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Abstract

Estimating mutual information accurately is pivotal across diverse applications,
from machine learning to communications and biology, enabling us to gain insights
into the inner mechanisms of complex systems. Yet, dealing with high-dimensional
data presents a formidable challenge, due to its size and the presence of intricate
relationships. Recently proposed neural methods employing variational lower
bounds on the mutual information have gained prominence. However, these ap-
proaches suffer from either high bias or high variance, as the sample size and the
structure of the loss function directly influence the training process. In this paper,
we propose a novel class of discriminative mutual information estimators based
on the variational representation of the f-divergence. We investigate the impact of
the permutation function used to obtain the marginal training samples and present
a novel architectural solution based on derangements. The proposed estimator
is flexible since it exhibits an excellent bias/variance trade-off. The comparison
with state-of-the-art neural estimators, through extensive experimentation within
established reference scenarios, shows that our approach offers higher accuracy
and lower complexity.

1 Introduction

The mutual information (MI) between two multivariate random variables, X and Y, is a fundamental
quantity in statistics, representation learning, information theory, communication engineering and
biology [} 12} 34, 15]]. It quantifies the statistical dependence between X and Y by measuring the
amount of information obtained about X via the observation of Y, and it is defined as

ey

pxy(x,y)
I(X, Y) = E(x,y)pry(x,y) |:10 :| .

px (X)py (y)

Unfortunately, computing /(X;Y) is challenging since the joint probability density function
pxy(x,y) and the marginals px (x), py (y) are usually unknown, especially when dealing with
high-dimensional data. Some recent techniques [0, [7] have demonstrated that neural networks can be
leveraged as probability density function estimators and, more in general, are capable of modeling
the data dependence. Discriminative approaches [8, 9] compare samples from both the joint and
marginal distributions to directly compute the density ratio (or the log-density ratio)

pxy (%,Y)
px (X)py (y)
We focus on discriminative MI estimation since it can in principle enjoy some of the properties

of implicit generative models, which are able of directly generating data that belongs to the same
distribution of the input data without any explicit density estimate. In this direction, the most

R(x,y) = @
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successful technique is represented by generative adversarial networks (@8IN3he adversarial
training pushes the discriminatbr(x) towards the optimum value

1
6 X) = Pdata (X) — : 3
( ) Pdata (X) + pgen (X) 1+ % ( )

Therefore, the output of the optimum discriminator is itself a function of the densitypgdie-puata ,
wherepgen andpgata are the distributions of the generated and the collected data, respectively.

We generalize the observation(@)) and we propose a family of MI estimators based on the variational
lower bound (VLB) of thef -divergencelll,[12]. In particular, we argue that the maximization of
anyf -divergence VLB can lead to a Ml estimator with excellent bias/variance trade-off.

Since we typically have access only to joint data poimtsy) pxy (X;y), another relevant
practical aspect is the sampling strategy to obtain data from the product of mamirialpy (y),

for instance via a shuf ing mechanism alohgrealizations ofY . We analyze the impact that the
permutation has on the learning and training process and we propose a derangement training strategy
that achieves high performance requiriig\ ) operations. Simulation results demonstrate that the
proposed approach exhibits improved estimations in a multitude of scenarios.

In brief, we can summarize our contributions over the state-of-the-art as follows:

» For anyf -divergence, we derive a training value function whose maximization leads to a
given MI estimator.

» We compare differert-divergences and comment on the resulting estimator properties and
performance.

» We study the impact of data derangement for the learning model and propose a novel
derangement training strategy that overcomes the upper bound on the Ml estiifidkion [
contrarily to what happens when using a random permutation strategy.

» We unify the main discriminative estimators into a publicly available code which can be
used to reproduce all the results of this paper.

2 Related Work

Traditional approaches for the Ml estimation rely on binning, density and kernel estiniaddth],
k-nearest neighborsl§], and ensemble-based models][ Nevertheless, they do not scale to
problems involving high-dimensional data as it is the case in modern machine learning applications.
Hence, deep neural networks have recently been leveraged to maximize VLBs on thg 1/8,[19].

The expressive power of neural networks has shown promising results in this direction although less
is known about the effectiveness of such estimatd@ especially since they suffer from either high

bias or high variance.

Discriminative approaches usually exploit an energy-based variational family of functions to provide
a lower bound on the Kullback-Leibler (KL) divergence. As an example, the Donsker-Varadhan
dual representation of the KL divergendd [21] produces an estimate of the Ml using the bound
optimized by the mutual information neural estimator (MINEJ][ Another VLB based on the KL
divergence dual representation introducedli§] Jeads to the NWJ estimator (also referred to as

f -MINE in [19]). Both MINE and NWJ suffer from high-variance estimates and to combat such a
limitation, the SMILE estimator was introduced (], where the authors proved that the estimate

of the partition function is the cause for high-variance in VLB estimators. SMILE is equivalent to
MINE inthe limit ! +1 . The Ml estimator based on contrastive predictive coding (CR2) [
provides low variance estimates but it is upper boundelbgX , resulting in a biased estimator.
Such upper bound, typical of contrastive learning objectives, has been recently analyzed in the context
of skew-divergence estimators [23].

Another estimator based on a classi cation task is the neural joint entropy estimator (NJEE) proposed
in [24], which estimates the MI as entropies subtraction.

Inspired by the -GAN training objective 25], in the following, we present a class of discriminative
Ml estimators based on tliedivergence measure. Conversely to what has been proposed so far in
the literature, wheré is always constrained to be the generator of the KL divergence, we allow for



any choice of . Differentf functions will have different impact on the training and optimization
sides, while on the estimation side, the partition function does not need to be computed, leading to
low variance estimators.

3 f -Divergence Mutual Information Estimation

The calculation of the Ml via a discriminative approach requires the density(3ti6rom(3), we
observe that (X ; Y) can be estimated using the optimum GAN discrimindlovhenpgam  Px Py
andpgen  Pxy . More in general, the authors i@%] extended the variational divergence estimation
framework presented irlB] and showed that anfy-divergence can be used to train GANSs. Inspired
by such idea, we now argue that also discriminative Ml estimators enjoy similar properties if the
variational representation dfdivergence functional®B¢ (PjjQ) is adopted.

In detall, letP andQ be absolutely continuous measures wix.and assume they possess densities
p andq, then thef -divergence is de ned as follows

z
- p(x)
D¢ (P = xX)f —= dx; 4
i (PjiQ) Xq( ) a) 4
whereX is a compact domain and the functibn R, ! R is convex, lower semicontinuous and
satisesf (1) =0.

In the following, we introducd -DIME, a class of discriminative mutual information estimators
(DIME) based on the variational representation offthaivergence.

Theorem 3.1. Let(X;Y ) pxy (X;y) be a pair of multivariate random variables. Let ) be

a permutation function such that vy( (y)jx) = py(y) andT : dom(X) dom(Y)! R. Let

f be the Fenchel conjugate bf: R, ! R, a convex lower semicontinuous function that satis es
f (1) = 0 with derivativef °. If J¢ (T) is a value function de ned as

Ji(M) = Exxy) pov xy) T X5y F T x5 (y) (5)

then
F(x;y) = argmax J; (T) = £0 P &i¥)_ 6
Gy =aremp D=1 5 opy 1) ©

and
1(X;Y)= lipime (X;Y) = E(x;y) pxy (X;y) log f Of(X;Y) : (7)

Theorem 3.1 shows that any value functibn of the form in(5), seen as the dual representation of a
givenf -divergenceD; , can be maximized to estimate the MI \i§. It is interesting to notice that
the proposed class of estimators does not need any evaluation of the partition term.

