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Abstract

We consider a variant of the standard Bandit linear optimization, where in each trial the loss
function is the sum of a linear function and a small but arbitrary perturbation chosen after
observing the player’s choice. We give both expected and high probability regret bounds
for the problem. Our result also implies an improved high-probability regret bound for the
Bandit linear optimization, a special case with no perturbation. We also give a lower bound
on the expected regret.

1 Introduction

Bandit optimization is a sequential game between a player and an adversary. The game is played over T
rounds, where T' is a positive natural number called the horizon. The game is specified by a pair (K, F),
where K C R? is a bounded closed convex set and F C {f : K — R} is a function class. In each round
t € [T], the player first chooses an action x; € K and the adversary chooses a loss function f; € F, and then
the player receives the value f;(z;) as the loss. Note that f; itself is unknown to the player. In this paper,
we assume the adversary is oblivious, i.e., the loss functions are specified before starting the game B The
goal of the player is to minimize the regret

T T
th(xt)*glei’fchft(I) (1)

in expectation (expected regret) or with high probability (high-probability regret).

For convex loss functions, the bandit optimization has been extensively studied (see, e.g./Dani et al| (2007);

Abernethy et al.| (2008); [Lee et al.| (2020)). O(d'/3T3/*) regret bounds are shown by Flaxman et al.| (2005).

Lattimore| (2020) shows an information-theoretic regret bound O(d2-3v/T) for convex loss functions. For
linear loss functions, |Abernethy et al.[ (2008]) propose the SCIRBLE algorithm and give an expected regret
bound O(dvT InT), achieving optimal dependence on T'(Bubeck et al.| [2012)). Lee et al.| (2020) propose the
SCRIBLE with lifting and show a high-probability regret bound 5(d2\/T)

Recently, non-convex functions are also getting popular in this literature. For example, |Agarwal et al.| (2019)
show a regret bound O(poly(d)T?/3) for smooth and bounded non-convex functions. |Ghai et al.| (2022)
propose algorithms with regret bounds O(poly(d)T?/?) under the assumption that non-convex functions are
reparametlized as some convex functions.

In this paper, we investigate the bandit optimization problem for a class of non-convex non-smooth loss
functions. The function class consists of non-smooth and non-convex functions that are "close' to linear
functions, in the sense that functions in the class can be viewed as linear functions with adversarial non-
convex perturbations whose amount is up to €. Bandit optimization for linear loss functions with stochastic
noise (e.g., |Abbasi-Yadkori et al| (2011); |Amani et al| (2019))) cannot be applied to our problem. Also,
standard Bandit linear optimization methods for estimating the gradient, such as self-concordant barrier
regularizer(Hazan et al.l |2016)), cannot be effectively applied to our problem.

1We do not consider the case where the adversary is adaptive, i.e., it can choose the ¢-th loss function f; depending on the
previous actions x1,...,T¢—1.
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1. When € # 0, we propose a modification of the SCRIBLE with lifting (Lee et al.,[2020) and utilize _

the properties of the v-normal barrier(Nemirovskil, [2004) to prove its high probability regret bound  (Literature Review
by Reviewer TGdS

O(dv/T + edT'), and we also obtain its expected regret O(dv/TInT + edT). )

2. When e = 0, this problem becomes Bandit linear optimization, a special case with no perturbation.

Compared to [Lee et al.| (2020)'s results, holding with probability 1—v, O(In*(dT)d? InT\/T In @),
we use a different regret decomposition approach to achieve a better high-probability regret bound

O(dVTIT + Ty /Tn(E) +In(21)).

3. We prove a lower bound Q(eT'), implying that our bounds are tight w.r.t. the parameter e.

2 Related Work

The bandit linear optimization was first proposed by |[Awerbuch & Kleinberg| (2004), who achieved a regret

bound of O(d?/°T?/3) against an oblivious adversary. Later, McMahan & Blum| (2004) established a regret

bound of O(dT3/*) when facing an adaptive adversary. A foundational approach in bandit optimization

problems involves gradient-based smoothing techniques. [Abernethy et al| (2012]) presented pioneering work Ac;d some

in this area and achieved an expected regret bound of O(d\/ T'InT) when dealing with an oblivious adversary. '('g?,:?sns?ﬁg
[Bartlett et al|(2008) proposed a high-probability regret bound O(d?/3v/TIndT), but under a special condi- by Reviewer iDsE;
tion. Subsequently, [Lee et al.| (2020) presented a high-probability regret bound 6(d2ﬁ ) for both oblivious

and adaptive adversaries.

