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ABSTRACT

Long chain-of-thought reasoning (Long CoT) is now fundamental to state-of-the-
art LLMs, especially in mathematical reasoning. However, LLM generation is
highly sequential, and long CoTs lead to a high latency. We propose to train
Divide-and-Conquer CoT (DC-CoT) to reduce the latency. With DC-CoT, the
model can act as a director that identifies distinct subtasks that can be performed in
parallel in its reasoning process, and then spawns workers to execute the subtasks.
Our goal is to achieve high accuracy, with a low longest path length, which is
a theoretical measure of the latency needed for the response. We start with a
long CoT base model (DeepScaleR-1.5B-Preview), and first use SFT with a small
curated demonstration set to initialize its ability to spawn workers in a certain
format. Because SFT degrades the accuracy significantly, we design a multi-stage
RL algorithm, with various data filtering strategies, to recover the accuracy while
decreasing the longest path length. Across several benchmarks including AIME
2024 and HMMT 2025, DC-CoT achieves similar accuracy as DeepScaleR-1.5B-
Preview while decreasing longest path length by 35-40%.

1 INTRODUCTION

Long chain-of-thoughts (CoTs) have led to a paradigm shift in language model (LM) reasoning
(OpenAl et al., 2024 |DeepSeek-Al et al., [2025). Long CoTs allow LMs to think for longer and try
many useful problem solving strategies, such as checking their own work and enumerating cases.
Thus, long CoT models trained with reinforcement learning (RL) excel in mathematical reasoning,
drastically improving performance on benchmarks such as AIME (OpenAl, [2025).

However, long CoTs are quite slow, due to the sequential nature of LM generation (Leviathan et al.|
2023)) and the large number of tokens involved. Over the course of 2025, token budgets in long CoTs
have increased from 32K for DeepSeek R1 (DeepSeek-Al et al.| [2025) to 80K for Minimax M1
(MiniMax et al.l[2025)) and even 256K for Kimi K2 Thinking (Moonshot AI). Reducing the latency
of generation using reasoning models is therefore a pressing question.

While long CoTs are all sequential, many tasks admit a parallelizable reasoning structure. For
instance, many math problems naturally decompose into independent sub-cases that are solvable in
parallel. Alternatively, there may be multiple unique plausible approaches that are worth trying in
parallel as opposed to sequentially.

This paper aims to significantly reduce the latency of long CoTs by training models to perform parallel
thinking. We hypothesize that prompting-based scaffolding methods alone—whether heuristic
approaches (Hadfield et al.l 2025} [Yanl [2025; [Linl 2026) or principled prompt optimization (Agrawal
et al.,[2025)), which do not change model weights—are fundamentally limited in achieving effective
or optimal parallel thinking. This limitation arises from existing models’ inability to decompose
challenging goals into parallelizable sub-tasks, as they were never trained to do so. We posit that
parallel thinking is an advanced capability that must be explicitly taught through targeted, large-scale
training.

We introduce Divide-and-Conquer CoT (DC-CoT), a method to teach LMs to identify opportunities
for parallelizable subtasks in their thinking processes, solve the subtasks in parallel threads, then
aggregate the outputs of these threads. As shown in Figure 2] a single model will serve two roles:
director and worker. The director performs sequential thinking until it identifies useful subtasks that
can be performed in parallel. It will then spawn multiple workers, and specify a subtask for each
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worker. Each worker inherits its context from the director, and the workers complete their subtasks
in parallel. Afterwards, the thinking processes of the workers will be appended to the context of
the director. The director aggregates the workers’ results, then thinks more before completing the
response. This enables sequential reasoning for inherently sequential aspects, while allowing parallel

reasoning when applicable to reduce latency.

We train our model to accurately identify par-
allelism and generate responses in this fash-
ion. Starting from a sequential reasoning model
(in our case DeepScaleR-1.5B-Preview (Luo
et al., [2025)), we first perform SFT on synthetic
demonstrations (Section .| and Section to
teach the model to follow the parallel format of
Figure[2] However, while SFT gives our model
the ability to follow the format to a certain de-
gree, it cannot fundamentally improve the par-
allel thinking capability of our model — in fact,
it significantly degrades the accuracy compared
to the base model.

Therefore, we perform RL, which is critical to
improving the model’s parallel thinking capa-
bility and recovering the accuracy. We quantify
the model’s parallel thinking capability by its
accuracy and the average longest path length
of its responses, defined as the number of tokens
on the longest path from the beginning to the
end of the response (see Section E] for details).
This is a theoretical proxy for the latency. We
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Figure 1: Accuracy (pass@1) and longest path
length for DC-CoT and baselines on AIME 2024.
DSR-32K and DSR-12K denote DeepScaleR-
1.5B-Preview evaluated with response lengths
32,768 and 12,000 respectively. DC-CoT-HLP
denotes DC-CoT trained with additional RL with
a high length penalty, and DSR-HLP-24K and
DSR-HLP-12K denote baselines trained similarly,
starting from DeepScaleR-1.5B-Preview. DC-CoT
achieves higher accuracy than DSR-32K while re-
quiring less longest path length.

design a multi-stage RL algorithm (Section[4.3)),
which uses combinations of correctness and longest path length as reward functions to maximize
accuracy and minimize longest path length.

We highlight that improving our model’s parallel thinking capability through RL is nontrivial, as
we face the following technical challenges. First, we initially use DAPO (Yu et al.,2025)), but find
that the accuracy plateaus at a level much lower than the accuracy of our sequential base model. We
believe this is caused by DAPO’s tendency to steadily increase the entropy of the policy for almost
all tokens. We speculate that an excessively high entropy for all tokens is detrimental, since some
tokens should be essentially deterministic under an ideal policy. We later find that continuing RL
training with CISPO (MiniMax et al., [2025]) improves the accuracy monotonically while keeping the
entropy stable (unlike DAPO or GRPO (Shao et al., [2024)), though using CISPO by itself does not
suffice to recover the accuracy to the level of the sequential base model.

We next find that the data filtering strategy affects whether the model prioritizes accuracy or longest
path length. Initially, we filter out problems where all the responses are wrong, while still including
problems where all the responses are correct, as such problems can still provide a signal for the model
to reduce its longest path length, via the longest path length penalty term in the reward function (see
Section [4.3). However, the model eventually plateaus in accuracy and starts to solely improve its
longest path length. We speculate that there is a conflict between easier problems, for which the
advantages in RL are dominated by the longest path length, and more difficult problems, where the
advantage depends more on accuracy — since we include problems where all responses are correct,
the former dominates. We address this issue by updating our data filtering strategy — partway through
the training, we start filtering out those easy problems where all responses are correct.

Concurrent and independent works propose AsyncThink (Chi et al.l [2025) and Native Parallel
Reasoner (Wu et al., 2025b), or NPR, which both also train models end-to-end with RL to parallelize
their reasoning. Unlike these works that use non-thinking variants of Qwen3-4B, we start from a long
CoT reasoning model that is already trained with RL. We speculate that the long CoTs cause some
of the technical challenges we describe above, due to the positive correlation between length and
accuracy (and the resulting conflict between improving accuracy and reducing length). We show that
it is possible to build on a long CoT model, recovering and continuously improving the accuracy while
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reducing the inference latency. Interestingly, the very recent Kimi K2.5 (Moonshot Al 2026) also
uses a multi-stage strategy to train an orchestrator to decompose and delegate subtasks, prioritizing
parallelization initially and then accuracy later, reminiscent of the purpose of our multi-stage data
filtering strategy. Unlike Kimi K2.5, we allow the workers/sub-agents to learn from RL as well.

Our results on AIME 2024 ((Mathematical Associa-

tion of America, [2024)) are shown in Figure[I] Our ot e s o e s o e cqion
method, DC-CoT, achieves a better accuracy and @ -0+ @ - =26
longest path length compared to DeepScaleR-1.5B-
Preview evaluated at response lengths 32K and 12K
(denoted as DSR-32K and DSR-12K respectively) —
in particular, DC-CoT achieves a 37.4% reduction in
longest path length compared to DSR-32K. Addition-
ally, continuing RL from DC-CoT with a high length

penalty (denoted as DC-CoT-HLP) gives a Pareto e
improvement compared to similarly-trained baselines g e e M
trained from DeepScaleR-1.5B-Preview (DSR-HLP-
24K and DSR-HLP-12K). Finally, DC-CoT is com-
plementary to test-time scaling through independent
sampling, achieving further gains with majority vot-
ing. DC-CoT with majority voting (denoted as DC-
CoT-Maj) achieves better accuracy and longest path
length compared to DeepScaleR-1.5B-Preview with
response length 12K and majority voting (denoted
as Maj-DSR-3). We observe similar benefits when

using DC-CoT on other benphmarks (see Figure@ rector then reads the workers’ outputs. Then,
Table[T} and Table Z]in Section[). the director may either finalize its answer or
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Figure 2: Our parallel inference procedure for
DC-CoT. The model performs some reason-
ing before assigning tasks to workers. The
workers perform the assigned tasks. The di-

We discuss works on reinforcement learning with verifiable rewards (RLVR) and long CoT for
mathematical reasoning in Section [A] as well as works on parallel sampling for inference-time
scaling. These works are orthogonal and complementary to ours, since we aim to identify distinct
and parallelizable subtasks, which cannot be achieved by independent sampling. Indeed, we show in
Section [5.2] that parallel sampling can be combined with our approach for further gains.

Delegation in Multi-agent Systems. Several works study multi-agent systems (Hadfield et al.,
2025 Kim et al.| 2025} Zou et al., 2025} |Gao et al.| [2025)), where different LMs collaborate to solve
problems, dividing an over-arching task into subtasks. [Hadfield et al.|(2025)) find that multi-agent
systems can lead to large improvements in deep research compared to sequential single-agent systems.
Other works (Nguyen et al.| 2025} |Gao et al.| [2025; Kim et al.,2025)) study the circumstances under
which multi-agent systems will outperform single-agent systems, and vice versa. Training-free
methods using multi-agent systems have been proposed to improve efficiency (Narayan et al., 2025
Zou et al.,|2025)) and accuracy (Du et al.l 2023) compared to single-agent systems. Other works train
multi-agent systems with RL (Dang et al.l 2025} [Zhou et al., 2025} |Sun et al., |2025). [Dang et al.
(2025) train an orchestrator with RL to call LLM sub-agents while minimizing total resource usage.
Sun et al.| (2025)) train a coordinator and its sub-agents end-to-end to manage the context length of
the coordinator, while Zhou et al.| (2025)) train a single agent with RL to compress its own context
length. Hu et al.| (2025d) train a multi-agent system with a planner and workers to accurately perform
tasks such as coding and deep research. Our goal is to reduce the inference latency, which Dang et al.
(2025)), |Sun et al.| (2025)),[Zhou et al.|(2025) and [Hu et al.| (2025d)) do not study — additionally, we
train the sub-agents through RL, unlike Dang et al.| (2025).

Parallel Decoding with LLMs to Reduce Latency. Improving the latency of LM inference is an
active area of research (Leviathan et al.| [2023;|Cai et al., 2024} (Chen et al.| |2023; Zhang et al.| [2024b)).
Several works specifically study how an LM can identify opportunities for parallelization in its own
generation, through prompting (Ning et al.| 2024), training on demonstrations (Liu et al.| [2024), and
preference optimization using solution quality and latency to compute a reward (Jin et al.| [2025)).
These works study instruction following models. Parallelization of inference has also been studied
for reasoning models that use long CoTs (Biju et al.| 2025} |[Yang et al.,2025b; |Zheng et al., 2025}
Pan et al., [2025). Biju et al.|(2025)) and |Yang et al.| (2025b) curate demonstrations, used for SFT,
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which can teach reasoning models to parallelize their reasoning traces. |[Zheng et al.| (2025)) train
a reasoning model with RL to perform parallel inference, as part of a curriculum used to improve
sequential reasoning. |Pan et al.[(2025) show that in the Countdown task, LMs trained with RL to
search in parallel achieve a better accuracy-latency tradeoff than sequential methods.

