The above result shows that we can obtain a descent method when the function has Lipschitz gradients. The
result is global and remains true with probability §. The method will not diverge since, with probability
1—4, /i may be zero, and thus f(xxt1) = f(xx). However, due to the randomness of the method, at a future
iteration, it is expected that the coarse model will not be ineffective (and thus fi # 0), which effectively yields
a convergent algorithm. In order to derive a rate of convergence, we make use of the following assumption.

Assumption 5. The PL inequality holds; there exists £ > 0 such that
1 *
SIVFGR)I® = €(F (xi) = F(x7)). (18)

The PL condition is weaker than convexity (see [Karimi et al| (2016]) for more details) and has been (empiri-
cally) shown that it is often satisfied for over-parameterized neural networks (see|Belkin| (2021 and references
therein). We think that this result goes some way to explaining the behavior of the algorithm (at least close
enough to a minimum).

Theorem 3.4. Let assumptions @ @ and |4 hold. Assume that (Xp)ren @s generated by Xp11 = Xp +
lokrcil|q,, |, Then

with probability 5.

Refer to Appendix [D] for the proof. The theorem presented is global, demonstrating that convergence to
f(x*) can be achieved with at least a linear rate. Theorems and become particularly effective when
both [ and § are sufficiently large. Objective functions with high £ and 0 often include those with low-rank
Hessians or concentrated second-order information in the dominant eigenvalues. Functions satisfying the
PL inequality typically exhibit low-rank Hessians. Given the method’s low per-iteration computational cost
(O(N + pN?) in parallel), algorithm [1} is expected to escape saddle points efficiently and converge rapidly
to a local minimum. This will be empirically validated in the following section.
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Figure 1: Non-convex minimization. All the methods in plot (a) are initialized at the origin, while in plot

(b) the initializer is selected randomly by N(0,1). Plot (c) shows the convergence behavior of SigmaSVD
for different values of p.

4 Numerical results

We are now ready to validate the efficiency of the proposed method on different machine learning models.
We illustrate that the method is efficient and compares favorably with other state-of-the-art algorithms
on a broad class of problems. In particular, we apply algorithm [I] on problems minimizing self-concordant
functions, strongly conver functions with or without Lipschitz continuity and a non-convez functions. In this
section we only report the results for the non-convex cases. The additional numerical results together with

a detailed description of the algorithms, training datasets, and the setup used to obtain the results appear
in the Appendix [E]

4.1 Non-linear least-squares

Suppose that we are given a training set {a;,b;}", with a, € R™ and b; € [0,1] and consider solving the
non-linear least-squares problem,

m

min — (b - dalx)% 65w !

H e —
i=1 1+ exp(w) ="’

where ¢ is a real function, known as sigmoid. Since we apply the mean squared error over the sigmoid
function, the non-linear least-squares is a non-convex problem. We compare the performance of algorithm
against gradient descent (GD), accelerated gradient descent (AGD), cubic Newton and Adam. Although
Adam, as a batch algorithm, is not directly comparable to SigmaSVD, we include it in our comparisons
to demonstrate the advantages of second-order methods compared to the stochastic first-order method on
problems with several saddle points and flat areas. For algorithm [I] GD and AGD the Armijo rule is applied
to determine the step size parameter with constants a« = 0.001,5 = 0.7. A line search strategy is applied
to select the regularization parameter of the Cubic Newton method (for details see [Nesterov et al.| (2018))).
In all experiments we select the fixed eigenvalue threshold, i.e., v = 10710 in equation The momentum

parameters for Adam are selected as suggested in |[Kingma & Baj (2014) while for AGD the momentum is
selected 0.5.

In Figure [I] we demonstrate the performance of the different optimization methods on the non-linear least-
squares problem for the Gisette dataset (see also Figure [3|in Appendix |[E| for simulations on different data
regimes). In Figure we illustrate the reduction of the value function over GPU time. Observe that
SigmaSVD is able to return a better solution compared to the first-order methods. Clearly, first-order
methods are trapped in a flat area (Hessian and gradient are zero) and thus they are stuck far from the
local or global minima. This is not a surprise since in such areas the gradient is almost zero and thus first-
order methods are unable to progress and although in theory they have been shown to always escape even
ill-conditioned saddles, here we see that they require an extremely large amount of iterations which makes
them inefficient for practical applications. On the other hand, Cubic Newton is able to escape saddle points

10
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Table 1: Probability of successfully escaping from saddle points and convergence to the global minimum for
various values of N and fixed p = 450, xg = 0. Each row shows the probability over 50 trials.

Escape Rate Probability - Gisette
N Probability
0.1n 18%
0.13n 46%
0.26n 52%
0.36n 66%
0.42n 80%
0.46n 92%

in one iteration, however we observed that in many experiments it converges rapidly to early local minima
probably due to the lack of randomness. Moreover, as suggested in Theorem [3.2] Figure [I] illustrates that
SigmaSVD enjoys a fast local convergence rate and it is faster than its counterparts. It is also faster and
has the ability to achieve lower training errors for different initialization points.

