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Abstract
The sample complexity of estimating or maximising an unknown function in a reproducing kernel
Hilbert space is known to be linked to both the effective dimension and the information gain
associated with the kernel. While the information gain has an attractive information-theoretic
interpretation, the effective dimension typically results in better rates. We introduce a new quantity
called the relative information gain, which measures the sensitivity of the information gain with
respect to the observation noise. We show that the relative information gain smoothly interpolates
between the effective dimension and the information gain, and that the relative information gain has
the same growth rate as the effective dimension. In the second half of the paper, we prove a new
PAC-Bayesian excess risk bound for Gaussian process regression. The relative information gain
arises naturally from the complexity term in this PAC-Bayesian bound. We prove bounds on the
relative information gain that depend on the spectral properties of the kernel. When these upper
bounds are combined with our excess risk bound, we obtain minimax-optimal rates of convergence.
Keywords: Gaussian processes, kernel methods, PAC-Bayesian bounds

1. Introduction

We consider the model
yi = f?(xi) + εi , (1)

with inputs x1, . . . , xn ∈ X and real-valued responses y1, . . . , yn. The target function f? : X → R
is an unknown function in a reproducing kernel Hilbert space (RKHS)H with reproducing kernel
k : X × X → R. The noise variables are assumed to be independent, centred and σ-sub-Gaussian.

The model in (1) has been extensively studied in the regression setting, in which a sample
(xi, yi)

n
i=1 is used to estimate either f? or the vector of function values f?n := [f?(x1), . . . , f?(xn)]>

(Györfi et al., 2002; Tsybakov, 2009). Kernel ridge regression and Gaussian process regression are
among the most popular approaches for the regression problem. For a regularisation parameter η > 0,
the kernel ridge regression estimate is defined as

f̂ := argmin
f∈H

{ n∑
i=1

(f(xi)− yi)2 +
1

η
‖f‖2H

}
.

It is well-known that there is a closed-form expression for f̂ (Schölkopf and Smola, 2002), which is

f̂(x) = k>n (x)(Kn + 1
η I)−1yn .

Here, kn(x) := [k(x, x1), . . . , k(x, xn)]> is the vector of kernel comparisons between x and the
inputs x1, . . . , xn, Kn := {k(xi, xj)}ni,j=1 is the usual n×n kernel matrix and yn := [y1, . . . , yn]>

is the response vector. Let us define

f̂n := [f̂(x1), . . . , f̂(xn)]> = Kn(Kn + 1
η I)−1yn
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as the vector of fitted values. Since each fitted value is a linear combination of the responses
y1, . . . , yn, kernel ridge regression is an example of a linear smoother. This means that we can write
f̂n = Lnyn. In this case, Ln = Kn(Kn + 1

η I)−1. The matrix Ln is called the smoothing matrix,
and its trace, denoted by tr(Ln), is called the effective degrees of freedom (Wasserman, 2006). We
will revisit this quantity shortly.

Gaussian process regression is usually presented as a Bayesian method. It is assumed that
f? ∼ GP(m(x), k(x, x′)) is a random draw from a Gaussian process prior with mean function
m : X → R and kernel (or covariance) function k : X × X → R. This means that for any fixed
sequence of inputs x1, . . . , xn, the random vector f?n is Gaussian, and in particular, f?n ∼ N (mn,Kn),
where mn := [m(x1), . . . ,m(xn)]>. If the noise variables are Gaussian with variance 1/η, then the
Bayesian posterior (say Q) is also a Gaussian process (Williams and Rasmussen, 2006). In particular,
if f? is drawn from a zero-mean prior, i.e. f? ∼ GP(0, k(x, x′)), then

Q = GP(k>n (x)(Kn + 1
η I)−1yn, k(x, x′)− k>n (x)(Kn + 1

η I)−1kn(x′)) .

Note that the mean function of Q is identical to the kernel ridge regression estimate. It turns out that
the covariance function of Q, or rather, the covariance matrix of the marginal distribution of Q at
the points x1, . . . , xn, is closely related to the effective degrees of freedom tr(Ln) (cf. Lemma 15).
Depending on the context in which it appears, the parameter η is given various names. Throughout
the rest of the paper, we will refer to η as a learning rate.

The model in (1) has also been studied in the bandit setting (Srinivas et al., 2010; Valko et al.,
2013). In kernelised bandits (also known as Gaussian process bandits), f? is called the reward
function. The objective is to sequentially maximise the reward function by querying it at a sequence
of points x1, x2, . . . and receiving the random rewards y1, y2, . . . , which can be used to inform the
selection of future query points. Since the reward function is initially unknown, it must be estimated
and maximised simultaneously. For this reason, many kernelised bandit algorithms use kernel ridge
regression or Gaussian process regression as a subroutine for estimation.

In both kernel regression and kernelised bandits, there are two widely used notions of complexity,
called the effective dimension and the information gain, which are designed to characterise the
sample complexity of estimating or maximising the function f?. For any n ≥ 1 and any learning rate
η > 0, the effective dimension (Zhang, 2005) is

dn(η) := tr(Kn(Kn + 1
η I)−1) .

Note that dn(η) is identical to the effective degrees of freedom of the kernel ridge regression estimate.
For any n ≥ 1 and any learning rate η ≥ 0, the information gain is defined as

γn(η) :=
1

2
log det(ηKn + I) .

As its name would suggest, the information gain has an information-theoretic interpretation. If in (1),
f? ∼ GP(0, k(x, x′)) and εi ∼ N (0, 1/η), then γn(η) is equal to the mutual information I(yn; f?)
between f? and the response vector yn. This version of the model in (1), in which both f? and
ε1, . . . , εn are random, is a special case of a Gaussian channel (cf. Chapter 9 in Cover and Thomas,
2006). In the study of Gaussian channels, γn(η) is an object of considerable interest.

It is known that effective dimension and the information gain are within logarithmic factors of
each other (Calandriello et al., 2019; Zenati et al., 2022). In particular, the growth-rate (in n) of
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the effective dimension is never larger than that of the information gain, whereas the growth-rate
of the information gain can be larger than that of the effective dimension by a factor of log(n).
Since both quantities can be used to characterise the sample complexity of estimating or maximising
f?, it is natural to ask whether there are any other connections between them. One can also ask if
there is a single quantity that has both the growth-rate of the effective dimension and an attractive
information-theoretic interpretation like that of the information gain. We investigate these questions.

1.1. Contributions

We introduce a new quantity, called the relative information gain, which is the difference between the
information gain at two different learning rates. As the smaller of the two learning rates is varied, a
scaled version of the relative information gain smoothly interpolates between the effective dimension
and the information gain, recovering each of them at the extremes. Moreover, the relative information
gain matches the growth-rate of the effective dimension.

We demonstrate that the relative information gain is a reasonably natural notion of complexity
for the model in (1), and not just an artificial quantity that is designed to interpolate between the
effective dimension and the information gain. In particular, we derive a localised PAC-Bayesian
excess risk bound for Gaussian process regression (cf. Theorem 5) and we find that the relative
information gain arises naturally from the complexity term in this PAC-Bayesian bound.

Finally, we show that if k is a Mercer kernel, then the relative information gain can be upper
bounded based on the rate at which its eigenvalues decay. When these upper bounds are combined
with our excess risk bound in Theorem 5, we obtain minimax-optimal rates of convergence.

1.2. Outline

The rest of this paper is organised as follows. Section 2 describes some related work on rates of
convergence for kernel ridge regression and Gaussian process regression, and on PAC-Bayesian
bounds for Gaussian processes. In Section 3, we define the relative information gain and establish
some of its properties. In Section 4, we state and sketch the proof of a PAC-Bayesian excess risk
bound. In Section 5, we provide upper bounds on the relative information gain and then use them to
obtain rates of convergence with explicit dependence on the sample size.

2. Related Work

2.1. Rates of Convergence for Kernel Ridge Regression and Gaussian Process Regression

For the setting we consider, in which f? is a fixed function in the RKHS H, the optimal rates of
convergence for kernel ridge regression are well-understood. The rates of convergence that we obtain
are the same as those in (Caponnetto and De Vito, 2007; Steinwart et al., 2009; Dicker et al., 2015,
2017). These works impose similar conditions on the eigenvalues and eigenfunctions of the kernel.
The rates of convergence for Gaussian process regression are also well-understood in this setting. The
rate at which the (Bayesian or Gibbs) Gaussian process posterior contracts has been the subject of
intense study (Seeger et al., 2008; Castillo, 2008; van der Vaart and van Zanten, 2008, 2011; Suzuki,
2012; Castillo, 2014; Pati et al., 2015; Nickl and Söhl, 2017). Several of these results have been
used to derive rates of convergence for the excess risk (van der Vaart and van Zanten, 2011; Suzuki,
2012). In summary, it is already understood that both kernel ridge regression and Gaussian process
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regression can achieve the minimax optimal rate of convergence for the setting that we consider. Our
work provides a new way to prove optimal excess risk bounds using the relative information gain.

