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Abstract. We analyse the problem of meeting times for interdepen-
dent stochastic agents: random walkers whose behaviour is stochastic
but controlled by their selections from some set of allowed actions, and
the inference problem of when these agents are all in the same state for
the first time. We consider the case where we are epistemically uncertain
about the selected actions of these agents, and show how their behaviour
can be modelled using imprecise Markov chains. This allows us to use
results and algorithms from the literature, to exactly compute bounds
on their meeting time, which are tight with respect to our epistemic un-
certainty models. After focussing on the two-agent case, we analyse and
discuss how it can be extended to an arbitrary number of agents, and
how the corresponding combinatorial explosion can be partly mitigated
by exploiting symmetries inherent in the problem.

Keywords: Markov Chain · Upper Expectation · Meeting Time · Im-
precise Probability

1 Introduction

Markov chains are a cornerstone of stochastic modelling, finding applications
in fields as diverse as statistical physics [15], queuing theory [11], and network
science [21]. A fundamental question in this context is the hitting time: the first
moment at which a stochastic process enters a given set of states [16]. When
considering multiple independent Markov chains evolving on the same finite
state space, a natural extension is the meeting time, defined as the first moment
at which all chains occupy the same state. Equivalently, this can be viewed as
a hitting-time problem on the Cartesian product of their state spaces, with the
target set being the diagonal [8, 16, 14].

In this work, we generalize this problem to that of computing the expected
meeting time of what we call interdependent stochastic agents. Broadly, these are
random walkers on some shared state space, whose behaviour is stochastic, but
controlled by their selection of transition probabilities from some set representing
their allowed actions. Crucially, we allow the selections that these agents make
to depend on the state(s) of the other agent(s) in the system; this induces the
interdependency.
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On top of this construction, we consider the case where we are epistemically
uncertain about the selections that the agents use, and show that meaningful
and conservative estimates for the expected meeting time can still be computed
in this setting. We focus in particular on three such uncertainty models: the de-
generate belief, which simply describes the case where we do know the selections
exactly; the vacuous belief, in which we are fully ignorant; and the degenerate-
vacuous mixture, which combines these other models and may be particularly
useful in some practical settings.

We show how the vacuous belief model allows us to describe the joint be-
haviour of the agents as an imprecise Markov chain [10, 5, 4] on their product
space. This allows us to leverage known results from the literature, and in par-
ticular iterative algorithms for computing upper- and lower expected hitting
times [13], to exactly solve the expected meeting time problem in this setting.

We largely focus on the two-agent case, but show how the formalization can
be naturally extended to an arbitrary number of agents using a k-fold product
construction. Moreover, we discuss how we can partly mitigate the combinatorial
explosion of this problem, by quotienting the (exponentially large) product space
over the symmetries obtained by permuting the order of the agents.

The remainder of this paper is structured as follows. Section 2 reviews pre-
liminary notions of precise and imprecise Markov chains, known theory about
hitting- and meeting times, and presents an extension of Krak’s characterizations
and algorithms [12] to hold under weaker conditions than their original assump-
tions. Section 3 formalizes the setting of two interdependent stochastic agents
with epistemic uncertainty models for their selections, and the characterization
of meeting times in terms of the hitting times of an imprecise Markov chain on
the product space. In Section 4 we extend the theory to an arbitrary number of
interdependent stochastic agents, and Section 5 concludes the paper and gives
directions for future work.

2 Preliminaries

This section introduces the basic concepts of stochastic processes and Markov
chains [16], hitting and meeting times for Markov chains [16, 8, 7] and imprecise
Markov chains [10, 5, 4, 13].

2.1 Stochastic Processes and Markov Chains

Let us denote by N the set of positive integers and define N0 := N ∪ {0}. Let Z
be a finite state space of cardinality N ≥ 2. A discrete-time stochastic process
on Z is a sequence of Z–valued random variables (Zn)n∈N0

, and we write PZ

for its associated probability measure. Throughout, we use the notations “(Zn)”
and “PZ” interchangeably to refer to this process.

