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Abstract
Stochastic momentum methods such as heavy ball (HB), Nesterov momentum, and variants of
Accelerated SGD (ASGD) [12] are widely used in modern training, but their stochastic benefits
depend on two distinct quantities: serial runtime, the number of iterations needed to reach a target
accuracy, and compute efficiency (CE), the inverse total gradient-query or FLOP cost. Larger
batches reduce serial runtime without hurting CE only when the contraction gap grows linearly
with batch size. We study stochastic HB and ASGD for consistent linear regression with Gaussian
covariates and prove finite-dimensional, discrete-time lower bounds on their batch-size tradeoffs.
Our first result shows that HB does not improve the CE frontier over SGD for arbitrary spectra;
rather, it preserves SGD-level CE over a larger batch-size window, allowing larger batches to reduce
serial runtime until HB reaches its deterministic accelerated scale. This window can be a factor√
κ larger than the SGD critical batch size. For ASGD, the picture is more spectrum-dependent:

for rapidly decaying power-law spectra, ASGD improves small-batch CE over HB/SGD, but as
batch size grows it trades this CE advantage for improved serial runtime. Synthetic linear-regression
experiments verify these qualitative regimes, including near-overlap of ASGD and HB for slowly
decaying spectra and the predicted CE–serial tradeoff for rapidly decaying spectra.

1. Introduction

Existing momentum acceleration does not extend to the stochastic regime [12], limiting their prac-
ticality for current training regimes. Empirically, several works have found that momentum pri-
marily accelerates in the large batch size regime, while in the small batch case its effects van-
ish [9, 13, 25, 26, 29]. Most recently, Marek et al. [18] conducted a large scale empirical study in
large language model (LLM) pretraining, and have found that at small batch sizes momentum does
not bring any benefits over SGD. These works indicate a subtle interplay between compute efficiency
and serial runtime in stochastic acceleration. Theoretically, there has been partial progress in under-
standing stochastic momentum at batch size 1, through the lower bounds established by Kidambi
et al. [12] and the asymptotic characterization of Ferbach et al. [8], Lee et al. [14]. We refer the
reader to Section C where we discuss these works further. In this paper we provide a nearly full
characterization of the serial runtime tradeoffs by providing lower bounds for arbitrary spectra for
heavy ball, and power law spectra for ASGD.

Contributions. In the deterministic, full-batch regime, the classical picture is clear: on a κ-
conditioned quadratic, GD has contraction gap αGD(∞) ≍ κ−1, while HB achieves the accelerated
gap αHB(∞) ≍ κ−1/2. Our goal is to understand what remains of this acceleration in the stochastic
mini-batch regime, where both serial runtime and compute efficiency matter.
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Figure 1: Batch-size tradeoffs for stochastic momentum methods in synthetic linear regression with
power-law spectra. Plots show the number of serial steps needed to reach a fixed target
loss as the batch size varies, after tuning hyperparameters for each method. (Left) For
slow decaying power law spectra, HB and ASGD do not yield better CE, but they decrease
the serial runtime. (Right) For fast decaying spectra, ASGD has better CE than HB, but
has a shorter linear scaling window before it begins trading off CE for serial runtime.
Experimental details are provided in Section D.

For a given algorithm, let s∗(H,B) denote the best-achievable spectral radius at batch size B,
and define the contraction gap

α(B) := 1− s∗(H,B).

The serial steps needed to reach a fixed target scale as 1/α(B), while the total gradient-query cost
scales as B/α(B). Thus the compute efficiency (CE) scales as α(B)

B . Consequently, if α(B) grows
linearly with B, larger batches reduce serial runtime without hurting CE; if it grows sublinearly,
larger batches still reduce serial runtime but only by sacrificing CE. Our first main result, summarized
in Table 1, holds for arbitrary spectra.

HB improves serial runtime over SGD, but it does not improve the CE frontier.

More precisely, HB cannot improve over the optimal CE scaling of SGD at any batch size.
Instead, HB preserves SGD-level CE over a larger batch-size window: above the SGD critical batch
size, it can continue converting larger batches into fewer serial steps until it reaches the deterministic
accelerated scale.

Our second main result concerns ASGD-type methods, which are known to improve small-batch
CE over SGD.

ASGD improves small-batch CE, but its CE-preserving linear-scaling window is shorter.

For rapidly decaying spectra, ASGD initially has better CE than HB/SGD. As the batch size
grows, its contraction gap continues to improve, but only sublinearly, so ASGD trades part of its
small-batch CE advantage for improved serial runtime. Eventually it reaches the deterministic
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Algorithm Batch-size regime Serial runtime Compute efficiency

SGD 1 ≤ B ≲ Tr(H)
λmax

Tr(H)
Bλmin

λmin

Tr(H)

SGD B ≳ Tr(H)
λmax

κ 1
Bκ

HB 1 ≤ B ≲ Tr(H)
λmax

√
κ Tr(H)

Bλmin

λmin

Tr(H)

HB B ≳ Tr(H)
λmax

√
κ

√
κ 1

B
√
κ

Table 1: Serial-runtime and CE implications of our lower bounds for SGD and HB under arbi-
trary spectra. Here κ = λmax/λmin, serial runtime scales as α(B)−1, and CE scales
as α(B)/B. HB preserves the SGD CE frontier over a larger batch-size window, up to
B ≍ (Tr(H)/λmax)

√
κ, reducing serial runtime from κ to

√
κ before saturating.

Algorithm Batch-size regime Serial runtime Compute efficiency

SGD B ≳ 1 da B−1d−a

HB 1 ≤ B ≲ da/2 da

B d−a

HB B ≳ da/2 da/2 B−1d−a/2

ASGD B ≍ 1 d
a2

2a−1 d−
a2

2a−1

ASGD 1 ≲ B ≲ d1/2 d
a2

2a−1B− a
2a−1 d−

a2

2a−1B− a−1
2a−1

ASGD B ≳ d1/2 da/2 B−1d−a/2

Table 2: Power-law consequences of our lower bounds for spectra λi ≍ i−a with a > 1. SGD has
only a constant-size linear-scaling window; HB preserves SGD-level CE up to B ≲ da/2;
ASGD improves small-batch CE but loses CE as B grows through the intermediate regime.

accelerated scale; past that point, larger batches no longer improve serial runtime and only decrease
CE at the usual 1/B rate. For more slowly decaying spectra, ASGD and HB are comparable.

Figure 1 illustrates these regimes in synthetic linear regression. For slowly decaying spectra,
ASGD and HB nearly overlap while HB improves serial runtime over SGD at essentially the same CE.
For rapidly decaying spectra, ASGD improves small-batch CE over HB/SGD and then spends this
advantage to reduce serial runtime as B grows. Thus, HB mainly enlarges the batch-size window over
which SGD-level CE can be converted into serial speedup, whereas ASGD improves the small-batch
CE frontier but has a shorter CE-preserving window.

2. Background and Preliminaries

Definitions. We study online stochastic optimization for noiseless linear regression with Gaussian
covariates. Compute is measured by the total number of gradient queries. For the covariance
dynamics of the iterate, let T denote the linear operator such that Σt+1 = T (Σt). Following prior
work on consistent linear systems [19, 27, 30], the error contracts geometrically at a rate governed
by the spectral radius of T . At each iteration, we sample a minibatch of size B from the population
xi ∼ N (0,H) and yi = ⟨w∗, xi⟩ where w∗ ∈ Rd is the minimizer and H ≻ 0 is the covariance
matrix.Denote the minibatch empirical covariance X̄ = 1

B

∑B
i=1 xix

⊤
i . We write where H = QΛQ⊤

and Λ = diag(λ1, . . . , λd), λmax = λ1 ≥ · · · ≥ λd = λmin > 0. and κ = λmax/λmin. When stated,
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we specialize to power-law spectra λi ≂ i−a with a > 1, so that λmax ≂ 1 and λmin ≂ d−a. The
population risk is R(w) := 1

2E
[
(⟨w, x⟩ − y)2

]
.

