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Abstract

The benefits of overparameterization for the overall performance of modern machine learning
(ML) models are well known. However, the effect of overparameterization at a more granular
level of data subgroups is less understood. Recent empirical studies demonstrate encouraging
results: (i) when groups are not known, overparameterized models trained with empirical risk
minimization (ERM) perform better on minority groups; (ii) when groups are known, ERM
on data subsampled to equalize group sizes yields state-of-the-art worst-group accuracy in
the overparameterized regime. In this paper, we complement these empirical studies with a
theoretical investigation of the risk of overparameterized random feature regression models
on minority groups with identical feature distribution as the majority group. In a setting in
which the regression functions for the majority and minority groups are different, we show
that overparameterization either improves or does not harm the asymptotic minority group
performance under the ERM setting when the features are distributed uniformly over the
sphere.

1 Introduction

Traditionally, the goal of machine learning (ML) is to optimize the average or overall performance of ML
models. The relentless pursuit of this goal eventually led to the development of deep neural networks, which
achieve state-of-the-art performance in many application areas. A prominent trend in the development
of such modern ML models is overparameterization: the models are so complex that they are capable of
perfectly interpolating the data. There is a large body of work showing overparameterization improves the
performance of ML models in a variety of settings, e.g. ridgeless least squares Hastie et al.| (2019), random

1Codes are available at https://github.com/smaityumich/overparameterized-group-fairness.
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feature models Belkin et al. (2019); [Mei & Montanari (2019) and deep neural networks [Nakkiran et al.
(2019).

However, as ML models find their way into high-stakes decision-making processes, other aspects of their per-
formance (besides average performance) have been under scrutiny. One aspect that is particularly relevant
to the fairness and safety of ML models is their performance on traditionally disadvantaged demographic
groups. There is a troubling line of work showing ML models that perform well on average may perform
poorly on minority groups of training examples. For example, [Buolamwini & Gebrul (2018) shows that com-
mercial gender classification systems, despite achieving low classification error on average, tend to misclassify
dark-skinned people. In the same spirit, (Wilson et al.| (2019) shows that pedestrian detection models, despite
performing admirably on average, have trouble recognizing dark-skinned pedestrians.

In lieu of this issue, prior literature examines the effect of model size on the generalization error of the worst
group. For example, in the simple classification setting with spurious correlation, [Sagawa et al.| (2020]) shows
that increasing model size beyond the threshold of zero training error (overparameterized regime) could
harm the test error for minority groups. In a nutshell, the authors argue that overparameterized models do
not effectively learn a structure that generalizes well for both majority and minority groups; instead, they
tend to “memorize” the minority points owing to an inductive bias. This is rather surprising as a more
extensive set of experiments on benchmark data in|Le Pham et al|(2021) reveals that increasing model size
either improves or does not harm the worst-group test performance across all settings. In an experiment
with California housing prices dataset E| (see Appendix @, where the target is to predict the median house
prices, we find that overparameterization in a random feature regression model (Mei & Montanari, [2019)
improves mean squared error for the minority group comprising inland houses. This is in sharp contrast to
the findings in |Sagawa et al.| (2020)). Therefore, a comprehensive theoretical investigation is necessary in this
area to gain a deeper understanding of the impact of overparameterization on the minority group.

In parallel, [Sagawa et al.| (2020)); |An et al.| (2021) also shows that subsampling the majority groups is far
more successful than upweighting the minority groups in reducing worst-group error. [Idrissi et al.| (2021)
recommends using simple methods, 7.e. subsampling and reweighting for balanced classes or balanced groups,
before venturing into more complicated procedures. They also suggest that newly developed robust optimiza-
tion approaches for worst-group error control (Sagawa et al.,[2019; [Liu et al., 2021 could be computationally
demanding, and that there is no strong (statistically significant) evidence of advantage over those simple
methods.

Main contributions. In light of these existing works, we investigate how overparameterization affects
the performance of ML models on minority groups in a regression setup when the features are generated
uniformly over the sphere. In particular, we study the effect of overparameterization under both the usual
linear regression and the two-layer random feature (RF) model (Belkin et al., [2019; [Mei & Montanari,
2019). As we shall see, overparamaterization generally improves or stabilizes the generalization error of the
minority groups under the random feature model. On the contrary, the generalization error under the linear
regression setup deteriorates with increasing overparameterization. To elaborate more on this, we lay out a
more detailed discussion of our contributions below:

1. Complete picture of limiting ERM risk under RF model: We develop a simple two-group
model for studying the effects of overparameterization on (sub)groups. Our model has parameters
controlling signal strength, majority group fraction, overparameterization ratio, discrepancy between
the two groups, and error term variance that display a rich set of possible effects. In a high-
dimensional asymptotic setting, we develop a fairly complete picture for the limiting risk of the
minimum norm interpolator under the ERM setup in the two-layer RF regression model.

In particular, we provide a clear picture of the bias-variance trade-off under this setup as the number
of samples n and the number of hidden features N diverge to infinity. For a better understanding
of the main result, we present the following informal version of our main theorem:

Theorem 1.1 (Informal version of Theorem . Let Ruyinor denote the generalization risk of the
minimum norm interpolator (defined in (2.6])) on the minority group under the RF model. Under

%https://www.kaggle.com/datasets/camnugent/california-housing-prices
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Minority group risk/ Inductive Bias

suitable distributional assumptions on the input and hidden features, and regularity assumptions on
the activation function, we have

lim E[Ruminor) = By + 7277,

N,n—o0

where the By is the inductive bias (see Sectz’on@ of the RF model and 72¥* is the variance term

due to the noise with variance T2.
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Figure 1: Comparison of Minority group risk, inductive bias, and variance for linear and RF model un-
der 20% minority population. The minority group risk monotonically decreases for the RF model as the
overparameterization level increases. However, for the linear model, the trend is increasing under the high
overparameterization regime. The trend in variance is similar for both linear and RF models.

Section [3] provides a more detailed explanation of all the quantities. As Figure [1] shows, a more
detailed analysis reveals that the bias term %y does not increase with the level of overparameter-
ization (N > n), which is in sharp contrast to with the linear model case. Also, the trend in the
variance is decreasing for both linear and RF models. This shows that the trend of the risk in both
cases is essentially influenced by the trend in the inductive bias. As a result, the empirical risk of
the RF model in the minority group stabilizes. This phenomenon can be attributed to the strong
generalization property of the random feature model due to its highly non-linear architecture. It
follows that under a suitable choice of the activation function, the RF model is able to capture or
explain all possible directions of the signal that in turn does not allow the bias term to deteriorate
with increasing level of overparameterization.

Complete picture of limiting ERM risk under linear model: We also study the effect of
overparameterization in the linear regression model. In contrast to the RF model, we show that
the test error for the minority group worsens with the increasing level of overparameterization. In
particular, in the case of high signal-to-noise ratio, the prediction accuracy for the minority group
worsens with the overparameterization of the model (See Figure . In particular, we show that
the linear model fails to explain part of the signal that is orthogonal to the input features. This
results in a higher inductive bias and it aggravates with the increasing level of overparameterization.
This highlights the limitation in generalization power of linear model compared to other non-linear

models. We defer this discussion along with theoretical analysis of overparameterized linear models
to Appendix [A]

Performance of majority group sub-sampling: In Section [3.1] we also analyze the effect of
majority group subsampling on the minority group for the overparameterized RF model. We lay out
a concrete theoretical foundation that shows that majority group subsampling improves the minority
group performance of the RF model in the overparameterized regime.
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Beyond the study of overparameterization in regression tasks with random feature models, we also provide
a simulation study for the effect of overparameterization on for classifications with random features. While
the details of the simulation settings and the observations are deferred to Appendix[E] as a short description
of the observations, we see that both the conclusions of [Sagawa et al| (2020) and [Pham et al.| (2021)
can be replicated, depending on the simulation setting. If the difference between majority and minority
subgroups are small, then model overparameterization generally helps with the performance on minority
group, which is the same conclusion found in [Pham et al.| (2021). On the contrary, for larger differences,
model overparameterization harm the performance of minority group, a conclusion that is similar to
(2020). While a detailed theoretical analysis on classification tasks may reveal the intricate reasons for
such distinctions, such analysis is beyond the scope of the paper.

1.1 Comparison with prior work

Overparameterized ML models. The benefits of overparameterization for average or overall perfor-
mance of ML models are well-studied. This phenomenon is known as “double descent”, and it asserts that
the (overall) risk of ML models decreases as model complexity increases past a certain point. This behavior
has been studied empirically Advani & Saxe| (2017)); Belkin et al.| (2018); [Nakkiran et al. (2019); |Yang et al.
2020) and theoretically Hastie et al.| (2019); Montanari et al.| (2020); Mei & Montanari (2019); Deng et al.
2020); [Liu et al. (2024); Matt & Stoger| (2025)). All these works focus on the average performance of ML
models, while we focus on the performance of ML models on minority groups. The most closely related
paper in this line of work is [Pham et al| (2021)), where they empirically study the effect of model overpa-
rameterization on minority risk and find that model overparameterization generally helps or does not harm
minority group performance.

Improving performance on minority groups. There is a long line of work on improving the perfor-
mance of models on minority groups. There are methods based on reweighing/subsampling [Shimodaira
(2000); |Cui et al.| (2019) and (group) distributionally robust optimization (DRO) [Hashimoto et al,| (2018);
[Duchi et al (2020); [Sagawa et al| (2019). The DRO approach has also been adopted in |[Hu & Chen| (2022)
to improve fairness in survival analysis. [Soma et al.| (2025) proposed generalized DRO approach with faster
convergence rates and tighter bound over the worst-group errors. In parallel, [Peet-Pare et al| (2022)) adapt
performative predicition (Perdomo et al.l 2020) to DRO approach for more dynamic environments. Some
recent works have also adopted regularization frameworks (An et al., 2022; |Zhao et al., 2022), contrastive
learning (Park et al., [2022} Zhang et al., [2022)), and active learning (Wang et al., 2023) frameworks which
uses proxy-sensitive information to induce fairness. In the overparameterized regime, methods based on
reweighing are not very effective (Byrd & Lipton, |2019)), while subsampling has been empirically shown to
improve performance on the minority groups (Sagawa et al.] 2020} [Idrissi et al.,[2021)). Our theoretical results
confirm the efficacy of subsampling for improving the performance for minority groups and demonstrate that
it benefits from overparameterization.