The process (Zn) is called a Markov chain if it satisfies the Markov property,
i.e. if for every n ∈ N0 and every z0, . . . , zn+1 ∈ Z, it holds that

PZ

(
Zn+1 = zn+1 | Z0 = z0, . . . , Zn = zn

)
= PZ

(
Zn+1 = zn+1 | Zn = zn

)
.



Upper Expected Meeting Times for Interdependent Stochastic Agents 3

The chain (Zn) is called (time-)homogeneous if the one-step transition prob-
abilities do not depend on n. Equivalently, there exists a single matrix T =
(T (z, z′))z,z′∈Z , with

T (z, z′) = PZ

(
Zn+1 = z′ | Zn = z

)
for all n ∈ N0,

and each row of T summing to unity. Similarly, a non-homogeneous Markov
chain (Zn) is identified by a family of transition matrices (Tn).

2.2 Hitting and Meeting Times in the Precise Setting

Hitting Times. Let (Zn) be a homogeneous Markov chain on Z with transition
matrix T = (T (z, z′))z,z′∈Z . For any target set A ⊂ Z, define the hitting time

τA := inf{n ≥ 0 : Zn ∈ A} ∈ N0 ∪ {+∞}.

This random variable represents the number of steps the process needs to do to
first reach A. Conditioned on the chain starting at z ∈ Z, the expected hitting
time is

hT
A(z) := EPZ

[
τA | Z0 = z

]
.

The quantity hT
A(z)

1 represents the expected number of steps that the process
(Zn), starting in z ∈ Z, takes before reaching the set A.

Theorem 1 ([16]). Let A ⊂ Z and let (Zn) be a homogeneous Markov chain
with transition matrix T . The vector of expected hitting times hT

A = (hT
A(z))z∈Z

is the minimal non-negative solution to the following system of equations:{
hT
A(z) = 0 for all z ∈ A,

hT
A(z) = 1 +

∑
z′∈Z T (z, z′)hT

A(z
′) for all z /∈ A,

(1)

which can be rewritten as

hT
A = 1Ac + 1Ac · ThT

A, (2)

where 1 is the indicator function and · represents the element-wise multiplication.

Meeting Times. Consider a joint stochastic process (Xn, Yn)n∈N0 on Z2 :=
Z × Z. Define the meeting time for Xn and Yn as

µ := inf{n ≥ 0 : Xn = Yn} ∈ N0 ∪ {+∞}.

If the joint process starts at (X0, Y0) = (x, y) then the expected meeting time is

m(x, y) := EP(X,Y )

[
µ | X0 = x, Y0 = y

]
. (3)

1 The superscript T does not denote matrix transpose; rather, it indicates the depen-
dency of the hitting time on the transition matrix T .
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The quantity m(x, y) represents the expected number of steps that the two
processes, when starting in x and y respectively, take before meeting. In the
case where the joint process (Xn, Yn) is obtained as the independent product of
two homogenous Markov chains (Xn) and (Yn) with transition matrices T and S,
respectively, the expected meeting time has a particularly nice characterisation.

Theorem 2 ([8, 7]). Let (Xn) and (Yn) be two homogenous Markov chains
with transition matrices T and S respectively. The matrix of expected meeting
times m = (m(x, y))x,y∈Z is the minimal non-negative solution to the following
system of equations:{

m(z, z) = 0 for all z ∈ Z,
m(x, y) = 1 +

∑
x′,y′∈Z T (x, x′)S(y, y′)m(x′, y′) for all x ̸= y,

(4)

which can be rewritten as

m = J + J ·
(
TmS⊤) , (5)

where J is a N ×N matrix that has zeros on the main diagonal and ones every-
where else, and S⊤ is the transpose of S.

The meeting time problem can be reformulated as a hitting time problem on
the product space Z2, with target set being D := {(z, z) | z ∈ Z} and transition
probability from state (x, y) to state (x′, y′) being T (x, x′)S(y, y′).

Using the operation of vectorization and the Kronecker product [22, 8], de-
noted by the symbol ⊗, we may rewrite (5) as

vec(m) = 1Dc + 1Dc · (T ⊗ S) vec(m),

where the operator vec stacks the columns of m to make an N2 long vector.

