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ABSTRACT

Transition path sampling (TPS) is an important method for studying rare events,
such as they happen in chemical reactions or protein folding. These events occur
so infrequently that traditional simulations are often impractical, and even recent
machine-learning approaches struggle to address this issue for larger systems. In
this paper, we propose using modern deep learning techniques to improve the scal-
ability of TPS methods significantly. We highlight the need for better evaluations
in the existing literature and start by formulating TPS as a sampling problem over
an unnormalized target density and introduce relevant evaluation metrics to assess
the effectiveness of TPS solutions from this perspective. To develop a scalable
approach, we explore several design choices, including a problem-informed neural
network architecture, simulated annealing, the integration of prior knowledge into
the sampling process, and attention mechanisms. Finally, we conduct a compre-
hensive empirical study and compare these design choices with other recently
developed deep-learning methods for rare event sampling.

1 INTRODUCTION

Understanding the mechanisms of transitions between metastable states in molecular systems, such as
protein folding and chemical reactions (Mulholland, 2005; Piana et al., 2012; Ahn et al., 2019; Spotte-
Smith et al., 2022), is a critical challenge in drug discovery and material design. Transition path
sampling (TPS), developed by Pratt (1986) and expanded by others (Bolhuis et al., 2002), examines
the collection of transition paths that facilitate rare events, which can provide deeper insights into
transition mechanisms and transition rates. However, directly sampling transition paths through
molecular dynamics (MD) simulations is often computationally impractical due to high-energy
barriers that result in an exponentially low probability of transitions (Pechukas, 1981).

To overcome this challenge, various enhanced sampling techniques have been developed(Appendix
B), where an essential component for many of these methods is the use of collective variables
(CVs)—functions of atomic coordinates that describe the slow modes of a system’s transition. While
these methods are effective for certain systems, they heavily rely on detailed domain knowledge
to define CVs, significantly limiting their applicability to systems where such variables are poorly
understood (e.g., intrinsically disordered proteins).

Recently, deep Learning has gained traction as a powerful alternative for transition path sampling
without predefined CVs (Das et al., 2021; Holdijk et al., 2023; Lelievre et al., 2023; Plainer et al.,
2023; Seong et al., 2024; Du et al., 2024). These approaches leverage neural networks to parameterize
bias forces or neural splines, enabling the generation of realistic transition paths. Despite the growing
body of literature in TPS, a lack of standardized metrics remains a key challenge - hindering both
the direct comparison and advancement of existing methods. This paper addresses these issues with
several contributions:

* Unified perspective on transition path sampling. By formulating the TPS problem as sampling
from an unnormalized density, we offer a framework for understanding machine learning-based
path sampling methods and standardize their evaluation using length-adjusted path log-likelihood
and reverse KL divergence.

* Empirical studies on existing TPS methods. We analyze the effectiveness of existing solutions
and demonstrate how they can be improved by using simulated annealing and a physics-inspired
initial interpolation path.



Under review as a conference paper at ICLR 2025

 Scalable solution to TPS problem with deep learning.We present Doob's Seq2Seq, a scalable
framework that integrates xed-window attention with a simulation-free objective to improve TPS
performance and enable scalability to larger systems.

In the following sections, we rst formally de ne the TPS problem, which involves sampling from

a stochastic differential equation conditioned on a speci ed target state, and present Boob's
transform as a method for addressing this challenge(Section 2). Next, we treat the TPS problem as a
high-dimensional sampling task from an unnormalized density, and propose the path log-likelihood
and reverse KL divergence as appropriate metrics for solving this problem. We then introduce
enhancements to existing TPS methods and propose a novel deep learning olijective Seq2Seq

which offers a scalable solution to the TPS problem(Section 3). Finally, we empirically evaluate the
performance of these methods in Section 4.

2 BACKGROUND

2.1 PROBLEM SETUP

Molecular dynamics We consider MD simulations on a xed
time interval[O; T] that describe motions of a molecular state
Xt = (X;v) 2 RN at timet, whereN is the number of
atoms,x; 2 RSN is the atom-wise positions ang 2 R3N

is the atom-wise velocities. In particular, we assume that our
systems evolve under second order Langevin dynamics (Bussi &
Parrinello, 2007) de ned by the stochastic differential equation

(SDE)
dx; = vy dt; 1)
P
dvv = M r,U(x) v¢ dt+ 2M lkgT dw,

Figure 1:Sampling transition paths.
whereU andW; denotes the potential energy function and thiénis gure illustrates the change in
standard Wiener process, respectively. We denote the Bdharginal densities over time as samples
mann constant alss , temperature of the environment &s Move fromA to B. In this case, the

atoms mass matrix &4 , and the friction coef cient as. path describes the folding of a protein.
In the overdamped regime (1), we obtain the rst-order
SDE,
1, 1 P o Tt 1w, -
dxi = =M 'r U(x;) dt+ 2M IkgT 1dWi: 2