Unlike convex bandit problems, which have been extensively explored and analyzed, non-convex bandits
introduce unique challenges due to the complexity of exploring and exploiting in a non-convex area.
et al. (2018)) considered both non-convex losses and non-stationary data and established a regret bound of
O(\/T + poly(T). |Yang et al[(2018) achieved a regret bound of O(v/T log T') for a non-convex loss functions.
However, they both required the loss functions to have smoothness properties, and our loss functions are
neither convex nor smooth.

Add comparison (Weaknesse1 by Reviewer 6Zex and Literature Review
by Reviewer TGdS)

2.1 Comparison to |Lee et al.| (2020)

Our approach builds upon (2020))’s work. Below, we highlight the key differences between our
method and (2020)’s in the context of the oblivious bandit setting:

1. Simplified Regret Analysis: While Lee’s regret analysis introduces unnecessary complexity for the
oblivious bandit setting, our approach simplifies the analysis, leading to more streamlined results.

2. Reduced Dependence on d: [Lee et al| (2020))’s analysis results in a regret bound with greater
dependence on d, whereas our method derives a bound with significantly reduced dependence on
d(This distinction is demonstrated in the introduction and further illustrated in the case where
e=0).

3. Revise Generality of Problem Setting: Like the SCIRBLE algorithm, our approach is more general,
treating bandit linear optimization as a special case within a broader problem framework.

3 Preliminaries

This section introduces some necessary notations and defines e-approximately linear function. Then we give
our problem setting. revise

3.1 Notation

We abbreviate the 2-norm |- ||z as || -||. For a twice differentiable convex function R : R? — R and any x, h €
R, let [h]l,= [[hllvsrie= v/ATVPR@h, and [[h];= |l wmie)) 1= v/AT(V2R@)Th, respectively
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For any v € R?, let v be the space orthogonal to v. Let S{ = {x | ||z||= 1}. The vector e; € R? is a
standard basis vector with a value of 1 in the i-th position and 0 in all other positions. I is an identity
matrix with dimensionality implied by context.

3.2 Problem Setting

Let K C R? be a bounded and closed convex set such that for any z,y € K, ||z — y|| < D. Furthermore,
we assume that I contains the unit ball centered at the zero vector. Otherwise, we can apply an affine
transformation to translate the center point of the convex set to the origin. Let X' = {(z,1) : € K}. For
any 0 € (0,1), let K5 = {z|1352 € K} and K = {(2,1) : # € K5}, respectively.

Definition 1. A function f : K — R is e-approzimately linear if there exists 0; € RY such that Yz € K,
f(2) - 6] a] <e.

For convenience, in the definition above, let of(z) = f(z) — 0;93, and we omit the subscript f of 6; and oy
if the context is clear. Note that |o(z)| < € for any = € K.

In this paper, we consider the bandit optimization (K, F), where F is the set of e-approximately linear
functions f(x) = 0Tz + o(z) with ||0]| < G.

The bandit optimization for e-approximately linear functions can be defined as the following statement.
For every round ¢t = 1,.., T, Player chooses an action z; € K to adversary and adversary chooses a linear
function f;(z¢)(= 6/ ;) at the same time. After watching the choice z; of the player, the adversary chooses
a perturbation o;(z¢)(|o¢(z¢)] < €). Then, The value of e-approximately linear function f;(z;) = 6, x; +
o¢(x¢) is announced to the player. Still, the goal of the player is to minimize the regret Zle fe(zy) —

mingex Zthl fi(x).

4 Main Results Add more descriptions(Clarity in Methods by Reviewer TGds)

In this section, we first review SCRIBLE and SCRIBLE with lifting and increasing learning rates, followed
by presenting the main contributions of this paper with detailed explanations.

Reoganize section 4(Unorganized Lemmas and Theorems by Reviewer TGdS)

4.1 CRIBLE
S Add description of SCRIBLE and SCRIBLE with ..rates( Writing Quality1 by Reviewer iDsE)

When € = 0, our problem becomes bandit linear optimization problem, which is a problem that has been
widely studied. To introduce our result, we start by revisiting the SCRIBLE algorithm, which is effective
for the bandit linear optimization problem. It utilizes a r-self-concordant barrier 7 (Abernethy et al. [2008)),
which always exists on K. At each round ¢, the player chooses a point z; € K, but the actual point
played is y; = xy + Aypy, where Ay = [V2T(;L't)]*% and g is uniformly randomly sampled from the d-
dimensional unit sphere S¢. It maintains a sequence z1, ..., z7 € K, which is updated according to the rule:
Tyl = arg ?Q}é”zizl gl x+ T (z), where g, is an estimator for 6., 1 is some learning rate. It relies only

on the feedback f;(y;)(= 60, v;) to build an unbiased estimator g; = df;(y:) A, L, for 6.

