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Abstract

We investigate the optimization of neural networks on symmetric data, and compare the
strategy of constraining the architecture to be equivariant to that of using data augmentation.
Our analysis reveals that the relative geometry of the admissible and the equivariant layers,
respectively, plays a key role. Under natural assumptions on the data, network, loss, and
group of symmetries, we show that compatibility of the spaces of admissible layers and
equivariant layers, in the sense that the corresponding orthogonal projections commute,
implies that the sets of equivariant stationary points are identical for the two strategies. If
the linear layers of the network also are given a unitary parametrization, the set of equivariant
layers is even invariant under the gradient flow for augmented models. Our analysis however
also reveals that even in the latter situation, stationary points may be unstable for augmented
training although they are stable for the manifestly equivariant models.

1 Introduction

In machine learning, the general goal is to find ’hidden’ patterns in data. However, there are sometimes
symmetries in the data that are known a priori. Incorporating these manually should, heuristically, reduce
the complexity of the learning task. In this paper, we are concerned with training neural networks on data
exhibiting symmetries that can be formulated as equivariance under a group action. A standard example is
the case of translation invariance in image classification.

More specifically, we want to theoretically study the connections between two general approaches to incorpo-
rating symmetries. The first approach is to construct equivariant models by means of architectural design.
This framework, known as Geometric Deep Learning (Bronstein et al.l |2017;|2021)), exploits the geometric
origin of the group G of symmetry transformations by choosing the linear layers and nonlinearities to be
equivariant (or invariant) with respect to the action of G. In other words, the symmetry transformations
commute with each linear (or affine) map in the network, which results in an architecture which manifestly
respects the symmetry G of the problem. One prominent example is the spatial weight sharing of convolutional
neural networks (CNNs) which are equivariant under translations. Group equivariant convolution networks
(GCNNs) (Cohen and Welling, 2016; [Weiler et al., [2018} [Kondor and Trivedi, [2018]) extends this principle
to an exact equivariance under more general symmetry groups. The second approach is agnostic to model
architecture, and instead attempts to achieve equivariance during training via data augmentation, which
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refers to the process of extending the training to include synthetic samples obtained by subjecting training
data to random symmetry transformations.

Both approaches have their benefits and drawbacks. Equivariant models use parameters efficiently through
weight sharing along the orbits of the symmetry group, but are difficult to implement and computationally
expensive to evaluate in general, since they entail numerical integration over the symmetry group (see,
e.g., Kondor and Trivedi| (2018)). Data augmentation, on the other hand, is agnostic to the model structure
and easy to adapt to different symmetry groups. However, the augmentation strategy is by no means
guaranteed to achieve a model which is exactly equivariant: the hope is that model will ’automatically’ infer
invariances from the data, but there are few theoretical guarantees. Also, augmentation in general entails an
inefficient use of parameters and an increase in model complexity and training required.

In this paper, we study and compare the training dynamics of the two strategies as follows. We consider a
nominal architecture (i.e. not equivariant by design) defined by restricting the linear layers of a multilayer
perceptron (i.e. fully connected neural network without biases) to a certain affine subspace £. In this way,
we can treat many commonly used architectures, such as CNNs, transformer architectures, recurrent neural
networks (RNNs), etc. We then train it using gradient flow, either on augmented data or while restricting
the weights to also lie in the space of equivariant linear maps Hqg. Our results apply to all compact groups.

Our analysis reveals that under a few natural assumptions, including that the augmentation is performed
with respect to the Haar measure, and a compatibility assumption (that the orthogonal projections onto TL
and onto Hg commute) a surprisingly simple relation between the sets of stationary points S2"€ and SV
lying in € == L N Hg of the augmented model and the restricted model respectively:

(i) S° = Sau& (Theorem [3.7). In other words, augmentation neither introduces new equivariant stationary
points, nor does it exclude existing ones, compared to restricting the architecture.

(ii) A stationary point in & can simultaneously be stable for the equivariant strategy while unstable for
the the augmented one, but not vice-versa. (Theorem . In other words, while the equivariant and
augmented models have the same stationary points in £, some of them may be impossible to actually
obtain during training for the augmented ones. In particular, it is not guaranteed that the augmented
model has any local minima in &.

We also show that under additional assumptions on the implementation of the architecture (related to how £
is parametrized), £ becomes an invariant set under the augmented flow (Theorem [3.7, part 2). Finally, we
perform some simple numerical experiments to illustrate our findings.

1.1 Related work

The group theory based model for group augmentation we use here is heavily inspired by the framework
developed in |Chen et al.|(2020). Augmentation and manifest invariance/equivariance have been studied from
this perspective in a number of papers (Lyle et al., 2019; 2020; Mei et all 2021} Elesedy and Zaidi, [2021)).
More general models for data augmentation have also been considered (Dao et all [2019). Previous work has
mostly been concerned with so-called kernel and feature-averaged models, and in particular, fully general
neural networks as we treat them here have not been considered. The works have furthermore mostly been
concerned with proving statistical properties of the models, and not with studying their dynamics at training.
An exception is [Lyle et al.| (2020), in which it is proven that in linear scenarios, the equivariant models are
optimal, but little is known about more involved models.

The dynamics of training linear equivariant networks (i.e., MLPs without nonlinearities) has been given some
attention in the literature. Linear networks is a simplified, but nonetheless popular theoretical model for
analysing neural networks (Bah et al.| [2022). In Lawrence et al|(2022), the authors analyse the implicit bias
of training a linear neural network with one fully connected layer on top of an equivariant backbone using
gradient descent. They also provide some numerical results for non-linear models, but no comparison to data
augmentation is made. In|Chen and Zhu| (2024)), completely equivariant linear networks are considered, and
an equivalence result between augmentation and restriction is proven for binary classification tasks. However,
more realistic MLPs involving non-linearities are not treated at all.
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Empirical comparisons of training equivariant and augmented non-equivariant models are common in the
literature. Most often, the augmented models are considered as baselines for the evaluation of the equivariant
models. More systemic investigations include |Gandikota et al.| (2021)); Miiller et al.| (2021)); |Gerken et al.
(2022). Compared to previous work, our formulation differs in that the parameter of the augmented and
equivariant models are defined on the same vector spaces, which allows us to make a stringent mathematical
comparison.

2 Mathematical framework

Let us begin by setting up the framework (see Figure . We let X and Y be vector spaces and D(x,y)
be a joint distribution on X x Y. We are concerned with training an neural network ® 4 : X — Y so that
y =~ ®4(x) is probable (with respect to D). The network has the form

zo =, Tiy1=0i(Aiz;), i€[L]=A{0,....L—1}, ®Qu(z)=uy, (1)

where A; : X; — X;41 are linear maps (layers) between (hidden) vector spaces X; with X = X, and
Y = X, and 0; : X;41 — Xy are non-linearities. Note that A = (A;);e[z) parametrizes the network
since the non-linearities are assumed to be fixed. Let us denote the space of all possible parameters
H = EDiE[L] HOHI(Xi, XiJrl).

Note that while the network is well-defined for any choices of A; € Hom(X;, X;11), we may restrict the layer
to some subset of Hom(X;, X;1+1) to define other architectures. Here, we assume that layers are confined
to an affine subspace L C H. We will refer to the latter as the space of admissible maps. Note that this
model, while simple, encompasses many popular architectures (fully connected layers with and without bias,
residual layers, convolutional layers, recurrent networks and also attention layers). We explain this in detail
in Appendix (Al).

Two simple examples are fully connected layers without bias, and convolutional layers. In the former case,
L = H, and in the latter, £L = Gaie[L] C(X;, X,;41), where C(X;, X;41) denotes the linear subspace of
convolutional operators between X; and X;; 1. While simple, these examples encapsulate many aspects of
the framework, and serve well as a guide for our development.

2.1 Representation theory and equivariance

Throughout the paper, we aim to make the neural network equivariant towards a group of symmetry
transformations of the space X x Y. That is, we consider a group G acting on the vector spaces X and Y
through representations px and py, respectively. A representation p of a group G on a vector space V is a
map from the group G to the group of invertible linear maps GL(V) on V that respects the group operation,
i.e. p(gh) = p(g)p(h) for all g, h € G. The representation p is unitary if p(g) is unitary for all g € G.

Given representations py and py on vector spaces U and V' respectively, we may naturally define a lifted
representation on Hom(U, V') as follows:

p(9)M = py(9)Mpy(g)~", M € Hom(U, V) (2)

It is easy to see that if py and py are unitary, so is p.

In this paper, we are concerned with training equivariant models. A function f: X — Y is called equivariant
with respect to G if fopx(g) = py(g) o f for all g € G — that is, applying f to a transformed example p(g)x
yields the same result as first applying f and then transforming it with py (g).

For future reference, let us define the space of linear equivariant maps between U and V' as Homg (U, V).
Note that the lifted representation p is connected to equivariance of linear maps: We have p(g)M = M for
all g € G if and only if M € Homg(U,V).

We recall some important examples of representations.

Ezample 2.1. A simple, but important, representation is the trivial one, p1V(g) = id for all g € G. If we
equip Y with the trivial representation, the equivariant functions f : X — Y are the invariant ones.
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Figure 1: A graphical summary of our framework. The difference between the nominal network and the
augmented one lies in the data, the difference between the nominal network and the equivariant one lies in
restricting the layers.

