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ABSTRACT

Current random feature models typically rely on fixed activation functions, lim-
iting their ability to capture diverse patterns in data. To address this, we intro-
duce the Random Feature model with Learnable Activation Functions (RFLAF),
a novel model that significantly enhances the expressivity and interpretability of
traditional random feature (RF) models. We begin by studying the RF model with
a single radial basis function, where we discover a new kernel and provide the
first theoretical analysis on it. By integrating the basis functions with learnable
weights, we show that RFLAF can represent a broad class of random feature mod-
els whose activation functions belong in C.(R). Theoretically, we prove that the
model requires only about twice the parameter number compared to a traditional
RF model to achieve the significant leap in expressivity. Experimentally, RFLAF
demonstrates two key advantages: (1) it performs better across various tasks com-
pared to traditional RF model with the same number of parameters, and (2) the
optimized weights offer interpretability, as the learned activation function can be
directly inferred from these weights. Our model paves the way for developing
more expressive and interpretable frameworks within random feature models.

1 INTRODUCTION

Kernel methods are powerful tools for solving nonlinear learning problems by leveraging kernel
functions to implicitly map data into high-dimensional spaces. However, they can be computation-
ally intensive and lack scalability with large datasets. The random feature (RF) model, introduced
by Rahimi & Rechf (Z008H), offers a solution by approximating kernel functions with a finite num-
ber of random features, allowing the application of linear algorithms while maintaining the kernel’s
essence (LCiefall, ZO2T; Cinefall, PO2T).

Despite their advantages, random feature models typically use a fixed activation function, limiting
their adaptability during data fitting. This rigidity prevents the model from automatically searching
for activation functions for optimal performance across various tasks. Meanwhile, recent work such
as Kolmogorov-Arnold Networks (KANs) (Cin-ef all, P024H) has witnessed the powerful expressiv-
ity and interpretability of the structure of learnable activation functions. Therefore, it is natural to
consider enhancing random feature models by incorporating trainable activation functions.

Current methods involve parametrizing learnable activation functions with splines(Cin-ef-all, P074H;
Fakhoury et all, P(027; Bohra_ef all, P020); Aziznejad & Unset, Z019). However, the piecewise defi-
nition of splines precludes the extraction of a closed-form analytic kernel, hindering the derivation
of theoretical insights. Moreover, models equipped with splines may face difficulty with efficient
convergence. For instance, KANs uses LBFGS with line search instead of common gradient descent
method to boost convergence.

In this paper, we propose the Random Feature models with Learnable Activation Functions
(RFLAF), a innovative random feature model that parametrizes learnable activation functions us-
ing weighted sums of radial basis functions (RBFs) (Section [). RBFs offer several benefits: the
regularity of RBFs allows for the derivation of the kernel’s analytic form, enabling further theoreti-
cal analysis. In addition, RBFs and their derivatives are easily computed, which may facilitate the
convergence of the model. This integration aims to improve the expressivity of the class of random
feature models, while ensuring simple implementation and optimization of the model. Moreover,
the introduction of trainable activation functions naturally adds interpretability to the model. Our
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study offers a comprehensive analysis of the model, covering both its theoretical foundations and
the empirical validations. Our contributions are summarized as follows.

* We identify an unexplored kernel through studying RFLAF of the special case activated by
a single RBF. We provide the first result on the analytic form of this kernel, and investigate
its representation and approximation characteristics. We demonstrate that a single RBF as
activation does not necessarily result in stronger expressivity of the RF model (Section B).

» For general RFLAF, we develop rigorous analyses on approximation and generalization.
Our theories guarantee that our model boosts its representational capacity at a little cost of
less than double parameter number (Section H), and the number of random features only
need to scale with the square root of the sample size (Section B).

» Experimental results verify our theoretical findings (Section B). Our model not only sur-
passes random feature models of other activation functions across different tasks, but is
also simple to implement and shows rapid convergence rate with standard gradient descent
optimizers. RFLAF successfully reveal the unknown activation functions through learning,
presenting superior interpretability.

The rest of the paper is organized as follows. Section D outlines the basics of random feature models
and formally introduces our model. Theoretical analyses for models with the single and combined
RBF activations are provided in Sections B and B respectively. Section B discusses guarantees on
sample complexity, and Section B presents experimental results to validate our theories.