In Table[[]and Figure[Id we demonstrate how the choice of N and p affects the behavior of SigmaSVD around
a saddle or flat area. We revisit the experiment of Figure [1b (i.e., xg = 0) in which SigmaSVD escapes from
such the flat area in one iteration (similar to Cubic Newton). Figure|l¢/shows the behavior of SigmaSVD for
different values of p with fixed N = 0.5n. Observe that for very small values of p SigmaSVD is trapped in
the same saddle as the first-order, however for p > 350 it converges to the global minimum. Next, in Table
we fix p = 450 and vary N to show the escape rate probability from this region, or otherwise the probability
of convergence to the global minimum over 50 trials. Similarly to p, we see that the escape rate probability
is proportional to N. Both experiments verify Theorem [3.2] which indicates that for very small values in p
and N, one should expect SigmaSVD to behave as a first-order method. Furthermore, Table [[] and Figure
show that SigmaSVD is able to reach the behavior of the Cubic Newton method (that is, escape from
the saddle point in one iteration) using only half of the dimensions of the problem and about 20% of the
eigenvalues of the reduced Hessian, which constitutes a significant improvement in total complexity as also
depicted in Figure [Ta]

4.2 MNIST deep autoencoder

In this section we consider training the MNIST deep autoencoder which is based on the work presented in Hin-
ton & Salakhutdinov| (2006). The MNIST auto-encoder is considered a benchmark optimization problem be-
cause the presence of saddle points along its optimization trajectory poses significant challenges to optimiza-
tion algorithms. The MNIST auto-encoder consists of an encoder with layers-size 28 x 28,1000, 500, 250, 30
that it is followed by a symmetric decoder and in total has 2.8M parameters. Further, the sigmoid activation
function is applied to all layers.

Here, we compare SigmaSVD against Adam. Since the MNIST autoencoder problem is large, to avoid
memory issues, we adapt SigmaSVD for batch learning. In addition we use first-order momentum, namely
B1 € (0,1), similar to that of Adam. In particular, our new iterations have the following form

—1 A~
Xk+1 = Xk — tkP|QH7k|Rmk+la

where
Mgt

17+k, my1 = B -my + (1= 51) - Vf(xx)
)

As a result, SigmaSVD with momentum effectively applies Adam’s updates, substituting the Hessian for
the second moment of the gradients (which is a diagonal matrix). Our goal is to demonstrate that the
Hessian can be essential in deep architectures and that its diagonal approximations may severely slow down
optimization algorithms or lead to suboptimal performance in the presence of saddles points and flat areas.

my 1 =

To obtain the results the batch size is set to 128. Furthermore, for Adam, we set the learning rate to 0.0025
(vields the best convergence rate) while keeping the momentum parameters at their default values Kingma

11
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Figure 2: Minimizing the MNIST deep autoencoder. Performance comparison between SigmaSVD and
Adam. The left plot shows the reduction in the value of the objective function and the right plot the
generalization performance versus epochs.

& Baj (2014]). For SigmaSVD, we use two coarse models of different sizes: one with n = 2,800 and ¢; = 0.01,
and another with n = 1,400 and ¢, = 0.02, where for both we used $; = 0.9. In both cases, we found that
setting v = 108 yielded the best performance. Additionally, we use a full eigenvalue decomposition instead
of a truncated SVD. This is feasible because the coarse models are small, allowing for efficient computation.
A full SVD is also advantageous as it eliminates the need to tune an extra hyperparameter (p in this case).
More importantly, selecting a larger p generally leads to better escape rates near saddle points, as observed
in fig. We ran the experiments on a single A100 GPU with 40Gb RAM.

The results of this experiment are shown in Figure 2] The left plot illustrates how quickly the algorithms
reduce f(x) over epochs. Clearly, both SigmaSVD variants outperform Adam in terms of convergence speed
in the first 20 epochs. This significant difference in convergence rate stems from the presence of multiple
saddle points and flat regions along the optimization trajectory. In particular, during the early stages of
training, we observed instances where the gradient norm was nearly zero (indicating saddle points) and cases
where all eigenvalues of the reduced Hessian were zero (suggesting a possible flat region). SigmaSVD handles
these situations efficiently, escaping quickly by leveraging second-order information, whereas Adam, relying
only on a diagonal approximation, struggles in such ill-conditioned settings. Additionally, the right plot
compares the test error, showing that the rapid convergence in training does not translate to overfitting.
Additionally, note that the proposed methods achieved these results while updating only 1,400 and 2,800
parameters per iteration, respectively, whereas Adam updates all 2.8M parameters. This highlights the
significance of employing rich and informative preconditioners, such as the reduced Hessian, in optimizing
ill-conditioned deep neural networks. Further, regarding the wall-clock time comparison, Adam completes
an epoch significantly faster (18 seconds) compared to the SigmaSVD variants (600 and 1,100 seconds,
respectively). However, comparing convergence based on GPU time would be unfair at this stage, as Adam
is a highly optimized industrial algorithm, whereas SigmaSVD has been developed primarily for academic
research. Nonetheless, this experiment suggests that, in order to design efficient algorithms for minimizing
large neural networks with flat regions and saddle points, one should consider hybrid approaches, combining
a computationally inexpensive method such as Adam when gradients are large, with a more sophisticated
method such as SigmaSVD near saddle points and flat regions.

5 Conclusion

We develop a stochastic multilevel low-rank Newton type method that enjoys a super-linear convergence rate
for self-concordant functions with low per-iteration cost. We further propose a variant that is applicable to
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non-convex problems and establish its linear rate when the PL inequality is satisfied. Preliminary numerical
experiments show that our method is efficient for large-scale optimization problems with millions of dimen-
sions. It is also faster and has an improved escape rate from saddles and flat-areas compared to first-order
methods in non-convex cases. As a future direction, we aim to analyze the batch variant of our method and
develop a hybrid approach that is efficient when training deep neural networks. We also plan to provide a
convergence analysis for general non-convex functions.
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A Background

Throughout this paper, all vectors are denoted with bold lowercase letters, i.e., x € R™ and all matrices with

bold uppercase letters, i.e., A € R™*™. The function |x|s = (x”,x)!/? is the f5- or Euclidean norm of x.
The spectral norm of A is the norm induced by the fo-norm on R™ and it is defined as ||A||2 := Hrrﬁax [|Ax]|2.
x|[2=1

