Beware of Hinges in Proximal Variables Regression:
Adjusting for Colliding-Mediators with Nuisance PV

Hubert Drazkowski HUBERT.DRAZKOWSKI@DI.KU.DK
University of Copenhagen

Editors: Bijan Mazaheri and Niels Richard Hansen

Abstract

Conditional proximal variables regression (PV) enables estimation of causal effects in the presence
of unobserved confounding by using treatment-side and outcome-side proxies that are condition-
ally separated given observed covariates. We study a structural violation of this separation caused
by hinges—observed variables that act simultaneously as mediators and colliders between the two
proxy blocks—so that no single conditioning choice blocks all bias-inducing paths. Ignoring a hinge
can introduce mediator leakage into proximal moment equations, while conditioning on it can ac-
tivate collider paths and induce cross-side noise endogeneity. We formalize hinges in a structural
causal model for continuous, possibly multivariate treatments and proxies, and develop comple-
mentary identification results via a outcome bridge and a novel regression based treatment bridge.
We express identification and uniqueness through transparent moment equations and rank require-
ments on conditional covariance operators, enabling direct comparison with instrumental variables
regression. Finally, we propose Nuisance Proximal Variables (NPV): a hinge-robust correction that
augments the moment system with a nuisance block and identifies the target effect after projecting
out the resulting nuisance span. Synthetic experiments illustrate the two hinge failure modes and
show that NPV recovers the causal effect when nuisance-span conditions hold.

Keywords: Proximal causal inference, Proximal variables regression, Unobserved confounding,
Causal identification, Graphical models

1. Introduction

Proximal variables regression (PV) estimates causal effects from observational data in the pres-
ence of unobserved confounding (e.g., Miao et al., 2024; Tchetgen et al., 2020; Cui et al., 2023).
PV leverages two noisy—yet conditionally independent—proxy blocks for the latent confounder: a
treatment-side block and an outcome-side block. Typically, PV rests on three assumptions: (i) each
proxy block is informative about the confounder (relevance); (ii) the two proxy blocks satisfy cross-
side exclusion after conditioning on observed covariates; and (iii) there exists a bridge that uses one
proxy block to represent (and thus remove) the confounding component revealed by the other (see
Kallus et al., 2021; Guo et al., 2025, for a full discussion on the assumptions). But what if the proxies
cannot be conditionally separated in the first place?

We argue that a common driver of such failures can be the presence of hinges. A hinge is an
observed variable that simultaneously behaves as (a) a mediator transmitting information across the
treatment- and outcome-side proxy blocks and (b) a collider that can be activated by conditioning.
In this collider—-mediator configuration, no single conditioning choice yields valid cross-side exclu-
sions: if one ignores it, mediator pathways can induce cross-side dependence; if one conditions on
it to block mediation, collider activation can induce dependence through otherwise blocked paths.
In PV this dependence can be especially damaging because the bridge residual generally contains
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proxy noise, so collider activation can manifest as cross-side noise endogeneity in the proximal mo-
ment equations. This makes hinges qualitatively different from generic proxy-violation discussions
based on partial identification or sensitivity/bounds (Ghassami et al., 2023; Zhang and Su, 2024),
and motivates dedicated identification tools.

Hinges connect to, but differ from, “collider-mediator” phenomena studied in instrumental vari-
ables (IV) settings (Thams et al., 2024). IV requires a single exclusion and treats the instrument as
exogenous, whereas proximal identification relies on two cross-side exclusions and proxies that are
deliberately informative about the latent confounder. In this perspective, our goal is therefore not to
extend IV assumptions, but to characterize when proximal assumptions fail structurally and how to
restore identification in a hinge-aware way. Additional related work is discussed in Appendix A.

Examples Figure 1 illustrates examples of hinge patterns together with representative interpre-
tations. Throughout, ¢/ is an unobserved confounder, X is the treatment of interest (not assumed
binary), Y is the outcome, Z and WV are treatment- and outcome-side proxies, and H is the hinge.
Additional canonical hinge patterns appear in the Appendix C.1.

(a) Emergency care (triage). Let U capture latent frailty/comorbidities/health-seeking, X be the
intensity or type of emergency intervention, Y a health outcome, Z prior utilization, and WV physiol-
ogy at admission; the hinge H is on-site triage. Triage aggregates information from both utilization
history and current physiology (collider) while also mediating access to downstream care pathways
and thus influencing both treatment allocation and outcomes (mediator).

(b) Education (timing/administration); Let U be ability/motivation, X placement on a math track in
year t—1, Y math exam performance in 1, Z involvement reflected by attendance in an unrelated en-
richment course in t—1 (e.g. philosophy), and WV a benchmark/diagnostic assessment score recorded
in year ¢. The hinge H is the timing and administration conditions of that evaluation in year ¢ (e.g.,
early vs late testing window, session assignment, or evaluation form). These timing/administration
decisions can depend on both prior achievement and engagement signals (collider), and they can
also mediate how those signals translate into the realized benchmark score through differences in
instructional exposure, test conditions, or form difficulty (mediator).

(c) Manufacturing (process temperature). Let U denote impurities, X press force, ¥ on-time com-
pletion, Z exposure grade, and V¥V material hardness; the hinge H is peak temperature. The peak
temperature is jointly determined by the upstream choices and material properties (collider) and me-
diates how upstream factors manifest in downstream quality measurements such as exposure grade
(mediator).

Figure 1: Three DAGs with hinges. Purple, bold arrows portray the two forbidden types of paths on
which the is a collider and a mediator. The nodes represent treatment side, and the
the outcome side.
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Contributions. We develop hinge-adjusted proximal identification in general linear SCMs' with
continuous, possibly multivariate (X, Z, W, C,U), analyzing both outcome- and treatment-side bridges
and making the required identification conditions explicit.

1. Linear PV picture beyond scalar/binary treatments. We formalize PV in linear SCMs and
develop two complementary regression viewpoints: (i) an outcome bridge that uses (W, C) to
absorb the /-driven component of Y, and (ii) a treatment bridge that uses (Z,C) to isolate
the U-driven component of X. In the linear multivariate regime, identification and uniqueness
reduce to transparent rank/linear-independence conditions on conditional covariance opera-
tors. This characterization enables direct comparison between PV moment equations and IV
regression. (Section 2)

2. Hinges as a structural failure for conditional PV. We formalize hinges as collider-mediator
structures linking the treatment and outcome sides and invalidating cross-side exclusions.
Treat hinges as control variable or disregard them bias will arise. We characterize the re-
sulting bias in the moment equations. The bias arises from two sources: (i) endogeneity of
noises when conditioning on children, and (ii) direct effect of the hinge. (Section 3)

3. Nuisance PV. We propose Nuisance PV, a hinge-aware correction that augments the proximal
moment system with a nuisance block and identifies the target effect after projecting out the
induced nuisance span. We provide hinge-aware identification results for both outcome bridge
and treatment bridge constructions under analogous rank/span conditions. (Section 4)

2. Proximal Variables Regression

In the following section, we introduce the proximal regression setting based on linear structural
equations, in contrast to frequently used potential outcomes. Next, we introduce the outcome and
treatment bridge in the setting and discuss the estimation. We relegate all the proofs and more
detailed discussions to the Appendix G and B respectively.

Setup Let Y € R be an outcome, X € R% a treatment vector, YW € R% an outcome side
proxy, Z € R% a treatment side proxy, C € R% observed covariates, and &/ € R% an unobserved
confounder. All variables are centered and have second moments. We posit the linear structural
system (we discuss extension to nonlinear settings in Appendix F.1):

Y =B'X +ayy W+ ayoC + ay U + ey, (1)
X =axcC+axyU +axzZ +¢x, 2)
W = awuld + awcC + ew, ?3)
Z=aoazcC+azy + ¢z, 4

where the parameters are of respective sizes aq, € R%*%. Our object of interest is the coefficient
vector 3 in (1), which captures the direct linear effect of X on Y in the structural equation. The
coefficients o0, @ x 7z, @y can be zero for any ¢, we require all the rest of the coefficients to be
non-zero. We assume that the zero mean errors ¢;, for all ¢, satisfy joint independence. The system
(1)-(4) encodes the cross-side exclusion and relevance of both proxies Z and W.

1. We allow for some degree of nonlinearity, but the outcome and bridge equations need to be linear.
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Intuition The difficulty in identifying /3 in (1) is that the latent variable I/ loads both into treatment
and outcome, so the term a;UU is correlated with X through axyU. The key idea behind both
outcome and treatment bridges is to use observed proxies to construct a function that reproduces,
up to conditional mean, the component of a target equation that is driven by /. If such a bridge is
available, then after subtracting the bridge from one side of the system, the remaining composite error
no longer carries the part of I/ that creates confounding for 5. Graphically, we want to erase either
of the arrows from U to the treatment outcome pair. The informativeness assumptions formalize
the requirement that the proxy delivers “rich enough” information about {/: after conditioning on
controls C, the way U enters the proxy spans the way U/ enters the target equation (either outcome or
treatment). This guarantees the existence of a bridge in the linear class, but at this stage the bridge
coefficients are only defined implicitly and are not directly observable. The second proxy is then
necessary to learn these coefficients from observable moments. Rank conditions ensure that these
cross-moment relations are not degenerate, i.e., that the relevant covariance matrices have full rank,
so that the resulting linear system has a unique solution. In other words, the second proxy shares
variation induced by U/ with the first proxy, yet it is linearly independent enough, such that after
conditioning the variables of interest (other proxy and treatment) do not co-move, and reveal enough
information. In this sense, the two proxies play complementary roles: one proxy is used to represent
the latent confounding component (the bridge), while the other provides independent variation that
makes the bridge coefficients and 3 identifiable from data.

2.1. Outcome bridge

The outcome equation (1) is confounded through the latent term a; yU. The outcome bridge strategy
is to construct a function of (W, C) whose conditional expectation matches this latent component,
thereby yielding observable moment restrictions involving Z.

Definition 1 (Outcome bridge) A function by (W, C) is called an outcome bridge if
E[a;Uu —byW,0) | Z,x,¢] = 0. (5)

Note that our naming of the bridge and that of standard literature differs slightly, although the
essence of the role of the function is the same. Once our linear bridge exists, the bridge in usual
notation follows trivially. We now give a sufficient condition under which an outcome bridge exists.

Assumption 2 (Outcome informativeness) There exists 0 € R% such that ayy = a‘TVUH.

The outcome proxy has to be able to express the part of confounding that influences outcome (and
not necessarily reconstruct the confounder). In triage example from Figure 1a, it will plausibly hold
if laboratory measurement move strongly with the frailty severity. It will not hold, if the measurement
is unrelated to certain comorbidity.

Lemma 3 (Existence of a linear outcome bridge) If Assumption 2 holds, then there exists a linear
outcome bridge of the form

by (W,C) = 60" W — 0" apycC.

Given an outcome bridge, the latent term can be absorbed into a composite error that is orthogo-
nal to Z (conditionally on C), yielding linear covariance restrictions that identify /3.
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Assumption 4 (Outcome rank condition (joint uniqueness)) The matrix E[cov(Z, (X, W) |C)] €
Ré=*(detdw) has full column rank: rank(E[cov(Z, (X, W) | C)]) = dy + do.

The treatment proxy must provide enough independent variation to separate the causal effect on
treatment from the nuisance loading on outcome proxy. In triage, different pieces of prior utilization
must move treatment intensity and physiology in sufficiently different patterns. The assumption
plausibly holds if one part of treatment proxy predicts intervention intensity, another part predicts
physiology measurements, and they are not the same direction. It will fail if every component of
treatment proxy affects treatment and outcome proxy in exactly the same way, and in turn, the data
can only identify a mixture of parameters of the outcome equation.

Theorem 5 (Identification via outcome bridge) Suppose Assumptions 2, and 4 hold. Define the
nuisance vector ¥ := ayy + 60 € R% . Then (3,9) is the unique solution to the linear system

E[cov(Z,Y | C)] = E[cov(Z,X | C)] B+ E[cov(Z,W | C)] V. (6)

In the Appendix B.2 we discuss how to relax slightly the rank condition. Even when 4 is not
uniquely identified, S may still be uniquely identified after projecting out the nuisance component.
We can estimate the above equations with a standard Generalized Method of Moments (GMM) (Hall,
2005). We discuss the estimation procedure in detail in the Appendix B.1.2.

2.2. Treatment bridge

The treatment equation (2) is confounded through axy/U{. The treatment bridge strategy is to repre-
sent this confounding component using the proxy Z (and C), and then form a residual ) that can be
used for identification of 5. The assumptions found in this treatment bridge section follow the same
logic as those from the outcome side section.