In the analysis(Abernethy et al., [2008)) of SCRIBLE, the unbiased estimator g; helps establish that for any
u € K, 0 (v —u) = Eig) (v; — u)] < O(nd?). This result is instrumental in deriving the regret bound
O(% log T+ nd®T) for oblivious adversary. However, in our problem setting, the estimates g; = d[f, y; +

o+(y:)]A; s obtained using SCRIBLE will always be influenced by o(y;). This necessitates additional
focus on bounding (doy () A i) T (¢, — u). Although the Cauchy-Schwarz inequality helps in deriving the
bounds (doy (y) Ay i) T (e —u) < |ldoe(ye) Ay el o gy 20 —ull w27 () a0d [[doe (ye) A7 e[S, < e
similar proof can be found in Equations to 7 the analysis of SCRIBLE, particularly the x-self
concordant barrier 7, cannot help us bound ||z; — u|v27(s,). Furthermore, since the largest eigenvalue
of V2T (x¢)(Nemirovski, [2004) could potentially approach infinity, bounding ||z — u|v27(s,) becomes a
significant challenge.

Define sigma_t
and theta_t

( Writing Quality3
by Reviewer iDsE
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4.2 SCRIBLE with lifting and increasing learning rates

SCRIBLE with lifting and increasing learning rates introduces a dummy coordinate with a value of 1 ap-
pended to all actions, resulting in the lifted decision set K’ = {(z,1) : € K}. This transformation lifts the
bandit linear optimization problem to R?*!. The conic hull of this set is con(K) = {0} U{(z,b) : £ € K,z €
RY b > 0}.

The algorithm performs SCRIBLE over the lifted decision set, using a v-normal barrier R defined over the
con(K) (which always exists) as the regularizer to generate the sequence xf,...,z;. It set y; = x} + Ay
where A, = [V2R(z})]"2 and g, is uniformly sampled at random from S9N (Ajeqy 1)L, Indeed, since
is orthogonal to Aeqy1, the last coordinate of A;uy is zero, ensuring that y; = (4, 1) remains within X'
The actual point played is still y;. After playing y; and observing f;(= 6, y;), it construct the loss estimator
the same way as SCRIBLE: g; = df;(y:)A; '11s. The analysis by [Lee et alf (2020) shows that the first d
coordinates of g; are indeed an unbiased estimator of 6,.

SCRIBLE with lifting and increasing learning rates utilizes the properties of the v-normal barrier R, which
are not available in the r-self concordant barrier 7, as well as increasing learning rates, to bound [|h|| w27 (2;) <

—[|Pllv2R 2y, ) Fv In(vT + 1), where h € K'. Besides, (2020) divide the regret mainly into two

parts: ZtT:l[ytTGt —xl g +u" (g — 0;)] and Zthl(yt —u) " g, where u € K. They provides a bound for
Zthl(?/t —u)"g; and a high-probability bound for Zthl[ytTGt — 20 g; +u' (g¢ — 0;)], which helps derive
high-probability regret bounds for both oblivious and adaptive adversaries. However, for our problem, the
bound they obtain for [|h|v2r () is still too large and does not help in bounding ||z} — hllv2r(s). Again,
since the largest eigenvalue of V2R (x; )(Nemirovski, 2004 could potentially approach infinity, bounding
|} — h||v2R(2;) remains a challenge, and no previous work has addressed this.

4.3 SCRIBLE with lifting

For a decision set K with a v-normal barrier on con(K), where con(K) = {0}U{(x,b) : § € K,z € R%, b > 0},
we apply Algorithm 1 to approximately linear functions. Recall K’ = {(z,1) : z € K}.

We simplify the SCRIBLE with lifting and increasing learning rates . We do not use the
increasing learning rates part but retain the lifting. This preserves its advantages; for instance, the v-
normal barrier R always exists on con(K). Additionally, the actual point played by the algorithm is y;
and y, = (yt,1) = 2} + Ay always remains within K'(Lee et all [2020). Furthermore, it adopts the same

update method as FTRL algorithm(Hazan et al.,2016): =}, , = arg mrlnei’ICll n Ztr=1 gl x' + R(z'). Although it

constructs the same loss estimator, g; = dfi(y:) A, 114 as the original algorithm, g is no longer an unbiased
estimator of 0,

Algorithm 1 SCRIBLE with lifting

Input: T, parameters n € R,§ € (0, 1), v-normal barrier R on con (k)

1: Initialize: x} = arg min, e R(z')