2.2. PAC-Bayesian Bounds for Gaussian Processes

PAC-Bayesian bounds originate from work by Shawe-Taylor and Williamson (1997) and McAllester
(1998). We refer the reader to Alquier (2024) or Hellström et al. (2025) for a recent overview.
Early work on PAC-Bayesian analysis of Gaussian processes focused on classification (Seeger, 2002,
2003). More recently, PAC-Bayesian bounds were used to fit Gaussian process predictors for either
classification or regression (Reeb et al., 2018). The main focus of the aforementioned works was on
obtaining numerically tight risk certificates, as opposed to obtaining the best rates of convergence.
Suzuki (2012) derived PAC-Bayesian excess risk bounds for Gaussian process regression which
match the optimal rate of convergence under certain conditions. Despite having a similar rate
of convergence, these bounds are quite different to ours. In particular, the rate of convergence
is determined by the concentration function used in van der Vaart and van Zanten (2008, 2011),
as opposed to a notion of effective dimension or information gain. Alquier and Ridgway (2020)
used PAC-Bayesian bounds to derive rates of convergence for Variational Bayes approximations of
Gibbs distributions (such as Gaussian processes). When applied to nonparametric regression over
Sobolev ellipsoids, the rate of convergence is optimal up to logarithmic factors. More recent work
(Khribch and Alquier, 2024) has shown that optimal rates of convergence for a range of statistical
models (including the Gaussian sequence model) can be obtained via localised PAC-Bayesian bounds.
Khribch and Alquier (2024) highlight the connection between localised PAC-Bayesian bounds and
mutual information bounds, although the relative information gain does not make an appearance.

3. Effective Dimension, Information Gain and Relative Information Gain

We describe a connection between the effective dimension and the information gain, and we introduce
the relative information gain. First, we notice that both the effective dimension and the information
gain can be expressed in terms of the eigenvalues (λi)

n
i=1 of Kn. In particular, by Lemma 10 and

Lemma 11,

dn(η) =

n∑
i=1

ηλi
1 + ηλi

, γn(η) =
1

2

n∑
i=1

log(1 + ηλi) . (2)

Starting from these expressions, one can easily verify that the effective dimension is related to the
derivative of the information gain.

Proposition 1 For all n ≥ 1 and η ≥ 0,

dn(η) = 2ηγ′n(η) .

This identity is equivalent to a known result for Gaussian channels, which states that the derivative
of the information gain with respect to the signal-to-noise ratio is equal to half the minimum mean
squared error (Guo et al., 2005). In our formulation, η is the signal-to-noise ratio, and it turns out
that the minimum mean squared error is equal to dn(η)/η (cf. Appendix B). Thus Proposition 1 can
be obtained from Theorem 1 in Guo et al. (2005).

The identity in Proposition 1 gives us an information-theoretic interpretation of the effective
dimension. Namely, the effective dimension is a measure of how sensitive the information gain is to

4



RELATIVE INFORMATION GAIN AND GAUSSIAN PROCESS REGRESSION

the learning rate (or the variance of the noise in the responses). In addition, Proposition 1 suggests
that we can obtain a reasonable approximation of the effective dimension by taking the difference
between the information gain at two different learning rates. For a sample size n ≥ 1, and two
learning rates η > β ≥ 0, we define the relative information gain as

γn(η, β) := γn(η)− γn(β) .

The relative information gain can be interpreted as the additional information that would be gained
about f? if the variance of the noise in the responses was reduced from 1/β to 1/η. The bottom
toast inequality (the bottom half of the sandwich inequality) in Proposition 5 of Calandriello et al.
(2019) states that dn(η) is bounded by 2γn(η). We will now show that a scaled version of the relative
information gain smoothly interpolates between these two quantities. Using Proposition 1, and the
definition of the derivative, we can express the effective dimension as (the limit of) a scaled version
of the relative information gain. In particular, for any learning rates η > β > 0,

dn(η) = lim
η0→η−

2η

η − η0
γn(η, η0) ≈ 2η

η − β
γn(η, β) . (3)

If β = 0, then the right-hand side of (3) is equal to twice the information gain, although the
approximation of the limit is rather crude in this case. This establishes that the scaled information
gain recovers both the effective dimension and the information gain as special cases. The following
proposition shows that these are the two extreme cases.

Proposition 2 For all n ≥ 1 and η > β ≥ 0,

dn(η) ≤ 2η

η − β
γn(η, β) ≤ 2γn(η) .

The first inequality is sharp in the limit as β tends to η from below and the second inequality is sharp
when β = 0.

Proof The sharpness of each inequality follows from (3). For any λ ≥ 0, the mapping β 7→
1

η−β log 1+ηλ
1+βλ is decreasing on [0, η) (cf. Lemma 12). From this and (2), it follows that β 7→

2η
η−βγn(η, β) is also decreasing on [0, η). Thus the scaled information gain is bounded between dn(η)
and 2γn(η) for all β in the interval [0, η).

The full sandwich inequality in Proposition 5 of Calandriello et al. (2019) shows that the effective
dimension and the information gain are within logarithmic factors of each other. In particular,

dn(η) ≤ 2γn(η) ≤ (1 + log(1 + ηλmax))dn(η) ,

where λmax = maxi λi. Since λmax is at most of order n, this implies that γn(η) = O(dn(η) log(n)).
We prove that the effective dimension and the relative information gain can form a thinner sandwich.

Proposition 3 For all n ≥ 1 and η > β > 0,

dn(η) ≤ 2η

η − β
γn(η, β) ≤ η

β
dn(η)
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Proof The first inequality follows from Proposition 2. Using the inequality log(1 + x) ≤ x for
x ≥ 0, we obtain

η

η − β

n∑
i=1

log
1 + ηλi
1 + βλi

≤
n∑
i=1

ηλi
1 + βλi

=

n∑
i=1

1 + ηλi
1 + βλi

ηλi
1 + ηλi

≤ η

β

∑
i=1

ηλi
1 + ηλi

.

The second inequality now follows from (2).

Proposition 3 tells us that the effective dimension and the relative information gain have the same
growth-rate whenever β = cη, for some constant c ∈ (0, 1).

3.1. Illustrative Examples

We demonstrate that the information gain and the relative information gain really can have different
growth rates. First, we consider a simple example in which we can easily verify that γn(η, β) = O(1)
and γn(η) = Ω(log(n)). We assume that the inputs x1, . . . , xn ∈ X are elements of a finite set X
with cardinality |X | = k < n, and that the kernel function satisfies k(xi, xi) = 1 for all i ∈ [n].
First, we upper bound the effective dimension. Suppose that Kn has m non-zero eigenvalues, and let
us assume that it is the first m eigenvalues that are non-zero. Then

dn(η) =

m∑
i=1

ηλi
1 + ηλi

≤
m∑
i=1

ηλi
ηλi

= m.

Since |X | ≤ k, the rank of the kernel matrix Kn is at most k, which means that dn(η) ≤ k.
By Proposition 3, this also means that γn(η, β) ≤ η−β

2β k. If for some c ∈ (0, 1), β = cη, then
γn(η, β) = O(1). Next, we lower bound the information gain. Since every term in the expansion of∏n
i=1(1 + ηλi) is non-negative,

γn(η) =
1

2
log

n∏
i=1

(1 + ηλi) ≥
1

2
log

(
1 +

n∑
i=1

ηλi

)
=

1

2
log(1 + ηn) .

Here, we used the fact that since k(xi, xi) = 1 for all i ∈ [n], tr(Kn) = n. We conclude that
whenever η does not depend on n, γn(η) = Ω(log(n)).

Next, we consider a somewhat less artificial example, and estimate the growth-rates of the
information gain and the relative information gain via simulation. This time, the inputs x1, . . . , xn
are drawn independently and uniformly at random from the interval [0, 1], the kernel function is
the squared exponential kernel k(x, y) = exp(−(x− y)2/2) and we take η = 1 and β = 1/2. For
several values of n between 1 and 3000, and 20 random draws of x1, . . . , xn, we record the values of
all three quantities that appear in Proposition 2. Namely, we record dn(η), 2η

η−βγn(η, β) and 2γn(η).
We plot the average values of these three quantities in Figure 1, and obtain the estimates

E[γn(1)] ≈ 0.267 · log8/5(n) + 0.347 , E[γn(1, 1/2)] ≈ 0.113 · log(n) + 0.144 .

We see that the information gain grows at a rate that is faster by a factor of approximately log3/5(n).
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Figure 1: Estimates of the effective dimension, the information gain and the relative information
gain. The inputs are drawn uniformly at random from [0, 1], the kernel function is
k(x, y) = exp(−(x− y)2/2) and the learning rates are η = 1 and β = 1/2. We plot the
average value plus/minus three times the standard deviation over 20 repetitions.

4. Excess Risk Bounds for Gaussian Process Regression

We demonstrate that the relative information gain arises naturally from a localised PAC-Bayesian
bound for Gaussian process regression. We use the zero-mean prior Pα = GP(0, αk(x, x′)) with
a scale parameter α > 0. For a learning rate η > 0, we will consider Gibbs distributions Qn,η,α
defined by

dQn,η,α
dPα

(f) ∝ exp

(
− η

n∑
i=1

(f(xi)− yi)2

)
.