Ezample 2.2. 7% acts through translations on images x € RN:N: (ptans(k 0)x)[i, j] = x[i — k,j — £].
Example 2.3. Z4 acts via discrete rotations of 7/2 on images * € RVN: If w : [N]? — [N]? describes the
rotation of /2 counter clockwise in pixel space, the representation is given by (p™*(k)z)[¢] = z[w*(], £ € [N]?.

2.2 Two strategies for obtaining equivariant models

Let us now consider the task of training the model ® 4 to fit an equivariant target, i.e. an equivariant function
f: X =Y for which the training data and labels fulfill y = f(x). While possible, it is far from clear that a
simple risk minimization

min R(A) = min Ep(£(2a(2),y)), 3)

where £ : Y XY — R is some loss-function, yields an A € £ so that ®4 is an equivariant function. That is, a
minimization of the nominal risk does not take advantage of the inductive bias of the equivariance of the
ground truth f. We will in this paper analyze two strategies for doing so.

Strategy 1: Manifest equivariance The first method of enforcing equivariance is to constrain the layers
to be manifestly equivariant. That is, we assume that G is acting also on all hidden spaces X; through
representations p;, where py = px and pr = py, and constrain each layer A; to be equivariant: i.e., we
choose A; to lie in the space Homg(X;, X;4+1) of equivariant maps. Defining Hg = @z‘e[L] Homeg (X, Xit1),
we hence constrain the A € L to the equivariant subspace

E=LNHc. (4)

If we in addition assume that all non-linearities o; are equivariant, it is straight-forward to show that ® 4 is
exactly equivariant under G (see also Lemma [3.10). We will refer to these models as equivariant. A convenient
way to formulate this strategy is to choose an A which solves the following optimization problem

gleng R(A). (5)

The set £, or rather Hg, has been extensively studied in the setting of geometric deep learning and explicitly
characterized in many important cases (Maron et al., 2019a; |Cohen et al., |2019; [Kondor and Trivedi, [2018;

Weiler and Cesal, 2019; |Maron et al., [2019b; |Aronsson), [2022). In [Finzi et al.| (2021)), a general method for
determining H g numerically directly from the p; and the structure of the group G is described.
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H Def. ‘ Clarification Projection
H ®i€[L] Hom(X;, X;41) All possible layers -
- Admissible layers I,

@

ielL] Homg (X, X;11) | All equivariant layers IIg

Ha
£ LNHag Admissible equiv. layers | Ilg

Table 1: Four important spaces. Note that the orthogonal projections technically are onto the tangent spaces
TL and TE.

Strategy 2: Data augmentation The second method we consider is to augment the training data. To this
end, we define a new distribution on X x Y by drawing samples (z,y) from D and subsequently augmenting
them by applying the action of a randomly drawn group element g € G on both data = and label y. Training
on this augmented distribution can be formulated as optimizing the augmented risk

RE(A) = /G Ep(U®4(px (9)2), py (9))) dulg) (6)

Here, p is the normalised Haar measure on the group, which is defined through its invariance with respect to
the action of G on itself; if h is distributed according to u then so is gh for all g € G. This property of the
Haar measure will be crucial in our analysis. Choosing another measure would cause the augmentation to be
biased towards certain group elements, and is not considered here. The normalised Haar measure exists since
we have assumed that G is compact (Krantz and Parks, 2008). Note that if the data D already is symmetric
in the sense that (z,y) ~ (px(9)z, py (9)y), the augmentation acts trivially.

Remark 2.4. Equation @ is a simplification — in practice, the actual function that is optimized is an
empirical approximation of R*¢ formed by sampling of the group G. Our results are hence about an
‘infinite-augmentation limit’ that still should have high relevance at least in the 'high-augmentation region’
due to the law of large numbers. To properly analyse this transition carefully is important, but beyond the
scope of this work.

3 The dynamics of gradient flow near £

As has been outlined in the previous sections, the three training strategies can be formulated as three differing
optimization problems:
NoM : min R(A) AUG : min R*&(A) EQUI: min R(A).
AeL Ael Acé€
We will study parametrized gradient flows corresponding to these optimization problems. Concretely, let us
write L = Ag+ TL and £ = Ay + TE for some common ’base-point’ Ay € £ and respective tangent spaces

TL and TE. Letting L : RY¥™£ — 3 and E : RY™¢ — # be embedding operators with im(L) = TL and
im(E) = TE, we solve the optimization problems via applying gradient flow to the functions

R™™(¢) := R(Ag + Le), R™E(c) := R™E(Ay + Le), RY(c) := R(Ag + Ee), (7)

respectively. This strategy is by far the most common in practice, and entails evolving the coefficient vectors
according to ¢ = —VR"™(c¢), and so forth. By applying the chain rule, we furthermore see that this causes
the following evolutions of the A:

NoM: A= —~LL*VR(A), AuG:A=—-LL*VR™&(A), EqQui:A=—-EE*VR(A). (8)

To go a bit more into detail, consider for instance the NoM dynamics. First, we have A = Lé and
¢ = —=VR™™(¢). The chain rule furthermore implies VR**™(¢) = L*VR(Ag + Lc) = L*VR(A), which yields
the formula.
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Remark 3.1. A special case is the embedding operators L, or E, being ’partially unitary’ (in the sense that
L*L =id, or E*E = id). In this case, LL* equals the orthogonal projection II; onto TL, and likewise, EE*
equals the orthogonal projection II¢ onto TE. Consequently, A evolves according to projected gradient flows
in this case.

To conduct our analysis, we need three global assumptions.

Assumption 1. The group G is compact, and is acting on all hidden spaces X; through unitary representations
pi. The spaces Homg(X;, X;4+1) are all non-empty.

Assumption 2. The non-linearities o; : X;11 — X;41 are equivariant.

Assumption 3. The loss /¢ is invariant, i.e. £(py(9)y, pv (9)y") =4€(v,v'), v,y €Y, g € G.

Let us briefly comment on these assumptions. First, the compactness assumption is needed to ensure the
existence of the normalised Haar measure. While this includes all finite groups, and the orthogonal groups
SO(n) and O(n), it should be noted that it excludes for example the group of all rigid motions SE(n). The
non-emptyness assumption is needed for the restriction strategy to be well defined. The assumption of
unitarity, i.e., that p;(g) preserves the inner product {p;(g)x%, pi(g)x;) = (z}, x;) for all g € G and z;,z; € X;,
is not a true restriction: As long as all X; are finite-dimensional, we can (since G is compact) redefine
the inner products on X; to ensure that all p; become unitary. The second assumption is required for the
equivariant strategy to be sound — if the ¢; are not equivariant, they will explicitly break equivariance of
®,y even if A € £. The third assumption guarantees that the loss-landscape is 'unbiased’ towards group
transformations, which is certainly required to train any model respecting the symmetry group.

We also note that all assumptions are in many settings quite weak. We already commented on Assumption
As for Assumption [2] note that any non-linearity acting pixel-wise on an image will be equivariant to
any representation acting by moving around the pixels of the image, for instance translations and rotations.
In the same way, any loss comparing images pixel by pixel will satisfy Assumption [3] This is not to say
that there are not cases where point-wise non-linearities fail to satisfy the equivariance assumptions. For
example, when dealing with point-cloud data, or steerable networks incorporating transformations under
general representations of GG, not any ’'point-wise’ non-linearity is equivariant, and more care needs to be
taken. We refer to, e.g. (Gerken et all [2022; [Deng et al., 2021)), for a more in-depth discussion and examples
of constructions of equivariant non-linearities in these cases. Let us finally point out that if we are trying to
learn an invariant function the final representation py is trivial and Assumption [3is trivially satisfied. We
discuss more cases in the Appendix [A]

3.1 The compatibility condition

We now come to the analysis of the stationary points, lying in &, of the three dynamics in Equation [8] Our
main result will be that a geometric condition on the relation of £ and £ will imply that the stationary points
of Auc and EQUI on the subspace £ are exactly the same. Let us formulate the condition.

Definition 3.2. We say that the compatibility condition is satisfied for a space of admissible maps £ if I1.
commutes with the orthogonal projection Ilg onto He.

The compatibility condition is equivalent to the following arguably more useful statement.

Lemma 3.3. The compatibility condition is equivalent to Il 1l = l¢.

The simple proof is given in Appendix [D] A common case when the compatibility condition holds is when £
is invariant to the lifted representation of G on H (defined layerwise (p(g)A); = p(g)A4;).

Proposition 3.4. If L is invariant under all p(g), g € G, the compatibility condition is satisfied.

To prove both Proposition [3.4] and the main result, we will need the following well-known relation, which can

be found in e.g. [Fulton and Harris (2004, Prop. 2.8), sometimes referred to as the twirling formula. For the
convenience of the reader, we provide a proof in Appendix
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Lemma 3.5. (Twirling formula) Letting u denote the Haar measure of the group G, we have
MgA = /G plg)Adu(g).