Group fairness. literature proposes many definitions of fairness (Chouldechova & Rothl [2018)), some of
which require similar accuracy on the minority and majority groups (Hardt et al., 2016). Methods for
achieving group fairness typically perform ERM subject to some fairness constraints (Agarwal et al.l [2018;
[Kenfack et al.,[2023). The interplay between these constraints and overparameterization is beyond the scope
of this work.

Paper organization. The rest of the paper is organized as follows: In Section [2| we introduce the data-
generating model and the random feature model. We also discuss the majority group subsampling scheme
under this setup. In Section [3| we present the main theoretical results of the random feature model related
to the ERM risk and majority group subsampling along with simulation experiments. Finally, in Section [4]
we discuss some of the implications of our work.
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2 Problem setup

2.1 Data generating process

Let X C R? be the feature space and J) C R be the output space. To keep things simple, we consider
a two-group setup. Let Py and P; be probability distributions on X x ). We consider Py and P; as the
distribution of samples from the minority and majority groups, respectively. In the minority group, the
samples (z,y) € X x Y are distributed as

ylz=px+e E(e) =0, var(e) = 72, z,€ are independent of each other (2.1)

and Pyx is the marginal distribution of the feature z, Sy € R? is a vector of regression coefficients, and
72 € (0,00) is the noise level.

In the majority group, the marginal distribution of features is identical, but the conditional distribution of
the output is different:
ylz=p8z+e E(e) =0, var(e) = 72, (2.2)

where $; € R? is a vector of regression coefficients for the majority group. We note that this difference
between the majority and minority groups is a form of concept drift or posterior drift: the marginal dis-
tribution of the feature is identical, but the conditional distribution of the output is different. We focus
on this setting because it not only simplifies our derivations, but also isolates the effects of concept drift
between subpopulations through the difference 6 £ 8; — f3y. If the covariate distributions between the two
groups are different, then an overparameterized model may be able to distinguish between the two groups,
thus effectively modeling the groups separately. In that sense, by assuming that the covariates are equally
distributed, we consider the worst-case.

Let g; € {0,1} denote the group membership of the i-th training sample. The training data {(z;, ys, i)}
consists of a mixture of samples from the majority and minority groups:

gi ~ Ber(m)

: (2.3)
(i, y3) | gi ~ Py,

where 7 € [3,1] is the (expected) proportion of samples from the majority group in the training data. We
denote n; as the sample size for majority group in the training data.

2.2 Random feature models

Here, we consider a random feature regression model Rahimi & Recht| (2007); [Montanari et al.| (2020)
f(2,0,0) = XL, ajo (0] o/ V) (2.4)

where o(-) is a non-linear activation function and © is the N x d weight matrix with 6, as the jth row. In
vector notation, Equation can be written as f(z,a,0) = a'z, where z = ¢(0x/v/d). In this vectorized
notation, o(-) is applied coordinate wise. The random feature model is similar to a two-layer neural network,
but the weights 6;’s of the hidden layer are set at some (usually random) initial values. In other words, a
random feature model fits a linear regression model on the response y using the non-linear random features
{o(0] x/ Vd) }jenvyinstead of the original feature vector . These types of models have recently been used
Montanari et al.| (2020) to provide a theoretical explanation for some of the behaviors observed in large
neural network models.

2.3 Training of the random feature model

We consider two ways in which a learner may fit the random feature model: empirical risk minimization
(ERM) that does not require group annotations; subsampling that does require group annotations. The
availability of group annotations is highly application dependant and there is a plethora of prior works
considering either of the scenarios (Hashimoto et al., [2018; [Zhai et al., |2021; |Pham et al., |2021}; [Sagawa,
et al., [2019; 2020; [Idrissi et al., [2021)).
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2.3.1 Empirical risk minimization (ERM)

The most common way to fit a predictive model is to minimize the empirical risk on the training data:

11
a € arg min; Zl i{yz — f(zi,a,0)}?

a€RN
1ga1 Y > (29
= in— » 1Y — (0] zi/Vd)}",
aigeﬂg}vaLEQ{y ;aja( i a:/\f)}

where we recall that the weights 0,’s of the first layer are randomly assigned. The above optimization
has a unique solution when the number of random features or neurons is less than the sample size (N < n)
and we call this regime underparameterized. When the number of neurons is greater than the sample size
(N > n), which we call the overparameterized regime, @ is not unique in , as there are multiple a € RY
that interpolate the training data, i.e., y; = Z;\f:l
such a situation we set @ at a specific a € RY which (1) interpolates the training data and (2) has minimum
lo-norm. This particular solution is known as the minimum norm interpolant solution (MNIS) (Hastie et al.,
2019; Montanari et al., [2020) and is formally defined as

Gmnis = argmin{||a||2 : y; = Z;\;l ajJ(G;'—xi/\/g), icen)}=Z"2)ZTy, (2.6)

aja(ﬁjT:ri), i € [n], resulting in a zero training error. In

where Z € R"*N with Zi; = a(@;rxi/\/g) and AT is the Moore-Penrose inverse of A. The minimum norm
interpolant solution (2.6) has an alternative interpretation: it is the limiting solution to the ridge regression
problem at vanishing regularization strength (Hastie et all 2019 Section 2.2),

N L N . N 2

s = lim a(3), a(\) =argmin| L S0 {gs = S0 0,00 2 /VDY + B al3 ] @27)

A—0+ WERN J

In fact, the conclusion in (2.7) continues to hold in the underparameterized (N < n) regime. Hence, we
combine the two regimes (N < n and N > n) and obtain the ERM solution as (2.7). In the literature

Hastie et al.| (2019) it is known as the ridgeless solution. Finally, having an estimator &, the response of an
individual with feature vector x is predicted to be:

§(x) = f(2,8,0) = 1, a;0(0] x/Vd). (2:8)
2.3.2 Majority group subsampling

It is known that a model trained by ERM often exhibits poor performance on minority groups Sagawa et al.
(2019). One promising way to circumvent the issue is majority group subsampling: a randomly drawn subset
of training sample points is discarded from majority groups to match the sample sizes for the majority and
minority groups in the remaining training data. This emulates the effect of reweighted-ERM, where the
samples from minority groups are upweighted in the ERM.

In the underparameterized case, the reweighting is preferred over the subsampling due to its superior statis-
tical efficiency. On the contrary, in the overparameterized case, reweighting may not have the intended effect
on the performance of minority groups |Byrd & Lipton| (2019), but subsampling does (Sagawa et al. [2020;
Idrissi et al., 2021). Thus, we consider subsampling as a way of improving performance in minority groups in
the overparameterized regime. We note that the subsampling requires the knowledge of the groups/sensitive
attributes, so its applicability is limited to problems in which the group identities are observed in the training
data.

3 Main results for the MNIS under random feature regression model

In this section we focus on the minority group performance of the MNIS estimator dmnis defined in Equation
(2.6). From here on, we drop the subscript for notational brevity and simply use @ to denote the MNIS
estimator, and we write the mean squared prediction error for the minority samples in the test data as

Ro(@) = Eompy [{£(2,8,0) — AT }2] = Eanp (XY, 4;0(6] 2/v/d) - 67 2}, (3.1)
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Table 1: Table of notations

Notations Descriptions
n Total sample size
ng, N1 Sample-sizes in minority
and majority groups
N Number of neurons
d Covariate dimension
¢1 th,d—)oo N/d
g limy, 400 n/d
~y limp n—o0o N/n (Overparameterization)
us Majority group proportion
Bo, B1 Regression coefficients for
minority and majority groups
d b1 — Bo
72 Noise variance

where 2 ~ Py is independent of the training data. One may alternatively study E, ,)~p, [{f(2, G, ©) —y}?] as
the mean square prediction error for the minority group, but for a fixed noise level 7 it has the same behavior
as (3.I)), as suggested by the following: E(, )~p, [{f(2,a, ©) — y}*] = Eup [{f(,a,0) — BJ x}?] + 2.

A finite sample study of Rp(a) (3.1) is difficult, in this paper we study its limiting behavior in high-
dimensional asymptotic setup. Specifically, recalling the notations from Table [l| we consider N/d — 11 > 0,

n/d — 1Py > 0 and ny/n — w € [1/2,1]. The problem is underparameterized if v = /¢ =
limg,o{N/n} < 1 and overparameterized if v > 1.

To study the minority risk, we first decompose it into several parts and study each of them separately. The
first decomposition follows:
Lemma 3.1. We define the bias B(Bo, 6, 7) = Erpy [{Ec[f (7, 8,0)]— B4 x}2] and the variance ¥ (Bo, 5, 7) =

E,~py [Var{f(z,a,0)}], where € = (e1,...,€,)" are the errors in the data generating model, i.e. ¢ =
Yi — m: Bg. and Var. denotes the variance with respect to €. The minority risk decomposes as

EINP)(,G[{f(x7 &a 6) - ﬂ(—)rx}z]
= ‘%(ﬁ07 67 T) + 7/(60; 57 T) .

The proof is realized by decomposing the square in [f(z,a,0) — B4 z]? = [{f(x,a,0)] — E.[f(x,
{E[f(z,a,0)] — B4 }]2. We now provide an interpretation for the variance term.

ug >
)
fw—
+

The variance term. Firstly, we note that the term ¥ (8, d, 7) captures the average effect of variance of
the prediction rule f(x,a, ©) with respect to the feature distribution Py. In addition, let z = o(©z/v/d) as
the random feature for new covariates « and note that ¥'(5y,d,7) does not depend on the values of 3y or 9,
as shown in the following display:

Var {f(z,a,0)} = Var{z"a} = Var {2 (27 2) 2Ty} = Var {2 (27 2)1 Z7 ¢} . (3.3)

Hence we drop 3y and § from the notation and write the variance term as # (7). Since ¢;’s have variance 72 we

realize that the exact dependence of the variance term with respect to 7 is the following: ¥ (1) = 7% (1 = 1).
This also implies that the variance term ¥ (1) teases out the contribution of data noise level T in the minority
risk.

The inductive bias term. We notice that the term (0, d,7) in decomposition (3.2) represents the
average bias in prediction for the minority group. We refer to this term as the inductive bias of the RF
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model induced by the MNIS estimator. Before we elaborate on this, first note that the bias term does
not depend on the noise level 7 (both E.[f(x,a,0)] and 8, x do not depend on 7) and hence, we denote
it as B(Po,d) by dropping 7. Next, we separate out the contributions of Sy and J in the bias term via a
decomposition. For the purpose we recall, Z = (2 ;)ie[n],je(nv) € R™* is the matrix of random features and
define the following: (i) X = [z{,...2,)]" is the covariate matrix in training data, (ii) X; is the covariate

matrix consisting only of the samples from the majority group, and (iii) Z; is the random feature matrix for
the majority group. The decomposition for the bias term follows:

B(B0,0) = Eoory [{(:T (27 2)1 27X —2T)Bo}? + {7 (27 2)1 2] X15)?