To sample trajectories of a molecule, we draw an initial con guration from the Boltzmann distribution
X o = (Xo; Vo) ¢ and run a MD simulation for a xed time duration. This process generates
trajectoriexg. of length that are samples from the probability distribution over trajectories

Y
(X0 )= &(Xo) N(Xt t 1; t 1); where ©)

t=1
c=(ve dt; M reU(xe) dt ve db); (=2M lksT:

Transition path sampling. In this context, we focus on trajectories that begin and end in speci c
prede ned states. Formally, these states are denoteg 8sA R°" andx 2B R®". For
instance A may represent the unfolded state of the proteinButlde folded state.

The distribution over such constrained trajectoXes is referred to as th&ansition path (TP)
distribution (Dellago et al., 1998) and its corresponding probability is

ao(Xo )= Z1alo) (Xo) ls(x)= 2 c(Xo)lalxo) (Xz iXo) ls(x )i (@)
with Z being a normalizing constant ahén indicator function.

2.2 DooB'sh-TRANSFORM

The celebrated Doob-transform addresses the question of conditioning Brownian motion dynamics
to satisfy a terminal conditiom 2 B (Doob, 1957; Sarkka & Solin, 2019). In the rst-order
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case, the optimal solution modi es the SDE dynamics in Equation 2 using a biasing potential
b (Xi;t) = 2r y, loghg(x¢;t) = 2r y log (x 2 Bjx¢) where 2 = 2M kgT !isthe
diffusion coef cient. This biasing potential ensures that the endpoint conditipn ] is satis ed. In
particular, consider

A Xo c (Xo)la [Xol; (5)

1

ZG;A
1 1 P

dxy = =M TrxU(x)+ b (x¢;t) dt+ 0 2M kg T TdW,

where , .5 denotes a measure over pa@ffd; 1] 7! R3N) andZg. o normalizes the initial sampling
distribution.

It can be shown that this stochastic process simulates the desired (discretized) transitigh path
Equation 4, thus solving the TPS problem (Das & Limmer, 2019; Das et al., 2021; Koehl & Orland,
2022; Du et al., 2024). However, note that naive simulation-based methods for learning the biasing
potential directly can be extremely inef cient (Holdijk et al., 2024).

3 METHODOLOGY

In this section, we begin by framing TPS solely as a sampling problem and introduce approximations
of the optimal transition path distribution, ., in Section 3.1. Building on these approximations,

we de ne evaluation metrics in Section 3.2, drawing from established practices in the ML community
for evaluating high-dimensional dlstrlbutlons (Burda et al., 2016). We then continue by showing
techniques on how existing solutions can be scaled and improved in Section 3.3. Finally, these
techniques are assessed using the proposed metrics in Section 4.

3.1 APPROXIMATIONS OF THETARGET MEASURE

We start by approximating the initial sampling distribution using

a(X0;Vo) = N (oA, A IN(Voj ay; A,)  &(Xo)la(Xo): (6)
Here we assume that the initial velocity is unknown and randomly sampled from a normal distribu-

tion (Castellan, 1983) and consider only paths that start clo8e &imilarly, we relax the indicator
function on the endpoint conditioning set to be

B(x)::N(x iB; 8,) le(x): @)

In practice, the parameteré VAL f\ can be estimated empirically through short MD
simulations around metastable sta@eandB These simulations are conducted over a short duration,
chosen to ensure the system remains within the vicinity of each metastable state and does not reach the
other state, to quantify the local uctuations. Depending on the concrete SDE being used, the system
evolves following different assumptions, and thus the transition probability needs to be computed
differently.

First Order System. For the overdamped regime in Equation 2, we obtained a rst-order SDE in the
position variables. For the intermediate dynamics of the reference profass ), we consider a
discrete-time approximate yielding the standard normal transition kernel

k(Xt+1th) =N (X1+1 th lM 1I’ XU(Xi)dt; 2I(BT 1dt); (8)
allowing us to compute the step probability. Putting everything together, the resulting approximation
to the TP distribution from Equation 4 can then be written as

t:\w 1 !
~as (Xon) A (Xo) K(Xt+1 jXt) B (Xn):

t=0

Second Order SystemFor the second order dynamics in Equation 1, we make similar discrete-time
approximations for the intermediate dynamics of the reference pro€gss ), yielding similar
results as in Plainer et al. (2023), where

K(Xte1 Vis1 X Ve) = N (Xesz jXe + Vidt; 2) N Vg vy ' L,Jvfxt)dt 2M k g Tdt

9)
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ExpandingX o:n = (( Xo; Vo); :::(Xn ; VN ), Yields an approximation of transition path distribution
in Equation 4

Ny 1
~aB (Xon) A (Xo; Vo) K(Xt+1 ; Vis1 jXe3 Vi) B (XN ):
t=0
To sample from our approximate target distributiog; , we next introduce a parameterized or
variational approximation. Noting that we can initializep(Xo; Vo) = A (Xo; Vo) using the approxi-

mation in Equation 6, we are left with a sampling problem over the remaining transitions

(X1 jXo)= (X1 jXo)le(x ), (10)

_ 1
Z(X o)
where we need to normalize to account for the restriction te B.