Background. We analyze ASGD [11, 12, 20],

µt = βµt−1 + (1− β)gt

wt+1 = wt − η(µt + ζgt), (1)

where µt is the momentum buffer, wt is the iterate, gt is the minibatch gradient, and the hyperparam-
eters are the learning rate η, momentum EMA parameter β, and direct-gradient weight ζ. Setting
ζ = 0 recovers HB.

3. Compute Efficiency Lower Bounds

We analyze these algorithms through the covariance dynamics of an augmented state vector zt
dependent on the distance to the optimizer wt − w⋆, and includes all variables needed to make the
dynamics first-order linear in the covariance Σt = E[ztz⊤t ]. For each method, the error covariance
satisfies a linear recursion Σt+1 = T (Σt). where T is a positive operator defined on the space of PSD
matrices that depends on the data covariance H , batch size B and the algorithm hyperparameters.
Since the excess risk is a linear function of Σt [19, 27, 28, 30], the risk contraction is mainly governed
by the spectral radius ρ(T ) = maxi |ti| where ti are the eigenvalues of T . Thus, establishing lower
bounds on ρ(T ), or equivalently upper bounds on the spectral gap s = 1 − ρ(T ) would directly
imply lower bounds on the error rate for a consistent linear system. We leave the formal extension of
our spectral bounds to risk bounds to future work.

3.1. Heavy Ball

The operator setup for HB is deferred to Appendix A.2. This brings us to our first main result, and
we defer the full proofs to Appendix A.

Theorem 1 (HB Compute Efficiency Lower Bound) For any data covariance matrix H and mini-
batch size B ≥ 1, β, η > 0, the optimal spectral radius of HB satisfies:

s∗(H,B) ≳ 1− min

{
B λmin

tr(H)
,

√
λmin

λmax

}
.

where ≳ absorbs universal constants. In particular, the transition to the accelerated regime occurs
at batch size Bcrit

HB = Tr(H)
√
κ

λmax
.

Theorem 1 establishes a lower bound on the optimal spectral radius of HB, which in the case
of consistent linear systems governs the error rate. From the theorem, we can see that there are, in
effect, 2 regimes for HB: for batch size B < Bcrit

HB , the algorithm cannot improve over the SGD
scaling, whereas for batch size B ≥ Bcrit

HB the best-achievable spectral gap is bounded above by the
asymptotic contraction rate.

Corollary 2 (HB on power-law spectra) Assume the eigenvalues of H satisfy λi ≂ i−a for some
a > 1. Then, the optimal spectral radius of HB satisfies:

s∗(H,B) ≳ 1−min
{
Bd−a, d−a/2

}
,

4



COMPUTE EFFICIENCY AND SERIAL RUNTIME TRADEOFFS

where ≳ absorbs universal constants. In particular, the transition to the accelerated regime occurs
at batch size Bcrit

HB ≂ da/2

3.2. Accelerated SGD

The operator setup for ASGD is deferred to Appendix B.1. Then, we have the following statement.

Theorem 3 (ASGD Lower Bound under power-law spectra) Assume the eigenvalues of H sat-
isfy λi ≂ i−a for some a > 1. Then the optimal spectral radius of ASGD satisfies:

s∗(H,B) ≳ 1−


B d−

a2

2a−1 , B ≲ 1,

B
a

2a−1 d−
a2

2a−1 , 1 ≲ B ≲ d1/2,

d−a/2, B ≳ d1/2,

where ≳ absorbs universal constants. In particular, the lower bound saturates at the accelerated
scale at batch size Bcrit

ASGD ≂ d1/2.

Theorem 3 gives three batch-size regimes. First, in the linear regime, increasing B linearly decreases
the serial steps needed to reach a fixed target. Next, in the diminishing returns regime, serial runtime
still improves with B, but only sublinearly, since a/(2a− 1) < 1 for a > 1 (roughly a

√
B gain for

large a). Finally, in the saturation regime, the lower bound reaches the accelerated scale, so larger
batches no longer improve serial runtime and only waste compute. However, note that in the power
law setting, the ASGD lower bound reaches the accelerated scale at a smaller batch size than the HB
lower bound. We expand upon this finding in Corollary 4.

Corollary 4 (ASGD Accelerated Regime.) Assume the eigenvalues of H satisfy λi ≂ i−a for
some a > 1. Let Bcrit

HB and Bcrit
ASGD denote the smallest batch sizes at which the HB and ASGD lower

bounds reach the optimal accelerated spectral gap Θ(d−a/2). Then

Bcrit
HB ≂ da/2, Bcrit

ASGD ≂ d1/2,
Bcrit

HB

Bcrit
ASGD

≂ d(a−1)/2.

Thus, for every a > 1, the ASGD lower bound reaches the accelerated scale at a strictly smaller
batch size than the HB lower bound. Equivalently, throughout the interval d1/2 ≲ B ≲ da/2, the
ASGD lower bound has already saturated at the accelerated scale.

We defer the full proofs to Appendix B.

4. Discussion and Conclusions

In this work, we have established compute efficiency lower bounds for heavy ball momentum and
accelerated SGD, as a function of the problem instance and the batch size. Specializing the problem
instances to power law spectra, we have directly compared the 2 algorithms showing that there is a
performance to serial runtime tradeoff: one can train with ASGD at a smaller batch size for a longer
serial runtime, achieving better final loss. From a theory point of view, our lower bound for ASGD
improves over that of [12], most notably due to the bound applying for any power law spectrum and
not a specifically constructed problem. We believe that the techniques used in this work to derive the
lower bounds can also be applied to deriving upper bounds, and we leave this derivation to future
work.
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Appendix A. Heavy Ball Analysis

We will recall a basic identity used repeatedly in the stochastic covariance analysis, namely the
Gaussian fourth-moment formula.

Proposition 5 For any deterministic matrix Σ and x ∼ N (0,H) we have the following equation:

E[xx⊤Σxx⊤] = 2HΣH +Tr(HΣ)H ⪯ 3Tr(HΣ)H. (2)

For a minibatch empirical covariance X̄ = 1
B

∑B
i=1 xix

⊤
i , Proposition 5 gives

E[X̄ΣX̄] =

(
1 +

1

B

)
HΣH +

1

B
Tr(HΣ)H ⪯

(
1 +

2

B

)
Tr(HΣ)H. (3)

A.1. Proof of Proposition 5

Proof The proof is a simple application of Isserlis’s theorem. Elementwise, we have that:

E[xx⊤Σxx⊤]ij =
∑
kl

ΣklE[xixkxlxj ] =
∑
kl

Σkl(HikHlj +HilHkj +HijHkl)

Assembling the result in matrix form gives the first part.
For v ∈ Rd, define u := H1/2v. Then

v⊤HΣHv = v⊤H1/2(H1/2ΣH1/2)H1/2v = u⊤H1/2ΣH1/2u.

Also,
Tr(HΣ) v⊤Hv = Tr

(
H1/2ΣH1/2

)
u⊤u.

Since H ⪰ 0 and Σ ⪰ 0, we have H1/2ΣH1/2 ⪰ 0. Hence there exists an orthogonal matrix P and
a diagonal matrix D ⪰ 0 such that

H1/2ΣH1/2 = PDP⊤.

Since D ⪰ 0, we have D ⪯ Tr(D) I . Therefore,

u⊤H1/2ΣH1/2u = u⊤PDP⊤u ≤ u⊤P (Tr(D)I)P⊤u = Tr(D)u⊤u.

Using Tr(D) = Tr
(
H1/2ΣH1/2

)
= Tr(HΣ), we obtain

v⊤HΣHv ≤ Tr(HΣ) v⊤Hv.

Since this holds for all v ∈ Rd, it follows that HΣH ⪯ Tr(HΣ)H .

9



COMPUTE EFFICIENCY AND SERIAL RUNTIME TRADEOFFS

A.2. Heavy Ball Operator Setup

We can rewrite the HB update from equation equation 1 in the following form:

wt+1 = wt − η(1− β) ĝt + β (wt − wt−1), η > 0, β ∈ [0, 1).