212" 2) 2T X —a )BT X 21(Z27 Z)t2]. (34)
The first terms on the right-hand side of essentially capture the inductive bias due to the misspecification
in the random features model, i.e., the part of the signal T 5y that cannot be explained by the best fitted
RF model. On the other hand, the remaining terms capture the part of the bias arising due to the model
misspecification in the two-group model. These two bias terms together contribute to the overall inductive
bias in the RF model. Next, we make some assumptions on Sy and ¢ vectors:

Definition 3.2. The quantities Fg, Fs > 0 and Fgs € R are defined as follows: Fg := ||Bol|2, Fs := ||d]]2
and Fg 5 := (o, ).

Here, Fj and Fjs are the /> signal strengths of By and §. The decomposition in the next lemma separates
out the contributions of 8y and § in Z(5y, d).

Lemma 3.3. Define the following:

By =Eonrl27(Z272)1 27X — 27 |3/d]
Bs = Eanpy |2 (27 2)' 2] X1 |3/d) (3.5)
€5 =2PBunp (2 (Z72)1 27X —2") X[ Z1(Z7 Z)12)

Then we have B(fo,6) = F5Bs + F§ Bs + Fp.5%5.5-

In Lemma we see that FZ2%s + Fj 56 5 quantifies the contribution of the model misspecification in the
two-group model, and we call this misspecification error term. For the other terms in the decomposition we
utilize the results of Montanari et al.| (2020) who studied the effect of overparameterization on the overall
performance (i.e., in a single group model), thus the misspecification error term does not appear in their
analysis. Our theoretical contribution in this paper is studying the exact asymptotics of the misspecification
error terms. Before we present the asymptotic results we introduce some assumptions and definitions. First
we make a distributional assumption on the covariates z;’s and the random weights 6;’s which allow for
easier analysis of the minority risk.

Assumption 3.4. We assume that {z;}7_, and {0;}}_, are i.i.d. Unif{S*(V/d)}, i.e., uniformly over the
surface of a d-dimensional Euclidean ball of radius v/d and centered at the origin.

Note that when x; follows an isotropic standard Gaussian distribution, for large d one can approximate the
distribution by Unif{S?~'(v/d)}, because d~'/?||z||z ~ 1. Also, in practice, one can scale the features so
that they reside on some scaled version of the unit sphere. The main reason to consider this simplifying
assumption is that it lends us certain technical advantages while studying asymptotic convergence results.

Next we assume that activation function o has some properties, which are satisfied by any commonly used
activation functions, e.g. ReLU and sigmoid activations.

Assumption 3.5. The activation function o : R — R is weakly differentiable with weak derivative o’ and
for some constants co,c1 > 0 it holds |o(u)|, |0’ (u)] < coet¥l.

Both assumptions and also appear in Montanari et al| (2020). Note that the weak differentiability
condition in Assumption [3.5]is fairly general and is enjoyed by standard activation functions such as RELU
or soft-max activation function. Below we define some quantities which we require to describe the asymptotic
results.
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Definition 3.6. We define the following quantities:

1. For the constants

po=E{o(G)},  m=E{Go(G)},  pui=E{o(G)*}—pud— 13, (3.6)

where the expectation is taken with respect to G ~ N(0,1) we assume that 0 < po, p1, sy < 00 and
define § = pu1/ pix-

2. Recall that N/d — 1 > 0, n/d — 12 > 0 and ny/n — 7 € [1/2,1]. We set ¢ = min{t1, 12} and
define

(€22 -1)2 44629V 24 (2 —£2 1)
X - 252 .

3. We furthermore define the following:
& = =X € 43X+ (Pahe — 1 — o + 1)xPE° — 2x 3¢t - 3x¢?
+ (b1 + b2 — 31the + 1)x2EH + 2322 + X + 3192 xE? — Y1ea,
EF = ax ¢t — Pax®E + Prhax€® — Priby,
&y = X6 =31+ (Y1 = 1P + 2x°¢1 4+ 3x°€% + (—n — DN
—2x°€% —x*.
Equipped with the assumptions and the definitions we are now ready to state the asymptotics for each of

the terms in the minority group prediction errors. The following lemma, which states the asymptotic results
for Az and ¥ (1), has been proven in Montanari et al.| (2020)).

Lemma 3.7 (Theorem 5.7, Montanari et al. (2020))). Let the assumptions and [3.5 hold. Define
B = EF)EG and V* = EF | EF where EF, &F and &F are defined in Definition|3.6. Then the following hold:

limd*)m E[%ﬁ] = %*, 1imdi>oo E[’V(T)] = ’7'27* s

where the expectation | is taken over {a;}7_, {0;}7C,.

Trend in the variance term. We again recall that the variance term ¥#'(7) teases out the contributions
of noise € in the minority group prediction error. Here, the trend that we’re most interested in is the effect
of overparameterization: how does the asymptotic ¥™* behave as a function of v = 91 /12 = lim,, N, (N/n)
when 1o = lim,, 400 (n/d) is held fixed, and v > 1. Although it is difficult to understand such trends from the
mathematical definitions of ¥™* we notice in Figure 2| (left) that the variance decreases in overparameterized
regime (v > 1) with increasing model size (7).
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Figure 2: Trends for bias and variance in the minority ERM risk for varying overparameterization v with
d = 200 and n = 400. Left: variances for varying . Middle: biases for different v and «, where « is the
angle between [y and f;. Here the majority group proportion 7 is set at 0.8. Right: biases for different 7n’s
and ~’s when « is set at 180°. The solid lines are the theoretical predictions and the points with error-bars
represent the empirical predictions over 10 random runs.

Next, we study the asymptotics of s and 63,5 which, as discussed in lemma quantify the part of the
minority group prediction risk that comes from the model misspecification in the two group model (2.3]).
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Lemma 3.8 (Misspecification error terms). Let the assumptions and hold. Following the
definitions of 8* and V* in lemma we further define U5 = B* —1+42(x + ), where x and ¢ are defined
in Definition|3.0l Then

lim E[%;] = 47 = (1 — 7)¥* + 723, Jim E[%,5] = 43 L (B —1+13)
—00

d—o0

where as in lemma the expectation E is is taken over {x;}j—,, {0;}7,.

Below we describe the observed trends in the bias term in the minority risk.

Trends in the bias term. Here, we study the asymptotic trend for the bias term %(83q,d). We see from
the bias decomposition in Lemma[3:3]and the term by term asymptotics in Lemmas[3.7)and [3-8| that the bias
term asymptotically converges to Fg%* + FR. M} + Fps.45. We mainly study the trend of this bias term
in overparameterized regime with respect to the three parameters: (1) the overparametrization parameter
7, (2) the majority group proportion 7 and (3) the angle between the vectors Sy and S, which is denoted
by . The middle and right panels in Figure [2] give an overall understanding of the trend of the bias term
with respect to the aforementioned parameters. In both of these figures we set 1], = ||Boll, = 1. In the
middle panel, we see that for a fixed angle «, the bias generally decreases with overparameterization. In
contrast, for a fixed level of overparameterization -, the bias increases as the angle « increases. This is not
surprising as intuitively, as the angle a grows, the separation between §y and (5; becomes more prominent.
As a consequence, the accuracy of the model worsens and that is being reflected in the plot of the bias term.

Similar trend can also be observed when the majority group proportion 7 varies for a fixed angle « (right
most panel of Figure . Here we set f1 = —fy, i.e., the angle @ = 180°. As expected, the bias increases
with parameter m for a fixed v because of higher imbalance in the population. Whereas, for a fixed 7, the
bias decreases with increasing v. Thus, in summary, we can conclude that overparameterization generally
improves the worst group performance of the model for fixed instances of a and .

In all the plots in Figure 2] we also show the empirical variances and biases along with their error bars
computed over 10 repetitions. Within each repetition, a random features model was trained with a dataset
generated according to the model described in Section The sample sizes and remaining data generating
configurations, such as d, w, «, and -y, of the training datasets are described within Figure We then
calculated their mean variances using Equation and biases using Equation over a test dataset
with sample size 500 generated according to the same distribution. The same strategy is also used for Figure

3]

The following theorem summarizes the asymptotic results in Lemmas and and states the asymptotic
for minority group prediction error.

Theorem 3.9. Let the assumptions|[3.4) and (3.9 hold. Following the definitions of B*, V*, M and M5 in
Lemmas[3.7 and[3.8, we have the term by term asymptotics:

lim E[#,] = %7, lim E[/(7)] = Y
—00

d—o0
lim E[%s] = A7, and lim E[€3 ) = A5,
d—o0 d—o0
and the minority group prediction error has the following asymptotic
E[Ro(a)] = F3E[%Bs)] + F{E[%s] + Fs sE[€3,5] + T°E[¥ (7 = 1)]
— FBQ‘%)* +F§2,/f1* +F5,5.//2* + 2y,
A complete proof of the theorem is provided in Appendix

Trend in minority group prediction error for ERM. To understand the trends in minority group
prediction error we combine the trends in the bias and the variance terms. We again recall that we’re
interested in the effect of overparameterization, i.e. growing v when v > 1. In the discussions after Lemmas
and (and in Figure|2)) we notice that both the bias and variance terms decrease or do not increase with

10
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Figure 3: Difference in minority risk between subsampling and ERM with d = 200,n = 400. Left: the
differences in minority risks for several values of « (the angle between 8y and 1) and overparameterzation
v, where majority proportion 7 is set at 0.8. Right: the minority risk differences for several values of m and
v when « is set at 180°.

growing overparameterization for any choices of the majority group proportion 7 and the angle a between Sy
and (;. Since the minority risk decomposes to bias+variance terms , we notice that similar trends hold
for the overall minority risk. In other words, overparameterization improves or does not harm the minority
risk. These trends agree with the empirical findings in [Pham et al.| (2021)).