1.1 RELATED WORK

Random feature (RF) models. Random feature model (Rahimi & Rechi, PO0OKH; PZ0O07) is initially
motivated by the fact that randomization is computationally cheaper than optimization (Amif &
Gemanl, T997; Moosmann_ef all, 2006). By virtue of the relations between a kernel and its Fourier
spectral density, random features act as a technique to scale up kernel methods (Copez-Paz et all,
2014; dun et all, PO1; lacot et all, PO1X; [Arora et all, Z0O19h; Zandieh et all, PO21; Du et all, 2O1Y;
Zambon_ef_all, 2020; Choromanski_ef all, P020; Peng et all, 2Z021)). When viewed as a class of
two-layer neural networks with fixed weights in the first layer, random feature models provide deep
insights for partly understanding deep neural networks (Cao-& Gui, P0TY; Arora_ef all, P0194; Mei
ef-all, DO027; Chizaf & Bach, P020). Research effort has been devoted to deriving approximation
and generalization bounds with respect to random feature number and sample size (Sufherfand &
Schneidei, P0TS; Rudi & Rosascd, P0T7). Ciefall (Z02T) contribute to a unified analysis of random
Fourier features.

Learnable activation functions. Several work proposes the notion of learnable activation func-
tion and attempts to combine it into the structure of neural network. Activation functions are
parametrized in a continous way as splines (Lin_ef all, Z074h;a; Fakhoury et all, 2027; Bohra ef all,
2020; Aziznejad & Unsert, 2019), polynomials (Goyal et all, 2019), sigmoid linear unit (Ramachan-
dran_ef all, POT7) and neural network (Zhang et all, 2(022), or in a dicrete way (Bingham & Miikku
[ainen, P077). The similar notion of RBF network introduced by Lowe & Broomhead (T988) is
fundamentally distinct from our model. In our work, RBFs are used for universal approximation,
whereas the RBF network applies them for functional interpolation.

2 PRELIMINARIES

2.1 BASICS ON RANDOM FEATURE MODELS

In this section, we provide some foundations of random feature models (Rahimi_& Rechi, 2007,
P008E) related to our work.

Given a function o(z;w) : X x W — R. Let p be a probability measure on W. The class of
infinite-width random feature model is defined as

F={r: 1w = [ oo, ).



Under review as a conference paper at ICLR 2025

where ’HW {v(w (w)? (dw) < oo} is a Hilbert space with norm |[v|3, =~ =
Sy v(w dw) and inner product U, Uy = [y v(w) " u(w)p(dw). Furthermore, F is endowed
with a norm || - || and the inner product (-, -) z:
, I1f + 9ll% = 1If = gll%
= inf v , ) = .
e = _int o (s ;

Besides, we define the corresponding reproducing kernel K : X x X — R as
Kay) = [ olawlotywu(dv).
w

Define the RKHS induced by this kernel as H g with corresponding norm || - ||, and the inner
product (-, )3, . Generally (Bai& Led, POTY), for any feature map ¢ : X — H (where H is
a Hilbert space) that induces the kernel K, i.e., K(z,y) = (¢(z), ¢(y))%, we have that for any
function f,

= inf ul|y,
£ = ,_ink b

which indicates the equivalence among different feature maps that generate the same kernel.

Finally, we have the following proposition according to (Minhef all, PO0S).

Proposition 2.1 Given the above definition of F and H, we have that (F, |- ||7) = (Hx, || ||12x )-

2.2 PARAMETRIZATION OF ACTIVATION FUNCTIONS AND FINITE-WIDTH APPROXIMATION

Standard random feature models consider the case where the activation function o is a fixed univari-

ate function such as ReLU, and o(x;w) = o(w'x). In this work, we broaden the target function

class where o can be any function in C.(R), namely the continuous functions with compact support.

Let z € R%, and w ~ N(0, I;). For technical convenience, we assume o : R — Rand v : R — R
to be Lipschitz continous. Suppose that o is supported on a bounded closed interval L C R. We
formally define the target function class as

Frnp, = {f: f(@) = Eyon(o,1,) [o(w z)v(w)] 0 € Ce(K), |lollLip < L, |v]|Lip < Lv(%»l

where || - ||ip denotes the Lipschitz constant of a function.