2: fort=1,..,T do
let A; = [V2R(z))]" 2
4 Draw s; from S N (Ajeqy 1) uniformly, set v = (y,1) = @} + Ay
5 Play v, observe and incur loss f;(y;). Let g; = dfi(ye) Ay pus.
6: Update @, = arg min 730 _, ¢! 2’ + R(2')
7

@

' e’ T
: end for

Prensent Theo1 and Theo?2 firstly
We present our main results: expected and high-probability regret bounds for the problem. i(DV;/E?"g Quality2 by Reviewer

\2vlogT

Theorem 1. The algorithm with parameters n = W,J = % guarantees the following expected regret
bound
T T aD
ED foly) - min > ful)] < 4dy/20T log T + — +2Te +dTe(2v + /). (2)
t=1 t=1
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Theorem 2. The algorithm with parameters n = ~ ;;\}“TT,(S = T2 ensures that with probability at least 1 —

T T

D /
th(yt)—néillclz:ft(x) g4d\/21/TlnT+GT+Tde(2u+\/;)+C’(1+e) 8T1n%+2GDln%+2Te (3)
t=1 &=

where C = [In GD][In((GD)?T)].

We primarily divide the regret into parts Zthl(yt —2¢) "0, and ZtT:1(33t u) 0, rather than following the
approach of [Lee et al| (2020, where u € K This means that, for an oblivious adversary, calculating the
regret does not require considering the variance of the estimator g; and 6;, but only the variance between
y; and xy. This difference is a key factor that enables us to achieve a better high-probability regret bound
when € = 0.

Firstly, we bound ZtT:l(a:t —u)"6;. As mentioned earlier, for e-approximately linear functions, bounding
Z?Zl(zt — )", requires considering the term (do;(y;)A; ) (2y — w). The main difficulty in bounding
(dos(ys) Ay i) T (¢ — w) is that the norm of ||2; — u| is hard to bound. Thus, we make the entire analysis
hold in R%*! and transform the problem from bounding the norm of |z; — u|| to how to bound the norm of
|z} — ||, where h € K’. We present a simple yet necessary Lemma which helps to bound ||A[|v2r ()< 2v.
In addition, the properties of the v normal barrier tell us ||z} v2r ()= /7. With these two conditions, we
can immediately deduce the bound ||z} — hHWR(:L-;) as 2v + /v. This also implies that increasing learning
rates are not required in our case since the increase in the learning rate is solely aimed at controlling

lhllv2R () < _||hHV2R )—i—yln wT+1 mW 's paper.

Secondly, by obtaining the expected bound and high-probability bound for Zthl(’yt —x¢) " 0, we can derive
the expected regret bound and high-probability regret bound, respectively. For high-probability bound of
Zthl(yt — 2¢) "0y, unlike SCRIBLE with lifting and increasing learning rates, which constrains the decision
set from K’ to K§ to ensure that that x} is never too close to the boundary (thus ensuring that the eigenvalues
of A; are bounded, especially for bounding ||h\|vz73(1;)). our approach does not require x} to stay away from
the boundary. Furthermore, we do not need to bound the eigenvalues of A;, which gives us greater flexibility
in choosing the value of § (such as TQ) leading to a better upper bound for the regret.

Finally, we prove the lower bound of regret in section 6.

Add explation

(C:Some...

by Reviewer iDSE
and Clarity in
Methods by Review
TGdS)

5 Proof Add more description(in new section 5) bewteen thereoms(Weaknesses2 by Reviewer 6Zex and

Unorganized ..Theorems by Reviewer TGdS)
This section introduces the preliminary of v-normal barrier, presents several essential lemmas, and gives the

proof of main theorems.

5.1 v-normal barrier Add a subsection about normal barrier(Unorganized ..Theorems by Reviewer TGdS)

Here we introduce the v-normal barrier, providing its definitions and highlighting several key properties that
will be frequently used in the subsequent analysis.

Definition 2. Let ¥ € R? be a closed and proper convex cone and let v > 1. A function R : int(¥) — R:
is called a v-logarithmically homogeneous self-concordant barrier (or simply v-normal barrier) on U if

1. R is three times continuously differentiable and conver and approaches infinity along any sequence
of points approaching the boundary of V.
2. For every h € RY and x € int(¥) the following holds:

d d

PR
SN —— hh g < 2||R2, (4)
=1 j=1k=1 (9.’1?181']
[VR(z) " h|< vo|h]a, (5)
R(tx) = R(z) — vint, Vo € int(¥),t > 0. (6)
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Lemma 1 (Nemirovski| (2004); Nesterov & Nemirovskii (1994)). If R is a v-normal barrier on W, Then for
any x € int(¥) and any h € U, we have

)3= v, (7)

V2 R(z)x = —VR(z), (8)
Ihlle< =VR(z)h, (9)
VR(z)"(h—z) <w. (10)

Lemma 2 (Nemirovski (2004)). If R is a v-normal barrier on U, then the Dikin ellipsoid centered at
x € int(V), defined as {y : ||y — x||»< 1}, is always within ¥. Moreover,

[2lly= 1Al (1 = [ly = 2l[) (11)

holds for any h € RY and any y with ||y — z|[.< 1.