We can rewrite the update as a linear recursion, where the vector form is the augmented state:[
wt+1 − w∗

wt − w∗

]
=

[
(1 + β)I − η(1− β)X̄t −βI

I 0

][
wt − w∗

wt−1 − w∗

]
(4)

Denote by zt =

[
wt − w∗

wt−1 − w∗

]
with covariance Σt = E[ztz⊤t ], and denote the transition operator

from equation equation 4 as Ât. We can decompose Ât = Mt+ Ã, where Ã will be the deterministic
component and Mt the random component as:

Mt =

[
−η(1− β)(X̄t −H) 0

0 0

]
Ã =

[
(1 + β)I − η(1− β)H −βI

I 0

]
Computing the covariance of the augmented state vector gives:

Σt+1 = ÃΣtÃ
⊤ + E[Mtztz

⊤
t M

⊤
t ]

For the second expectation, we need to compute a 4th moment Gaussian term coming from
E[X̄tztz

⊤
t X̄t], only on the 11 block (since that is where X̄t is). We can compute this term by

applying Proposition 5 and upper bound HΣH ⪯ Tr(HΣ)H . With an abuse of notation, we will
write the recursion of Σt+1 with equality after applying this bound, since we only lose a small
constant factor, thus obtaining:

Σt+1 = ÃΣtÃ
⊤ +

[
2η2(1−β)2

B Tr
(
HΣ11

t

)
H 0

0 0

]
Henceforth, we will express all matrices in the eigenbasis of H . Thus, after rotation H reduces

to Λ with St = Q⊤ΣtQ and A = Q⊤ÃQ. Thus, the recursion becomes:

St+1 = AStA
⊤ + η2(1− β)2

[
1
B ΛTr(ΛS11

t ) 0

0 0

]
(5)

Note that A has a block diagonal structure as A = blkdiag(A1, . . . , Ad), where each per–coordinate
2× 2 block is:

Ai =

[
ai −β

1 0

]
, ai := (1 + β)− η(1− β)λi. (6)

Let TH,η,β,B denote the corresponding linear covariance update operator on symmetric 2d× 2d
matrices as defined in equation 5, such that:

St+1 = TH,η,β,B(St)

Let s(H, η, β,B) denote the spectral radius of TH,η,β,B

s(H, η, β,B) := ρ
(
TH,η,β,B

)
:= max{ |s| : s eigenvalue of TH,η,β,B }.

As we see later on (in Lemma 9), this spectral radius is attained by a real, nonnegative eigenvalue
with a PSD eigenmatrix. We define the optimal spectral radius attainable at batch size B as

s∗(H,B) := inf
η>0, β∈[0,1)

s(H, η, β,B),

10
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A.3. Deriving the Secular Equation

Recall that:

St+1 = AStA
⊤ + η2(1− β)2

[
1
B ΛTr(ΛS11

t ) 0

0 0

]
Let γ = Tr(ΛS11

t ). Pushing a vec through this equation coupled with the fact that vec(AStA
⊤) =

(A⊗A) vec(St) gives us:

s vec(St) = (A⊗A) vec(St) +
2η2(1− β)2γ

B


vec(Λ)

0
0
0



=⇒ (sI −A⊗A) vec(St) =
2η2(1− β)2γ

B


vec(Λ)

0
0
0


We can break the above equation up into d, 2× 2 equations each using a block of A:

(sI −Ai ⊗Ai) vec(St,i) =
2η2(1− β)2γ

B


λi

0
0
0



=⇒ vec(St,i) =
2η2(1− β)2γ

B
(sI −Ai ⊗Ai)

−1


λi

0
0
0



To simplify γ, we multiply the above Equation by


λi

0
0
0

 and sum over i ∈ {1, . . . , d} to get:

1 =
2η2(1− β)2

B

d∑
i=1

[
λi 0 0 0

]
(sI −Ai ⊗Ai)

−1


λi

0
0
0

 (7)

11
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Inverting the Kronecker. Suppose Mi is an eigenbasis for Ai, and Di are the eigenvalues of Ai.
Then, Mi ⊗Mi is an eigenbasis for Ai ⊗Ai and Di ⊗Di are the eigenvalues of Ai. Thus, we have:

(sI −Ai ⊗Ai)
−1 = Mi ⊗Mi(sI −Di ⊗Di)

−1M⊤
i ⊗M⊤

i

with

Di =

[
ri,+ 0
0 ri,−

]
and

Mi =

[
ri,+ ri,−
1 1

]
(8)

Equations (7) and (8) on further simlification give us:

1 =
2η2(1− β)2

B

∑
i

λ2
i s(s+ β)

(s− r2i,+)(s− r2i,−)(s− β)

Let

ϕi(s) =
s(s+ β)

(s− β) (s− r2i,+) (s− r2i,−)
.

The final secular Equation can be writen as

1 =
c

B

d∑
i=1

λ2
i ϕi(s)

1− cλ2
iϕi(s)

, c = η2(1− β)2. (9)

Validity of vectorizing Equation 16 The vectorized equation is acting on the 4d dimensional
space defined by the d 2× 2 blocks, while the symmetric matrices occupy a 3d space here. So the
secular equation has extra roots. But we will argue that the maximum eigenvalue of the secular
equation is still associated with a per-diagonal block PSD matrix.

First, within the space of per-diagonal symmetric matrices, per-diagonal PSD matrix has the
maximum eigenvalue. This follows from KT theorem, as per-diagonal PSD matrix form a total cone.
Then, let’s consider the solutions of secular equation outside the symmetric space. Let M be an
eigen vector of TH,η,β,B which is neither symmetric nor anti-symmetric. By linearity of TH,η,β,B ,

TH,η,β,B(M) = λM =⇒ TH,η,β,B(M
T ) = λM⊤

Now, let’s decompose M into its symmetric and anti-symmetric parts:

Ms :=
M +M⊤

2
, Ma :=

M −M⊤

2
.

Then, by linearity,

TH,η,β,B(Ms) =
TH,η,β,B(M) + TH,η,β,B(M

⊤)

2
=

λM + λM⊤

2
= λXs,

12
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and similarly

TH,η,β,B(Ma) =
TH,η,β,B(M)− TH,η,β,B(M

⊤)

2
=

λM − λM⊤

2
= λMa.

Therefore, any eigenvalue carried by an eigenmatrix M is also carried by a symmetric eigenmatrix and
an anti-symmetric eigenmatrix. Also, if M is anti-symmetric, Tr(ΛS11) = 0 =⇒ TH,η,β,B(M) =
T∞(M). Thus, the eigenvalue of an anti-symmetric matrix for the stochastic operator coincide
with the eigenvalue for the deterministic operator. In addition, note the following: (i) A is block
diagonal, (ii) give the stochastic opertor TH,η,β,B , gauging at the block diagonal eigenmatrices of
the determinsitc operator T∞ suffices. For a block diagonal eigenmatrix, the eigenvalues of T∞ are
that of Ai ⊗ Ai, with the eigenmatrix corresponding to the largest eigenvalue being a symmetric
eigenmatrix, with rank-1 block diagonal entries of the form uiu

T
i , where ui represents the eigenvector

of Ai corresponding to its largest eigenvalue. Thus, on the determinisitc operator T∞, the eigenvalue
of a symmetric eigenmatrix is always greater than or equal to that of an anti-symmetric matrix. By
Conjecture 9, the spectral radius for TH,η,β,B is obtained by a real eigenvalue and from Lemma 8,
the spectral radius of TH,η,β,B is lower bounded by the spectral radius for T∞, thus, the dominating
eigenvalue of the secular equation is given by a symmetric PSD matrix.

A.4. The Zero-Noise Heavy Ball Analysis

In the deterministic setting, the Heavy-Ball iteration in Equation 5 reduces to

St+1 = AStA
⊤ (10)

The following technical lemma governs the maximal learning rate of the deterministic Heavy–Ball
algorithm.

Lemma 6 (Stability band of deterministic HB) Assume β, η > 0. If the Heavy–Ball iteration in
Equation 10 is stable (i.e. all eigenvalues of every Ai lie in the open unit disk), if and only if

β < 1, 0 < η <
2(1 + β)

(1− β)λmax
.

Proof Fix β ∈ [0, 1) and first consider a generic 2× 2 matrix

A =

[
a −β

1 0

]
, a ∈ R.