Let us now prove Proposition [3.4}

Proof of Proposition[3.4 Suppose that p(g) leaves £ invariant. Then it also leaves TL invariant. Thus, for
any A € TL and B € TL! we have

<A7ﬁ(g)B> = <ﬁ(9)_1A7B> = <ﬁ(g_1)A7B> =0

by unitarity of representations. That is to say, each p(g) leaves the orthogonal complement TL~+ invariant, so
that each p(g) commutes with II;. By Lemma II; hence commutes with 1. 0O

For most canonical examples, £ is indeed invariant under p. For instance, for the fully connected architectures
without bias terms, £ = H, so the invariance holds trivially. In the A ppendix [B] we show that £ is invariant
under p for many other architectures and group actions as well. We also show that Proposition does not
give a necessary condition for the compatibility condition to hold. Let us here limit the discussion to one
interesting case.

Ezample 3.6. Consider U = V = RV the discrete rotation action p™! of Z4 on it (let us write p instead of
p°t to simplify notation), and the set of convolutional operators

C= {Cw € Hom(U,V) | (Cpx)[l] = Y a[l—jlelj], £ € [N]* for a @ : [N]* — R}
jEIN]2

as the nominal architecture. The lifted p is acting directly on the filter: p(k)C, = C\ ), To show that, we
need to show that p(k)Cypp(k) 'z = C,, for all @ € U, k € Zy. We have

(Compen)l = Y @[t =ikl = > alt — el = Y zlt—w*jlel]

jEINP? jeIN P2 jelNP
= > (pk) @)W = jleli]) = (Cop(k) " a)[w€] = (p(k)Cyp(k) " z)[0].
jelNp?

This immediately shows that p(k)C C C for all k. However, in practice, one might also want to restrict the
filters, e.g. by restricting its support to a set 2 C [N]2, i.e. to

Lo ={C, €C|suppyp C Q}

A common choice is to restrict the filters to only be 3 x 3 or 5 x 5 pixels. For odd N this corresponds to
letting © equal a small square in the center of the image (note that N can always be made odd through
zero-padding). For such rotation symmetric €2, the space Lo again becomes invariant under all p(k).

We could however consider other choices for €, such as in Figure 2] For a pattern like the left, cross-shaped
one, p(k)Lqo C Lg holds, since rotating a cross-shaped filter yields another cross-shaped filter. Thus, for
convolution operators given by such a filter, the compatibility condition holds by Lemma [3.4 For non-
symmetric € such as the right one, we do not have p(k)Lq C L. In fact, one can even show that the
compatibility condition is not satisfied for L in that case. We postpone these somewhat involved
calculations to Appendix [B] - and return to the example in the numerical experiments in Section [4]

3.2 Stationary points

We can now formulate and prove the main result of the paper.
Theorem 3.7. Under the compatibility condition[3.9, we have
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Figure 2: On the left: filter with cross-shaped support. On the right: filter with skew support. Grey indices
correspond to non-zero indices. White indices correspond to zeroed-out indices.

1. The sets of stationary points on £, S™°™, SV and S8, of NoM, EQUI and AUG, respectively, i.e.
grom.={Ae€E|LL*VR(A) =0}, SV:={Ae&|EE*VR(A) =0},
and S*8:={A € £| LL*VR*#(A) = 0},
satisfy Stem C SeV = §aus,

2. If the embedding operators L and E are partially unitary, then € is an invariant set of the gradient
flow of Aua.

Remark 3.8. Note that Theorem [3.7] only applies to points in €. It does not say anything about stationarity
of points that are not in &.

Remark 3.9. Although we have formulated our theory for gradient flow, Theorem directly extends to
(non-stochastic) gradient descent — a point is stationary for the gradient flow if and only if it is stationary
for gradient descent. Since & is a vector space (and not a more general manifold), the same argument goes
through for the second part. The extension to SGD is more complicated, and deemed outside the scope of
this work.

The key to prove Theorem [3.7]is the following auxiliary result

Lemma 3.10. The augmented risk can be expressed as

R (4) = /G R(p(g)A) du(g). (9)
Consequently for A € £
VR™S(A) = I VR(A).
Proof. Tt is enough to show that for A € £ and g € G, we have

P a(px(9)r) = py (9)Ps(g)-14(7). (10)

Once that has been proven, the statement follows from Assumption [3}
aug
R™8(A) = ; Ep(U(®a(px(9)z), py (9)y))dpu = ; Ep (Lpy (9)Pp(9)-14(x), py (9)y))dp

M8 [ B0 a@) )= [ R(p(0) A dul) = [ Rio(6)4) duta),

where the final step is a property of the Haar measure: if g ~ p, then g~ ~ p.

We proceed with the proof of . Using the notation from : x; denotes the output of layer i of the
network ®4 when it acts on the input x € X. Also, for g € G, let 27 denote the outputs of each layer of the
network ®5(,)-14 when acting on the input px(g)'z. If we can show that

pi(g)x? =wz;, i€[L+1], (11)

then the claim follows: For i = L, it reads pr(g9)2§ = xr, which actually means py (9)®55)-14(px(9) " 'z) =
® 4 (), which clearly is equivalent to (10]).
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We show via induction. The case i = 0 is clear: px(9)z) = px(9)px(9) 'z = 2 = z¢. As for the

induction step, we have
N Def. _
pir1(9)ad sy = pir1(9)o:((plg) " A)ad) "= pisa(9)oi(pisi(9) ™  Aipilg)af)

Ass. g) Ind.:ass.

=2 0,(pi+1(9)pi+1(9) " Aipi(g)ad) = oi(Aipi(g) 0i(Air;) = iy,

and the claim follows.

Now differentiate @D with respect to A to yield the the equality

VR(4) = | pla) VR(ple) A)dn(a).

If A&, p(g)A = A for all g. This, and the twirling formula (Lemma implies, by unitarity of p and a
property of the Haar measure, that the above equals IIgVR(A), which was the claim. O

Now we have all the tools necessary to prove the main result.

Proof of Theorem[3.7 Part 1: Equation () together with Lemma tells us that stationary points of NoM,
Auc and EQUI on &, respectively, are characterized by

LL*VR(A) =0, LL*VR*™S(A)=LL*TIcgVR(A)=0 EE*VR(A) =0

We will show that under the compabilitity condition, (a) S™°™ C S°V (b) S C S2"8 and (c) S248 C S°V,
which implies the statement.

(a) If LL*VR(A) = 0, then by linearity and injectivity of L we have L*VR(A) = 0. In other words, we

have VR(A) € ker L* = (im L)t = TL+. Now notice that TE C TL by definition, which implies that
TLE C TEL. Hence, VR(A) is also in TEL, implying E*VR(A) = 0, and therefore also EE*VR(A) = 0.
Thus, S°™ C §eav,

(b) If EE*VR(A) = 0, then by similar arguments as in (a) we have [IeVR(A) = 0. By Lemma
H IgVR(A) =0, ie IgVR(A) € TLY = ker L*, so that LL*TIgVR(A) = 0. Thus, S¢9v C Saus,

(¢c) If LL*IIgVR(A) = 0, then by again similar arguments as in (a) we have II;IIoVR(A) = 0. By Lemma

e VR(A) =0, i.e. VR(A) € TEL = ker E*, so that EE*VR(A) = 0. Thus, 5?8 C §eav,

Part 2: When L is partially unitary, as we saw in Remark [3.I] we have LL* = II;, and consequently
VR*8(A) = II;IIcVR(A) for A € £, which by Lemma equals II¢VR(A) under the compatibility
condition. Hence, the gradients at points in £ lie in TE, which implies that £ is an invariant set of the
gradient flow of Auc. U

3.3 Stability

Let us now consider the stability of stationary points in £ for the three gradient flows. Note that when we
say that a point A € £ is stable for NoM, what we really mean is that the ¢ so that A = Ag + Lc is a stable
point for the dynamics ¢ = —VR™™(¢), and similarly for Aug and EQUIL

It is well known that as long as the Hessian of a function f has no zero-eigenvalues, it can be used to classify
the stability of a point o under the gradient flow & = —V f(x): x( is a stable point, more specifically a strict
local minimum of f, if and only if f”(xg) is positive definite. Consequently, we will study the Hessians of
Rrom R4 and R°1Y. We begin with the following statement about the Hessian of R*"® in points A € £.

Lemma 3.11. Let A € €. If we decompose V € H as X +Y with X € Hg and Y € "Hé, we have

(R™E)"(A)[V, V] = R"(A)[X, X] + /G R"(A)[p(9)Y, p(9)Y]du(g)-



Published in Transactions on Machine Learning Research (01/2025)

Proof. Applying the chain rule to (10 yields

(RO (A)[V, V] = /G R (3(9)A) [p(9)V, plg)Vdulg) = /G R'(A)[B(9)V, 5(9)Vdulg).

since p(g)A = A for A € £&. We now expand R"(A)[p(g)(X +Y),0(9)(X +Y)]. Since X € Hg, p(9)X = X,
and we obtain

| (RUAX.X]+ R WX 50)Y] + B (A0, X] + B (A)5(0)Y.5(0)Y])du(o)

= RY(A)X, X] + R"(A)[X, TgY] + R"(A)[IlgY, X] + /G R"(A)[p(9)Y, p(9)Y]du(g),

where we applied the twirling formula fG p(9)Y du(g) = IgY and linearity. It is now only left to note that
gY =0, since Y € HE. O

We can now analyse the stability of our flows.

Theorem 3.12. Under the compatibility condition, we have

1. If A € &€ is a strictly stable point for NoM, it is also strictly stable for AUG and EQUI.

2. If A€ & is a strictly stable point for AUG, it is also strictly stable for EQUI

Proof. In the following, let A denote a point in &, ¢ the coefficient vector so that A = Ay + Lc, and e the one
so that A = Ay + Ee. Note that such coefficient vectors exist due to A € £.