Lemma 3 (Hazan et al| (2016)). Let R is a v-normal barrier over U, then for all x,z € int(¥) : R(z) —

R(z) <wvlog #m(z)’ where m,(2) =inf{t >0: 2+t (2 —z) € ¥}.

v-normal barrier plays a crucial role in addressing one of the key challenges in this problem: bounding ||z} —
h[z;, where h € K'. Equation [7| give ||z}|,;= /v. Building upon Lemma I} we introduce a straightforward
yet effective Lemma that aids in bounding [|A[,;.

Lemma 4. If R be a v-normal barrier for W C R%, then for any x € int(¥) and any h € ¥, we have

[h]].< 2v. (12)
Proof. From Lemma [T we have
[hlla< =VR(z)"h < |[VR(x) "hl. (13)
Then,
VR(@)"h| = [VR(2)T (h 2 +2)| < [VR(2)T (h —2)| + [VR(x) "al. (14)
By Lemma IVR(z)T(h —2)|+ |VR(z) "z| < v+ |2 TV*R(z)z| = 2v. O

With the help of Equation El and Lemma it is easy to apply the triangle inequality to derive ||z} — h||m2§
lzille; + 7l < Vv + 20, where h € K'..

S
5.2 Useful lemmas Add a subsection about lemmas(Unorganized ..Theorems by Reviewer TGdS)

In addition to the properties of the normal barrier and its related lemmas, we also need to introduce some
additional necessary lemmas.

Like Lemma 6 in the SCRIBLE algorithm(Abernethy et all 2008), the next minimizer x;,, is “close” to
x;. However, there are two differences here: the first is that Ve:_1(z}) # 0 is possible, where ¢.(z') =
NS _, gl @’ +R(x'). And the second is that for z = z} 4 au, where u is a vector such that ull;=1 and

-
o € (—3, %), we need to satisfy z € K’ instead of z € K.

Lemma 5. z}, € Wyay (), where W,.(2') = {y € K" : ||ly — &' ||~ < 1}.

Proof. Recall that x| = argmingcxr ¢¢(z'), where ¢y (') = > o_, gl o' +R(2'). Let hy(z) = ¢y((2,1)) =
#¢(x"), then min h;(z) = min ¢;(z'). Noticing that h; is a convex function on R? and still holds the barrier
property(approaches infinity along any sequence of points approaching the boundary of K). By properties

of convex functions, we can get Vh_1(x:) = 0 and for the first d coordinates Ve;_1(x}) = 0.

Add explanation
(Unorganized ..
Theorems

by Reviewer
TGdS)

Define z (Minor typo
by Reviewer iDsE)
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Consider any point in z € Wy (x}). It can be written as z = } + au for some vector u such that [lul|,;=1

and a € (—%, %) Noticing the d + 1 coordinate of u is 0. Expanding,

di(z) = ¢ulay +au)
= ¢u(x}) + aVe(xh) Tu+ azéu—rvg(bt(f)u
= i) + (Vo (el) + g T+ 05T R0

1
= ¢u(a}) +ong/ u+ a2§UTV2¢t(§)U7

for some & on the path between '} and 2} + cu and the last equality holds because Ve, () Tu = 0. Setting
the derivative with respect to « to zero, we obtain

o= 1lg{ ul o= nlg{ ul (15)
W2 VPR

The fact that § is on the line z} to z} + au implies that [|§ — 4[|,/ < [laul|,, < 3. Hence, by Lemma

1
VIR(E) = (1= [I§ = 2 lla)*VZR(}) = V*R(). (16)
Thus u' V2R (&)u > %Hu”w;: 1, and a* < 4n|g/ u|. Using assumption maxgex|fi(z)|< 1,
0w < Ngil ulle < () A7 il < /T AT (V2R () A e < d (1)

we conclude that |g) u[< d, and |o*|< 4dny < % by our choice of n and T. We conclude that the local

optimum argmin z € W% (gjé)(bt(z) is strictly inside Waqn(2}), and since ¢, is convex, the global optimum is

Tty = arg min Di(2) € Wagy (). (18)

O

L()mmaimpli()s [|7}11 — ¢l < 4dn. This result will help us bound g, (z} —h), where h € K'(see Lemma .