We propose to parametriZB(x;y) with a deep neural network of parameters and solve

with gradient ascent and back-propagation to obfain argmax J: (T ): By doing so, it is
possible to guarantee that, at every training iteratipthe convergence of tHe DIME estimator

f\n;meE (X;Y) is controlled by the convergence Bftowards the tight bound while maximizing
J¢ (T), as stated in the following lemma.

Lemma 3.2. Let the discriminatoiT ( ) be with enough capacity, i.e., in the non parametric limit.
Consider the problem

T = arg max J (T) (8)
whereJ; (T) is de ned as in(5), and the update rule based on the gradient descent method
TOD = 7 4 g (TM): 9)

If the gradient descent method converges to the global optiffiptine mutual information estimator
de ned in(7) converges to the real value of the mutual informatidX ; Y).



The proof of Lemma 3.2, which is described in the Appendix, provides some theoretical grounding
for the behaviour of MI estimators when the training does not converge to the optimal density ratio.
Moreover, it also offers insights about the impact of different functfolns the numerical bias.

It is important to remark the difference between the classical VLB estimators that follow a discrimi-
native approach and the DIME-like estimators. They both achieve the goal through a discriminator
network that outputs a function of the density ratio. However, the former models exploit the vari-
ational representation of the Ml (or the KL) and, at the equilibrium, use the discriminator output
directly in one of the value functions reported in Appendix B. The latter, instead, use the variational
representation ainyf -divergence to extract the density ratio estimate directly from the discriminator
output.

In the upcoming sections, we analyze the variande-DAME and we propose a training strategy

for the implementation of Theorem 3.1. In our experiments, we consider the case$ vwehitre
generator of: a) the KL divergence; b) the GAN divergence; c) the Hellinger distance squared. Due
to space constraints, we report in Sec. A of the Appendix the value functions used for training and
the mathematical expressions of the resulting DIME estimators.

4 Variance Analysis

In this section, we assume that the ground truth density Bigy) exists and corresponds to the

density ratio in(2). We also assume that the optimum discrimindt¢x;y) is known and already
obtained (e.g. via a neural network parametrization).

We de ne p}\, (x;y) andp} (x)p¥ (y) as the empirical distributions correspondingMoi.i.d.
samples from the true joint distributigrxy and toN i.i.d. samples from the product of marginals
Px Py , respectively. The randomness of the sampling procedure and the batcklisites uence

the variance of variational Ml estimators. In the following, we prove that under the previous
assumptionsf -DIME exhibits better performance in terms of variance w.r.t. some variational
estimators with a discriminative approach, e.g., MINE and NWJ.

The partition function estimatioEpQ P [R] represents the major issue when dealing with variational

MI estimators. Indeed, they comprise the evaluation of two terms (using the given density ratio), and
the partition function is the one responsible for the variance growth. The auth@@ chiaracterized

the variance of both MINE and NWJ estimators, in particular, they proved that the variance scales
exponentially with the ground truth MM 2 N

X5Y) 1
M:N €
Varp,, pxpv Inwa N
B M;N ; .
Jim- N Varp. pxpv Tmine e g, (10)

where

Inwy = Epy ogR+1]  Egy o [R]

Imine = Epy, [l0gR]  logEgy o [R]: (11)

To reduce the impact of the partition function on the variance, the autho2§]clgo proposed to
clip the density ratio betweesn ande leading to an estimator (SMILE) with bounded partition
variance. However, also the variance of the log-density Egixg [log R] in uences the variance of
the variational estimators, since it is clear that

M;N .
Varva Px Py IVLB Varpw Ep)"fY [lOQ |Q] ) (12)

a result that holds for any type of Ml estimator based on a VLB.

The great advantage 6£DIME is to avoid the partition function estimation step, signi cantly
reducing the variance of the estimator. Under the same initial assumptions(¥&)mwe can
immediately conclude that

M MIN .
Var,, lipive Varp,, oxpy lvig (13)
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where

lfoime = Epyw [log R] (14)
is the Monte Carlo implementation 6£DIME. Hence, thef -DIME class of models has lower
variance than any VLB based estimator (MINE, NWJ, SMILE, etc.).

Furthermore, we provide in Appendix C two supplementary results. Lemma 4.1 introduces an upper
bound on the variance of tHe DIME estimator, a result holding for any type of value functibn
Lemma 4.2, instead, characterizes the variance of the estimgtbt)iwhenX andY are correlated
Gaussian random variables. We found out that the variance is nite and we use this result to verify in
the experiments that the variancefeDIME does not diverge for high values of MI.

5 Derangement Strategy

The discriminative approach essentially compares expectations over botfxjoint pxy and
marginal(x;y) px py data points. Practically, we have access onljtoealizations of the joint
distributionpxy and to obtairN marginal samples gix py from pxy a shufing mechanism for
the realizations of is typically deployed. A general result ind] shows that failing to sample from
the correct marginal distribution would lead to an upper bounded MI estimator.

We study the structure that the permutation lafy) in Theorem 3.1 needs to have when numerically
implemented. In particular, we now prove that a naive permutation over the realizatignesfilts

in an incorrect VLB of the -divergence, causing the Ml estimator to be boundetbg{N ), where

N is the batch size. To solve this issue, we propose a derangement strategy.

Let the data pointéx;y) pxy beN pairs(x;;yi), 8i 2f 1;:::;Ng. The naive permutation of

actually a sample from the joint distribution. Viceversa, the derangementdenoted as (y), leads
to N new random pairéx;;y;) suchthat 6 j; 8i andj 2f 1, ;Ng. Such pairgx;;y;);i 6 ]
can effectively be considered samples frpg(X)py (Y). An example using these de nitions is
provided in Appendix D.1.3.

The following lemma analyzes the relationship between the Monte Carlo approximations of the VLBs
of thef -divergencel; in Theorem 3.1 using( ) and () as permutation laws.

(5). Letd; (T) andJ; (T) be numerical implementations &f (T) using a random permutation
and a random derangement pf respectively. Denote witK the number of pointyy, with

N K

J¢ (T) J¢ (T): (15)
Lemma 5.1 practically asserts that the value funclior{T) evaluated via a naive permutation of
the data is not a valid VLB of the-divergence, and thus, there is no guarantee on the optimality of
the discriminator's output. An interesting mathematical connection can be obtained when studying
J; (T) as a sort of variational skew-divergence estima®,[but this goes beyond the scope of this
paper.

The following theorem states that in the case of the KL divergence, the maximum (&) is
attained for a value of the discriminator that is not exactly the density ratio (as it should béXtgm
see Appendix A).

Theorem 5.2. Let the discriminatoD () be with enough capacity. L&t be the batch size arfd be

the generator of the KL divergence. Lk, (D) be de ned as

JkL (D)= Exiy) puv (xiy) 109 D Xy f log D x; (y) : (16)

Denote withK the number of indices in the same position after the permutation (i.e., the xed points),
and withR(x;y) the density ratio in2). Then,
NR(x;y)

KR(x;y)+ N K’ (7

D(x;y)=arg max J (D) =



(a) Derangement strategy. (b) Permutation strategy.

Figure 1: Ml estimate obtained with derangement and permutation training procedures, for data
dimensiond = 20 and batch siz&l = 128.