Let r± be the eigenvalues of A, i.e. the roots of

z2 − az + β = 0.

We recall the standard discrete-time stability criterion for a degree–2 polynomial. Writing this
polynomial in the form

z2 + pz + q = 0

with p = −a and q = β, the Jury/Schur stability test states that the roots lie strictly inside the unit
disk, |z| < 1, if and only if

|q| < 1, 1 + p+ q > 0, 1− p+ q > 0, 1− q > 0.

13
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(These are the degree–2 Jury conditions.)
In our case, substituting p = −a and q = β into the above gives

|q| < 1 ⇐⇒ |β| < 1,

1 + p+ q > 0 ⇐⇒ 1− a+ β > 0 ⇐⇒ a < 1 + β,

1− p+ q > 0 ⇐⇒ 1 + a+ β > 0 ⇐⇒ a > −(1 + β),

1− q > 0 ⇐⇒ 1− β > 0.

Thus, for the matrix A, the eigenvalues satisfy |r±| < 1 if and only if |β| < 1 and

−(1 + β) < a < 1 + β.

We now apply this to the deterministic HB iteration on the quadratic. In particular, we apply
these conditions to each state matrix Ai, where ai = (1+β)− η(1−β)λi. Stability for all i requires

−(1 + β) < ai < 1 + β for all λi ∈ [0, λmax].

The upper bound ai < 1+ β is satisfied, since η > 0 by assumption. The lower bound must hold
in particular at the largest curvature λmax, where ai is smallest:

(1 + β)− η(1− β)λmax > −(1 + β).

Rearranging,

(1+β)−η(1−β)λmax > −(1+β) ⇐⇒ 2(1+β) > η(1−β)λmax ⇐⇒ η <
2(1 + β)

(1− β)λmax
.

Finally, stability also requires |β| < 1 and 1 − β > 0, which in our nonnegative-β setting is
exactly 0 ≤ β < 1. Combining these conditions gives the claimed deterministic HB stability band.

A.5. Compute Efficiency (CE) lower bounds

Let s(H, η, β,B) denote the spectral radius of TH,η,β,B:

s(H, η, β,B) := ρ
(
TH,η,β,B

)
:= max{ |s| : s eigenvalue of TH,η,β,B }.

As we see later on (in Lemma 9), this spectral radius is attained by a real, nonnegative eigenvalue
with a PSD eigenmatrix.

We define the optimal spectral radius attainable at batch size B as

s∗(H,B) := inf
η>0, β∈[0,1)

s(H, η, β,B),

and the corresponding spectral gap as 1− s∗(H,B).

Theorem 7 (HB–SGD compute efficiency lower bound) For any covariance matrix H and mini-
batch size B ≥ 1, β, η > 0, the optimal spectral gap satisfies

s∗(H,B) ≥ 1− 8 min

{
B λmin

tr(H)
,

√
λmin

λmax

}
.

14
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A.6. Helper Lemmas

We will refer to any eigenvalue s solving the secular equation equation 9 as an observable eigenvalue,
i.e., an eigenvalue whose eigenmode has nonzero coupling to the scalar observable Sw. Recall the
secular equation for the observable eigenvalue s of TH,η,β,B:

1 = F (s) :=
c

B

d∑
i=1

λ2
i ϕi(s)

1− c λ2
iϕi(s)

, c = η2(1− β)2, (11)

with

ϕi(s) =
s(s+ β)

(s− β) (s− r2i,+) (s− r2i,−)
, ri,± =

ai ±
√
a2i − 4β

2
, ai = (1 + β)− η(1− β)λi.

(12)
The poles of ϕi are at s = β and s = r2i,±; for a deterministically stable HB choice, all these poles
lie in (0, 1). We now formalize the intuition that adding stochastic gradient noise can only slow
convergence. In particular, it cannot yield a larger spectral gap than the deterministic Heavy–Ball
dynamics.

In the zero-noise case (full batch, B = ∞), the Heavy–Ball iteration on the [wt, wt−1] state
induces the deterministic covariance recursion

St+1 = AStA
⊤,

where A = blkdiag(A1, . . . , Ad) is the block-diagonal state matrix in the H-basis (with Ai as
defined in Equation 6). Let

T (∞)(S) := ASA⊤ (13)

denote this deterministic (zero-noise) covariance operator.

Lemma 8 (Stochastic spectral radius dominates deterministic) For every (η, β,B) we have

ρ
(
TH,η,β,B

)
≥ ρ

(
T (∞)

)
= ρ(A)2.

Equivalently, the stochastic spectral gap is no larger than the deterministic gap:

1− s(H, η, β,B) ≤ 1− ρ(A)2.

Before proving this, we record a Perron–Frobenius–type fact for the covariance operators, which
follows from the Krein–Rutman theorem (Perron–Frobenius for positive operators on cones).

Corollary 9 (Perron–Frobenius for covariance maps) Let S2d denote the space of real symmet-
ric 2d× 2d matrices and let K := {S ∈ S2d : S ⪰ 0 } be the cone of positive semidefinite (PSD)
matrices. Consider either of the covariance operators T ∈

{
TH,η,β,B, T (∞)

}
. Then:

• T is a positive operator on the cone K, i.e. if S ⪰ 0, then T (S) ⪰ 0.

• The spectral radius
ρ(T ) := max{ |s| : s eigenvalue of T }

is attained by a real, nonnegative eigenvalue. That is, there exists S⋆ ∈ K \ {0} and a real
λ⋆ ≥ 0 such that

T (S⋆) = λ⋆S⋆, λ⋆ = ρ(T ).

15
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In particular, each covariance operator admits a principal eigenpair (λ⋆, S⋆) with λ⋆ = ρ(T ) and
S⋆ ⪰ 0.

The corollary shows that the leading asymptotic mode of the covariance dynamics can always be
represented by a PSD eigenmatrix.

We now prove Lemma 8.
Proof [Proof of Lemma 8] For brevity, write T (B) := TH,η,β,B . From the exact recursion and the
definition of T (∞) in equation 13, we can write

T (B)(S) = T (∞)(S) +NB(S),

where the linear “noise map” NB is

NB(S) := η2(1− β)2

[
1
B ΛTr(ΛΣ11) 0

0 0

]
, S =

[
Σ11 Σ12

Σ⊤
12 Σ22

]
.

If S ⪰ 0 then Σ11 ⪰ 0, and both ΛΣ11 Λ and Λ tr(ΛΣ11) are PSD. Hence NB(S) ⪰ 0, and therefore

T (∞)(S) ⪯ T (B)(S) for all S ⪰ 0.

Apply Corollary 9 to the deterministic operator T (∞) acting on K. There exists an eigenpair
(λ∞, S∞) with

S∞ ⪰ 0, S∞ ̸= 0, T (∞)(S∞) = λ∞S∞, λ∞ = ρ
(
T (∞)

)
.

Since S∞ ⪰ 0 and NB is PSD-valued on K, the domination relation implies

T (B)(S∞) = T (∞)(S∞) +NB(S∞) ⪰ λ∞S∞.

By induction, (
T (B)

)n
(S∞) ⪰ λn

∞S∞ for all n ≥ 1.

Fix a matrix norm ∥ · ∥ on S2d that is monotone on the PSD cone: 0 ⪯ Y ⪯ X implies
∥Y ∥ ≤ ∥X∥. The spectral norm ∥ · ∥2 has this property, since ∥X∥2 = λmax(X) for X ⪰ 0 and
Y ⪯ X implies λmax(Y ) ≤ λmax(X).

The induced operator norm of (T (B))n is∥∥(T (B)
)n∥∥ := sup

S ̸=0

∥∥(T (B)
)n
(S)

∥∥
∥S∥

.

Evaluating this supremum at S = S∞ and using monotonicity on the cone,∥∥(T (B)
)n∥∥ ≥

∥∥(T (B)
)n
(S∞)

∥∥
∥S∞∥

≥
∥∥λn

∞S∞
∥∥

∥S∞∥
= λn

∞.

By Gelfand’s formula,

ρ
(
T (B)

)
= lim

n→∞

∥∥(T (B)
)n∥∥1/n ≥ lim

n→∞
λ∞ = λ∞ = ρ

(
T (∞)

)
.