This next lemma is based on Lemma B.9.(Lee et al., 2020), but due to the differences in the loss functions,

what we obtain is an unbiased estimate regarding ¢, rather than 6, ;, for i € [d]. (2020)) state
that E;[l; ;] = 0,4, for i € [d]. Since I, = d(0,0)(z} + Aipe)A; g is identical to ours, we directly apply it
to our analyze.

Lemma 6. Let [, = d(6;,0)(z) + Atut)Aglut. For Algorithm 1, we have E¢[l; ;] = 044, fori € [d].

The regret bound of FTRL algorithm(]Hazan et a1.|, |2016|) states that for every u € K, Zthl V]iz, —
R VAR < r V)2 =V, 2]+ LR (u) — R(x1)], where V represents the gradient of the loss function
t=1 YVt t=11V¢ t LTt+ 7

f¢- In our adaptation, we replaced V; with g; and K with X’. This modification does not fundamentally

alter the original result. Since the update way x;,, = arg mi)Icl nZtT_l g.) ' + R(z') satisfied the condition
aj/€ ’ -

of FTRL algorithm(Hazan et al), 2016)), we can apply (Lemma 5.3. in [Hazan et al.| (2016])) to Algorithm 1
as follow.

]femma 7. For Algorithm 1 and for every h € K, ZtT:1 g/ ) — Zle g/ h < Zthl[gthQ — gl @]+
3 [R(h) = R(x1)].

The following lemma represents a key proof of this paper. Specifically, it provides a bound for ZtT:] 0] z¢ —

Add explanation
(Unorganized ..
Theorems

by Reviewer
TGdS)

Revise lemma6
and lemma7(
Unorganized
Lemmas...

by Reviewer
TGdS)

Add explanation

Zthl 6 z*. Due to Lemma we only need to consider Zthl 0] y; — Zthl 0, z; when calculating the regret (Unorganized ..

eorems

bound. This result plays a crucial role in deriving both the expected regret and the high-probability regret py Reviewer

bounds.

TGdS)
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)(Al\llﬁr?gmmgb Lemma 8. For Algorithm 1, let fi(x;) = 0, x; + o¢(x;) and z* = argmingex Zthl fi(x) and we have
Reviewgp iDs)I/E
= d vlog(})
> 0z = 0 2 < omdT + 0% + Tde(2v + /v) + 6DGT. (19)
n
t=1

Proof. Recall for any 6 € (0,1), K5 = {z|{552 € K} and K§ = {(2,1) : = € Ks}. Let 25 = [, =
properties of projections, then

l2” — 25]|= min |l2" — a. (20)
Since (1 —d)z* € K5, then
milrcle* —all< ||la* — (1= 6)x*||< éD. (21)
ac
So,
w5 — o)1 < 6D. (22)

By Cauchy-Schwarz inequality and the fact that ||0]|< G and ||z} — 2*||< 0D,

T T
> 0 a5 - 0" <IDGT. (23)
= =1
So,
T T T T T T
Zﬁ;rmt - ZH:;U* = Zetht - Z@:xg‘ +Z€t—rm§ - Zﬁjx*
t=1 t=1 t=1 t=1 t=1 t=1
T T
< > 0[z—> 0 x5+ 6DGT.
= t=1

Let 0] = (0, 2), where z is the (d + 1)th coordinate of dE.[(6;,0)" (z} + Asus) A7 p1e]. From Lemma @ we
know dE;[(6:,0) " () + Aspue) Ay i) = 0. Since gr = df (yr) Ay e = dO; () + Arpue) Ay i+ doy (ye) Ay e,
and let M; = Ei[doy (yt)At_lut], then 0; = E;[¢g:] — M; and that we have

T T T T
T T, x T T
g Ht:ct—g 0, x5 = E 0,z — 2) g (0; z5 —2)
t=1 t=1 t=1 t=1
T

= Z(]Et[gt]_Mt)T Z(]Et[gt] My) Ty

t=1 t=1

T T
= D Edgd] (@) —ai) + ) M (2 — ).
t=1

We bound EZ;I M, (z; — a}) firstly. By Cauchy-Schwarz inequality,

T

> M, (a5 —al) ZHMtII [EHEEA S

t=1
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By Jensen’s inequality,

141,

Then we bound ||z% — T4 as -

VM V(R (2)) 1M

= \/Et[dUt(yt)At_lut]TVZ(R(IZ))fl]Et[dUt(yt)At_lﬂt]

=\ PE oy A, AZA  Eo (o))

\/dQEt [o¢(ye) ) "B e (ye) gt

< JEEoF ] ]
< Vd2%e?
= de.