Suppose the target function f = E [o(w z)v(w)] € Fi,r,,. The motivations of our model

are twofold. In the first step, we consider using radial basis functions as basis for approximating
arbitrary activation fucntions. Assume a list of radial basis functions

{Bi(iﬂ) = exp ((932—]%?)2> }ie[N}

with centers ¢; and widths h; set in prior. By integrating B;’s with learnable weights, we propose

N
) :ZGZB T

as the learnable activation function, where a; are learnable parameters. We expect to have that
f(@) = Eyono1,) [6(wT2)v(w)] & f(z). In the second step, we approximate f(z) with the

finite-width random feature model -7 % L0 (W) v(wi) & Eyopno,r,) [0(w!z)v(w)]. As-

sume {wp, }M_, N (0,1;) are sampled. The random feature model with learnable activation
functions is defined as

flasav) = o Z Zal Wi )V, 2.2)

m=1 i=1
where @ = (a1, ...,ay) € RN, v = (vq,...,va7) € RM are learnable parameters. In the following

sections, we will focus on the approximation error between f and f and the sample complexity of
learning.
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3 RANDOM FEATURE MODELS WITH A SINGLE RADIAL BASIS FUNCTION

We first study the random feature model with a single radial basis function, which is a special case
of our model with N = 1. We establish the mathematical foundations of the kernel induced by the
model, including its analytic expression, its representational ablility and the approximation bounds,
and conclude this section by discussing its limitations in expressivity.

The target function of interest admits representation
(@) = Euno,rn [Blw z)v(w)], G.1)

where the activation function B(z) = exp (—(z — ¢)?/(2h?)) is a radial basis function with center
c and width h. The corresponding reproducing kernel is

K(z,2') == Eyono.1,) [Blw' 2)B(w'2")]. (3.2)
The first result presents the explicit expression of the kernel.

Theorem 3.1 Forany x,z’ € RY, we have that

Q

K(z,2') =
Y (e P RN e e e i
(3.3)

The proof is contained in Appendix Bl. Note that the kernel is similar to but different from the
specific category called dot-product kernels (Smaola“ef-all, Z000). Hence, theoretical analysis of this
kernel is lacking in the literature.

Without loss of generality, we assume that ||z||s = ||z'|2 = 1, so that r = (x,2’) € [-1,1].
Then the kernel degenerates into a rotation-invariant kernel (Ciref-all, Z021). We slightly abuse the
notation and define the univariate function K (r) to be the rotation-invariant form of the kernel (B3).

h? 2
K(T) = W exXp - m . (34)

To the best of our knowledge, this work is the first study on kernel (B-4). Hence, we develop rigorous
mathematical results of this kernel from scratch. To obtain the representation theorem of the kernel,
we consider its Taylor expansion.

Theorem 3.2 The rotation-invariant kernel K () has Taylor expansion as

2 o0
K(r) = e Zn' Bn(0) (3.5)

Pi(z), n=2k,

where p = 1;% € [0, 400), and the polynomials are R,,(x) = {in(x), n— 241,

a L= (R i LREFD (R
e =0 G (1) @ =R G (0)

i=0 =0

Therefore, the feature mapping with respect to the kernel (B4) is

R REG) o)
o(z) = <n!(1+h2)n+1$ )n_o.

The proof is contained in Appendix BZ2. Define the represented function class as

Hen = {cp ;SIS R

@(x) = Z<Fnax®n>’ Dc,h(@) < OO} ’

n=0

4

a (L E Rl (2 ) 24
2 (R |22 (2 4 []2||?) — (2, 2")?