3 PARALLEL INFERENCE ARCHITECTURE

We now explain our architecture for parallelizable inference. In the following, we use
[EOS] to denote the end-of-sequence token. We define a single-thread inference primitive
INFER(M, P, finish, L), which performs standard LM inference. Here M is a language model, P
is a prompt, £inish is a termination string, and L is an upper bound on the amount of generated
tokens. The subroutine INFER(M, P, finish, L) performs generation using the model M and
prompt P until one of the following occurs: (1) L tokens are generated, (2) £inish is output, or (3)
the [EOS] token is output. The output is a list of tokens S, whose length is denoted by |S|.

Our architecture is implemented entirely using calls to INFER. Thus, we directly use vLLM (Kwon
et al., [2023), without any under-the-hood modifications, unlike Multiverse (Yang et al., 2025b), which
uses non-standard attention masks during generation, thus requiring a customized version of SGLang.
We adjust our training-time algorithm to maintain consistency with inference (see Section4.2)).

An illustration of our architecture is shown in Figure 2| A more detailed version with examples
of thoughts generated by the model is shown in Figure [7]in Section [C] Formal pseudocode is in
AlgorithmT]in Section [B]

Initial Single-Thread Phase. We begin by using INFER(M, P, "<spawn_workers>", L) to
perform inference in single-thread mode. Here the model performs initial reasoning, through which it
may identify subtasks that are useful towards solving the problem and can be done in parallel. This
corresponds to the “Director: Initial Phase” box in Figure [2] and in the rest of the paper, we use Sy
to refer to this part. This call to INFER terminates when "<spawn_workers>" is output — in
essentially all cases, our model will output "<spawn_workers>" in this stage rather than [EOS].

Parallel Generation with Workers. After reaching "<spawn_workers>", our algorithm spawns
multiple workers, which will each continue generation in parallel based on the contents of .S;. In our
experiments, we use 3 workers. For each worker i € [3], the prompt of the i™ worker will be P; :=
P+ 851+ "<worker_i>". In other words, each worker sees the original prompt and the result of the
initial single-thread generation, as well as a special tag to distinguish this worker from other workers.
The i** worker then performs standard inference by calling INFER(M, P;, "</worker_i>", L)
— these 3 calls to INFER are executed in parallel. In the rest of the paper, we use W; to refer to
"<worker_1>", together with the portion generated by INFER — this is the text corresponding to
“Worker 1" in Figure 2] We define W5 and W5 analogously.

Returning to Single-Thread. After all of the workers finish their generation, the model (in its role
as director) sees the work done by the workers, and performs further reasoning (see the “Director:
Read Workers” Thoughts” box in Figure [2)). The model may finalize its answer and end generation
(see “Director: Answer” box) or may identify new subtasks that can be done in parallel, output
"<spawn_workers>", and start a new round of multi-thread generation (see “Director: Respawn”
box). While there can be arbitrarily many rounds of parallel generation, our model typically spawns
workers for 1 or sometimes 2 rounds. In the case where only 1 round occurs, we use S to refer to all
the text after "</spawn_workers>" inclusive, corresponding to boxes “Director: Read Workers’
Thoughts” and “Director: Final Answer” in Figure[2]

Longest Path Length. We use the longest path length of a response, defined below, as a proxy
for the wall-clock time for generating it. Suppose for simplicity that workers are only spawned
for a single round — the definition generalizes naturally to multiple rounds. Let S;, Wy, W,
W3 and Ss be as defined earlier in this section. Then, we define the longest path length of o as
Ipl(0) := |S1] + max;e[3) |[W;| + |S2|. We enforce a longest path length budget during inference by
setting the allowed output length at each call to INFER.

4 TRAINING METHODS

This section describes our training methods, which are summarized in Figure
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4.1 SFT DATASET

Initial Generation of Sequential Long CoT Rollouts. We generate sequential CoTs using Mg,
which can be any reasoning model. For an initial set of problems Piy;;, we perform rejection sampling,
generating up to 3 responses per problem, until we obtain a correct response. If a problem p has at
least one correct response 0geq, We include (p, oseq) in Dy, — otherwise, we omit p.

Rewriting Sequential CoTs to Include Parallelization. Given the (p, 0eq) pairs in Diyi, we rewrite
the responses o0yq to spawn workers where useful, obtaining a dataset Diewrice Of responses (p, o)
where the response o performs parallel thinking.

Give‘n. a sequential CoT response 0yq, We tell our f Figure 5} Training Procedure
rewriting model Mewrite to largely preserve the_ con- 1. Prepare SET Dataset (Section FiT}
tent and thlnklng process Of Oseq» while p'I‘OdllC.IHg.O. * Sample 1 correct solution with sequential
The response o should satisfy the following criteria. CoT for each given problem using My

1 1 3 1 _ * Use a more powerful model Meyyrie to
(A) IF should begin by reasoning in a seql}eqtlal man rewrite CaTs into the pavalle] fommt 95 in
ner, in the same way as o0,q does — this is shown Figure 2] obtaining dataset Dyewrice

in the “Director: Initial Phase” box in Figure @ (B)

- k 2. SFT (Section[d.2}
The reasoning processes of the workers in o should

o SFT starting from Mpase 0N Diewrite USing

be excerpted almost verbatim from oyq. Intuitively, attention masks which respect the
criteria (A) and (B) mean that the solutions in Dyeyrite parallelism shown in Figure[2]

have a similar structure to responses produced by 3. RL (Section &3}

Mpase. We hypothesize that training My,se on rewrit- * RL with 4 stages using correctness reward
ten responses satisfying (A) and (B) mitigates the and format/longest path length penalties

. .  Each stage has varying hyperparameters
degradation in the accuracy of My, caused by SFT, and data filtering criteria

though not eliminating it entirely.

We also ask Miewrite t0 include in o, prior to spawning workers, a justification for why the tasks it has
assigned to the workers can be performed in parallel. One goal is to reduce cases where the tasks are
not in fact parallelizable, e.g. where the task assigned to Worker 2 requires the answer to Worker
1’s task. This also allows for the possibility that our model Mgy trained on Dieysite can self-reflect,
and after proposing an initial assignment of tasks to workers, it can decide that the assignment is
suboptimal, rather than committing to spawning workers.

To convey the above information to Meyrite; W give Miewrite @ detailed prompt, shown in Box [Z_f] in
Section [IE} The prompt contains an example of a sequential CoT oq, together with an example of a
rewritten response o that spawns workers.

We again use rejection sampling when generating the rewritten responses with Mieywsie. For each pair
(P, Oseq) in Dipit, we attempt up to 3 times to generate a rewritten response o using Mewrie. We verify
that o has the correct answer. Additionally, we verify that o satisfies the format shown in Figure[2] We
consider o to satisfy the format if it spawns workers, if it includes all relevant tags shown in Figure 2]
and if these tags are nested and matched appropriately.

4.2 SFT TRAINING SEQUENCES, POSITION IDS, AND ATTENTION MASK

We now elaborate on step 2 of Figure [3] For simplicity, we consider a response where workers are
only called for 1 round, and define Sy, W1, W5, W3 and S as in SectionE}

In our inference procedure, two distinct operations take place. (A) When W5, Wy and W are initially
generated, each of them has S; as the prefix. (B) Wy, W5 and Wj are later included in the prefix
used to generate So.

For i € [3], let W;gcn) denote the KV cache vectors corresponding to W; in operation (A), and let

WP denote the KV cache vectors corresponding to W in step (B). Then, W™ and WP
are distinct vectors, for the following reason. When the W; are initially generated during operation
(A), they are generated in parallel — they share the original prompt and S; as their context, and
are otherwise separate LM generation tasks. Thus, the W; only attend to S; and not each other.
Meanwhile, in operation (B), we perform standard LM generation to generate Sy, using S7, Wy, Wy
and W3 as the context. Thus, during the prefill stage, a standard causal mask will be applied to the
context, meaning W5 attends to Wy, and W3 attends to W7 and Ws.

Thus, for the sake of consistency with inference-time behavior, we include Wi, W5 and W3 twice in
the training sequences, with the first occurrence corresponding to operation (A) (i.e. the Wi(ge“) for
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i € [3]) and the second corresponding to (B) (i.e. the W), To enforce the independence of the

W™ as well as the fact that Sy attends to the W "™ but not the W™, we use the attention mask

in Figure @ Similarly, at training time, we let the position IDs corresponding to the W& all start

from | S|, while those of WP start from |5y, those of W™ start from | S} | + | W3], and so on.

4.3 REINFORCEMENT LEARNING (RL)

We next perform RL starting from Mgpr. We find that
the model’s accuracy degrades after performing SFT with
Drewrite — thus, we aim to recover the accuracy. Addi-
tionally, many of Mgpr’s responses do not spawn workers
(for instance, on a batch of problems for our RL training
dataset, Mggr only spawns workers for roughly 65% of
responses). Thus, we would like to teach Mgpy to spawn
workers more often, and in a way which reduces its longest
path length. Thus, the reward for a response o is deter-
mined by the correctness and longest path length of o, as
well as whether o satisfies the format defined by Figure

&

€21
@M

&5

Sio WEY W e wino S
Given a problem and response generated by my, we con- K
struct a training sequence, as well as the accompanying
attention mask and position IDs, in a manner similar to

Section[d.2] We do not compute the loss on tokens which
are not generated by the policy itself — for instance, using not attend to each other are shown in red
the terminology of Section4.2] we compute the loss on the . . )
tokens in W™ but nof % N The attention mgsk is also causal — en-
okens in Vv~ -, bul not on those 1n Vv, ,fori € 3] tries above the diagonal are masked out.

In our RL training, we use DAPO (Yu et all 2025) (a Here, W55 refers to the concatenation

variant of GRPO (Shao et al 2024)), and CISPO (Mini] of Wil yy@refil) 5 pprefil)
Max et al.| [2025) — implementation details are deferred
to Section[Hl

Figure 4: Attention mask at training time.
Blocks which attend to each other are
shown in , while blocks which do

Penalty for overlong responses. We use an overlong length penalty similar to|Yu et al.| (2025).
Here, we penalize responses with excessive longest path length. For a response o, we add to the

reward a length penalty £(0) := C, - % for some cutoff Ly, if Ipl(0) > Leyofr. We let
C1 = 0.1 for most of our experiments.

Reward function. Given a response o, its reward ¢(o0) is defined as follows. We first define a
correctness-format reward as follows:

1.0 if ois correct and satisfies format
f(o) :=<0.5 if ois correct but does not satisfy format
0.0 otherwise

Then, the overall reward is g(0) := max(0, f(0) — £(0)).