It is known that Qn,η,α is also a Gaussian process (Williams and Rasmussen, 2006). In particular,

Qn,η,α = GP(k>n (x)(Kn + 1
2ηαI)−1yn, αk(x, x′)− αk>n (x)(Kn + 1

2ηαI)−1kn(x′)) .

Note that if we set the learning rate to η = 1/(2σ2), then Qn,η,α coincides with the Bayesian
posterior for the model in (1). We consider the problem of regression with fixed design, which
means that the inputs x1, . . . , xn are deterministic and our objective is to estimate the function values
f?(x1), . . . , f?(xn). In this setting, we only need to consider the marginal distributions of Qn,η,α
and Pα on the inputs x1, . . . , xn, which are n-dimensional Gaussians. By a small abuse of notation,
we will also use Qn,η,α and Pα to refer to these marginal distributions. It is easy to check that
Pα = N (0, αKn) and Qn,η,α = N (mn,η,α,Kn,η,α), where

mn,η,α = Kn(Kn + 1
2ηαI)−1yn , Kn,η,α = αKn − αKn(Kn + 1

2ηαI)−1Kn .

We assume that the noise variables ε1, . . . , εn are independent and σ-sub-Gaussian.
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Assumption 1 The noise variables ε1, . . . , εn are independent. For all i ∈ {1, . . . , n} and all
η ∈ R, E[exp(ηεi)] ≤ exp(σ2η2/2).

For simplicity, we also assume that the inputs x1, . . . , xn and the kernel k are such that the kernel
matrix Kn is strictly positive-definite. This assumption is quite mild, since it is satisfied by typical
kernels whenever x1, . . . , xn are distinct. It is used to prove some of the auxiliary lemmas in
Appendix C.1, but we expect that if one has the desire, this assumption can be dropped.

Assumption 2 The kernel matrix Kn is strictly positive-definite.

In what follows, let us use g := [g1, . . . , gn]> to denote an arbitrary vector (of function values) in
Rn. We define the excess risk Rn : Rn → R and the empirical risk rn : Rn → R as

Rn(g) :=
1

n
‖g − f?n‖22 , rn(g) :=

1

n
‖g − yn‖22 .

We want to upper bound the average excess risk
∫
Rn(g)dQn,η,α(g) of Qn,η,α. Using a PAC-

Bayesian bound for sums of independent random variables (cf. Proposition 2.1 in Catoni and Giulini,
2017), one can derive the following PAC-Bayesian bound. For any n ≥ 1, any δ ∈ (0, 1], any
η ∈ (0, 1

2σ2 ) and any α > 0, with probability at least 1− δ,∫
Rn(g)dQn,η,α(g) ≤ inf

Q

{∫
η(rn(g)− rn(f?n))dQ(g)

η − 2σ2η2
+
DKL(Q||Pα) + log 1

δ

n(η − 2σ2η2)

}
. (4)

We consider this to be a fairly standard PAC-Bayesian bound for the excess risk. Indeed, one can
obtain a bound similar to the one in (4) from Theorem 2.1 in Alquier and Ridgway (2020). However,
this bound is not completely satisfactory. Lemma 13 tells us that the infimum on the right-hand side
is achieved when Q = Qn,η,α. For this choice of Q, the KL divergence DKL(Qn,η,α||Pα) contains
the log-determinant term 1

2 log(det(αKn)/ det(Kn,η,α)). Due to Corollary 16,

1

2
log

det(αKn)

det(Kn,η,α)
=

1

2
log det(2ηαKn + I) = γn(2ηα) .

Therefore, one would expect that the bound in (4) is at best of the order γn(2ηα)/n. In fact, one
can show that this bound is of the order [γn(2ηα) + ‖f?‖2H/α]/n. Sadly, plugging in the bounds
on the information gain from Vakili et al. (2021) and then optimising the value of α does not yield
minimax-optimal rates of convergence. The extra (up to) logarithmic factor in the growth rate of
γn(η) (compared to dn(η) or γn(η, β)) results in unnecessary log factors in the rate of convergence.
To fix this, we use Catoni’s localisation technique (Catoni, 2007), which allows one to prove PAC-
Bayesian bounds with data-dependent priors. In Proposition 4, the prior is the Gibbs distribution
Qn,β,α, with a learning rate β < η.

Proposition 4 Suppose that Assumption 1 is satisfied. For any n ≥ 1, any δ ∈ (0, 1], any η ∈
(0, 1

2σ2 ), any β > 0 such that η − 2η2σ2 − β − 2β2σ2 > 0 and any α > 0, w.p. at least 1− δ,∫
Rn(g)dQn,η,α(g) ≤ inf

Q

{∫
(η − β)(rn(g)− rn(f?n))dQ(g)

η − 2σ2η2 − β − 2σ2β2
+

DKL(Q||Qn,β,α) + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)

}
.
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Using Lemma 13 again, it can be shown that the infimum on the right-hand side is still achieved
when Q = Qn,η,α (cf. Appendix C.3). This time, the KL divergence DKL(Qn,η,α||Qn,β,α) contains
the log-determinant term 1

2 log(det(Kn,β,α))/ det(Kn,η,α)). Using Corollary 16 again,

1

2
log

det(Kn,β,α))

det(Kn,η,α)
=

1

2
log det

2ηαKn + I

2βαKn + I
= γn(2ηα, 2βα) .

One might expect that the bound in Proposition 4 is of the order [γn(2ηα, 2βα) + ‖f?‖2H/α]/n. We
will see shortly that this is indeed the case. We sketch the main ideas of the proof of Proposition 4
here, and refer the interested reader to Appendix C. A key idea is to use a prior that assigns higher
probability to functions (or vectors of function values) for which the excess risk is small. We define
the distribution-dependent prior Qn,β,α by

dQn,β,α
dPα

(f) ∝ exp

(
− (β + 2σ2β2)

n∑
i=1

(f(xi)− f?(xi))2

)
.

Note that Qn,β,α depends on the distribution of y1, . . . , yn through x1, . . . , xn and f?, but it does
not depend on the random draw of y1, . . . , yn, and is therefore a valid prior. It is not important
for the proof, but one can also notice that Qn,β,α is another Gaussian process and that its marginal
distribution at the inputs x1, . . . , xn is

Qn,β,α = N (Kn(Kn + 1
2α(β+2σ2β2)

I)−1f?n, αKn − αKn(Kn + 1
2α(β+2σ2β2)

I)−1Kn) .

In the bound we want to prove, the prior is Qn,β,α. It turns out that for all Q ∈ ∆(Rn), the difference
between DKL(Q||Qn,β,α) and DKL(Q||Qn,β,α) can be upper bounded with high probability. This is
made possible by the following concentration inequality, which is proved using Assumption 1 (cf.
Proposition 20). For any η ∈ R and any δ ∈ (0, 1], with probability at least 1− δ,

sup
Q

{∫
η(rn(f?n)− rn(g)) + (η − 2σ2η2)Rn(g)dQ(g)−DKL(Q||Qn,β,α)

}
≤ log 1

δ .

One can then show that, with probability at least 1− δ, for all Q ∈ ∆(Rn),

−DKL(Q||Qn,β,α)−
∫
β(rn(f?n)−rn(g))+(β+2σ2β2)Rn(g)dQ(g) ≤ −DKL(Q||Qn,β,α)+log 1

δ .

By the union bound, these inequalities can be used in succession to deduce that, with probability at
least 1− δ,

sup
Q

{∫
(η − β)(rn(f?n)− rn(g)) + (η − 2σ2η2 − β − 2σ2β2)Rn(g)dQ(g)−DKL(Q||Qn,β,α)

}
≤ sup

Q

{∫
η(rn(f?n)− rn(g)) + (η − 2σ2η2)Rn(g)dQ(g)−DKL(Q||Qn,β,α)

}
+ log 2

δ

≤ 2 log 2
δ .

This inequality can be rearranged into the one in Proposition 4. The 2 log(2/δ) term can be improved
to 2 log(1/δ) by replacing the union bound with Cauchy-Schwarz (cf. Appendix C.2). Using
Proposition 4, we obtain the main result of this section.
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Theorem 5 Suppose that Assumption 1 and Assumption 2 are satisfied. For any n ≥ 1, any
δ ∈ (0, 1], any η ∈ (0, 1

2σ2 ), any β > 0 such that η − 2η2σ2 − β − 2β2σ2 > 0 and any α > 0, with
probability at least 1− δ,∫

Rn(g)dQn,η,α(g) ≤
2γn(2ηα, 2βα) + 1

2α‖f
?‖2H + 2 log 1

δ

n(η − 2σ2η2 − β − 2σ2β2)
.

We prove Theorem 5 by evaluating the bound in Proposition 4 at a particular choice of Q, and
then upper bounding each term by either γn(2ηα, 2βα) or ‖f?‖2H. The gory details can be found
in Appendix C.4. By Jensen’s inequality, Rn(mn,η,α) ≤

∫
Rn(g)dQn,η,α(g). Since mn,η,α is

identical to the vector of fitted values for kernel ridge regression (with learning rate 2ηα), the excess
risk bound in Theorem 5 also applies to kernel ridge regression.