)
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where F,, € R?" and

o0

I(1 4+ h2)"t! 2
D, : —————— || Fullf-
h (P h2 Z CQ/ 1 + h2)) || ”F
Then we have the following representation theorem.
Corollary 3.3 For any f € Hep, there exists v : RY — R such that f(z) = E,, [B(w " z)v(w)]
and B, [v(w)?] < Dep(f), where w ~ N (0, 1) and B(x) = exp (— (12_;2)2)

The proof is contained in Appendix B3. Next, we aim to approximate (Bl) using the finite-width

random feature model
L XM
= Z B(w, z)v
m=1

Recall that in (Z1), we assume a mild condition that v is L,-Lipschitz continuous. Because
lo(w)]? < (Jv(0)] + Ly|jw])? < 2v(0)? + 2L2||w]||?. By setting R = /2L2d + 2|v(0)|2, we
have By, a(0,1,) [v(w)ﬂ < R?. Now, we present the approximation error below.

Theorem 3.4 Let v be L,-Lipschitz and R = /2L2d + 2|v(0)|2. Suppose that {w,, }*_, i
N (0, 1), then with probability of at least 1 — §, there exists {v,, }M_| such that

18R+/log (4/9)
\/M )

E; |(z) — (@) <
and

M
1
7 > vp, < 49R%log(2/6),
m=1
where we assume 0 < 1/2. Note that the inequalities hold for whatever distribution x are sampled
from.

The proof is contained in Appendix B4. The proof of Theorem B4 is not trivial, because the
concentration property of |@¢(z) — ¢(z)| may not be uniform over . We use some techiniques to
circumvent this problem.

Implied by Corollary B3, the represented function f must have coefficients || F,[|> = o(1/n"),
indicating a narrow function class. Hence, using a single RBF as the activation function does not
necessarily lead to a leap in expressivity of the RF model. The key step is to combine the RBFs with
learnable weights. The mechanism of learnable activation functions results in evidently enhanced
expressivity of RF models, as we will demonstrate in the next section.

4 RANDOM FEATURE MODELS WITH LEARNABLE ACTIVATION FUNCTIONS

At the beginning of this section, we recall the Gaussian universal approximation theorem in the sense
of C5, norm in (Bacharoglou, PZ010; Nestoridis & Stefanopoulod, 2007). In the notations hereafter,
we denote ¢; and h; as the parameters of the function B;(z) = exp (—(z — ¢;)?/(2h?)).

Gaussian Universal Approximation Theorem (Gaussian UAT). Suppose the target function
o(x) is a continuous function with compact support K. For any € > 0, there exists N > 0 and

{hlv Ci, az} =1 SuCh that
N
- Z a;B;(x
i=1

Inspired by the theorem, for any target function f* € Fx r.1,, we aim to first approximate it with
f(z) =K, [Z aiBi(w’ a:)v(w)} , in which {a; } ;[ are learnable and {c;, h; } ;e[ are set in
prior. To describe ¢; and h; precisely, we partition the support set /C of o.

<e 4.1

oo
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Let the grid number be N. We define the grid points as 1o = infyex @, ynv = sup,cx « and
Yi = Yo+ % (yn —yo) for 1 < i < N —1. The grid size then is |K|/N. The diameter of the support
is |KC| :== yn — yo. Because o is continuous over the compact set &, it is also bounded. Hence,

[o]lec < co. Our first result measures the approximation error between f* and f with respect to the
choice of h; and grid size.

Proposition 4.1 Suppose f* € Fi 1.1, with activation function o. For any € > 0, by setting
€ || < ehy/me €

) AT = A )
AVBLR /10g 16H06H00R N 16\/§||U||OoRlog (8\5!%1\;;%) 4LR

and h; = h, ¢; € [yi_1,vi], there exists {a;}¥| such that

h <

N

o(x) — Z a;B;(x)

i=1

< ¢/R, 4.2)

oo

and N
Z ||| K] Z 2 o HUH K|
<< .
i=1 ol = V2rh Jail” < “27hN

The proof of Proposition Bl is contained in Appendix Cl, the techiniques of which are similar to
those in (Bacharoglou, P0T0; Nestoridis & Stefanopoulod, P007). Note that the Lo bound implies

the L; bound because Zf\; la;] </ Zfil |a;|2v/ N. Hence, we can omit the L; bound hereafter.

Next, we attempt to approximate f with finite-width random feature model. Denote

pi(x) = Eornr(0,12) [Bz(wTI)’U(’LU)] . Pix) = Z B;( m

Then
~ N R N
T) = Zai%(m), flz) = Zai¢z‘($)

Our second result measures the approximation error between f* and f in the sense of L; norm.