3.2 BVALUATION METRICS

known starting poinA and the target end poiBt, whereX ; = x; for the rst order system, and
Xt = (x¢;v) for the second order system. The length-adjusted log likelihood of the path is de ned
as P N 1 H

=0 10O K(X t+1 jXt)

N

wherek(X +1 jX t) is the transition kernel density. We evaluate the density of each sampled trajectory
using the underlying synthetic potential or force @ld Speci cally, we keep the log densities at
given boundary intact and we normalize the log transition densities by the trajectory length. This
normalization ensures comparability across trajectories of variable lengths.

log A(Xo)+ +log B (XNn);

While this approach deviates from the exact path distribution de ned above, it provides a practical
approximation that aligns with the constraints of the system and facilitates meaningful comparisons
between trajectories.

Reverse KL-divergence. Let .t denote the reference distribution over trajectories @}g
denote the learned distribution. The reverse KL divergence of two path measures is de ned as

Qg:T

0T

Dic[Qork o1]= Eqv log

0.7 can be computed as the time-adjusted path log-likelihood under the reference process. To
evaluateQy. , the calculation depends on the sampling method employed.

For methods that learn biasing potentials, the transition probabilities can be expressed as

R(Xw Ve V) = N (o s+ vidEs 2) NV} vi O U(Xi)’LMb(X“V‘))dt;zM k g Tdi);

where the rst term models the positional update, and the second term incorporates the velocity
update in uenced by biased forces. For models that directly learn the drifts of the stochastic processes,
the KL divergence can be calculated using the Girsanov theorem

Q\(S:T . dXt = Vt(Xt)dt+ tth; 0T - dXt = Ut(Xt)dt+ tth; (11)
T

1
Dk [Qb1K o1]= Egv 5 zkve(xt) ur(xe)k? dt
0 t

3.3 SCALING TPSIN PRACTICE

We present two scalable simulation-free training algorithms: the rst combines the variational objec-
tive of Doob's Lagrangian(Appendix C) with xed window attentio@®ob's Seq2Set), while the
second identi es a single transition path by maximizing the log-likelihood of the peiL L "). We

then introduce two key techniqgues—temperature annealing and physics-inspired initial interpolation—
that enhance optimization and empirically evaluate their effects in Section 4.

3.3.1 TRAINING OBJECTIVES
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Figure 2:Doob's Seq2Seq with enhanced path initializationWe propose constructing a trivial initial (possibly
wrong) trajectory connecting the states and feeding it to the neural network as input. We apply xed window
attention on this trajectory and learn to predict the mean and sigma of trajectories with Doob's Lagrangian
objective. While the training itself is simulation-free, consistent trajectories can be constructed by solving the
vector eld de ned by the sequence of Gaussians, allowing for fast inference time.

Doob's SQqZSeq.AIgorithm 1 presents the COM-A|gorithm 1 Doob's Seq2Seq. Modi cations from
pl_ete training |_00p of DOOb_S Seq2Seq. The X?‘boob's Lagrangian are highlighted BLUE
window attention mechanism operates on a tlnllﬁrput. Reference drifty, diffusion matrixG,

window (t  dt;t + dt) with a discretized step : G ;
sizedt, centered at each sampled titné he core xﬁﬁewlglliizvc\)/nc\i/térlngﬁgmterpolatlonlt
ideas behind Doob's Seq2Seq are illustrated hmplet U(O"Ig)

Figure 2.