Finally, T (∞) acts as A ⊗ A on the vectorized state, so its eigenvalues are products λiλj of
eigenvalues of A. Therefore

ρ
(
T (∞)

)
= max

i,j
|λiλj | =

(
max

i
|λi|

)2
= ρ(A)2.

Combining the two inequalities yields the claimed bound.
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A.7. Proof

We start with a step size bound for HB–SGD.

Lemma 10 (Stability step-size cap) Assume HB–SGD with parameters (η, β,B) is stable, i.e., all
eigenvalues of TH,η,β,B satisfy |s| ≤ 1. Then the step size must satisfy

η ≤ min

{
2B

tr(H)
,

2(1 + β)

(1− β)λmax

}
.

Proof First, let us show that stability forces

F (1) ≤ 1.

Any real s with F (s) = 1 corresponds to an eigenvalue s of TH,η,β,B . In the stable regime, all
eigenvalues of TH,η,β,B satisfy |s| ≤ 1, so in particular there can be no real eigenvalue s > 1.
ϕi(s) = O(1/s) implies F (s) → 0 as s → ∞. Therefore, if F (1) > 1, by the Intermediate Value
Theorem, there exists s > 1 with F (s) = 1, which would correspond to an eigenvalue s > 1 and
hence contradict stability. This proves the claim.

At s = 1, we can evaluate ϕi(1) explicitly. Using

(1− r2i,+)(1− r2i,−) = (1 + β)2 − a2i = 2(1 + β) η(1− β)λi − η2(1− β)2λ2
i ,

we obtain

ϕi(1) =
1 + β

(1− β) (1− r2i,+)(1− r2i,−)
=

1 + β

(1− β)
· 1

η(1− β)λi
· 1

2(1 + β)− η(1− β)λi
.

In the stable regime, each denominator 1− cλ2
iϕi(1) is positive (otherwise F would blow up at

or before s = 1 and there would be an eigenvalue with s ≥ 1). Using x/(1− x) ≥ x for x ∈ [0, 1),
we have

1 ≥ F (1) =
c

B

d∑
i=1

λ2
iϕi(1)

1− cλ2
iϕi(1)

≥ c

B

d∑
i=1

λ2
iϕi(1).

Substituting c = η2(1− β)2 and the expression for ϕi(1) gives

1 ≥ η(1 + β)

B

d∑
i=1

λi

2(1 + β)− η(1− β)λi
. (14)

We first derive the bound η ≤ 2B/tr(H). Dropping the negative term in each denominator,
2(1 + β)− η(1− β)λi ≤ 2(1 + β), we obtain

1 ≥ η(1 + β)

B

d∑
i=1

λi

2(1 + β)− η(1− β)λi
≥ η(1 + β)

B

d∑
i=1

λi

2(1 + β)
=

η tr(H)

2B
,

which completes the proof of this case.
We now show the second bound of η ≤ 2(1 + β)/((1− β)λmax) must hold. Lemma 8 implies

that if the deterministic HB iteration is unstable, i.e. ρ(A) > 1, then ρ(TH,η,β,B) > 1. Now if
η > 2(1 + β)/((1− β)λmax), then Lemma 6 implies ρ(A) > 1, contradicting our assumed stability.
This proves our second claim.
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Lemma 11 (Gap in terms of η and β) For any stable HB–SGD parameters (η, β,B), the spectral
gap satisfies

1− s(H, η, β,B) ≤ min
{
4ηλmin, 1− β

}
.

Proof By Lemma 8, the stochastic covariance operator TH,η,β,B has spectral radius at least that of
the deterministic (full-batch) HB operator:

s(H, η, β,B) ≥ ρ
(
T (∞)

)
= ρ(A)2,

where A = blkdiag(A1, . . . , Ad) is the deterministic HB state matrix in the [wt, wt−1] state. Hence

1− s(H, η, β,B) ≤ 1− ρ(A)2.

We first bound the gap by 1 − β. For each coordinate i, the per–coordinate block Ai has
eigenvalues ri,± satisfying ri,+ri,− = β. Thus

max{|ri,+|, |ri,−|}2 ≥ |ri,+ri,−| = β.

Taking a maximum over i yields ρ(A)2 ≥ β, so

1− ρ(A)2 ≤ 1− β.

Therefore
1− s(H, η, β,B) ≤ 1− β.

We now show 1− s(H, η, β,B) ≤ 4ηλmin. Let Amin be the 2× 2 HB block corresponding to
the smallest eigenvalue λmin, with eigenvalues rmin,± solving

z2 − aminz + β = 0, amin = (1 + β)− η(1− β)λmin.

As Amin is a block of A, we have

ρ(A) ≥ max{|rmin,+|, |rmin,−|}.

Hence
1− s(H, η, β,B) ≤ 1− ρ(A)2 ≤ 1−max{|rmin,+|, |rmin,−|}2.

We distinguish the real and complex cases for rmin,±.
For case of real roots (the overdamped case), Assume rmin,± ∈ R, which corresponds to

a2min > 4β. We have 1− ρ(A)2 ≤ (1− r2min,+) ≤ 2(1− rmin,+). The roots satisfy

(rmin,+−1)(rmin,−−1) = 1− (rmin,++ rmin,−)+ rmin,+rmin,− = 1−amin+β = η(1−β)λmin.

Since the roots are real and satisfy r+r− = β with r− ≤ r+, we must have r− ≤
√
β. Using that

β ≤ 1 (stability),

1− ρ(A)2 ≤ 2(1− rmin,+) = 2
η(1− β)λmin

1− r−
≤ 2

η(1− β)λmin

1−
√
β

= 2η(1 +
√
β)λmin ≤ 4ηλmin,

which completes the proof of this case.
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For case of complex roots (underdamped case), assume rmin,± are complex conjugates, where
a2min < 4β. Then both have modulus

√
β, so

1− ρ(A)2 ≤ 1− |rmin,+|2 = 1− β.

For the underdamped case (complex roots), due to that amin = (1+β)−η(1−β)λmin, the condition
a2min < 4β is equivalent to:

η(1− β)λmin > (1−
√

β)2 =⇒ η(1 +
√
β)λmin > 1−

√
β.

Therefore,
1− β = (1−

√
β)(1 +

√
β) ≤ (1 +

√
β)2ηλmin ≤ 4ηλmin,

which completes the proof of the complex case.

Now we are equipped to complete the proof of Theorem 7.
Proof [Proof of Theorem 7] Fix H and any stable HB–SGD parameters (η, β,B).

Combining Lemma 11 (the step size cap) with Lemma 10 (the bound on 1− s(H, η, β,B)), we
obtain three simultaneous upper bounds on the same quantity 1− s(H, η, β,B):

1− s(H, η, β,B) ≤ min{4ηλmin, 1− β} ≤ min

{
8Bλmin

tr(H)
,
8(1 + β)λmin

(1− β)λmax
, 1− β

}
.

Using the definition of s∗(H,B), it remains to bound:

1− s∗(H,B) ≤ sup
β∈[0,1)

min

{
8Bλmin

tr(H)
,
8(1 + β)λmin

(1− β)λmax
, 1− β

}
.

The first term inside the minimum does not depend on β), so the proof consists in bounding:

sup
β∈[0,1)

min

{
8(1 + β)λmin

(1− β)λmax
, 1− β

}
.

The first function in the min is increasing in β ∈ [0, 1), while the second is decreasing. Conse-
quently, the sup is achived at the at the crossing point β⋆, where

8(1 + β⋆)λmin

(1− β⋆)λmax
= 1− β⋆ ⇐⇒ (1− β⋆)2 = 8(1 + β⋆)

λmin

λmax
.

Hence

sup
β∈[0,1)

min

{
8(1 + β)λmin

(1− β)λmax
, 1− β

}
= 1− β⋆ =

√
8(1 + β⋆)

λmin

λmax
= 4

√
λmin

λmax
,

using 1 + β⋆ ≤ 2. This completes the proof.