3.1 Limiting risk for majority group subsampling

Though overparameterization of ML models does not harm the minority risk for ERM, they generally produce
large minority risk [Pham et al.| (2021). To improve the risk over minority group [Sagawa et al. (2020); Idrissi
et al.| (2021]) recommend using majority group subsampling before fitting ERM and show that they achieve
state-of-the-art minority risks. In addition, |An et al.| (2021)) also theoretically showed that resampling
produces superior results while training ML models under simple optimization setup. However, the authors
do not investigate the asymptotic test error under more complicated model. Here, we complement these prior
works with a theoretical study on the minority risk for random feature models in the two group regression
setup . We recall from subsection that subsampling discards a randomly chosen subsample of
size ny — ng from the majority group (of size n1) to match the sample size (ng) of the minority group, and
then fits an ERM over the remaining sample points. Here, we repurpose the asymptotic results for ERM
(Theorem to describe the asymptotic behavior for subsampling by carefully reviewing the changes in
the parameters 11, ¥ and 7. First we notice that the total sample size after subsampling is ng = 2n¢ (both
the majority and minority groups have sample size ng g = 11 g = ng) which means the new majority sample
proportion is mg = ng,s/ng = 1/2. We further notice that 1)1 remains unchanged, i.e., ¥1, ¢ = ¢1 whereas
g = limg_,00 n/d changes to o, g = limy_oo ng/d = limg_,oo 2n0/d = limg_,o0 2(no/n) X (n/d) = 2(1—7)s.
The subsampling setup is underparameterized when ng = 2ng > N or vs = 91, 5/12.5 =v/(2* (1 —m)) < 1
and overparameterized when vg > 1. Rest of the setup in subsampling remains exactly the same as in the
ERM setup, and the results in Lemmas and Theorem continue to hold with the new parameters:
1,5, P2,5 and 7g.

ERM vs subsampling. We compare the asymptotic risks of ERM and majority group subsampling in
overparameterized setting. Figure [3| shows the trend of the error difference between subsampling and ERM.
Similar to the previous discussion, we denote by a the angle between $; and Sy, and set ||31|, = || 5ol = 1.
In the left panel, we fix the majority group parameter m = 0.8 and vary «. The empirical quantities are
also evaluated in the similar fashion as in Figure [2] It is generally observed that subsampling improves the
worst group performance over ERM, which is consistent with the empirical findings in |Sagawa et al.| (2020))
and |Idrissi et al.| (2021). Moreover, the improvement is prominent when the group regression coefficients
are well separated, i.e., « is large. Intuitively, when « is very large, the distinction between majority and
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minority groups is more noticeable. As a consequence, the effect of under representation on minority group
becomes more relevant, due to which the worst group performance of ERM is affected. Whereas, subsampling
alleviates this effect of under representation by homogenizing the group sizes. On the other hand, the effect
of under representation becomes less severe when [y and (; are close by, i.e., a is small. In this case,
we see subsampling does not improve the worst group performance significantly. In fact, for larger values
of ~y, subsampling performs slightly worse compared to ERM. This is again not surprising, as for smaller
separation, the population structure of the two groups becomes more homogeneous. Thus, full sample ERM
should deliver better performance compared to subsampling.

Similar trend is also observed in the right panel where we fix a = 180° and vary w. Again, improvement
due to subsampling is most prominent for larger values of m, which corresponds to greater imbalance in the
data. Unlike the previous case, the subsampling always helps in terms of worst group performance but the
improvement becomes less noticeable with decreasing 7 as overparameterization grows.

4 Summary and discussion

In this paper, we studied the performance of overparameterized ML models on minority groups. We set up a
two-group model and derived the limiting risk of random feature models in the minority group (see Theorem
. In our theoretical finding, we generally see that overparameterization improves or does not harm the
minority risk of ERM, which complements the findings in |[Pham et al.| (2021)). We also show theoretically
that majority group subsampling is an effective way of improving the performance of overparameterized
models in minority groups. This confirms the empirical results on subsampling overparameterized neural
networks given in [Sagawa et al.| (2020) and [Idrissi et al.| (2021)).

Assumption implications. In our study, an important assumption is that the feature distributions be-
tween the two groups are the same (Concept drift, see Section . This is the worst case for the minority
group because an overparameterized model can not leverage any difference in the feature distributions be-
tween the groups to improve minority group performance. It is encouraging that overparameterization does
not hurt the minority group even under this worst-case setting. Extending our results to the two-group setup
with a shift in feature distribution is an interesting future work direction.

Practical implications One of the main conclusions of this paper is that overparameterization generally
helps or does not harm the worst group performance of ERM. In other words, using overparameterized
models is unlikely to magnify disparities across groups. However, we warn the practitioners that overparam-
eterization should not be confused with a method for improving the minority group performance. Dedicated
methods such as group distributionally robust optimization (Sagawa et al.l 2019)) and subsampling [Sagawa,
et al.| (2020); Idrissi et al. (2021) are far more effective. In particular, subsampling improves worst-group
performance and benefits from overparameterization as demonstrated in prior empirical studies[Sagawa et al.
(2020); Idrissi et al. (2021) and in this paper.
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A Ridgeless regression

Similar to Section 3, here we describe analyzing the linear regression model in the overparameterized regime.
The learner fits a linear model

flx) 2 g

to the training data, where 5 € R? is a vector of regression coefficients. We note that although the linear
model is well-specified for each group, it is misspecified for the mixture of two groups. The learner fits a linear
model to the training data in one of two ways: (1) empirical risk minimization (ERM) and (2) subsampling.

A.1 Model fitting

Empirical risk minimization (ERM) The most common way of fitting a linear model is ordinary least
squares (OLS):

BoLs € argmingcga= Y1 | 3(yi — BT x;)? = argmingpa5-|ly — X33,

where the rows of X € R™*? are the z;’s and the entries of y € R™ are the y;’s. We note that ERM does not
use the sensitive attribute (even during training), so it is suitable for problems in which the training data
does not include the sensitive attribute.

In the overparameterized case (n < d), BOLS is not well-defined because there are many linear models that
can interpolate the training data. In this case, we consider the minimum ¢ norm (min-norm) linear model
with zero training error: N

Bmin € argmin{|Bl|2 | y = X8} = (XTX)TXTy.

where (X7 X)! denotes the Moore-Penrose pseudoinverse of X7 X. The min-norm least squares estimator is
also known as the ridgeless least squares estimator because Bmin = limy\ 0 B, where

B € argmingegay[ly — X513 + Al BII3.
We note that if X has full column rank (i.e. X7 X is non-singular), then Bmin is equivalent to BOLS.

Majority group subsampling It is known that models trained by ERM may perform poorly on minority
groups [Sagawa et al.|(2019)). One promising way of improving performance on minority groups is majority
group subsampling-randomly discarding training samples from the majority group until the two groups are
equally represented in the remaining training data. This achieves an effect similar to that of upweighing the
loss on minority groups in the underparameterized regime.

In the underparameterized case (n > d), reweighing is more statistically efficient (it does not discard training
samples), so subsampling is rarely used. On the other hand, in the overparameterized case, reweighing may
not have the intended effect on the performance of overparameterized models in minority groups [Byrd &
Lipton| (2019), but [Sagawa et al.| (2020) show that subsampling does. Thus we also consider subsampling
here as a way of improving performance in minority groups. We note that reweighing requires knowledge of
the sensitive attribute, so its applicability is limited to problems in which the sensitive attribute is observed
during training.

A.2 Limiting risk of ERM and subsampling

We are concerned with the performance of the fitted models on the minority group. In this paper, we
measure performance on the minority group with the mean squared prediction error on a test sample from
the minority group:

Ro(8) £ E[((8 — o) "2)* | X] = E[(B — o) "S(B — Bo) | X]. (A1)

We note that the definition of (A.1)) is conditional on X; i.e. the expectation is with respect to the error
terms in the training data and the features of the test sample. Although it is hard to evaluate Ry exactly for
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finite n and d, it is possible to approximate it with its limit in a high-dimensional asymptotic setup. In this
section, we consider an asymptotic setup in which n,d — oo in a way such that % — v € (0,00). If v < 1,
the problem is underparameterized; if v > 1, it is overparameterized.

To keep things simple, we first present our results in the special case of isotropic features. We start by
formally stating the assumptions on the distribution of the feature vector Px.

Assumption A.1l. The feature vector x ~ Px has independent entries with zero mean, unit variance, and
finite 8 + € moment for some € > 0.

A.3 Empirical risk minimization

We start by decomposing the minority risk (A.1)) of the OLS estimator BOLS and the ridgeless least squares
estimator Bnin. Let ng and m; be the number of training examples from the minority and the majority
groups respectively. Without loss of generality, we arrange the training samples so that the first ng examples

are those from the minority group:
Xo Yo
X = , = .
X o

Lemma A.2 (ERM minority risk decomposition). Let B be either EOLS or Bmin. We have
Ro(B) =E[(B ~ o) " (B — Bo)]

= 8 ta= Mo+ =S +.57{ [ ] b ExT Ol s )

T

+26T{ |:0n0><d:| X/n}(iT)2§ﬁo
X1

where TIx 2 XX is the projector onto ran(X "), § £ By — B1, and s L %XTX is the sample covariance

matriz of the features in the training data.

Inductive bias We recognize the first term on the right side of (A.2) as a squared bias term. This term
reflects the inductive bias of ridgeless least squares: it is orthogonal to ker(X), so it cannot capture the part
of By in ker(X). We note that this term is only non-zero in the overparameterized regime: Bors has no
inductive bias.
Lemma A.3 (Hastie et al|(2019), Lemma 2). In addition to Assumption assume ||Bol|3 = so for all
n, d. We have

ﬁOT(Id—HX)ﬁO RN {50(1 — %)} V0 asn,d— oo, % — 7.

Variance The second term on the right side of (A.2) is a variance term. The limit of this term in the
high-dimensional asymptotic setting is known.

Lemma A.4 (Hastie et al| (2019), Theorem 1, Lemma 3). Under Assumption[A.]], we have

7_2

;Tb"(fﬂ) EN {

T <1 d
i 7 asn,d — oo, — — 1.
5=1 > n

Approximation error The third and fourth terms in reflect the approximation error of EOLS and
Bmin because the linear model is misspecified for the mixture of two groups. Unlike the inductive bias and
variance terms, this term does not appear in prior studies of the average/overall risk of the ridgeless least
squares estimator [Hastie et al.| (2019).

Lemma A.5. In addition to Assumptz’on assume ||0]|3 =17 and 6" By = ¢ for alln, d. As d — oo we

have 2 :
T Ty T (1—2

6T{ |:On0><d:| X/?’L}(ET)Q{XT |:On0><d:| /n}(S 2) 7"17,y + 7":2(17]2) v < 1

Xy Xi e e e R I
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Figure 4: Minority group prediction error for the ridgeless least square ERM in the isotropic features case.
The left plot considers the setup with varying m when the angle between 3y and 3; is set at a = 180°. The
right plot sets m = 0.8 and considers different values of a. Here the SNR is set at ||3o]|3/72 = ||31|3/7% = 10.

and

5T{ [Oggfd} | X/n}(iT)Qf:go 2oen({1/7} A 1).