5. Rates of Convergence for Mercer Kernels

We provide worst-case bounds on the relative information gain, which, when combined with Theorem
5, can be used to provide explicit rates of convergence for the excess risk of Qn,η,α.

5.1. Bounds on the Relative Information Gain

Aside from one or two tricks, the method with which we bound the relative information gain is
identical to the method that Vakili et al. (2021) used to bound the information gain. As a result, we
require the same regularity assumptions. A positive-definite kernel k on a set X is called a Mercer
kernel if X is a compact metric space and the kernel function k : X × X → R is continuous. Due to
Mercer’s theorem (cf. Appendix D.1), any Mercer kernel can be expressed as an infinite sum of the
form

k(x, x′) =
∞∑
i=1

ξφi(x)φi(x
′) ,

where (ξi)
∞
i=1 and (φi)

∞
i=1 are the (non-negative) eigenvalues and eigenfunctions of the kernel.

Assumption 3 Assume that k is a Mercer kernel, and that supi∈N ‖φi‖∞ ≤ ψ.

The rate at which the eigenvalues ξ1, ξ2, . . . of the kernel decay to zero determines the complexity of
the corresponding RKHS. The two eigenvalue decay conditions studied by Vakili et al. (2021) (and
many others) are defined as follows.

Assumption 4 The polynomial eigenvalue decay condition is satisfied if there exist Cp > 0 and
βp > 1 such that

ξi ≤ Cpi−βp .

The exponential eigenvalue decay condition is satisfied if there exist Ce1 , Ce2 > 0 and βe ∈ (0, 1]
such that

ξi ≤ Ce1 exp(−Ce2iβe).

10
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If a kernel is known to satisfy one of these eigenvalue decay conditions, then upper bounds on γn(η)
with explicit dependence on n can be given (cf. Corollary 1 in Vakili et al., 2021). In particular,
under the polynomial eigenvalue decay condition, γn(η) = O((nη)1/βp log1−1/βp(nη)). Under the
exponential eigenvalue decay condition, γn(η) = O(log1+1/βe(nη)). A central idea in the method
used by Vakili et al. (2021) is to separate the kernel function into k‖(x, x′) :=

∑D
i=1 ξiφi(x)φi(x

′)
and k⊥(x, x′) :=

∑∞
D+1 ξiφi(x)φi(x

′). It can be seen that k‖ is the reproducing kernel of the
subspace ofH spanned by φ1, . . . , φD and that k‖(x, x′) is the reproducing kernel of the subspace

of H which is orthogonal to φ1, . . . , φD. Let us write K
‖
n and K⊥n for the corresponding kernel

matrices. We define

δD :=

∞∑
i=D+1

ξiψ
2 .

The first step is to re-write the information gain as a term depending on the rank D kernel matrix K
‖
n

and another term depending on both K
‖
n and K⊥n . Vakili et al. (2021) show that

γn(η) =
1

2
log det(ηK‖n + I) +

1

2
log det(I + η(I + ηK‖n)−1K⊥n ) . (5)

From here, Vakili et al. (2021) show that the first term is bounded is by 1
2D log(1 + knη

D ), where
k = supx |k(x, x)|, and that the second term is bounded by 1

2nηδD. One then has the upper bound

γn(η) ≤ 1

2
D log

(
1 +

knη

D

)
+

1

2
nηδD .

The relative information gain satisfies a similar, but slightly tighter bound.

Proposition 6 For all η > β > 0 and any integer D ≥ 1,

γn(η, β) ≤ 1

2
D log

η

β
+

1

2
nηδD .

The full proof of Proposition 6 can be found in Appendix D.3. From (5), it follows that the relative
information gain can be re-written as

γn(η, β) =
1

2
log

det(ηK
‖
n + I)

det(βK
‖
n + I)

+
1

2
log

det(I + η(I + ηK
‖
n)−1K⊥n )

det(I + β(I + βK
‖
n)−1K⊥n )

.

Since log det(I + β(I + βK
‖
n)−1K⊥n ) ≥ 0 (cf. Lemma 25), the second term is still upper bounded

by 1
2nηδD. In Lemma 24, we show that the first term can be bounded by 1

2D log η
β , saving a factor of

log(n). Using Proposition 6, one can upper bound the relative information gain based on the spectral
decay of the kernel via δD.

Proposition 7 If the polynomial eigenvalue decay condition is satisfied, then

γn(η, β) ≤ (nηCpψ
2)1/βp log1−1/βp( ηβ ) + log η

β .

If the exponential eigenvalue decay condition is satisfied, then

γn(η, β) ≤ 1

2

(
2

Ce,2
log(nηCβe)

)1/βe

log
η

β
+

1

2
log

eη

β
,

where Cβe =
Ce,1ψ2

Ce,2
if βe = 1, and Cβe =

2Ce,1ψ2

Ce,2βe
( 2−2βe
Ce,2βe

)1/βe−1 exp(1−βe
βe

) if βe ∈ (0, 1).

11
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If β ∝ η, then the bound for polynomial decay can be simplified to γn(η, β) = O((nη)1/βe). In this
case, the bound for exponential decay can be simplified to γn(η, β) = O(log1/βe(nη)). The proof is
very similar to that of Corollary 1 in Vakili et al. (2021), and can be found in Appendix D.4.

5.2. Rates of Convergence

For the case of polynomial eigenvalue decay, by plugging the bound in Proposition 7 into Theorem 5
and then choosing suitable values of η and α, we obtain the following rate of convergence.

Corollary 8 Suppose that the polynomial eigenvalue decay condition is satisfied, η = 1
4σ2 and

α = n
− 1

1+βp . For any δ ∈ (0, 1], with probability at least 1− δ,∫
Rn(g)dQn,η,α(g) = O

(
n
− βp

1+βp

)
.

The proof can be found in Appendix E.1. The rate of convergence in Corollary 8 is minimax-optimal
(Dicker et al., 2017). For instance, for kernels satisfying the polynomial decay condition with
βp = 2q, the unit ball of the corresponding RKHSH is a Sobolev space of q − 1 times absolutely

continuous and differentiable functions. In this case, we recover the standard rate of n−
2q

1+2q for
nonparametric regression (Tsybakov, 2009). By tuning α according to σ, we can also match the
dependence on σ in the minimax lower bound for generalised Sobolev ellipsoids in Example 15.23
of Wainwright (2019). Note, however, that this example considers regression with random design
rather than fixed design. For exponential decay, we obtain the following rate of convergence.

Corollary 9 Suppose that the exponential eigenvalue decay condition is satisfied, η = 1
4σ2 and

α = 1. For any δ ∈ (0, 1], with probability at least 1− δ,∫
Rn(g)dQn,η,α(g) = O

(
log1/βe(n)

n

)
.

The proof can be found in Appendix E.2. This rate of convergence for exponential eigenvalue decay
is also minimax-optimal (Dicker et al., 2017).

6. Discussion

We have introduced a new quantity called the relative information gain, which measures the sensitivity
of the information gain with respect to the variance of the noise in the responses. We demonstrated
that the relative information gain arises naturally from the complexity term of a PAC-Bayesian excess
risk bound for Gaussian process regression. Finally, we proved bounds on the relative information
gain. When we combined these bounds with the excess risk bound in Theorem 5, we recovered
minimax-optimal rates of convergence.

In future work, the extent to which the PAC-Bayesian bounds in this paper can be generalised
to other regression models could be invesitgated. For instance, one could consider regression with
random design, misspecified regression or regression with sparse or other approximate Gaussian
process predictors.

12
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Appendix A. Auxiliary Lemmas for Section 3

First, we find an expression for the effective dimension in terms of the eigenvalues of the kernel
matrix. This expression is well-known (see e.g. , Chapter 2.6 in Williams and Rasmussen, 2006 or
Chapter 5.4 in Hastie et al., 2009).

Lemma 10 Let (λi)
n
i=1 be the eigenvalues of Kn. For all n ≥ 1 and η > 0,

dn(η) =
n∑
i=1

ηλi
1 + ηλi

.

15
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Proof Let (vi)
n
i=1 be the eigenvectors of Kn. First, we notice that for all i ∈ [n],

(Kn + 1
η I)vi = (λi + 1/η)vi .

It follows that
Kn(Kn + 1

η I)−1vi = 1
λi+1/ηKnvi = ηλi

1+ηλi
vi . (6)

Since the trace of a matrix is equal to the sum of its eigenvalues, this concludes the proof.

Lemma 11 Let (λi)
n
i=1 be the eigenvalues of Kn. For all n ≥ 1 and η ≥ 0,

γn(η) =
1

2

n∑
i=1

log(1 + ηλi) .

Proof Let (vi)
n
i=1 be the eigenvectors of Kn. We notice that for all i ∈ [n],

(ηKn + I)vi = (1 + ηλi)vi .

Since the determinant of a matrix is equal to the product of its eigenvalues,

γn(η) =
1

2
log det(ηKn + I) =

1

2
log

n∏
i=1

(1 + ηλi) =
1

2

n∑
i=1

log(1 + ηλi) .

This concludes the proof.