From the triangle inequality,

’ ’
o5 = @illey < M2 oy +ltlla;-

By Lemmaand Lemma we obtain ngl”x;S 2v, ||lzflla = Vv .

So ||z — Tyl < 20+ /v and Zthl M, (z — ) < Tde(2v + \/v). Then bound ZZ;I E¢[g¢)" (2}

By Lemmal[7]

> Eilgd"(

Lemma [5| implies that ||a} —
that || g:[[> < d. Therefore,

With Lemma [3]

Combine everything, we get

vp—ay) = Et{zgt z) —a})

1 *
< Et{Z[gJ xy — g/ Ty ] + [R(@}) =Rz

1

IN

n

T
Bl [llgelz; It —@hiallag)} + ~(R(25) —
t=1

—a3)

x£+1|\z; < 4dn is true by choice of 1. Additionally, from Eq. , we deduce

gl — 2 [l < 4nd?,

T
B0 [lgells; et — ot llag]} < 4ndT.
t=1

< Vlog(%).

T 1
1 S
E 0z, — E ¥ < dAnd*T + 77(5) + Tde(2v + V).

t=1

Now we are ready to prove Theorem

(31)

(32)

(33)

(34)
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5.3 Proof of Theorem [I]

Proof. Recall e-approximately linear function can be write as: f(z) = 6"z + o(x). Thus, the regret of
SCRIBLE with lifting algorithm

T

T T
]E[th(yt) - th(x*)] = ]E[Z[Gt—ryt + ot (yt)]

=1 .
- Zetyf—ze”wzw L

Firstly, we bound the front of the above equation,

0] z* + oy (z")]]

M’ﬂ

T

Zet Yt — Z9T$*] = D BB y] - E§ w]+ ) Ef z] -

t=1 t=1 t=1

M=

&~
I
-

From the Law of total expectation, we know

D E0 vl - Y Elb/w] = Z]E (e — )]

= ZJE [0, (ye — )]

T

= ZE Et Atut)]]

T
= Z ]E[H;rEt [(Agp)]]
g
- E[6, 0]

=1

I
.ow

Thus,
T

T T T
E[Z 0]y — Z 0, z*] = E[Z 0] x; — Zé’jx*] (35)
t=1 t=1 t=1

t=1

From Lemma [8] we have

T T 1

1 S
EY 07z =) 0]a*] < E[4nd’T + z OS(5> + Tde(2v + /v) + 6 DGT]
1
é

log(5)
n

< T+~ +Tde(2v + /v) + 6DGT.

Since oy is chosen after knowing the player’s action, it can cause as large a perturbation as possible. We
using |o¢(x)|< € to bound Zthl Elo¢(y:) — ZtT=1 o¢(2*)] < 2Te and combination of everything, we get

T

T
Regret = E[Z fe(ye) —th(x )]

IN

GD
4d+/2vT log T + - + Tde(2v + /v) + 2T,
\/2log T P O

where 7 = *— Nid 2

10
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Put lemma 9 and Theo2 in a section

and add explanation(Unorganized ..
5.4  Proof of Theorem Theorems by Reviewer TGdS)

To establish the high-probability regret bound, we first introduce the necessary Lemma 9.

Lemma 9 (Theorem 2.2. in |[Lee et al| (2020)). Let X1, ..., X1 be a martingale difference sequence with
respect to a filtration Fy C ... C Fr such that E[X; | F;] = 0. Suppose By € [1,b] for a fized constant b is
F;-measurable and such that X; < By holds almost surely. Then with probability at least 1 — v we have

T
> X < C(\/8VIn(C/v) + 2B"In(C/7)), (36)

where V = max{1; Zle E[X? | F]}, B* = maxe[r) By, and C = [logb][log(b*T)].

The analysis in |Lee et al. (]2020') employs Lemma EI to derive a high-probability bound for ZtT:l[y;r 0; —
x] gi +u'(g; — 0;)]. In contrast, our approach defines X; = 6 y; — 0, x; and derives the high-probability
bound for ZtT: (0 yy — 0] ;). This distinction in the application of LemmaEIenables us to derive a tighter
high-probability upper bound for bandit linear optimization, which is a special result of e-approximately
linear functions when e = 0.