Before moving on, we note that (the limit of) the approximation error term is the only term that depends
on the majority fraction w. Though the inductive bias may increase at overparameterized regime (y > 1)
with growing v when the SNR (= ||5o]|3/72) is large, we notice that the approximation error terms always
decrease with growing overparameterization. In fact they tend to zero as v — oo.

We plot the (the limit of) the minority risk prediction error (MSPE) in Figure 4} In both overparameterized
and underparameterized regimes, the MSPE increases as 7 increases. This is expected: as the fraction of
training samples from the minority group decreases, we expect ERM to train a model that aligns more closely
with the regression function of the majority group.

We also notice that in the overparameterized regime (v > 1) when the SNR (||32]|3/72) is high the MSPE
increases with growing ~ if the two groups are aligned (the angle between Sy and 81 is @ = 0). This trend
is also observed in Hastie et al|(2019).

A.4 Inadequacies of ridgeless least squares

There is one notable disagreement between the asymptotic risk of the ridgeless least squares estimator and
the empirical practice Pham et al| (2021) in modern ML: the risk of the ridgeless least squares estimator
increases as the overparameterization ratio 7 increases, while the accuracy of modern ML models generally
improves with overparameterization. This has led ML practitioners to train overparameterized models whose
risks exhibit a double-descent phenomenon [Belkin et al.| (2018). Inspecting the asymptotic risk of ridgeless
least squares reveals the increase in risk (as 7 increases) is due to the inductive bias term (see|A.3]). For high
SNR problems (sg > 72), the increase of the inductive bias term dominates the decrease of the variance
term (see , which leads the overall risk to increase. This is a consequence of the fact that problem
dimension (the dimension of the inputs) and the degree of overparameterization are tied to ridgeless least
squares. In order to elucidate behavior (in the risk) that more closely matches empirical observations, we
study the random features models, which allow us to keep the problem dimension fixed while increasing the
overparameterization by increasing the number of random features.

A.5 Majority group subsampling

We note that the (limiting) minority risk curve of majority group subsampling is the (limiting) minority risk
curve of ERM after a change of variables. Indeed, it is not hard to check that discarding training samples
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Figure 5: Minority error differnce between subsampling and ERM for the ridgeless least square in the
isotropic features case. The left plot considers the setup with varying = when the angle between 5y and (5,
is set at o = 180°. The right plot sets m at 0.8 and consider different values of a. Here the SNR is set at
I1Boll3/72 = lIB1l13/7> = 5.

from the majority group until the groups are balanced in the training data leads to a reduction in total
sample size by a factor of 2(1 — 7) (recall m € [1,1]). In other words, if the (group imbalanced) training
data consists of n samples, then the (group balanced) training data will have 2(1 — 7) training samples. In
the n,d — oo, % — 7 limit, this is equivalent to increasing v by a factor of 2(1717#) The limiting results in
ERM can be reused with the following changes: under subsampling (1) 7 changes to 1/2, (2) 7 changes to

~v/(2 — 27), and (3) the rest of the parameters for the limit remain the same.

In Figure [5] where we plot the differences between subsampling and ERM minority risk, we observe that
subsampling generally improves minority group performance over ERM. This aligns with the empirical
findings in [Sagawa et al| (2020); Idrissi et al| (2021). The only instance when subsampling has worse
minority risk than ERM is when the angle between £y and [y is zero, i.e. Sy = f1. This perfectly agrees
with intuition; when there is no difference between the distributions of the two groups then subsampling
discards some samples for the majority group which are valuable in learning the predictor for the minority
group, resulting in an inferior predictor for the minority group.

A.6 Proofs of Lemmas and
A.6.1 Proof of Lemma
Denoting U = (X T X/n)"X/n we note that the estimation error B — By is

B~ Bo=U(XBo + [O}fd} §+¢€) —Bo=Ix —1;)B + U [Ofs‘gd} 5 + Ue,
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we have the following decomposition of ERM minority risk

Ro(B)

=E[(B - B0)" (B - Bo)]

E[(B -
-
{ (Ix — I)B0+ U [Onoxd} 6+Ue} {(HX — 1))+ U [ Wd} 5+Ue}

;
=) (Ix — 1a)*8 +E[¢"(U) U] +67 [03?? d} (U)'U [03?f d} 5+

I II
II1

{(Hx ~I3)Bo+U {Oggfd] 5}T Ue] .

v v

]
207 || ()T a1+ 28

The term I is equal to B (ILx — I43) By because Il x — I is a projection matrix. By the linearity of expectation
and trace operator, the term II is equal to

14 1~ 2
E[Tr(e" (U)'U¢)] = Tr {ZTE[eeT]} =Tr {ZTTZIH} = T—Tr(Z‘L).
n n n
By properties of Moore-Penrose pseudoinverse, the term IIT and IV are equal to
Onoxd] | 0 Onoxa] |
T noXd )2 T |Ynoxd T noXd ‘SIAVAS
5 { [ i } X/n}(z ) {X [ i } /n}5 and 20 { { W } X/n}(z 1285,
respectively. The term V is 0 since E[e] = 0. Hence we complete the proof. (Il

A.6.2 Proof of Lemma
We first prove for the cross term that
Bl SSLx7 (0.x7) 70 = B mms eyt 0.x7) Y. (43)
To realize the above we notice that for any orthogonal matrix O it holds
E67 S(S1? L XT(0,X])748) = B[5 080(8)° - X3 (0, X5,)TOT4)

where X is replaced by Xo = XO and the replacement in X changes the covariance matrix to io and it’s
Moore-Penrose inverse to ZA)I) Noticing that X 4 Xo, > 4 f]o and 3t 4 ZA)I) we conclude

PPN 1
E[5) 0%0(£5)*~X5(0,X5,1)T07 9] = E[sf OB(E1)? XVO x)ToTs).

We now let O to be uniformly distributed over the set of all d x d orthogonal matrices (distributed according
to Haar measure) which results in

E[5] OS(S)? L X7 (0,X]) 7074 = E[Te{ S(&)? X7 (0,X])T0755] 0)]
ol
= E[Tx{ E(ET)QEXT(O,XIT)T(éTﬁo/d)}] .
To calculate the term

SETH{ S8 XT(0,X]) )] = ST SEN(CX] X))
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we notice that
n

ENEPN 1 1 PPN 1
CEMT SEPCAT X)) =5 Y BT SEN Caw]))
1=no+1
and each of the terms Tr{ f](fﬁ)z(%xzx: ) are identically distributed. We appeal to exchangability argument
to conclude

Z E[Tr{ E ) (%561172 == ZE Tr{ 2 ) (nx ;)Y

i=np+1

SHR

—E[Tr{ 3(Z7)*3}]
where we notice that S is a projection matrix and conclude
PPN 1 N
—E[Tr{ Z(X")?X}] = WE]E[Tr{ =31y,

If d <nie v <1 then flA is invertible and and it holds st = Iz. If d > n then there are exactly n many
non-zero eigen-values in £3F and it holds Tr{ £3} = n. Combining the results we obtain

“E[T{ =) = {1/4} A 1.

Now, to calculate the term R

E[0T{(0, X1)X/n}(EN*{X (0, X)) q]
we first use similar argument to (A.3]) and obtain
X1 X1 o X X1

B[ {(0, X)X/n} (81 (X7 (0, X] )76 = )3 JEITr{ L (51221

(=) 1

We rewrite
X ;r X1

]
(St
n

[T { H=n1Fi1+ni(n1—1)F12

where we define . .

T1Tq St 2 L1q
>
(S22 y)

F171 £ éE[TI’{

T
$11’1 21‘2@72

(=)

L1
FLQ = aE[TI‘{ }] .

n

To calculate nF} ; we notice that

n X fL'T = i CUT
nFy = —E[Tr{ lnl (h)? lnl 3

d
_ lm]—xl xI(ET)le
Y on n

-
Denoting 23 as the L; convergence we notice that 25 B, ice. E[(Jla1|2/n — v)?] = 0. We now calculate

the convergence limit for W Noticing that
le(i\}T)%:l = lim lx T(E+ 21y) 2y
n! =0+ !

we write 3 + 2Iy = (2127 /n) + A., where A, = X, X_1/n + zI,. Using the Woodbery decomposition

—1
T -1 -1 CHax] /n)
+ A, =A;
{(z121 /m) } 1 :vi'— T
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we obtain that _
ta A7%x

(14 i AT )2

In Lemma [A.6] we notice that

1 o <1 1 —L <1
E[—z] A7 z] — { 77 7  EBl—z] A723] — { 007 7 as d — oo.
n z _1 >1 n z 0 >1
-1 7 R
1 1
var[—x{ A 2], var[—z{ A7%21] =0
n n
which implies nF} ; converges to
= <1
7’LF1’1 g {1_’I 7
eI 1

Noticing that
éE[Tr{ S5 = %E[Tr{ S(S128)] = nFiy + nin — 1)Fr

we obtain the convergence of n(n — 1)F o as

1—2v

<1

n(n—l)FM%{a—zQ ]
’ 222 N>

Fo-n 7

which finally yields
XX,
n

1 ~ o XX
EE[TT{ (7)? 1n N =Py +ni(ng —1)Fi

=mnFi1+ m2n(n — 1)Fi 0
71'2 —
2 { + 70 <

s 7?(y=2)
St ae 1>l

Lemma A.6. As z — 0+ and d — oo we have

1 - <1
E[—a{ A7 'z] — {1_7 ! 7
n —— g>1

1 = y<1
E[—z] A %x] — (1;7)3 7
" CENNEE

and 1 1
var[—x] A7 x1), var[—x] A7%21] =0
n n

Proof of Lemma[A.6] To prove the results about variances we first establish that for any symmetric matrix
B = ((bi;)) € R™4 it holds
var(z{ Bx;) < ¢Tr{B?}, (A.4)

T

for some ¢ > 0. Writing z; = (ug,...,uq)' we see that

var(z{ Bzy) = var( > i g wittibij)

= g bijbricov(u;u;, upug)
1,5,k,1

Noticing that
cov(u;uj, upuy) = Eluujupwy) — Eluu ] Elugw)

we see that
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1. If one of 4, j, k, 1 is distinct from the others then cov(u,;u;, ugu;) = 0.
2. Ifi=jand k=1 and ¢ # k then
E[uiujupug] — Eluiv|Elugw] = Euiui] — E[uf]E[u] = 0.
3. If i = j = k =1 then cov(u;uj, upu;) = var(u}).
4. If{i=kand j=land i # j} or {i =1 and j = k and i # j} then we have

Elu,ujupw] — Eluju,|Elugw] = var(uu;) = var(uqusg) .
Gathering the terms we notice that

var(x, Bml Z var(u + 2 Z b var ulu]
i#]

< ch = cTr{32

where ¢ = 2{var(u?) V var(ujuz)}.