Theorem 4.2 Suppose f* € Fi r.r, with activation function o. For all e > 0, under the parameter
settings of Proposition &, let {w,, }M_, e N (0, 1), then with probability of at least 1 — 0, there
exists {a; } N1 and {v,, }M_| such that
18(lllo R + €) iog(4/0) .

/M Y

E. | () - ()] <

and

N 2 2 M
K| 2
2< ||U||oo| 2 <49MR21 =
Zq,:l s D DL e\5)

m=1

where we assume 6 < 1/2.

The proof of Theorem B2 is contained in Appendix 2. Theorem B indicates that to obtain
O(€) approximation error, the model requires M = ©(1/¢?). In the meantime, Proposition BT
indicates that 1/h = ©(1/€)" and N = © (1/eh). Hence, N = © (1/€?) = ©(M). The number
of grid points N should scale with approximately the same order of M. When implementing the
models, one can typically set N < M (see section BH). To compare, the RFLAF model has M + N
parameters, N more than a standard RF model of the same width. Setting N < M as suggested
before, our model gains enhanced expressivity with just a twofold increase in parameter numbers.

'O (-) stands for O(-) but hides the logarithmic terms
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5 GENERALIZATION BOUNDS AND SAMPLE COMPLEXITY OF LEARNING

To complete the theoretical analysis of the model, we introduce the generalization bounds of learning
in this section.

Suppose the data distribution is P and the samples are S = {(z;, )}, Hidp, Suppose the loss
function £(y, y) is p-Lipschitz in § and |¢(0, y)| < p for any y. The population risk and the empirical
risk are defined respectively as

Lo(f) = EvyosltF @)l Ls(f) i= 1 > WS G).)

The minimizer of the population risk is

f*:= argmin Lp(f). (5.1)
fEFK.L.Ly

Under the setting of Theorem B2, suppose {w,, }M_, LIN (0, 14) are sampled, h, N and {c; };c[n
are fixed, we aim at learning the parameters V = (a,v) = (a1, ...,an,v1,...,03) in fy(z) :=
LM S 4 Bi(w,,x)v,,. Guided by Theorem B2, the constrained set is set to be

K| 2
V: =<V =(a,v)cRY xRM: <M, < TRy| M1 (> . (52
{ (a,v) lall2 < anN [v]l2 < g5 (5.2)

Denote fy, = {fv }veyp. The minimizer of the empirial risk is

fs :=argmin Lg(fv). (5.3)

fvefy

Theorem 5.1 Under the conditions and parameter settings of h, N, {c;}}*, in Theorem (€2), let
f* and fs be the minimizers of the population risk and the empirical risk in Eq. (&) and (B3)

respectively. For all ¢ > 0, with probability of at least 1 — § over {w,, }M_, bd N(0,14) and
{(zisyi) 1y "% P, the excess risk is bounded by

pClog(16/4) n pC+/log(8/6)
hy/n VM
where C' = max{14 (1 + 7||0 || || R) , 18(||o||cc R + €)}, and we assume 6 < 1/2, h < 1.

Lp(fs) = Lp(f*) <

=+ pe,

The proof is contained in Appendix O, which mainly boils down to estimating the Rademacher
complexity of the function class induced by the constrained set (B2).

Theorem BT implies that to achieve O(e) excess risk, it suffices to have the sample size n, the
random feature number M and the grid number N to scale as

n:é(l/thz), M=0(1/¢), N = O (1/eh).

Indicated by Proposition BT, we set h such that 1/h = ©(1/¢). Hence, only M = ©(y/n) number
of random features are required, matching the sharpest results on the number of features presented
in (Cief-all, PO2T; Rudi & Rosascd, Z017) for random feature models of fixed activation. We will
substantiate these findings through experimental results in the subsequent section.

6 NUMERICAL EXPERIMENTS
We choose target functions to be of the form f(z) = Eq,nr(0,1,) [0(w " 2)v(w)] where 2 € R? and
d = 2. We set f1, f2, f3 with the corresponding o1, 02, 03 as

o1(z) = sin(ww)l[_ljl], oa(x) = sin(wm)l[o,l],

o3(z) = —sin(m(z +0.5))1{_1.5,—0.5) + sin(7(x — 0.5))L[0.5,1.5],
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and v;(w) = ¢; max{b{ w,by w},i € [3], where by, by are two fixed vectors, and c; are set as to
ensure that E| f;(z)| ~ 1.