An obvious consequence of Lemma 11 is that for all n ≥ 1 and η > β ≥ 0,

γn(η, β) =
1

2

n∑
i=1

log
1 + ηλi
1 + βλi

.

Lemma 12 For any λ ≥ 0, the function f(β) := 1
η−β log 1+ηλ

1+βλ is decreasing on [0, η).

Proof One can verify that the derivative of f is

f ′(β) =
1

(η − β)2
log

1 + ηλ

1 + βλ
− λ

(η − β)(1 + βλ)
.

Using the inequality log(1 + x) ≤ x for x ≥ 0, we obtain

1

(η − β)2
log

1 + ηλ

1 + βλ
=

1

(η − β)2
log

(
1 +

(η − β)λ

1 + βλ

)
≤ λ

(η − β)(1 + βλ)
.

It follows that f ′(β) ≤ 0, and so f must be decreasing on [0, η).
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Appendix B. Effective Dimension and Minimum Mean Squared Error

We explain how Proposition 1 can be derived from Theorem 1 in Guo et al. (2005). We write the
model in (1) as

yn = f?n + εn ,

where f?n ∼ N (0,Kn) and εn ∼ N (0, (1/η)I). For an estimate f(yn) of f?n, the mean squared error
is E[‖f(yn)− f?n‖22]. The minimum achievable mean squared error (w.r.t. the choice of f ) depends
on η. Let us therefore define the function

MMSE(η) := min
f

E[‖f(yn)− f?n‖22] .

Theorem 1 in Guo et al. (2005) states that

1

2
MMSE(η) = γ′n(η) .

If we can show that MMSE(η) = dn(η)/η, then this matches the identity in Proposition 1. By the
least-squares property of the conditional expectation (see e.g. , Chapter 9.4 in Williams, 1991), the
minimum mean squared error w.r.t. f is achieved when

f(yn) = E[f?n|yn] = Kn(Kn + 1
η I)−1yn .

Thus we can express the minimum mean squared error as

MMSE(η) = E[‖E[f?n|yn]− f?n‖22] = E[‖f?n‖22 − ‖Kn(Kn + 1
η I)−1yn‖22] .

Since Kn(Kn + 1
η I)−1yn ∼ N (0,Kn(Kn + 1

η I)−1Kn), we obtain

E[‖f?n‖22 − ‖Kn(Kn + 1
η )−1yn‖22] = tr(Kn)− tr(Kn(Kn + 1

η )−1Kn)

= tr(Kn(I− (Kn + 1
η )−1Kn))

= 1
η tr(Kn(Kn + 1

η I)−1) .

We conclude that MMSE(η) = dn(η)/η.

Appendix C. PAC-Bayesian Bounds

C.1. Auxiliary Lemmas

We will use the following variational representation of the KL divergence, which was proved by
Donsker and Varadhan (1976).

Lemma 13 For any measurable function h : Rn → R and any probability measure P ∈ ∆(Rn)
such that

∫
exp(h(g))dP (g) <∞,

sup
Q∈∆(Rn)

{∫
h(g)dQ(g)−DKL(Q||P )

}
= log

∫
exp(h(g))dP (g) .

If h is bounded above, then the supremum is achieved when

dQ

dP
(g) ∝ exp(h(g)) .
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By rearranging the statement involving the supremum, we see that

inf
Q∈∆(Rn)

{∫
h(g)dQ(g) +DKL(Q||P )

}
= − log

∫
exp(−h(g))dP (g) .

If h is bounded below, then the infimum is achieved when

dQ

dP
(g) ∝ exp(−h(g)) .

Lemma 14 The function f(ζ) := ‖(Kn(Kn + ζI)−1 − I)yn‖22 is increasing on [0,∞).

Proof We notice that

Kn(Kn + ζI)−1 − I = (Kn + ζI)(Kn + ζI)−1 − I− ζ(Kn + ζI)−1

= −ζ(Kn + ζI)−1 .

Thus from (6), we see that the eigenvalues of (Kn(Kn + ζI)−1 − I)2 are (ζ2/(ζ + λi)
2)ni=1. Fix

ζ2 ≥ ζ1 ≥ 0. For each i ∈ [n],

ζ2
1 (ζ2 + λi)

2 = ζ2
1ζ

2
2 + 2ζ2

1ζ2λi + ζ2
1λ

2
i ≤ ζ2

1ζ
2
2 + 2ζ1ζ

2
2λi + ζ2

2λ
2
i = ζ2

2 (ζ1 + λi)
2 .

It follows that each of the functions gi(ζ) := ζ2/(ζ + λi)
2 is increasing on [0,∞). Hence,

(Kn(Kn + ζ1I)−1 − I)2 4 (Kn(Kn + ζ2I)−1 − I)2 .

This concludes the proof.

Lemma 15 For all n ≥ 1, η > 0 and α ≥ 0,

Kn,η,α = αKn(2ηαKn + I)−1 .

Proof By adding zero to Kn,η,α, we obtain

Kn,η,α = αKn − αKn(Kn + 1
2ηαI)−1(Kn + 1

2ηαI− 1
2ηαI)

= 1
2ηKn(Kn +

1

2ηα
I)−1

= αKn(2ηαKn + I)−1 .

This concludes the proof.

As a result of Lemma 15, tr(Kn,η,α) = 1
2ηdn(2ηα).

Corollary 16 For all n ≥ 1, η > 0 and α ≥ 0,

αK−1
n,η,αKn = 2ηαKn + I . (7)
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Proof From Lemma 15, we have the identity

αK−1
n,η,αKn(2ηαKn + I)−1 = I .

Post-multiplying both sides by 2ηαKn + I gives the desired result.

Corollary 17 For all n ≥ 1, η > β > 0 and α ≥ 0,

1

2
log

det(Kn,β,α)

det(Kn,η,α)
= γn(2ηα, 2βα) .

Proof Using Lemma 15 and standard properties of determinants,

1

2
log

det(Kn,β,α)

det(Kn,η,α)
=

1

2
log

det((2βαKn + I)−1)

det((2ηαKn + I)−1)
=

1

2
log

det(2ηαKn + I)

det(2βαKn + I)
.

This concludes the proof.

Corollary 18 For all n ≥ 1, η > β > 0 and α > 0,

tr(Kn,η,α) ≤ 1

η − β
γn(2ηα, 2βα) .

Proof From Lemma 15 and Proposition 2, we obtain

tr(Kn,η,α) =
1

2η
dn(2ηα) ≤ 1

2η

4ηα

2ηα− 2βα
γn(2ηα, 2βα) =

1

η − β
γn(2ηα, 2βα) .

This concludes the proof.

Lemma 19 For all n ≥ 1, η > β > 0 and α > 0,

tr(K−1
n,β,αKn,η,α) ≤ n .

Proof Let (λi)
n
i=1 and (vi)

n
i=1 be the eigenvalues and eigenvectors of Kn. From Lemma 15 and (6),

it follows that, for all i ∈ [n],

Kn,η,αvi =
αλi

2ηαλi + 1
vi .

As long as Kn is positive-definite, this implies that, for all i ∈ [n],

K−1
n,β,αvi =

2βαλi + 1

αλi
vi .

In particular, the eigenvalues of K−1
n,β,αKn,η,α are (2βαλi+1

2ηαλi+1 )ni=1. Therefore,

tr(K−1
n,β,αKn,η,α) =

n∑
i=1

2βαλi + 1

2ηαλi + 1
≤

n∑
i=1

2ηαλi + 1

2ηαλi + 1
= n .

This concludes the proof.

19



FLYNN

C.2. A PAC-Bayesian Bound for Sums of Independent Random Variables

Proposition 4 is a special case of a localised PAC-Bayesian bound for collections of sums of
independent random variables. We consider a collection of random variables (Zi(g))i∈[n],g∈Rn , such
that for each g ∈ Rn, (Zi(g))ni=1 is a sequence of independent random variables. We let µi(g) :=
E[Zi(g)] and ψi(g, η) := logE[exp(η(Zi(g)−µi(g))] denote the mean and the cumulant generating
function of Zi(g). We assume that for all η ∈ R, i ∈ [n] and g ∈ Rn, E[exp(η(Zi(g)−µi(g))] <∞.
For an arbitrary distribution P ∈ ∆(Rn), we define the localised prior Qµ,β by

dQµ,β
dP

(g) ∝ exp

(
n∑
i=1

βµi(g)− ψi(fn,−β)

)
.

Note that while Qµ,β depends the unobserved quantities µi(g) and ψi(g,−β), it does not depend on
the random draw of (Zi(g))i∈[n],g∈Rn . We define the empirical approximation QZ,β of the localised
prior by

dQZ,β
dP

(g) ∝ exp

(
n∑
i=1

βZi(g)

)
In contrast to Qµ,β , QZ,β does depend on the random draw of (Zi(g))i∈[n],g∈Rn , but does not depend
on any unobservable quantities. The following proposition combines a well-known PAC-Bayesian
bound for sums of independent random variables (cf. Proposition 2.1 in Catoni and Giulini, 2017)
with Catoni’s localisation technique (cf. Section 1.3.4 in Catoni, 2007).