Definition 6 (Treatment bridge) A function bx(Z,C) is called a treatment bridge if
Elaxuld — bx(Z,C) | W,C] = 0. 0

Assumption 7 (Treatment informativeness) There exists a matrix V € R%Xd= sych that axy =
U ZU-

Lemma 8 (Existence of a linear treatment bridge) Assume Assumption 7. Then there exists a lin-
ear treatment bridge of the form

bx(2,C) = U2 — VaycC.

Lemma 8 establishes existence of a bridge coefficient ¥ that maps Z to the I/-component of
X. However, the observable moment equation used for identification involves X', which may also
contain a direct Z-term o x zZ. Consequently W is not separately identified from second moments;
the data identify only the composite II := axz + ¥. Importantly, II is sufficient to construct a
deconfounded residual and identify 3. Introduce the deconfounded residual V := X —II(Z —azcC).

Assumption 9 (Treatment rank conditions)
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(i) The matrix E[coviW, Z | C)] € R%**4= has full column rank: rank(E[cov(W, Z | C)]) = d..
(ii) The matrix E[cov(V, X | C)] € R4 js nonsingular: rank(E[cov(V, X | C)]) = d,.
Theorem 10 (Identification via treatment bridge) Suppose Assumptions 7, and 9 hold. Then:

1. 11 the unique solution to

E[cov(W, X | C)] = E[cov(W, Z | C)|TI". ®)

2. With'V defined as above, 3 the unique solution to

Elcov(V,Y | C)] = E[cov(V, X | C)] 5. )

We discuss how to relax the rank condition and compare to outcome bridge relaxation in the
Appendix B.2.

Estimation. Again estimation proceeds with GMM. We give a detailed description of two steps
estimation in the Appendix B.1.3.

2.3. Remarks

Treatment vs outcome bridges The outcome bridge and treatment bridge routes provide two com-
plementary linear identification strategies. They can be used separately, or jointly. We compare them
in detail in the Appendix B.3.

Proximal Variables vs Instrumental Variables In conditional IV (e.g., Pearl, 2009; Henckel,
2021; Thams et al., 2024), identification with instrument variable 7 is based on the moment equation

E[cov(y —3Tx, T c)} —0,

together with a full rank requirement on E[cov(X,Z | C)] (where all the other variables play the
same roles: outcome, treatment, controls). Our outcome bridge moment equation has the same form
but with an additional proxy term:

E[COV(Y BT —9TW, Z| c)} —0.

In the perspective of IV, PV regression can be interpreted as allowing Z to be an invalid instrument
(correlated with the latent confounder), while cancelling the induced bias using the outcome proxy
block W through a bridge (as noted in Tchetgen et al., 2020). We go into a detailed comparison
between IV and PV, as well as discussion on how to exploit the similarities for diagnostic purposes
in the Appendix B.4.

3. Hinges

To formalize the hinges we expand the system of equation (1)-(4) to include term H € R% — an
observed variable that can enter either of the equations and can be direct child of any of the other
variables in the system (up to preservation of acyclicity). Again, ¢;, the noise terms, satisfy the
previous joint independence.
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Intuition Suppose an observed variable H is present and acts as a hinge between the treatment- and
outcome-side proxy blocks. If the modeling choice does not explicitly adjust for the dual role, there
are two natural defaults: (i) ignore H and proceed as if the proximal setup held with conditioning set
S = C only, or (ii) condition on H and treat it as an additional control, i.e. set S = (C, ). To unify
the discussion, let S € {C, (C,H)} denote the chosen conditioning set.

In both outcome bridge and treatment bridge PV, identification hinges on a cross-side orthogo-
nality step for an appropriate bridge residual, expressed via conditional-covariance moments of the
form E[cov(-,- | S)]. A hinge can break these moments through two distinct mechanisms:

(1) Direct impact. If ‘H enters the relevant bridge residual and is not conditioned on (i.e. S = C), then
the moment equations inherit additional terms proportional to cross-moments such as E[cov(Z, H |
C)] or E[cov(W,H | C)], multiplied by the loading of # in the residual. In contrast, if S = (C,H)
then these leakage terms vanish mechanically because cov(A, f(H,C) | C,H) = 0 for any measur-
able f(#,C).

(2) Noise endogeneity (failure of cross-side noise orthogonality). The bridge proofs also rely on con-
ditional mean-zero statements such as E[eyy | Z, X', S] = 0or E[ez | W, S] = 0. With hinges, these
can fail even if structural noises are jointly independent across equations. There are two common
ways this happens: (a) Collider activation: if ‘H is a collider on a Z-W path (e.g. Z — H + W),
then conditioning on # can induce cross-side dependence and yield cov(Z,ew | C,H) # 0 and/or
coviW,ez | C,’H) # 0. (b) Descendant conditioning via mediation: if H mediates across sides,
eg W —-H —> ZorW — H — X, then Z or X becomes a descendant of VV and therefore
carries information about eyy; consequently, one can have non-zero noise covariances even without
conditioning on H. Analogous statements hold for ez when Z2 — H — W.

In both bridges, the estimator solves a linear moment system. Hence the population bias enters
as a deviation term premultiplied by an inverse of an identifying conditional-covariance operator.
Therefore, hinge bias is small when the deviation is small (weak leakage and/or weak noise endo-
geneity), and it can be amplified when the identifying operator is ill-conditioned.

3.1. Outcome bridge hinge bias

Outcome bridge identification targets the population restriction
Elcov(Z, Ry (8,9) |S)]=0,  Ry(3,9)=Y -3'x —9'W. (10)
When a hinge is present, the same algebra yields the biased moment equation
E[cov(Z,Y | 8)] = E[cov(Z, X | S)] B+ Elcov(Z,W | 8)] ¥ + A, (11)

where the hinge-induced deviation is

AP = Elcov(Z, Ry (8,9) | S)]. (12)

Thus, outcome bridge “fails” exactly when the hinge makes Z correlate with the bridge residual Ry
under the chosen S. Introduce oy := ayy — a%HG. Then

A% =E[cov(Z,H | S)| cwnr + E[COV(Z,EY —0Tew | 8)} . (13)

direct impact noise endogeneity
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When do the two components vanish? (i) If S = (C,H), then cov(Z,H | C,H) = 0 (since
‘H is S-measurable), so the leakage term in (13) vanishes automatically; (ii) The noise endogeneity
term vanishes under the hinge-free cross-side exclusion logic, but can become nonzero (a) when
conditioning on a collider (e.g. Z — H < W and S = (C, H)), and/or (b) when Z or X becomes a
descendantof W (e.g W - H > Zor W — H — X)evenif S =C.

Let the (population) outcome bridge estimator under conditioning choice S be the solution of the
unbiased system (i.e. it sets Ag g = 0in (11)). Whenever the inverse (pseudoinverse) exists,

(683 - 5) - (E[cov(Z, (X, W) | 5)])_1 AS . (14)

Hence hinge bias is small when Ag p 1s small (weak leakage and/or weak noise endogeneity), and it
can be large when E[cov(Z, (X, W) | S)] is ill-conditioned.

3.2. Treatment bridge hinge bias

Treatment bridge relies on two orthogonality conditions: a first-stage operator equation (for the
coefficient used to construct V') and a second-stage [V-like equation identifying 3 using V. Let =
denote the coefficient used to construct the deconfounded residual V. We write the target system
generically as

Elcov(W, X — 22 | §)] =0, E[cov(v, Y - 8Tx | 3)} —0, Vi=X-EZ (15
First-stage deviation. With hinges, the true first-stage relation becomes

E[coviW, X | S)] = E[covW, Z | S)| 2T + A?le, A%BJ = E[coviW, X — 22| S§)].
(16)
Introduce kg7 := axy — Zaz g so that
A7py =ElcovOW, H | S)| s + Elcov(W, ex — ez | S)]. (17)

direct impact noise endogeneity

As in the outcome bridge, conditioning on H kills the leakage term but can create noise endogeneity
via collider activation.

Second-stage deviation and bias in 5. The second-stage moment becomes

Elcov(V,Y | 8)] = Elcov(V, X | S)| B+ Afp,y,  Afpy = E[cov (v, Y- 37X s)} .
(18)

ExpandingY — 81X = a;WW +ay M+ a;UU + ey gives the decomposition

A?«BQ =Elcov(V, W | S)]ayw+E[cov(V,H | S)] ay g+E[cov(V, U | S)] ayu+E[cov(V,ey | S)].
(19)

If one solves the unbiased second-stage equation (setting A‘% B2 = 0), then whenever E[cov(V, X |

S)] is invertible,

885 6 = (Bleov(v, ¥ | 8)]) " Afp, 0)

8
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A key difference from outcome bridge is that A‘% B2 18 endogenous to the first stage: if the hinge
contaminates = (i.e. A‘%B 1 # 0), then V = X — EZ may retain U-dependence, making the
E[cov(V,U | S)]ayu term in (19) potentially dominant. This is why hinge-robustification for treat-
ment bridge typically needs to address first-stage deviations explicitly, whereas outcome bridge hinge
bias appears as an additive deviation in a single moment system.

4. Nuisance Proximal Variables

Our goal is to identify the causal coefficient 3 in the presence of an observed hinge 7 that couples the
treatment- and outcome-side proxy blocks. Hinge can be confounded by the unobserved variable /.
We relegate the proofs and discussion to the Appendix G and D respectively. We discuss extension
to nonlinear settings in Appendix F.1. Essentially, under the minimal assumptions only the outcome
model and bridges have to be linear and the process (X, Z, W, H, C) may follow arbitrary (possibly
nonlinear) mechanisms. We gather all the algorithmic steps, post-estimation diagnostic and other
suggestions for practitioners in Apendix F.2.

Intuition A hinge can break proximal moment conditions through (i) direct impact (mediator leak-
age) and (ii) noise endogeneity (cross-side dependence of proxy noises). Our approach keeps the
conditioning set fixed at C (so we avoid opening collider paths by conditioning on ), and instead
augments the moment system with a nuisance block N := (W', HT)T. This makes hinge leakage
an explicit term involving observable cross-moments with (W, #H). This adapts nuisance IV logic
(Thams et al., 2024) to the PV setting. The remaining obstacle is remaining hinge-induced noise
endogeneity. The same nuisance procedure can adjust for it as long as the induced violation lies in
the nuisance span generated by cross-moments with A/. Under this span restriction, /3 is identified
from the augmented moment system. The same proximal informativeness assumptions as in hinge-
free PV remain the driver of bridge existence. The price paid for hinge-robustness is instead in rank
conditions: adding/removing nuisance spans consumes identifying variation, so projected covariance
operators must remain well-conditioned. We compare the nuisance PV and nuisance IV in detail in
the Appendix D.1.

4.1. Hinge-robust outcome bridge (NPV-OB)

Under Assumption 2, define ¥ := ayw + 6 € R%, apy := aypg — Q%Hﬁ e R, § = ayc —
aITVCH € R%, and the composite noise £y := €y — 0" eyy. Then the outcome equation can be
rewritten as

Y =8TX4+9 " WH+aoyH+6C+éy. 1)

Taking E[cov(Z, - | C)] of (21) gives

Elcov(Z,Y | C)] = Elcov(Z,X | C)] B + Elcov(Z,W | C)] ¥ )
+ Elcov(Z,H | C)] app + E[cov(Z,éy | C)].
where the last term we note as Ajuise. The terms involving (¢, appr) are proportional to observable
cross-moments with (W, H). The remaining obstacle is A ise, Which can be nonzero under hinge-
induced noise endogeneity.
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Augmented nuisance moment system. Let \/ := (WT, ”HT)T € R where d,, = d, + dj, and
define the cross-moment operator

Elcov(Z,N | C)] = (E[COV(Z,W 10)] Elcov(Z,H | C)]) e Ré=xdn,

Stack v := (97, abTH)T € R 5o that (22) becomes
Elcov(2,Y | C)] = Efeov(Z,X | C)]B + Elcov(Z.N [ Oy + Auoie.

Assumption 11 (Nuisance-span condition for hinge-induced noise) There exists A € R% such
that Ayoise = E[cov(Z,éy | C)] = E[cov(Z,N | C)] \.

Assumption 11 says that hinge-induced cross-side noise correlation in the Z-moment equation is
linearly explainable by the same Z-variation that Z shares with the observed nuisance block N' =
(W, H). Equivalently, there exists A such that E[cov(Z,&y — ATA | C)] = 0. This is the alge-
braic statement that the hinge transmits the induced dependence through observed (W, H). Under
Assumption 11, there exists 7* := 7 + A such that the moment equation closes as

Elcov(Z,Y | C)] = E[cov(Z,X | C)]B + Elcov(Z,N | C)]v*. (23)

Assumption 12 (Rank condition for 5 modulo the nuisance span) The columns of E[cov(Z, X |
C)] are linearly independent modulo col(E[cov(Z,N | C))), i.e.
E[cov(Z,X | C)]b € col(E[cov(Z,N |C)]) = b=0  forallbc R%.