Part 1: First, if A € £ is a stable point for NoM, it surely is stationary, and therefore by Theorem [3.7] a
stationary point also for Aua and EQuI. Also, we must have (R"™)"(c)[d,d] > 0 for all d # 0. The chain
rule reveals that the latter means that R”(A)[Ld, Ld] > 0 for all d # 0, or equivalently R"(A)[V,V] > 0 for
all 0 2V € TL. This in particular implies that

(R (e)[f, /1 = R'(A)ES, Ef] > 0

for all f # 0, since 0 # Ef € TE C TL, so that A is stable also for EQUI. As for Aua, we can for each d # 0
write Ld = X +Y for X € Hg and Y € H, with not both X and Y equal to 0, and by Lemma obtain

(R*)"(¢)[d, d] = (R**%)"(A)[Ld, Ld] = R"(A)[X, X] + /G R"(A)[p(9)Y, p(9)Y]dp(g) > 0,

so that A is stable also for AuG. The strict inequality follows from the fact that if X = 0, we must have
Y #£ 0, and therefore p(g)Y # 0 for all g € G.

Part 2: Suppose that A € & is a stable point for Auc. We want to show that (R°T)"(e)[f,f] =
R'(A)[Ef,Ef] > 0 for all f # 0. Ef can, as a vector in TE C TL we written as Ld for some d # 0.
In the decomposition Ld = X + Y as in Lemma Y must be zero, since Ld € T C Hg. Lemma
therefore implies that

(R**)"(¢)[d, d] = (R*%)"(A)[Ld, Ld] = R"(A)[Ld, Ld] = R"(A)[Ef, Ef].

Since A is stable for Aua, we have R”(A)[Ef, Ef] = (R*'®)"(¢)[d,d] > 0, which completes the proof. O

Theorem [3.12] gives a more nuanced meaning to Theorem [3.7] Although we have an equality of stationary
points SV = S?U& it may very well be that a point in £ is stable for EQUI but not for AuG. The contrary
is however not possible. In this sense, using the EQUI flow is preferable if one searches for stationary points
in £ - they will then more often be stable. In the Appendix[C] we explicitly construct examples with points
that are stable for EQUI but not for AuG.

10
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Remark 3.13. Let us quickly comment on the extension of Theorem to gradient descent and SGD. As for
gradient descent, we note that a strictly stable point for the gradient flow is also stable for gradient descent
if the learning rate is small enough. Any quantitative statement would require assumptions on the Hessian of
R at A (e.g. lower bounds on (restricted) eigenvalues), which would be impossible to check a priori. Again,
the extension of the theorem to a stochastic setting is more involved, and will probably also depend on the
"degree of randomness’ (e.g. batch sizes), and we leave it to future work.

Let us end this section by, utilizing similar ideas as above, derive an interesting statement about decoupling
of the dynamics in £ and in TE+ which holds when L and E are partially unitary and the compatibility
condition holds.

Proposition 3.14. For Ac L, write A= X+Y with X € £ andY € TEL. Assuming that the compatibility
condition holds, and assuming that the embedding operator L is partially unitary, the gradient flow of R*"&
decouples in the following sense:

{;; = _TI:VR(X) +O(|[Y]1?)
Y =TI (R™8)(X)Y + O(|Y]?).

In particular, when also E is partially unitary, X follows the EQUI dynamics up to O(||Y]?).
Proof. We have already argued that in this case, the dynamics are given by are given by A = —II £ VRE(A).
Performing a Taylor expansion of VR*(A) in X yields
M VR™&(A) = I VR™&(X) + I (R™8)"(X)Y + O(|Y]?).
Since X € £ and the compatibility condition holds, we have II;VR*"8(X) =1 IIcVR(X) = [I¢VR(X).

Now, to determine the dynamics of X, let us test the equation A=-1I £ VR*8(A) with an arbitrary W € TE.
We namely have (A, W) = (X, W) for such W. Furthermore, (II;VR*'$(X), W) = (IIsVR(X),W) =
(VR(X), W), and

(M (R™8)"(X)Y, W) = (R™#)"(X)Y, I, W) = (R™#)"(X)[Y, TI.W].

Since W € TE C TL, we have II;W = W. Now, similarly as in the proof of Lemma we apply the chain
rule to R*"¢ and the fact that X € £ C H¢ to derive that

(R™8)"(X)[Y, W] = /G R'(X)[p(9)Y, p(9)W]du(g) = R"(X)[MaY, W].

where we used that W € TE C H, and also the twirling formula. Now, since A = X+Y, Y must be in TL, and
consequently Y = II.Y. Consequently, appealing to the compatibility condition, IIgY =gl Y =1I¢Y =0,
since Y € TEL. Thus, (R*#)”(X)[Y,W] = 0, and we get

(X, W) = —(IgVR(X), W) + O(]|]Y|?), W eTE.

To determine the dynamics for Y is easier: Here, we only need to note that (IIeVR(X),V) =0 for V € TEL
arbitrary to arrive at

(V,V) = —(I(R™)"(X)Y,V) +O(|Y[*), VeTeE.
Now it is only left to note that in the case of partially unitary E, X = —II¢VR(X) are the EQUI dynamics. [

4 Experiments

We perform an experiment in order to showcase the difference between a network whose layers obey the
compatibility assumption and one where they do not. Additionally, we test training the networks using
stochastic gradient descent (SGD) with varying batch sizes, to investigate to which extent our theoretical
results (which are only about gradient flow) also apply to them.

The code for the experiment was written in Python, using the PyTorch library. The code can be accessed at
github.com /usinedepain/eq aug dyn/.
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4.1 Experiment description

We consider two nominal architectures consisting of convolutional layers with a fully connected last layer,
and equivariant pooling and layer normalization layers — see Figure [3] The two architectures differ in the
choice of support for the convolutional filters — one is the cross support (denoted by Cross in Figure [4) and
one is the skew support (denoted by Skew in Figure [4]), as in Figure 2l These were trained in EQUI mode
for 250 epochs, manifestly invariant to the rotation action of Z4, to classify MNIST (LeCun et al., [1998).
We used SGD as the optimizer, with an MSE loss with the labels as one-hot vectors; the learning rate was
set to 5-107* and the batch size was set to 100. For the cross shaped support, we ran two experiments,
with partially unitary and non-unitary embedding operator L (denoted by Non-Unitary in Figure 7 in Auc
mode, resulting in a total of three experiments. Basis vectors for the non-unitary embedding L were drawn as
cross-shaped filters with i.i.d. Gaussian entries. We trained 30 networks in EQUI mode for each configuration.
Starting from these in total 90 networks, we then switched mode to AuG for ten more epochs of training with
batch sizes 1, 25, and 100, and for 50 more epochs of training with gradient descent, with a learning rate of
2.5-107%. The reason we lowered the learning rate for this part of the experiment was to make the SGD
"closer’ to a flow. The reason we trained for 50 epochs with gradient descent compared with the 10 epochs of
training with minibatch SGD is that gradient descent only updates once per pass over the entire data set.
The images were normalized with respect to mean and standard deviation before being sent to the first layer.

The purpose of the experiment was to observe how quickly the layers of the different CNNs would drift
away from £ when using augmentation. After the EQUI mode epochs, we will likely be close to a stationary
point of the equivariant flow. This point will also be stationary for the augmented flow if the compatibility
condition holds. By Example this is the case for the cross support, but not for the skew support. Hence,
we can expect the latter to drift away faster. For the two cross support architectures, we also expect to see a
difference, since £ only is an invariant set when using partially unitary L, by Theorem (part 2). Hence,
the non-unitary version should be more prone to drift. Furthermore, since our theory holds for gradient
descent, but not necessarily for SGD which can ’jump away’ from &£, we also expect that we see the least
amount of drift when training with gradient descent, and the most drift when training with SGD with a
batch size of 1.

4.2 Results and analysis

After each batch in the augmented training, the distance of the layers from € was recorded. In Figure [ we
plot, for each batch size, on the left, the mean distance over each full epoch, and on the right, the distance
after each batch in the first epoch. In the top left sub-figure we plot the distance after each epoch of training
with gradient descent. In essence, our above hypotheses are confirmed: The architecture with cross support
and partially unitary L stays close to £, whereas the others drift. The skew-support architecture drifts more
in absolute numbers, but not too much should be read into this — it may very well look different for other
nominal architectures. Furthermore, we see that the layers of the networks trained with (non-stochastic)
gradient descent stay comparatively close to £. In numbers, the distance for the cross supports after 50
batches of training with a batch size of 100 is on the order of 5e-3, which is quite close to the corresponding

rot

>b

triv
I R p

Conv, Pool, Conv, Pool, Conv, Flatten,

—
tanh, LayerNorm ! tanh, LayerNorm 2 tanh, LayerNorm 3 Fully—Connecteci

28x28 32x14x14 64XTXT 64X7X7 10
R R R R R

Figure 3: The architecture consists of three convolutional layers with filters ¢ having support as in Figure 2]
(left or right), followed by a flattening and then a fully-connected layer.
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values for the skew supports as well as for non-unitary embedding, whereas after 50 epochs of training with
gradient descent the distance for the cross supports is on the order of 1le-7, which is much smaller than
the corresponding values for the skew supports as well as for non-unitary embedding. Also note that the
non-unitary cross architectures have some outliers — we believe that the cause for this is numerical problems
when initializing the AUG training - this entails solving a linear set of equations Lc = Ag, with a potentially
ill-conditioned L.