For the RFLAF model, we set the random feature number M = 1000, the grid number N = 400,
the support area of the learnable activation function X = [—2, 2], the centers of RBFs as the grid
points of C, and the width of RBFs as h = 0.02.

For comparison, we consider random feature models with a list of activation functions, the width of
which are set as M + N to ensure all the models have the same parameter number. We consider
several common activation functions such as ReLU, Tanh. Specifically, we also consider a single
RBF as the activation function, where RBF1 is exp(—z?/(2 - (0.5)?)) and RBF2 is exp(—(z —
1.5)2/(2 - (0.5)%)). We apply MSE loss with certain regularizers in the learning process. More
details about the optimization setup can be found in appendix E.

f

= RF_LAF e — 100
RF_relu
RF_tanh

1004

10-14 =+ RF_sigmoid 107!
a ~+ RF_RBF1 8 8
a . N = L} =
102 RF_RBF2 " Fa 1021 = b
. A A " i\ 1072
Y Do / \ N R —
RS / & \ “u ! N -
3] “m ol g \ 1073 L n -
10 — ., 4 N 10-3
0 3 6 9 12 15 0 3 6 9 12 15 0
Epoch Epoch
Figure 1: Test losses
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> 0.44 - > 0.44

0.2+ 0.2+
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—0.4 - T T T T T T -0.4

Figure 2: Learned activation functions
Experimental results show several advantages of our model:

Enhanced expressivity. Figure I shows that RFLAF significantly outperforms other models
across the three tasks. RFLAF achieves consistently low level of losses, while other models fail
to correctly learn the target functions. Specifically, RF models with RBF as a single activation do
not learn all the target functions, demonstrating that the stronger expressivity of RFLAF comes from
the universal approximation characteristics of the array of RBFs. We also find similar phenomena
across a wider range of activation functions. The result is contained in appendix B.

Emerged interpretability. Figure D shows that RFLAF provides a level of interpretability con-
cerning the structure of the activation function. By combining the RBFs with the optimized weights,
we find that RFLAF successfully recover the activation functions of various forms, providing deeper
insights into the data patterns. Trainable activation functions act as the core component in a re-
cently proposed deep learning framework, Kolmogorov-Arnold Network (Ciefall, 2074K;a). Our
findings highlight the potentials of trainable activation functions to provide interpretability from the
perspective of random features.

Easy implementation and fast convergence. The implementation of our model is simple. It
merely involves appending a list of modules consists of RBFs in PyTorch compared to an ordinary
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RF model. In addition, a standard gradient descent optimizer such as Adam should suffice for fast
convergence of our model. Although a wide range of functions serve as basis functions in UAT
(Nestoridis & Stefanopoulod, Z007), we use RBFs instead of B-splines in (Cin“ef-all, Z074H). The
reasons are twofold: (1) RBFs are regular, simplifying the theoretical analysis, (2) RBFs and their
derivatives are easily computed, facilitating the convergence process. In contrast, models with B-
splines typically require LBFGS with line search for better convergence performance. Figure [I
provides evidence for the rapid convergence of our model, occurring within a duration of 5 epochs.

7 CONCLUSION

In this work, we propose the random feature model with learnable activation functions. We provide
theoretical results on the approximation and generalization properties, and validate its superior ex-
pressivity and interpretability empirically. These findings deepen our comprehension of the benefits
of learnable activation functions, and lay the groundwork for the advancement of more expressive
and interpretable machine learning paradigms that incorporate such mechanism. Our work initiates
an array of open problems for future work, including the derivation of tighter generalization bounds,
the exploration of basis functions for more effective approximation and faster convergence, and the
extension of learnable activation functions to a broader spectrum of statistical learning models.

REFERENCES

Yali Amit and Donald Geman. Shape quantization and recognition with randomized trees. Neural
computation, 9(7):1545-1588, 1997.