Theorem 13 (5-identification for hinge-robust outcome bridge (NPV-OB)) Suppose Assumption 2,
11 and 12 hold. Then (3 is uniquely identified as the unique value for which there exists v* € R%
satisfying the closed moment equation (23).

In the linear (unweighted) GMM / least-squares implementation used in our experiments, we
estimate (3, ) from the sample analogue of (23) and report the coefficient 5 on X

4.2. Hinge-robust treatment bridge (NPV-TB)

Under Assumption 7, define Il := axz+Vz, kg := axg — VYzazg, I = axc — VYzaze, and
€x = ex — Y zez. Then the treatment equation can be rewritten as

Stage 1: identifying I, via an augmented moment system. Taking E[cov(W,- | C)] of (24)
gives

E[cov(W, X | C)] = E[cov(W, Z | C)] 11}, + E[coviW, H | C)] Ky + E[coviW,éx | C)], (25)

where the last term we note as Arp ;. The two non-ideal terms are hinge leakage E[cov(W, H |
C)]x}; and hinge-induced noise endogeneity Arp 1.

Assumption 14 (Hinge-span condition for TB Stage 1 noise) There exists a matrix A, € R% >
such that ATB,I = ]E[COV(W, Ex ‘ C)] = Mwgh;.

10
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Under Assumption 14, (25) closes as
E[coviW, X | C)] = My z 11} + My Ty for some I'; € Rén*de, (26)

Assumption 15 (Rank condition for Stage 1, modulo the hinge span) E[cov(W, Z | C)] is in-
jective modulo col(E[cov(W,H | C)]), i.e.
E[cov(W, Z | C)]b € col(E[covOV,H | C)]) = b=0  forallbc R%.

Proposition 16 (Identification of I1; (hinge-robust TB Stage 1)) Assume Assumptions 7, 14, and
15. Then 11z is uniquely identified as the unique value for which there exists I'1 satisfying (26).

Stage 2: identifying S from an augmented moment system. Define the generated residual V :=
X — Iz Z (with C-residualization understood). From (24), V = kgH + I'C 4+ £€x. Under Assump-
tion 7, the composite noise Ex = ex — Yzez has no direct U component. However, V can still
be correlated with U through the hinge term g+ whenever H is confounded by U. Accordingly,
we do not assume E[cov(V,U | C)] = 0; any remaining U-dependence enters the second-stage
deviation term below. Taking E[cov(V, - | C)] of the outcome equation yields

Elcov(V,Y | C)] = E[cov(V, X | C)] B + E[cov(V,N | C)] v + Arp2, (27)
where N := W', HT)T and v := (ay-yy, ay-5) |, and the second-stage deviation is
Arp i=E[cov(V,ayyU +ey | C)] = Elcov(V, U | C)] ayu + Elcov(V, ey | C)].

Assumption 17 (Nuisance-span condition for TB Stage 2 deviation) Ler E[cov(V,N | C)] :=
Elcov(V,N | C)]. There exists Ay € R% ¥ such that Argo = E[cov(V, ay,U + ey | C)] =
Elcov(V,N | C)]Aa.

Under Assumption 17, the second-stage moment closes as
E[cov(V,Y | C)] = E[cov(V, X | C)] B + E[cov(V,N | C)] v* for some ~*. (28)

Assumption 18 (Rank condition for 5 modulo the nuisance span) E[cov(V, X' | C)] is injective
modulo

col(E[cov(V, N | C))), i.e. E[cov(V, X | C)]b € col(E[cov(V,N |C)]) = b=0  forallbe
R

Theorem 19 (S-identification by hinge-robust treatment bridge (NPV-TB)) Assume Assumption 7.
Let 117 be identified from Stage I under Assumptions 14 and 15, and define V := X — 11z Z. If As-
sumptions 17 and 18 hold, then (3 is uniquely identified as the unique value for which there exists ~*
satisfying the closed moment equation (28).

4.3. Remarks

Nuisance PV is not the same as conditioning on H. Treating H as a control corresponds to replacing
E[cov(-,- | C)] by E[cov(-,- | C,H)]. Both terms of the covariance get residualized by the condi-
tioning variable. This can eliminate mediator leakage (since cov(A, f(H,C) | C,H) = 0), but it
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can also create noise endogeneity by activating collider paths. In contrast, NPV keeps the condi-
tioning set fixed (typically C only) and uses a linear-algebraic correction: it deletes the component
of the moment equation that lies in an empirically identified nuisance span, the residualization is
asymmetric.

How strong are the nuisance-span and projected-rank assumptions? Assumptions 11 and 14
are span restrictions: they do not claim that hinge-induced noise endogeneity vanishes, but that
the induced violation lives in the linear subspace generated by observable cross-moments with the
observed nuisance block. In linear/Gaussian SCMs this is natural when cross-side dependence
is transmitted through observed hinge/proxy channels—e.g., directed pathways that pass through
(W, H)—and there is no additional “bypass” mechanism (extra unobserved confounders not obey-
ing informativeness, omitted observed mediators not included in V) that would create Z—noise de-
pendence in directions orthogonal to col(E[cov(Z, N | C)]) (or W-noise dependence orthogonal to
col(E[cov(W,H | C)])). Assumptions 12 and 15 are the complementary relevance conditions: after
removing the nuisance span, there must remain enough identifying variation to recover the target
parameters. These are direct analogues of instrument relevance and weak-identification conditions
in IV literature; near failures manifest as ill-conditioning (smallest singular value close to zero) and
lead to finite-sample variance amplification. Importantly, some restriction of this kind is essentially
necessary for point identification from our moment information: if the hinge creates violations out-
side the nuisance span, or if all Z—X" (resp. W—2Z2) variation is absorbed by the nuisance span, then
no estimator that only uses (Z, W, H,C) can generically isolate 3 (resp. II in first stage treatment
bridge) without further assumptions. To build further intuition we give an example about sufficient
graphical structure for the assumptions to hold in the Appendix D, and a more concrete discussion
in the form of an Figure 1a example in Appendix F.3.

S. Experiments

We complement the theory with synthetic (as we focus here to validate theoretical claims) linear-
Gaussian simulations in which an observed hinge H induces the two failure modes studied in the
paper: direct hinge impact (H enters structural equations) and hinge-induced noise endogeneity
(collider-driven dependence between proxy noises across sides). We compare three practical estima-
tors throughout: ignore H (hinge-free proximal estimator), condition on H (treat H as an additional
control/conditioning variable), and nuisance PV (augment the proximal moment system with 7 as a
nuisance regressor).

We start with the setup Figure 1 (a) and modify the parametrization. We perform four exper-
iments. In (a) we start with random parameters and increase sample size. In (b) we break the
nuisance-span condition by injecting an additional latent factor that creates cross-side dependence
bypassing the observed nuisance block (W, #). In (c) we scale the magnitude of the direct hinge
effect. In (d) we scale the collider mechanism that produces cross-side noise dependence.

We portray the results in Figure 2. All plots report the estimation error B — [ over repeated 200
draws.

12
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Figure 2: Synthetic experiments. Top row: (a) finite sample RMSE; (b) span violation. Bottom row:
(c) mediator paths strength; (d) collider paths strength.

Results. (a) As sample size increases, nuisance PV concentrates around zero error, whereas the
two baselines remain biased, although nuisance PV can exhibit higher variance in small samples. (b)
As this violation grows, nuisance PV deteriorates, matching the theory that its robustness requires
the induced violation to lie in the nuisance span. (c) Ignoring H becomes increasingly biased as the
hinge effect strengthens, while nuisance PV remains stable. (d) Conditioning on # is sensitive to
this collider strength, whereas nuisance PV remains stable as long as the nuisance-span condition
holds. We provide more details in Appendix E.

6. Discussion

In this work we extend previous proximal causal inference discussions to multivariate continuous
variables and more complex graphical structure. In particular, we work with multivariate, continuous
treatment and propose new, regression based treatment bridge, as well as characterize, and adjust for,
hinges. Working with linear regression models allows us to gain intuition about the inner workings
of PV, directly, but also through a comparison to extensively studied IV. This allows us to get more
intuition on the essence of why PV works, for example, as the cross-side exclusion proves not to
be strictly necessary. A future direction might pick up from here and generalize to more complex
graphical settings or to include more complex functional relations in bridges such as generalized
linear models, for a start. An adjacent problem worth studying is partial identification in settings
with proxies. Last but not least, it remains to explore which estimates based on real world data are
biased due to hinges.

13
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Appendix A. Related work

Our setting falls within proximal/negative-control identification: two proxy blocks (treatment-side
and outcome-side) together with a bridge function yield moment restrictions that identify causal
effects under latent confounding (e.g. Miao et al., 2024; Tchetgen et al., 2020; Cui et al., 2023).
Much of this literature assumes there exists a conditioning set that enforces the required cross-side
exclusion (conditional separation of the two proxy blocks), and then focuses on estimation—Iearning
bridge functions with flexible classes, adversarial/minimax objectives, double robustness, and finite-
sample analyses (e.g. Tchetgen et al., 2020; Kallus et al., 2021; Ghassami et al., 2022; Mastouri et al.,
2021; Xu et al., 2021; Kompa et al., 2022; Wu et al., 2024; Deaner, 2023; Cui et al., 2023). Relative
to this line, we take a step back: we study a concrete structural reason why cross-side exclusion can
fail even in linear models. In particular, an observable hinge that is simultaneously a mediator and
a collider can make no single conditioning choice satisfy the cross-side exclusions needed for the
standard proximal moments, so the issue is not merely that the bridge is difficult to learn but that the
baseline moment conditions are structurally misspecified.

Regression-based proximal implementations. Bridge estimation is often presented as solving
an inverse (potentially ill-posed) operator equation, in contrast to the direct regression form of IV.
Several works advocate regression-style implementations of proximal identification, including two-
stage least squares-type procedures (Tchetgen et al., 2020) and two-stage generalized linear models
regression (Liu et al., 2024). This line is directly relevant because we also emphasize regression
moments. The key difference is that regression-based proximal methods operate under the standard
cross-side exclusions and focus primarily on the outcome bridge perspective. In contrast, we (i) gen-
eralize to allow all, except of the outcome, variables to be multivariate and continuous (ii) develop a
complementary treatment bridge regression viewpoint in a linear multivariate SCM, (iii) make iden-
tification/uniqueness conditions explicit via rank/linear-independence requirements on conditional
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covariance operators, and (iv) address hinge-induced structural violations by modifying the moment
system through Nuisance PV under explicit rank/span conditions.

Informativeness/completeness versus rank conditions. Proxy identification ultimately requires
proxies to be “informative enough” about latent confounding. Guo et al. (2025) clarify that, across
proxy identification paradigms, completeness plays a role analogous to a linear-independence con-
dition and compare bridge-equation methods to array-decomposition approaches. We remain in the
bridge/moment-equation paradigm but make the connection explicit in our setting: in linear proximal
regression, informativeness/completeness-type requirements reduce to transparent rank conditions
on conditional cross-covariance operators. This viewpoint also clarifies how hinge-robustification
consumes identifying variation: rank requirements after removing the nuisance span induced by the
hinge.

Robustness when proximal assumptions fail. When proximal assumptions are doubtful, an al-
ternative is partial identification and sensitivity analysis. Ghassami et al. (2023) and Zhang and Su
(2024) develop proxy-based bounds that remain valid without strong point-identification conditions
and compute bounds via optimization. This is related motivation-wise—proximal assumptions can
fail—but it targets a different regime. Our hinge setting is a structural cross-side exclusion failure
induced by an observed collider-mediator, and our goal is to restore point identification within lin-
ear PV by appropriately modifying the identifying moments (projection-based Nuisance PV), rather
than switching to bounds. Moreover, the two aforementioned works assume univariate and binary
treatment in contrast to our multivariate and continuous variable setting. Nevertheless, a very specific
setting lies on the intersection of our paper and Ghassami et al. (2023). They provide fully observ-
able bounds under W L Z | X, C,U. If we restrict to binary treatment and univariate proxies, and
if the observed hinge # can be incorporated into the covariate set C in such a way that it blocks the
proxy—proxy dependence such that the above restriction holds, then the “two independent invalid
proxies” bounds apply directly (4 has to be mediator between VW and Z). This is a very particular
subcase of our general formulation of the problem.

Collider-mediator structures and nuisance adjustmentin IV. Thams et al. (2024) study collider-
mediator structures that invalidate standard IV estimation and introduce nuisance-IV constructions
that augment identifying equations with nuisance regressors. This is conceptually adjacent to our
approach—we also treat the hinge as a nuisance component—but the proximal setting differs in what
breaks and what is available to fix it. Proximal identification relies on two cross-side exclusions and
uses proxies that are deliberately correlated with latent confounding, so the relevant moment failures
can arise through endogeneity of bridge residual noise in addition to direct mediated pathways. Nui-
sance PV adapts the nuisance-adjustment idea to this two-sided proximal moment structure, yielding
hinge-aware identification results under explicit span/rank conditions.