It can be shown that ||All2 = 01(A), where o1(A) (or simply 1) is the largest singular value of A, see (Horn
& Johnson| 2013, Section 5.6). For two symmetric matrices A and B we write A = B when x7 (A —B)x > 0
for all x € R™, or otherwise when the matrix A — B is positive semi-definite. Below we present the main
properties and inequalities for self-concordant functions. For a complete analysis see Nesterov| (2004); Boyd
& Vandenberghe| (2004). A univariate convex function ¢ : R — R is called self-concordant with constant
Mgy > 0 if,

0" (2)] < Myo" ()2 (19)

Examples of self-concordant functions include but not limited to linear, convex quadratic, negative logarith-
mic and negative log-determinant function. Based on the above definition, a multivariate convex function
f:R™ — R is called self-concordant if ¢(t) := f(x + tu) satisfies equation [19|for all x € dom f,u € R™ and
t € R such that x + tu € dom f. Further, self-concordance is preserved under composition with any affine
function. In addition, for any convex self-concordant function ¢ with constant M, 4 = 0t can be shown that

M2 -~
¢(z) := —2¢(x) is self-concordant with constant My = 2. Next, given x € dom f and assuming that V?f(x)
is positive-definite we can define the following norms

lullx := (V2F()u, w2 and ||v]l} = (V2 F(x)] "y, v) 12, (20)
for which it holds that |(u,v)| < |lu||%||v|lx. Therefore, the Newton decrement can be written as
Ap(x) = IVl = (V2] 2V ()2 (21)

In addition, we take into consideration two auxiliary functions, both introduced in |[Nesterov| (2004). Define
the functions w and w, such that

w(x):=x—log(l+x) and w,(z):=—x—1log(l— ), (22)

where domw = {z € R: z > 0} and domw, = {z € R: 0 < z < 1}, respectively, and log(z) denotes the
natural logarithm of x. Moreover, note that both functions are convex and their range is the set of positive
real numbers. Further, from the definition equation @ for My = 2, we have that

< (50)7?)

<1,
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from which, after integration, we obtain the following bounds

¢"(0) "
(1—|—t¢)"(0)1/2)2 =< ¢ (t) <

¢"(0)

a1 )72 )

where the lower and the uppers bounds hold for ¢ > 0 and ¢ € [0, ¢”(0)~1/?), with ¢ € dom ¢, respectively
(see also [Boyd & Vandenberghe (2004)). Consider now self-concordant functions on R™ and let S(x) =
{y e R": ||y — x|[|x < 1}. For any x € dom f and y € S(x), we have that (Nesterov| (2004))
-
(1= lly = xllx)?
The following results will be used later for the convergence analysis of the algorithms. For their proofs see
Nesterov| (2004)).

Lemma A.1 (Nesterov| (2004)). Let x,y € dom f. If ||y — x||» < 1, then,

(1= lly = x[x)*V2f(x) = V2f(y) = V2 f(x). (24)

F) < fx) + (V) y —x) +w.(lly = x]x)

Lemma A.2 (Nesterov| (2004)). Let x,y € dom f. Then,

f(y) 2 f(x) +(Vf(x),y —x) + w(|[Vf(y) = V/X)[3)
If in addition ||V f(y) — Vf(x)|ly < 1, then,

f¥) <) +{(VIx),y —x) +w([[VF(y) = VIF)I3)-

Throughout this paper, we refer to notions such as super-linear and quadratic convergence rates. Denote
x; the iterate generated by an iterative process at the k*® iteration. The sub-optimality gap of the Newton
method for self-concordant function satisfies the bound f(xx) — f(x*) < Af(xx)? which holds for A\;(x) <
0.68 (Boyd & Vandenberghe| (2004))) and thus one can estimate the convergence rate in terms of the local
norm of the gradient. It is known that the Newton method achieves a local quadratic convergence rate. In
this setting, we say that a process converges quadratically if A¢(xj4+1) < RA¢(xy)?, for R > 0. In addition to
quadratic converge rate, we say that a process converges with super-linear rate if Ay(xx41)/Af(xx) < R(k),
where R(k) | 0.

B Proof of Theorem [3.1]
Recall the update rule of the Low-Rank Newton method at iteration k,
Xpot1 = Xk + tedp s (25)

where for the purposes of this section we use cAih’k = —Q;}CVf(Xk), where is defined in Define also the
corresponding approximate Newton decrement \(x) := (Vf(xk)TQ,:}CVf(xk))%.
Lemma B.1. For any k € N it holds that

Axk)® = =V f(xx) " dn (26)
\/Wm) < A(xk) < AGx) (27)
Ok,N+1
[kl < Axx) (28)
3 Ok.n
H[V2f(xk)]l/2 (dne— dns) H2 < (1 - UWH) A(x)- (29)

where || - ||x is defined in equation [20
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Proof. Equality equation [26|follows directly by the definition of ah’k. For the right-hand side of equation
we get

Axp)? — AMxp)? = Vf(xk)T(Q;,}c — VI xe) " HVF(xi)T
= V£ (xe) [V 2 (i) 72 (V2 (3)]2 Q1 [V 2 (x0)] 2 — L) [V 2 (k)] 72V F (5).