Gradient descent Batch size 100

4 le—4 le-2 10 le-2
w —— Cross W 4 /| 08
€ 31 === Skew £ 77 : z
o . o 7/ 7
= Non-Unitary === = V., 0.6 - 7
v 2 = ) /
< e g2 21 /f 0.4
-I(B 1 ,’—’ B ,"/ 7
%] T - )
5 ’ /’, = a) / 02 1 i
0L = . : 0, : 4 0.0Lr
0 25 50 0 5 10 50
Epoch Epoch
Batch size 25 Batch size 1
le—-1 1.0 1e—3 1.0 le—-1
W | j w |
c 1.5 J 0.8 c 0.8
o ’ 1)
= 1.0 - 7 0.6 = 0.6 -
g~ / 8 -
% 4 04 — M % 04 T /
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()] 4 I ()] 1
ra / 0.2 - a 0.24
0.0 _‘I T r 0.0 T T 0.0 T
0 5 10 50 9600 0 5 10 50 240000
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Figure 4: Top left sub-figure (gradient descent): distance in 2-norm of layers from £ per epoch of augmented
training.

On the left of the other sub-figures: distance in 2-norm of layers from & averaged over the batches per epoch
of augmented training. On the right of the other sub-figures: distance in 2-norm of layers from & during the
first epoch of augmented training.

The fainter lines are the individual experiments and the thicker lines are the medians over all experiments.
The noticeable outliers in faint yellow are most likely due to numerical errors in calculating the non-unitary
embedding operator by solving a linear system. Best viewed in color.

The cross shaped architecture in this case seems to be relatively stable for minibatch SGD with batch sizes 25
and 100. It should however be noted that although it appears so in the left figure of the top right and bottom
left sub-figures, it does not converge to 0, but rather to around le-3. This is not a contradiction — Theorem
indicates that £ may be unstable for AuG also in the cross-shaped case. The general trend is however as
we expected. The experiments indicate that as long as the batch sizes are large enough, the dynamics of
stochastic gradient descent are close enough to the gradient descent for our theoretical results to still give a
good picture. It is important to note that for SGD with batch size of 1, the cross support also drifts from
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& quite dramatically, differing from the other cases. To investigate for which 'degrees of stochasticity’ our
theoretical results are still relevant is interesting future work.

In the appendix, we perform another experiment testing another architecture with different symmetry group.
In essence, the results are again in accordance with the theory. They reveal connections between the symmetry
group, representations and stability of £ that is subject to further theoretical work.

5 Conclusion

In this paper we set out to investigate the relationship between the gradient flows of networks equivariant by
design and nominal networks trained on augmented data during training. It turns out that the geometry
of the spaces of admissible and equivariant layers, £ and H¢g respectively, is key. Under the compatibility
condition Il 11g = g1, we showed that the stationary points in the equivariant space £ are the same for
the equivariant and augmented flows, but that they do not necessarily share the set of equivariant stable
points. Furthermore, we showed that £ is invariant for the augmented flow given unitary parametrizations of
our layers. In fact, to first order approximation the dynamics of the augmented flow decouples in £ and TE®
in this case.

5.1 Practical take-aways

What practical recommendations can be extracted from our results? One lesson is that in order to promote
equivariance through augmentation, one should consider the option of initializing all parameters in an
equivariant way. Also, one should check that the compatibility condition holds - as we have seen, this will for
most popular, reasonable architectures, already be the case.

Does our work give a definitive answer to whether one should augment the data or restrict the architecture?
The short answer is no. Our results can be used to argue both for augmentation and for restriction: First,
advocates of either strategy can argue that ’their’ strategy have the exact same set of equivariant stationary
point, and hence does not 'miss’ anything the other strategy can find. "Restrictioners’ can point to their
strategy making more points on £ stable, and hence a stronger bias. The latter can however, by ’augmenters’,
also be argued to be indicative of the restriction strategy inducing more 'bad’ local minima on £. These can
be escaped, and a better minimum on £ can later be found, via an ’expedition’ in H\E. That expedition is
however not guaranteed to find its way back to £. However, our results provide a better understanding of the
dynamics occurring in the two strategies, which in of itself is important.

5.2 Future work

This work is an initial foray into the effects of data augmentation on the dynamics of gradient flows during
training for symmetric tasks. Future work includes further investigating the role of the symmetry group G,
and extending the results to a stochastic setting.
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A Incorporating common architectures into the framework

Before describing how some common architectures can be incorporated into the framework, let us point out a
general construction. Instead of specifying £ as a whole, we may choose affine spaces L(X;, X;+1) of operators
within each space Hom(X;, X;t1), and then in the end set £ := GaiG[L] L(X;, X;+1). This in particular makes
it clear that many of the constructions below can easily be combined with each other. Note that in the case
that an architecture is built by such a direct sum, the orthogonal projector Il is also applied component-wise,
through projecting each layer to the respective tangent space TL(X;, X;11). In the layer-wise constructions
below we will refer to the vector spaces spaces as U and V instead of X; and X;;1 to simplify notation.

Fully connected without bias Letting £ = H corresponds to a fully connected MLP layer with no bias.

Fully connected with bias Allowing for bias terms corresponds to using affine instead of linear maps in
each layer. Affine maps can however be considered as linear maps on a lifted space: Given spaces U and V,
weset U=U®R,V =V &R and define

L0, V) = {[g‘ ’1)] ‘A € Hom(U, V), b v}.
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Extending the nonlinearity o to (z,1) := (o(z), 1), we obtain

(o B =17

which emulates a fully connected layer with bias. Identifying the original data-points z; € U with (z;,1) €
U & R, we can thus include layers with bias terms into our framework.

Note that representations py, py also need to be extended: py(g)(x,1) = (pu(g)z,1), and so on. It is not
hard to show that these nonlinearities are equivariant if and only if the original ones are. The equivariance of
the affine maps z — Ax + b are furthermore equivalent to the equivariance of the corresponding linear maps
in Hom(U, V)

Convolutional layers Since the space of convolutional operators z — ¢ * x is a linear one, we may choose
L(X;, Xi+1) equal to it. We can even restrict the filters ¢ to lie an affine space, such as a space of filter having
a certain support. Note that every operator in this space already is equivariant with respect to translations,
but that equivariance with respect to other groups could still be relevant.

Residual connections Residual layers are layers of the form U — U, 2’ = x + o(Ax). They can be
modelled via introducing an additional intermediate vector space W = U & U, and setting

Lo w) = { 4] |4 € om0} i) = (et

LW,U) = {[id id]},op =id

Now, for A € Hom(U, W) and E € Hom(W, U), we have
Gu(Esw (Az)) = 6y (Edw (¢, Az)) = ¢ (E(z, 0(Ax))) = 6u(z + 0(Az)) = 2 + o(Ax).
It should be clear that more general residual connections can be incorporated in a similar manner.

As for group actions, it is in this context natural to assume that the representations of G' on the in- and
output spaces — only then will id be equivariant. We can then define pw (g)(z,y) = (p(9)z, p(9)y) — a layer
(id, A) € L(U, W) is then equivariant if and only if A € L(U,U) is.

Attention layers Attention layers (Vaswani et al., [2017) map sequences u € U™ to sequences v € V",
where U and V are vector spaces, through the formula

w; = Zaijuj, a; ; = softmax((g;, k.));,
J

where (q;, k.) = ({qi, ke))ren)- Here, ¢ € W™ and k € W™ are the so called query and key sequences, with
values in a third vector space W, v € V™ is the value sequence, and softmax is the function:

ePi

Zjepj.

Each sequence («;.)je[n) is hence a probability distribution with respect to which one takes an expected value
of the values (v}) ;e[ to produce a new value w;. The queries, keys and values are calculated via applying
linear maps Q : U = W, K :U — W and N : U — V elementwise, i.e. ¢; = Qu;, k; = Ku; and v; = Nu;
(there are variations where these maps are non-linear; in this treatment we will assume they are linear). To
simplify notation, we write ¢ = Qu, k = Ku and v = Nu.

softmax(p); =

We can include such attention layers in our framework as follows: First, let us, similarly to above, introduce
an intermediate space Z = WP W" P V", and set

LU, Z) = {u — (Qu, Ku, Nu) | Q, K € Hom(U, W), N € Hom(U, V)},
o (q, k,v) = <0,0, (Zaij’/j)ie[n])’ with «; ; = softmax((g;, k.));
J

L(Z, V") ={(q,k,v) — v}, o =id.
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Note that these definitions may seem unnecessarily complicated, but they make sure that domain and ranges
of all non-linearities are the same, which our framework formally requires. It is not hard to check that, in
sequence, applying a linear map in L(U™, Z), o%*, the linear map in L(Z, V") and finally o2%% to a sequence

in U™ has the effect of an attentional layer.