Appendix B. Discussion for Section 2

B.1. Estimation of the bridges
B.1.1. RESIDUALIZATION AND EMPIRICAL CONDITIONAL COVARIANCES

Throughout, we work with C-residualized variables. For any random vector A, define

A:=A-E[A|C].
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In practice, we replace E[A | C] by an estimator E[A | C] (e.g. linear regression, series regression, or

cross-fitted machine learning) and form A=A — IE[A | Ci]. o
Using A and B, the population object E[cov(A, B | C)] equals E[AB ], and its empirical analog
is - Lo
Elcov(A,B [ C)]:=~> A;B/.

n
=1

Let {(}/l) X’ia W’i7 Ziy Cz)}?zl be lld

B.1.2. ESTIMATION VIA OUTCOME BRIDGE: GMM AND 2SLS FORMS

GMM For the joint identification system (6), define the respective sample moment
1N (o . .
olp0) =13 (Yi- 878 - 0T W;) e R%,
1=

and estimate ((3,1) by GMM:

(57’9> € arg%igl 90(6719)—'— an]O(ﬂaﬁ))

with a positive definite weight matrix W, (e. g. the inverse of the estimated moment covariance).
The outcome bridge population moments can be written as

E[Z (V-T2 —9TW)| =0.
2SLS form. Define the stacked regressor block
R = [£ W] e Rbx+dw,

With W = (12T Z)~1, the estimator equals 2SLS on residualized variables:

5 o o
M =(R'"P;R)"'RTP;Y, P;:=2(2'2)7'Z".

Inference. Standard heteroskedastic-robust (or cluster-robust) GMM/2SLS variance estimators ap-
ply directly; in overidentified settings, Hansen’s J test can be used as a specification test of the bridge
moment restrictions.

B.1.3. ESTIMATION VIA TREATMENT BRIDGE

The treatment bridge is naturally estimated in two steps.

Step 1 (estimate II). Using C-residualized variables, the population equation
E[cov(W, X | C)] = E[cov(W, Z | C)| 1T

becomes E)WAX | = E)WZT]II". Estimate II by the sample analog, e.g. by solving

—_—

EWXT] = EWZT]1I,

or (in overidentified settings) by minimizing the Frobenius norm of the corresponding residual.
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Step 2 (construct V and estimate ). Form the deconfounded residual

Vi = -)éz - f[Z:z

Then estimate /3 from the I'V-like moment equation

—_—

EV(Y - 5T8)=0 = EVY]=EVXT]S

B.2. Identification of S only by projection.
B.2.1. OUTCOME BRIDGE

Even when 1 is not uniquely identified, 8 may still be uniquely identified after projecting out the
nuisance component. Let

Mz = E[cov(Z,W | C)] € R&=*w,
and define the orthogonal projector onto the orthogonal complement of col(Myz) C R% by
Piy = lg. — Mwz(Myyz My z) My 5, (29)
where (-) denotes the Moore—Penrose pseudoinverse.
Assumption 20 (Projected rank condition (3-uniqueness))
rank(Pﬁ E[cov(Z, X | C)]) = d.

Proposition 21 (5-identification by projection) Suppose Assumptions 2 hold. If Assumption 20
holds, then 3 the unique solution to

Pt Elcov(Z,Y | C)] = P E[cov(Z, X | C)] 5. (30)
For the projected estimator (30), set
Myz =Eleov(ZW[C)), Py = Ia. — Mwz(My, ;Mw2) M,
and solve the projected sample system
P Elcov(2,Y | €)] = P Elcov(Z, X | €)] 5.

B.2.2. TREATMENT BRIDGE

For the treatment bridge, [ is identified from moments involving the residual V = X — bx(Z,C),
where the bridge coefficients enter inside 1. Consequently, there is no direct analogue of “projecting
out an additive nuisance” as in the outcome bridge system. Instead, when the first-stage operator
E[cov(W, Z | C)] is rank-deficient, one can still recover /3 by restricting attention to the identifiable
subspace of Z — the component of Z that is “seen” through W.

In this spirit, let

My z = E[cov(W, Z | C)] € Rdwxd=, r = rank(Mwz).
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Let R € R%*" be any matrix with orthonormal columns spanning the row space of My 7, i.e.,
col(R) = col(My},,). Define the reduced treatment-side proxy

Zp = RTZEeNR.
By construction, the reduced cross-moment operator
Mz, = ElcoviW, Zr | C)] = My zR € R%™*"
has full column rank 7.

Assumption 22 (Projected treatment informativeness) There exists a matrix Vg € R%X" sych
that the confounding component of X can be represented using Zp:

o pT
axy = Yroz,u, where az,y = R azy.

Lemma 23 (Existence of a linear projected treatment bridge) Introduce llp = axzR + VYp. If
Assumption 22 holds, then there exists a linear treatment bridge based on Zg, of the form

bx(Z2,C) = lIr Zr+TC
for some T' € R%=xde,
Define the corresponding residual
Vr = X —IIgZr —I'C. (31)
Assumption 24 (Projected treatment rank for 5) The matrix
Elcov(Vg, X | C)] € Rd=*d=

is nonsingular:
rank(E[cov(Vg, X | C)]) = da.

Theorem 25 (5-identification via projected treatment bridge) Suppose Assumption 22 holds. If
Assumption 24 holds, then 3 the unique solution to

E[cov(Vg,Y | C)] = E[cov(Vg, X | C)] 5. (32)

Estimation (two-step with subspace reduction). Use the same residualization construction as in
the main text: forany A € {Y, X, W, Z}, let A; := A; — m(C;) denote residuals after regressing
on C. Form the sample analogs

. 1S - . R 1< - -
My g = EZM z' Myx = EZM X
=1 =1

Compute a thin SVD My, = USV " and let R € R%“*7 collect the right singular vectors cor-
responding to the non-negligible singular values (a plug-in estimate of the row space). Define the
reduced proxy residuals

- . . 1< - - R .
Zp;=R'Z, My zp, = - ZWz‘ Zp, = MwzR.
=1
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Estimate I1r by the (unique) least-squares solution
ﬂIT% = (]\ZI'WZ}.],,)T My x (equivalently, solve My x = MWZRflg).

Then form residuals
VR,i = Xz — HR ZRJ‘.

Finally, estimate 3 from the sample analogue of (32), e.g. by solving

or, equivalently, by GMM with moment
1 ¢ . .
gr.R(B) =~ Z; Vri(Yi — BT %).
1=

B.2.3. REMARKS

Outcome vs. treatment projections. In the outcome bridge (-only result, projection is used to
eliminate an additive nuisance: the outcome moment equation contains 3 and a nuisance coefficient
) entering additively through the span col( My ), where My, = E[cov(Z, W | C)]. Left-multiplying
by PI*/ removes that span and isolates [3.

In the treatment bridge procedure, there is no additive nuisance in the S-moment. Instead,
the unknown bridge coefficient 1I is needed to construct the residual V. When My, 7 is rank-
deficient, 1I is not fully identified; the appropriate analogue of projection is therefore to retain only
the identifiable subspace of Z, namely col(M,},,), by replacing Z with Zg = R Z. Notably,
col(My}; ;) = col(Myy), so the outcome-side projection removes col(My,) while the treatment-side
reduction keeps it.

Why the two sides are structurally asymmetric. The asymmetry stems from the fact that W
appears directly in the outcome equation through a;WW, which induces the nuisance term ¢ in
the Z-Y cross-moment equation. In contrast, JV does not enter the treatment equation (2), so the
first-stage equation for II is a pure linear operator equation rather than an additive decomposition
with a removable nuisance component.

Relation to the full-rank treatment case. If My, has full column rank d,, then r = d,, one
may take R = I;_, and the projected treatment bridge construction reduces to the standard treatment
bridge identification and estimation in Section 2.2.

B.3. Further comparison between treatment and outcome bridges

Both Theorem 5 and Theorem 10 show that each of the bridges identify the unique structural co-
efficient in (1). In that sense, they agree on the population target: they are two routes to the same
parameter. However, they generally differ in nuisance quantities (outcome bridge involves 1, treat-
ment bridge involves II and V) and therefore yield different finite-sample estimators and different
overidentifying restrictions.
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Table 1: Comparison of analogous elements of outcome and treatment bridges identification proce-
dures

Outcome bridge Treatment bridge
Bridge moment ]E[a;ub{—by(w,c) | Z,x2,c] =0 EaxyU —bx(Z,C) | W,C] =0
. T T
Informativeness 305t awy = ayy AUstYayzy =axy
. T T
Bridge by (W,C):=0 W —0 awcC I:=axz+¥
bx(Z2,0):=IIZ—-MazcC
Auxiliary quantity Yi=ayw + 60 V:i=X—-bx(Z,C)
Rank condition(s) rank(]E[cov ((x, W), 2 | C)]) = dim(X) + dim(W) rank (]E[cov(.?(7 V| C)]) = dim(X)

rank(E[cov(w, Z | C)]) = dim(Z2)

Moment equation(s) Eflcov(Y, Z | C)] = E[cov(X, Z | C)] B+ E[cov(W, Z | C)] ¥ E[cov(W, X | C)] = E[cov(W, Z | C)] '
Elcov(Y,V | C)] = E[cov(X,V | C)] B

This appendix contrasts the outcome bridge and treatment bridge identification strategies in-
troduced in Sections 2.1-2.2, and discusses when one may be preferable in practice. Observe a
summary portrayed in Figure 1. We also describe how both strategies can be combined, either as a
diagnostic device or via stacked GMM.

Both bridges aim to identify the same structural parameter [ in (1), but they remove confounding
in different places. Outcome bridges “repair” the outcome equation by augmenting the residual;
treatment bridges “repair” the treatment equation by constructing a deconfounded treatment residual.

The outcome bridge moment system is a single IV/GMM system for the augmented block
(X, W) instrumented by Z (after residualizing on C). The treatment bridge strategy is naturally
sequential: it first uses (JV, Z) moments to learn the bridge parameter II (hence to construct )), and
then uses V to identify /3 through an IV-like covariance equation.

How they relate and when one may be preferable Neither bridge dominates the other: they rely
on different informativeness and rank conditions, and one may be plausible when the other is not.
When to prefer either outcome or treatment bridge? We have three options.

1. Prefer outcome bridge when Z is “rich” for (X, W). outcome bridge estimation is most
attractive when Z provides enough independent variation to span the augmented block (X', W)
after conditioning on C (heuristically, d, 2 d, + d,, and the matrix E[cov(Z, (X, W) | C)] is
well-conditioned). Outcome bridge is then a single-step GMM/2SLS estimator for (3, ).

2. Prefer treatment bridge when (W, Z) is well-conditioned but Z is not large enough to span
(X,W). treatment bridge estimation can be preferable when E[cov(W, Z | C)] is well-
conditioned so that IT can be learned reliably, and when E[cov(V, X | C)] is nonsingular
so that (3 is identified from the deconfounded residual V.

3. If both are feasible, use them as a stability check. When both sets of assumptions appear
plausible, comparing estimators for both bridges is a useful diagnostic: large discrepancies
suggest failure of at least one set of bridge assumptions, misspecification of the linear bridge
class, or mishandling of controls.

Interpretation of overidentification under stacking. Rejection of the stacked Hansen .J test in-
dicates that at least one set of moment restrictions is violated. Unlike classical IV, this should be
interpreted as evidence against the joint validity of: (i) proxy exclusion structure, (ii) linear bridge
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specification, and/or (iii) correct handling of controls C. Acceptance does not prove assumptions,
but provides a useful internal consistency check when multiple proxy blocks are available.

Relation to S-only identification. Both strategies admit relaxations in which nuisance parameters
are not uniquely identified but § is. For the outcome bridge, this can be achieved by projecting
out the nuisance span associated with E[cov(Z, W | C)] (Appendix B.2). On the treatment bridge
side, relaxations typically involve identifying only the components of II that are learnable from
E[cov(W, Z | C)] and constructing ) from the corresponding projected proxy variation (also dis-
cussed in Appendix B.2).

B.4. Relation to IV and I'V-style diagnostics

Conditional IV. Assume treatment X and outcome Y are confounded by a hidden variable U, and
there exists control variable C and an exogenous instrument Z. Under IV conditions (Z is related to
Y only through X, and observables conditionally independent of If) (e.g. Henckel (2021); Thams
et al. (2024)), the target coefficient (3 satisfies

E[COV(Y —BTx, T c)} —0, (33)

and is uniquely identified if rank (E[cov(X,Z | C)]) = dx.