Proposition 20 For any n ≥ 1, any δ ∈ (0, 1], any η > 0, any β ∈ [0, η) and any P ∈ ∆(Rn), with
probability at least 1− δ, ∀Q ∈ ∆(Rn),∫ [ n∑

i=1

(η − β)(Zi(g)− µi(g))− ψi(g, η)− ψi(g,−β)

]
dQ(g)−DKL(Q||QβZn) ≤ 2 log 1

δ .

The proof is a fairly straightforward combination of the proofs of Proposition 2.1 from Catoni and
Giulini (2017) and some of the derivations in Section 1.3.4 in Catoni (2007).
Proof Fix an arbitrary Q ∈ ∆(Rn). We begin by finding a relationship between DKL(Q||Qµ,β) and
DKL(Q||QZ,β). From the definitions of Qµ,β and QZ,β , we obtain

DKL(Q||Qµ,β) =

∫
log

dQ

dQZ,β
(g)

dQZ,β
dQµ,β

(g)dQ(g) (8)

= DKL(Q||QZ,β)

+

∫
log

exp(
∑n

i=1 βZi(g))
∫

exp(
∑n

i=1 βµi(g)− ψi(g,−β))dP (g)

exp(
∑n

i=1 βµi(g)− ψi(g,−β))
∫

exp(
∑n

i=1 βZi(g))dP (g)
dQ(g)

= DKL(Q||QZ,β) +

∫ [ n∑
i=1

βZi(g)− βµi(g) + ψi(g,−β)

]
dQ(g)

+ log

∫
exp (

∑n
i=1 βµi(g)− ψi(g,−β)) dP (g)∫

exp (
∑n

i=1 βZi(g)) dP (g)
.
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Using Lemma 13, Tonelli’s theorem and independence, for any η > 0, we obtain

E

[
exp

(
sup

Q∈∆(Rn)

{∫ n∑
i=1

[
η(Zi(g)− µi(g))− ψi(g, η)

]
dQ(g)−DKL(Q||Qµ,β)

})]
(9)

= E

[∫
exp

(
n∑
i=1

η(Zi(g)− µi(g))− ψi(g, η)

)
dQµ,β(g)

]

=

∫
E

[
exp

(
n∑
i=1

η(Zi(g)− µi(g))− ψi(g, η)

)]
dQµ,β(g)

=

∫ n∏
i=1

E [exp (η(Zi(g)− µi(g))− ψi(g, η))] dQµ,β(g)

=

∫ n∏
i=1

exp(ψi(g, η))

exp(ψi(g, η))
dQµ,β(g) = 1 .

Next, using Lemma 13 and Jensen’s inequality, we obtain

E
[∫

exp (
∑n

i=1 βµi(g)− ψi(g,−β)) dP (g)∫
exp (

∑n
i=1 βZi(g)) dP (g)

]
(10)

= E

[
exp(supQ∈∆(Rd){

∫ ∑n
i=1 βµi(g)− ψi(g,−β)dQ(g)−DKL(Q||P )})

exp(supQ∈∆(Rd){
∫ ∑n

i=1 βZi(g)dQ(g)−DKL(Q||P )})

]

≤ E

[
exp

(∫ n∑
i=1

−β(Zi(g)− µi(g))− ψi(g,−β)dQµ,β(g)

)]

≤ E

[∫
exp

(
n∑
i=1

−β(Zi(g)− µi(g))− ψi(g,−β)

)
dQµ,β(g)

]
= 1 .

The last step follows from (9) with η = −β. Using (8), then the Cathy-Schwarz inequality, and then
(9) and (10), we obtain

E
[

exp

(
1

2
sup

Q∈∆(Rd)

{∫ n∑
i=1

(η − β)(Zi(g)− µi(g))− ψi(g, η)− ψi(g,−β)dQ(g)−DKL(Q||QZ,β)

})]

= E
[

exp

(
1

2
sup

Q∈∆(Rd)

{∫ n∑
i=1

η(Zi(g)− µi(g))− ψi(g, η)dQ(g)−DKL(Q||Qµ,β)

})
× exp

(
1

2
log

∫
exp (

∑n
i=1 βµi(g)− ψi(g,−β)) dP (g)∫

exp (
∑n

i=1 βZi(g)) dP (g)

)]
≤ E

[
exp

(
sup

Q∈∆(Rd)

{∫ n∑
i=1

η(Zi(g)− µi(g))− ψi(g, η)dQ(g)−DKL(Q||Qµ,β)

})]1/2

× E
[∫

exp (
∑n

i=1 βµi(g)− ψi(g,−β)) dP (g)∫
exp (

∑n
i=1 βZi(g)) dP (g)

]1/2

≤ 1 .
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The statement now follows from Markov’s inequality.

Notice that if every occurence of ψi(g, η) (and ψi(g,−β)) is replaced with an upper bound on
ψi(g, η) (or ψi(g,−β)), then the proof still goes through. This includes the occurences of ψi(g,−β)
in the localised prior Qµ,β .

C.3. Proof of Proposition 4

Proof of Proposition 4 We set

Zi(g) = (f?(xi)− yi)2 − (gi − yi)2 = −(gi − f?(xi))2 + 2(gi − f?(xi))εi .

With this choice of Zi(g), µi(g) = −(gi − f?(xi))2, and for all η ∈ R,

ψi(g, η) = logE[exp(2η(gi − f?(xi))εi)] ≤ 2σ2η2(gi − f?(xi))2 . (11)

In addition, we choose P = Pα. From the definition of Zi(g), QZ,β is given by

dQZ,β
dPα

(g) ∝ exp(nβ(rn(f?n)− rn(g))) ∝ exp(−nβrn(g)) .

Namely, QZ,β = Qn,β,α. Even though we will not need it, we can also determine the expression for
the localised prior Qµ,β (or rather, for dQµ,β/dP ). From the bound in (11), it follows that Qµ,β is
given by

dQµ,β
dPα

(g) ∝ exp(−n(β + 2σ2β2)Rn(g)) .

One can notice that Qµ,β assigns higher density to vectors g for which the excess risk is small,
whereas QZ,β assigns higher density to vectors g for which the empirical risk is small. Next, we
substitute the definitions of/bounds on Zi(g), µi(g) and ψi(g, η) into Proposition 20. In particular,
for any n ≥ 1, any δ ∈ (0, 1], any η > β ≥ 0 and any P ∈ ∆(Rn), with probability at least 1− δ,
for all Q ∈ ∆(Rn),∫
n(η−β)(rn(f?n)−rn(g))+n(η−2σ2η2−β−2σ2β2)Rn(g)dQ(g)−DKL(Q||Qn,β,α) ≤ 2 log 1

δ .

If η and β are chosen such that η − 2σ2η2 − β − 2σ2β2 > 0, then we can arrange this inequality to
obtain∫

Rn(g)dQ(g) ≤
∫

(η − β)(rn(g)− rn(f?n))dQ(g)

η − 2σ2η2 − β − 2σ2β2
+

DKL(Q||Qn,β,α) + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)
. (12)

All that remains is to show that Qn,η,α minimises the right-hand side of this inequality w.r.t. Q. Since
rn is bounded below (by 0), Lemma 13 tells us that the infimum of the right-hand side is achieved
when

dQ

dQn,β,α
(g) ∝ exp(−n(η − β)rn(g)) .

For Q = Qn,η,α,

dQn,η,α
dQn,β,α

(g) =
dQn,η,α

dPα
(g)

dPα
dQn,β,α

(g)

∝ exp(−nηrn(g)) exp(nβrn(g))

∝ exp(−n(η − β)rn(g)) .
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ThereforeQn,η,α is indeed a minimiser of the right-hand side of (12). Since (12) holds simultaneously
for all Q ∈ ∆(Rn), under the same conditions as before, with probability at least 1− δ,∫
Rn(g)dQn,η,α(g) ≤ inf

Q

{∫
(η − β)(rn(g)− rn(f?n))dQ(g)

η − 2σ2η2 − β − 2σ2β2
+

DKL(Q||Qn,β,α) + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)

}
.

This concludes the proof.

C.4. Proof of Theorem 5

Proof of Theorem 5 We define the constrained least squares estimate

f̂ := argmin
f∈H,‖f‖H≤‖f?‖H

{ n∑
i=1

(f(xi)− yi)2

}
.

For some ζ ≥ 0, one can express f̂ via

f̂(x) = k>n (x)(Kn + ζI)−1yn .

In addition, the vector of fitted values f̂n := [f̂(x1), . . . , f̂(xn)]> is

f̂n = Kn(Kn + ζI)−1yn .

From the definition of f̂ , we have rn(f̂n) ≤ rn(f?n) and

y>n (Kn + ζI)−1Kn(Kn + ζI)−1yn = ‖f̂‖2H ≤ ‖f?‖2H . (13)

We want to find an upper bound for

inf
Q∈∆(Rn)

{∫
(η − β)(rn(g)− rn(f?n))dQ(g)

η − 2σ2η2 − β − 2σ2β2
+

DKL(Q||Qn,β,α) + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)

}
.