2.3 Imprecise Markov Chains

Let us consider a set of transition matrices T on the finite space Z, with |Z| =
N . Throughout this paper, we assume that T is a non-empty, compact, and
convex set with rows that are independently specified—a property known in the
literature as having separately specified rows (SSR) [10, 13]. The assumption of
having separately specified rows is equivalent to defining N separate convex and
compact sets of probability distributions, one for each state z ∈ Z.

An imprecise Markov chain (IMC) can be viewed as a collection of Markov
chains. A natural example is PH

T , the collection of all homogeneous Markov
chains whose transition matrix belongs to T . We are interested in computing
hitting times for imprecise Markov chains, so we introduce the following upper
and lower expectation operators:

ET [ · ] := sup
P∈PH

T

EP[ · ] , ET [ · ] := inf
P∈PH

T

EP[ · ] .
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These definitions allow us to define the upper and lower expected hitting time
of a target set A ⊂ Z as

h
T
A(z) := ET [τA | Z0 = z] and hT

A(z) := ET [τA | Z0 = z],

respectively.
There exists a characterization for upper expected hitting times similar to

Equation (2). Let T : RN → RN be the (possibly) nonlinear map defined for all
f ∈ RN and all z ∈ Z as

[Tf ](z) := sup
T∈T

[Tf ](z).

Then, we have that h
T
A = 1Ac + 1Ac · T h

T
A , with a similar characterization for

the lower expected hitting times [13].

Reachability Condition. Given a set of transition matrices T we say that a
set of states C ⊆ Z is upper reachable [2, 4] from z ∈ Z if there exists n ∈ N such
that [T

n
1C ](z) > 0, i.e. there exists n ∈ N and T ∈ T such that [Tn

1C ](z) > 0.
We denote by z ⇀ C if C is upper reachable from z. Analogously, the set C ⊆ Z is
lower reachable [3, 20] from z ∈ Z if there exists n ∈ N such that [Tn

1C ](z) > 0.
We denote by z ⇁ C if C is lower reachable from z.

Given a set of transition matrices T , let A ⊂ Z be a closed target set, i.e.
for all x ∈ A, y /∈ A and all T ∈ T it holds that T (x, y) = 0. We say that the
reachability condition (R1) holds if

(R1) : ∀ z ∈ Ac : z ⇁ A

Under (R1), the upper expected hitting time h
T
A(z) is finite for all z ∈ Ac [12].

If (R1) does not hold, then there exists a non-empty set of states AT ⊂ Ac such
that

AT := {z ∈ Ac | z ̸⇁ A}.

For all states z ∈ AT it naturally holds that h
T
A(z) = +∞. This follows from the

fact that, if A is closed, then for all z ∈ AT there exists T ∈ T such that, for all
n ∈ N, [Tn

1A](z) = 02.
Let us denote with UT the set of all states of Ac \ AT that upper reach a

state in AT , i.e.
UT := {z ∈ Ac \ AT | z ⇀ AT }.

The following theorem characterizes upper hitting times for all states of Z.

Theorem 3. Let T be a set of transition matrices and let AT and UT be as
defined above. Then, for all z ∈ BT := AT ∪ UT it holds that h

T
A(z) = +∞.

Moreover, there exists a matrix T̃ ∈ T such that

h
T
A |Ac\BT = (I − T̃ |Ac\BT )

−11,
2 This implication is not entirely trivial, but we omit the full derivation due to page

limit constraints.
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where I denotes the identity matrix and 1 the vector of all ones.

Proof. It follows from Krak et al. [13, Theorem 12] that there always exists a
matrix T̃ ∈ T such that h

T
A = hT̃ , where hT̃ is the minimal non-negative solution

of the linear system hT̃ = 1Ac +1Ac · T̃ hT̃ . If z ∈ UT , the Markov chain PT̃ that
starts in z has positive probability of hitting the set AT thus positive probability
of never reaching A. This implies that the upper expected hitting time for all
z ∈ UT is infinite.