. b Computelyingow = [t dt;t;t + dt]
Motivation. By focusing on nearby time steps . o i
the model effectively learns short-range correlz@mMPIeXt ot (15 twindow ) (EQ. 12 - 14)

tions crucial for simulating molecular processe@,omputw?j;o;T (Xt) (Eq. 17)
while remaining highly parallelizable, as attentiogs o moutev®: - (x Eq. 18
is restricted to local windows. This enables ef- " orr (X0) . q.( a ,)
cient training and inference, even for large systerf@mpute losst. = hvio.1 (Xt); GtVyjo.r (Xt)i
with slow folding dynamics. Update optimize( ; rL )

End while

We parameterize the meago.r and covariance

tjo;r Of the Gaussian path measufg.t using
a neural network. Following prior work, we adopt
a diagonal representation of the covariance matrix
such that

Return

tjo;r = diag (f tsz;T;d gf?:l):
To achieve this, we de ne a neural network
NNET :[0;T] R® R°! R° RP

that takes as input the tintethe initial interpolation path; wherelg = A;l; = B, and the time
window (t dt;t + dt), producing outputs for the mean perturbation and per-dimension variance.
The parameterized path distribution is then given by

Xjor = Gor * Gor i Wwhere N (0;lp) (12)
t t

Ejg;T =l + T 1 T NNET (t;1¢; twindow):D] (13)
t t .

fqu = T 1 T diag NNET (t;1 t:twindow)[D 1t rzninlD: (14)

This formulation ensures that the learned path measure aligns with the correct boundary conditions.
Sinceq;jo:r is Gaussian, we can analytically compute the vector elﬁ%T) (xt) andvtqj;o;T (xt) (See
Appendix D for more details.)
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MaxLL. Instead of nding distribution of the Algorithm 2 MaxLL (First Order)

paths, we focu_s_on |dent|fy|ng the most pr(.)b"f‘nput: Reference drifty, diffusion coef cient matrix ¢,

ble singletransition path by directly maximiz- ¢t 4t initial interpolation!

ing the path likelihood. Speci cally, we utilize yhile not convergedio

only the parameterized;jo,r from Equation samplet  U(0;T)

13 and maximize log transition probabilitiesompute

between jo;r and ¢4 qjor- The training o1 = It + +(1  +)NNET (t;1¢)

loop for the MaxLL objective in the rst-order ajor = lra+ Bl () HOONNET (t+dt 1 eea)

case is detailed in Algorithm 2, followingomoutes = r u( ;2.
; i p - X tjo;T

Equation 8. Similarly, the second order ob- R .0

jective can be straightforwardly constructe§°OMPUte rana = (o1 ( Gor + F dt)

by maximizing the transition probabilities deCompute losst. = NLL ( rana ;0; « dt)
ned in Equation 9. Update optimizel( ; rL )

End while
Return

3.3.2 COPTIMIZATION TECHNIQUES

Temperature Annealing. In molecular or

physical systems with rugged potential energy

surfaces, the existence of multiple local minima can make optimization challenging. High-temperature
environments effectively atten these surfaces, reducing the likelihood of the model getting trapped
in suboptimal regions.

For methods based on the biased MD framework, temperature annealing plays a crucial role. Without
annealing, the RMSD between the desired target state and the end state sampled from the bias
force fails to converge (Seong et al., 2024). While we can avoid the said issue by following the
gaussian parameterization in Equation 13, which guarantees boundary conditions by construction, we
empirically demonstrate the bene ts of temperature annealing in Section 4.

Improved initial interpolation. In prior works, the initial guess of the transition path is often made
by linearly interpolating Cartesian coordinates between the initial statad the target state .

An alternative, more sophisticated, way to de ne the initial path is by interpolating the pairwise
atomic distances, termahage dependent pair potentidDPP) (Smidstrup et al., 2014), where the
pairwise atomic distanod; is calculated as
S —x
dj = (ri r. )2
2t xyiz g

represents the Cartesian componentg, andz. Then, we optimize the interpolated distances with
the objective function given as

0 1,
X X S —x
Sioep, (1) = w(d; ) @d; (ri oy )?A
iji 2f xyy;z 9

wherew(d; ) is the weighting function that places more emphasis on short distances to avoid atoms
being too close, and; being the target pairwise distance for image

The optimal path on the IDPP surface is signi cantly closer to a minimum energy path than a linear
interpolation of the Cartesian coordinates. Furthermore, this interpolation can be computed ef ciently,
making it a cost-effective approach for generating initial pathways as the starting point for sampling
transition paths.

4 EXPERIMENT

We begin by visually illustrating the TPS problem with lower-dimensional toy example: a synthetic
maze (Section 4.1), which motivates the use of improved optimization techniques in solving TPS,
and the Miiller-Brown potential (Appendix F.1). Next, we quantitatively analyze the effects of
the optimization techniques discussed in Section 3.3.2, such as temperature annealing and initial
interatomic interpolation, comparing their impact on both existing and proposed baselines through an
ablation study on Alanine Dipeptide. Finally, we evaluate the performance and robustness of different
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training objectives—Doob's Lagrangian, Doob's Seq2Seq, and MaxLL—on the larger Chignolin
system to assess how well each method adapts to increasing system complexity.