Outcome bridge as IV on an augmented regressor block. Outcome bridge PVR yields the pop-
ulation moment equation

E [cov(y BT —9TW, Z| c)} —0, (34)

equivalently,
El[cov(Z,Y | C)] = E[cov(Z,X | C)] B + E[cov(Z,W | C)] V.

This is precisely the [IV/GMM moment system for the augmented endogenous regressor block R :=
(X, W) with instrument block Z, after residualizing on C.

Exogeneity vs. bridge cancellation. In IV, 7 is required to be orthogonal to the structural residual
so that (33) holds directly. In PVR, Z may correlate with latent confounding; instead, the proxy
block W is used to form an augmented residual Y — 3T X — 9T that is orthogonal to Z in the
conditional-covariance sense (34). Thus PVR replaces instrument exogeneity by proxy validity and
bridge-existence conditions.

Rank conditions and dimensionality. In IV, uniqueness typically requires d; > dx and full row
rank of E[cov(X,Z | C)]. In OB-PVR, joint uniqueness of (3,v) requires that Z spans the aug-
mented block (X', W), i.e. full rank of E[cov(Z, (X', W) | C)]. If one is only interested in 3, weaker
conditions may suffice by projecting out the nuisance ¥/ component (see Theorem 21).

Treatment bridge as a generated instrument. treatment bridge PVR constructs V = X —
bx(Z,C) such that

E[cov(v, ¥ - 5T | ¢)] =0.

This is formally an IV moment condition with instrument V), but V is not observed and must be
estimated through the bridge. As a result, inference must account for first-stage uncertainty (e.g. via
stacked GMM).
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I'V-style diagnostics for OB-PVR (interpretation changes). Because (34) is a standard linear
GMM/2SLS moment system for (X', V) instrumented by Z, many IV diagnostics apply directly to
theoutcome bridgeestimating equations. For example, Hansen’s J statistic tests the overidentifying
restrictions, but rejection should be interpreted as evidence against the joint validity of proxy/bridge/control
assumptions rather than against instrument exogeneity alone. Similarly, rank and weak-identification
diagnostics (e.g. Kleibergen—Paap type tests) assess whether Z provides sufficiently informative vari-

ation for the augmented block (X', W) after conditioning on C. In the same manner, Hausman test
could be applied, among others.

B.5. Relation to nuisance instrumental variables (NIV)

Recent work on conditional instrumental variables introduces nuisance instrumental variables (NIV)
as an extension of I'V in which identification is achieved by augmenting the outcome regression with
additional nuisance regressors (see, e.g., Thams et al., 2024). At the level of moment equations, NIV
is closely related to our outcome bridge PVR moment system. At the level of graphs and identifying
assumptions, however, the two approaches differ substantially.

NIV moment equation. Let Z denote an instrument block, X the treatment block of interest, Zn
a block of nuisance regressors (“N” for nuisance), C a conditioning set, and Y the outcome. NIV
posits that /3 satisfies the moment equation

Jasit. E[COV(Y _BTx—a'Zy, T| c)} —0, (35)

and [ is identified by NIV if it is the unique S for which (35) can hold (equivalently, if IV conditions
hold for the augmented regressor block (X, Zx)).

Outcome bridge PVR has the same algebraic form. Our outcome bridge PVR moment equation
can be written as
Ecov(v = 8Tx =9TW, Z|C)| =0, (36)

which is identical in form to (35) under the correspondence 7 = Z, ZN = W, C =
C, a = 9. Thus, from the perspective of linear GMM/2SLS estimation, outcome bridge PV is a
nuisance-IV problem for the augmented regressor block (X', V) instrumented by Z after residualiz-
ing on C.

Key difference: why does the nuisance term exist? Despite the formal similarity of (35) and
(36), the underlying identifying logic is different.

e In NIV, the nuisance regressor Zy is introduced to absorb a violation of IV validity (e.g.,
an instrument-to-outcome path through Zy). The coefficient o has the interpretation of a
regression/structural coefficient on the observed nuisance regressor in the outcome equation,
and the instrument 7 is required to satisfy an exclusion-type condition for the augmented
regression.

+ In outcome bridge-PV, the additional term 9TV is not introduced to block a direct path
Z — Y (indeed, Z is excluded from the structural equation for Y in (1)). Instead, Z is
allowed to be confounded (correlated with Uf), and VV is an outcome-side proxy used to cancel
the confounding channel in the moment equation via the bridge condition. Consequently,
generally mixes the direct effect of YW on Y (through ayyy) and the confounding-correction
component (through 6), and should not be interpreted as a causal effect of WWon Y.
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Graphs and assumptions: complementary rather than nested. NIV is formulated in terms of
observed-variable graphical conditions (IV-style d-separation) for an augmented regressor set. In
contrast, PVR is designed for settings with an unobserved confounder U and two proxy blocks
(W, Z) satisfying cross-side exclusion and informativeness conditions. Accordingly, there are set-
tings where NIV applies but PVR does not (e.g., credible instruments exist and nuisance regressors
are observed), and vice versa (e.g., no credible instrument exists, but proxy blocks for I/ exist).

Rank/dimension conditions: the same linear-algebra requirement on an augmented block.
Both NIV and outcome bridge-PV require that the “instrument” block has enough independent vari-
ation for an augmented regressor block. For NIV, this is a rank condition on E[cov((X, Zy),Z | C)].
For outcome bridge-PV, it is Assumption 4, i.e. a rank condition on E[cov((X', W), Z | C)]. In both
cases, the moment equation is a linear system in the augmented coefficients.

Appendix C. Discussion for Section 3

C.1. Bank of hinge examples

There are seven canonical cases of possible arrows orientations that create collider-mediator between
the sides. We portray them in Figure 3.

Appendix D. Discussion for Section 4

D.1. Nuisance IV versus Nuisance PV

This paper’s nuisance proximal variables (NPV) are conceptually related to nuisance instrumental
variables (NIV) in linear IV settings (Thams et al., 2024). We briefly compare the two to clarify (i)
what is inherited from the IV logic and (ii) what is genuinely proximal-specific.

Nuisance IV (NIV): moment closure by adding nuisance regressors. Consider a linear SCM
with outcome Y, target regressors X, instruments Z, and a conditioning set C. In conditional IV
(IV), one requires that (a) Z is conditionally exogenous for the X — Y effect after removing the
direct ¥ — Y edges (graphically: Z and Y are d-separated given C in the edge-deleted graph), (b)
C contains no descendants of X or Y, and (c) a rank/relevance condition such as rank{E[cov(X, T |
C)]} = dx. Under these conditions, /3 is the unique solution to the IV moment equation

Elcov(Y — 8TX,Z|C)] =0.
NIV extends this by allowing a nuisance regressor block Z and solving
Ja st Eleov(Y —TX —a'Z,T|0)] =0, (37

with 3 identified if it is the unique value for which some o makes (37) hold. Operationally, NIV
corresponds to applying IV to the enlarged regressor block N := (X7, ZT)T and then extracting
the component /3 associated with X’

Nuisance PV (NPV-OB): the analogous closed moment system. In our outcome bridge setting,
the role of the IV instrument is played by the opposite-side proxy block Z through moment restric-
tions of the form E[cov(Z,- | C)] (here C is the proximal conditioning set). With an observed hinge
H, we form the nuisance block N := (W', H )T and obtain (Section 4.1)

Mzy = MzxfB + Mznv", (38)
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(a) ( (©) d
(Z, W) channel closed [open]  (Z, W) channel closed [open] (Z, W) channel open [closed] (Z, W) channel open [closed]
(Y, Z) channel open [closed] (W, X) channel open [closed] (Y, Z) channel closed [open] (W, X) channel closed [open]
conditioned by H [2]. conditioned by H [2]. conditioned by H [2]. conditioned by H [@].

(e) ® (2)

(Z,W) and (X, W) channel (Z,W) and (Y, Z) channel (Z, W) channel open [closed]
open [closed] (Y, Z) channel open [closed] (X, W) channel (X, W) and (Y, Z) channel
closed [open] conditioned by H closed [open] conditioned by H closed [open] conditioned by H
(2] (2] [@]1.

Figure 3: Characterization of all canonical hinge cases. Purple, bold arrows denote hinge edges
incident to H. Dashed gray arrows indicate edges from the unobserved /. The nodes repre-
sent treatment side, and the the outcome side. Some of the black edges could have different
orientation, as long as they do not create any cycles.
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where My = E[cov(Z,Y | C)], Mzx := E[cov(Z,X | C)], Mzn := Elcov(Z,N | C)]. This is
the direct analogue of (37): Z (proxy) plays the role of Z (instrument), and N' = (W, H) plays the
role of the nuisance regressor block. The key subtlety is that, unlike NIV, (38) does not follow from a
graphical exclusion alone: the proximal bridge residual contains proxy noises, so hinge mechanisms
can induce E[cov(Z, &y | C)] # 0 even when structural errors are independent. Our Assumption 11
is exactly the condition under which the moment equation closes in the nuisance span: the hinge-
induced violation lies in col(Mzy ), so it can be absorbed into v* as in (38).

Rank/relevance: IV relevance vs. projected relevance. In NIV, identification of 3 is obtained
from a relevance condition on the instrument—regressor covariance operator (e.g. rank{E[cov(X,Z |
C)]} = dx). In NPV-OB, the analogous requirement is that Mz x remains injective modulo the
nuisance span col(Mzy) (Assumption 12): after accounting for nuisance directions, there must
remain enough Z-variation that moves X to identify 3. This is the proximal analogue of a weak-
instrument/weak-identification condition: near failure corresponds to ill-conditioning and variance
amplification.

What is genuinely different in PV relative to IV? The nuisance-regressor idea is shared, but
PV has an additional failure mode: noise endogeneity in bridge residuals. In IV, the moment
E[cov(Z,ey | C)] = 0 is ensured by exclusion (d-separation + no descendant conditioning). In
PV, bridge construction introduces proxy noises (e.g. £y = €y — 0 eyy), and hinges can make these
proxy noises depend on opposite-side variables even without conditioning on H. The nuisance-span
assumptions in NPV (Assumption 11 for OB, and analogues for TB stages) should therefore be read
as the proximal counterpart of “no bypass endogeneity”: any hinge-induced cross-side dependence
must be routed through observed nuisance variables so that it can be absorbed (as in NIV) rather than
generating violations in directions orthogonal to the nuisance span.

D.2. Example of sufficient graphical condition/shared noises for Section 4.3

Recall that in NPV-OB we use the nuisance block N := (W', HT)T and the hinge-free (outcome
bridge) rewriting Y = "X + N + 6 C + &y, so that the Z-moment equation is

Mzy = MzxB + Mzn7y + Anoise, Apoise := E[cov(Z, &y | C)].
Assumption 11 requires Apise € col(Mzy).

Expanded-noise representation. Lete = (eq,...,e,,) " collect mutually independent noises. In
a linear acyclic SCM, every C-residualized observed variable (denoted with a tilde over the variable
residualized) is a linear function of e. In particular, we may write

Z =Bge, N = Bye, Ey =b'e, (39)

for some matrices By € R42*™ By € RIN*™ and vector b € R™. Let ¥ := E[ee']; under
independence of noises, . is diagonal.
Define the set of indices of shared information between Z and &y :

S = {j S [m] : (BZ):,j 7'5 0 and bj 75 0}.

Graphically, j € S means that the exogenous node e; is an ancestor of both Z and the bridge residual
noise €y in the expanded noise graph.

27



DRAZKOWSKI

In the following proposition, for an index set S C [m] := {1,...,m} and a vector v € R™,
write vg € RIS! for the subvector formed by the coordinates (v;) jes (in increasing index order). For
amatrix A € RP*™, write A. g € RP* 51 for the submatrix formed by the columns of A indexed by
S. We abbreviate A. g as Ag when there is no ambiguity. In particular, for By € RINXT e write
By :=(Bn).s € RIN*IS| and for b € R™ we write bg € RIS,

Proposition 26 (A sufficient “‘shared noise’’ condition for Assumption 11) Assume (39) holds and
Y is diagonal with strictly positive diagonal entries on S. If there exists A € RN such that

bs = By s, (40)
then the nuisance-span condition holds:
Apoise = E[cov(Z, €y | C)] € col(Mzy) = col(E[cov(Z,N ] C)])
Proof Since Z = Bye, N = Bye,and &y = b e,
Myy =E[ZN"] = BzEBj,  Anoise = E[Z&y] = B,%b.