By construction of Q;}c, it holds that

[V F2(x0))2 Qp LIV F2(xk)]2 = Lo = Omax (V2 (x1)] 2 Q L[V 2 (x0)]% — L)L,

e )

and thus A(x) — A(xx) < 0. Using similar arguments we take

- (1 — Thn_ ) A(x)?
Ok,N+1

and thus the left-hand side inequality of equation [27] follows directly. As for the result in equation using
the fact that Qy, ; is symmetric positive-definite, we take

Ikl = df V2 (x0)dn i
= V£(x) T [Qui] 2 ([Qh,k]iéVfQ(Xk)[Qh,k]7%> [Qre] ™ f(xk)
< G ([Qul F VS0 [ Q) F ) M),

and since opax ([thk]’%VfQ(xk)[Qh,k}’%) = 1 the result follows. Last, we prove equation Using the

definitions of ah’k and dAhyk we have

927012 (ns = dne ) |, = [|[V27 G H (V27 6] ) = [Qnl ™)V )
Ly — (V2 (ei) 2 Qi) ™ V2 £ (1))

01 ON+1 g N
max{l,...,1+,...,1 z }/\(x)
01 ON+1 ON+1

which concludes the proof of the lemma. O

<

A

Lemma B.2. Let A(xi) > n for somen € (0, 3_2\/5). Then, there exists v > 0 such that the coarse direction

ah’k will yield reduction in value function
FGxn A+ trdn i) — f(xx) < =7,
for any k € N.
Proof. By Lemma together with equation 25| and equation [26] we have that

Fx + trdn ) < F(xk) + (VF(Kk), Xip1 — X) + @i ([Xpg1 — Xellx, )
= f(xr) + eV (x0) i + wi (el k|,
< f(xk) — A (%) + wi (teA(x))

17



Under review as submission to TMLR

where the last inequality follows from equation [28/and the fact that w,(z) is a monotone increasing function.
Note that the above inequality is valid for t5 ; < L Next, the right-hand side is minimized at ¢} =

1 5\(xh,k‘) ’
m and thus

%)2 A(x
Flxp +tdpg) < flxp) — +>£\(>)<hk) Ty (H)\S\((X)hk)>

1
= f(oxk) = Alxk) + log (1 -+ Alxi)) -

Using the inequality —z + log(1 + z) < —2(117;6) for any x > 0, we obtain
A S\(Xk)Q
x; +t*d < f(xp) - —mM—
f(xk hi) < f (k) 201+ Mxp))

< flxk) — at*A(xg)?
= f(xx) + at*Vf(x) dp g,

thus ¢* satisfies the back-tracking line search exit condition and that it will always return a step size ¢ >
B/(1 4+ A(xg)). Therefore, B

A(xz)”
1+ S\(Xk) ’
Additionally, combining the left-hand side in equation the fact that the function x — 19% is monotone
increasing for any z > 0 and since by assumption A(xx) > 1 we obtain

In(xi + L‘kah,k) — f(xx) < —ap

2
Fxp 4 tedng) — f(xg) < —04512_77-

which concludes the proof by setting v := a8n?/(1 + 7). O

Next, we estimate the sub-optimality gap of the process.
Lemma B.3. Let A\(xx) < 1. Then,

w(A(xk)) < f(xk) — f(X7) < wa(A(xx))-

If in addition A(xx) < 0.68 then,
Flxi) = fF(x*) < Axp)?.

Proof. The first result follows directly from Lemma Further, it holds that w.(z) < 22,0 < x < 0.68 and
thus we take the second result. O

Therefore, A(xx)? < €€ € (0,0.68%), can be used as an exit condition for the Low-Rank Newton method.
Next, we prove that the line search selects the unit step.

Lemma B.4. If A\(x;) < (1 — 2a)/2 then the Low-Rank Newton method accepts the unit step, tj, = 1.

Proof. By Lemma [A-1] we have

F+dig) < foxk) — AMx)? + wa(A(x))
F(xk) = A(x)? = A(x) — log(1 — A(x))

which holds since by assumption A(x) < 1. Further, —z — log(1 — z) for all € (0,0.81) and hence

st ) < F006) = M) + 3369 + A’

= J(0) = 5(1 = 2AGDAG)

18
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Therefore, if A(xz) < (1 — 2a)/2 we take

f(Xk + Elh,k) < f(Xk) — Oé/_\(x)2
which satisfies the line search condition for ¢, = 1. O

Lemma B.5. Let f:R™ — R be a strictly convex self-concordant function. If X(x;) < -+, we have that
tr

(1) V?f(xpt1) = mvzﬂxk),
(i) [V ren)] ™ = sy (VA ()]
Proof. The proof is analogue to Lemma below but with A(x;) instead of A(xy). O

The next lemma shows the local super-linear rate of the Low-Rank Newton method.

Lemma B.6. Suppose that the sequence is generated by equation [25 with t;, = 1. Then,

1 — Tk + /\(Xk)

)\(Xk+1) < ThN+1 )\(Xk).
(1= A(xx))”
Proof. By Lemma the upper bound in equation 27 and t; = 1 we have
1
2 <V : 30
Y% f(xk-‘rl) - (1 R )\(Xk))QV f(xk) ( )

Now, by the definition of the Newton decrement we have that

_ 1/2
A1) = [V (xis) TIV2 F ()] 9 F ()] 2
and combining this with inequality equation [30] we take

AXpg1) <

el DAL ] (31)

Denote Z := [V2 f(x})]"Y/?V f(xg11). Using the fact that

1
Vf(Xpt1) = /O V2 f(xx + ydn ) dnx dy + V f(xp)

we see that
1
Z=[V*f(xy)] /2 </ V2 f(xk, + ydpk)dn i dy + Vf(xk)>
0

1
= / (V2 £ (x)] 22 f (i + yd i) [V2F(x0)] 72 dy [V2F(xi)] Y 2d i — [V2F (x)] 2di s,
0

T

where dp, i, is the Newton direction. Next adding and subtracting the quantity T[V? f (xp)]Y 2dy, 1, we have
that
Z = T[V?f(xi)]2(dnx — dng) + (T — Inwn) [VEF(x3)] 2 di,

and thus

I1Z]| < | T[V2f(x)] (e — d)|| + [|[(T = Inwn) [V2F (x0)] 2 di i (32)

Z, 2 Zy 9
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Using again equation |30| and since, by assumption, yj\(xk) < 1 we take