Using (A.4]) we notice that

‘ 1 . , 1 P
. T 41— _ T2 - 2
11r(1)1+var(:c1 ATz /n) = - T{(E )9} = ngTr{(ET) 7} —0.

z—r

We notice that 1 1
[ TA ) = —Tr{Az_l} = —Tr{=1}
n

which appears in the variance term in Lemma [A.4] and we conclude that

1 —_/ <1
E[-z] AJ1z] — { = 7 as d — oo.
n = y>1

To calculate ] 1
E[~x{ A7 %z] = fTr{A;Q} = ~Tr{(=h)?}
n n

we consider case by case.

For v < 1 we see that
1 12 1 s\ —2
—Te{(%1)7} = - Tr{(2) 77}
n d
1
[ B (o)
The Stieltjes transformation of u., is
() = [ o)
sy(2) = [ ———dp, (2

1=y —z—/Q—7—2)2—4yz
N 2vz

, z€C\[1-v7,1+ 7]

For |z| <1— /v

/
- [ s @
IE

(/)" dp ()

SH
Mg
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Hence, we have

lim i(sﬁy(,z)) =E[1/X?].

2—0— dz

Now,

l—y—z2-/(1—7y—2)?—47z

:1—7—2—(1—1—72—1—2:2—27—22—}—27;2—472
1/2

)1/2

=1l-y—2z—((1—7)?+2*—22—272)

22 —22—2yz (22 —2z—2y2)2
=1z (1— {1 - }, S 0—
y—z—(1—=7)|1+ STE ST =) as z
22— 22— 2yz B 22(1 4+ v)?

xl—w—z—l—w[l—i— }7 as z — 0—
R =

Z(1+7)° 22 —dyz

2(1=7)*  2(1—9)

222y 2vz

3+
=7 1y

which implies

This establish that

For v > 1 we notice that

where s;’s are non-zero eigen-values of X ' X /n. This is also equal to

"1

1
P

where t; are the eigen-values of the invertible matrix X X T /d. Hence we have

1. - 11 1 d v
1 2y — + & T/ =2 [ TN L __ T
nTI‘{(E ) } ,YQ nTI“{(XX /d) } — 72 z1_1>%1+ dz (31/7(’2)) (,Y _ 1)3 .
We combine the limits for v < 1 and v > 1 to write to write
1 Ty Y <1
E[-z] A %2] — (1_{*)3 K as d — oo.
" CENNES

B Proof of Theorem 3.9

Before diving into the main proof we give a rough sketch of the whole proof. Essentially, the proof has three
major components.

1. In the first part, we establish the limiting risk where we treat 5y and ¢ as uncorrelated random
variables. (Section [B.1)
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2. In the second part of the proof we establish the necessary bias-variance decomposition under or-
thogonality of the fixed parameters 8y and §. (Section [B.2))

3. In the final part, we use the results of previous two parts to establish the limiting risk result for gy

and ¢ in general position. (Section and [B.4))

B.1 Limiting risk for uncorrelated parameters

We start this section with some definitions of some important quantities.

Definition B.1. Let the functions vi,vs : C; — Cy be uniquely defined by the following conditions: (i)
vy, vy are analytic on Co. (ii) For Im(¢) > 0, v1(¢) and v2(C) satisfy the equations

2, -1
V1 =1 (-C— V2 52)

B 1—£2I/1V2
-1
_ §2V1
vy =1 ( C—m—7 —

(iii) (11(C),v2(C)) is the unique solution of these equations with

1 (O] < 1 /Im(Q), |v2(Q)] < th2/Im(C) for Im(C) > C,
with a C sufficiently large constant.

Let
X = 1 (i(r19ha ) 2) o (i (19 ) /),

and

Eo(&, 1,2, A) = =X €% + 3+ (Va2 — b1 — 2 + 1)x¢°
—2x°¢" = 33X + (Y + ¥ — Bdhiha + D)X + 2077
+ X% + 312X E — h1eda,
EL(E, 1,12, N) = Pax P! — axPE® + 11hax€” — Yreba,
E(E 1, P, N) = X0 = 3 + (v1 — DX+ 2x°¢T + 3x ¢
+ (= = DX - 27 - X2
We then define

& A

t%ridge(f7wlaw2a)‘) = ma (Bl)
& A

%idge(gv wla 1/}2a A) = gm (B2)

The quantities derived above can be easily derived numerically. But for our interest, we need to focus on the
limiting case when A — 0. It can be shown that when A — 0, the expressions of %yiqge and #idqge reduces
to the form of #* and ¥™* defined in Lemma 3.7 respectively. For details we refer to Section 5.2 in |[Mei &
Montanari| (2019)).

Now we are ready to present the proof of the main result. Recall that

2
n N

. : 1 NA
a(X) := argmin,cpw - Z Yi — Zajo(eiji/\/g) + v ||aH§

i=1 j=1
By standard linear algebra it immediately follows that

1

a0 =

(Z7TZ + M1 atha.dln) T Z Ty, (B.3)
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where Z = ﬁJ(X@T/\/a),’(/JLd = % and 12 4 = 5. Also, define the square error loss Rrr(z, X,0,) :=

(x 7By — f(x;0(N); ©))2, where z is a new feature point.

For brevity, we denote by T' the tuple (X, ©, Sy, ). Recall that we are interested in the out-of-sample risk
ErE,[Rrr(z, X, 0, )], where x is a new feature point from minority group. The main recipe of our proof is
the following:

e We first do the bias-variance decomposition of the expected out-of-sample-risk.
o We analyze the bias and variance terms separately using techniques from random matrix theory.

e Finally, we obtain asymptotic limit of the expected risk by using the asymptotic limits of bias and
variance terms.

Bias variance decomposition
The expected risk at a new point  coming from the minority group can be decomposed into following way:
ErE.[Rrr(z, X,0,\)] = ErE, {z By — f(z;a(\); ©)}?
N 2
= ErE{ [¢7 o — Bef(w;a(1);0)]*}

Bias term
+ ErE, Var { f(z;a(\); ©)} .

Variance term

(B.4)

The above fact follows from Lemma 3.3, which basically uses the uncorrelatedness of 3y and §. Now we
define the matrix

U= (Z"Z + M1 agtba aly) L (B.5)

In the next couple of sections we will study the asymptotic behavior of the bias and variance terms by
analyzing several terms involving W. In order to obtain asymptotic limits of those terms, we will be borrowing
results of random matrix theory in Mei & Montanari| (2019).

Decomposition of bias term

We focus the bias

B(5,2) i= ErE,{ [ o — Bef(w:a(0); 0)]°}
(B.6)

- EpEx{ [ngo _ a(@x/\/g)T% (V2T XPBo + \IfZlTXlé)} 2}.

It turns out that it is rather difficult to directly analyze the bias term B(d,A). The main difficulty lies in
the fact that the terms involving 5y and § are coupled in the bias term and poses main difficulty in applying

well known random matrix theory results directly. Hence, in order to decouple the terms we look at the
following decomposition:

B(5,)) = B(5,\) — B(0, \) + B(0, \)
—_— Y—
(1) (I1)

It is fairly simple to see that term (II) is only a function of 5y. Next, we will show that term (I) does not
contain fy. To this end, We define the matrices U,U € RV*¥ as follows:
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Next, due to Assumption 3.2, it easily follows that
B(6,A) — B(0, A)

- m{[ Bo — o(Oz/Vd)" (@ZTX/BO Tz Xlé)r}
1

_EFEQC{[Z' Bo — o (©x/Vd) " 7( ZTXBO)]Q}
_ ;EFE (5TX1T 260w Z] Xlé)

- ;EFE {Tr(XlTZl\pﬁpofxléaT)}

_E S E{Tr (X{ 2,909 2 X1)} .

(B.8)

Above display shows that term (I) does not contain By. In the subsequent discussion, we will now focus on
obtaining the limits of term (I) and (II) separately.

Next, by the property of trace, we have the following:

e (X, Z,9U9Z] X,) = {( > wiz ) YUT ( En: Z;J>}

1= n0+1 i=no+1

Z Z Tr \IIU\IIZJ:E TiZ; )

i=no+1j=no+1

ni

Z Z ijxiTr (\I/U\I!zjzj) (B.9)

i=ng+1 j=no+1

= Z x] 2 Tr (\IIU\Ilzlz:)

i=ng+1
+ Z xj 2 Tr (VU Wz;z, )

no+1<i<j<n

Thus, by exchangeability of the terms {Tr (WU W¥z;2;" ) };e(n) and
{LL‘;F!TZTI“ (\I/U\I/ijg—)}n0+1gi<j§n we have

1

E {Tr (X{ Z2YUVZ X1)} = nif(1,1) +ni(ng — 1) £(1,2), (B.10)
where f(i,7) = E{m;'—xz (VUWz;z')} /d*> and 1 < 4,5 < 2. Hence, together with Equation (B.8) and
Equation (B.10)), it follows that

B(8,A) — B(0,\) = Fg{n1f(1,1) + n1(n1 — 1) f(1,2)}. (B.11)

Furthermore, from Equation (8.10), Equation (8.25), Lemma 9.3 and Lemma 9.4 of Mei & Montanari| (2019)),
we get
B(O, )‘) = %ridge(& V1,92, )‘/NE)FE + Od(l)v (B'12)

where Briage(€, 11,12, A/ p2) is defined as in Equation (B.1). Thus, it only remains to calculate the limit of
B(,\) — B(0,A) in order to obtain the limit of the bias term B(d, A).

Analysis of variance term

Now we briefly deffer the calculation of term (I) in Equation (B.11)) and shift our focus to variance term. The
reason behind this is that it is hard to directly calculate the limits of the quantities appearing in the right
hand side of Equation (B.11)). We obtain these limiting quantities with the help of the limiting variance.
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Note that for the variance term, we have
V(A) = IEFIExVarg{f(m; a(\); @)}

ErEmVare{ (Oz/Vd)" Lyzme }

7
— %EF]E;E [Tr{\pU\I/ZTZ}}rQ (B.13)

2
-
= ZE{Tr (vuvz'z)}

_ 2
*\1137—7

where \Tld =E {Tr (\IIU\IIZTZ)} /d. Again by exchangeability argument, we have the following:

nf(1, { zn: L2 Tr (VU U2z, )}

=1

- { Z (WU W2z, )} (as @] @i /d = 1) (B.14)

1
= {dTr (\I/U\I/ZTZ)}
= ;.