As for the group actions, we imagine unitary representations g, and oou¢ are given on the input and
output-spaces U and V, respectively. These are naturally extended to actions on U™ and V" through
(pu(g)w); = oin(g)u; and (pv(g)v); = 0out(g)vi. In order to incorporate the intermediate spaces, we assume
that a unitary representation gy.y on the key-query space W is given, which in the same vain can be extended
to a representation py on W". If we then define pz(g)(q,k,v) = (pw(9)q, pw(9)k, pv(g)v) on Z, o'

becomes equivariant:

o5 (pz(9)(q, k,v)) = % (pw (9)a, pw (9)k, pv (9)v)

= 10,0, softmax((oxey (9)4i Okey (9)k-)); 0ot (9)V;
j

= Oa 07 Qout (g) Z SOftmaX(<Qia k))]”]
J

= pz(9)0% (¢, k,v),

where the unitarity of pxey was used in step three. It should be noted that a map in L(U", Z) is equivariant

if and only if @, K and N are. The equivariance of the map in L(Z, V™) and of o2f! is also clear.

SE(3) transformers Let us argue that modulo a few minor technicalities, the prominent SE(3)-transformer
(Fuchs et al.] 2020 emerges as G-equivariant transformers in this way: In this setting, the in and out features
are vector fields f; : R® — V, where V is a space on which the special euclidean group SE(3) is acting, of
the form v;0,,, where ¢, are Dirac deltas for some fixed positions z;. Since SE(3) is not compact, we must
restrict the @, K and N-maps in L(U", Z) to a priori be convolutions, i.e. equivariant to translations — the
symmetry group then becomes SO(3). By further letting the softmax operation occur over neighborhoods of
each 7 in an a-priori given graph, letting @, K and N sample more general vector fields in the positions z;,
and adding a self-attention mechanism, i.e. in essence an additional linear residual connection of each feature
fi to itself, we obtain the architecture. Since this section is already unnecessarily technical as it is, we choose
to omit the technical details.

Remark: It seems that this formulation of an equivariant transformer architecture is novel — the authors
have not seen it in this generality in the literature (although, as we have seen, special cases of it have been —
we would also like to mention Vector Neurons (Deng et al., |2021)). It is unclear whether this more general
formulation can be used to obtain new practically relevant architectures. We deem the detailed investigation
of this matter beyond the scope of this work.

Message passing A popular way to process graph data are so-called message passing networks. Let’s
discuss a simple version of them here — linear message maps. In one sense, they are simplified attention
networks: Again, features u; € U on nodes of a graph are processed by the same linear maps S : U — V and
I:U — V, and then mixed:

v = Sul + Zaijluj.
J
The only difference is that the coupling coefficients a;; here are constant, given by a weighted adjacency
matrix of the graph. Note that we here include a separate ’self-connection map’ S — this would correspond to

self-attention above. Note that message passing layers are inherently equivariant towards permutations (of
both the features and the adjacency matrix, corresponding to a reordering of the graph labels).

Because of their similarities to attention layers, we can realize them in a similar manner as above. The input
space consists of pairs of feature sequences and adjacency matrix, say U = U™ @ R™", and the output space
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is similarly V = V" @ R™"™. We define an intermediate space Z = V" @ V" P R™" and define
LU, 2) = {(u, A) — (Su, Tu, A)| S, I € Hom(U,V)}, o¥F(s,1, A) (si + ZA”LJ )ir

L(Z,V)={(s,1,4) = (1, A)}, oWF =id.

By slightly changing the formulations, other versions of message passing could also easily be treated, i.e.
versions with non-linear message maps or versions with edge-features.

Representations acting separately on each feature u;, as in the transformer example, can immediately be
included into this framework. Let us also note that regular representations with respect to subgroups of the
permutation group S, naturally can be included. To be more precise, let G C S,, be a subgroup, and gj,,
Oout be representations of G on U and V, respectively. We can then accomodate actions on U™, V™ and R™"
of the following form:

(pu(m)w)i = oin(M)ur—13y,  (pv(M)V)i = Cout (M) Vr-13i)s  (Padi(T)A)ij = Ar—1(i)m—1(j)

These, of course, induce natural representations py;, py of G on U and V. If we define the representation on
Z as pz(m)(s, 1, A) = (pu(m)s, py ()i, pagj(m)A), oMY becomes equivariant. We have

2 (pz(m)(s,0, A)) = 027 (py(m)s, pu(m)t, paci(m)A) = (0, (( +Z padi (M) A)ij (Pv(T)1)1) . Paci () A)

We calculate

i+ Z Paci () A)i (py(m)1) 5 = out (M)sx-105) + Y Ar-1(iym-1(5)tr-1(5)

J

= Qout( )(87‘.—1(1) + ZA 71(7/)JLJ) - PV Sl + ZA”LJ

J

Hence,
Y (o)) = (om0 (sz+2Am )opai(ma ) = pa(mad® 5.0, ).

Also, the only operator in L(Z,V) and o)F trivially become equivariant.
Recurrent architectures In recurrent architectures, the same layers are applied several times. Since

constraining layers to be equal is a linear operation, they can easily be included in our framework. For
instance, the recurrent architecture

Tiy1 = O’Z‘(M!Ei)7 1€ [L]
where all A; equal a common linear map M, can be described through

L={AcH|A = A, icl[L]}

B The compatibility condition

Here, we discuss the compatibility condition a bit more at length than in the main paper. In many of the
examples presented in the previous section, the compatibility condition is immediate due to Proposition [3.4}

o Fully connected with bias.

¢ Residual connections.
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o Attention layers.
e Message passing layers.

o Recurrent architectures (when all p; are equal).

In all of these cases, for the types of representations discussed above, it is not hard to show that all operators
p(g) leaves the space L invariant. Generally and intuitively speaking, this is due to the ’linear parts’ of the
maps being unrestricted. As an example, let us carry out the details for the residual connections. For a map
A = [id, M]T, we have

p(9)A = [p(g)id p(g)~", p(9) Ap(9)~"] = [id, p(9) Ap(g) "],

so that p(g)A is again a map in Hom(U, V), since p(g)Ap(g)~! still is linear. The other cases are dealt with
similarly.

Now let us describe a few more slightly more involved examples, beginning with the case of convolutions
supported on non-symmetric €.

Convolutions with skew support Let us finish the discussion on Lq begun in Example beginning
with a description of the orthogonal projection onto Lgq.

Lemma B.1. Let P be the linear map that maps convolutional operators with filter ¢ to the convolutional
operator with filter g - ¢, i.e. zeroing out indices outside 2, and is zero on C*. Then,

I, = Polle.

Proof. Let us first show that Polle defines a projection, i.e. that Polle Poll; = Polle. This is not hard —
applying Il¢ to an A yields a convolutional operator, say C,, which is then mapped to Cy,., by Po. This
operator is however not changed by Il¢ (since it is convolutional), and multiplying the filter with 1, again
does not change it. Hence, Pollc Poll A = Chy,., = PollcA.

Now let us show that it is orthogonal. For this, we need to show that (A — Poll¢c A, PolleB) =0 for all A
and B. Let us first notice that (A — IIc A, Poll¢B) = 0, since A — IIcA € C* and PolleB € C. It hence
suffices to show that (IlcA — Pollc A, Polle B) = 0. Let us first calculate (C,, Cy) for two given filters. We
have by definition

(Co,Cy) = Y (Ciei, Cyes),

1€[N]?
where e; is the canonical basis of RV, We have

(Coe)ll] = Y el —klo(k) = o[t - i),
k€E[N]?

since e;[¢ — k] = 1 precisely when k = ¢ — ¢ (and zero otherwise). Hence

> (CoeisCper) = > plt — it —i] = N*(ip,0)).
1€[N]? 1€[N]?
Now, writing IIcA = C, and IIcB = Cy, we get
(Cyp — PaCy, PaCy) = (Cige-p, Crgp) = N*(Loe - 0, 1o - 90) =0,
since the filters in the last expression have disjoint supports.

It remains to show that the range of Pnll¢ is equal to Lg. But this is easy — it is clear that the operator maps
any operator to a filter operator with filter supported on 2, i.e. into €2, and that it does not do anything to
an operator already there. O
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Let us now show that Iz, acts directly on the filter for a convolutional operator.

Lemma B.2. For C, € C and the rotation action of Z4, we have Ilz,Cy, = CHZ4SD'

Proof. This follows from the twirling formula (Lemma and the fact that the representations act on the
filter. We have

12.Cy = [ p0)Coanto) = | Cotodl@) = Cp i) = i

where the penultimate step follows by linearity (note that here the integral is actually a sum). O

Now we can construct an operator for which the compatibility condition I, Ilz, = IIz, I, is not fulfilled.
Consider a convolutional operator C, given by a filter with support as in Figure [2| (right) where the top
left element is non-zero. For such an operator we have that applying Il., to it does not change it at all.
Subsequently applying Iz, is by Lemma the same as averaging rotations of the filters. Since we have
assumed that the top left element is non-zero, this yields a filter where all corner elements are non-zero. An
operator given by such a filter is surely not in Lq, which II.,1Iz,C, is.

Diagonal operators Let us discuss a case in which Proposition does not apply, but the compatibility
condition is still satisfied. We consider a single layer, let the input and output space be equal to R?, and
G = O(3) be the orthogonal group acting in the canonical way on both spaces. It is then not hard to realize
that Hg = span id (shooting flies with cannons, one can appeal to R? being an irrep of the action, and then
to Schur’s Lemma, but one can also deduce this by more elementary means).

Now consider the architecture choice of only using diagonal operators as linear layers:
Laiag = {A € Hom(R* R*) | A;; = 0,i # j}.