1
PRI

We are now in position to estimate both norms in equation [32] For the first one we have that
| st (3,

! 1
- d
‘A - e0)”

:ij§&5Wv%wm“%ﬁm—dwNL

< (1_ Okyn ) A(xk)

orN+1) 1= AMxp k)

(V2 (%)) 22 f (g + yd i) [V2F (x0)] 72 2

1Z4]

IA

where the last inequality follows from equation [29] Next, the second norm implies

1 1
izt < | (uyw - 1) | 72 sea s,
o A(x)
= T eD A(Xp)-

Putting this all together, inequality equation [3I] becomes

\ <1—%+>\(X}€))\
)= T G

as required. O
Next we prove theorem Recall the

Proof of theorem[3.1] By lemmal[B.2] we see that one step of the first phase of the Low-Rank Newton method
decreases the objective by v := a8n?/(1 +n) > 0. By Lemma we also note that the line-search can be
applied to determine the step size parameter. This proves the result of phase of the Low-Rank Newton
method.

Next, in phase [(ii)| we have A(x) < 7. Further, by lemma and since \(xz) < 7, the line search accepts
the unit step. Moreover, by strict convexity, e > 0 for all k € N. If ¢ € (0, 1), then e, € (0,1] Hence, by
Lemma since =% > ¢ . and A\(xg) < 7, we take

Ok,N+1

1- €min T+
== Cmin TN (%)
(1—=mn)

Moreover, by definition 7 := (3 — /9 — 4¢) and since 0 < epi < 1 we obtain 1?15*:“”“)#’ < 1. This shows
that A(xx+1) < A(xx) and, in particular, this process converges with composite rate for A(x;) <7 and some

n e (0,350).

A(Xky1) <

Let € = 1. Then, limy_,oc £ = 1 since (ex)ken is bounded and e < limsup,,_, . ex < 1. Using again the result

of lemma together with A(xy) < 7 we have that I(Ii‘;;?’ < 1, for all k € N. Therefore, A(Xp4+1) < A(Xk)-

This means
1—¢ep+ )\(Xk) .

#ooo (1= A(xk))”

)

which proves the super-linear rate for the low-rank Newton method as required. O

20



Under review as submission to TMLR

C Proof of Thereom
Let f be a strictly convex self-concordant function. Theorem [3:2] considers the sequence generated by
X1 = Xk — PR Qg RV f(x1).

For the purposes of this section we denote (Aihyk = —Py QI_JlkRka(xk), where Ql_ilk is defined in equation
and Py, in definition |1] Below we will make use of the approximate decrements A(x) and A(x) defined in
equation respectively. Before proving Lemma we state an upper bound for A(x) which was proved in
Tsipinakis & Parpas) (2024]).

Lemma C.1 (Tsipinakis & Parpas (2024)). Let A(xpx) be the newton decrement in equation . For any
k € N it holds that

)\(X}%k) S )\(Xh,k)- (33)

Note that the above result holds with probability one. Below we prove Lemma [3.1] We state again Lemma
[311 for convenience.

Lemma C.2. For all k € N we have

dj V2 f(xk)dn g = A (xx) (34)

dl V2 f(xp)dng < A (xp) (35)

V2 F ()] 2 (dp i — dnp)l| < (36)
TN N (xi) < Axr) < Axi) < Axp), (37)
Ok,p+1

where &g 1= \/ A(xg)? — A(xx)2.
Further, let Assumption@ hold. Then, there exists ux € (0,1] such that &, < (1 — %#2)1/2)\@,6) with
probability ¢. 7

Proof of Lemma[5.1. Equality equation [34] follows directly from the definitions of (Aih,k and dy, ;. By equa-
tion [34 we also get \2(xy) = fo(xk)T(Ai;%k. For inequality equation since Qg x is symmetric positive
definite, we have

df V2 f(xe)dn e = V) PrQy R V2 f (30 PrQp RV £ (x1)
= 2" Q% (R V2 f(x1)Pr) Q% 2

_1 ~
where z := QkaRka(xk) and note that z”z = \?(x;,). By construction of QI_{,lk, it holds that

_1 _1 _1 _1
QH?k(Rkv2f(Xk)Pk)QH72k = Jmax(QH?k-(Rkvzf(xk)Pk)QH?k)IN
Ok,1 Ok,p+1 Ok,p+2 Ok,N
ol , Iy
Ok,1 Okp+1 Ok,p+1 Ok,p+1

= max
= IN
Then, ZTQI_{%]C (Rkvzf(xk)Pk)QI_{%kz < A2(x;) and equation [35|is proved. Next,

11V £ ()]2 (dnk — dip) |12 = dF V2 F(xi)dnp — 2dF V2 f(xp)dne + A7 V2 f(x0)dnk

< Axp)? — Axp)?,
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where the last inequality follows from equation equation and equation This proves inequality
equation For the bounds in equation 37| we start by proving A(xx) < A(xx). We have

M) = Axx)? = RV F(x1) " (Qyry — RV (1) Pi] ™) (ReV £ (1))
= (Qu ARV ()T (Iy — QR V2 £ (x1)Pe] ' QFr ) (Q RV (1)
We also have
Ty = Q ([RV2f(x0)PK ' Q) = G (Iv — @y [Ri V2 (x0) P71 QE, )T

Ok,1 Ok,p+1 Ok,p+1
:max{l—,...,1—p+,...,1—p+...}IN
Ok,1 Ok,p+1 Ok,N

=0.
Putting this all together, we take A(x;) < A(xx). On the other hand, with similar arguments we have that
3 2 _ 3 2 _ T3 2 “1nE
Axp)” = Axk)” =2 (QF 1 [Re V[ (x)Pr] " Qfry, — In)z
< (Uk’pﬂ — 1) zlz = (gk’pH — 1) AMxp)?