With the support of Lemma [§] and Lemma [0 we are ready to prove Theorem [2}

Proof. Let X; = 0, y; — 0, ¢, then Ei[Xy] = Ee[0, vz — 0, 2] = 0, X = 0, ys — 0, 2 < ||0¢|||lye — z¢||< GD
and
B X7] = Eol(0) ye — 0] 20)°]
B0/ y)* + (0] @0)? — 20, 9,6, ]
= Ei[(0] y0)?] + Ei[(0] 20)%] — Ba[20] yi0] 4]
= [(ejyt)Q] - G;F-xte;rxt

< (1+e2
Then,
T T T
thyt Z t(z") = Z[etyt-i-fftyt 29 z* + oy (a")]
=1 1 =1
P T t T
< Zetyt ZH:m*—i—Zat(yt)—Zot(x
t=1 t=1 t=1
< Z9tyt ZHTx*+2Te
t=1

T T
S SR SRR 2P
t=1 t=1 t=1
From Lemma [§] we know

D
Z 0, x, — Z 0, x* < 4dV2oTInT + GT + Tde(2v + V), (37)
t=1

t=1

where n = V;;\}IITT,(S = 4. Then by Lemma@

(0 yr — 0/ w) < C(\/8V In(C/7) +2B*In(C/7))) > 1 -, (38)

Mﬂ ﬂ\

P(

1

where V = (1 +¢)?T,B* = b= GD, and C = [InGD][In((GD)?T)]. Combine everything to conclude the
proof. [

~
I

11
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Add more discussion for this section(Unorganized ..
Theorems by Reviewer TGdS)

5.5 Application to black-box optimization

From online to offline transformation, the result of this paper can also apply to black-box optimization
for e-approximately linear function. This problem is important in that previous theoretical analyses for
black box optimization can only deal with linear/convex/smooth objectives in the adversarial environments
(via bandit convex optimization). So, it is quite meaningful to clarify the possibility of the black box
optimization problems without such restrictions. In fact, our objective is not linear, nor smooth, even with
a simple assumption.

Let & be the output of algorithm 1, then from Theorem 1. we can easily prove and ensure f(Z) —
mingec f(z) < Mi‘j’%“T + €2 + de(2v + /v) + 2. Additionally, we provide a lower bound 2e for this
problem (see Lemma. We can see that the difference between the lower bound and the upper bound is
only de(2v + /v). This suggests the potential existence of "easier" settings between the adversarial environ-
ment and the standard stochastic environment, where better algorithms might be found. It also motivates
us to explore these settings further.

6 Lower bound

In this section, we show a lower bound of the regret. To do so, we consider a black-box optimization problem
for the set F of e-approximately linear functions f : K — R. In the problem, we are given access to the
oracle Oy for some f € F, which returns the value f(x) given an input « € K. The goal is to find a point
Z € K such that f(2) — mingex f(2) is small enough. Then, the following statement holds.

Lemma 10. For any algorithm A for the black-box optimization problem for F, there exists an e-
approzimately linear function f € F such that the output & of A satisfies

£(#) = min f(2) > 2 (39)

Proof. Firstly, suppose that the algorithm A is deterministic. At iteration ¢t = 1,...,T, for any feedback
Y1, .-, Yt—1 € R, A should choose the next query point z; based on the data observed so far. That is,

ze = A((x1, 1), s (Te—1,Y1-1)). (40)

Assume that the final output Z is returned after T' queries to the oracle Of. In particular, we fix the T
feedbacks y; = yo = --- = yr = €. Let z € K be such that z ¢ {z1,...,27,2}. Then we define a function

f:K—Risas
ﬂwz{“ v (41)

—e€, T =z

The function f is indeed an e-approximately linear function, as f(z) = 0" 2 +o(x), where o(z) = € for x # 2
and o(x) = —e¢ for © = z. Further, we have

f(2) — min f(z) > 2e. (42)

zell
Secondly, if algorithm A is randomized. It means each x; is chosen randomly. We assume the same feedbacks
y1 =y2 = =yr =€ Let X ={z1,...,27,2}. Then, there exists a point z € K such that Px(z € X) =
0, since E./[Px(# € X|2)] = P, x(¢ € X) = Ex[P, (¢ € X|X)] = 0, where the expectation on 2’
is defined w.r.t. the uniform distribution over K. For the objective function f defined in , we have
f(&) — mingexc f(z) > 2¢ while f is e-approximately linear. O

Theorem 3. For any horizon T > 1 and any player, there exists an adversary such that the regret is at
least 26T .

Proof. We prove the statement by contradiction. Suppose that there exists a player whose regret is less than
2¢T. Then we can construct an algorithm for the blackbox optimization problem from it by feeding the

12
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online algorithm with T feedbacks of the blackbox optimization problem and by setting & = minc ) f(z¢).
Then,

T T .
£(2) — min f(a) < 2=t 0 = 2y Witeer [(2)

which contradicts Lemma [T0 O

< 2¢,

This lower bound indicates that Q(eT) regret is inevitable for the bandit optimization problem for e-
approximately linear functions. We conjecture that the lower bound can be tightened to (deT’), but we
leave it as an open problem.
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