This corresponds to treating the ’channels’ of the in-vectors x separately. Then, £ is not invariant under
all p(g) — the eigenvectors of the map p(g)D for a D € Lgiag with non-constant diagonal are given by
p(g)eo, p(g)er, p(g)es, which are surely not always equal to eq, e, es, which is necessary for p(g)D to be
diagonal. However, the compatibility condition is satisfied: since Hg = span id C TL, I Il = gl = 1ls.

Subgroups Consider any group G and choose H as a subgroup of G. For vector spaces U,V on which G is
acting, now set

L=Hy={AcH|Apy(h)=pv(h)A h € H},

i.e. the linear operators that are only equivariant to the action of the subgroup. £ is then in general not
invariant to the action of G. The diagonal operators above is in fact an example of this — here, G = O(3),
and the subgroup is the group of permutations of components.

Note that just as in the special case of diagonal operators, the compatibility condition is always satisfied,
since L=Hy 2 Ha.

Upper triangular matrices and shifts Consider as input and output space U = V = RY RN ~ R2N
and the action of Sy = {id, ¢} on this space by interchanging the coordinates, i.e p(s)(z,y) = (y,z). Let L be
the space of linear maps described by upper triangular matrices, i.e.,

L = {K € Hom(R*" R*N)| K,;; = 0, > j}.
Alternatively, each element in £ can be written as a block matrix

{AV B

0 Cv} , A/ B,CcRVN

where we introduced the notation AY for the matrix obtained by putting all elements in A under the
diagonal to zero. This type of layer can be though of as ’causal’ — if we interpret u = (z,y) as a time series
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Yn—1,Yn—2y-+- Y0, Tn—1, ..., the value A(u)[n — i] only depends on the first ¢ values in w, i.e., the values
"before’ time 3.

To see what £ is in this setting, let us notice that the lifted representation of Sy on Hom(U, V) is as follows:

olfs -wls Geo-B A ARS-E A

Thus, a map is in Hq if and only if A = C and B = D. If it should also be in £, A and C need to be upper

triangular, and B = D = 0. Thus
5{[0 AVMAGR*}

We claim that the compatibility condition is not satisfied for this setting. First, £ is clearly not invariant
under the action of S5, so that Proposition does not apply. By appealing to and the twirling formula,

we obtain:
[t 8- (119 1803

It is further trivial to see that

o [4 B]_[A" B
b ¢l "o cv)

Hence,
A B] la+c)y L(B+D)] [tA+C)Y L(B+D)
MM, {D C]H‘ B(BJrD) 2(A+C)]{2 0 f(A+0)V}’and
A B] A" B _[i{A+C)Y iB
e[} 2[5 2)-[4T )

These are for B # 0 not equal, and thus the compatibility condition is not fulfilled.

C The converse of Theorem [3,12.1 does not hold
We construct an architecture for which a point A € S = §298 is stable for EQUI, but not for Auc.

e Architecture The model is a simple one-layer network:
Uy :RY 5 R,z M)

where A\ can be chosen freely in RY. This corresponds to letting X = RY | Y = R and o(z) = €*.
The vector A € RY can be viewed as Ag € Hom(R" ,R) and £ = H.

« Symmetry group We consider the group of translations Zy acting canonically through p* on R
and trivially on R. Then, £ = Hyz, = spanl.

o Loss We use the following loss:
Uy y') = —yy'.
« Data We consider a finite dataset (z;,1;) € RN x R, i € [m] with the property
1
i1€[m]

Furthermore, the dataset has the property that all ; are either in £ or in £+. Say, z;, i € I are in £
and z;, j € J are in £L. The corresponding labels satisfy y; < 0, for all i € I and y; > 0, for all
j € J. We also assume that £ = span {z; | ¢ € I}, and that J is nonempty.
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Both ¢ and o are equivariant, so that Assumptions are all satisfied, as is trivially the compatibility
condition. We will now show that A = 0 (which is in &) is a stable stationary point for EQUI, but not for
AUG. The nominal risk is given by R(\) = — -+ > iem) Yio((A,zi)). By the chain rule, the gradient for the
nominal risk is given by

:_*Zyl /\xz

Since A = 0, it follows that o/((),z;)) = 1. Then VR(A) = 0, by (13). Thus, A is a stationary point for Nom
and thus also for Auc and EQul, by Theorem [3.7]

Again by the chain rule,

Now, let us show that for v € €, R”(\)[v,v] > 0. By the proof of Theorem this is enough to show that
A =0 is a stable point for EQUI. But because of the structure of the dataset we have

7 _ = ) __l n \2
R"(0)[v,v] = Z yio” (0) (v, z;)? = mZyZJ (0) (v, z:)% > 0,

ze[m] el

since y; < 0 for i € I. To show that A = 0 is unstable for AUG we show that there exists w € £+ such that
(R*u8)"(0)[w, w] < 0. By Lemma we have for w € £+ that

Fy )l = = [ ST w O (B (b

By unitarity of p* we have that p* (k)w € £+. Thus, the sum above is only over i € .J, so that all terms are
non-negative. By choosing w = x; for some j € J, we ensure that at least one term is strictly positive. Thus,
(R*&)"(0)[w, w] < 0 for that w, and A is unstable for Auc.

D Proofs

Here, we present proofs left out in the main text.

Proof of Lemma 3.3 If II;Il; = Ilg, II.1l; is self-adjoint as an orthogonal projection. Consequently,
H[:HG = (Hﬁng)* = H*GH*E = Hgﬂﬁ, i.e., HG and HL commute.

If we on the other hand assume that IIg and 11, commute, II:1l5 becomes self-adjoint. It furthermore is
idempotent, since

(M) =T el Mg = HO4, = eI, = H210g = M Tg.
Hence, II:Ils is an orthogonal projection. Its range is included in both TL and Hg — the former is clear,
and the latter follows from 111 = [I4I1,.. Hence, the range is included in TE. However, if A € TE, it must

be I IIcA=T1I;A = A, since A € Hg and A € TL. Hence, the range of the operator is in fact equal to TE,
and we are done. ]

Proof of Lemma [3.5] To simplify the exposition of the argument, let us define the operator P by

PA= /G p(g)Adu(g). (14)
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It needs to be shown that P = IIg. To do so, we first need to show that PA € Hg for any A € H. To do
this, it suffices to prove that p(g)PA = PA for any g € G. Using the fact that p is an representation of G,
and the invariance of the Haar measure, we obtain

plora= |

G

plo)p(Adu(n) = [

ploh)Adu(h) = | p(W)Adu(l) = PA.
G

G

Next, we need to show that PA = A for any A € Hg. But since p(g)A = A for such A, we immediately
obtain

Pa= [ toaduto) = [ Adu(o) = 4.

Consequently, P : H — H¢ is a projection. Finally, to establish that P is also orthogonal, we need to show
that (A — PA,B) =0 for all A € H, B € H¢. This is a simple consequence of the unitarity of p and the fact
that p(g)B = B for all B € Hg and g € G:

(PA,B) = /

G

(P(9)A, B) du(g) = /

(P(9)A.(9)B) du(g) = / (A, B) dyu(g) = (A, B),
G G

which completes the proof that P = Il. O

E Experiments

In this appendix we present additional information about the experiment in the main paper, and also describe
an additional experiment we conducted.

E.1 Experiment details: Compatibility condition and unitarity of embedding operator

Architecture The architecture (Figure [3)) used for this experiment consisted of three convolutional layers,
followed by a fully-connected linear layer. The structure of the first two convolutional layers was as follows.
A convolution with a 3 x 3 filter and zero padding with one layer of zeroed border pixels (zero padding
destroys any translational equivariance, but not the rotational equivariance), followed by average pooling
with a 2 X 2 pooling window and a stride of 2, followed by a tanh activation function, lastly followed by a
layer normalization. The structure of the third convolutional layer was the same as the first two, without the
average pooling. The first convolutional layer had one channel in and 32 channels out, the second had 32
channels in and 64 channels out, and the third had 64 channels in and 64 channels out. In the linear layer we
flatten the parameter tensor into a vector in R313¢ and map it linearly into R!? with a fully-connected layer.

As discussed earlier any activation function (e.g. tanh) applied pixel-wise to an image will be equivariant to
rotations by 7/2 radians. It follows that average pooling with a 2 x 2 window and a stride of 2 applied to a
square image of even dimensions is also equivariant to rotations. This is true since any even dimensional
square pixel grid can be subdivided into some number of 2 x 2 grids which will rotate along with the whole
grid. Note that rotations of pixels within an individual sub grid does not change the average value of its
elements. See also Figure [f]

[] l []]

§En i —> - —

EEEE Rotate

Figure 5: Average pooling with a 2 x 2 window and a stride of 2 is equivariant to rotations of square images
of even size.
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The layer normalization (Ba et al., 2016) technique can be described as follows. Given features z; ¢ € [m] in
some vector space U, the normalized features are

= _ 1 §
(Ei—.’Ei—E .Tj.

J€[m]

This operation is by linearity equivariant to any representation.

Hardware The 30 -3 -4 trials of the experiment were run in parallel on a super computer using NVIDIA
Tesla T4 GPUs with 16GB RAM. We estimate the total computation time to be about 315 hours.