Baselines.For non-ML baselines, we consider the MCMC-based two-way shooting method with
uniform point selection, which generates variable-length trajectories. For ML baselines, we evaluate
two recent CV-free transition path sampling approaches: (Seong et al., PR34DP$ and (Du

et al., 2024Doob's Lagrangian. A brief overview of these methods is provided in Appendix C.

We then compare the performancelob's Seq2SegndMaxLL against these baselines, focusing

on settings where models are trained in Cartesian coordinate space without solvent. We provide an
extended comparison with models trained in internal coordinate space in Appendix G.

Evaluation. We report the length-adjusted path log-likelihood and the reverse KL divergence as
discussed in Section 3.2, along with the total GPU hours required for training estimated based on
the experiments on a single NVIDIA H100 GPU. We additionally report the minimum and average
maximum energy per sampled path ensemble, which represent the highest energy barrier encountered
during the transition. This serves as an approximate indicator of the probability of the transition
occurring, as higher barriers correspond to rarer crossing events.

4.1 SYNTHETIC MAZE POTENTIAL

Sampling transition paths is akin to navigating a maze
in the dark, where the route to the end state is un-
known. In this analogy, high potential values repre-
sent the maze walls. Unlike real mazes, however, par-
ticles can tunnel through walls, although such paths

() Maze  (b) MCMC  (c) Doob's — (d) Ours become less likely with suf ciently steep gradients.

(easy)
We use trajectories generated by MCMC as ground-
truth data for approximation. While MCMC can
solve both mazes, it requires signi cantly more com-
putation due to their sequential approach. While all
methods succesfully solve the easy maze, Doob's

(e) Maze (f) MCMC (g) Doob's (h)Ours | agrangian fails to solve a slightly more challeng-
ing maze, opting to pass directly through the walls

(Figure (g)). In contrast, initializing the interpola-

tjon with a more physically plausible path allows the

model to learn to navigate the maze, producing trajec-
tories with lower overall energy and, therefore, more

probable solutions (Figure (h)).

Figure 3:Comparing TPS methods on two dif-
ferent mazes.We evaluate how different transition
path sampling methods solve easy and hard ma
like potentials.

4.2 ALANINE DIPEPTIDE CONFORMATION CHANGE

Alanine dipeptide is a well-studied system consisting of 2 amino acids and 22 atoms (66 total
degrees of freedom), where the molecule can be described by two collective variables (CV), the
dihedral angles, . Here, we perform an extensive empirical study on the effects of temperature
annealing and the improved initial interpolation by incorporating them with three simulation-free
methods, Doob's Lagrangian, Doob's Seq2Seq, and MaxLL baselines. In the following, we discuss
the individual aspects of the results listed in Table 1.

Temperature Annealing. We observe that temperature annealing consistently improves all metrics
without introducing additional computational complexity. Notably, the maximum likelihood objective
yields comparable or even better results to the other methods, despite its signi cantly shorter runtime
and simple training objective.

Improved Initialization. Interestingly, we nd that initialization with a physically more accurate

path does not necessarily improve the performance of Doob's Lagrangian. We hypothesize that this
may result from inconsistent interpolation speeds between snapshots, as evidenced by the energy
pro le along transitions (see Appendix H for further discussion).

Fixed Window Attention. Incorporating attention mechanism consistently improves performance
over Doob's Lagrangian, and we observe noticeable performance gains when combined with the
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Table 1:Transition path sampling for Alanine Dipeptide. We examine the effects of temperature annealing
and interatomic interpolation, with all evaluations conducted on 64 sampled paths. For each metric, we highlight
the best performing model in blue, while the top performing variation under each training objective is marked in
bold.

Method GPU Hours #) Log Likelihood (") KL Divergence (#) Max Energy (#)
MCMC 30 -1072 1577.73 - 303.82 131.24
TPS-DPS 12 1562.79 9.39 -0.25 26.44 16.07
Doob's Lagrangian 0.65 1446.260.51 224.93 730.66 0.04
w/ Temperature Annealing 0.65 1549.28 0.47 121.37 280.22 0.26
w/ Interatomic Interpolation 0.65 1109.380.76 561.53 868.04 0.05
Doob's Seq2Seq 25 1505.60:45 164.93 245.05 0:02
w/ Temperature Annealing 25 1583.18:3 128 592.13 0:26
w/ Interatomic Interpolation 2.5 1601.57 0:53 41.75 3.46 0.03
MaxLL 0.2 1532.45 69 615

w/ Temperature Annealing 0.2 1599.03 37 233

w/ Interatomic Interpolation 0.2 1545.32 40 619

Table 2:Transition path sampling for Chignolin. We compare the performance of different training objectives
without the use of additional optimization techniques. All evaluations are conducted on 64 sampled paths, with
the best-performing model highlighted in blue.