Observe that, for all z ∈ Ac \ BT , for all T ∈ T , and for all n ∈ N, it holds
that [Tn

1BT ](z) = 0. Therefore, we can restrict T̃ on Z̃ := Z\BT as the Markov
chain PT̃ starting from any state in Z̃ never leaves Z̃. Thus, starting from any
state in Z̃ \A, the process eventually reaches A, and this yields the invertibility
of I − T̃ |Z̃\A [16]. We are then able to conclude that hT̃ |Z̃\A = (I − T̃ |Z̃\A)

−11
which is what we wanted. ⊓⊔

An analogous result holds for lower expected hitting times: in this case, the
definitions of AT and UT are obtained by swapping upper and lower reachability
in their respective constructions.

A Computational Method. Upper- and lower expected hitting times can be
computed efficiently using iterative algorithms [12, 13]. One such algorithm is
the following: starting from any extreme point T1 of (the convex set) T , let hn

be the unique solution of the linear system hn = 1Ac + 1Ac · Tnhn and let Tn+1

be an extreme point of T such that Thn = Tn+1hn. Krak [12] showed that,
under (R1), the sequence (hn)n∈N converges to h

T
A . We refer to this procedure

as Krak’s algorithm.
If there is a non-empty set AT then, as Theorem 3 shows, we may restrict

our analysis to Ac \ BT as elsewhere the upper expected hitting time is either
zero or infinite. For each T ∈ T consider the restriction of T on Bc

T

T |Bc
T

=
(
T (i, j)

)
i,j∈Bc

T
∈ R|Bc

T |×|Bc
T |,

the submatrix of T indexed by Bc
T . Then, the set of matrices T |Bc

T
contain-

ing the restriction on Bc
T of all matrices in T , satisfies (R1)3. Therefore, we

may apply Krak’s algorithm to compute the upper expected hitting time for all
nontrivial states of Z.

Before applying Krak’s algorithm, we need to first identify sets AT and UT
(in this order). To obtain the former we make use of the following lemma.

Lemma 1 ([3, 2, 9]). Let C be a closed subset of Z. Let (Cn)n∈N0 be the non-
decreasing sequence given by C0 = C and

Cn+1 = Cn ∪ {z ∈ Z \ Cn | [T1Cn
](z) > 0},

3 To compute the lower expected meeting time, we need to further restrict T excluding
every matrix that has a positive probability of reaching BT .
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for all n ∈ N0. Let n∗ be the first index for which Cn∗ = Cn∗+1. Then, the set
Cn∗ contains all states of Z that lower reach C.

This lemma enables us to implement a straightforward algorithm to identify A c
T

(and therefore AT ). This algorithm is a modification of Algorithm 2 in [2].

Algorithm 1: Finding the set AT

1 C ← A;
2 repeat
3 M← ∅;
4 foreach z ∈ Z \ C do
5 if [T 1C ](z) > 0 then
6 M←M∪ {z};

7 C ← C ∪M;
8 untilM = ∅;
9 return AT = Cc;

Finding the set UT of states that upper reach AT is even more straight-
forward. First, we build the directed graph GT = (Z, E), where (x, y) ∈ E
if [T1{y}](x) > 0. Then, for all z ∈ Ac \ AT , we check (e.g. by performing a
breadth-first search on GT ) whether there exists a path in GT from z to AT . If
such path exists then z ∈ UT .

3 Upper and Lower Meeting Times for Interdependent
Stochastic Agents

We now move on to the formalization of what we call stochastic agents. The
basic idea is that we have agents—essentially random walkers on the state space
Z—whose behaviour can be influenced by making selections from some allowed
set of possible actions.

Formally, for each z ∈ Z, we consider a set Tz of probability mass functions on
Z, which we interpret as the set of allowed actions that an agent can select from,
whenever they are in state z. We then say that a stochastic agent is a random
walker on Z whose behaviour is determined by her specifying some selection
that is compatible with these sets Tz. Such a selection, say T (z, ·) ∈ Tz, thus
corresponds to a probability distribution that governs the stochastic behaviour
of the agent: the probability that she will be in state z′ at the next time point
is given by T (z, z′).