Data filtering. Following DAPO (Yu et al.| 2025)), we filter problems p according to certain criteria in
each iteration of RL. We use two different data filtering strategies: (1) Include-Easy, where we filter
out problems p where there are no responses o that are both correct and satisfy the format, i.e. where
none of the responses o satisfy f(0) = 1.0, and (2) Remove-Easy, where we filter out problems p
where all of the responses are correct or all of the responses are wrong. One key difference is that
Include-Easy includes problems where all of the responses are correct, unlike Remove-Easy. Filtering
strategy Remove-Easy does not take format into account. We use Include-Easy in the initial stages of
training. Many of the SFT model Mggr’s responses do not spawn workers at all, or do not satisfy
the format. Thus, even problems p for which all of the responses have the correct answer provide a
useful signal for the model to learn to spawn workers, follow the format, and reduce its longest path
length. However, Include-Easy eventually leads to a plateau in the accuracy, as the model prioritizes
longest path length. Thus, we switch to Remove-Easy partway through RL training, as discussed
below in more detail.

Multi-stage training to address accuracy plateaus. We make changes to our RL algorithm at
multiple intermediate steps, each time with the goal of addressing accuracy plateaus. Due to compute
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constraints, each time we make a change to our training algorithm, we build on our latest checkpoint,
rather than starting from scratch. Similar multi-stage training is done by other works, such as ProRL
(L1u et al.||2025a). Each time we make a change to our algorithm and begin a new stage, we reset
the reference model 7¢, as well as the optimizer state, similar to ProRL (Liu et al.|2025a). Our RL
training run has 4 stages in total.

In Stage 1, we use DAPO, and filtering strategy Include-Easy. We set the upper clipping parameter
€nigh to 0.28, as done by |Yu et al.| (2025). The maximum allowed longest path length L, for any
response o is 7, 500 in this stage (and in stages 2 and 3, as well). The length penalty cutoff Ly 1S
2,000. For many responses, the SFT model does not spawn workers at all, or does not follow the
format. Over the course of Stage 1, the accuracy improves, and the model learns to follow the format
and spawn workers more often, while the longest path length decreases. However, we eventually
observe a plateau in the accuracy after many steps (Figure [§]in Section [G). We hypothesize that
this accuracy plateau is caused by DAPO’s tendency to keep increasing the entropy of our model.
In Figure [10]in Section |H| we show various statistics related to the entropy of 7y over the course
of Stage 1. We find that the mean entropy increases monotonically, and even the 60" percentile of
entropy rises drastically. Intuitively, this is harmful — it suggests that DAPO increases the entropy for
tokens for which the model should have a relatively high certainty. This analysis of entropy statistics
is motivated by the work of Wang et al.| (2025)), who recommend only performing gradient updates
for tokens in the higher percentiles of entropy, during RLVR.

Thus, in Stage 2, we continue from our Stage 1 checkpoint and use CISPO instead of DAPO. We
find that CISPO improves the accuracy monotonically for several more steps, and CISPO does not
exhibit the phenomenon of monotonically increasing entropy as DAPO does. Stage 2 eventually also
encounters a plateau, and then a decline, in accuracy (Figure[9]in Section[G). The longest path length
continues to decrease sharply, at the expense of accuracy. We hypothesize that this is because of
filtering strategy Include-Easy— for a problem p where all responses are correct, the advantage of
a response is solely a function of its longest path length. Thus, in Stage 3, in order to resolve the
plateau in accuracy, we switch to filtering strategy Remove-Easy.

Stage 3 improves the accuracy, but eventually reaches a plateau, and the amount of truncated responses
increases. Thus, in Stage 4, we now increase the allowed longest path length Ly, from 7,500 to
12,000, and increase the longest path length penalty cutoff Ly from 2,000 to 6, 500.

High length penalty (HLP). After finishing stage 4, we aim to decrease the longest path length
significantly, without significantly reducing accuracy. Thus, we increase Cr, from 0.1 to 0.9, and
we let Leyoff = 2000 — in other words, all responses with longest path length more than 2000 are
penalized, and the length penalty can range up to 0.9. The formal definition of our HLP reward
function, and additional details, are deferred to Section[F}

5 EXPERIMENTS

5.1 EXPERIMENTAL SETUP

The baselines we evaluate are discussed below. We defer details on our SFT dataset Dyeyrite, SFT and
RL hyperparameters, and additional experimental details to Section[[] For all experiments, we use 8
H100 GPUs. During RL, we use the DeepScaleR training dataset (Luo et al.,[2025), and AIME 2024
(Mathematical Association of Americal, [2024)) as our validation dataset.

Baselines. We report the accuracy and longest path length of DeepScaleR-1.5B-Preview (Luo et al.,
2025)), using a response length of 32K tokens, denoted as DSR-32K, and 12K tokens, denoted as
DSR-12K. We use the prompt shown in Box [2] following DeepScaleR (Luo et al., 2025). To further
increase the length efficiency of the baseline, we apply an HLP stage to DeepScaleR-1.5B-Preview.
We train and evaluate DeepScaleR-1.5B-Preview with a high length penalty allowing response length
24K (denoted as DSR-HLP-24K) and 12K (denoted as DSR-HLP-12K). Hyperparameters for
training DSR-HLP-24K and DSR-HLP-12K are given in Section[| We also evaluate DSR-12K using
maj@3, and refer to this method as Maj-DSR-3 (additional details in Section .

5.2 RESULTS

Main results — accuracy and longest path length. Figure[TT|and Table[T] in Section[J]} compare
our methods (DC-CoT, DC-CoT-HLP) with the aforementioned baselines. DC-CoT consistently
improves the accuracy-longest path length tradeoff compared to baselines. DC-CoT-HLP further
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improves the longest path length significantly, at the cost of a slight decrease in accuracy compared
to DC-CoT. Across our benchmarks, DC-CoT matches (and sometimes exceeds) the accuracy of the
strongest non-HLP baseline DSR-32K, while reducing the longest path length by roughly 35-40%
— see Table2]in Section [J] for percentage decreases in longest path length. DC-CoT-HLP achieves
comparable accuracy to the HLP baseline DSR-HLP-12K trained and evaluated with the same longest
path length, while achieving a roughly 20% reduction in longest path length on all benchmarks.
Additionally, we evaluate DC-CoT using maj@3, using an identical setup to Maj-DSR-3 — we refer
to this method as DC-CoT-Maj. As shown in Table [2| DC-CoT-Maj achieves similar or higher
accuracy than Maj-DSR-3, while achieving significant reductions in longest path length. Table 3]in
SectionJ|shows the total tokens used per response by our methods.

On AIME 2024 (Figure [I), the methods DC-CoT, DC-
CoT-HLP and DC-CoT-Maj are beyond the Pareto frontier HMMT 2025 - Accuracy v.s. Longest Path Length
of accuracy and longest path length achieved by previous 193 pecoTei
methods — in particular, both DC-CoT and DC-CoT-HLP »°
are a Pareto improvement compared to DSR-32K, DSR-

185 DSR-HLP-24K DSR-32K

A
* DSR-12K
180 DC-CoT

uracy (%)

12K, and DSR-HLP-24K. On HMMT 2025 (Figure E]), E ” preveu
DC-CoT achieves similar accuracy (<0.2% lower) to DSR- 105 PECTHLP ADSHLPL2K Frontier
32K, DSR-12K and DSR-HLP-24K, while achieving a O v Lo

36% reduction in longest path length compared to DSR-

32K, a 21.5% reduction compared to DSR-12K, and an Figure 5: Accuracy and longest path
18.8% reduction compared to DSR-HLP-24K. Similarly, length for all methods on HMMT 2025.
DC-CoT-HLP achieves a similar accuracy as DSR-HLP-

12K, with 19% lower longest path length. Finally, DC-CoT-Maj is a Pareto improvement over
Maj-DSR-3, achieving slightly higher accuracy with 18.7% less longest path length. On Minerva
Math (MM), DC-CoT and DC-CoT-HLP obtain worse accuracy than the baselines. We speculate that
problems in MM involve applying several calculations in a purely sequential manner, making them
less amenable to parallelization. We leave improving DC-CoT’s performance on MM to future work.

Accuracy and Longest Path Length - AIME 24

Validation Metrics (AIME 2024) - HLP
Accuracy Longest Path Length
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ing all stages of RL. 12K, , and .

Figure 6: RL validation metrics on AIME 2024 for (a) DC-CoT and (b) HLP baselines/DC-CoT-HLP

RL training dynamics. Figure[6a)shows the accuracy and longest path length of DC-CoT over the
course of RL, on AIME 2024. Figure[I2]in Section[J]]shows the degree of parallelism (DP), which
for a response o is defined as the ratio between the total tokens in o and the longest path length. The
validation accuracy of our model improves monotonically, due to the multi-stage training discussed in
Section4.3] The longest path length decreases, and the degree of parallelism increases, during Stages
1 and 2, when we use filtering strategy Include-Easy. However, when we switch to Remove-Easy
during Stages 3 and 4, the model uses more sequential thinking to help improve the accuracy. As a
result, the longest path length increases and the degree of parallelism drops in these two stages.

The accuracy and longest path length of the methods trained with HLP (DSR-24K-HLP, DSR-12K-
HLP, and DC-CoT-HLP) are shown in Figure [6b] and the DP of DC-CoT-HLP is shown in Figure [[3]
in Section[J]] The accuracy of DSR-HLP-12K and DSR-HLP-24K stays roughly constant, while there
is a slight decline in the accuracy of DC-CoT-HLP. There is a steady decrease in the longest path
lengths for all three methods. Corresponding to this decrease in longest path length, the degree of
parallelism for DC-CoT-HLP also increases during HLP, from slightly under 1.2, to around 1.37.
We evaluate checkpoints from towards the end of HLP for all methods, based on our assessment
of validation accuracy and longest path length. We use step 160 for DSR-12K-HLP, step 180 for
DSR-24K-HLP, and step 180 for DC-CoT-HLP in all tables and figures.
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A ADDITIONAL RELATED WORK

Parallel Sampling for Inference-Time Scaling. Several works study how to improve the accuracy of
LMs, via parallel sampling (Wang et al.,[2023} |Yao et al., 2023} |Brown et al.| 2024} Snell et al., |2024;
Zhang et al.| [2024a; Wu et al., 2025a; Wen et al.} [2025}; |Qi et al., 2025 [Zhao et al., 2025} |Hassid!
et al.,|2025) or via parallel sampling followed by iterative summarization and refinement (Madaan
et al.|, [2025; Hu et all, 2025c). Wang et al.| (2023) show that majority voting can achieve good
performance when combined with CoT. [Yao et al|(2023) propose Tree-of-Thoughts (ToT), and show
that allowing an LM to backtrack can lead to performance improvements compared to standard CoT
(for instance, greatly improving the performance of GPT-4 on Game of 24). Brown et al.| (2024)
study how independent sampling aggregation methods, such as majority voting and best-of-N with a
reward model, scale as the number of samples increases. |Snell et al.| (2024) study compute-optimal
allocation of test-time compute, comparing sequential refinement with strategies such as beam search
with a process reward model. [Wu et al.|(2025a) aim to improve parallel sampling by heuristically
guiding different samples to be drawn from different modes of the distribution, with the goal of
ensuring that different samples pursue different strategies. Wen et al.|(2025)) train a model with SFT
to generate multiple independent samples in parallel, then generate a summary — by prepending the
token <think_1i> to the start of the 3 sample, Wen et al.| (2025) aim to have the samples pursue
different strategies. [Qi et al.|(2025) and Zhao et al.| (2025)) instead use RL to teach their models to
aggregate independent samples from another model to arrive at the correct answer. In our method, the
orchestrator does reasoning after seeing the problem and prior to assigning tasks. Thus, the workers
perform distinct tasks and can terminate once their assigned task is done, leading to an improvement
in latency, unlike with parallel sampling. [Hassid et al.| (2025)) propose short-m@k — this method is
an alternative to majority voting, where k independent samples are generated, and once the shortest
m samples are finished, generation is terminated. The final answer is then obtained by majority
voting among these m responses. Our work is orthogonal to Hassid et al.|(2029)), as it is possible for
our method to further improve the latency required by the shortest sample.