Method GPU Hours (#) Log Likelihood (") KL Divergence (#) Max Energy (#)
Doob's Lagrangian 25 9289.541.19 1235.23 3828.38 0.1
Doob's Seq2Seq 12 9898.070.28 626.9 1858.75 0.07
MaxLL 1 5153.18 0.36 881.11 9742.43 0.29

improved initialization. We attribute this to Doob's Seq2Seq capturing local structural dependen-
cies, allowing the model to leverage the additional physical consistency provided by interatomic
interpolation.

4,3 CHIGNOLIN FOLDING

Chignolin is an arti cial protein composed of 10 amino acids with 138 atoms (414 total degrees
of freedom) that folds into a characteristiehairpin structure stabilized by hydrogen bonds. In

this section, we focus on comparing different training objectives without incorporating additional
optimization techniques to evaluate their effectiveness in addressing higher-dimensional TPS prob-
lems. While TPS-DPS also tackles the TPS problem for Chignolin, we restrict the comparison of
our methods to Doob's Lagrangian due to differences in the training environments. Speci cally,
TPS-DPS utilizes a force eld with implicit solvent, whereas both Doob's Lagrangian and Doob's
Seq2Seq are trained in a vacuum, as DMFF currently does not support implicit solvent models.

Consistent with the ndings in Section 4.2, Doob's Seq2Seq demonstrates superior performance
compared to Doob's Lagrangian in Cartesian space across all evaluation metrics. However, MaxLL
objective does not perform as well for Chignolin, in contrast to its favorable results on smaller systems
such as Alanine Dipeptide and Miller-Brown potential (F.1).

5 CONCLUSION

In this paper, we propose a standardized framework for evaluating TPS methods by treating them
as high-dimensional sampling problems, a well-studied area in machine learning. Speci cally, we
propose path log-likelihood and reverse KL divergence as quantitative metrics, framing TPS as a
sampling problem from an unnormalized density. We also focus on enhancing the computational
ef ciency and scalability of TPS, offering a potential pathway toward studying complex molecular
systems with slow-folding dynamics—where simulation-based approaches remain prohibitively
expensive due to signi cantly longer MD simulation times. We introduce Doob's Seq2Seq, a scalable
framework that integrates xed-window attention, which captures local dependencies between
neighboring states, with a simulation-free objective derived from Doob's Lagrangian, leveraging a
variational formulation of Doob'&-transform. Additionally, we demonstrate that techniques such as
temperature annealing and enhanced initialization can further improve solutions to the TPS problem.
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A LIMITATIONS AND FUTURE WORKS

Our current results are based on small to medium-sized systems, but there is great potential to extend
this work to more complex biomolecular transitions, further bridging the gap between deep learning-
based TPS methods and real-world simulation challenges. Additionally, while our implementation
relies on MLP and the standard transformer architecture, future studies could bene t from exploring
equivariant spatial embeddings and attention mechanisms. These methods have shown promise in
other areas, such as protein structure prediction Jumper et al. (2021) and machine learning-driven
interatomic potentials Wang et al. (2018); Smith et al. (2017), and could enhance TPS performance
in high-dimensional settings. Furthermore, while our proposed evaluation metrics focus on treating
TPS as a sampling problem, future work could explore alternatives based on physical or chemical
consistency, such as free energy differences, committor probabilities, or kinetic rate predictions, to
better align learning objectives with real-world systems.

B RELATED WORKS

The most widely used algorithms for sampling transition paths include shooting methods (Juraszek
& Bolhuis, 2008; Borrero & Dellago, 2016; Jung et al., 2017; Falkner et al., 2023; Jung et al.,
2023), steered molecular dynamics (SMD) (Schlitter et al., 1994; Izrailev et al., 1999), umbrella
sampling (Torrie & Valleau, 1977; Kastner, 2011), metadynamics (Ensing et al., 2006; Branduardi
et al., 2012; Bussi & Branduardi, 2015), and adaptive biasing force (ABF) methods (Comer et al.,
2015).

Recent advances in machine learning have spurred the development of reinforcement learning and
stochastic control approaches, leveraging neural network ansatz for transition path sampling (Rose
etal., 2021; Das et al., 2021; Yan et al., 2022; Holdijk et al., 2023; Singh & Limmer, 2023; Seong et al.,
2024; Wang et al., 2024). Among these, PIPS employs a stochastic control framework that optimizes
the endpoint distribution using a KL divergence objective (Holdijk et al., 2023). This method has
been further improved by incorporating a log-variance divergence objective along with a replay buffer
to enhance training stability (Seong et al., 2024). In contrast, Doob's Lagrangian (Du et al., 2024)
adopts a collocation-based approach, explicitly satisfying boundary conditions by optimizing over
tractable Gaussian paths conditioned on both endpoints.