Because X is diagonal and positive on S, the identity Bz3b = B ZEB]—\F,/\ holds whenever bg =
B;[’ gA (components outside .S do not contribute to B7Xb because (Bz). ; = 0 there). Thus,

Apoise = BzYb = BzYXBiA = Myn\ € col(Myy),
which is exactly Assumption 11. |
Corollary 27 (A rank-based sufficient condition) Under the conditions of Proposition 26, if By g

has full row rank (i.e., rank(By s) = |S]), then (40) holds for every bs, and hence Assumption 11
holds.

Interpretation. Proposition 26 makes the “no bypass mechanism” intuition precise. In linear
SCMs with independent noises, Aise can only arise from shared exogenous noises that reach both
Z and €y (i.e., S). Condition (40) requires that the mixture of these shared noises appearing in
€y is linearly representable from the nuisance block N = (W, H). Equivalently, every exogenous
common cause of Z and £y must also be “visible” through A in a way rich enough to reproduce the
shared-noise contribution to €y. If there exists an exogenous noise that affects Z and £y but does
not load into V' (or loads into V' in a way that cannot represent bg), then Assumption 11 can fail.

A concrete hinge example where Assumption 11 is automatic (single-noise case). A particularly
simple and common special case is when the only shared noise that can create Z—¢y dependence
is the outcome-proxy noise £y (e.g., because hinge pathways make Z a descendant of WW-noise
in reduced form, while £y contains ey through €y = ey — 9T5W). Then S is one-dimensional.
Since W is a component of N/, ey necessarily loads into A/ (through W), so By g has rank 1 and
Corollary 27 implies Assumption 11 holds. Intuitively: in the one-noise case, any Z—£y correla-
tion induced by ey must already appear in the Z-WV (hence Z—N/) cross-moment, so it lies in the
nuisance span.
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Analogues for Assumptions 14 and 17. The same argument applies verbatim to the treatment
bridge nuisance-span assumptions: replace (Z, N,y ) by (W, H, Ex) for Assumption 14 (Stage 1),
and by (V, V, aiT/UU + ey ) for Assumption 17 (Stage 2), with the corresponding shared-noise sets.

Appendix E. Details of the experiments for Section 5
The simulation is parameterized to allow smooth sweeps that separately control:

1. Projected identifying signal / weak identification: reduces the component of Z that moves
X outside the nuisance span generated by (W, H).

2. Span violation (bypass dependence): introduces an additional latent factor that affects (Z,Y)
but is not transmitted through (W, H), so the hinge-induced deviation no longer lies in the nui-
sance span.

3. Hinge strength (direct impact): scales how strongly # enters (X,Y").

4. Collider/noise-endogeneity strength: scales how strongly the proxy blocks are coupled through
‘H, amplifying collider-induced cross-side noise dependence (especially when conditioning on
H).

Latent and proxy equations. Letl{ ~ N(0, 1) and let all exogenous noises be jointly independent
and Gaussian. We generate

W= 1U + ew, Zpar =1 + €7,
The hinge is a collider between the (aggregated) proxy sides:
H = GWW+ aZ7par + €mH,

where W and 7par denote within-block averages (a scalar summary). We then create a hinge-
descendant proxy component

Zonw = U + agzH + EZu>
and an exogenous “good” component Zgood = €Z,,04-
Treatment and outcome. The treatment depends on U, on all Z components, and directly on the
hinge:
X = qu + bpaerar + bchZch + bgoongood + bHH + €x.
The outcome is
Y = BX 4+ ywU + vyugH + ey,
with target 3 fixed (e.g. S = 1) across all experiments. We simulate each setup 200 times.
Experiment 1 (sanity check; finite-sample distributions). We fix a baseline hinge SCM (OB)
in which  has both a direct effect and a collider role. We estimate (3 using all three methods and
report violin plots of RMSE of 5 — 8 for n € {100, 1000,10000}. This experiment checks: (i)
bias and variance under direct hinge impact (ignore-H fails), (ii) potential collider-induced noise

endogeneity under conditioning (condition-H can fail), and (iii) consistency of nuisance PV under
its assumptions (error concentrates near zero as 1 grows).

29



DRAZKOWSKI

Experiment 2 (robustness to nuisance-span violation). Using the OB hinge SCM, we introduce
the latent factor S that affects (Zg004, Y') but bypasses (W, H) and sweep the span-violation strength
s from 0 upward. We plot mean error with =1 SD bands at a fixed sample size. This directly tests the
necessity of the nuisance-span condition: nuisance PV should be accurate near s = 0 and degrade as
s increases.

To test the necessity of the nuisance-span condition, we inject an additional latent factor .S that
induces cross-side dependence not transmitted through the observed nuisance block (W, #H). Con-
cretely, we draw S ~ A (0, 1) independent of all other exogenous noises and modify

Zgood < Zgood + 5 - 1S, Y+« Y 45755,

where s > 0 is a scalar “span-violation strength” parameter. For s = 0, the nuisance-span con-
dition is satisfied in this construction; increasing s introduces a component of A, ;s aligned with
Zgood but orthogonal to the nuisance span generated by (W, H), so nuisance PV is expected to fail
progressively.

Experiment 3 (direct hinge-strength). We scale the direct hinge coefficients (b, vr) « ¢ -
(brr,vm) and sweep t. This isolates the direct-impact component: ignore-H becomes more biased
with ¢, while nuisance PV should remain stable (provided the nuisance-span condition continues to
hold).

Experiment 4 (collider/noise-endogeneity). We scale the hinge collider mechanism (aw,az,agz) <
¢ (aw,az,amz) and sweep c. This isolates the noise-endogeneity component created by the hinge.
Conditioning on H is expected to be sensitive to ¢ because it activates collider paths, while nuisance

PV remains stable as long as the induced violation is confined to the nuisance span.

Appendix F. Further discussion

F.1. Extension to non-linear settings

Relaxation of full linear-SCM assumptions. Although our exposition uses purely linear SCMs,
the identification proofs for NPV are ultimately moment-based (which have no such restriction).
In particular, to focus attention, NPV-OB identifies 5 whenever the closed conditional-covariance
system Mzy = Mzx [ + Mzn~* holds (for some v*) and Mz x is injective modulo col(Mzy);
see Theorem 13. Our results extend to settings where the equation containing the target parame-
ter is linear in (X, ) with N' = (W, H), while the remaining subprocesses (X, Z, W, H) may
follow arbitrary (possibly nonlinear) mechanisms, provided the relevant second moments exist. In
this “semilinear” regime the nuisance span remains the finite-dimensional subspace col(Mzy) with
Myzn = E[cov(Z,N | C)]. Precisely, we summarise it in Proposition 28. A fully nonparametric
extension (nonlinear bridges) would likely replace col(Mz ) by an operator range in function space
and requires additional completeness/range conditions and regularization, which we leave for fu-
ture work. Informally, the completeness/range condition would be analogues of span, as they would
expresses that the variation of unobserved confounders is expressed by variation in proxy variables.

Proposition 28 (NPV-OB identification beyond linear SCMs (semilinear moment formulation))
Let (Y,X,Z,W,H,C) be i.i.d. with finite second moments and define N' :== WT,H")" and
Map :=Elcov(A4, B | C)]. Assume:
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(i) (Semilinear outcome equation) There exist 3 € R%, v € R and a measurable r(C) such
that
Y =B8TX+~4N +7(C) +e,

with E[e | C] = 0 (no restriction on dependence between c and Z beyond (ii)).

(ii) (Nuisance-span closure) The induced endogeneity vector A := Elcov(Z,e | C)] satisfies
A€ COI(M A N)-

(iii) (Projected relevance) Mz x is injective modulo col(Mzy), i.e., Mzxb € col(Mzyn) = b= 0.

Then (3 is uniquely identified as the unique value for which there exists v* satisfying Mzy =
Mzx B+ Mznv™.

We discuss more explicitly two versions of setups/assumptions that lead to identification in the
following. They differ in the point of treating the assumption about informativeness or bridge ex-
istence as a primitive object. Many of the proximal causal inference papers assume the existence
of the bridge as the primitive assumption (see Kallus et al., 2021; Guo et al., 2025, for a discussion
about assumptions used in proximal causal inference).

Semilinear SCM extension with informativeness. The linear SCM in Section 2 is a sufficient
(but not necessary) structure for our moment-based identification arguments. To separate what is
essential from what is merely convenient, consider the following semilinear SCM in which only the
equation containing the target parameter is required to be linear.

Let (Y, X, Z, W, H,C) be i.i.d. with finite second moments and let &/ be an unobserved con-
founder. Assume:

W =mw(C)+ Awul + ew, 41
Z=mgz(C)+ AzvU + €z, (42)
H=fu(Z,W,C,U,cp), (43)
X=fx(ZW,H,CU,5cex), 44)
Y = 8T X 4+ ayyW + ay g H +my (C) + ayyU + ey, (45)

where myy, myz, my are arbitrary measurable functions and f7, fx are arbitrary measurable func-
tions (subject only to acyclicity / well-definedness). Thus, the joint law of (Z, W, H,X') given
(C,U) may be highly nonlinear.

We retain the outcome informativeness requirement in the same linear-algebraic form as before:

30 € R™ s.t. ayy = Apyysf. (46)
Under (46), the I/-term in (45) can be rewritten using (41):
oy =0T Al =0T (W — mw (C) — ew).
Substituting into (45) yields the reduced-form partially linear outcome equation

Y =8TX + (ayw +0) "W+ oy g1+ (my(C) — 0 mw(C)) + (ey — 0 ew), (47
=N =:r(C) =
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where N := (W', H")T and E[e | C] = 0.

Equation (47) shows that, for NPV-OB, the key requirement is partial linearity of Y in (X, N);
the remaining mechanisms generating (Z,, H, X’) can be arbitrary. Identification then proceeds
from conditional-covariance moments together with the nuisance-span and projected-relevance con-
ditions of Section 4.1.

Semilinear extension without informativeness. An alternative (strictly weaker in terms of struc-
tural interpretation, but more agnostic about data-generating mechanisms) is to posit the semilinear
representation directly, without introducing /.

Let (Y, X, Z,W,H,C) be ii.d. with finite second moments and define N’ := (W' ,H")T.
Assume there exist (3, ) and a measurable function 7(C) such that

Y =8"X+7y"N+7rC)+e,  Ef|C]=0. (48)

No structural restrictions are imposed on how (Z, W, H, X') are generated beyond existence of the
moments used below.
Taking E[cov(Z, - | C)] of (48) gives

MZY:MZX,B‘FMZN'Y‘FA, A::E[COV(Z,E‘C)].

The NPV-OB nuisance-span condition requires A € col(Mzy), so that the system closes as Mzy =
Myzx 8+ Mzn~* for some v*. Under projected relevance (M x injective modulo col(Mzy)), 5
is uniquely identified (Proposition 28).

Nonlinear outcome and bridges The extension to nonlinear outcome model and bridges is non-
trivial and most likley requires assumption about range of a conditional expectation operator map-
ping the nuisance, completeness/injectivity conditions to ensure existence/uniqueness of the non-
linear bridge and estimation would require regularization to solve the ill-posedness of the intergal
equation.

F.2. Practical NPV workflow and diagnostics

This section is meant to describe a practical protocol for estimation and diagnostics when fitting
proximal variables regression in possible presence of hinges. First, we summarize when an observed
variable H is expected to break standard proximal moment conditions. Second, we provide an ex-
plicit step-by-step procedure for estimating $ with Nuisance Proximal Variables (NPV). Both of the
algorithms at core require only linear algebra software packages (optionally any standard non-linear
regression model software). Third, we discuss how to choose between the outcome and treatment
bridges. Fourth we list post-estimation diagnostic tools. As these are analogues of instrumental vari-
ables diagnostic tools (but with a different interpretation), the software that is used for instrumental
variables will suffice.

F.2.1. WHEN IS A HINGE A PROBLEM?

Domain knowledge hints at a hinge. One could use domain knowledge to understand if the hinge
is present. Hinges are most plausible when: (i) H is downstream of both proxy blocks (or their
summaries), e.g. operational decisions that depend on multiple streams of information, and simulta-
neously (ii) H is upstream of (or structurally enters) X and/or Y, e.g. it changes allocation, measure-
ment timing, access, or downstream processes. This is common for variables like triage/assignment
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rules, timing/administration variables, routing decisions, and process-control settings. That is be-
cause the proximal cross-side assumption is violated precisely when H has a dual role: mediator-
like (it transmits information across proxy sides and/or into (X, Y")) and collider-like (it aggregates
information from both sides so that conditioning can activate cross-side dependence).

Data-driven hints at a hinge. We need to stress that because U{ is unobserved, hinges cannot be
detected conclusively from observational moments alone. However, the following checks often flag
hinge-like behavior (but are only heuristics at most):

1. H looks collider-like: both proxy sides help predict H beyond C. Concretely, regress H on
(Z,C) and on (W, C) (or jointly on (Z, W, C)). If H is strongly predicted by both sides, it is
consistent with H being a collider/aggregator.