RLVR and Long CoT for Mathematical Reasoning OpenAl et al.| (2024) and |DeepSeek-Al et al.
(2025) introduce reasoning models, which are trained using RL to output long chains-of-thought
(CoTs) which dramatically improve the models’ capabilities, including in mathematical reasoning.
DeepSeek-Al et al.|(2025) train their model with RL using only verifiable rewards (RLVR), using
GRPO (Shao et al.,[2024)). Min et al. (2024} and |Guha et al.| (2025)) curate demonstrations to teach
models to perform long CoTs. Many works aim to achieve open-source reproductions of the RL
procedure of DeepSeek-Al et al.| (2025) using RLVR, as well as understand the impact of various
hyperparameters and design choices (Luo et al.,|2025; [Yu et al., 2025; [Liu et al.| 20254} |He et al.,
2025b; Hu et al.l 2025ajb; |An et al., 2025} |Liu et al., 2025¢j |Song et al., 20255 Liu et al., 2025b; [Setlur
et al., 2025} [Cui et al. |2025; Tissuel, [2025). |He et al|(2025a) aim to simplify existing recipes and
identify which of the design choices are necessary for training stability and monotonic improvement.
MiniMax et al.|(2025) propose the CISPO algorithm, which is different from GRPO, using an
objective akin to REINFORCE (Williams|, |1992) but with truncated importance sampling — Khatri
et al.| (2025)), among other findings, show that CISPO works well. [Yang et al.| (2025a) show that on
synthetic tasks, long CoTs can benefit from removing information that is no longer useful from the
context.
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B

FORMAL PSEUDOCODE FOR INFERENCE ALGORITHM

Algorithm 1 Algorithm for inference with a language model M that spawns worker threads.

Require: Language model M, Prompt P, number of workers K, longest path length budget L

1:

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:

S < INFER(M, P, "<spawn_workers>", L)
Remp «—P+S

L+ L—|S|

RESPONSE «+ S

while True do
if Pmp contains [EOS] token then
return Pp,
for i « [1... K] in parallel do
# Create prompts for each worker thread.
P; < Pemp + "<worker_i>"
# Do inference for each worker thread.
. W,; < INFER(M, P;, "</worker_i>", L) — this is done asynchronously
Wait for W, for i € [K]
L < L — max;c () |Wi]
fori < [1...K]do
Pemp Remp + "<worker_i>"+ W;
_ RESPONSE < RESPONSE + "<worker_i>" + W;
Pemp ¢ Pemp + "</spawn_workers>"
RESPONSE <— RESPONSE + "</spawn_workers>"
S < INFER(M, Pemp, "<spawn_workers>", L)
]Dtemp — Remp +S
RESPONSE <~ RESPONSE + S
. L+ L—|5]
Return RESPONSE
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C DETAILED INFERENCE EXAMPLE

Problem (P)
Find the sum of all real roots = of the equation:
@ - r@r-2P =@ -0}

Start solving

Single-thread portion 1 (S1)
<think>

Let me set y = 27, which means 4° = (27)2 = 32
Now, let’s denote:

The equation becomes: A%+ B = ¢

Since A+ B = C, this simplifies to: —3AB-C =0

So, either C = 0 or AB = 0.

Now, I can have the three workers explore these cases in parallel:
o Worker 1 will explore the case C' = 0
« Worker 2 will explore the case A3
 Worker 3 will verify the algebraic manipulation that A+ B = C'

These are independent investigations that don’t depend on each other’s results,

<spawn_workers>

Spaw [Spawn awn
Worker 1 (W1) (Worker 2 (W2) (Worker 3 (W3)
<worker_2> <worker_3>
Exploring AB = 0 case Verifying the algebraic manipulation:
122 =d=e=2 We have A=y —4, B=y>—2,C =y
B=0=y’=2=y=12 (valid, y > 0) Compute A + B:
Thus, 2° = V2 =225 0 =1 -4+ -2 =y +y-6=
g B Therefore, from AB = 0, we get 15_: Ye;‘ A *4 ij‘; S
</worker_1> . erefore, = C*% becomes:
</worker_2> FreRt s
Subtract C% —34B-C' =0
= Either C' = 0 or AB = 0.

Return
Retur </worker 3>

Cturn

Single-thread portion 2 (S2)
</spawn_workers>

Great, so we have confirmed the cases:
From C =0, we get z = 1

From AB =0, we get 7 =2 and z = .
We need to check if these are all the real roots.

Therefore, these are all the real roots. Now, we need to sum all real roofs:
r=131,2
Sum: §+1+2=7

Thus, the answer is 5.
</think> :

<answer>

Thus, the sum of all real roots i

</answer>

Figure 7: An instantiation of the inference architecture in Figure [2| with example thoughts. These are
a condensed version of the thoughts that our model produced when given this problem during RL
training.
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D PROMPTS FOR SFT AND RL

Box 1: Prompt Used During SFT and RL

prefix = "<|begin_of_sentence|><|User|>"
suffix = "<|Assistant|>"
instruction = "Let's think step by step and output the final

answer within \\boxed{{}}."

parallel _instruction = "You can spawn multiple workers to
solve this problem in parallel."™ \

n

The workers' thoughts are enclosed
within <spawn_workers></
spawn_workers> tags, and each
worker's" \

" thought is enclosed within <worker_i
></worker_i> tags, where 1 is the
worker number, i.e." \

" <spawn_workers><worker_l>worker 1's

thought</worker_1><worker_2>worker

2's thought</worker_2>..." \
"</spawn_workers>."
deepseek_rl_prompt_parallel = prefix + "{question} " +
parallel_instruction + " " + instruction + suffix
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E PROMPT FOR EVALUATING DEEPSCALER-1.5B-PREVIEW

Box 2: Prompt Used to Evaluate DeepScaleR-1.5B-Preview

prefix = "<|begin_of_sentence|><|User|>"

suffix = "<|Assistant|>"

instruction = "Let's think step by step and output the final
answer within \\boxed{{}}."

think_token = "<think>\n"

deepseek_rl_prompt = prefix + "{question} " + instruction +

suffix + think_token
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F RL METHODS — ADDITIONAL DETAILS

GRPO/DAPO. Within an iteration, for each question, we generate G responses. For each response
o; forv =1,...,G, we calculate a reward R;. Following Shao et al.| (2024)) and |Yu et al.| (2025),

we calculate the normalized advantages A; =

deviation, respectively, of R; for: =1,...,G.
For a mini-batch with problems p) for j = 1, ..., K, with each question p() having responses o.”’
fori =1,..., G, the objective is
1 K lof”| , 4
. Z Z (IniIl(Tj7i’t(0)A§j), clip(min(r;,; +(6),1 — €1ow, 1 + ehigh)Agj))

K €
Zj:l 2ict ‘07(:])‘ j=1i=1 t=1
~ BKL(m | o) )

) )
i, <t
Toa (0 mp, @,

)
where the ratios 7, ; ¢ () := molos, Ip.o 7y denotes the current policy with up-to-date parameters,
Told denotes the policy used to generate the responses, ogjt) denotes the t*" token of the response,

(J)

and 0;’ , denotes the prefix up to (but not including) the tth token. We estimate KL (7 | mef) in a
o . n,f( |p (7) ﬂ.M(O(J)‘p (3) )
manner similar to|Shao et al.[(2024])), using the formula ﬁ —1lo ﬁ — 1. The
0,4 1P0;" <4 P,0; ¢

questions p?) included in the batch are filtered according to certain criteria — details of the filtering
are discussed below. Following Yu et al.[(2025), we set epign = 0.28 and €15y = 0.2.

CISPO. Partway through RL training, we change the objective — instead of the GRPO/DAPO
objective, we use the objective of CISPO, introduced by MiniMax et al.| (2025)) and further found to

work well by Khatri et al.[(2025)). For a mini-batch with questions p(j ) for j=1,..., K, with each

(4)

question p¥) having responses o’ fori=1,...,G, the objective is now

K
ZZ Z (mln (77,0.4(0), enign) A log g (o) | p, 01'),) — BKL(mg | Wref))
ZJ 121 1 ‘0 j:l i=1 t=1

Observe that if only a single optimization step is performed for each rollout batch, then this objective
reduces to REINFORCE (Williams), [1992), due to being fully on-policy — we perform 2 optimization
steps per rollout batch. We continue computing the normalized advantages A by taking the standard
deviation of the rewards across all responses for a pproblem p. This is different from [Khatri et al.
(2025), who find that normalizing the advantages across the entire mini-batch performs slightly better.

HLP Reward Function. Our reward function in the HLP stage is

1—/4(o) ifois correct and satisfies format
g(0) == ¢ 0.01 if o is correct but does not satisfy format
0 otherwise

Here, we only apply the length penalty to responses that are both correct and satisfy the format —
our reasoning is as follows. With our reward function g(0), we ensure that responses that are correct,
but do not satisfy the format, will not have higher reward than responses that are correct and satisfy
the format. Since 1 — ¢(0) could be as low as 0.1 for a response o that is correct and satisfies the
format, we must define g so that responses which are correct and do not satisfy the format always
have reward less than 0.1. Additionally, we would like all correct responses (regardless of format) to
have higher reward than incorrect responses. Thus, in summary, all responses o that are correct, but
do not satisfy the format, should have reward strictly greater than 0 and less than 0.1. We believe any
value between 0 and 0.1 would work well — we choose 0.01 arbitrarily. Finally, we do not apply
the length penalty to responses that are correct, but do not satisfy the format, to ensure that their
reward does not fall below 0. We continue to filter problems p for which all responses are correct or
all responses are incorrect.
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G PLATEAUS IN ACCURACY — STAGE 1 AND STAGE 3

Validation Accuracy (AIME 2024) - Plateau with DAPO
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Figure 8: DAPO plateaus in accuracy during Stage 1, while accuracy continues improving monotoni-
cally once we switch to CISPO.

Validation Accuracy (AIME 2024) - Plateau in Stage 2
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Figure 9: We encounter a plateau in accuracy in Stage 2, where we use filtering strategy Include-Easy.

Accuracy continues improving monotonically in Stage 3 when we switch to filtering strategy
Remove-Easy.
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H ENTROPY STATISTICS DURING STAGE 1
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Figure 10: Entropy statistics during stage 1, when using DAPO with ep;gp, = 0.28.
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I ADDITIONAL EXPERIMENTAL DETAILS

In this section, we specify hyperparameters and experimental details that were omitted from Sec-

tion 5,11

SFT Dataset — Creation of Dj,it and Dyeyrite. Our base model My, is DeepScaleR-1.5B-Preview
(Luo et al} 2025) and we obtain its responses on the first 15K problems in the DeepScaleR training
dataset to obtain Dj,;. We verify the accuracy of the responses using math_verify. [1_-] We use
temperature 0.6 and set top_p = 0.95 when sampling with vLLM (Kwon et al., 2023)). We allow
response length up to 24K and use the prompt shown in Box [3] After rejection sampling, we end up
with 9968 problem-answer pairs — we include the first 4K of these in Dj,;. We use Claude Sonnet
4.5 as our rewriting model Meyrite. E] When generating with Mieyrie, We use temperature 0.7 and
response length 12K . Our final dataset Deyrite contains 3411 examples.