We consider two cases. First, suppose that 1
2βα ≤ ζ. We set Q̂ = N (mn,β,α,Kn,η,α). Since the

empirical risk rn(f
(ζ)
n ) of the f

(ζ)
n := Kn(Kn + ζI)−1yn is increasing in ζ (cf. Lemma C.1), and

since mn,β,α = f
(1/(2βα))
n , it follows that

rn(mn,β,α) ≤ rn(f̂n) ≤ rn(f?n) .

Using this inequality, along with Corollary 18, we obtain∫
(η − β)(rn(g)− rn(f?n))dQ̂(g) = (η − β)(rn(mn,β,α)− rn(f?n)) +

η − β
n

tr(Kn,η,α)

≤ 1

n
γn(2ηα, 2βα) .

Using Lemma 19, Corollary 17 and the expression for the KL divergence between two Gaussians
(with the same mean), we see that

DKL(Q̂||Qn,β,α) =
1

2

(
tr(K−1

n,β,αKn,β,α)− n+ log
det(Kn,β,α)

det(Kn,η,α)

)
≤ γn(2ηα, 2βα) .
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We have shown that, for the case where 1
2βα ≤ ζ,

inf
Q∈∆(Rn)

{∫
(η − β)(rn(g)− rn(f?n))dQ(g)

η − 2σ2η2 − β − 2σ2β2
+

DKL(Q||Qn,β,α) + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)

}
≤
∫

(η − β)(rn(g)− rn(f?n))dQ̂(g)

η − 2σ2η2 − β − 2σ2β2
+

DKL(Q̂||Qn,β,α) + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)

≤
2γn(2ηα, 2βα) + 2 log 1

δ

n(η − 2σ2η2 − β − 2σ2β2)
.

Next, we consider the second case. Suppose that 1
2αβ > ζ. We set Q̂ = N (f̂n,Kn,η,α). Since

rn(f̂n) ≤ rn(f?n), Corollary 18 tells us that∫
(η − β)(rn(g)− rn(f?n))dQ̂(g) = (η − β)(rn(f̂n)− rn(f?n)) +

η − β
n

tr(Kn,η,α)

≤ 1

n
γn(2ηα, 2βα) .

With this choice of Q̂, the KL divergence DKL(Q̂||Qn,β,α) is equal to

1

2

(
tr(K−1

n,β,αKn,β,α)− n+ (f̂n −mn,β,α)>K−1
n,β,α(f̂n −mn,β,α) + log

det(Kn,β,α)

det(Kn,η,α)

)
.

As previously, the trace (minus n) and log-determinant terms can be bounded using Lemma 19 and
Corollary 17. After some slightly unpleasant calculation, one can show that the remaining quadratic
term is upper bounded by the squared RKHS norm of f?. First, we expand the quadratic term, and
obtain

(f̂n −mn,β,α)>K−1
n,β,α(f̂n −mn,β,α) = f̂>n K−1

n,β,αf̂n − 2f̂>n K−1
n,β,αmn,β,α + m>n,β,αK−1

n,β,αmn,β,α .

Using Corollary 16 and (13), we see that

f̂>n K−1
n,β,αf̂n = y>n (Kn + ζI)−1KnK

−1
n,β,αKn(Kn + ζI)−1yn

= 2βy>n (Kn + ζI)−1Kn(Kn + 1
2βαI)(Kn + ζI)−1yn

= 2βy>n (Kn + ζI)−1Kn(Kn + ζI + ( 1
2βα − ζ)I)(Kn + ζI)−1yn

= 2βy>n (Kn + ζI)−1Knyn + 2β( 1
2βα − ζ)y>n (Kn + ζI)−1Kn(Kn + ζI)−1yn

≤ 2βy>n (Kn + ζI)−1Knyn + 1
α‖f

?‖2H .

The second term in the quadratic expansion can be re-written using Corollary 16 again. In particular,

2f̂>n K−1
n,β,αmn,β,α = 2y>n (Kn + ζI)−1KnK

−1
n,β,αKn(Kn + 1

2βαI)−1yn

= 4βy>n (Kn + ζI)−1Kn(Kn + 1
2βαI)(Kn + 1

2βαI)−1yn

= 4βy>n (Kn + ζI)−1Knyn .
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The third term in the quadratic expansion can be re-written in the same way. In particular,

m>n,β,αK−1
n,β,αmn,β,α = y>n (Kn + 1

2βαI)−1KnK
−1
n,β,αKn(Kn + 1

2βαI)−1yn

= 2βy>n (Kn + 1
2βαI)−1Kn(Kn + 1

2βαI)(Kn + 1
2βαI)−1yn

= 2βy>n (Kn + 1
2βαI)−1Knyn .

We have now shown that

(f̂n −mn,β,α)>K−1
n,β,α(f̂n −mn,β,α) ≤ 1

α‖f
?‖2H + 2βy>n (Kn + 1

2βαI)−1Knyn

− 2βy>n (Kn + ζI)−1Knyn .

Since 1
2βα > ζ and the eigenvalues of (Kn + ζI)−1Kn are decreasing in ζ, it follows that (Kn +

1
2βαI)−1Kn 4 (Kn + ζI)−1Kn. Therefore,

(f̂n −mn,β,α)>K−1
n,β,α(f̂n −mn,β,α) ≤ 1

α‖f
?‖2H .

For the second case where 1
2βα > ζ, we have

inf
Q∈∆(Rn)

{∫
(η − β)(rn(g)− rn(f?n))dQ(g)

η − 2σ2η2 − β − 2σ2β2
+

DKL(Q||Qn,β,α) + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)

}
≤
∫

(η − β)(rn(g)− rn(f?n))dQ̂(g)

η − 2σ2η2 − β − 2σ2β2
+

DKL(Q̂||Qn,β,α) + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)

≤
2γn(2ηα, 2βα) + 1

2α‖f
?‖2H + 2 log 1

δ

n(η − 2σ2η2 − β − 2σ2β2)
.

This concludes the proof.

Appendix D. Bounds on the Relative Information Gain

D.1. Mercer Kernels

A positive-definite kernel k on a set X is called a Mercer kernel if X is a compact metric space and
the kernel function k : X ×X → R is continuous. Mercer’s theorem provides a useful representation
for Mercer kernels. Let ρ be a non-degenerate Borel measure on X and let L2(X , ρ) denote the set
of square integrable functions on X . Namely,

L2(X , ρ) :=

{
f : X → R :

∫
X

(f(x))2dρ(x) <∞
}
.

Define the linear operator Lk : L2(X , ρ)→ L2(X , ρ) as

Lk(f)(x) :=

∫
X
k(x, y)f(y)dρ(y) .
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Theorem 21 (Mercer’s Theorem) If k : X × X → R is a Mercer kernel, then there exist non-
negative eigenvalues ξ1 ≥ ξ2 ≥ · · · ≥ 0 and corresponding eigenfunctions φ1, φ2, . . . , such that

Lk(φm) = ξmφm, for all m = 1, 2, . . . . (14)

In addition, the kernel function has the eigendecomposition

k(x, x′) =
∞∑
m=1

ξmφm(x)φm(x′) , (15)

where the convergence of the infinite series is absolute for each x, x′ ∈ X and uniform on X × X .

D.2. Auxiliary Lemmas

Lemma 22 and Lemma 23 were extracted from the proof of Theorem 3 in Vakili et al. (2021). Lemma
22 allows us to re-write the information gain as the sum of a term depending on only K

‖
n and another

term depending on both K
‖
n and K⊥n .

Lemma 22 For any η > 0 and any kernel k that satisfies Assumption 3,

1

2
log det(ηKn + I) =

1

2
log det(ηK‖n + I) +

1

2
log det(I + η(I + ηK‖n)−1K⊥n ) .

Lemma 23 provides an upper bound on the second term in Lemma 22.

Lemma 23 For any η > 0 and any kernel k that satisfies Assumption 3,

1

2
log det(I + η(I + ηK‖n)−1K⊥n ) ≤ 1

2
nηδD .

To bound the first term on the right-hand side of the inequality in Lemma 22, we will consider
the log-determinant of a D ×D gram matrix. We define a D-dimensional feature map φD(x) :=
[φ1(x), . . . , φD(x)]>, an n × D design matrix Φn,D := [φD(x1), . . . ,φD(xn)]> and a diagonal
D × D matrix ΞD := diag(ξ1, . . . , ξD). Notice that K

‖
n = Φn,DΞDΦ>n,D. We define the gram

matrix
Gn := Ξ

1/2
D Φ>n,DΦn,DΞ

1/2
D .

Since we will deal with the relative information gain, we will need to bound the log of the ratio of
the determinants of two of these gram matrices. This is handled by Lemma

Lemma 24 For any n ≥ 1, D ≥ 1 and η > β > 0,

log
det(ηGn + I)

det(βGn + I)
≤ D log

η

β
.
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Proof Let (λi)
D
i=1 be the eigenvalues of Gn, which are all real and positive. We notice that for any

ζ ∈ (0, 1],

det(βGn + ζI) =
D∏
i=1

(βλi + ζ) ≤
D∏
i=1

(βλi + 1) = det(βGn + I) .