Although Theorem 5.2 is stated for the KL divergence, it can be easily extended todingrgence
using Theorem 3.1. Notice that if the number of indices in the same positisrequal to0, we fall
back into the derangement strategy and we retrieve the density ratio as output.

When we parametrizB with a neural network, we perform multiple training iterations and so we
have multiple batches of dimensidh. This turns into an average analysiskn We report in the
Appendix (see Lemma 5.4) the proof that, on aver&gés equal tol.

From the previous results, it follows immediately that the estimator obtained using a naive permutation
strategy is biased and upper bounded by a function of the batchisize

Corollary 5.3 (Permutation bound)Let KL-DIME be the estimator obtained via iterative optimiza-
tion ofJ ., (D), using a batch of sizN every training step. Then,

lvi bive = Exiy) puor (xiy) 109 IS(><§Y) < log(N): (18)

We report in Fig. 1 an example of the difference between the derangement and permutation strategies.
The estimate attained by using the permutation mechanism, showed in Fig. 1b, demonstrates Theorem
5.2 and Corollary 5.3, as the upper bound corresponditagtdN ) (with N = 128) is clearly visible.

6 Experimental Results

In this section, we rstly describe the architectures of the proposed estimators. Then, we outline the
data used to estimate the MI, comment on the performance of the discussed estimators in different
scenarios, also analyzing their computational complexity. Finally, we present the outcomes of the
self-consistency tests [20] over image datasets.

6.1 Architectures

To demonstrate the behavior of the state-of-the-art Ml estimators, we consider multiple neural network
architectures The word architecture needs to be intended in a wide-sense, meaning that it represents
the neural network architecture and its training strategy. In particular, additionally to the architectures

joint [19] andseparable[26], we propose the architectuderanged

Thejoint architecture concatenates the sampl@sdy as input of a single neural network. Each

N(N 1) samplegx;;y;);8i;j 2f1;:::;Ng, withi 6 j.

Theseparablearchitecture comprises two neural networks, the former fed in Mittealizations of

X, the latter withN realizations ofY . The inner product between the outputs of the two networks is
exploited to obtain the MI estimate.

The proposederangedarchitecture feeds a neural network with the concatenation of the samples
x andy, similarly to the joint architecture. However, the deranged one obtains the samples of
px (X)py (y) by performing a derangement of the realizatigrin the batch sampled fropky (X;Vy).

Such diverse training strategy solves the main problem of the joint architecture: the dif cult scalability
to large batch sizes. For large value\bfthe complexity of the joint architecture is N 2), while



the complexity of the deranged one(sN ). NJEE utilizes a speci ¢ architecture, in the following
referred to asd hoc comprising2d 1 neural networks, wherg is the dimension oK . | yjeg
training procedure is supervised: the input of each neural network does not includeahgles.
All the implementation detailsare reported in Appendix D.

6.2 Complex Gaussian and non-Gaussian distributions

We benchmark the proposed class of MI estimators on two settings utilized in previous papers
[11, 20]. In the rst setting (calledGaussiar), a multidimensional Gaussian distribution is sampled

to obtainx ﬁndn samples, independently. Thenjs obtained as linear combination xfandn:

y = x+ 1 2n,where is the correlation coef cient. In the second setting (referred to
ascubic), the nonlinear transformation 7! y?2 is applied to the Gaussian samples. The true Ml
follows a staircase shape, where each step is a multiflehafs. Each neural network is trained

for 4k iterations for each stair step, with a batch sizé4samplesil = 64). The tested estimators
are:Ingee ,Ismite ( =1),lean biMe ,lup bpime . lkL oime , andlcpc, asillustrated

in Fig. 2. The performance dfyine , Inw3 , @andlsyite (= 1) is reported in Sec. D of the
Appendix, since they exhibit lower performance compared to both SMILE aDtME. In fact, all

thef -DIME estimators have lower variance comparedys&ne , Inwy , andlsye (= 1),

which are characterized by an exponentially increasing variance(18¢eTab. 2, Fig. 9, and

Fig. 6 in the Appendix). In particular, all the estimators analyzed belonging tb-DEME class
achieve signi cantly low bias and variance when the true Ml is small. Interestingly, for high target
M, different f -divergences lead to dissimilar estimation properties. For largeé M|, pive is
characterized by a low variance, at the expense of a high bias and a slow rise time. Contrarily,
lup pive attains a lower bias at the cost of slightly higher variance wyt. pime . Diversely,

Ilecan pime achieves the lowest bias, and a variance comparablgsto pywe . Additional results

con rming the estimators' behavior whethandN vary, including experiments with high data
dimensionality, are reported and described in Appendix D.

Ingeg Obtains an estimate which is highly biased, and variance comparabiBWIE. | cpc is
upper-bounded bipg(N). The Ml estimates obtained wilyy.e andlgan pivMe appear to
possess similar behavior, although the value functions of SMILE and GAN-DIME are structurally
different. The reason whisyLe is almost equivalent tbgany pime  resides in their training
strategy, since they both minimize the saimdivergence. Looking at the implementation of SMILE
2,in fact, the network's training is guided by the gradient computed using the Jensen-Shannon (JS)
divergence (a linear transformation of the GAN divergence). Given the trained network, the clipped
objective function proposed ir2{] is only used to compute the Ml estimate, since when (29) is
used to train the network, the Ml estimate diverges (see Fig. 7 in Appendix D). However, with the
proposed class df-DIME estimators we show that during the estimation phase the partition function
(clipped in [20]) is not necessary to obtain the Ml estimate.

We test our estimators over additional complex Gaussian data transformations (half-cube, asinh, and
swiss roll mappings, Fig. 3) and non-Gaussian distributions (uniform and student distributions, Fig. 4)
as suggested ir2[7]. The half-cube mapping is used to lengthen the tails of the Gaussian distributions.
The inverse hyperbolic sine (asinh) mapping shortens the tails of the Gaussian distributions. These
two transformations are applied to the same scenario of the Gaussian and cubic already present in
our paper. The swiss roll mapping increases the dimensionality of the data distribution (from two to
three dimensions) and it is usually used to test dimensionality reduction techniques. It considers two
Gaussian random variables that are transformed into uniform random variables via the probability
integral transform, the same pre-processing approach utilize&8jnd estimate the MI. The swiss

roll mapping is applied to th&¥ uniform random variable. The stairs plots are obtained by varying

the correlation between the initial Gaussian distributions. The uniform case estimates the Ml of the
summation of two uniform random variable0; 1) andU( ; ), where we vary the parameter
modifying the true MI. The student scenario analyzes the case of a multivariate student distribution
with dispersion matrix chosen to be the identity matrix and degrees of freddoim this scenario,

we varyd , implying a variation of the target MI. For the transformed Gaussian scenarios showed
in Fig. 3 GAN-DIME attains the best performance in terms of low bias and variance. Among the

'Our implementation can be foundtatps://github.com/tonellolab/fDIME
2https://github.com/ermongroup/smile-mi-estimator



non-Gaussian settings depicted in Fig. 4, KL-DIME and GAN-DIME outperform the other methods,
exhibiting low bias and exceptionally low variance.

Figure 2. Staircase MI estimation comparisondot 5 andN = 64. TheGaussiarcase is reported
in the top row, while theubiccase is shown in the bottom row.

Figure 3: Staircase MI estimation comparisondor 5 andN = 64. Top: Half-cube scenario.
Middle: Asinh scenario. Bottom: Swiss roll scenario.