E.2 An additional experiment

A natural question to ask is if there are differences in the behaviour of the AUG model depending on which
symmetry group is used. To this end, we perform an additional experiment. Here, we let the NOM architecture
consist of fully connected layers without bias — i.e. £ = H (making the compatibility condition trivial),
taking images as input, say of size N x N. Before being sent to the first layer, the images are normalized
by subtracting .5 from every pixel in the image. The number of channels in the early layers are then 1, 32
and 32, respectively. The non-linearities are here chosen as leaky ReLU’s, except for the last one which is a
SoftMax, and we use a cross-entropy loss. Note that all of these non-linear operations are equivariant to any
representation acting pixelwise on images. A detailed sketch of the architecture is given in Figure[f] .

We now consider four different symmetry groups on RV:-V

o TRANS Z3; acting through translations, i.e. through p®.
e ROT Z4 acting through rotations, i.e. through p**.

e ONEDTRANS Zy acting through translations in the z-direction, i.e.
(P (k)a)i; = Ti—p,j (15)
o TRANSROT The semi-direct product Z%;, x Z4 acting through
PN, k) = pt(k)pT (L), L € ZAk € Zy. (16)

This can, in the same way Z, is a discretization of the full group SO(2) of rotations in the plane, be
thought of as a discretization of the group SE(2) of isometries in the plane.

These actions induce actions on the early layers (RV-V)™. We let all groups act trivially on the late layers.

We now initialize each architecture on a random point in £, and train each architecture in NoM, AUG and
EQUI mode from there — note that we in contrast to the experiment in the main paper do not first train
the models in EQUI mode. We only use partially unitary L, and here use gradient descent, i.e. accumulate
the gradient over the entire epoch before updating the layer parameters. We train the models on MNIST
modifieid it in two ways to keep the experiments light. First, we train our models only on the 10000 test
examples (instead of the 60000 training samples). Secondly, we subsample the 28 x 28 images to images of
size 14 x 14 (and hence set N = 14) using opencv’s Bradski| (2000) built-in RESIZE function. This simply to
reduce the size of the networks. Note that the size of the early (non-equivariant) layers of the model are
proportional to the N4, making this downsizing justifiable.

We run each experiment 30 times on Tesla A40 GPUs situated on a cluster, resulting in about 80 hours of
GPU time. In Figure [7} we plot the evolution of the values || A¢. || against the evolution of || A — A°||. The
opaque lines in each plot is formed by the average values for all thirty runs, whereas the fainter lines are the
30 individual runs. We see that £ is not stable under the augmented flow in any of the experiments, but that
the augmented flows stay closer to £ than the nominal ones — this is consistent with our theoretical results.

Note that the scales in the figures are different, to assess the amount the augmented model drifts relative to
the other ones. We have chosen the limits for the axes as follows:
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Linear layer Linear layer Linear layer X Linear layer
leaky Relu ! leaky Relu LayerNorm 3 Softmax
leaky Relu
RNXN (RN,N)SD (RN,N)?Q R32 R0

Figure 6: The nominal architecture for the second set of experiments. Note that the symmetry group differ
between experiments.
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Figure 7: Results from the experiments of the appendix.

o The zjeg-limit in both subplots is chosen as 1.5 times the maximal (with respect to the 50 training
epochs) median (with respect to the 30 runs) value of ||A — Ag|| for the EQUI model.

The yje-limit in the left subplot is chosen as 1.5 times the maximal (with respect to the 50 training
epochs) median (with respect to the 30 runs) value of |[IIz. A|| for the NOM model.

The yrighe-limit in the left subplot is given by A - yier, where A > 0 is a factor common for all
four groups. A is chosen so that yright is equal to 1.5 times the maximal (with respect to the 50

training epochs) median (with respect to the 30 runs) value of |[II¢. A|| for the AuG model for the

TRANS experiment.

In this way, we ensure that the coordinate systems are on the same scale relative to the Nom and EQUI models
It is hence not surprising that the NoM curves look the same in all the plots — it is very much that way by
design. The same is however not true for the AuG curve, which seems to depend heavily on the symmetry

group used.
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To exactly explain this dependence is beyond the scope of this work. However, a simple counting of the
dimension of the spaces TE in each case seems to give some clue. In Table [2] we write down the dimensions
of Homg (U, V) for the different U and V appearing in the experiments (the simple but tedious justifications
of these numbers are given in the next subsection). Using these numbers, one calculates that the relative
dimensions TE/TL for the different groups approximately equal

TRANS : 5.1-1073 RoT : 0.25

ONEDTRANS :  7.1-1072 TraNsRoT : 1.3-1073 ° (17)

We see a clear trend — the smaller the dimension of TE, the the slower the AUG architecture seems to deviate.
This is not surprising — the closer TE is to TL, the closer the augmented gradients and Hessians are to their
non-augmented counterparts. To formally analyse this effect, in particular for more complicated £ than
considered here, is interesting future work.

E.2.1 The spaces Hom¢ (U, V) for the various groups

Here, we derive descriptions of Homg (U, V') in the four cases. These derivations are all conceptually easy,
but tedious, and are only included for completeness.

73 and Trans It is well known that a linear operator RM:" — RN i equivariant to circular translations
(i.e. the TRANS -action) if and only if it is a convolution. Consequently, the dimension of the space
Homgzz (RNV-N RN:NY) is N. As for Homgz (RN-NR), notice that we by duality might as well may describe

all X € RVN that are not changed by any translation — and those are clearly exactly the ones which are
constant. Hence, dim(Homy; (RNV-N R)) = 1.

Zx and OneDTrans To describe the space Lz, (R™V"N RY:N) et us begin by introducing some notation.
First, every element in R™V:Y can equivalently be described as a collection of rows. This can be written
compactly as

X = Z erTr, (18)

where x;, € RN are the rows, and ej, is the k:th canonical unit vector. Correspondingly, each operator
A:RVAN 5 RNV decomposes into an array of N2 operators Ay : RY — RY:

A(JJ): Z eg(Ag,kxk)*. (19)

k,L€[N]

With this notation introduced, we can conveniently describe the space Lz, (RVN RN:N)

Experiment U Vv dim Hom(U, V) | dimHomg(U,V) | # in model
Rot RVN [ RNV N? aN1 3243232
RVN | R N? %NQ 32-32
R R 1 1 32-10
TRANS RVN [ RVN N N2 32+32-32
RN R N? 1 32-32
R R 1 1 32-10
ONEDTRANS | RVN [ RNV N? N3 32+32-32
RN R N2 N 3232
R R 1 1 32-10
TransRoT | RVY | RV N* N2 32+32-32
RN-N R N2 1 3243232
R R 1 1 32-10

Table 2: Dimension calculations for the experiments ROT , ONEDTRANS and TRANSROT in the appendix.
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Proposition E.1. Using the notation , Lz, (RN RNNY s characterized as the set of operators for
which each Ay, is convolutional. In particular, the dimension of the space is N? - N = N3,

Proof. Somewhat abusing notation, let us denote the action of Zy on RY also as p*°. We then have

o () (ex™) = exp™ () o) (20)
Hence,
A(ptro (n)x) — Z ez(Az,kptrO (n)xk)* (21)
k,Le[N]
P (Az) = N eg(p™ (n) Agpwr)” (22)
k,le[N]

These two expressions are equal for any z if and only if Ay ;p™° (n)zy = p*°(n) Ak for any zj and ¢, k, i.e.,
when every Ay, is translation equivariant, which is equivalent to each Ay j being a convolution operator. [

As before, it is not hard to realize what the space Lz~ (RY™ 1) must be: Interpreted as a matrix X =

exxy, X is in Lyn N 1) if and only if each xj is constant. Correspondingly, the projection is

ke[N] EkT%, X Is in Ly RN-N 1) if and only if each i tant. C dingly, th jection i
given by taking means along the z-direction, and the dimension of the space in particular is N.

Z4 and Rot A map K in Hom(R™Y RN-") can be described by an array A[i, j] of real numbers, 4,5 € [N]?.
The lifted representation 5*°* acts on this matrix as follows:

(P (k)A)[i, j] = AlwFi,w¥5], k€ Zy.

This makes it clear that a map is in Homg, (RV™ RNN) if an only if A is constant on each orbit
{(w¥i,w*j)|i,5 € [N]%, k € Zs}. When N is even, all such orbits contain 4 elements, which implies that
dim Homg, (RY:¥ RYY) = dim Hom(RMY RN:N) /4 = N*/4. We may apply exactly the same argument to
argue that Homgz, (RMY R) = dim Hom(RN R)/4 = N2 /4.

Z3 x 74 and TransRot It is clear that an element is invariant to the action Z3, x Zy, if and only if it is
invariant to the subgroups Z% and Z,. This immediately implies that, using the notation of Example

Homyz iz, (R, RYY) C Homgz (RVY, RYY) = ¢

Homgz .z, RNN R) C Homgz (RNN R) = spanT,

i.e. that linear maps must be convolutions, and that linear forms must be constant. The constant form is
clearly rotation invariant, so that Homz?v %7 (RM-N R) indeed equals span 1. As for the rotation invariant
convolutions, we now from the discussion in Example that the rotation acts directly on the convolutional
filter. This filter is hence constant if and only if it is constant on orbits of the rotation group, of which there
(for even N) exists exactly N2/4. Hence, Homgz sz, (RVN RNNY = N2/4 as claimed.
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