Ok,N Ok,N

and thus the lower bound of equation [37] follows. Puttinhis all together and combining it with Lemma

equation has been proved. Moreover, assumption [2| and equation [37] imply S\(Xk) > 0. Then there

exists g € (0, ig:;] with probability §. Thus, we obtain

MMif%Mm»st»stx (38)

with probability 6. Therefore, by the lower bound of the last result we directly get &, < (1 —

%u%)lm)\(xk), with probability § too, which concludes the proof. O
Lemma C.3. Let f : R* — R be a strictly convex self-concordant function and Xp41 = X —

tePrLQp RV F(xk). If A(xnx) < ¢, we have that

(i) V2 f(Xp41) = mv%‘(xk),

(it) [V?f(xpq1)] 7" =2 W[VQf(Xk)]_l-

Proof. Consider the case From the upper bound in equation [24] that arise for self-concordant functions
we have that

1
(1= tilldnrlx.)

1 2 5
. (1 ftkf\(x;c))Qv Flock).

V2 f(xk41) < V2 f ()

where the last inequality holds from equation As for the case we make use of the lower bound in
equation and thus, by equation we have

V2 (1) = (1= i A(xr))* V2 £ ().
Since, further, f is strictly convex we take
1
(1 — tpA(xx))?

which concludes the proof. [

(V2 f(xp41)] ! = (V2 f(xi)] 7,
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The next lemma estimates the sub-optimality gap of the process.
Lemma C.4. Let \(xi) < 1. Then,

WA (xr)) < fxk) = f(x7) < we(AMxx))-

If in addition \(xx) < 0.68 then,
Flxr) = F(x7) < M),

Proof. The first result follows directly from Lemma Further, it holds that w,(z) < 22,0 < 2 <0.68, and
thus we take the second result. O

Thus A(xy) can be used as an exit condition for Algorithm |1} Combining the result above with equation
one may take

o172
fxp) = f(x7) <. ( k’p;lz )‘(Xk)>
HEO, N

~

and thus, for A(x) < g,/ £ A(x;) can be used as an exit condition for Algorithm

Ok,pt1’

Lemma C.5. Let t;, :== —L—. Then, for any k € N we have

f (1) = f(xn) < —w(A(x))
where w(z) is defined in equation [23
Proof. By Lemma we have that

Fxk 4+ tednr) < F(xp) + (VFxR), Xkp1 — X5) + we (%001 — Xkl xe)
F(xp) + eV F(x) T dp g + we (]| dn i ]lx, )
Fxi) = A (%)% + wi (tA(x))

IA

where for the last inequality we used equation [35, the monotonicity of w,(z) and A(x)? = =V f(xz)Tdp -
Then, using the definition of ¢;, we take

which concludes the proof. O
Lemma C.6. Let A(xg) < 1 and set ty = 1. Further, suppose that assumption@ holds. Then

11— + A
< Shite 2(Xk))\(xk)a

)‘(Xk+1) > (1 — )\(Xk))

with probability §.
Proof. By Lemma [C.3] inequality equation [37 and ¢, = 1 we have

mvw(xkl (39)

with probability one. Now, by the definition of the Newton decrement we have that

V2 f (Xkt1) =

1/2

ANxps1) = [V i) T V2 (xp41)] 7V F(xp0)]
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and combining this with inequality equation [39| we take

Axp41) <

% 927 6e) 2V F ()| (40)

Denote Z := [V2f(x3)] 2V f(xp41). Using the fact that

1
Vf(Xpt1) = /0 V2 f(xp + ydpg)dn i dy + VF(x5)

we see that
1
Z = [V f(xy)] /2 (/ V2 f(xk + ydpk)dp i dy + Vf(xk)>
0

1
- /0 [V F ()] ™29 (e + ydin o) [V F ()] ™2 dy (V2 ()] 2dn e — [V2F (x0)] 2 s

T

where dj, 1 is the Newton direction. Next adding and subtracting the quantity T[V?f(x)]*/2d}, » we have
that
Z = T[V2f(x)]Y2(dni — dpi) + (T = Inun) [V2f (x)] 2dp e,

and thus

I1Z|| < || TIV2£(x0)] 2 (i — dne)|| + [|[(T = Inun)[V2F (k)] 2d (41)

Z, 2 Z> 2

Using again equation |39 and since, by assumption, yj\(xk) < 1 we take
1
(1 - yA(xx))?

We are now in position to estimate both norms in equation For the first one we have that

[V2f(xi)] " Y2V2 f(x + ydn ) [V2F (xx)] 12 =< Inxn.

2] < ‘ | (9272 (s~ dni) |

! 1
/0 (1-— y)\(Xk:))Qdy 9

— #(Xk) H[VQf(Xk)]l/Q (ah,k - dhﬁk) HQ

~

_ A(xp)? = AMxp)?
- 1-— )\(Xh,k)

Next, the second norm implies

1Z2]| < /01 <(1—y)\1(xk))2 - 1) dy 2 H[V2f(xk)]l/2dh,kH2
= %/\(xk).

Putting this all together, inequality equation 40| becomes

~

A(xk)? = A(xx)? N A(xx)

Maten) < (1= Axx))? (1= AGxx))?

)\(Xk).
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Therefore, by lemma we take
V1-—épps A(xg)
AMxp41) < + Axk),
(1= Ak (1= A(xx))?
with probability 4. O

Proof of theorem[3.3 From eq. we have that

— g 3
HMminV gmin)\(xk) < HE il A(Xk) < /\(Xk)7
V Ok,p+1

with probability § for each k € N. Using this inequality, the result lemma and the monotonicity of w we
take

f(xk—i-l) - f(xkr) S —Ww (Mmin V émin)\(x)) S —Ww (Mrﬂin V éminﬁ) 3

where the second inequality uses the assumption A(x) > 7). The above bound holds with probability §, and,
further, v := w (,umin\/ éminﬁ) > 0 as required.