Figure 4: Staircase MI estimation comparisondor 1 andN = 64. Top row: Uniform scenario.
Bottom row: Student scenario

A schematic comparison between all the MI estimators is reported in Tab. 6 in Sec. D of the
Appendix, wherdgan  pive IS proposed as the best estimator, because of its low bias, variance
and robustness to the changad@ndN . WhenN andd vary, in fact, the class df-DIME estimators

proves its robustness (i.e., maintains low bias and variance), as represented in Figs. 2, and 10, and 11
in the Appendix. For instancégan pime  attains low bias in all the three scenarios, and limited
variance which decreasesMsincreases (see also Fig. 15 in Appendix D.1). Differently, the behavior



Figure 5: Time requirements comparison to complete the 5-step staircase MI. From the left, the rst
and second behaviors vary over the batch size. The last one varies over the probability distribution
dimension.

of Icpc strongly depends oN , signi cantly impacting its bias. Therefore, unless the batch size is
considerably largd,cpc estimate is not reliabldnjgg  attains higher bias whed increases and,
even more severely, whehdecreases (see Fig. 2).

Computational Time Analysis

A fundamental characteristic of each algorithm is the computational time. The computational time
analysis is developed on a server with CPU "AMD Ryzen Threadripper 3960X 24-Core Processor”
and GPU "MSI GeForce RTX 3090 Gaming X Trio 24G, 24GB GDDR6X".

Before analyzing the time requirements to completebiseep Ml staircases, we specify two different
ways to implement the derangement of theealizations in each batch.

Random-based The trivial way to achieve the derangement is to randomly shuf e/teéements

of the batch until there are no xed points (i.e., all theealizations in the batch are assigned to a
different position w.r.t. the starting location).

the deranged samples@s; Y i+1)% n ), Where "%” is the modulo operator.

Although the MI estimates obtained by the two derangement methods are almost indistinguishable,
all the results showed in the paper are achieved by using the random-based method. Additionally, we
demonstrate the time ef ciency of the shift-based approach.

The time requirements to complete the 5-step staircase MI when varying the batshaigeeported

in the left and center graphics of Fig. 5. The in uence of the Ml estimator objective functions in the
algorithm's time requirements is marginal, while the architecture type is the impactful component.
As discussed in Sec. 6.1, the deranged strategy is remarkably faster than the joinNoimes=ases.

More in general, the architectures deranged and separable are signi cantly faster w.r.t. the joint
and NJEE ones, for a given batch siteand input distribution sizd. The need of the separable
architecture to use two neural networks implies that wReis signi cantly large, the deranged
implementation is much faster than the separable one. The central graph in Fig. 5 illustrates a detailed
representation of the time requirements of these two architectures to complBistdpestairs. As

N increases, the gap between the time needed by the architectures deranged and separable grows,
demonstrating that the former is the fastest. For example, @heB0 andN = 30k, Igan DpiME

needs aboud5 minutes when using the architecture separable, but bhiyinutes when using the
deranged one and less thaminutes for the shift-based deranged architecture.

Ingee IS evaluated with its own architecture, which is the most computationally demanding, because
it trains a number of neural networks equaltb 1. Thus,In;ee can be utilized only in cases
where the time availability is orders of magnitude higher than the other approaches considered.
The time requirements to complete the 5-step staircase Ml when varying the multivariate Gaussian
distribution dimensiom are reported in the right-side part of Fig. 5. Wheis large, the training of

Injee fails due to memory requirement problems. For example, our hardware platform does not
allow the usage ofl > 30.

6.3 Self-Consistency Tests

To demonstrate the utility df-DIME in non-Gaussian scenarios, we investigated the three self-
consistency tests developed 0] over images datasets using all the estimators previously described,
exceptl yjee  (for dimension constraints). THeDIME estimators satisfy two out of the three tests,



as discriminative approaches tend to be less precise when the Ml is high, in accordan@8jwith [
We report the description of tests and results in Appendix D.

7 Conclusions

In this paper, we presentédDIME, a class of discriminative mutual information estimators based

on the variational representation of thalivergence. We proved that any valid choice of the function

f leads to a low-variance MI estimator which can be parametrized by a neural network. We also
proposed a derangement training strategy that ef ciently samples from the product of marginal

distributions. The performance btDIME is evaluated using three functiohsand it is compared

with state-of-the-art estimators. Results demonstrate excellent bias/variance trade-off for different
data dimensions and different training parameters.
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A Appendix: DIME Estimators

In this section, we provide a concrete list of DIME estimators obtained using three different
divergences. In particular, we maximize the value function de ned in (5)

Jt(T)= By pev xiy) T X5y F 0 T x5 (y)

overT or its transformation. By doing that, and using (7),
0
|(X,Y): ltDIME (X,Y): E(x;y) pxy (X:y) |Og f f(X,y) i

we obtain a list of three different Ml estimators. The list is used for both commenting on the impact
of thef function, referred to as the generator function, and for comparing the estimators discussed in
Sec. 2.

We consider the cases wheris the generator of:

a) the KL divergence;
b) the GAN divergence;
c) the Hellinger distance squared.

We report below the derived value functions and the mathematical expressions of the proposed
estimators.

A.1 KL divergence

The variational representation of the KL divergent#] Jeads to the NWJ estimator {28) when
f (u) = ulog(u). However, since we are interested in extracting the density ratio, we apply the
transformationT (x) = log( D (x)). In this way, the lower bound introduced in (5) reads as follows

JkL (D) = Exiy) puv (xiy) 109 D Xy Exiy) pxopv(y) D X5y +1; (19)

which has to be maximized over positive discriminators). As remarked before, we do not use
JkL during the estimation, rather we de ne the KL-DIME estimator as

Ikt obime (X;Y) = Exiy) po (xyy) lOQ D(xy) (20)

due to the fact that
Pxy (X;y) .

ox 0Py (y) @D

D(x;y)=arg max J k. (D) =

A.2 GAN divergence

Following a similar approach, it is possible to de igu) = ulogu (u+1)log(u+1)+log4
andT (x) =log(l D(x)). We derive from Theorem 3.1 the GAN-DIME estimator obtained via
maximization of

Joan (D) = Exy) pev (xyy 1091 D X5y + Egxyy) pxpopv (y) 109 D X3y +log(4) :
(22)

In fact, at the equilibrium we recover (3), hence

1 D(xy)

23
B(x;y) 23)

lean bpiMe (X;Y):= Exiy) pxv (xiy) 109
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A.3 Hellinger distance

The last example we consider is the generator of the Hellinger distance sdajed( P u 1)
with the change of variabl€(x) =1  D(x). After simple manipulations, we obtain the associated
value function as

1
Jwo (B) =2 Eoay) oo 0 D XY Boay) peoom ) By - 4
which is maximized for
s

B(x;y)=argmax Jyp (D)= X UUPYEY) (X)pY(y); 25
(x;y) =argmax Jup (D) oy (XY) (25)

leading to the HD-DIME estimator

1

I X5Y) = Exyy pwy (xiy) 100 o - 26
Ho pIME ( ) (xiy) pxv (xiy) 109 B2(x:y) (26)

Given that these estimators comprise only one expectation over the joint samples, their variance has
different properties compared to the variational ones requiring the partition term such as MINE and
NWJ.

B Appendix: Related Work Mutual Information Estimators

In this section, we provide a detailed description of the formulas of the Ml estimators we summarized
in Sec. 2.