2. ‘H looks mediator-like: H helps predict & and/or Y beyond C (and often beyond one proxy
side). Regress X on (C,H) and Y on (C,H) (and optionally add one proxy block) and test
whether H has non-negligible predictive power.

3. Instability under “ignore vs condition”. Compute a baseline proximal estimate two ways:
(i) ignore H (use S = C), and (ii) condition on H (use S = (C,#)). Large changes in B
across (i) and (ii) are consistent with the two hinge failure modes: mediator leakage (i) and
collider-induced noise endogeneity (ii).

4. Cross-side dependence changes when adding 7. Compute a summary dependence measure
between the residualized proxy blocks, e.g. correlations between Z and W (after residualizing
on C), and compare to residualizing on (C,#). A marked increase after conditioning on #
is consistent with collider activation; a marked decrease is consistent with mediation being
blocked.

F.2.2. ALGORITHMIC STEPS: HINGE-ROBUST OUTCOME BRIDGE (NPV-OB)
NPV-OB targets the closed nuisance-augmented moment equation (Section 4.1):
mzy = MzxB + Mzny*, N:=WT" H)T,

under the nuisance-span and projected-rank conditions (Assumptions 11 and 12).

F.2.3. ALGORITHMIC STEPS: HINGE-ROBUST TREATMENT BRIDGE (NPV-TB)

NPV-TB is two-stage (Section 4.2): Stage 1 identifies IIz (the coefficient used to deconfound X)
modulo the hinge span, and Stage 2 identifies 8 modulo the nuisance span using the generated
residual V.

Inference note. Because V is a generated regressor, standard errors should account for Stage 1
estimation. A practical approach is stacked GMM using the Stage 1 and Stage 2 moments jointly
(analogous to IV with generated instruments), with a heteroskedastic-robust sandwich variance. Al-
ternatively, a nonparametric bootstrap over observations is straightforward in linear implementations.

F.2.4. WHEN TO PREFER NPV-OB vs NPV-TB?

NPV-OB and NPV-TB identify the same structural target 3, but they impose different informative-
ness assumptions (Assumptions 2 vs 7) and consume identifying variation in different places.
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Algorithm 1 NPV-OB (hinge-robust outcome bridge)

Input: i.i.d. data {()/u X, Zi Wi, Hi, Cl)}?zl

Output: Estimate B of the causal effect 3.

Step 0 (residualize on C). Estimate m4(C) := E[A | C] for each A € {Y, X, Z, W, H} (linear or
non-linear regression), and set A=A, — 1 A(Cy).

Step 1 (form the nuisance block). Set \; := (WZT , 7:[;r )T

Step 2 (estimate moment matrices). Compute sample analogs

A IR In s o7 o I n s o
mzy ZZnZ;ZiYi, Mzx ::nz;ZiXi’ Mzn I:nZ;Zz‘-/\/i-
1= 1= 1=

Step 3 (project out the nuisance span). Form the projector onto col(M ZN)

]3]# = Iy, —MZN(MZTNMZN)TMZTN'

Step 4 (solve for ). Solve the projected system

Piingy = PyMyx B, eg. [:=(PyMzx) (Pyigy).

Prefer NPV-OB when Z is “large/strong” for (X, \). NPV-OB treats Z as the moment (in-
strument) block and uses ' = (W, H) as nuisance regressors. It tends to be favorable when: (i)
d, is large relative to d, and the nuisance span induced by N, (ii) the projected operator PﬁM 7X
is well-conditioned (“not weak’ in econometrics terms), and (iii) the outcome-side informativeness
assumption (existence of 6 with ayy = OJVUH) is substantively plausible. It is also a one-shot
procedure (no generated V), so it is somewhat typically simpler to implement and diagnose.

Prefer NPV-TB when (W, Z) is “strong” but Z is not rich enough to span (X, N). NPV-
TB uses W to learn IIz (after removing the hinge span), then uses )V as a deconfounded treat-
ment variation to identify 8 modulo nuisance. It tends to be favorable when: (i) pﬁMW 7 is well-
conditioned (so Iz is learnable modulo the hinge span), (ii) P‘}NMV x 1s well-conditioned (so [ is
learnable modulo the nuisance span), and (iii) treatment-side informativeness (existence of ¥ with
axy = VYagy) is more plausible than outcome-side informativeness. NPV-TB is also attractive
when d, is moderate but d,, is sufficiently rich for the Stage 1 regression.

Recommendation in practice. When both routes are feasible, report both NPV-OB and NPV-
TB estimates as a stability check: substantial disagreement is a strong indication of lack of some
assumptions being met (e.g. span violations, weak projected relevance, or bridge misspecification).
When only one route has stable projected operators (see diagnostics below), prefer that route.

F.2.5. POST-ESTIMATION DIAGNOSTICS FOR ESTIMATION IN SECTION 4

Because NPV-OB and NPV-TB are linear (projected) moment estimators, many familiar IV diag-
nostics carry over, with an important interpretational change: rejections/instability indicate failure
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Algorithm 2 NPV-TB (hinge-robust treatment bridge)

Input: i.i.d. data {()/u X, Zi Wi, Hi, Cl)}?zl

Output: Estimate B of the causal effect 3.

Step 0 (residualize on C). As in Algorithm 1, compute A, = A — A(C) for A €
{Y, X, Z, W, H}.

Stage 1: identify 1.

Step 1 (estimate Stage-1 moments). Compute

. 1 - - . 1 - - . 1SN - -
My x ::EZWiXiT, My ::EZWiZZT, My i1 ::EZW/HI.
i=1 =1 =1

Step 2 (project out the hinge span in Stage 1). Form

pﬁj = Idw —MWH(MJ/HMWH)TMI;‘F/H
Step 3 (solve for 117). Solve the projected equation
pﬁMWX = pﬁszf[;, c.g. ﬂ; = (Pﬁsz)T(pﬁwa)

Step 4 (construct the generated residual). Set )N/Z- = XNi —1I 7 Z}.

Stage 2: identify 5 from ) modulo nuisance.
Step 5 (form the nuisance block). Set \; :== W, H)T.
Step 6 (estimate Stage-2 moments). Compute

. 15 . 1nN~TA 1n~~T
nyizn;Vz‘Y;, MVX3:n;ViX@'7 MVNZZn;ViNi-

Step 7 (project out the nuisance span in Stage 2). Form

Py = I, — Myn (M Myy) My

Step 8 (solve for 3). Solve

P&NMVY = P&NMVX B, c.g. B:: (p&NMVX)T(p‘J/‘Nny).

of either of (i) bridge existence (informativeness), (ii) nuisance-span closure of hinge-induced devia-
tions, and (iii) projected relevance (rank/injectivity after removing nuisance spans). The diagnostics
above are therefore best read as checks of these three ingredients rather than classical exclusion
restriction violation.
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1. Overidentification tests (Hansen’s .J). If the moment system is overidentified (e.g. d, ex-
ceeds the dimension of the identified component in NPV-OB), compute the usual GMM J
statistic for the sample moments §(8, %) = Z Zi(Y; — BT X —4TN;). Alarge J suggests
that either: (i) the nuisance-span condition does not hold (the violation is not absorbed by N\),
(ii) the linear bridge class is misspecified, or (iii) the residualization on C is inadequate.

2. Weak-identification / conditioning diagnostics (singular values) NPV identification is con-
trolled by the projected operators:

NPV-OB: PyxMyx,  NPV-TBStage 1: PgMy,, ~ NPV-TB Stage2: PiyMyy.

Compute smallest singular values (or condition numbers) of these matrices. Near-zero singular
values indicate weak identification after removing nuisance spans, implying inflated variance
and sensitivity (direct analogue of weak instruments in IV).

3. “First-stage” strength checks. For NPV-TB, Stage I plays the role of a first stage. Report:
(1) the singular values of PH MW 7, (i1) the stability of 11 7 across resamples (bootstrap), and
(iii) (optionally) out-of-sample predictive performance of X using Z after controlling for
as a descriptive strength measure (not as identification proof).

4. Moment residuals and held-out validation. Especially when m A( ) is learned flexibly, eval-
uate moment residuals on held-out folds: compute g(ﬁ) using B estimated on other folds.
Systematic patterns in residuals indicate misspecification or span violations.

5. Comparative diagnostics: OB vs TB, and ignore vs condition. Report (at least) four esti-
mates: (i) baseline PV ignoring H (S = (), (ii) baseline PV conditioning on H (S = (C, H)),
(iii)) NPV-OB, (iv) NPV-TB. Large dispersion across these estimates is a strong sign of hinge
sensitivity and/or weak projected relevance. Agreement between NPV-OB and NPV-TB is an
internal consistency check.

6. Sensitivity to proxy/nuisance block choices. Because NPV hinges on the nuisance span gen-
erated by N' = (W, H), it is useful to check robustness to reasonable alternative nuisance
specifications: e.g. adding observed candidates that plausibly transmit hinge-induced depen-
dence (extra measurements or timing/process variables), or testing whether dropping/adding
subsets substantially changes B . Large sensitivity suggests that the true violation may not be
captured by the current nuisance span.

F.3. Nuisance span assumptions from Section 4

We note that the nuisance-span assumption is a structural restriction and is not fully testable from
observational data, in the same sense that IV exogeneity or nonparametric completeness assumptions
are not fully testable.

In linear SCMs with independent exogenous shocks, Apgise can only arise from exogenous
shocks that are ancestors of both Z and €y. A sufficient condition for the nuisance-span assumption
is that the contribution of these shared shocks to €y is representable as a linear combination of the
way the same shocks load into the nuisance block N = (W, H) (see Appendix D, Proposition 26
for a formal statement). Intuitively: the nuisance-span assumption is likely to hold when the only
sources of Z-bridge-residual dependence are measurement/processing/operational shocks that also
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affect observed W or the observed hinge H (or are recorded in hinge-related metadata included in
H).

Recall the emergency-care triage (Figure 1a). Let Z be prior utilization, W be admission physi-
ology, and H be an observed triage score. If the main hinge-induced Z-bridge-residual dependence
is driven by recorded aspects of the triage/measurement process (e.g., noisy vitals measurement that
enters W, or recorded triage protocol features contained in f), then the shared information that
induce Ajise also load into N = (W, H), making the nuisance-span assumption plausible. By
contrast, the assumption is likely to fail under a bypass mechanism: for example, an unrecorded
system-level factor (e.g., crowding/staffing pressure or undocumented policy changes) that affects
utilization proxies Z and outcomes (hence the bridge residual) but is not reflected in (W, H) can
induce a component of A use orthogonal to col(Myzy ), in which case NPV-OB can be biased. This
is exactly the failure mode we simulate in Experiment (b) (Section 5), where we inject an additional
latent factor that bypasses (W, H) and observe progressive deterioration of NPV as the violation
Srows.

Lastly, our identification results are exact under a linear SCM and linear bridge class. If the true
data-generating process is nonlinear, then the remainder term £y in Equation (21) may contain ap-
proximation error in addition to exogenous noise, and the induced deviation A,pise = E[cov(Z, £y |
()] may reflect both hinge-induced dependence and bridge misspecification. Such issues are com-
mon in any regression tasks. We discuss a feasible extension of our model to include non-linearities
in Subsection F.1. Moreover, another practical remedy is to interpret NPV as operating in a user-
chosen feature space: by augmenting W, H, Z, X with nonlinear basis expansions (or learned fea-
tures of them) and applying the same projected-moment logic to these features, one can substantially
reduce misspecification while retaining a regression/GMM workflow. Diagnostics based on overi-
dentification and held-out moment residuals then serve as checks of the adequacy of the chosen
feature class (see Subsection F.2.5).

Appendix G. Proofs
G.1. Proofs for Section 2

Notation and preliminaries. For random vectors A, B and covariates C, define the conditional
covariance cov(A, B | C) := E[(A —E[A | C])(B —E[B | C])" | C]. We will repeatedly use two
elementary facts:

(F1) If f(C) is o(C)-measurable, then cov(A, f(C) | C) = 0 almost surely.

(F2) Tower property for orthogonality If E[R | A,C] = 0, then E[(A —E[A | C])R | C] = 0, and
hence E[cov(A, R | C)] = 0. Indeed,

E[(A-E[A | C)R| €] = E[E[(A-E[A | C)R | A,C] | ] = E[(A-E[A| C)E[R| A,C] | €] =0.