Thus, in the light of Equation (B.11)) and Equation (B.14)), we reemphasize that it is essential to understand
the limiting behavior of f(4,j) in order to obtain the limit of expected out-of-sample risk.

Obtaining limit of variance term:

To this end, we define the matrix A € RM*M M = N +n with parameters q = (s1, s2,t1,%2,p) € R? in the
following way:
s1In + 52Q zZT —I—pW—r

A=Al) ::{ Z4+pW 41, + toH

where

looT 1 T H1 T
== H=-XX' W=-—>X0".
Q d@@ ) pi ) 7 S)

For ¢ € C,, we define the log-determinant of A as
G, q) = [% Zi\il Log (A\i(A) — fIM)] Here Log is the branch cut on the negative real axis and

{Xi(A)}ieqar) denotes the eigenvalues of A in non-increasing order.

Define the quantity

v

Uy = éTr(nyxI/ZTZ).

From Equation (B , it trivially follows that E(\Tls) =nf(1,1). The key trick lies in replacing the kernel
matrix U by the matrlx A = 12Q + p2Iy. By (Me1 & Montanari, 2019, Lemma 9.4), we know that the
asymptotic error incurred in the expected value of W3 by replacing U in place of A is 04(1). To elaborate,
we first define

1
Uy = ETr(\IJA\I/ZTZ).
Then by (Mei & Montanari, 2019, Lemma 9.4), we have
E[W3 — U3 = 04(1). (B.15)

Thus, instead of U5, we will focus on Us. By (Mei & Montanari, 2019 Proposition 8.2) we know
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Uy = —p20s, 1, Ga(i(1192 )% 0) — 11305, 1, Gali(W192)) /% 0). (B.16)
Also by (Mei & Montanari, 2019, Proposition 8.5), for any fixed u € R4, we have the following:
Jim E [vaGd(z‘u;o) - vgg(iu;o)Hop} —0. (B.17)

As U3 is a bi-linear form of Vng(i(wlwg)\)l/z; 0) (See Equation (B.16)), together with dMei & MontanariL
2019, Equation (8.26)), it follows that

dli_{lolo]E | W3 — Yiage (&, U1, 2, A p2)| — 0, (B.18)

where ¥idge(&, V1,92, \/p?) is as defined in Equation (B.2). Thus, both Equation (B.15) and Equation
(IB.18|) yields that

Jim EWs — iiage (€, Y1, 02, M/ )| = 0. (B.19)
Hence, by Equation (B.13]) we get the following;:
V(A) = Yriage (& 01, 02, M )72 + 0a(1). (B.20)

Obtaining limit of bias term:

Now we revisit the term B(d, \) —B(0, A). We will study the terms nq f(1,1) and ny(ny —1) f(1, 2) in Equation
(IB.11)) separately.

First, we focus on the term ny f(1,1). Equation (B.14]), Equation (B.15) and Equation (B.19) show that
nf(Ll) = 7/r1dge(€7¢17¢27)‘/ui) +0d(1) (B21)
Next, in order to understand the limiting behavior of f(1,2), we define

1 1
Wy = ST (PUVZTHZ), Uy:= STr (PAVZ'HZ).

Again due to (Mei & Montanari, 2019, Lemma 9.4), we have
E|¥3 — W3] = o04(1).

Hence, we only focus on ¥5. A calculation similar to shows that
E(P2) =nf(1,1) +n(n—1)f(1,2) 4+ 0q(1). (B.22)

Let g(&;q) be the analytic function defined in (Mei & Montanari, 2019, Equation (8.19)). Using (Mei &
Montanari, 2019, Proposition 8.5), we get

E(V2) = —4305, 429(1(19022) /%5 0) — 1705, 129 (i (111022) "2 0) + 04(1)
= \1’5(67 ¢17 ¢27 >\7 Moy ,ul) + Odl.
This along with (B.21)) and (B.22)) show that
n(n - 1)f(1a 2) = \1’5(57 1/)17 ,(/}27 )‘7 Hxs IU/].) - Wridge(&a wh wQa )‘/:U/i) + Od(1)~ (B23)
Thus, finally using Equation (B.11), Equation (B.12)) and the fact ny/n — 7, we conclude that
8(57 )\) = Fgﬁridge(gv ’@[}17 "/}27 A/NE) + F62 [ﬂ—(]— - W)Vridge(é-? 1/11; 1/}23 )\/Nz)
+ W2W§(€7 d)lv 1/)2a )‘7 Hoxs /-Ll)] + Od(l)'
Lastly, using Equation (B.20)), Equation (B.24) and plugging the values in Equation (B.4) we get
Jim Exe,p,5 [Rrr(z, X, 0,))]
= Fj Priage(§, 11,2, M pZ) + F3 (1 = 7) Friage (€, 1, 2, M i) (B-25)
+ 7{'2\115(67 1/)17 ’poa )‘7 Hos ,Ltl)] + Tz%idge(ga 1/}17 1/127 A/Hz)

(B.24)
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Ridgeless limit

Finally, for ridgeless limit we need to take A — 0+ on both sides of Equation (B.25)). Following similar
calculations as in the proof of (Mei & Montanari, {2019, Theorem 5.7), or more specifically using (Mei &
Montanari, 2019, Lemma 12.1), we ultimately get

_ 2 gp* 2 * 2~/ *
/\1_1>%1+d11>m Ex e,6.6(Rrr(7, X,0,\)| = Fg#* + F5 M7 + 77",

This completes the proof.

B.2 Bias-variance decomposition under orthogonality of parameters

In this section we will demonstrate that the same bias-variance decomposition in Lemma 3.3 continues to hold
rather weaker assumption than Assumption 3.2. Specifically, in this section we only assume the parameter
vectors 3y and § are orthogonal, i.e., 3] 6 = 0. The following Lemma shows that under this orthogonality
condition, the desired bias-variance decomposition still holds.

Lemma B.2. Define the followings: Bz = FEuuplllz"(Z272)1 27X — 2T||3/d] and %5 =
Eory (2T (Z72)1 Z] X1||3/d]. Also assume that 3, § = 0. Then, we have %(By,d) = F; %5 + F§ P;s.

Proof. Similar to Equation (B.4)), her also we have

B(B0,0) = Eanry [{(: (27 2)' 27X — 2 ") 0} + {27 (27 2)1 2] X,6}°

+2(ZT(ZTZ)TZTX — "B " X[ 2,(Z7 Z) ). (B.26)

The only difference in Equation (B.4]) compare to Equation (B.26) is that 5y and ¢ are now fixed vectors in
R? instead of being random. To this end we define the space of d x d orthogonal matrices as follows:

O@d):={0cR¥:0T0=00" =1,}.
Now we consider the following change of variables for a matrix O € O(d):

X—X0"T2X, ©~060"20

_ _ B.27
Bo+— OBy = By, 60526, z— Ozx2z. ( )

The key thing here is to note the following
Z20(X0"/Vd)Vd=0(XOT/Vd)/Vd=Z.

Thus, the expression of a(A) in Equation (B.3]) remains unchanged. Finally, due to distributional assumption
on z and Lemma we have T ~ Umf{S L(v/d)} for every O € O(d). Finally, note that z' By = '3,
which entails that %’(BO, §) = %(Bo,0) for all O € O(d), where

B(Bo,0) = Eanr {21 (2T 2)1 27X —27)Bo)? + {27 (27 2)' 2] X16}°
+2" (2T )1 ZTX — fT)BO(STXlT Z1(Z"2Z)17)

This motivates us to consider the change of variables in Equation (B , when O is sampled from Haar
measure Hq on O(d) and independent of X, 0, e. Also note that due to Lemma and Lemma m the
random vectors 3y and & satisfy the setup of Section Thus the result follows 1mmed1ately by noting the
fact that

ﬂ(ﬁ(h 5) = EONHd[‘@(/B_()? 5)] = FE’@B + Fgﬂ(sa
where the last inequality follows from taking A — 0 in Equation (B.11)) and Equation (B.12).
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B.3 Limiting risk for general 5) and §

Unlike the previous section, this section studies the general property of the asymptotic risk Ro(d@) when
the parameters 5y and ¢ are in general position. Specifically, in this section we relax the assumption that
Bg 8 # 0. Thus, the only difficulty arise in analysing the cross-covariance term

2,p (27 (Z72)1 2T X/Vd — 2" Bod " X[ Z1(Z7 Z)t2/+/d] in Equation as it does not vanish under
the absence of orthogonality assumption. Thus, essentially it boils down to showing the results in Lemma
B3 and Lemma

B.3.1 Proof of Lemma 3.3
We begin with proof of Lemma We recall the right Equation (3.4)), i.e,

B(B0,0) = Ear {(=T(272) 27X = T )Bo}? + (=T (27 2) 2] X101
1227 2) Z2TX —ax")Bod T X[ Z1(Z7 Z) 7).
Apart from the cross-correlation term, The first two-terms of the equation does not depend on the interaction
between [y and J, To be precise, the first two terms are only the functions of 8y and ¢ individually and does

not depend on the orthogonality of 8y and d. Thus, an analysis similar to Section [B.2] yields that

B(Bo,0) = F3Bs+ FiBs + 2" (2T 2)1ZTX —a")Bod " X\ Z1(Z7 Z)12].

Thus, it only remains to analyze the cross-covariance term
Cps 2 2upy (27 (Z272) 27X —2")Bod " X[ 20(27 Z)12],

To get the desired form as in Lemma 3.3, we again introduce that random variables 39,8, X, X1, Z, Z; and
z as in Section [B:2] Also, define the quantity

G52 Mo [(T(Z72) 27X —27)Bod Xy Z4(27 2)1).

Following, a similar argument as in Section we have %Zﬁ,g =Eon, {%ZB,S}- Next, note that,

Cps =2B[Te(X] Z1(Z72)'2(2"(Z72)1 ZTX —2T)Bpd "))
Thus condition on z and z and applying Lemma the result follows, i.e.,

G5 = Fp,6C5,5. (B.28)

B.3.2 Proof of 3.8

Following the same arguments of Section and Section it can be shown that the limiting values of
E[%s], E[#s] and E[¥(7)] remains the same, i.e., the results of Lemma and first part of Lemma

remains true. Thus, it only remains to analyze the cross-covariance term
Cp6 2 2Bupy [(2(Z272) 27X —2")Bo0 " X Z1(Z27 Z)12],
to fully characterize the asymptotic risk asymptotically. To begin with, the vector § can be written as a direct

sum of two components d; and g, where dz is the orthogonal projection of § on span({5p}). In particular
we have

§=0146, and & = (Ig— BoBy /1Bl
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Thus, there exists u € R such that §; = pfy. Thus, ‘55’5 can be decomposed in the following way:

Gos = 2iBarnr, {50 X 2(27 2)1227 (27 2)1 2] X1y

(1,1)
%013,5

- QMEwNPx [{BOTXI—rzl(ZTZ)szTﬁO]

(1,2)
%&6

+ 2B [(27(Z272)1 27X — 2 ") Body X| Z1(Z7 Z)12].