B.1 MINE

The Donsker-Varadhan dual representation of the KL divergeht;e2l] produces an estimate of the
MI using the bound optimized by the mutual information neural estimator (MINE) [19]

e OGY) =500 By ey o7 O] 1000y o ope oo’ “Di - 27)

where 2  parameterizes a family of functiods : X Y ! R through the use of a deep neural
network. However, the logarithm before the expectation in the second term renders MINE a biased
estimator. To avoid biased gradients, the authord #hguggested to replace the partition function

Epx py [€7 ] With an exponential moving average over mini-data-batches.

B.2 NWJ

Another VLB is based on the KL divergence dual representation introducddjifdlso referred to
asf -MINE in [19])

Inwa (X5Y) = Sgp Eciy) por [T SV Egcy) px oy [€7 ) 1 (28)

Although for a xed T MINE provides a tighter bountlyne Inwyg , the NWJ estimator is
unbiased.

B.3 SMILE

Both MINE and NWJ suffer from high-variance estimations and to combat such a limitation, the
SMILE estimator was introduced in [20]. It is de ned as

Ismite (X;Y)= sup Eciy) por ) [T CGY] 109Exy) px cypy () [Clip(e” *¥se 5 )));

(29)
whereclip(v; I; u) = max(min( v;u); 1) and it helps to obtain smoother partition functions estimates.
SMILE is equivalent to MINE in the limit ! +1 .
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B.4 CPC

The MI estimator based on contrastive predictive coding (CPC) [22] is de ned as

1 X el (xityi)
lepe (X3Y) = Biiy) pon i) iy 109 TP S0y
i=1 N j=1 € i

; (30)

whereN is the batch size anpky.y denotes the joint distribution df i.i.d. random variables
sampled frompxy . CPC provides low variance estimates but it is upper boundédddiyl , resulting
in a biased estimator.

B.5 NJEE

The neural joint entropy estimator (NJEE) proposedif [s based on a classi cation task. L&t

be them-th component oK , withm  d andN the batch sizeX ¥ is the vector containing the rst

k components oX . LetHy (X 1) be the estimated marginal entropy of the rst component$ in
and letG _ (XmjX™ 1) be a neural network classi er, where the inpukig" * and the label used
is X . If CE() is the cross-entropy function, then the Ml estimator based on NJEE is de ned as

xd xd
Inoee (X;Y)= An(X)+  CEG , (XmiX™ %)) CE(G , (XmjY;X™ 1); (31)
m=2 m=1
where the rst two terms of the RHS constitutes the NJEE entropy estimator.

C Appendix: Proofs of Lemmas and Theorems

C.1 Proof of Theorem 3.1

Theorem 3.1. Let(X;Y ) pxy (X;y) be a pair of multivariate random variables. Le( ) be

a permutation function such that vy( (y)jx) = py(y) andT : dom(X) dom(Y)! R. Let

f be the Fenchel conjugate bf: R, ! R, a convex lower semicontinuous function that satis es
f (1) = 0 with derivativef °. If J¢ (T) is a value function de ned as

Jf(T): E(x;y) pxy (x:y) T xXyy f T X3 (y) ; (32)

then x:y)
f(x:y) = argmax J¢ (T) = £0 XX XY 33
Gy =aremep e D=1 5 opy 1) 3

and

L(X;Y) = Tiome (X5Y) = Epeyy po iy 09 F 2 T0OGY) (34)

Proof. From the hypothesis, the value function can be rewritten as
Je (T) = Exiy) pev xiy) T X3Y Exy) px 0pv (1) f Txy : (35)

The thesis follows immediately from Lemma 1 4. Indeed, thd -divergenceD¢ can be expressed
in terms of its lower bound via Fenchel convex duality

Dr (PiiQ) sup Ex p) T(X)  Ex g f T(X) (36)
whereT : X ! Randf isthe Fenchel conjugate 6fde ned as
f (t):=supfut f(u)g: (37)
u2R

Therein, it was shown that the bound(B86) is tight for optimal values of (x) and it takes the
following form
too=fo P 38
0= 10 (39)
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wheref %is the derivative of .
The MI'1 (X ;Y) admits the KL divergence representation

I(X;Y)= Dk (Pxy jipx Pv); (39)

and since the inverse of the derivativefofs the derivative of the conjugate , the density ratio can
be rewritten in terms of the optimum discriminafor

0 1 fryev) = f Ofrxey) = Pxy (X5Y) .
Ty = T = ey ) 0

f -DIME nally reads as follows

IfDIME (X;Y): E(x;y) pxy (X;y) loQ f Of(X;Y) . (41)

C.2 Proof of Lemma 3.2

Lemma 3.2. Let the discriminatoiT ( ) be with enough capacity, i.e., in the non parametric limit.
Consider the problem

T = arg max J (T) (42)
where
I (M= Eoay) o i) TXY  Bxy) peoopey 0T Xy (43)
and the update rule based on the gradient descent method
TO = 7™M+ g (TM): (44)

If the gradient descent method converges to the global optiffiptine mutual information estimator
0
l (X ;Y) = IfDIME (X ;Y) = E(x;y) pxy (x:y) |Og f f(X;Y) . (45)
converges to the real value of the mutual informatigX ; Y).

Proof. For convenience of notation, let the instantaneous MI be the random variable de ned as

Pxy (X;Y)
Px (X)py (Y)
It is straightforward to notice that the Ml corresponds to the expected valifX ¢fY' ) over the joint

distributionpxy . The solution tq42)is given by(6) of Theorem 3.1. Let(™ = T T(" pe the
displacement between the optimum discriminataand the obtained oriE(™) at the iteratiom, then

i(X;Y):=log (46)

fwome (X;Y)=log f °TM(x;y) =log RM(x;y) ; (47)

whereR( (x;y) represents the estimated density ratio atrtkh iteration and it is related with the
optimum ratioR(x;y) as follows

R RM= ¢ °f ¢ %7
=f °ft ¢ °f ™

o O o (48)
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where the last step follows from a rst order Taylor expansioitin (") Therefore,

Toiome  (X;Y)=log RM |

00 :
f of M
=log R 1 ™
g f O_ﬁ '
£
=i(X;Y)+log 1 ™ — (49)
f T
If the gradient descent method converges towards the, optimum soﬁtidﬂ; ! Oand
R £ o0 m
Insoive  (X;Y) " i(X;Y) () 0 ax
) f -1
g oop”
ix;y)y M
( ) f O.fx
#
=ix;y) %Iogf %) ; (50)
T=1

where the RHS is itself a rst order Taylor expansion of the instantaneous I in the asymptotic
limit(n! +1),itholds also for the expected values that

TG Y)  fome (X3Y)j! O (51)
O

C.3 Proofof Lemma 4.1

Lemma4.1. LetR = pxy (X;y)=(px (X)pv (y)) and assum¥ar,,, [logR] exists. Lep), be the
empirical distribution oM i.i.d. samples fronpxy and letEyw denote the sample average over

p¥, . Then, under the randomness of the sampling procedure, it holds that

4H2(pxy spxpy) R, 13(X;Y)

Varp,, Egy [logR] v (52)
whereH ? is the Hellinger distance squared de ned as
P p_——?
H2(p:d) = p(x) q(x) dx; (53)
X
and the in nity norm is de ned a§f (x)jj1 = supy,gr]f (X)j.
Proof. Consider the variance &(x;y) when(x;y) pxy (X;y), then
- Pxy Pxy
Vary,, [logR] = E,,, log Dy P Epx log D By (54)

The power of the log-density ratio is upper bounded as follows (see the approach of Lemma 8.3 in
[29])