Corollary 12 (HB on power-law spectra) Assume the eigenvalues of H satisfy λi ≂ i−a for some
a > 1. Then, the optimal spectral radius of HB satisfies:

s∗(H,B) ≳ 1−min
{
Bd−a, d−a/2

}
,

where ≳ absorbs universal constants. In particular, the transition to the accelerated regime occurs
at batch size Bcrit

HB ≂ da/2
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Proof Under the power-law spectrum

λi ≂ i−a, λmax ≂ 1, λmin ≂ d−a, a > 1,

Theorem 7 gives

s∗(H,B) ≥ 1− 8min

{
Bλmin

tr(H)
,

√
λmin

λmax

}
.

Now,
Bλmin

tr(H)
≂

B d−a∑d
i=1 i

−a
.

Since a > 1, we have
d∑

i=1

i−a ≂ 1 =⇒ Bλmin

tr(H)
≂ B d−a.

Also, √
λmin

λmax
≂

√
d−a

1
= d−a/2.

Therefore

min

{
Bλmin

tr(H)
,

√
λmin

λmax

}
≂ min

{
B d−a, d−a/2

}
,

=⇒ s∗(H,B) ≳ 1−min
{
B d−a, d−a/2

}
.

Appendix B. Accelerated SGD Analysis

We now turn our attention to Accelerated SGD (ASGD) algorithm and we establish rates for it in a
similar technical way. We begin by establishing the rates for the deterministic operator T∞, followed
by deterministic and stochastic conditions for the learning rate.

B.1. ASGD Operator Setup

The analysis for ASGD follows a very similar pattern as HB in Section 3.1. Note that we assume
0 < ζ ≤ 1 and 0 < β < 1. The ASGD update rule from Equation 1 can be written as a linear
recursion in the following augmented state:[

wt+1 − w∗

wt+1 − w∗ + ηµt

]
=

[
(1 + β)I − η(ζ + 1− β)X̄t −βI

I − ηζX̄t 0

][
wt − w∗

wt − w∗ + ηµt−1

]
(15)

We again decompose the transition matrix into a deterministic and a stochastic component:

Mt =

[
−η(ζ + 1− β)(X̄t −H) 0

−ηζ(X̄t −H) 0

]
Ã =

[
(1 + β)I − η(ζ + 1− β)H −βI

I − ηζH 0

]
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Note that all the randomness is in Mt. Denoting by zt =

[
wt − w∗

wt − w∗ + ηµt−1

]
and computing its

covariance we get:

Σt+1 = AΣtA
T +

η2

B

[
(ζ + (1− β))2Tr

(
HΣ11

t

)
H ζ(ζ + 1− β)Tr

(
HΣ11

t

)
H

ζ(ζ + 1− β) Tr
(
HΣ11

t

)
H ζ2Tr

(
HΣ11

t

)
H

]
Similarly, we will express all matrices in the eigenbasis of H . Reusing the same notation as in

Section 3.1 after rotation in the eigenbasis of H we get Λ and St = Q⊤ΣtQ and A = Q⊤ÃQ. After
computing the 4th moment term using Proposition 5, the recursion becomes:

St+1 = AStA
⊤ +

η2

B

[
(ζ + (1− β))2 Tr

(
ΛS11

t

)
Λ ζ(ζ + 1− β) Tr

(
ΛS11

t

)
Λ

ζ(ζ + 1− β) Tr
(
ΛS11

t

)
Λ ζ2 Tr

(
ΛS11

t

)
Λ

]
(16)

Let TH,η,β,ζ,B denote the corresponding linear covariance update operator for this update rule.
Denoting p = [(ζ + (1− β))2, ζ(ζ + 1− β), ζ(ζ + 1− β), ζ2].
Let γ = Tr(HS11

t ) and A = blkdiag(A1, . . . , Ad), where each per–coordinate 2× 2 block is

Ai =

[
(1 + β)− η(ζ + 1− β)λi −β

1− ηζλi 0

]

Pushing a vec through Equation 16 coupled with the fact that vec(AStA
⊤) = (A⊗A) vec(St)

gives us:

s vec(St) = (A⊗A) vec(St) +
η2γ

B
(p ⊗ vec(Λ))

=⇒ (sI −A⊗A) vec(St) =
η2γ

B
(p ⊗ vec(Λ))

We can break the above equation up into d, 2× 2 equations each using a block of A:

(sI −Ai ⊗Ai) vec(St,i) =
η2γλi

B
p

=⇒ vec(St,i) =
η2γλi

B
(sI −Ai ⊗Ai)

−1p (17)

Let,

q := ζ+1−β, a := (1+β)−η(ζ+1−β)λi, b := −β, c := 1−ηζλi, M(s)i := (sI−Ai⊗Ai)
−1.

Let {e1, e2, . . . , ed} represent the standard basis vector. To simplify γ, we multiply Equation 17 by
λie1 and sum over i ∈ {1, . . . , d} to get:

1 = F (s) :=
η2

B

∑
i

λ2
i e

⊤
1 M(s)i p (18)
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with

e⊤1 M(s)i p =
(s− bc)

(
sq2 + b2ζ2

)
+ 2ab s ζ q

(s+ bc) ((s− bc)2 − a2s)

=
(s+ β)

(
s(ζ + 1− β)2 + β2ζ2

)
− 2β(1 + β)sζ(ζ + 1− β) + βηζλi

(
s(ζ + 1− β)2 − β2ζ2

)
(s− β + βηζλi)

[
(s− 1)(s− β2) + 2ηλi

(
s(1 + ζ − β2)− β2ζ

)
+ η2λ2

i

(
β2ζ2 − s(ζ + 1− β)2

)]
As argued for the Heavy-Ball case, one can show that the maximum eigenvalue of TH,η,β,ζ,B will

occur at a symmetric PSD matrix, thus, justifying the vectorization of Equation 16.

Bounding T∞. By the same argument as in the Heavy–Ball case, the spectral radius of the stochastic
covariance operator dominates that of the deterministic operator:

ρ(TH,η,β,ζ,B) ≥ ρ(T∞), T∞(M) = AMA⊤.

Since A = blkdiag(A1, . . . , Ad), restricting to the space of symmetric matrices gives

ρ(T∞) = ρ(A⊗A) = ρ(A)2 = max
i

ρ(Ai)
2.

Thus it suffices to understand the eigenvalues of each block

Ai =

[
(1 + β)− η(ζ + 1− β)λi −β

1− ηζλi 0

]
.

We now record two lower bounds on ρ(A)2.

First bound (product bound / complex-root regime). Let ri,+, ri,− be the two roots of the
characteristic polynomial of Ai. Their product is

ri,+ri,− = β(1− ηζλi).

Hence
ρ(Ai)

2 = max{|ri,+|, |ri,−|}2 ≥ |ri,+ri,−| = β(1− ηζλi).

Taking i corresponding to λmin, we obtain

ρ(A)2 ≥ β(1− ηζλmin),

and therefore
1− ρ(A)2 ≤ (1− β) + ηβζλmin. (19)

Second bound (real-root regime). Let Amin denote the block corresponding to λmin, and let
r+ ≥ r− be its two real roots. Then

ρ(A)2 ≥ ρ(Amin)
2 ≥ r2+,

so
1− ρ(A)2 ≤ 1− r2+ ≤ 2(1− r+).
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From the characteristic polynomial at λmin,

(1− r+)(1− r−) = ηλmin(1− β)(1 + ζ).

Also, since r− + r+ = amin ≤ 1 + β, we have

2r− ≤ 1 + β =⇒ 1− r− ≥ 1− β

2
.

Therefore

1− r+ =
ηλmin(1− β)(1 + ζ)

1− r−
≤ 2ηλmin(1 + ζ),

and hence
1− ρ(A)2 ≤ 4ηλmin(1 + ζ). (20)

Combining equation 19 and equation 20, we obtain

1− ρ(A)2 ≲ min
{
ηλmin(1 + ζ), (1− β) + ηβζλmin

}
. (21)

B.2. Deterministic learning-rate stability

Lemma 13 (Deterministic ASGD stability band) Assume η > 0. The deterministic ASGD itera-
tion

St+1 = AStA
⊤

is stable, i.e. all eigenvalues of every Ai lie in the open unit disk, if and only if

0 < η <
2(1 + β)(

1− β + ζ(1 + β)
)
λmax

.