Additionally, if A(x) < 7, then from lemma we get that
\/ €m1n min + )\ X \Y4 1-— gInin ?nin + 1)
Iu P} k )\( k) S 'Lj P T])\(Xk)7
(1= Alxx)) (1—7)

with probability 0. Moreover, let € € (0,1) and p € (0,1). Then Emin, p € (0,1]. By 7 :=
that 7 € (0, f) Then, from the definition of 7, it holds

V 1 - Emll’llu’mln + 77
(1—7)°

and thus A(xg+1) < A(xx). Therefore, this process converges with a composite rate and a probability J at
each k € N.

If, on the other hand, € = u = 1, then from lemma we have that

\/1_5kﬂk+7] A(xp)

(1-n)?

)\<Xk+1

ot
+
B

<, we have

&)

)\(Xk+1)

)

with probability 4. Since m € (0,1) and using the definition of # as above, we obtain A(xx4+1) <
A(xg). Hence, since € = p = 1, then both (&)ren and (ux)ren converge to 1 and thus

A(Xg+1) \/I—Ek,uk-i-)\ Xk) and  lim \/1_§kui+)\(xk)

Axr) 7 (1= Ax))? koo (1= A(xp))?

Therefore, we conclude that the process converges with a super-linear rate and probability § at each k €
N. O

D Proofs of Results of Section 3.3
Proof of Theorem[3.3 Let S\(X) be the the approximate decrement based on the current coarse model

« 1/2
Alxi) = | V() TPl Qi RV £ i)

|Q;11k| are defined in equation The following results will be used later in the proof. By construction of
|QI;’1k| and assumption |3| for all £ € N we have

ok pt1ln 2 Qx| 2 M.

25



Under review as submission to TMLR

This implies

w2

ldnill? = 1Pk Qyy RV f (i) | < Mxi)?, (42)

ok pt1]

where, here, for simplicity, we use ahyk instead of |cAih7k| in equation We also obtain

R ~2
M) 2 SRRV FGlP > 219 e 7, (13)

with probability 6 > 0. Furthermore, by assumption [3] we take

R M A
FOosn) = FOa) < —tede)® + 6 ldn 3

(43) Mw? «
< it <1 Y tk) )\(Xk)2
2|0k pr1]
|lokpr1l s 2
< Fkpt1l§
- 2Mw? (k)"

where the last inequality follows from our assumption to tx. Finally, using eq. (43) into the last inequality
we get the desired result with probability ¢ > 0. O

Proof of Theorem[3.]} Combining the result of theorem [3.3|and that for all k¥ € N we have that |0y 41| > v

we obtain )

v
f (X)) = f(x) < *m\\vf(xk)uza
with probability §. Using assumption [5| we get

Fxin) = o) < 2 () - ).

The result follows by adding and subtracting f(x*) in the above inequality. O

E Extra Numerical Results and Details

All the datasets used in the experiments can be found in https://www.csie.ntu.edu.tw/~cjlin/
libsvmtools/datasets/ and http://archive.ics.uci.edu/ml/index.php. What follows is a description
of the algorithms used in comparisons.

1. Gradient Descent (GD) with Armijo-rule

Accelerated Gradient Descent (AccGD) with Armijo-rule and momentum 0.5.
NewSamp with with Armijo-rule Erdogdu & Montanari| (2015)

Adam with ¢, = 1073, 8, = 0.9, 2 = 0.99, ¢ = 1078 Kingma & Ba/ (2014)
Sigma with Armijo-rule |Tsipinakis & Parpas| (2024])

SigmaSVD with Armijo-rule

NS otk w

Cubic Regularization of the Newton’s method (Cubic Newton) with line search Nesterov et al.| (2018)

To be fair in the comparisons we perform the same step size strategy for all algorithms but Adam. Note
that NewSamp forms the Hessian matrix as in equation and although it is not directly comparable to
our approach, we include it in our experiments to show that our approach outperforms sub-sampled Newton
methods. Similar to N, we denote |S,,| the number of samples that NewSamp uses to form the Hessian. In
addition, the number p of the eigenvalues is selected the same for both SigmaSVD and NewSamp in all the
experiments. The results of this section were generated on standard laptop machine with Intel i7-10750H
CPU processor. The numerical results of main text were generated on GPU processor in Google’s colab.
The code for generating all the numerical results will be uploaded on github in the near future.
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Datasets Problem m n N P
CTslices | Non-linear least-squares | 53,500 385 | 0.5n | 60
CovType | Non-linear least-squares | 581,012 54 0.7n | 5
Gisette Non-linear least-squares | 6,000 | 5,000 | 0.5n | 350
W8T Non-linear least-squares | 14,951 300 | 0.5n | 60

Table 2: Set-up and dataset details for non-convex, non-linear regression prblem.

2510t ~~ sigmasvD ~~ sigmasvD -~ Sigmasvp
< e ACCGD we BCCGD

e GD e 6D

— ~DAM — aDAm

—- Cubic Newton —- Cubic Newton

10

o H % v 5 B
GPU time (sec)

) b ; b
GPU time (sec) GPU time (sec)

(a) CovType (b) CtSlices (c) w8t

—= sigmasvo —= Samasvo
. 5 koo T oo
o o
\ — ADAM — ADAM

—- Cubic Newton —. Cubic Newton

J1X)

BT [ I B

f(x)

-eee ACCGD \
L

2% 107t

i ; w 0 " 0 0 H )
GPU time (sec) GPU time (sec)

1) W
GPU time (sec)

(d) CovType (e) CtSlices (f) w8t

Figure 3: Non-convex minimization. All methods in plots from (a) to (c) are initialized at the origin while
from (e) to (h) the initializer is selected randomly from A Gaussian A(0,1).