SFT Hyperparameters. For SFT, we use the prompt in Box [T} We use batch size 8, and learning
rate 5 - 1075, for 1800 steps. We use linear learning rate warmup for 105 steps. We construct the
training sequences as described in Section[d.2] and remove any training sequences with length more
than 10, 000 tokens.

RL Details and Hyperparameters. We use verl (Sheng et al.l 2024}, with modifications for our
inference architecture (Section[3) and the customized training sequences, attention mask and position
IDs described in Section We use the DeepScaleR training dataset (Luo et al., 2025), and AIME
2024 (Mathematical Association of America, 2024) for our validation dataset, performing 50 rollouts
per problem during each validation step. We use math_verify to verify accuracy. Our prompt is
given in Box [T} Stages 1, 2, 3 and 4 last for 700, 480, 240 and 220 steps respectively. The HLP stage
lasts for 200 steps.

The hyperparameters that we use in each stage of our training run are as follows. In Stage 1, we
use learning rate 7.071 - 10~7, rollout batch size 288, and training batch size 96. In Stage 2, for the
first 200 steps, we use learning rate 1.414 - 105, rollout batch size 288, and training batch size 96.
Afterwards, we increase the training batch size to 192, and the learning rate to 2.828 - 1075, In Stage
3, the rollout batch size is 288, the training batch size is 96, and the learning rate is 2 - 10~C. Finally,
in Stage 4, the rollout batch size is 360, the training batch size is 96, and the learning rate is 2 - 1076,
For each rollout batch, we perform 2 optimization steps, making our algorithm off-policy. In each
stage that uses CISPO, we set epigy = 5.0.

For our high length penalty (HLP) stage, we begin from the final step of Stage 4. The learning rate is
21079, the rollout batch size is 360, and the training batch size is 96.

Evaluation Benchmarks. For evaluation, we use AIME 2024 (Mathematical Association of Americal,
2024), AMC 23 (Mathematical Association of America, 2023), HMMT Feb 2025 (Balunovic et al.|
2025), MATH 500 (Hendrycks et al., 2021), Minerva Math (Lewkowycz et al.,|2022)), and Olympiad-
Bench (He et al.,[2024). To evaluate pass@1 and maj@3, for AIME 2024, AMC 23 and HMMT 2025,
we use 200 rollouts per problem, and for MATH 500, Minerva Math, and Olympiad-Bench, we use
16 rollouts per problem. Results on all benchmarks are reported in Figure [IT]and Table[I]in Section [J]

HLP with DeepScaleR-1.5B-Preview. For DSR-HLP-24K and DSR-HLP-12K, we use learning
rate 2 - 1075, training batch size 96 and rollout batch size 360. We filter problems p based solely on
the correctness of the final answer of the responses to p, as in DC-CoT-HLP. We use a length penalty
with Cp = 0.9 and Ly = 2000. As in the original training of DeepScaleR-1.5B-Preview (Luo
et al.,[2025)), we assign reward 1.0 to responses which are correct, which include a thinking process
between <think> and </think> tags, and for which the answer comes after </think>, and 0
otherwise. We ensure that <think> is included at the end of the prompt. We run DC-CoT-HLP,
DSR-HLP-24K, and DSR-HLP-12K for 200 steps each, and for each method, we select the best
checkpoint by assessing the accuracy and longest path length on AIME 2024. We train and evaluate
DSR-HLP-24K and DSR-HLP-12K using the prompt shown in Box

Majority Voting Baseline — Implementation Details. As mentioned in Section we generate
N responses per problem, where N is 200 or 16 depending on the evaluation benchmark, using
DSR-12K. To determine the pass rate and longest path length of Maj-DSR-3 for a given problem,

"nttps://github.com/huggingface/Math-Verify
*The specific version we use is claude-sonnet-4-5@20250929.
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we take all (1;7 ) subsets S = {01, 02,03} of size 3 from the responses to this problem, and compute

the accuracy and longest path length when using .S for majority voting. For a particular subset .S, we
compute the accuracy and longest path length as follows. We first use math_verify to determine
the number of equivalence classes of final answers. If there is only a single equivalence class, we
compute the accuracy of each of the 3 responses and take the average (corresponding to sampling
a representative uniformly at random). If there are two equivalence classes, one of which has 2
elements, we use the equivalence class with 2 elements, and take the average of the accuracies of
those two elements. If there are 3 equivalence classes, then we again take the average accuracy of all
3 responses (corresponding to sampling a class uniformly at random). In all cases, the longest path
length of majority voting is calculated as the maximum longest path length out of these 3 responses.
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J  ADDITIONAL TABLES AND PLOTS

Accuracy v.s. Longest Path Length - All Benchmarks
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Figure 11: Accuracy (pass@ 1) and longest path length for all methods on all benchmarks.

Table 1: Accuracy and longest path length (LPL) for all methods and benchmarks discussed in
Section[5.1] Error bars for all accuracies and longest path lengths shown in Section [J| Table ff] and

Table[5]
Method AIME 24 AMC HMMT MATH MM OB

Acc (%) LPL Acc (%) LPL Acc(%) LPL Acc(%) LPL Acc(%) LPL Acc(%) LPL
DSR-32K 40.20 9540 81.35 5151 18.28 10685 89.04 3146 36.65 4879 60.95 5875
DSR-12K 39.43 8047 80.66 4792 18.28 8666 88.81 2963 36.63 4496 60.53 5327
Maj-DSR-3 44.19 9690 84.55 5803 19.39 9970 91.02 3638 38.69 5716 63.29 6462
DSR-HLP-24K 40.08 7903 81.90 4535 18.32 8375 89.29 2790 37.50 4124 61.72 4909
DSR-HLP-12K 39.03 6023 80.83 3574 16.78 6391 88.08 2215 37.36 3122 60.34 3880
DC-CoT 41.87 5974 80.38 3368 18.07 6803 88.74 1979 35.16 2865 60.19 3742
DC-CoT-HLP  40.85 4739 80.55 2786 16.48 5175 88.44 1734 35.08 2454 60.07 3040
DC-CoT-Maj  46.02 7412 83.70 4239 19.54 8109 90.66 2443 37.04 3668 62.45 4603
Table 2: Change in accuracy and longest path length of our methods compared to appropriate
baselines. For DC-CoT we use DSR-32K as the baseline, for DC-CoT-HLP we use DSR-HLP-12K
as the baseline, and for DC-CoT-Maj we use Maj-DSR-3 as the baseline.
Method Baseline AIME 24 AMC HMMT MATH MM OB

Acc LPL Acc LPL Acc LPL Acc LPL Acc LPL Acc LPL

DC-CoT DSR-32K +1.67 -374% -097 -34.6% -0.21 -363% -03 -37.1% -149 -413% -0.76 -36.3%
DC-CoT-HLP DSR-12K-HLP +1.82 -21.3% -0.28 -22.0% -0.3 -19.02% +0.36 -21.7% -2.28 -21.4% -0.27 -21.6%
DC-CoT-Maj Maj-DSR-3 +1.83 -23.5% -0.85 -27.0% +0.15 -18.67% -0.36 -32.8% -1.65 -35.8% -0.84 -28.8%
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Table 3: Total tokens used by each response, averaged across responses. For DC-CoT-Maj, we
average across all subsets of 3 responses to the same problem. For each subset of 3 responses, we
compute the sum of the tokens used by each of the 3 responses.

Method AIME 24 AMC HMMT MATH MM OB

DC-CoT 6831 4185 7603 2554 3526 4489
DC-CoT-HLP 6185 4022 6411 2537 3401 4154
DC-CoT-Maj 20493 12554 22809 7662 10579 13468

Table 4: Results in Table |1/ with sample mean and sample standard deviation (AIME 2024, AMC 23,
HMMT 2025).

Method AIME 24 AMC HMMT

Acc (%) PL Acc (%) PL Acc (%) PL
DSR-32K 40.2040.63 9540483 81.3540.44 5151451 18.2840.50 10685459
DSR-12K 39.43410.63 8047143 80.66+10.44 4792138 18.28410.50 8666+41
Maj-DSR 44.1940.01 9690100 84.5510.0 5803+1 19.3910.01 9970400

DSR-HLP-24K 40.0840.63 7903454 81.9040.43 4535440 18.3240.50 8375455
DSR-HLP-12K 39.03+063 60231385 80.8310.44 3574109 16.7810.48 6391.13s

DC-COT 41.87i0A64 5974i38 80.38i0A44 3368i29 18.07i0,50 6802i38
DC-CoT-HLP 40.854+0.63 4740427 80.5540.44 2786421 16.4840.48 5175498
DC-CoT-Maj 46.02+0.01 74121+0.0 83.70+0.00 4239+0.43 19.54+0.01 8109+0.0

Table 5: Results in Table|l{ with sample mean and sample standard deviation (MATH 500, Minerva
Math, Olympiad Bench).

Method MATH MM OB

Acc (%) PL Acc (%) PL Acc (%) PL
DSR-32K 89.04+0.35 3146439 36.6510.73 4879471 60.9410.47 5875149
DSR-12K 88.8140.35 2963129 36.6210.73 44964147 60.5310.47 5327433
Maj-DSR 91.0240.05 363846 38.69+0.12 571649 63.2940.08 646246

DSR-HLP-24K 89.2941¢0.35 2790430 37.50+0.73 4124449 61.7240.47 4909434
DSR-HLP-12K 88.08410.36 22154120 37.3640.73 3122133 60.3410.47 3880125

DC-CoT 88.7440.35 19794922 35.1640.72 28654132 60.1940.47 3742196
DC-CoT-HLP 88.444+036 1734416 35.0240.72 2454455 60.07+0.47 3040419
DC-CoT-Maj 90.66+9.05 2443+5 37.05+0.12 3668+ 62.4510.08 460345
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Figure 12: Degree of parallelism of DC-CoT on AIME 2024 during all stages of RL.
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Degree of Parallelism (AIME 2024) - DC-CoT-HLP
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Figure 13: Degree of parallelism on AIME 2024 for
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K PROMPTS FOR CREATING SFT DATASET

Box 3: Prompt for Generating Sequential CoTs

instruction = "Let's think step by step and output the final
— answer within \\boxed{{}}."

deepseek_rl_prompt = "{question} " + instruction +

— "<think>\n"

Box 4: Prompt for claude-sonnet-4-5@20250929 to Rewrite Sequential CoTs
with Parallelization

Given a problem, Alice provides a solution in the format
— <think>some thoughts here</think>final answer here.
Once the <think></think> tags are done, she includes a little
— bit of discussion, followed by the final answer inside
< \boxed{{}}.

Your job is to rewrite Alice's solution in a new format,

— where multiple workers can sometimes collaborate to solve
— parts of the problem in parallel.

NOTE: When I say "rewrite" Alice's solution, I mean that you
— should copy most parts verbatim, but insert some

— parallelism when it makes sense.

There are 3 workers. At any point in the solution where you
feel it is appropriate, you come up with 3 tasks, each of
which is a subtask of the problem. The 3 workers then
solve this task in parallel. To invoke the workers, you
use the token <spawn_workers>. When the workers begin
thinking, they output <worker_1>, <worker_2>, and
<worker_3>, respectively. When the workers are done
thinking, they output </worker_1>, </worker_2>, and
</worker_3>, respectively. Multiple rounds of parallel
thinking and answering may take place. Your response
should thus have the following format:

<think>

some thoughts (which could potentially be very long) and an
— outline of what each worker should do

The thoughts here should be copied directly from Alice's

— solution - but spawn workers when it makes sense

Each time before you spawn workers — give a justification of
< why the calculation can be parallelized. (This
justification should preserve the writing style of
Alice's original solution as much as possible, and spell
out the thought process step by step.)