Proof For each coordinate i, write

Ai =

[
ai −β
ci 0

]
, ai = (1 + β)− η(ζ + 1− β)λi, ci = 1− ηζλi.

Its characteristic polynomial is
r2 − air + βci = 0.

Applying the degree–2 Jury criterion to

r2 + pr + q = 0 with p = −ai, q = βci,

the roots lie in the open unit disk if and only if

|q| < 1, 1 + p+ q > 0, 1− p+ q > 0.

The condition 1 + p+ q > 0 becomes

1− ai + βci > 0,

which simplifies to
ηλi(1− β)(1 + ζ) > 0.
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This holds automatically for η > 0, λi > 0, 0 < β < 1, and ζ > 0.
The condition 1− p+ q > 0 becomes

1 + ai + βci > 0,

that is,
2(1 + β)− ηλi

(
(ζ + 1− β) + βζ

)
> 0.

Since
(ζ + 1− β) + βζ = 1− β + ζ(1 + β),

this is equivalent to

η <
2(1 + β)(

1− β + ζ(1 + β)
)
λi

.

Imposing this for every i yields the claimed condition at λmax.

B.3. A stochastic step-size cap

Let
s(H, η, β, ζ, B) := ρ

(
TH,η,β,ζ,B

)
, α(H, η, β, ζ, B) := 1− s(H, η, β, ζ, B).

Recall from the secular equation equation 18 that any real solution of F (s) = 1 is an eigenvalue
s of TH,η,β,ζ,B . Since F (s) → 0 as s → ∞, stability implies

F (1) ≤ 1.

Evaluating the secular equation at s = 1 gives

F (1) =
η

B

d∑
i=1

λi
(1− β2)(1 + ζ) + βηζλi(ζ + 1− β + βζ)(

(1− β) + βηζλi

)(
2(1 + β)− ηλi(1− β + ζ(1 + β))

) . (22)

Define
S := {i : βηζλi ≤ 1− β}, Sc := {i : βηζλi > 1− β}. (23)

Let

xi := 1− β(1− ηζλi) = (1− β) + βηζλi, Ni := (1− β2)(1+ ζ) + βηζλi(ζ +1− β+ βζ).

Following the definition of xi and Ni, Equation 22 can be written as,

F (1) =
η

B

∑
i

λi
Ni

xi
(
2(1 + β)− ηλi

(
1− β + ζ(1 + β)

)) ,
Since,

2(1 + β)− ηλi

(
1− β + ζ(1 + β)

)
≤ 2(1 + β),

we have,
1

xi
(
2(1 + β)− ηλi

(
1− β + ζ(1 + β)

)) ≥ 1

2(1 + β)xi
.
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=⇒ F (1) ≥ η

2B(1 + β)

∑
i

λi
Ni

xi
.

= 1
η

2B(1 + β)

∑
λi

(1− β2)(1 + ζ) + βηζλi(ζ + 1− β + βζ)(
1− β(1− ηζλi)

)
Splitting in two cases:
Small eigenvalues: βηζλi ≤ 1− β

xi = (1− β) + βηζλi ≤ 2(1− β) =⇒ 1

xi
≥ 1

2(1− β)
.

Hence
F (1) ≥ η

4B(1 + β)

∑
i∈S

λi
Ni

1− β
.

Now
Ni = (1− β2)(1 + ζ) + βηζλi(ζ + 1− β + βζ) ≥ (1− β2)(1 + ζ),

=⇒ Ni

1− β
≥ (1− β2)(1 + ζ)

1− β
= (1 + β)(1 + ζ).

Substituting back we get,

F (1) ≥ η(1 + ζ)

4B

∑
i∈S

λi. (24)

Higher eigenvalues: βηζλi ≥ 1− β

xi = (1− β) + βηζλi ≤ 2βηζλi =⇒ 1

xi
≥ 1

2βηζλi
.

Therefore
F (1) ≥ η

4B(1 + β)

∑
i∈Sc

λi
Ni

βηζλi
.

=⇒ F (1) ≥ 1

4B(1 + β)βζ

∑
i∈Sc

[
(1− β2)(1 + ζ) + βηζλi(ζ + 1− β + βζ)

]
.

=
(1− β2)(1 + ζ)

4B(1 + β)βζ
|Sc|+ η(ζ + 1− β + βζ)

4B(1 + β)

∑
i∈Sc

λi.

=⇒ F (1) ≥ (1− β)(1 + ζ)

4Bβζ
|Sc|+ η(ζ + 1− β + βζ)

4B(1 + β)

∑
i∈Sc

λi. (25)

Summing up Equation 24, 25 we get:

F (1) ≥ η(1 + ζ)

4B

∑
i∈S

λi +
(1− β)(1 + ζ)

4Bβζ
|Sc|+ η(ζ + 1− β + βζ)

4B(1 + β)

∑
i∈Sc

λi.

Since,
ζ + 1− β + βζ

1 + β
= ζ +

1− β

1 + β
,
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we have,

F (1) ≥ η(1 + ζ)

4B

∑
i∈S

λi +
ηζ

4B

∑
i∈Sc

λi +
η(1− β)

4B(1 + β)

∑
i∈Sc

λi +
(1− β)(1 + ζ)

4Bβζ
|Sc|.

Since
η(1 + ζ)

4B

∑
i∈S

λi =
η

4B

∑
i∈S

λi +
ηζ

4B

∑
i∈S

λi,

we get

F (1) ≥ η

4B

∑
i∈S

λi +
ηζ

4B
Tr(H) +

η(1− β)

4B(1 + β)

∑
i∈Sc

λi +
(1− β)(1 + ζ)

4Bβζ
|Sc|. (26)

We now assume the power-law spectrum

λi ≂ i−a, λmax ≂ 1, λmin ≂ d−a, a > 1.

Let k := |Sc|. Since the spectrum is monotone, Sc consists of the top k eigenvalues up to constants,
so ∑

i∈S
λi ≂

d∑
i=k+1

i−a, Tr(H) ≂ 1.

For a > 1 we have:
d∑

i=k+1

i−a ≂ k1−a.

Since all terms in equation 26 are nonnegative, we may drop the last two terms and obtain

F (1) ≥ η

4B

∑
i∈S

λi +
ηζ

4B
Tr(H).

Using the power-law estimates above, this gives

F (1) ≳
η

B
k1−a +

ηζ

B
.

Since stability implies F (1) ≤ 1, we obtain

1 ≳
η

B
k1−a +

ηζ

B
,

hence the stochastic step-size cap

η ≲
B

k1−a + ζ
. (27)
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B.4. Proof of the ASGD rate bound

We define the optimal ASGD spectral radius and gap at batch size B by

s∗(H,B) := inf
η>0, β∈[0,1), ζ>0

s(H, η, β, ζ, B), α∗(H,B) := 1− s∗(H,B).

For every stable choice of (η, β, ζ), the deterministic dominance argument gives

α(H, η, β, ζ, B) ≤ 1− ρ(A)2.

Combining this with equation 21, we obtain

α(H, η, β, ζ, B) ≲ min
{
ηλmin(1 + ζ), (1− β) + ηβζλmin

}
. (28)

We split into two cases.

Case 1: ζ ≥ 1. In this regime, using equation 28 and equation 27,

α(H, η, β, ζ, B) ≲ ηλmin(1 + ζ) ≲
1 + ζ

ζ
λmin ≂ d−a.

Thus the branch ζ ≥ 1 is at best of order d−a, so it cannot yield acceleration.

Case 2: 0 < ζ < 1. In this regime, 1 + ζ ≂ 1, so the first term in equation 28 is

ηλmin(1 + ζ) ≂ ηd−a.