(2)
%B,d

As B 92 = 0, following the arguments in Section we have ‘Kﬁ(zﬁ) = 0. To analyze the terms ‘55(’15’1) and

‘Kélél), we will gain analyze their corresponding ridge equivalents

2 .
L0 = #Ex ( (]TXTZ\IIU\IJZITXlﬁ()) ,

2
0 = 7%]]4: (By X\ Z1Tua” By)

where ¥ and U are defined in Equation (B.5) and Equation (B.7)) respectively and u = v/dz. We focus on
these terms separately. To start with, by an application of exchangeability argument we note that

(1,1) QMFZ T
E(Cs5 (N) = —5 E[Tt{XTZVU¥Z X, }]

=2uF3[nyf(1,1) + ni(ny — 1) f(1,2) + nona f(1,2)].

Using Equation (B.21]) and Equation (B.23) it can be deduced that

E(55Y (V) = 2uF3mW5(€, 1, ¥, X, i, 1) + 0a(1). (B.29)
Let us denote by V' the matrix E(uz ). This shows that

2
E(%S5Y(N) = 7‘%( TXT 2,0V B) .

Again by exchangeability argument we get

E(%57 (V) = (%) -%E (BEXT 2OV By) .

Let use define T3 := ﬁ]E (5(—)'—XTZ\IIV60). By the arguments of Section 9.1 in |Mei & Montanari| (2019)), we
can also conclude that

F2
Ty = ~L0,9(i(01022)/%0) + 0a(1),

the function is defined in (Mei & Montanari, 2019, Equation (8.19)). Thus we have E(‘fé}éz)()\)) =
quwapg(i(wlwg)\)lm; 0) + 04(1). This along with Equation (B.29) yields the following:

E(%s.5) = lim E(45" (V) + E(64;” (V) + 0a(1)
= lim pm FZ[205(8, 91, 2, A, s 1) — Dpg (i(1020)'/%;0)) + 0a(1)
= unF3(B* — 1+ U3) + 04(1).
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Finally, by a simple algebra it follows that pu = L& cos ¢s,s5, where

Fg
(B,6)
FsFs )"

¢g,5 = arccos (

This shows that pFj = FgFscos(¢ps) = Bi6 = Fss. Now recalling Equation (B.28) we have
limg_, oo E[65,5] = m(#* — 1 + U%). This finished the proof of Lemma 3.8.

B.4 Final form of limiting risk

Finally, Gathering all the results from Section [B:I} [B:2| and [B:3] we have

lim E(Ro(a)) = FiB" + F3 M} + Fs 5.ll5 +7°V*.

d—o0

with €* = 7(#* — 1+ ¥}). This concludes the proof of Theorem

C Uniform distribution on sphere and Haar measure

In this section we will discuss some useful results related to Uniform distribution on sphere and the Haar
measure Hq on O(d).

Lemma C.1. Let U ~ Unif{S**(v/d)} and O € O(d). Then
OU ~ Unif{S*1(v/d)}. Also, if O ~ Hq and is independent of U, then also OU ~ Unif{S*~*(\/d)}.

Proof. Note that U 4 VdG/||G||,, where G ~ N(0,I;). Next define G' := OG. By property of Gaussian

random vector we have G < G. Now the result follows from the following:

ovdyvg PG _ g G a5 G oay
G2 IG]|2 G2

Next, let O ~ H4 be an independent random matrix from U. Thus conditional on O, we have
OU | O ~ Unif{S* ! (Vd)}.
Thus, unconditionally we have OU ~ Unif{S?~1(\/d)}. O

Lemma C.2. Let 3,6 € R¢ such that 376 = Fg,0. Also, define the random vectors B =08 and 6 = 06,
where O ~ Hq. Then the followings are true:

Fss
d

__ - 1

EBB)/ 181> =E(8s ")/ |16]* = 7la-

E(B6") = I,

Proof. Let O = (01,09,...,04)", i.e, 0; is the ith row of O. Let T = E(36") = E(OBSTOT). Also, by

property of Haar measure, we have I10O 2 0 for any permutation matrix II. This shows that {o;}¢_, are
exchangeable. As a consequence we have

d T T
E
E(oj0] ) = 2i=1BElovor) _EO O) Ly i ().

d d

Now we are equipped to compute matrix T. Note that

T =E(o] 6" 0;) =E{6 0,0 B} =" 3/d = Fj5/d.
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Also, for i # j, we similarly get

Tij = ]E{(STOjOlTﬁ}.
Now again by property of Haar measure we know O L (I — 2e;e; )O, where e; denotes the ith canonical
basis of R?. This implies that ojoiT 4 —ojoiT. Using, this property of H4, we also get IE(ojolT) = 0. Thus,
we get T;; = 0 and this concludes the proof for uncorrelatedness.

Next, we define Vg := E(S3"). By a similar argument, it also follows that

ﬁ 2
(V)i = H deAija

where A;; is the Kronecker delta function. The result for d can be shown following exactly the same
recipe. O

D Random feature regression model on California housing price dataset

We fit a random feature regression model on the “California Housing Price” dataset that contains information
from the 1990 California census from a given district for predicting the median house price. The dataset has 10
columns containing summary statistics of approximately 18,000 houses. For example, it contains information
like median household income, median house price (target), and ocean proximity. More details about the
dataset can be found in https://www.kaggle.com/datasets/camnugent/california-housing-prices.
In this section, we only consider a randomly chosen subset of size 2000 which is further partitioned into two
groups based on the ocean proximity. The data has originally 5 groups based on the ocean proximity: (1)
within 1 hour from ocean, (2) Near ocean, (3) Island, (4) Near bay, and (5) Inland. In this experiment,
we merge the groups 1 and 2 to form the majority group Near Ocean, and we set the group Inland as the
minority group. We drop the rest of the groups to limit our study in the 2-groups setting. Furthermore, we
split the data into training (80%) and test (20%) datasets. The group proportions along with the median
house value are shown in Figure [6| which clearly shows that there is a significant difference in the house price
across the two groups.

Median House Value by Ocean Proximity

5 8 > Train Ocean Proximity Test Ocean Proximity

8
8

z =

Median House Value ($100,000s)

INLAND
INLAND

z
i
<3
8
@
&
z

NEAR OCEAN

INLAND NEAR OCEAN
Ocean Proximity ocean_proximity ocean_proximity

Figure 6: (left) Box plot for the median house value across two groups. (right) Histogram of ocean-proximity
for training and test datasets.

We consider two cases:

1. Case 1: We coder the training dataset without any down sampling of the minority group. In this
case, the majority group proportion is m ~ 0.62.

2. Case 2: We down sample the minority group in the training dataset to make the majority group
proportion 7 =~ 0.91.

In both of the above cases, we fit the RF regression model and evaluate the mean squared error (MSE)
performance on the test minority group (Inland) across 20 independent runs. Figuremshows the performance
of the fitted RF model for varying choices of the overparameterization parameter «v which clearly shows that
the overparameterization (y > 1) improves the MSE for the test minority group.
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Test Loss vs y, = majority group proportion
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Figure 7: MSE of RF model for test minority group under varying choices of .

E Random feature classification model

In this section, we consider an overparameterized classification problem. We consider a two group setup:
g € {0,1}. Without loss of generality, we assume 7 > % (so the g = 1 group is the majority group). The
data generating process of the training examples {(x;,y;) 7, is

gi ~ Ber(7)
yilzi, gi < { +1, wp. f(@f Bo)Hgi = 0} + f(z] B1)1{g: =1}
e —1, wp. 1= f(z] Bo)1{gi = 0} — f(z] B1)1{g: = 1}

where g, 31 € R? are vectors of coefficients of the minority and majority groups, respectively, and f(t) =
(14 e~*) 7! is the sigmoid function.

(E.1)

Consider a random feature classification model, that is, for a newly generated sample (z,41,¥yn+1), the
classifier which predicts a label ¢, 11 for the new sample as

N
y = sign Zaja (9;$n+1/\/g) ;
i=1

where o(-) is a non-linear activation function and N is the number of random features considered in the
model. In the overparameterized setting (n < N), we train the random feature classification model by
solving the following hard-margin SVM problem:

e argmin,cpy  all2
subject to yiz a>1,Yi e [n]|’
where 2; = (2;1,...,2 ) with Zij = 0(0;'—551-/\/&) for i € [n],j € [N].

We wish to study disparity between the asymptotic risks (i.e., test-time classification errors) of @ on the
minority and majority groups, that is, comparing

Ro(@) = E[1{fn+1 # Yn+1}lgn+1 = 0] and R1(@) = E[1{Fn+1 # Yn+1}gn+1 = 1]

asymptotically. Moreover, we consider a high-dimensional asymptotic regime such that

d— 0o, N/d— 1y >0,n/d =12 >0 and v =11/1h9 :dlim {N/n} > 1.
— 00

Therefore, v encodes the level of overparameterization.

In the simulation for Figure [§| we let o(-) be the ReLU activation function and 6; ; be IID standard normal
distributed. Moreover, we let 7 = 0.95, 8o = 10e;, 51 = 10cos(0)e; + 10sin(f)es, n = 400,d = 200, N = yn
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where e; and ey are the first two standard basis of R%. We tune hyperparameters 6 € {0°,45°,90°, 135°,180°}

and v € {0.5,1,...,3}, then report test errors averaged over 20 replicates.

As seen in Figure[§] the misclassification error either decreases or doesn’t increase with overparameterization

when the angle a < 90°. This is the regime that is most related to |[Pham et al.| (2021). On the contrary,

an opposite behavior is observed for a > 90°, when the differences across subgroups are large. The mis-
classification error for the minority group increases with overparameterization, which is more aligned with
the observations in [Sagawa et al| (2020). Interestingly, in a > 90° regime, undersampling improves the

misclassification error for minority class compared to ERM.

0.7 1
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Figure 8: Left: misclassification errors at different levels of overparameterization under ERM. Right: the

sample with undersampling. In each case, the errorbars are calculated over 20 repetitions.
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