A closely related concept is the minimum energy pathway, which corresponds to the most probable
transition path as derived from the Freidlin-Wentzell functional (Kifer, 1988). To solve this prob-
lem, various iterative and optimization-based methods have been proposed. Classical approaches
include the string method and nudged elastic band method, which iteratively re ne transition path-
ways (Weinan & Vanden-Eijnden, 2010). Additionally, variational formulations, such as the minimum
action method, solve the problem by directly minimizing the action functional (Vanden-Eijnden &
Heymann, 2008).
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C SAMPLING FROM THE TRANSITION PATH DISTRIBUTION

To sample from the approximate target distributigng (Equation 4), existing ML methods introduce
a variational approximation parameterized by either a biasing poténtala path of intermediate
marginals ofg; of the transition path.

Off-policy diffusion sampling. (Seong et al., 2024) consider learning an approximate biasing
potentialby using the log-variance divergence (Nusken & Richter, 2021) which is closely related to
the trajectory balance objective in Generative Flow Networks (Bengio et al., 2021; Sendera et al.,
2024). The off-policy nature of these objectives allows for exible exploration strategies and avoids
backpropagation through trajectories simulated with the learned bias potential. Concretely, for a
sampling distribution s, this method may be viewed as minimizing the log-variance divergence
(Seong et al., 2024; Nusken & Richter, 2021)

min D\ [P(X 1. X o)k (X1 jX0o)]

qb(x 1: jX O)
(X 1: jX O)

(15
= Var , log

Doob's Lagrangian. Instead of approximating the biasing drift in Equation 5 directly, (Du et al.,

2024) propose to parameterize a path distributft(iX 1. jX o) within a tractable variational family,
whereb = b(X ;1) indicates an induced, approximate biasing potential. Notably, for point-mass
conditioning sets, the variational family preserves = B by design. The stochastic control
objective in (Du et al., 2024) can be viewed as minimizing the reverse KL divergence to the target TP
distribution h i

min Dy (X1 jXo)k (X1 jXo) : (16)
q

(Du et al., 2024) consider (mixture of) Gaussian parameterizatiorg® farhere the corresponding
b(X ;1) can be recovered through simple identities and is used to simulate transition path trajectories
at inference time.

D COMPUTATION OF VECTOR FIELDSU,jo AND Vo1

We follow the result from Du et al. (2024) for analytical computation of vector ejq§;T and
\%

tjo;T *
(a;) — @jor 1@ ijor 1 1 .
Ujo.r (X) = @t T2 @t toT Gt yor (X tor); (27)
: 1 .
Vior ()= 5601 Ui (0 B(x) (18)
We start from the optimization objective of Doob's Lagrangian,
zZ; Z
S= min dt  dX gjo;v (X) Vgjorr (X); Gt Vijorr (X) 5 (19a)

Gtjo;T VijoT
0

X
St.gjor (X)t= 1 x;Gjor (X) B(X)+2G; jor (X)  + i (Go)ij 2Xi @Xtjo:T (X);
(19b)

o(x)= (x A)  ar(x)= (x B): (19c¢)

where they show that the said Lagrangian action functional has a unique solution that matches the
Doob's h-transform given by the condition of reaching the endp@irat prede ned timer. We

rst re-write the Fokker-Planck constraint in Equation 19b with all drift terms absorbed into a single
vector eld ugjo:t,

@go;T (X) _

X
at I x; Gjo;T (X) Ugjor (X) + | (Go)i (@}(?é@}(oth;T (x): (20)

ij
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When we parameterize Qo7 as the family of endpoint-conditioned gaussian marginals
N(X] to;Ti to;T)s

@) ron . @ o7 10 tor 1
Uyor )= =g+ 37t wor Ot gor X wor D
satisfies the Fokker-Planck equation Equation 20 for ggjo.7 and diffusion coefficients Gy = % t ;r
Given UE?O;;T) corresponding to Ggjo, T, We can simply solve for the Vjo.1 satisfying the Fokker-Planck

equation in Equation 19b in our variational Doob objective Equation 19. Since G¢ was assumed to be
invertible and the base drift bt is known, we have

1 )
Vigor 09 = 5 (Go) 1 Ui (¥ be(x) (22)

For detailed proofs and derivations of the result, please refer to the original work.