Therefore, we can bound the logarithm of the ratio of determinants as

log
det(ηGn + I)

det(βGn + I)
= D log η

β + log
det(βGn + β

η I)

det(βGn + I)

≤ D log η
β + log

det(βGn + I)

det(βGn + I)

= D log η
β .

This concludes the proof.

We will use the fact that the second term on the right-hand side of the inequality in Lemma 22 is
non-negative.

Lemma 25 For any η ≥ 0 and any kernel k that satisfies Assumption 3,
1

2
log det(I + η(I + ηK‖n)−1K⊥n ) ≥ 0 .

Proof Since Kn = K
‖
n + K⊥n , and both K

‖
n and K⊥n are positive semi-definite, it follows that

ηKn + I < ηK‖n + I .

Due to monotonicity of the determinant with respect to the Loewner ordering (cf. Corollary 7.7.4 in
Horn and Johnson, 2012),

log det(ηKn + I) ≥ log det(ηK‖n + I) .

Finally, using Lemma 22,
1

2
log det(I + η(I + ηK‖n)−1K⊥n ) =

1

2
log det(ηKn + I)− 1

2
log det(ηK‖n + I) ≥ 0 .

This concludes the proof.

The next lemma comes from the proof of Corollary 1 in Vakili et al. (2021). It provides bounds on
δD under each of the eigenvalue decay assumptions.

Lemma 26 If the polynomial eigenvalue decay condition from Assumption 4 is satisfied, then

δD ≤ CpD1−βpψ2 .

If the exponential eigenvalue decay condition from Assumption 4 is satisfied and βe = 1, then

δD ≤
Ce,1ψ

2

Ce,2
exp(−Ce,2D) .

If the exponential eigenvalue decay condition from Assumption 4 is satisfied and βe ∈ (0, 1), then

δD ≤
2C1,eψ

2

Ce,2βe

(
2

Ce,2

(
1

βe
− 1

))1/βe−1

exp

(
1− 1

βe

)
exp

(
− Ce,2

Dβe

2

)
.
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D.3. Proof of Proposition 6

Proof of Proposition 6 Using Lemma 22 and Lemma 25, we can re-write and then upper bound the
relative information gain as

γn(η, β) =
1

2
log

det(ηK
‖
n + I)

det(βK
‖
n + I)

+
1

2
log det(I + η(I + ηK‖n)−1K⊥n )

− 1

2
log det(I + β(I + βK‖n)−1K⊥n )

≤ 1

2
log

det(ηK
‖
n + I)

det(βK
‖
n + I)

+
1

2
log det(I + η(I + ηK‖n)−1K⊥n ) .

By the Weinstein–Aronszajn identity,

1

2
log

det(ηK
‖
n + I)

det(βK
‖
n + I)

=
1

2
log

det(ηGn + I)

det(βGn + I)
.

Therefore, from Lemma 24 and Lemma 23, it follows that

γn(η, β) ≤ 1

2
D log

η

β
+

1

2
nηδD .

This concludes the proof.

D.4. Proof of Proposition 7

Proof of Proposition 7 From Proposition 6,

γn(η, β) ≤ 1

2
D log

η

β
+

1

2
nηδD .

We consider each eigenvalue decay condition separately. If the polynomial eigenvalue decay condition
is satisfied, then Lemma 26 tells us that

1

2
nηδD ≤

1

2
nηCpD

1−βpψ2 .

We choose the smallest value of D such that

nηCpD
1−βpψ2 ≤ D log

η

β
.

One can verify that this inequality is satisfied if we choose

D =
⌈
(nηCpψ

2)1/βp log−1/βp( ηβ )
⌉
.

With this choice of D, the relative information gain satisfies

γn(η, β) ≤ D log η
β ≤ (nηCpψ

2)1/βp log1−1/βp( ηβ ) + log η
β .
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If the exponential eigenvalue decay condition is satisfied and βe = 1, then Lemma 26 tells us that

1

2
nηδD ≤

1

2
nη
Ce,1ψ

2

Ce,2
exp(−Ce,2D) .

This time, we choose

D =

⌈
1

Ce,2
log

nηCe,1ψ
2

Ce,2

⌉
.

With this choice of D, the relative information gain satisfies

γn(η, β) ≤ 1

2

1

Ce,2
log

nηCe,1ψ
2

Ce,2
log

η

β
+

1

2
log

eη

β
.

If the exponential eigenvalue decay condition is satisfied and βe = 1, then Lemma 26 tells us that

1

2
nηδD ≤

1

2
nη

2C1,eψ
2

Ce,2βe

(
2

Ce,2

(
1

βe
− 1

))1/βe−1

exp

(
1− 1

βe

)
exp

(
− Ce,2

Dβe

2

)
.

If we choose

D =

⌈(
2

Ce,2
log

(
2nηC1,eψ

2

Ce,2βe

(
2

Ce,2

(
1

βe
− 1

))1/βe−1

exp

(
1− 1

βe

)))1/βe⌉
,

Then the relative information gain satisfies

γn(η, β) ≤ 1

2

(
2

Ce,2
log

(
2nηC1,eψ

2

Ce,2βe

(
2

Ce,2

(
1

βe
− 1

))1/βe−1

exp

(
1− 1

βe

)))1/βe

log
η

β

+
1

2
log

eη

β
.

Therefore, if the exponential decay condition is satisfied with βe ∈ (0, 1], the relative information
gain satisfies

γn(η, β) ≤ 1

2

(
2

Ce,2
log(nηCβe)

)1/βe

log
η

β
+

1

2
log

eη

β
,

where Cβe =
Ce,1ψ2

Ce,2
if βe = 1, and Cβe =

2Ce,1ψ2

Ce,2βe
( 2−2βe
Ce,2βe

)1/βe−1 exp(1−βe
βe

) if βe ∈ (0, 1).

Appendix E. Rates of Convergence

E.1. Proof of Corollary 8

Proof of Corollary 8 When the polynomial eigenvalue decay condition is satisfied, the bound on the
relative information gain in Proposition 7 reads as

γn(2ηα, 2βα) ≤ (2nηαCpψ
2)1/βp log1−1/βp( ηβ ) + log η

β .
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From this and Theorem 5, we know that (with probability at least 1− δ), the excess risk of Qn,η,α
satisfies∫

Rn(g)dQn,η,α(g) ≤
2(2nηαCpψ

2)1/βp log1−1/βp( ηβ ) + 2 log η
β + 1

2α‖f
?‖2H + 2 log 1

δ

n(η − 2σ2η2 − β − 2σ2β2)
.

If we set η = 1
4σ2 and β = 1

32σ2 , then this inequality becomes∫
Rn(g)dQn,η,α(g) ≤ 512σ2

47n

(
2

(
nαCpψ

2

2σ2

)1/βp

log1−1/βp(8) +
1

2α
‖f?‖2H + 2 log

8

δ

)
.

If we then set α = n
− 1

1+βp , we obtain∫
Rn(g)dQn,η,α(g) ≤ 512σ2

47

(
2

(
Cpψ

2

2σ2

)1/βp

log1−1/βp(8) +
1

2
‖f?‖2H

)
n
− βp

1+βp

+
1024σ2 log 8

δ

47n
,

and the proof is complete.

One can instead choose a value of α that results in the best dependence on σ and ‖f?‖H (assuming
‖f?‖H is known). If

α =
(βp

2

) βp
1+βp

(Cpψ2

2

)− 1
1+βp log

1−βp
1+βp (8)‖f?‖

2βp
1+βp

H σ
2

1+βp n
− 1

1+βp ,

then the excess risk bound becomes∫
Rn(g)dQn,η.α(g) ≤ 512

47

(1+βp
βp

(βpCpψ2

4

) 1
1+βp log

βp−1

1+βp (8)‖f?‖
2

1+βp

H σ
2βp
1+βp n

− βp
1+βp +

2σ2 log
8
δ

n

)
.

E.2. Proof of Corollary 9

Proof of Corollary 9 When the exponential eigenvalue decay condition is satisfied, the bound on
the relative information gain in Proposition 7 reads as

γn(2ηα, 2βα) ≤ 1

2

(
2

Ce,2
log(2nηαCβe)

)1/βe

log
η

β
+

1

2
log

eη

β
,

From this and Theorem 5, we know that (with probability at least 1− δ), the excess risk of Qn,η,α
satisfies∫

Rn(g)dQn,η,α(g) ≤

(
2

Ce,2
log(2nηαCβe)

)1/βe log η
β + log eη

β + 1
2α‖f

?‖2H + 2 log 1
δ

n(η − 2σ2η2 − β − 2σ2β2)
.

If we set η = 1
4σ2 and β = 1

32σ2 and α = 1, then this inequality becomes∫
Rn(g)dQn,η,α(g) ≤ 512σ2

47n

((
2

Ce,2
log

(
nCβe
2σ2

))1/βe

log(8) +
1

2
‖f?‖2H + 2 log

√
8e

δ

)
,

and the proof is complete.

If ‖f?‖H is known, one can instead set α = ‖f?‖2H to obtain an excess risk bound with polylogarith-
mic dependence on the norm of f?.
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