— Feel free to make this justification as detailed as you
would like. This justification might include some kind of
thinking/reflection (for example, in Alice's original
solution, you might see some thinking/second-guessing,
such as "Wait, what if..." or other phrases along those
lines). However if it is truly trivial then it doesn't
have to be too long.

A A

!
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Additionally, when you propose subtasks for the workers, give
— a justification of why they are independent. Worker 1,
Worker 2, and Worker 3's tasks should be precise, and
should not rely on each other's results. E.g. worker 2
should be able to do its task without the results of
Worker 1 or Worker 3's tasks. (This justification should
preserve the writing style of Alice's original solution
as much as possible, and spell out the thought process
step by step.)

— Feel free to make this justification as detailed as you
would like. This justification might include some kind of
thinking/reflection (for example, in Alice's original
solution, you might see some thinking/second-guessing,
such as "Wait, what if..." or other phrases along those
lines). However if it is truly trivial then it doesn't
have to be too long.

<spawn_workers>

<worker_1> worker 1 thinking - this should be copied directly
— from Alice's solution almost, but you can edit it very

— slightly ONLY to remove all references to tasks that are
— supposed to be done by other workers </worker_1>
<worker_2> worker 2 thinking - this should be copied directly
— from Alice's solution almost, but you can edit it very

— slightly ONLY to remove all references to tasks that are
— supposed to be done by other workers</worker_2>
<worker_3> worker 3 thinking - this should be copied directly
— from Alice's solution almost, but you can edit it very

— slightly ONLY to remove all references to tasks that are
— supposed to be done by other workers </worker_3>
</spawn_workers>

Do some further reflection based on the workers’ thoughts. If
— needed, use the parallel workers again and again - but if
— you decide to call the workers, then you must always

— explicitly state what worker 1, worker 2 and worker 3

— should do in the upcoming block

Additionally, this portion should be almost directly copied
— from Alice's solution, aside from the part where you

— assign tasks to workers.

For assigning tasks to workers, again you should give

— Justifications of why the calculations can be

— parallelized, why the tasks are independent, etc.
<spawn_workers>

<worker_1> worker 1 thinking - this should be copied directly
«— from Alice's solution almost, but you can edit it very

— slightly ONLY to remove all references to tasks that are
— supposed to be done by other workers </worker_1>
<worker_2> worker 2 thinking - this should be copied directly
— from Alice's solution almost, but you can edit it very

— slightly ONLY to remove all references to tasks that are
— supposed to be done by other workers </worker_2>
<worker_3> worker 3 thinking - this should be copied directly
— from Alice's solution almost, but you can edit it very

— slightly ONLY to remove all references to tasks that are
< supposed to be done by other workers</worker_3>
</spawn_workers>

Further reflection (which can potentially be long), and

— optionally more rounds of parallel workers.

A

R A

!
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<spawn_workers>

<worker_1> worker 1 thinking </worker_1>
<worker_2> worker 2 thinking </worker_2>
<worker_3> worker 3 thinking </worker_3>
</spawn_workers>

Finally, wrap up the thought process after the last round of
— parallel workers is done

</think>

<answer>

answer here - this part should not contain any other tags
— such as the thinking tags/worker tags.

Within this block, you may include some discussion prior to
— the final answer.

The final answer should always be included in \boxed{{}}.
This part should be essentially copied from the portion of
— Alice's solution that comes after </think>.

</answer>

From a worker's perspective, it will not see the other

— workers' thoughts. Thus, worker 2 does not see

— <worker_1>, </worker_1>, or what goes between these two
— tags, for example.

VERY IMPORTANT:

- As far as possible, copy text only from Alice's solution,

— instead of adding your own language.

- Only add your own language (that is not present in Alice's
solution) when it is absolutely necessary. E.g. when you
give justification for using parallel workers, since this
will not be present in Alice's solution. Or for example,
if a worker is performing a partial calculation, but does
not have enough information to say exactly what Alice
would have said.

— Basically, when writing the tasks that each worker is
supposed to do, always keep thinking about what
information this worker is supposed to have access to.
For example, in some algebra problem, if Worker 1 finds
that x=5, then within that same round of workers, Workers
2 and 3 should NOT have access to the knowledge that x=5.
— Within workers, make sure to use the same style as Alice.
— The portion WITHIN the workers should also be COPIED FROM
— ALICE AS MUCH AS POSSIBLE (with some caveats, as I

— discussed previously).

L

Ll

VERY IMPORTANT:

— Pretend you are Alice, but with access to multiple workers.
— Do NOT use phrases such as "Alice said," etc. You are

— rewriting the solution so that someone who has not read
— Alice's solution will be able to completely follow it.
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— Include all the trial and error that was done by Alice. In
— particular, Alice uses a lot of phrases such as "Wait,

— let me double-check" and "wait, no. Let's think again.”
< Please include all of these phrases in your re-written
— version

- However, the solution should be completely self-contained
— with no references to Alice’s original work or to an

— ‘original solution.’

- Write as if you are solving the problem for the first time
— using the parallel workers approach, not rewriting

< someone else’s solution.

- Avoid any meta-commentary about the solution being a

— rewrite or referring to other solutions.

— Within a <spawn_workers></spawn_workers> block, each worker
functions independently and cannot see the work of other
workers until after the </spawn_workers> tag. Workers
should never reference each others’ work or conclusions
withi

n a <spawn_workers> block.

— In other words, when writing worker sections, imagine each
< worker is in a separate room with no communication until
— their work is collected at the end of a spawn cycle.

e

= EXAMPLE OF REWRITING TASK

The following is an example of the task that you must
— accomplish.

The math problem is as follows.

The problem was The matrices\n\\[\\begin{{pmatrix}} a & 1 & b
< A\\\\ 2 & 2 & 3 \\\\ c & 5 & d \\end{{pmatrix}} \\quad

— \\text{{and}} \\quad \\begin{{pmatrix}} -5 & e & —-11 \\\\
— £ & -13 & g \\\\ 2 & h & 4 \\end{{pmatrix}}\\lare

— inverses.

Find $a + b+ ¢c+d +e + f + g+ h.$

Alice's solution is as follows:

<think>\nOkay, so I have this problem where two matrices are
— given, and they're supposed to be inverses of each other.
— I need to find the sum of all these variables: a, b, c,
- d, e, £, g, and h. Hmm, let me think about how to

— approach

this.\n\nFirst, I remember that if two matrices are inverses,
— their product should be the identity matrix. So, if

— matrix A multiplied by matrix B gives the identity

< matrix, then B is the inverse of A, and vice versa. So,
— my plan is to

multiply these two matrices together and set each element of
— the resulting matrix equal to the corresponding element

of the identity matrix. That should give me a system of

equations to solve for all the variables.\n\nLet me

write do

e
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the matrices again to make sure I have them
correctly:\n\nMatrix A:\n\\[\n\\begin{{pmatrix}} \na & 1
& b \\\\ \n2 & 2 & 3 \\\\ \nc & 5 & d
\n\\end{{pmatrix}}\n\\]\n\nMatrix
B:\n\\[\n\\begin{{pmatrix}} \n-5 & e & —-11 \\\\ \nf & -13

g \\\\ \n2 & h & 4 \n\\end{{pmatrix}}\n\\]1\n\nAnd the
identity matrix, which is:\n\\[\n\\begin{{pmatrix}} \nl &
0 & 0N\\\ \nO & 1 & 0O \\\\ \n0O & 0 &1
\n\\end{{pmatrix}}\n\\]1\n\nSo, when I multiply A and B, I
should get the identit

y matrix. Let's denote the product of A and B as matrix C,

where C = A x B. Then, C should equal the identity

matrix. So, I can set up equations for each element of C

by equating them to the corresponding elements of the

— identity matr

ix.\n\nLet me compute each element one by one.\n\nFirst,

— let's compute the element in the first row and first

L A A =

U

< column of matrix C.\n\nElement Cl1 = (a) (-5) + (1) (f) +
— (b)(2) = -5a + f + 2b\n\nThis should equal 1, because the
— ldentity m

atrix has 1 in the (1,1) position.\n\nSo, equation 1: -5a + f
< + 2b = 1\n\nNext, element Cl2 = (a) (e) + (1) (-13) +

— (b) (h) = ae - 13 + bh\n\nThis should equal 0, since the

— ddentity matrix has 0 in the (1,2) position.\n\nEquation
- 2: ae -—

13 + bh = 0\n\nThen, element C13 = (a) (-11) + (1) (g) +
— (b)) (4) = -1la + g + 4b\n\nThis should equal 0 as
— well.\n\nEquation 3: -1la + g + 4b = 0\n\nMoving on to
<+ the second row.\n\nElement C21 = (2) (-5) + (2) (f) +
o (3)(2) = -10 + 2f + 6
= 2f - 4\n\nThis should equal 0.\n\nEquation 4: 2f - 4 =
< 0\n\nElement C22 = (2) (e) + (2) (-13) + (3) (h) = 2e - 26 +
— 3h\n\nThis should equal 1.\n\nEquation 5: 2e - 26 + 3h =
— 1\n\nElement C23 = (2) (-11) + (2) (g) + (3)(4) = -22 + 2g
- + 12
= 2g - 10\n\nThis should equal 0.\n\nEquation 6: 2g - 10 =
— 0\n\nProceeding to the third row.\n\nElement C31 =
— (c) (=5) + (5)(f) + (d)(2) = -5¢ + 5f + 2d\n\nThis should
— equal 0.\n\nEquation 7: -5c + 5f + 2d = O\n\nElement C32
- = (c) (e) +
(5) (-13) + (d) (h) = ce - 65 + dh\n\nThis should equal
< 0.\n\nEquation 8: ce - 65 + dh = 0\n\nFinally, element
— C33 = (c) (-11) + (5) (g) + (d)(4) = -1llc + 5g +
— 4d\n\nThis should equal 1.\n\nEquation 9: -1lc + 5g + 4d
— = 1\n\nOkay, so now
I have a system of 9 equations with 8 wvariables: a, b, c, d,

- e, £, g, h. Wait, 9 equations and 8 variables? That seems
— overdetermined, but maybe the equations are
— consistent.\n\nLet me write down all the equations
— again:\n\nl. -5a + f
+ 2b = 1\n2. ae - 13 + bh = 0\n3. -1la + g + 4b = 0\n4. 2f -
— 4 = 0\n5. 2e - 26 + 3h = 1\n6. 2g - 10 = 0\n7. -5c + 5f
— + 2d = 0\n8. ce - 65 + dh = 0\n9. -1lc + 5g + 4d =
— 1\n\nHmm, okay, let's try to solve these step by
— step.\n\nStartin
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g with equation 4: 2f - 4 = 0. That should be
straightforward.\n\nEquation 4: 2f - 4 = 0 => 2f = 4 => f

<
— = 2.\n\nOkay, so f = 2.\n\nNow, equation 2: ae - 13 + bh
— = 0. Since we know f = 2, we can plug that in

— later.\n\nEquation 6: 2g -

10 = 0 => 2g = 10 => g = 5.\n\nSo, g = 5.\n\nEquation 3: -1la
— + g + 4b = 0. We know g = 5, so:\n\n-1la + 5 + 4b = 0 =>
— -1la + 4b = -5. Let's call this equation 3a.\n\nEquation
-~ 7: -5¢ + 5f + 2d = 0. £ = 2, so:\n\n-5c + 10 + 2d = 0 =>
o -

5¢ + 2d = -10. Let's call this equation 7a.\n\nEquation 5: 2e
— — 26 + 3h =1 => 2e + 3h = 27. Let's call this equation