E.1 Non-linear regression

In this section we revisit the non-convex problem of Section [4] to perform simulations on different datasets.
Full details on the datasets used for the non-linear least-squares problem and how the parameters N and p
are selected are given in Table 2] Figure [3] shows that SigmaSVD, Adam and Cubic Newton are the best
algorithms as they return the lowest training errors, yet SigmaSVD does better in problems with several
saddle points or flat areas. The three algorithms perform similar in terms of GPU time when the problem
dimensions is small. However, for problems with n large the results are favourable for SigmaSVD.

E.2 Log-linear regression

Here we minimize the following self-concordant function,

x* = arg minf(x) = arg min (— Z log(b; — a?x)) .
i=1

xER™ xER™

We generate two datasets to illustrate the efficiency of the proposed method for the regimes m > n and
n > m as follows: {a;}}2, is generated from the multivariate Gaussian distribution with zero mean and unit
variance and {b;}* from uniform distribution. Full details and the set-up for algorithm [1|are given in Table

Bl

Figure [] shows the performance of the optimization algorithms. Due to the domain of this problem, the
performance of Adam is missing. The performance of NewSamp is missing from the experiment for the
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Datasets Problem m n N [ |Snl | p
Synthetic | Log linear model | 10,000 | 1,000 | 0.5n | 0.3m | 150
Synthetic Log linear 1,000 | 10,000 | 0.1n - 150

Table 3: Set-up and dataset details for Log-linear regression.
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Figure 4: Log Linear Regression. Plots (a) and (c) show comparisons between the optimization algorithms
for the regime m > n while (b) and (d) for the regime m < n.

(c)n>m

600 700

regime n > m due to the large value of n. Clearly, the fastest method is Sigma which achieves a very fast

super-linear convergence rate. As shown in Theorem [3.2] the reason for the difference in the performance
between Sigma and SigmaSVD is that the ratio op41/0, is large which indicates that performing SVD
on the reduce Hessian matrix we discard much of the important second-order information of the problem.

However, even in such a scenario, in contrast to NewSamp and gradient descent methods, SigmaSVD is able
to converge to the global minimum with a super-linear rate.

E.3 Logistic regression

the following form,

In this section we are concerned with the problem of finding the maximum likelihood in generalized linear
models. In particular, we consider the regularized logistic regression which as an optimization problem takes

1 l
x* = arg minf(x) = arg min | — Zlog(l + e*biaiTxh) + —||x]|2
x€eR” xER™ m = 2

Note that the logistic model is a strongly convex function with Lipschitz continuous Hessian matrix. The

details and results for the logistic regression experiment are given in Table [ and Figure [5] respectively.
Note that for leukemia dataset, m is too small to perform batch learning and thus the performance of
Adam is omitted for this example. Second-order methods clearly outperform first-order methods for the
CtSlices dataset. Further, NewSamp is slightly faster than the multilevel methods but obtains slightly worse
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Datasets Problem m n N [Sm| | p 14

CTslices | Logistic model | 53,500 385 0.5n | 03m | 60 | 107°
Leukemia | Logistic model 38 7,129 0.1n | 0.7m | 150 | 107°
News20 Logistic model | 19,996 | 1,355,129 | 0.001n | — | 100 | 10712

Table 4: Set-up and dataset details for Logistic regression.
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Figure 5: Logistic Regression. Plots (a) to (c¢) show the norm of the gradient vs cpu time in seconds while
(d) to (f) norm of the gradient vs iterations for three machine learning datasets.

convergence rate (Figures and respectively). However, as expected, the efficiency of NewSamp reduces
drastically for large values of n (Leukemia dataset). Note that in this example the multilevel methods perform
similarly which indicates that there is no need to use the full spectrum of the reduced Hessian matrix. Last,
Figures [6d and [5f] show the efficiency of SigmaSVD on a problem with over a million parameters. Such a
problem lies at the heart of large scale machine learning and deep learning. Even when the coarse dimensions
are selected very small (N = 0.001n in this experiment), Figure shows that multilevel methods are capable
of returning solution with very good accuracy much faster than first-order methods.

E.4 Support Vector Machines

We can train Support Vector Machines (SVMs) using the primal problem over hinge-q loss or Huber loss
function. Since our approach requires twice differentiable functions we consider the hinge-2 loss function for
training the SVMs,

1 2 ¢ T 12
x* = arg min—||x||5 + = E max{0,1 — b;a; x}~.

Note that the objective function of this section is convex, however the Hessian matrix is not Lipschitz
continuous. The details and results for the logistic regression experiment are given in Table [f] and Figure
[6] respectively. Again, both multilevel methods outperform its counterparts. Here, as also in the logistic
regression example, using only a few eigenvalues to form the reduced Hessian matrix does not seem to affect
the performance of SigmaSVD. Further, we observed that the performance of NewSamp becomes very poor,
even compared to first-order methods, when highly regularized solutions are required (Figures and .
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Datasets | Problem m n N | [Sml | p 1
CovType SVM 581,012 | 54 [ 0.5n [ 0.3m | 10 | 1072
W8T SVM 14,951 | 300 | 0.5n | 0.5m | 60 | 103

Table 5: Set-up and dataset details for Logistic regression.
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Figure 6: Support Vector Machines. Plots (a) and (b) show the norm of the gradient vs cpu time in seconds
while (c¢) and (d) norm of the gradient vs iterations for two machine learning datasets.

On the other hand, both multilevel methods, no matter how large or small the regularization parameter is
chosen, always outperform the first-order methods.
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