To clean up the notation, we gather all these allowed actions in a set T of
transition matrices, such that

T =
{
T a trans. mat. |T (z, ·) ∈ Tz for all z ∈ Z

}
, (6)
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where T (z, ·) denotes the z row of the transition matrix T . In this way, any
state-dependent selection can be expressed as a single element of T .

Note that so far we have not specified how these selections are made and what
they can depend on. Indeed, a simple example would be an agent who simply
selects some T ∈ T and maintains this forever; the associated walker can then be
represented by a homogeneous Markov chain with transition matrix T . Another
example might be an agent whose selections depend on time: these selections
(Tn)n∈N0

then determine a non-homogeneous Markov chain that describes the
stochastic evolution of the agent. However, the selections might also be functions
of additional things.

In particular, we are interested in studying the multi-agent setting, in which
the behaviour of agents is interdependent. We start the exposition here with the
simplest case, in which we are only dealing with two agents. We say that they
are interdependent, when the selection that an agent makes at some point in
time, depends on the state of the other agent at that same point in time (and
vice versa). For each state y that one agent can be in, the other agent needs to
specify a selection T y(x, ·) ∈ Tx for each state x that they can be in. Hence, the
selection for this agent can be summarised as a collection (T y)y∈Z of transition
matrices in T . Similarly, we denote the selection of the other agent as (Sx)x∈Z .

Given the selections of the two agents, their joint behaviour can be modelled
by a stochastic process (Xn, Yn) on Z2, in which Xn and Yn represent the states
of the two agents at time n. This process is Markovian and homogeneous, and
satisfies

P(X,Y )

(
(Xn+1, Yn+1) = (x′, y′) | (Xn, Yn) = (x, y)

)
= T y(x, x′)Sx(y, y′) , (7)

where we write (T y) and (Sx) for the selections driving Xn and Yn, respectively.

To summarize the above construction, we have described a multi-agent set-
ting, in which the behaviour of each agent is stochastic, but influenced by their
selections from some set of allowed actions. There are potentially many interest-
ing inference problems that we could consider, but here we focus on the expected
meeting time for the two agents.

To conclude the formalization of the problem that we want to study, we now
consider the case where we are epistemically uncertain about the selections of
these agents. Clearly, this uncertainty affects our ability to compute these ex-
pected meeting times. However, depending on the exact uncertainty model that
we use to represent these beliefs, we may still be able to make useful conclusions
about this quantity of interest. In the remainder of this section, we consider this
problem under various choices of such uncertainty models.
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3.1 Degenerate Belief

Let us begin by considering what is arguably the simplest uncertainty model:
the degenerate belief, in which we are certain that the two agents use selections
(T y)y∈Z and (Sx)x∈Z , respectively.4

It follows immediately that this case is described exactly by the single joint
process (Xn, Yn) characterised in Equation (7). Since this joint process is a ho-
mogenous Markov chain, it is determined by a transition matrix ∆ on Z2. We see
from the above that the ((x, y), (x′, y′)) entry, which represents the probability
of transitioning from (x, y) to (x′, y′), is given by

∆
(
(x, y), (x′, y′)

)
= T y(x, x′)Sx(y, y′). (8)

Moreover, the expected meeting time for the agents coincides with the expected
hitting time of the Markov chain (Xn, Yn) on target set D = {(z, z) | z ∈ Z}.
The corresponding matrix of expected meeting times m satisfies a system of
equations analogous to (4), where each occurrence of T and S is replaced by T y

and Sx, respectively; using the definition of ∆ yields{
m(x, x) = 0 for all x ∈ Z,
m(x, y) = 1 +

∑
x′,y′∈Z ∆

(
(x, y), (x′, y′)

)
m(x′, y′) for all x ̸= y.

(9)

So, in this case, we can compute the expected meeting times exactly, by solving
this linear system of equations.

3.2 Vacuous Belief

The next uncertainty model that we consider is the vacuous belief over the
space of all possible selections; this corresponds to the case in which we are fully
ignorant about which selections the agents use.