— 5a.\n\nEquation 1: -5a + £ + 2b = 1. £ = 2, so:\n\n-5a +
- 2 + 2b =1 => -5a + 2b = -1. Let's call this equation

— la.\n

\nEquation 8: ce - 65 + dh = 0. Let's keep this as equation
— 8.\n\nEquation 9: -1lc + 5g + 4d = 1. g = 5, so:\n\n-1llc
— + 25 + 4d =1 => -1lc + 4d = -24. Let's call this

— equation 9a.\n\nSo now, let's recap the equations:\n\nla:
— =5a + 2b

= -1\n2: ae - 13 + bh = 0\n3a: -1la + 4b = -5\n4: f = 2\n5a:
— 2e + 3h = 27\n6: g = 5\n7a: -5¢c + 2d = -10\n8: ce - 65 +
— dh = 0\n9%a: -1lc + 4d = -24\n\nOkay, so equation la and
— equation 3a are two equations with variables a and

— Db.\n\nLet

me write them again:\n\nla: -5a + 2b = -1\n3a: -1la + 4b =

— —5\n\nLet me solve these two equations for a and
< Db.\n\nLet me use the elimination method.\n\nMultiply

— equation la by 2: -10a + 4b = -2\n\nEquation 3a: -1la +
— 4b = -5\n\nNow,
subtract the first result from the second:\n\n(-1la + 4b) -
[EN (-10a + 4b) = (-5) - (-2)\n\n-1lla + 4b +10a —-4b = -5
< +2\n\n(-la) = -3\n\nSo, -a = -3 => a = 3\n\nOkay, so a =
— 3.\n\nNow, plug a = 3 into equation la: -5(3) + 2b = -1
[ => -15 +
2b = -1 => 2b = 14 => b = 7\n\nSo, b = 7.\n\nSo now, we have
- a =3, b =7, £f=2, g=5, ¢ and d are variables to solve,
— and e and h are variables to solve.\n\nNow, let's look
— at equations 7a and 9%a:\n\n7a: -5c + 2d = -10\n\n9a:
— —1lc + 4d
= -24\n\nLet me write these as:\n\n-5c + 2d = -10
- ...(7a)\n-11c + 4d = -24 ... (9a)\n\nLet me solve these

— two equations for ¢ and d.\n\nLet me use elimination
— again.\n\nMultiply equation 7a by 2: -10c +4d =
— —=20\n\nEquation 9a: -1lc +

= -24\n\nNow, subtract the first result from the
second:\n\n(-11lc +4d) - (-10c +4d) = (-24) -
(-20)\n\n-11lc +4d +10c -4d = -24 +20\n\n(-1c) = -4\n\nSo,
-c = -4 => ¢ = 4\n\nOkay, so c = 4.\n\nNow, plug c =4
into equation 7a: -5(4) +

= -10 => -20 +2d = -10 => 2d =10 => d=5\n\nSo, d

=5.\n\nNow, we have a=3, b=7, c=4, d=5, f=2, g=5.\n\nNow,
we need to find e and h.\n\nLooking back at equation 5a:
2e +3h =27.\n\nAnd equation 8: ce -65 + dh =0. Let's plug
c=4, d=5:

[ A S A Ay
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\n\nd4e -65 +5h =0 => 4e +5h =65 ... (8a)\n\nSo, equation 5a:
— 2e +3h =27 ... (5a)\n\nEquation 8a: 4e +5h =65\n\nLet me
< solve these two equations for e and h.\n\nLet me use
— elimination.\n\nMultiply equation 5a by 2: 4e +6h
— =54\n\nEquation
8a: 4e +5h =65\n\nSubtract the first result from the
— second:\n\n (4e +5h) - (4e +6h) =65 -54\n\nde +5h -4e -6h
— =11\n\n(-h) =11 => h= -11\n\nSo, h= -11.\n\nNow, plug h=
— =11 into equation 5a: 2e +3x(-11)=27 => 2e -33=27 =>
— 2e=60 => e=30
\n\nSo, e=30.\n\nLet me verify these values in equation 8a:
— 4e +5h=4x30 +5%(-11)=120 -55=65. Yes, that works.\n\nNow,
— let me check equation 8: ce -65 + dh=4x30 -65
— +5x(-11)=120 -65 -55=0. Correct.\n\nGood, so all
— equations are satisfi
ed.\n\nNow, let's compile all the variables:\n\na=3, b=7,
— c¢=4, d=5, e=30, f=2, g=5, h=-11.\n\nSo, now, the question
— 1s to find the suma + b + ¢ + d + e + £ + g + h.\n\nLet
— me compute that:\n\n3 + 7 + 4 +5 +30 +2 +5 +
— (=11)\n\nCompute
step by step:\n\nStart with
—  3+7=10\n\nl10+4=14\n\nl14+5=19\n\n19+30=49\n\n49+2=51\n\n51+
-~ + (-11)=56 -11=45\n\nSo, the total sum is
— 45.\n\nTherefore, the answer is 45.\n\n=*=*Final
— Answerx**x\n\\boxed{{45}}\n</think>\n\nGiven two
matrices which are inverses of each other, we need to find
— the sum of all variables in the matrices. \n\nThe
— matrices are:\n\\[\n\\begin{{pmatrix}} a & 1 & b \\\\ 2 &
— 2 & 3\\\\ ¢ & 5 & d \\end{{pmatrix}} \\quad
< \\text{{and}} \\quad \
\begin{{pmatrix}} -5 & e & =11 \\\\ £ & -13 & g \\\\ 2 & h &
— 4 \\end{{pmatrix}}\n\\]\n\nWe know that the product of
— these matrices should be the identity matrix. By setting
— up the equations for each element of the resulting matrix
— and
solving them step by step, we find the values of all
— variables:\n\nl. \\(a = 3\\)\n2. \\ (b = 7\\)\n3. \\(c =
— 4\\)\nd. \\(d = 5\\)\n5. \\ (e = 30\\)\n6. \\(f =
< 2\\)\n7. \\ (g = 5\\)\n8. \\(h = -11\\)\n\nSumming these
< variables:\n\\[\na
+b+c+d+e+f+g+h=3+7+4+5+30+ 2+ 5+
— (-11) = 45\n\\]\n\nThus, the final answer
< is:\n\\ [\n\\boxed{{45}}\n\\]

One good example of a rewritten solution is as follows.

= REWRITTEN SOLUTION

<think>

Okay, so I have this problem where two matrices are given,

— and they're supposed to be inverses of each other. I need
— to find the sum of all these variables: a, b, ¢, d, e, £,
— g, and h. Hmm, let me think about how to approach this.
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First, I remember that if two matrices are inverses, their

product should be the identity matrix. So, if matrix A
multiplied by matrix B gives the identity matrix, then B
is the inverse of A, and vice versa. So, my plan is to
multiply

these two matrices together and set each element of the

resulting matrix equal to the corresponding element of
the identity matrix. That should give me a system of
equations to solve for all the variables.

me write down the matrices again to make sure I have them
correctly:

Matrix A:

\begin{{pmatrix}}

1 & b \\
2 & 3 \\
5 & d

\end{ {pmatrix}}

Matrix B:

\begin{{pmatrix}}
-5 & e & -11 \\

-13 & g \\
h & 4

\end{ {pmatrix}}

And the identity matrix, which is:

\begin{{pmatrix}}

0 & 0 \\
1 & 0 \\
0 & 1

\end{ {pmatrix}}

when I multiply A and B, I should get the identity
matrix. Let's denote the product of A and B as matrix C,
where C = A % B. Then, C should equal the identity
matrix. So, I can set up equations for each element of C
by equating th

to the corresponding elements of the identity matrix.

me compute each element one by one. Actually, wait - I
notice that I'll need to compute 9 different elements of
the resulting matrix. Let me think about whether I can
parallelize this computation. Since each element of the
product

matrix is computed independently using the same input

matrices, I can have three workers each compute three
elements of the resulting matrix. This makes sense
because computing Cl1l doesn't depend on knowing Cl2 or
any other element -
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each element is calculated separately from the original
— matrices A and B.

Let me assign the work as follows:
— Worker 1 will compute the first row of the product matrix

— (elements Cl11, Cl2, C13) - equations 1 through 3
— Worker 2 will compute the second row of the product matrix
— (elements C21, C22, C23) - equations 4 through 6
— Worker 3 will compute the third row of the product matrix
— (elements C31, C32, C33) - equations 7 through 9

These tasks are independent because each worker is computing
— different elements of the product matrix, and the

— computation of one element doesn't depend on the result
— of another element's computation.

<spawn_workers>

<worker_1>

First, let's compute the element in the first row and first
— column of matrix C.

Element Cll = (a) (-5) + (1) (f) + (b)(2) = -5a + £ + 2b

This should equal 1, because the identity matrix has 1 in the
— (1,1) position.

So, equation 1: -5a + £ + 2b =1
Next, element Cl2 = (a) (e) + (1) (-13) + (b) (h) = ae - 13 + bh

This should equal 0, since the identity matrix has 0 in the
— (1,2) position.

Equation 2: ae - 13 + bh = 0

Then, element C13 = (a) (-11) + (1) (g) + (b) (4) = -1la + g +
- 4b

This should equal 0 as well.
Equation 3: -1la + g + 4b = 0
</worker_1>

<worker_2>

Let's compute the elements in the second row of matrix C.

Element C21 = (2) (-5) + (2)(f) + (3)(2) = -10 + 2f + 6 = 2f -
- 4

This should equal O.

Equation 4: 2f - 4 = 0

Element C22 = (2) (e) + (2) (-13) + (3) (h) = 2e - 26 + 3h
This should equal 1.

Equation 5: 2e - 26 + 3h =1
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Element C23 = (2) (-11) + (2) (g) + (3)(4) = -22 + 2g + 12 = 2g
- - 10

This should equal O.

Equation 6: 2g - 10 = 0

</worker_2>

<worker_3>

Let's compute the elements in the third row of matrix C.
Element C31 = (c) (=5) + (5) (f) + (d) (2) = -5c + 5f + 2d
This should equal O.

Equation 7: -5c + 5f + 2d = 0

Element C32 = (c) (e) + (5) (-13) + (d) (h) = ce - 65 + dh
This should equal O.

Equation 8: ce - 65 + dh = 0

Finally, element C33 = (c) (-11) + (5) (g) + (d) (4) = -1lc + b5g
— + 4d

This should equal 1.

Equation 9: -11c + 5g + 4d = 1
</worker_3>
</spawn_workers>

Okay, so now I have a system of 9 equations with 8 variables:
—~ a, b, ¢, d, e, £, g, h. Wait, 9 equations and 8

— variables? That seems overdetermined, but maybe the

— equations are consistent.

Let me write down all the equations again:

1. -5a + f + 2b =1
2. ae - 13 + bh = 0
3. -1la + g + 4b =0
4. 2f - 4 =0

5. 26 - 26 + 3h =1
6. 2g — 10 = 0

7. -5¢ + 5f + 2d = 0
8. ce — 65 + dh =0
9. -1lc + 5g + 4d = 1

Hmm, okay, let's try to solve these step by step. Wait, I

< notice there are some simple equations that can be solved
— immediately, and then there are pairs of linear

— equations. Maybe I can parallelize this:

— Worker 1 can solve the simple equations for f and g

< (equations 4 and 6)

— Worker 2 can work on the system of equations involving a
— and b (equations 1 and 3, after substituting f and qg)
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— Worker 3 can work on the system of equations involving c
— and d (equations 7 and 9, after substituting f and qg)

Actually wait, I need to solve for f and g first before I can
— work on the other systems. Let me reconsider. Worker 1

— will solve for f and g from the simple equations. Then

< once we have those values, I can proceed with the other
— calcul

ations. But actually, the computation of f from equation 4

— and g from equation 6 are independent of each other, and
— then using these values to simplify the other equations
< 1is also independent work that can be parallelized.