Sanjeev Arora, Simon Du, Wei Hu, Zhiyuan Li, and Ruosong Wang. Fine-grained analysis of op-
timization and generalization for overparameterized two-layer neural networks. In International
Conference on Machine Learning, pp. 322-332. PMLR, 2019a.

Sanjeev Arora, Simon S Du, Wei Hu, Zhiyuan Li, Russ R Salakhutdinov, and Ruosong Wang. On
exact computation with an infinitely wide neural net. Advances in neural information processing
systems, 32, 2019b.

Shayan Aziznejad and Michael Unser. Deep spline networks with control of lipschitz regularity. In
ICASSP 2019-2019 IEEE International Conference on Acoustics, Speech and Signal Processing
(ICASSP), pp. 3242-3246. 1EEE, 2019.

Athanassia Bacharoglou. Approximation of probability distributions by convex mixtures of gaussian
measures. Proceedings of the American Mathematical Society, 138(7):2619-2628, 2010.

Yu Bai and Jason D Lee. Beyond linearization: On quadratic and higher-order approximation of
wide neural networks. arXiv preprint arXiv:1910.01619, 2019.

Garrett Bingham and Risto Miikkulainen. Discovering parametric activation functions. Neural
Networks, 148:48-65, 2022.

Pakshal Bohra, Joaquim Campos, Harshit Gupta, Shayan Aziznejad, and Michael Unser. Learning
activation functions in deep (spline) neural networks. IEEE Open Journal of Signal Processing,
1:295-309, 2020.

Yuan Cao and Quanquan Gu. Generalization bounds of stochastic gradient descent for wide and
deep neural networks. Advances in neural information processing systems, 32, 2019.

Yuejie Chi, Yue M Lu, and Yuxin Chen. Nonconvex optimization meets low-rank matrix factoriza-
tion: An overview. IEEE Transactions on Signal Processing, 67(20):5239-5269, 2019.

Lenaic Chizat and Francis Bach. Implicit bias of gradient descent for wide two-layer neural networks
trained with the logistic loss. In Conference on learning theory, pp. 1305-1338. PMLR, 2020.

Krzysztof Choromanski, Valerii Likhosherstov, David Dohan, Xingyou Song, Andreea Gane, Tamas
Sarlos, Peter Hawkins, Jared Davis, Afroz Mohiuddin, Lukasz Kaiser, et al. Rethinking attention
with performers. arXiv preprint arXiv:2009.14794, 2020.



Under review as a conference paper at ICLR 2025

Simon S Du, Kangcheng Hou, Russ R Salakhutdinov, Barnabas Poczos, Ruosong Wang, and Keyulu
Xu. Graph neural tangent kernel: Fusing graph neural networks with graph kernels. Advances in
neural information processing systems, 32, 2019.

Daniele Fakhoury, Emanuele Fakhoury, and Hendrik Speleers. Exsplinet: An interpretable and
expressive spline-based neural network. Neural Networks, 152:332-346, 2022.

Mohit Goyal, Rajan Goyal, and Brejesh Lall. Learning activation functions: A new paradigm for
understanding neural networks. arXiv preprint arXiv:1906.09529, 2019.

Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and gener-
alization in neural networks. Advances in neural information processing systems, 31, 2018.

Zhu Li, Jean-Francois Ton, Dino Oglic, and Dino Sejdinovic. Towards a unified analysis of random
fourier features. Journal of Machine Learning Research, 22(108):1-51, 2021.

Fanghui Liu, Xiaolin Huang, Yudong Chen, and Johan AK Suykens. Random features for kernel ap-
proximation: A survey on algorithms, theory, and beyond. IEEE Transactions on Pattern Analysis
and Machine Intelligence, 44(10):7128-7148, 2021.

Ziming Liu, Pingchuan Ma, Yixuan Wang, Wojciech Matusik, and Max Tegmark. Kan 2.0:
Kolmogorov-arnold networks meet science. arXiv preprint arXiv:2408.10205, 2024a.

Ziming Liu, Yixuan Wang, Sachin Vaidya, Fabian Ruehle, James Halverson, Marin Soljacié,
Thomas Y Hou, and Max Tegmark. Kan: Kolmogorov-arnold networks. arXiv preprint
arXiv:2404.19756, 2024b.