We know from our discussion in Section 3.1 that any specific pair of selections,
say (T y)y∈Z and (Sx)x∈Z , determines a homogenous Markov chain on Z2 that
is characterized by a transition matrix ∆, as in Equation (8). By following this
construction for every possible pair of selections that the agents might choose,
we induce a set of transition matrices on Z2:

T 2 :=
{
∆ ∈ RN2×N2

∣∣∣∆((x, y), (x′, y′)) := T y(x, x′)Sx(y, y′)
}

,

where N = |Z| and we are varying all possible selections (T y) and (Sx) in T .
Each element ∆ of T 2 exactly corresponds to a pair of selections (T y) and

(Sx), which makes this set a convenient representation of the space over which
we want to model our beliefs. In particular, each ∆ ∈ T 2 induces a homogeneous
Markov chain P∆, which we collect in the set PT 2 =

{
P∆ |∆ ∈ T 2

}
. Our vacuous

4 Clearly, in this case we are not actually “uncertain” at all, but this framing allows
us to represent all cases that we consider in a unified framework.
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beliefs are now represented by the upper (and lower) expectation operators given
by

ET 2 [ · ] := sup
P∈PT 2

EP[ · ], and ET 2 [ · ] := inf
P∈PT 2

EP[ · ] . (10)

We immediately recognize the set PT 2 as an imprecise Markov chain on the
product space Z2, that is characterised by the set T 2 of transition matrices.
Moreover, our vacuous beliefs in Equation (10) correspond simply to the upper-
and lower expectation operators for this imprecise Markov chain.

This also means that we can leverage the known results from Section 2.3,
provided that T 2 satisfies the required regularity conditions; let us analyze how
these carry over from the set T of allowed actions. If T is compact and with
SSR5, the same holds for T 2. This follows from the fact that for any fixed x and
y, rows T y(x, ·) and Sx(y, ·) appear only in one row of ∆. Convexity does not
carry over from T to T 2. This is due to the fact that the map

(T 1, . . . , TN , S1, . . . , SN ) 7−→ ∆

is bilinear (i.e. linear in each family (T y) or (Sx) separately) rather than affine,
and only affine maps are guaranteed to preserve convexity [17]. Restoring con-
vexity by replacing T 2 with its convex hull will prove useful later.

Moving on, we can now characterise the upper expected meeting time as

mT 2

(x, y) := ET 2 [µ | (X0, Y0) = (x, y)] = h
T 2

D

(
(x, y)

)
. (11)

Since the supremum in Equation (11) is always achieved on a extreme point [1]
of T 2, and since T 2 and its convex hull co(T 2) share the same extreme points,
the upper expected meeting time can be computed by optimizing over co(T 2),
obtaining the same maximal value.

Similarly as before, let us define the upper transition operator ∆ : RN2 →
RN2

for co(T 2) as [∆f ](z) := sup∆∈co(T 2)[∆f ](z), for all f ∈ RN2

and all z ∈ Z2.
Then, mT 2

is the minimal non-negative solution to

vec(mT 2

) = 1Dc + 1Dc ·∆ vec(mT 2

). (12)

An analogous construction characterises lower expected meeting times.

Computing Upper Meeting Times To compute upper (and lower) expected
meeting times under our vacuous belief model, we may use Krak’s algorithm [12]
for upper (and lower) expected hitting times, restricted to Bc

T 2 , as introduced at
the end of Section 2.3. First of all, we need to identify the sets AT 2 and UT 2 that
have infinite upper expected meeting time. To do so, we apply the algorithms
from the end of Section 2.3 to the product space Z2, replacing T with co(T 2).

5 Note that T always has SSR, when it is constructed as in Equation (6).
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The Corresponding Optimal Control Problem We feel that it is rele-
vant to note that while we phrased the problem here in terms of our epistemic
uncertainty about the selections of the agents, our formalization has a natural
other interpretation as an optimal control problem. That is, the agents might
be strategically choosing their selections—or even have these selections imposed
by some external controller—in such a way as to minimize or maximize their
meeting time, subject to the constraints on the allowed actions T . Finding the
optimal pair of selections then amounts to finding the elements of T 2 that attain
the extremal values in Equation (10). Indeed, Krak’s algorithm [12] may be used
precisely to find such an optimal control policy.