Let me think more carefully. Equations 4 and 6 give us f and
g directly. Then equations 1 and 3 form a system for a

o
— and b. Equations 7 and 9 form a system for c and d. And
— equations 5 and 8 form a system for e and h. These three

— Syste
ms are independent once we know f and g.

So let me have:

— Worker 1 solve equations 4 and 6 for f and g, then use

— these to solve the system of equations 1 and 3 for a and
- Db

— Worker 2 solve equations 4 and 6 for f and g, then use

< these to solve the system of equations 7 and 9 for c and
- d

— Worker 3 solve equations 4 and 6 for f and g, then prepare
< equations 5 and 8 for solving e and h

Wait, that's redundant. Each worker would be solving for £
— and g separately. Let me think again...

Wait, we can solve for f and g first, then assign tasks to
— workers:

Starting with equation 4: 2f - 4 = 0. That should be
— straightforward.

Equation 4: 2f - 4 = 0 => 2f = 4 => f = 2.
Okay, so £ = 2.

Equation 6: 2g — 10 = 0 => 2g = 10 => g = 5.
So, g = 5.

Now I can substitute these values into the other equations to
— simplify them. Let me have three workers work on this in
— parallel:

— Worker 1 will substitute f = 2 and g = 5 into equations 1
— and 3, then solve for a and b

— Worker 2 will substitute £ = 2 and g = 5 into equations 7
— and 9, then solve for ¢ and d

— Worker 3 will simplify equation 5 (which doesn't need f or
— g) to prepare for solving e and h

These tasks are independent because:
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- Worker 1 is solving for a and b using only equations 1 and
— 3 with known values of f and g

— Worker 2 is solving for c¢ and d using only equations 7 and
— 9 with known values of f and g

— Worker 3 is working with equation 5 which doesn't involve
- a, b, ¢, d, £, or g

Each worker can complete their task without needing results
— from the other workers.

<spawn_workers>

<worker_1>

Let's try to simplify equations 1 and 3. Let's start with
— equation 3.

Equation 3: -1la + g + 4b = 0. We know g = 5, so:

-1la + 5 + 4b = 0 => -1la + 4b = -5. Let's call this equation
— 3a.

Equation 1: -5a + £ + 2b = 1. £ = 2, so:

-5a + 2 + 2b =1 => -5a + 2b = -1. Let's call this equation
— la.

So equation la and equation 3a are two equations with
— variables a and b.

Let me write them again:

la: -5a + 2b = -1
3a: -1la + 4b = -5

Let me solve these two equations for a and b.
Let me use the elimination method.

Multiply equation la by 2: -10a + 4b = -2
Equation 3a: -1la + 4b = -5

Now, subtract the first result from the second:

(-11la + 4b) - (-10a + 4b) = (-5) - (-2)
-1la + 4b +10a —-4b = -5 +2

(-la) = -3

So, —a = -3 =>a =3

Okay, so a = 3.

Now, plug a = 3 into equation la: -5(3) + 2b = -1 => -15 + 2b
- = -1 =>2b =14 => b =7
So, b = T7.

</worker_1>
<worker_2>
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Starting with equation 7:
Equation 7: -5¢ + 5f + 2d = 0. £ = 2, so:

-5¢ + 10 + 2d = 0 => -5c + 2d = -10. Let's call this equation
— 7a.

Equation 9: -1lc + 5g + 4d = 1. g = 5, so:

-1lc + 25 + 4d = 1 => -11lc + 4d = -24. Let's call this
— equation 9a.

Now, let's look at equations 7a and 9a:
7Ja: -5c + 2d = -10

9a: -1llc + 4d = -24

Let me write these as:

-5¢ + 2d = -10 ... (7a)
-11lc + 4d = -24 ... (9a)

Let me solve these two equations for c and d.
Let me use elimination again.

Multiply equation 7a by 2: -10c +4d = -20
Equation 9a: -1lc +4d = -24

Now, subtract the first result from the second:

(-11c +4d) - (-10c +4d) = (-24) - (-20)

-1lc +4d +10c -4d = -24 +20

(-1c) = -4

So, —¢ = -4 =>c = 4

Okay, so c = 4.

Now, plug c =4 into equation 7a: -5(4) +2d = -10 => -20 +2d =

— -10 => 2d =10 => d=5

So, d =5.

</worker_2>

<worker_3>

Let's look at equation 5.

Equation 5: 2e - 26 + 3h = 1 => 2e + 3h = 27. Let's call this
— equation 5a.

So equation 5a is: 2e + 3h = 27

This equation involves e and h, which we'll need to solve for
— later once we know the other variables.
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</worker_3>
</spawn_workers>

So now, we have a = 3, b =7, £ =2, g=5 from Worker 1, and
- ¢ =4, d =5 from Worker 2, and we have equation 5a: 2e +
— 3h = 27 from Worker 3.

Now, we need to find e and h.

Looking back at equation 5a: 2e + 3h = 27.

And equation 8: ce - 65 + dh = 0. Let's plug c = 4, d = 5:

4e - 65 + 5h = 0 => 4e + 5h = 65 ... (8a)

So, equation 5a: 2e + 3h = 27 ... (5a)

Equation 8a: 4e + 5h = 65

Let me solve these two equations for e and h.

Let me use elimination.

Multiply equation 5a by 2: 4e + 6h = 54

Equation 8a: 4e + 5h = 65

Subtract the first result from the second:

(4e + 5h) - (4e + 6h) = 65 - 54

4e + 5h - 4e - 6h = 11

(-h) =11 => h = -11

So, h = -11

Now, plug h = -11 into equation 5a: 2e + 3x(-11) = 27 => 2e -
— 33 =27 => 2e = 60 => e = 30

So, e = 30.

Let me verify these values in equation 8a: 4e + 5h = 4x30 +
— 5% (-11) = 120 - 55 = 65. Yes, that works.

Now, let me check equation 8: ce - 65 + dh = 4%x30 - 65 +
— 5% (-11) = 120 - 65 - 55 = 0. Correct.

Good, so all equations are satisfied.

Now, let's compile all the variables:

So, now, the question is to find the sum a + b + ¢ + d + e +
<—>f+g+h.

Let me compute that:
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3+7+ 4+ 5+ 30+ 2+ 5+ (-11)
Compute step by step:

Start with 3 + 7 = 10

10 + 4 = 14

14 + 5 =19

19 + 30 = 49

49 + 2 = 51

51 + 5 = 56

56

+

(-11) = 56 — 11 = 45
So, the total sum is 45.

Therefore, the answer is 45.
</think>

<answer>
Given two matrices which are inverses of each other, we need
— to find the sum of all variables in the matrices.

The matrices are:

\ [

\begin{{pmatrix}} a ¢ 1 &« b \\ 2 & 2 &§ 3 \\ ¢c & 5 & d

— \end{{pmatrix}} \quad \text{{and}} \quad

< \begin{{pmatrix}} -5 & e & -11 \\ f & -13 &« g \\ 2 & h &
— 4 \end{{pmatrix}}

\1]

We know that the product of these matrices should be the

— ldentity matrix. By setting up the equations for each
— element of the resulting matrix and solving them step by
— step, we find the wvalues of all variables:

1. \(a = 3\)

2. \(b = 7\)

3. \(c = 4\)

4. \(d = 5\)

5. \(e = 30\)

6. \(f = 2\)

7. \(g = 5\)

8. \'(h = -11\)

Summing these variables:

\

at+tb+ct+t+d+e+ f+g+h=3+7+4+5+ 30+ 2+ 5+
— (=11) = 45

\]

Thus, the final answer is:

\
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\boxed{{45}}
\]

</answer>

====== END REWRITTEN SOLUTION

COMMENTARY ON REWRITTEN SOLUTION
1. Notice that the rewritten solution is almost exactly the
< same as Alice's solution, with the text copied verbatim.
< The exceptions to this are when the rewritten solution
— assigns tasks to workers - this is new, because Alice's
— soluti
does everything sequentially. In those portions, some
extra reasoning is used, to assign the tasks to workers,
and to justify that these tasks are independent.
In the rewritten solution, pay attention to the portion
where the workers are called for the second time (right
after equations 1-9 have been defined). Here, the
rewritten solution initially comes up with some tasks,
but realizes t
t these tasks are in fact not independent, and therefore
does some thinking to correct itself and come up with
some new tasks which are in fact independent.
(2a) There might be cases where you should do this, in
— the problems/solutions that I ask you to rewrite in a
— parallel format. If you realize that the tasks you
— assign to Workers 1, 2, and 3 are not independent,
— then feel free to c
orrect yourself, and include the type of dialogue that is
— there in this example rewritten solution (e.g. with

L A A A AP A

— phrases such as "Actually wait, ..." or "Let me
— reconsider...").
(2b) However, you don't always have to do this - there

— may be a decent amount of cases where it is pretty
— clear to you what the tasks should be. If you feel
— that your initial assignment of tasks to Workers 1, 2
— and 3 is good, then
you don't have to second-guess yourself unless you want to.
3. Notice that the text inside the <worker_1></worker_1>
— tags, or the <worker_2></worker_2> and
— <worker_3></worker_3> tags are copied pretty much
— entirely from parts of Alice's solution. However, there
— are some occasional exceptions w
here we make some minor modifications:
(3a) In the first round of parallel workers, we made some
— slight modifications so that the text within the
— different workers' tags are fully independent. For
— example, in the start of Worker 2's text, we say
— "Let's compute the elem
ents in the second row of matrix C." whereas in Alice's
— original solution, it said "Moving on to the second row."
— after Alice was done with the first row. It would not
— make much sense for Worker 2 to say "Moving on to the
— second row."
since Worker 2 did not compute the first row to begin with -
— that was Worker 1's job.
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(3b) Similarly, for Worker 3, in the rewritten solution
— we start by saying "Let's compute the elements in the
— third row of matrix C." while in Alice's original
— solution it said "Proceeding to the third row."
4. Notice that in the task description in the first round of
spawning parallel workers, we explicitly spell out that
"Worker 1 will compute the first row of the product
matrix (elements Cll, Cl2, Cl3) - equations 1 through 3"
- note h
ow we say "equations 1 through 3" and similarly, in the Jjob
descriptions for Worker 2, we say "equations 4 through 6"
and in the job description for Worker 3, we say
"equations 7 through 9".
(4a) This is how we further spell out exactly what each
— worker is responsible for.
(4b) Notice that in Worker 1's response, it defines
— Equations 1-3, Worker 2 defines Equations 4-6, and
— Worker 3 defines Equations 7-9. This is only possible
— because we specifically told each worker how to
— number their equations, w
hen we were assigning jobs. Otherwise, it would not have been
— possible for each worker to know how to number its
— equations, or at least it would be pretty ambiguous.

et

!

!

VERY IMPORTANT REMINDER:

— Include the final answer within the <answer></answer> tags
— 1inside \boxed{{}}, just as Alice does.

The following is a problem, and Alice's solution. I would

— like you to rewrite Alice's solution. Please just respond
— with your parallelized rewritten version of Alice's
<

solution, and don't say anything besides that.

Problem: {question}
Alice's solution: <think>\n{assistant_response}
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