We restate error assumptions used in the proofs. We use the standard SCM mean-zero restric-
tions: for each structural equation, Ele; | pa(i)] = 0 where pa(i) are the parents of node ¢, and
additionally we assume the usual independence of noise terms across equations. These imply in
particular Eleyy | Z,X,C] = 0 and E[ez | W,C] = 0 whenever the corresponding arrows are
absent.
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G.1.1. OUTCOME BRIDGE

Proof [Proof of Lemma 3] Assume Assumption 2, i.e., there exists 6 € R% such that ayy = a%UH.
Define
n=—apch €eRE by(W,C):=0"TW+nTC.
Using the structural equation W = ayw gl + awcC + ey we obtain
oy — by (W, C) = (afys0) U —0TW — ' C

= GTQWUU — QT(aWUU + awcC + Ew) - UTC

= fQTOzWCc — QTSW — nTC

= —HTEW,

where the last equality uses n = —aJVCG. Therefore,
E[a;Uu CbyW,0) | 2,X,C| = -0 Elew | 2,X,C] =0,

by the mean-zero property of ey (and its independence from (Z,X) given C). This is exactly
Definition 1, so by is an outcome bridge. |

Proof [Proof of Theorem 5] By Lemma 3, an outcome bridge of the form by W, C) = 8T W +n,'C
exists. Rewrite the outcome equation (1) by adding and subtracting the bridge:

YV =B"X +ayy W+ ayoC +ay U + ey

Define the nuisance coefficient and the (irrelevant) covariate coefficient
ﬁ::ayw—i-HGRdw, 5:=ayc+n€Rdc.

Then the above becomes
Y =8"TX+9"W+46"C+ Ry. (49)

Step 1: Ry is orthogonal to Z given C. By the bridge definition (5),
ElayyU — by (W,C) | Z,X,C] = 0.

Also, by the SCM mean-zero assumption, Eley | Z,X,C] = 0. Hence E[Ry | Z,X,C] = 0, and
by the tower property, E[Ry | Z,C] = 0. Applying (F2) with A = Z and R = Ry yields

E[cov(Z,Ry | C)] = 0.

Step 2: derive the observable moment equation. Take conditional covariance of (49) with Z
given C:

cov(Z,Y | C) = cov(Z,X | C) B+ cov(Z,W | C) Y +cov(Z,5'C|C)+cov(Z,Ry | C).
Taking expectations and using Step 1 gives
Elcov(Z,Y | C)] = E[cov(Z,X | C)] B+ E[cov(Z,W | C)] ¥,
which is (6).

38



BEWARE OF HINGES IN PROXIMAL VARIABLES REGRESSION

Step 3: uniqueness under the rank condition. Let
G :=E[cov(Z,Y | C)] €R%, A:=E[cov(Z, X |C)] € R=*%= B :.=E[cov(Z,W | C)] € R%**w,

Then the moment system is G = AS + B, i.e.,

G=[A B]m.

Assumption 4 states that the matrix [A B] has full column rank d, + d,,. Hence its null space is
trivial: if [A BJv = 0 then v = 0. Therefore, the solution (3, 9) to the above linear system is unique.
In particular, 3 is uniquely identified. |

Outcome bridge: [S-only identification by projection (Appendix B.2) Proof [Proof of Theo-
rem 21] From Theorem 5 (Step 2 of its proof), the population moment equation holds:

G =AB+ Myd, My =Elcov(Z,W|C).

By construction, Pﬁ/ is the orthogonal projector onto col(Myy )+, hence PV%/MW = 0. Left-
multiplying the moment equation by Pv+/ gives

PG = Py AB.

Assumption 20 states that PV%,A has full column rank d,, so the linear system above has a unique
solution for j3. |

G.1.2. TREATMENT BRIDGE

Proof [Proof of Lemma 8] Assume Assumption 7, i.e., there exists ¥ € R *d= gych that o XU =
Wazy. The proxy equation is Z = azcC + azyU + 7. Introduce 11 := axz + V. Define

[:=—Vaze € RE=Xd py(Z2,0):=VZ+TC=VZ — VayC.
Then

axyU —bx(Z,C) = axpld — V(azcC + azpld +ez) + VazcC
= (aXU — \I/OCZU)U — \I’EZ
- _\II€Z7

where the last equality uses axy = Vazy. Therefore,
E[aXUZ/I — bx(Z,C) | W,C] = —\I/E[EZ | W,C] = 0,

by the SCM mean-zero assumption for £ (and its independence from (W, C)). This is exactly (7),
so bx is a treatment bridge. |

Proof [Proof of Theorem 10] Assume Assumptions 7 and 9.
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Part 1: identification of II. Using W = awyld + awceC + ew and X = axcC + axpl +
axzZ + ex, we compute conditional covariances given C. By bilinearity of conditional covariance
and because C-measurable terms drop out,

cov(W, X | C) = cov(W,axpU + axzZ +ex | C)
= covOW,U | C) axyr 4+ coviW, Z | C) axy + coviW,ex | C) .
—
Similarly, since Z = azcC + azyld + ez,

cov(W, Z | C) = cov(OW,U | C) alyy,

because the C term vanishes and the noise term vanishes by independence/mean-zero. Using treat-
ment informativeness axy = Yazy, i.e. a)T(U = agU\IJT, we obtain

covW,U | C) axyy = coviW,U | C) oy BT = cov(W, Z [ C) U .
Substituting into the first display yields
cov(W, X | C) = coviW, Z | C) (¥ +axy) =cov(W, Z | C)TT",
where Il := axz + V. Taking expectations over C gives the population moment equation
E[coviW, X | C)] = E[cov(W, Z | C)|TI". (50)
If E[cov(W, Z | C)] has full column rank (Assumption 9(i)), then II is uniquely identified from (50).

Part 2: identification of 3 via V. Define bx(Z,C) := [1Z — llazcC and V := X — bx(Z,C).
Next Z = azcC + azyU + €z, hence bx (Z,C) = MazyU + Ilez. Using also X = axcC +
axyU + axzZ + cx and substituting Z gives

V = (axc + axzazo)C + (OCXU +axzazy — HaZU)U—l-EX + (axz —Meg.

Since II = axz + V¥ and axy = VYayzy, the U-term cancels: axy + axzazy — lHazy = 0.
Moreover, axz — II = —U, so

V= (Oéxc +aXZazc)C +ex — Vey.

In particular, conditional on C, V is independent of I/, VV, and €y by noise independence. Therefore,
coviV,U | C) =0, cov(V,W | C) =0, and cov(V,ey | C) = 0 almost surely.
Taking conditional covariance of the outcome equation (1) with V' given C yields

coviV,Y | C) = cov(V, X | C) .
Taking expectations gives the population moment equation
Elcov(V,Y | C)] = E[cov(V, X | C)] 5.

If E[cov(V, X' | C)] is nonsingular (Assumption 9(ii)), then /3 is uniquely identified. This concludes.
|
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G.2. Proofs for Section 4
G.2.1. OUTCOME BRIDGE

Lemma 29 (Projected rank vs. injectivity modulo a span) Letr A € R™*? and B € R™** and
let Pg := I, — B(B"B)'BT be the orthogonal projector onto col(B)*. Then the following are
equivalent:

1. rank(Px A) = d (full column rank);
2. Ab € col(B) = b=0forall b€ R? (injectivity of A modulo col(B));

3. col(A) Ncol(B) = {0} after mapping through A (equivalently, no nontrivial linear combina-
tion of columns of A lies in col(B)).

Proof For any v € R™, P&v = 0 if and only if v € col(B), since Pz projects onto col(B)*. Thus
Pz Ab = 0 iff Ab € col(B). Therefore ker(PgA) = {0} iff Ab € col(B) = b = 0. Finally,
ker(Pg A) = {0} is equivalent to rank(Pg A) = d. |

Proof [Proof of Theorem 13] Start from (22) and define
mzy = Elcov(Z,Y | C)], Mgzx :=Elcov(Z,X |C)], N:=WT H)T, My :=E[]cov(Z,N|C)].
Stack v := (9", ;) " and write the moment as
mzy = Mzx+ Mznvy + Anoise, Apoise := Elcov(Z, &y | C)].
By Assumption 11 there exists A such that Appise = Mzn A, so the equation closes as
mzy = Mzx [+ Mznv*, Y=+ A

We now prove uniqueness of 3. Suppose (31,77) and (B2, ~3) both satisfy the closed system. Sub-
tracting gives
Mzx (81 — B2) = Mzn(v3 — 1) € col(Mzn).

Let b := (1 — 2. Then Mzxb € col(Mzy). Assumption 12 (equivalently, by Lemma 29,
rank (P Mzx) = d,) implies b = 0, hence 8, = Sa.

Therefore [ is uniquely identified. Equivalently, left-multiplying the closed system by P]# elimi-
nates Mz ~* and yields the projected equation Pﬁm 7y = P]# Mz x 3, which has a unique solution
under Assumption 12. |

G.2.2. TREATMENT BRIDGE

Proof [Proof of Proposition 16] From (25), define
MWX = E[COV(W, X ‘ C)], MWZ = ]E[COV(W,Z | C)}, MWH = E[COV(W,H | C)],
so that

MWX = szﬂ} + MWH’QE + ATB,l; ATB,l = E[COV(W, Ex ’ C)]

41



DRAZKOWSKI

By Assumption 14, there exists A1 with A7p 1 = My A1, hence the first stage closes as
Mw x :szng-i-MWHFl, I'y:= RE—FAL

To show uniqueness of Iz, suppose (H(Zl) , Fgl)) and (H(ZQ), ng)) both satisfy the closed system.

Subtracting gives
My 7 (H(Zl) — H(ZQ))T = Mwny (Fg2) — Fgl)) S CO](MWH).

Thus for each column b of (H(Zl) — H(Z2))T we have My zb € col(My pr). Assumption 15 (equiva-
lently, rank(PﬁMWZ) = d, by Lemma 29) implies b = 0 for all columns, hence H(Zl) = H(Z2).
Therefore 117 is uniquely identified. |

Proof [Proof of Theorem 19] Step 1 (identify 117). By Proposition 16, under Assumptions 14 and 15
the closed Stage-1 system identifies II 7 uniquely.
Step 2 (construct V). Define V := X — 11z Z (with C-residualization understood). From (24),

V=rgH+TC+Ex.

Under Assumption 7, éx = ex — Yzez contains no direct U component. We do not assume
E[cov(V,U | C)] = 0 in the hinge setting; any remaining U-dependence of V is absorbed into the
second-stage deviation term below.

Step 3 (second-stage closed moment system). Taking E[cov(V,- | C)] of the outcome equation
yields

Myy = Myxf+ Myny + Arp,2,

where Myy := E[cov(V,Y | C)], Myx = Elcov(V,X | C)], Myn := E[cov(V,N | C)],
N =W HD)T, v = (ayy,ay5) ", and

ATB,Q = E[COV(V,O(;T/UU + ey ‘ C)]

By Assumption 17, Arp o € col(My ), so there exists Ao such that App o = My y A2 and hence
the equation closes as

Myy = My x 8 + Mynv*, Y=y A+ A

Step 4 (uniqueness of [3). Suppose (81,77) and (/32,~5) satisfy the closed second-stage system.
Subtracting gives

Myx (81 — f2) = Myn(v5 — 1) € col(Myy).

Letb := 1 — (2. Then My xb € col(My ). Assumption 18 (equivalently, rank(Pﬁ’VMVX) =d;)
implies b = 0, hence 31 = B2. Therefore 3 is uniquely identified. |
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G.3. Proofs for Section F

Proof [Proof of Proposition 28] Let A := A — E[A | C] denote C-residuals. Then for any random
vectors A, B with finite second moments,

Myp :=Efcov(A, B | C)] =E[AB'].

Step 1: Derive the implied Z-moment equation. By Assumption (i), there exist (3, v, ) such
that
Y =8"X4++4"N+r(C)+e, Ef|C]=0.

Residualizing on C gives
Y =8"X+4+~"N+5¢, E:=e—Ee|C]=c¢,

where the last equality uses Efe [ C] = 0.
Multiply by Z and take expectations:

E[ZY]=E[ZX"|B+E[ZNT|y+E[Z4].
Recognizing the definitions,
Mgy = Myzxf+ Mzny+ A,  A:=E[Z& =E[cov(Z,e | C)].

Step 2: Use nuisance-span closure to obtain a closed system. By Assumption (ii), A €
col(Mzy). Hence there exists A such that A = Mzy . Define v* := v + A. Then

Mzy = Mzxp+ Mznv*,

so (3 is feasible for the closed moment system.
Step 3: Prove uniqueness of 3. Suppose 31, B2 are two values such that there exist 77, 75 with

Mzy = Mzxf1+ Mznyy and  Mzy = Mzx P2 + Mznvs.
Subtracting yields

Mzx (81 — B2) = Mzn(v5 — 1) € col(Mzy).

By Assumption (iii) (injectivity of Mzx modulo col(Myzy)), this implies 81 — B2 = 0, hence
B1 = Bo.

Therefore (3 is uniquely identified as the unique value for which there exists v* satisfying Mzy =
Mzx B+ Mznvy* L
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