Exploiting the Symmetry. We shall note that we can exploit the symmetry
of the problem and restrict our analysis on the symmetric product space Z2/S2,
where S2 is the symmetric group [18]. Explicitly, we identify each pair (x, y) with
(y, x), as the two agents are indistinguishable, so that the space Z2/S2 consists
of all unordered pairs of states of Z. As a consequence the optimal selections
(T y)y∈Z and (Sx)x∈Z coincide, i.e. T z = Sz for all z ∈ Z. As we pass to the
symmetric product space Z2/S2, T 2 naturally becomes the set of transition
matrices over Z2/S2. For brevity, we continue to denote it by T 2; the intended
domain—whether the full product space or its symmetric quotient—is always
clear from context.

Example 1. The figure below shows the graph GT that encodes all possible tran-
sitions on the state space Z = {1, 2, 3, 4, 5} (left) and the corresponding tran-
sitions on the symmetric product space Z2/S2 (right). An arrow that connects
node i to node j in the left graph indicates that [T1{j}](i) > 0; an analogous
interpretation applies for the right graph with ∆ in place of T .

1

2

3

4

5 (3,3)

(2,2)

(1,1)
(3,5)

(4,5) (2,4)

(1,2)
(1,5)

(3,4)

(2,5)

(1,3)
(1,4)
(2,3)

Depending on the choice of the set of allowed actions T , some pair of states in
Z may or may not have infinite upper expected meeting time. For example, if
the set T is such that [T1{4}](2) = 0, i.e an agent in state 2 can choose not to
go to state 4, then the pair (1, 2) would become an absorbing state for Z2/S2,
and naturally (1, 2) ∈ AT 2 . In this case, every pair of states, e.g. (2, 3), that has
positive lower probability of eventually hitting (1, 2) would be part of the set
UT 2 whose states also have infinite upper expected meeting time.
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3.3 Degenerate-Vacuous Mixtures

The final uncertainty model that we consider is the degenerate-vacuous mixture.
Note that this is a special case of the well-known linear-vacuous mixture [6],
in which the linear component is represented by a degenerate (point mass) be-
lief. Consequently, to characterize this model we need to specify both a pair
of selections—which we conveniently represent through a single transition ma-
trix ∆ ∈ T 2—and some numerical parameter ϵ ∈ [0, 1]. The associated upper
expectation operator is then

Eϵ,∆,T 2 [·] := (1− ϵ)EP∆
[·] + ϵET 2 [·] , (13)

and similarly for the lower expectation. Since for the particular case of meeting
times, both terms on the right-hand side of this expression can be computed
using the results in Sections 3.1 and 3.2 respectively, it follows that we can also
evaluate the upper (and lower) expected meeting times under this model.

We note that this uncertainty model may be particularly useful for conser-
vatively evaluating performance in an “unreliable control” setting. That is, we
might consider the degenerate component ∆ to represent some optimal control,
e.g. a minimizing pair of selections for the meeting time of the two agents, but
in which these agents sometimes deviate from the intended control in a manner
that is consistent with the allowed actions T , yet otherwise completely unknown
to us. The parameter ϵ measures this degree of unreliability, and the associ-
ated upper expected hitting time then provides a conservative estimate for the
attained performance of this system.

4 Meeting Times for Multiple Interdependent Agents

In this section, we extend the meeting-time problem to multiple interdependent
stochastic agents seeking to all gather at a single common location.