Pxy Pxy

E,, lo 4H? ; ; 55
p ngpY (Pxy ;Px Pv) PPy . (55)

while the mean squared is the ground-truth Ml squared, thus
Var,,, ogR]  4H2(pxy ipcPy) X 12(X;Y); (56)

Px Py 1

Finally, the variance of the mean bf i.i.d. random variables yields the thesis
4H?%(pxy ;Px Py) X 12(X;Y)
_ Var,, [logR] Px Py

Varp,, Eg [logR] = XYM N L (57)
O
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C.4 Proof of Lemma 4.2

Lemma 4.2. LetR be the optimal density ratio and I8¢ N (0; 2)andN N (0; 2) be
uncorrelated scalar Gaussian random variables such that X + N. Assumevar,,, [log R]
exists. Lepl, be the empirical distribution d¥1 i.i.d. samples fronpxy and IetEphXAY denote the

sample average ove/, . Then, under the randomness of the sampling procedure, it holds that

1 e 21(X:Y)

M (58)

Varp,, Epy [logR] =

Proof. From the hypothesis, the density ratio can be rewritteR @ py (y  X)=py (y) and the
output variance is clearly equaltg = 2 + 2. Notice that this is equivalent of having correlated
random vaﬁiablex andY with correlation coef cient , since it is enough to study the case =

and y = 1 2,
It is easy to verify via simple calculations that

1 (X;Y)= Epy [logR]

2 2
—log Y+ E y (y x)
Og N Pxy 2$ 2'%‘
1 2 1
= =log-—"“=Z>log 1+ %X = Zlogl1 2 59
og —- = 5log 2 5109 (59)
Similarly,
2 2 2
Var,, logR = E,, log —- +2 (v ZX) 12(X:Y)
N 2 \% 2 N
1 4 4 2 2
= 7pry u + L 2 L y X
4 N Y Y N
1 R %
= = Kurt[lZ] = —% -
2 2§ 2%
)2( l%l 21 (XY 2
= X=1 Nog ezxinz oz (60)
Y Y

where the last steps use the fact that the Kurtosis of a normal distributtcemia that the MI can be
expressed as i(b9). Finally, the variance of the mean bf i.i.d. random variables yields the thesis

Varp,, [logR].

Vary,, Epy [logR] = (61)

M
If X andN are multivariate Gaussians with diagonal covariance matritks 4 and(1 My d
the results for both the Ml and variance in the scalar case are simply multiplied by O

C.5 Proofof Lemma5.1

(5). Letd; (T) andJ; (T) be numerical implementations &f (T) using a random permutation
and a random derangement @f respectively. Denote witK the number of pointyy, with

K

J¢ (T) Je (T): (62)

N

Proof. De ne J; (T) as the Monte Carlo implementation &f (T) when using the permutation
function ()

N X
Je (T) = N Txivyi) - F Ty (63)
i=1 i=1
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where the pai(x;;y;) is obtained via a random permutation of the elementg atj = (i),
8i 2f1;:::;Ng. SinceK is a non-negative integer representing the number of xed points (i),
the value function can be rewritten as

1 1 X 1 XK
Ji (T) = N T(Xi;Yi) N f o T(Xiyi) N f T(Xi;yjei) s  (64)
i=1 i=1 i=1
which can also be expressed as
1 X 1 XK 1 X 1 XK
Je (T) = N T(Xi;yi)"'ﬁ T(Xi;Yi) N o T(Xiyi) N f T(Xi;yjei) :
i=1 i=1 i=1 i=1

(65)
In (65)it is possible to recognize that the second and last term of the RHS constitutes the numerical
implementation ofl s (T) using a derangement strategyln K elements, so that

1 X 1 X N K
Ji (T) = N T(Xi;yi) N foT(xiyi) + J¢ (T): (66)
i=1 i=1
However, by de nition of Fenchel conjugate
1 X
N T(xizyi) £ TXxiyi) 0 (67)
i=1
since fort = 1
u f (u u (u f@)=f~f@A)=0: (68)
Hence, we can conclude that
N K
J¢ (T) T‘]f (T): (69)

C.6 Proof of Theorem 5.2

Theorem 5.2. Let the discriminatoD () be with enough capacity. L&t be the batch size arfdbe
the generator of the KL divergence. Lkt, (D) be de ned as

JkL (D)= Exy) puv (xiy) 109 D Xy f log D x; (y) : (70)

Denote withK the number of indices in the same position after the permutation (i.e., the xed points),
and withR(x; y) the density ratio in(2). Then,

NR(X;y)
KR(x;y)+ N K

D(x;y) =argmax Jy (D)= (71)

Proof. The idea of the proof is to expredg, (D) via Monte Carlo approximation, in order to
rearrange xed points, and then go back to Lebesgue integration. The value fudgtiofD) can be
written as

Ik (D)= Epyy pxv (i) 109 DOGY)  Ey) pcoopv vy B X3y +10 (72)

Similarly to (64), we can expresk, (D) as

1 X 1 X 1 XK
J D)= & log D(xity)) o DOiyi) D(xi;yjei)+1;  (73)
i=1 i=1 i=1
whereK is the number of xed points of the permutatipr= (i);8i 2 f 1;:::; Ng. However,
whenN 11 we cag uge Lebesgue integration and rewrite (73) as

Jx (D)= Pxy (X;y)log D(x;y) %va (X;y)D(x;y) dxdy

X5y
2’7
N K

N

px (X)py (Y)D(x;y)dx dy +1: (74)
Xy
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To maximized , (D), it is enough to take the derivative of the integrand with respeEt tind
equate it td), yielding the following equation i

pxy (X;y) K . N K
DX;y) N Pxy (X;Y) N

Solving forD leads to the thesis

px (X)py (y) =0: (75)

NR(x;y)
D(x;y) = 76
V)= KRGy * N K (76)
sinced . (D) is a maximum being the second derivative wihta non-positive function. O

C.7 Proof of Corollary 5.3

Corollary 5.3 (Permutation bound)Let KL-DIME be the estimator obtained via iterative optimiza-
tion ofJ, (D), using a batch of sizW every training step. Then,

lvt bive = Exiy) puor (xiy) 109 D(x;y) < log(N): (77)

Proof. Theorem 5.2 implies that, when the batch size is much larger than the densitiNratio R ),
then the discriminator's output converges to the density ratio. Indeed,

Jim D(x;y) = Jm KR()I(\I;I;)():}II\I) k= ROGY): (78)

Instead, when the density ratio is much larger than the batchRize(N ), then the discriminator's
output converges to a constant, in particular

. L NR(x;y) _ N,
Jim Dexiy) = Jim KROGY)+ N K K-

(79)

However, from Lemma 5.4, it is true thEt = 1 on average. Therefore, an iterative optimization
algorithm leads to an upper-bounded discriminator, since

Bx;y) <N; (80)
which implies the thesis. O
C.8 Proof of Lemmab5.4

Lemma 5.4(see BQ]). The average number of xed points in a random permutatién is equal to
1.

Proof. Let () be a random permutation éd;:::; Ng. Let the random variabl¥ represent the
number of xed points (i.e., the number of cycles of len@tof (). WedeneX = X3+ X, +
+ Xn, WhereX; =1 when (i) = i, and0 otherwise.E[X ] is computed by exploiting the
linearity property of expectation. Trivially,
. . 1
ElXil=PL () =1]= (81)
which implies
X
E[X]= —=1: (82)
N
i=1
O
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Table 1: Neural architectures comparison.