For the second term, using equation 23,

(1− β) + ηβζλmin ≤ (1− β) + ηζd−a ≲ ηζk−a + ηζd−a ≲ ηζk−a,

since k ≤ d implies k−a ≥ d−a. Therefore

α(H, η, β, ζ, B) ≲ η min{d−a, ζk−a}. (29)

Now combine equation 29 with the two step-size caps equation 27 and Lemma 13. For every
stable choice of (η, β, ζ) with 0 < ζ < 1,

α(H, η, β, ζ, B) ≲ min

{
B d−a

k1−a + ζ
,
d−a

ζ
,
B ζ k−a

k1−a + ζ
, k−a

}
. (30)

At this point, η and β have been eliminated: the right-hand side is an upper bound valid for every
stable (η, β, ζ), and it depends only on the induced threshold k and on ζ. Thus

α∗(H,B) ≲ sup
1≤k≤d, 0<ζ<1

min

{
B d−a

k1−a + ζ
,
d−a

ζ
,
B ζ k−a

k1−a + ζ
, k−a

}
. (31)

We now optimize over ζ for fixed k. Set

ζk :=

(
k

d

)a

.
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This is the crossover point where
d−a = ζk−a.

For fixed k, define

Ak(ζ) :=
B d−a

k1−a + ζ
, Bk(ζ) :=

d−a

ζ
, Ck(ζ) :=

B ζ k−a

k1−a + ζ
, Dk := k−a.

Then Ak and Bk are decreasing in ζ, Ck is increasing in ζ, and Dk is constant.
If 0 < ζ ≤ ζk, then ζk−a ≤ d−a, so

Ak(ζ) ≥ Ck(ζ), Bk(ζ) ≥ Dk.

Hence in this region

min{Ak(ζ), Bk(ζ), Ck(ζ), Dk} = min{Ck(ζ), Dk},

which is nondecreasing in ζ.
If ζk ≤ ζ < 1, then d−a ≤ ζk−a, so

Ak(ζ) ≤ Ck(ζ), Bk(ζ) ≤ Dk.

Hence in this region

min{Ak(ζ), Bk(ζ), Ck(ζ), Dk} = min{Ak(ζ), Bk(ζ)},

which is nonincreasing in ζ.
Therefore, for each fixed k, the right-hand side of equation 31 is maximized at the crossover

point ζ = ζk. Substituting ζk = (k/d)a, we obtain

α∗(H,B) ≲ sup
1≤k≤d

min

{
B d−a

k1−a +
(
k
d

)a , k−a

}
. (32)

We now optimize over k.

Regime I: B ≲ 1. Let

f(k) := k1−a +

(
k

d

)a

.

Its minimum is obtained by balancing the two terms:

k1−a ≂
(
k

d

)a

=⇒ k ≂ d
a

2a−1 .

At this value,
f(k) ≂ d−

a(a−1)
2a−1 ,

and therefore
B d−a

f(k)
≂ B d−

a2

2a−1 .

Also,

k−a ≂ d−
a2

2a−1 .

Hence, when B ≲ 1, the first term is the smaller one, and we obtain

α∗(H,B) ≲ B d−
a2

2a−1 .
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Regime II: 1 ≲ B ≲ d1/2. In this regime, the optimum is obtained by balancing the two terms in
equation 32:

B d−a

k1−a +
(
k
d

)a ≂ k−a.

Equivalently,

B ≂ dak−a

(
k1−a +

(
k

d

)a)
= dak1−2a + 1.

For B ≳ 1, this gives

k ≂
(
da

B

) 1
2a−1

.

Substituting back,

α∗(H,B) ≲ k−a ≂ B
a

2a−1 d−
a2

2a−1 .

Regime III: deterministic ceiling. Finally, stochastic noise can only slow convergence, so

α∗(H,B) ≤ α∗
det(H),

where α∗
det(H) is the optimal full-batch ASGD gap. The standard deterministic ASGD optimization

gives
α∗
det(H) ≲ d−a/2.

Therefore
α∗(H,B) ≲ d−a/2 for all B.

The crossover expression

B
a

2a−1 d−
a2

2a−1

matches the deterministic ceiling d−a/2 exactly when B ≂ d1/2. Combining the three regimes, we
obtain

α∗(H,B) ≲


B d−

a2

2a−1 , B ≲ 1,

B
a

2a−1 d−
a2

2a−1 , 1 ≲ B ≲ d1/2,

d−a/2, B ≳ d1/2.

(33)

Appendix C. Related Work

Acceleration with Noisy Gradients. The suboptimality of GD [3] for quadratic models has been
well studied in literature [22]. In their seminal works, Polyak [24] and Nesterov [21] have proposed
different variants of momentum, namely heavy ball and Nesterov’s accelerated gradient method,
which improve the deterministic rate to O(

√
κ). Several works have shown that for SGD with

batch size 1, both HB and NAG do not improve its compute efficiency [11, 12]. Extensions to
these algorithms have been studied by introducing an extra momentum buffer [10–12], a family of
algorithms commonly refered to as accelerated SGD [8, 20], which provably improve the contraction
at batch size 1.
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Closely related to our work is the work of Lee et al. [14], who analyze heavy-ball momentum
for high-dimensional random least squares in a proportional asymptotic regime. They consider
mini-batch sizes β satisfying β/n → ζ > 0 as the sample size n and feature dimension d grow
with d/n fixed, and show that acceleration appears only once the batch fraction crosses a spectrum-
dependent implicit conditioning ratio (ICR), a notion analogous to a critical batch fraction. For upper
bounds, Liu and Belkin [15] established upper bounds at arbitrary batch size for an algorithm named
MaSS, which is schematically similar to ASGD.

ASGD Variants in Practice. Several momentum schemes based on ASGD have been used in
practice, in particular for large language model (LLM) pretraining. Morwani et al. [20] have shown
that the Schedule-Free algorithm [7] can be rewritten as an ASGD equivalent. AdEMAMix [23] uses
a similar scheme, based on a fast and slow momentum buffer updated with different EMA parameters.
Interestingly, Lion [4], an algorithm discovered via genetic algorithms, also interpolates between
the current gradient and momentum, before applying sign on the update. Several other methods
have been proposed in the literature that aggregate over more than 1 momentum buffer [16, 17].
DANA [2, 8] is parametrically related to ASGD: it uses a single momentum buffer together with a
direct gradient path in the parameter update, but, notably, chooses the parameters as a function of the
model size and training time, rather than keeping them constant.

Nature of the bounds. Our results are finite-dimensional, discrete-time lower bounds. For HB, the
bound holds for arbitrary finite spectra; for ASGD, the stated comparison holds under the two-sided
power-law spectral assumption. In both cases, the bounds hold uniformly over all stable parameter
choices, including aggressive choices near the edge of stability, and only hide universal constants.
Although we summarize the power-law consequences using large-d scaling notation, these scalings
come from finite-d inequalities rather than asymptotic limits. For heavy ball, Lee et al. [14] provide
a lower bound in a proportional limit, showing that there is no acceleration in the small batch size
regime.

Divergence thresholds. The techniques used in this work to derive the lower bounds also, implicitly,
characterize the edge of stability [5, 6] conditions of the discussed algorithms. Recently, Andreyev
et al. [1] have derived stability thresholds for heavy ball and Nesterov momentum, which we also
implicitly recover through the proof of Theorem 1.

Appendix D. Experiments

We run synthetic experiments in linear regression on quadratics with power law data with a = 2.0,
showing that the observed scaling is consistent with the lower bounds. We set the problem size to
be D = 50000 and train for N = 500000, at batch sizes B ∈ {1, 2, 4, 8, 16, 32, 64, 128, 256, 1024},
averaged over 50 seeds. For both HB and ASGD we sweep over learning rate η ∈ {10−5, 3 ·
10−5, 10−4, 3 · 10−4, 10−3, 3 · 10−3, 10−2, 3 · 10−2, 10−1, 3 · 10−1, 1.0, 2.0, 3.0, 5.0, 10.0}, mo-
mentum EMA parameter β ∈ {0.8, 0.9, 0.95, 0.99, 0.999, 0.9999} and ASGD hyperparameter
ζ ∈ {0.05, 0.1, 0.2, 0.3, 0.5, 0.7, 0.9, 0.95, 0.99}, with ζ = 0 for HB, and we plot each curve at
the best set of hyperparameters. We plot the number of steps required to reach a target loss as a
function of the batch size.
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