4.1 Imprecise Markov Chain Formulation for k Stochastic Agents

Consider k ∈ N, k > 2 interdependent stochastic agents on the same state space
Z, with |Z| = N , and with set of transition matrices T . Each agent looks at
the position of all other agents to determine which selection to make. For every
agent j ∈ [k] := {1, . . . , k}, her selections are identified with a collection of
Nk−1 transition matrices, (T (zi)i∈[k],i̸=j

j ) where (zi)i∈[k],i̸=j represents the states
of all other agents. To find the upper (and lower) expected meeting time of these
stochastic agents, we consider the joint homogenous Markov chain (Z1, . . . , Zk)
on Zk = Z × · · · × Z, k times. Similarly as before, we define a set of transition
matrices T k on the space Zk as follows

T k :=
{
∆k ∈ RNk×Nk

∣∣∣∆k((z1:k), (z
′
1:k)) =

k∏
j=1

T
(zi)i̸=j

j (zj , z
′
j)
}
,
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where, for each j = 1, . . . , k, we vary over all possible selections of the k agents.
Thus, each matrix ∆k ∈ T k is defined using kNk−1 transition matrices on Z.

As before, under the assumption that T is compact, convex and has SSR, the
set T k is compact and has separately specified rows. The upper (and lower) ex-
pected meeting time of k interdependent stochastic agents with set of transition
matrices T can be seen as the upper (and lower) hitting time of an imprecise
Markov chain on the space Zk with set of transition matrices T k and target set
Dk := {(z, . . . , z) | z ∈ Z}. As in the case with two agents, by taking the convex
hull of T k and defining the corresponding upper (and lower) transition operator,
we obtain a characterization of the upper (and lower) meeting time analogous
to that in Equation (12). Moreover, this also allows us to apply Krak’s algo-
rithm [12] to compute the upper (and lower) expected meeting time, as taking
the convex hull leaves the upper (and lower) expected meeting time unchanged.

4.2 Symmetry Reduction

The state space Zk grows exponentially with k. Exploiting the symmetry dras-
tically reduces the number of states to consider as

|Zk/Sk| =
(
N + k − 1

k

)
≪ Nk = |Zk|,

where Sk is the symmetric group of degree k. In other words, in the space Zk/Sk

all permutations of a k-tuple are identified. As in the case k = 2, every matrix
∆k : R|Zk/Sk| → R|Zk/Sk| is now defined using only Nk−1 matrices from T , as
the k families of transition matrices coincide.

Moreover, if 2 ≤ i < k stochastic agents are in the same state z ∈ Z their
selected action that minimizes the meeting time is the same for all i agents
and depends only on the position of the other k− i agents. Similarly, these other
k−i agents have the same optimal selection whether in z there are 1 or i distinct
agents.

Hence, if we want to compute the lower expected meeting time of k > N
interdependent stochastic agents, we can reduce to the same problem with N
such agents. From the optimal matrix ∆N we can obtain the optimal selections
for each agent, which we can then use to build the optimal matrix ∆k. Therefore,
the cost to compute lower expected meeting times for k > N interdependent
stochastic agents is equivalent to that of N such agents, thus drastically reducing
the computational burden for large values of k.

5 Conclusion and Future Work

In this work we considered the meeting-time problem for multiple interdependent
stochastic agents, about whose selected actions we are epistemically uncertain.
By establishing that these meeting times correspond to hitting the diagonal in
the product space, and by focusing on specific uncertainty models for our beliefs
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about these agents’ selected actions, we were able to recast the problem using
the existing theory of imprecise Markov chains. We used their associated upper
expectation operators to derive explicit characterizations for these quantities of
interest, and leveraged Krak’s iterative algorithm [12] to compute them. Finally,
we showed that our approach extends naturally to an arbitrary number of agents
via a k-fold product construction, and we exploited the problem’s inherent sym-
metries to mitigate the exponential growth of the state space.

In future work, we hope to investigate more general interdependency mecha-
nisms between these agents, provide a more in-depth characterisation of the joint
imprecise process that describes their behaviour, and consider the case where
agents may have different—possibly adversarial—objectives. It would also be
interesting to generalize the problem to a continuous-time setting.
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Errata

In the published version of this paper [19] the requirement that the target set
A must be closed was omitted from Section 2.3, “Imprecise Markov Chains”. In
this revised version of the paper we have added a formal definition of a closed
set, and updated the surrounding text accordingly. Two missing edges have now
been added to the right-hand graph in Example 1. Moreover, some statements
in the “Symmetry Reduction” section are true only for lower meeting times, thus
also that part has been corrected.
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