I Joint \ Separable \ Deranged
Input H N pairs(x;y)  Pxy N pairs(x;y) pxy | N pairs(x;y) pxy
N(N 1)pairs(x;y) pxPy | N pairs(x;y) pxPy | N pairs(x;y) px Py
Nr. NNs || 1 \ 2 \ 1
Complexity || (N3 \ ( N) \ ( N)

D Appendix: Experimental Details

D.1 Multivariate Linear and Nonlinear Gaussians Experiments

In this section, we show supplementary results for the linear and cubic Gaussian experiments. The
implemented neural network architectures gomt, separablederangedand the architecture of
NJEE, referred to aad hoc See Tab. 1 for a schematic about the architectures.

Joint architecture. Thejoint architecture is a feed-forward fully connected neural network with an
input size equal to twice the dimension of the samples distribuid)) 6ne output neuron, and two
hidden layers o256 neurons each. The activation function utilized in each layer (except from the last
one) is ReLU. The number of realizations ¢ ) fed as input of the neural network for each training
iteration isN 2, obtained as all the combinations of the samplemdy drawn frompyy (X;y).

Separable architecture Theseparablearchitecture comprises two feed-forward neural networks,
each one with an input size equaldpoutput layer containin§2 neurons an@ hidden layers with
256neurons each. The ReLU activation function is used in each layer (except from the last one). The
rst network is fed in withN realizations oX , while the second one witN realizations ofY .

Deranged architecture Thederangedarchitecture is a feed-forward fully connected neural network
with an input size equal to twice the dimension of the samples distribl@@ngne output neuron,

and two hidden layers &f56 neurons each. The activation function utilized in each layer (except
from the last one) is ReLU. The number of realizatioxisy() the neural network is fed with &N

for each training iterationN realizations drawn frompxy (X;y) andN realizations drawn from

px (X)py (y) using the derangement procedure described in Sec. 5.

The architecturelerangeds not used fot cpc because i§30) the summation at the denominator of

the argument of the logarithm would require neural network predictions corresponding to the inputs

Ad hoc architecture. The NJEE MI estimator comprised 1 feed-forward neural networks.
Each neural network is composed by an input layer with size betivead2d 1, an output layer
containingN  k neurons, wittk 2 N small, and 2 hidden layers wigb6 neurons each. The ReLU
activation function is used in each layer (except from the last one). We implemented a Pgtrch [
version of the code produced by the authors2dl F, to unify NJEE with all the other MI estimators.

Each neural estimator is trained using Adam optimi3&},[with learning rates 10 4, ; =0:9,
2 = 0:999 The batch size is initially set td = 64.
For theGaussiarsetting, we sample 20-dimensional Gaussian distribution to oBtaiandn samples,
independently. Then, we computeas linear combination of andn:y = x+ 1  2n,where
is the correlation coef cient. For theubicsetting, the nonlinear transformatign7! y?2 is applied
to the Gaussian samples. During the training procedure, dkeitgrations, the target value of the
Ml is increased by nats, for 5 times, obtaining a target staircase witsteps. The change in target
Ml is obtained by increasing, that affects the true Ml according to

I(X:Y)= glog(l 2. (83)

3https://github.com/YuvalShalev/NJEE
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Figure 6: NWJ, SMILE ( = 1 ), and MINE MI estimation comparison witth= 20 andN = 64.
TheGaussiarsetting is represented in the top row, while thebicsetting is shown in the bottom row.

D.1.1 Supplementary Analysis of the MI Estimators Performance

Additional plots reporting the MI estimates obtained from MINE, NWJ, and SMILE with1 ,
are outlined in Fig. 6. The variance attained by these algorithms exponentially increases as the true
MI grows, as stated in (10).

We report in Fig. 7 the behavior we obtained fgf; e when the training of the neural network is
performed by using the cost function(®9). The training diverges during the rst steps wherr 1

and =5. Differently, when = 1 ,Igy e corresponds tbyne (without the moving average
improvement), therefore the Ml estimate does not diverge. Interestingly, by compaging

( = 1) trained with the JS divergence and with the MINE cost function (in Fig. 6 and Fig. 7,
respectively), the variance of the latter case is signi cantly higher. Hence, the JS maximization trick
seems to have an impact in lowering the estimator variance.

D.1.2 Analysis for Different Values ofd and N

The class of -DIME estimators is robust to changesdmandN , as the estimators' variance decreases
(see(58) and Fig. 15) whemN increases and their achieved bias is not signi cantly in uenced by

the choice ofd. Differently, | yjee andlcpc are highly affected by variations of those parameters,

as described in Fig. 2 and Fig. 10. More precisélyc is not strongly in uenced by a change

of d, but the bias signi cantly increases as the batch size diminishes, since the upper bound lowers.
Injee achieves a higher bias both whélecreases and whéh increases w.r.t. the default values

d = 20;N = 64. In addition, wherd is large, the training ofyjge is not feasible, as it requires

a lot of time (see Fig. 5) and memory (as a consequence of the large number of neural networks
utilized) requirements. In addition, Fig. 8 illustrates that the time complexity of the joint architecture

is ( N?), while the complexity of the deranged architecture it ).

We show the achieved bias, variance, and mean squared error (MSE) corresponding to the three
settings reported in Fig. 2, 10, and 11 in Fig. 12, 13, and 14, respectively. The achieved variance
is bounded when the estimator usedlis pime Orlcpc - In particular, Figs. 12, 13, 14, and 15
demonstrate thdk, pme Satis esLemma4.2.

Additionally, we report the achieved bias, variance and MSE wher20 andN varies according to

Tab. 3. We use the notatidwh = [512; 1024]to indicate that each cell of the table reports the values
corresponding ttN =512 andN = 1024, with this speci ¢ order, inside the brackets. Similarly, we
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@ =1 (b) =5 © =1

Figure 7:IsviLe behavior for different values of, when the JS divergence is not used to train the
neural network. Th&aussiarcase is reported in the top row, while tbgbiccase is reported in the
bottom row.

Figure 8: Time requirements comparison to completebtseep staircase Ml over the batch size.
Linear scale.
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Table 2: Variance comparison between the VLB MI estimatorsfadME, using the joint architec-
ture, wherd = 5 andN = 64, for the Gaussian setting.

MI 2 4 6 [} 10
NWJ 0.05 0.13 0.69 534 9.48
MINE 005 0.11 039 173 17.10

SMILE( =1)| 005 011 032 1.40 8.89
GAN-DIME ~ | 0.05 0.08 013 024 0.69
HD-DIME 0.05 008 012 020 057
KL-DIME 0.04 0.06 0.06 006 0.0

Figure 9: Variance bar plots between the VLB Ml estimatorsfa@lME, using the joint architecture,
whend =5 andN = 64, for the Gaussian setting.

show the attained bias, variance, and MSEder[5; 10]andN = 64 in Tab. 5. The achieved bias,
variance and MSE shown in Tab. 3 and Tab. 5 motivate that the clds®@¥IE estimators attains
the best values for bias and MSE. Similatly, pume obtains the lowest variance, when excluding
Icpc from the estimators comparisoltéc should not be desirable as it is upper bounded). The
illustrated results are obtained with tf@nt architecture (except for NJEE) because, when the
batch size is small, such an architecture achieves slightly better results thagerahgedone, as it
approximates the expectation over the product of marginals with more samples.