E EXPERIMENT SETUP

E.1 MOLECULAR SYSTEM CONFIGURATIONS

For molecular dynamics simulations, we use the AMBERI4 force field
(amberl4/protein.fF14SB Maier et al. (2015)) without a solvent as implemented in
OpenMM (Eastman et al., 2017). However, since OpenMM does not support auto-differentiation, we
do not use it for simulations directly. Instead, we leverage DMFF (Wang et al., 2023), a differentiable
molecular simulation framework built with JAX (Bradbury et al., 2018). This is necessary because,
during training, we compute

r U Xgor N( 1(:jg;T; Ejo);T) ;

where Xjo:7 is sampled based on the neural network parameters.

For the simulations, we use a timestep of dt = 1fs, =1 ps, and a temperature of 300 K. The total
simulation time is = 1 ps for Alanine Dipeptide and = 5 ps for Chignolin. To compute the
MCMC two-way shooting baselines, we use the same settings and consider trajectories as failed if
they exceed 2,000 steps without reaching the target.

E.2 MODEL CONFIGURATIONS

For TPS-DPS, we follow the model configurations reported by Seong et al. (2024) for Alanine
Dipeptide.

For Doob’s Lagrangian, we parameterize the model using a 5-layer MLP with ReLLU activations,
employing 256 hidden units for Alanine Dipeptide and 512 hidden units for Chignolin. Optimization
is performed using the Adam optimizer with a learning rate of 10 4, as reported in (Du et al., 2024).
When training Doob’s Lagrangian with internal coordinates, we represent the molecule using bond
lengths, bond angles, and dihedral angles, following the parameterization in (Noé et al., 2019).

For Doob’s Seq2Seq, the model for Alanine Dipeptide consists of a 5-layer MLP with 256 hidden
units, combined with 3-layer single-head attention blocks with 128 hidden units. For Chignolin, we
use a 3-layer MLP with 512 hidden units alongside 3-layer single-head attention blocks with 256
hidden units. Training is performed using the Adam optimizer with a learning rate of 10 “.

E.3 TRAINING EFFICIENCY

For enhanced shooting methods such as TPS-DPS, runtime is primarily determined by the number of
rollouts (simulations) and the computational cost per rollout. While the simulation enables flexible
and accurate exploration of transition dynamics, it also leads to increased computational costs as
system size and complexity grow. As noted by (Seong et al., 2024), training on larger proteins such
as Glutamine Synthetase (Yamashita et al., 1989) would require over 1,700 GPU hours due to the
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significantly longer MD simulation times, illustrating the scaling challenges of simulation-based
sampling.

In contrast, Doob’s Lagrangian, Doob’s Seq2Seq, and the maximum likelihood objective are trained
without sequential simulations. While the computational overhead increases with system size, this
overhead does not scale exponentially with simulation time, possibly making these methods more
computationally efficient.

F Toy EXPERIMENT

F.1 MULLER-BROWN SYNTHETIC POTENTIAL ENERGY SURFACE

The Miiller-Brown potential is a popular benchmark to study transition path sampling between
metastable states. It consists of three local minima, and we aim to sample transition paths connecting
state at the top left and bottom right. In Figure 4, we visualize the potential and the sampled paths
under each method. We see that for the low dimensional system, simple maximum likelihood
objective performs the best across all metrics.

Table 3: Transition path sampling for Miiller-Brown potential

Method Log-Likelihood (") | KL Divergence (#) | Max Energy (#)
MCMC 3.13 0.05 - -13.77 1643
TPS-DPS 86 39 741.47 2.35 285
Doob’s Lagrangian 821 0.39 290.47 -14.81 13.73
Doob’s Seq2Seq 829 0.24 300.05 -6.48 154
MaxLL 9.63 10.16 -40.27

Figure 4: Comparing TPS methods under the Miiller-Brown potential

G EXTENDED RESULTS ON MOLECULAR SYSTEMS

Table 4: Extended transition path sampling result for Alanine Dipeptide. For models trained in Cartesian
coordinate, we report the best performing variation from Table 1. All evaluations are conducted on 64 sampled
paths. For each metric, we highlight the best performing model in blue, while the top performing method under
Cartesian coordinate system is marked in bold.

Method Coordinate GPU Hours (#) Log Likelihood (") KL Divergence (#) Max Energy (#)
TPS-DPS Cartesian 12 1562.79  9.39 -0.25 26.44  16.07
Doob’s Seq2Seq Cartesian 2.5 1601.57 0.53 41.75 346 0.03
MaxLL Cartesian 0.2 1599.03 37 233
Doob’s Lagrangian Cartesian 0.65 1549.28 047 121.37 280.22  0.26
Doob’s Lagrangian Internal 0.65 1647.88  0.28 23.87 -16.9  0.02

We train Doob’s Lagrangian in internal coordinate space and compare its performance against models
trained in Cartesian coordinate space. For both Alanine Dipeptide and Chignolin, we find that the
internal coordinate representation outperforms all models operating on Cartesian coordinates.
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