The variance of thé-DIME estimators achieved in the Gaussian setting wkeranges front4
to 1024is reported in Fig. 15. The behavior shown in such a gure demonstrates what is stated in
Lemma 4.1, i.e., the variance of theDIME estimators varies aﬁ

Figure 10: Staircase MI estimation comparisondor 20 andN = 1024. TheGaussiarcase is
reported in the top row, while theubiccase is shown in the bottom row.
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Figure 11: Staircase MI estimation comparisondos 20 andN = 64. The Gaussiancase is
reported in the top row, while theubiccase is shown in the bottom row.

Figure 12: Bias, variance, and MSE comparison between estimators, using the joint architecture for
the Gaussiarcase withd = 20 andN = 64.

Figure 13: Bias, variance, and MSE comparison between estimators, using the joint architecture for
the Gaussiarcase withd =5 andN = 64.

Figure 14: Bias, variance, and MSE comparison between estimators, using the joint architecture for
the Gaussiarcase withd = 20 andN = 1024.
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Figure 15: Variance of the-DIME estimators corresponding to different values of batch size.

Table 3: Bias (B), variance (V), and MSE (M) of the MI estimators using the joint architecture, when
d = 20 andN = [512; 1024] for the Gaussian setting. EathDIME estimator is abbreviated to
f-D.

Gaussian
Ml 2 4 6 8 10

NJEE | [0.42, 0.44] [0.40,0.42] [0.37,0.41] [0.34,0.40] [0.32, 0.39
SMILE | [0.25,0.27] [0.48,0.51] [0.64,0.67] [0.74,0.73] [0.86, 0.8
B | GAN-D | [0.11,0.09] [0.15,0.13] G.160.13 [0.140.04 [0.010.1§
HD-D | [0.08,0.07] [0.15,0.12] [0.24,0.20] [0.37,0.30] [0.47, 0.4

KL-D |[0.070.06] [0.120.1 [0.21,0.17] [0.38,0.31] [0.69, 0.56]

cPC |[0.08,0.0§ [0.34,0.23] [1.07,0.80] [2.32,1.87] [3.96,3.37

NJEE | [0.01, 0.00] [0.01,0.01] [0.02,0.01] [0.02,0.01] [0.02, 0.0]
SMILE | [0.01,0.01] [0.03,0.02] [0.06,0.03] [0.11,0.07] [0.17,0.11
V | GAN-D | [0.01,0.01] [0.03,0.02] [0.06,0.04] [0.11,0.07] [0.17,0.1]
HD-D | [0.01,0.01] [0.03,0.02] [0.05,0.04] [0.07,0.06] [0.09, 0.0

KL-D |[0.01,0.01] [0.01,0.01] [0.02,0.01] [0.02,0.01] [0.02, 0.0]

cPC |[0.010.00 [0.010.00 [0.010.00 [0.000.00 [0.0Q 0.0

NJEE | [0.18, 0.20] [0.18,0.18] [0.16,0.18] [0.14,0.17] O.12 0.16]
SMILE | [0.08,0.08] [0.26,0.28] [0.47,0.48] [0.66,0.61] [0.90, 0.8(
M | GAN-D | [0.03,0.02] [0.05,0.04] [0.09,0.05] 0[130.04 [0.18,0.15
HD-D | [0.02,0.01] [0.05,0.04] [0.11,0.08] [0.21,0.15] [0.31,0.26
KL-D |[0.010.00 [0.030.04 [0.060.04 [0.17,0.11]  [0.49, 0.33]
CPC |[0.01,0.01] [0.13,0.06] [1.16,0.64] [5.38,3.48] [15.67,11.38]

—_— et

et e et e
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Table 4: Bias (B), variance (V), and MSE (M) of the MI estimators using the joint architecture, when

d=[5;10]andN = 64, for the Gaussian setting. EatEDIME estimator is abbreviated fo-D.

Gaussian
Ml 2 4 6 8 10
NJEE | [0.30,0.29] Pp.03 0.13] [0.46,0.09 [1.23, 0.38] [2.35, 0.80]
SMILE | [0.29,0.24] [0.61,0.52] [0.76, 0.68] [0.85,0.71] [0.96, 0.64]
B | GAN-D | [0.06,0.12] [0.09,0.17] Q.14 0.17] [0.06 0.20 [0.30 0.1
HD-D | [0.04,0.09] [0.09,0.14] [0.15,0.22] [0.28, 0.39] [0.53, 0.4Q]
KL-D [0.040.01 [0.09,0.13 [0.19, 0.30] [0.40, 0.58] [0.93, 1.05]
CPC [0.17,0.20] [0.80,0.89] [2.10,2.20] [3.89, 3.93] [5.85, 5.84]
NJEE | [0.04,0.05] [0.06,0.08] [0.09,0.10] [0.15, 0.13] [0.27,0.13]
SMILE | [0.06,0.06] [0.09,0.13] [0.12,0.20] [0.23,0.32] [0.46, 0.44]
V | GAN-D | [0.05,0.06] [0.08,0.12] [0.13,0.19] [0.24, 0.30] [0.69, 0.53]
HD-D | [0.05,0.06] [0.08,0.11] [0.12,0.16] [0.20, 0.24] [0.57,0.49]
KL-D [0.04,0.05] [0.06,0.08] [0.06,0.10] [0.06, 0.10] [0.06, 0.14Q]
CPC [0.030.04 [0.020.03 [0.010.00 [0.00 0.0 [0.00 0.0
NJEE [ [0.13,0.13] pP.060.09 [0.30,0.1Q [1.66,0.28 [5.78, 0.76]
SMILE | [0.14,0.11] [0.46,0.40] [0.70, 0.66] [0.95, 0.83] [1.37,0.93]
M | GAN-D | [0.06, 0.08] [0.09,0.15] [0.15,0.22] [0.24,0.34] 0.780.55
HD-D | [0.05,0.07] [0.09,0.13] [0.15,0.21] [0.28, 0.40] [0.86, 0.61]
KL-D [0.040.0§9 [0.07,0.10] p.100.19] [0.22 0.44] [0.92, 1.20]
CPC [0.06,0.08] [0.67,0.83] [4.42,4.84] [15.14,15.45] [34.22,34.32]

Table 5: Bias (B), variance (V), and MSE (M) of the MI estimators using the joint architecture, when
d =20 andN = 64, for the Gaussian setting. EatRDIME estimator is abbreviated fo-D.

Gaussian
MI 2 4 6 8 10
NJEE | 0.29 0.18 0.01 0.17 0.37
SMILE | 0.18 0.37 0.44 050 0.57
B | GAN-D | 0.17 0.27 0.35 0.34 0.26
HD-D | 0.16 0.28 0.43 0.61 0.79
KL-D 0.13 0.25 0.48 0.87 1.44
CPC | 025 098 229 399 5.84
NJEE | 0.06 0.10 0.13 0.17 0.1d
SMILE | 0.05 0.11 0.18 0.30 0.51
V | GAN-D | 0.06 0.11 0.19 0.32 0.51
HD-D | 0.06 0.11 0.20 0.29 0.43
KL-D 0.05 0.09 0.11 0.12 0.13
CPC | 004 0.03 0.01 0.00 o0.00
NJEE | 0.14 0.14 0.13 0.20 0.30
SMILE | 0.09 0.25 0.38 055 0.79
M | GAN-D | 0.09 0.19 0.31 0.43 0.6
HD-D | 0.09 0.19 0.39 0.66 0.99
KL-D 0.07 0.15 034 0.87 2.19
CPC | 0.10 099 5.25 15.89 34.5¢
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