David Lopez-Paz, Suvrit Sra, Alex Smola, Zoubin Ghahramani, and Bernhard Scholkopf. Ran-
domized nonlinear component analysis. In International conference on machine learning, pp.
1359-1367. PMLR, 2014.

David Lowe and D Broomhead. Multivariable functional interpolation and adaptive networks. Com-
plex systems, 2(3):321-355, 1988.

Song Mei, Theodor Misiakiewicz, and Andrea Montanari. Generalization error of random feature
and kernel methods: hypercontractivity and kernel matrix concentration. Applied and Computa-
tional Harmonic Analysis, 59:3-84, 2022.

Ha Quang Minh, Partha Niyogi, and Yuan Yao. Mercers theorem, feature maps, and smoothing. In
International Conference on Computational Learning Theory, pp. 154-168. Springer, 2006.

Frank Moosmann, Bill Triggs, and Frederic Jurie. Randomized clustering forests for building fast
and discriminative visual vocabularies. NIPS, 2006.

Vassili Nestoridis and Vangelis Stefanopoulos. Universal series and approximate identities. Techni-
cal report, Citeseer, 2007.

Hao Peng, Nikolaos Pappas, Dani Yogatama, Roy Schwartz, Noah A Smith, and Lingpeng Kong.
Random feature attention. arXiv preprint arXiv:2103.02143, 2021.

Ali Rahimi and Benjamin Recht. Random features for large-scale kernel machines. Advances in
neural information processing systems, 20, 2007.

Ali Rahimi and Benjamin Recht. Uniform approximation of functions with random bases. In 2008
46th annual allerton conference on communication, control, and computing, pp. 555-561. IEEE,
2008a.

Ali Rahimi and Benjamin Recht. Weighted sums of random kitchen sinks: Replacing minimization
with randomization in learning. Advances in neural information processing systems, 21, 2008b.

Prajit Ramachandran, Barret Zoph, and Quoc V Le. Searching for activation functions. arXiv
preprint arXiv:1710.05941, 2017.

Alessandro Rudi and Lorenzo Rosasco. Generalization properties of learning with random features.
Advances in neural information processing systems, 30, 2017.

10



Under review as a conference paper at ICLR 2025

Shai Shalev-Shwartz and Shai Ben-David. Understanding machine learning: From theory to algo-
rithms. Cambridge university press, 2014.

Alex Smola, Zoltdn Oviri, and Robert C Williamson. Regularization with dot-product kernels.
Advances in neural information processing systems, 13, 2000.

Yitong Sun, Anna Gilbert, and Ambuj Tewari. But how does it work in theory? linear svm with
random features. Advances in Neural Information Processing Systems, 31, 2018.

Danica J Sutherland and Jeff Schneider. On the error of random fourier features. arXiv preprint
arXiv:1506.02785, 2015.

Roman Vershynin. High-dimensional probability: An introduction with applications in data science,
volume 47. Cambridge university press, 2018.

Daniele Zambon, Cesare Alippi, and Lorenzo Livi. Graph random neural features for distance-
preserving graph representations. In International Conference on Machine Learning, pp. 10968—
10977. PMLR, 2020.

Amir Zandieh, Insu Han, Haim Avron, Neta Shoham, Chaewon Kim, and Jinwoo Shin. Scaling
neural tangent kernels via sketching and random features. Advances in Neural Information Pro-
cessing Systems, 34:1062-1073, 2021.

Shijun Zhang, Zuowei Shen, and Haizhao Yang. Neural network architecture beyond width and
depth. Advances in Neural Information Processing Systems, 35:5669-5681, 2022.

11



Under review as a conference paper at ICLR 2025

A TECHNICAL TOOLS

A.1 BASICS ON SUB-GAUSSIAN AND SUB-EXPONENTIAL RANDOM VARIABLES

Definition A.1 A random variable Y is a sub-gaussian random variable if there exists K > 0
such that Eexp (Y2/K?) < 2. Define the sub-gaussian norm as ||Y |y, = inf{K > 0 :

Eexp (Y?/K?) < 2}.

Definition A.2 A random variable Y is a sub-exponential random variable if there exists K >
0 such that Eexp (|Y|/K) < 2. Define the sub-exponential norm as ||Y ||y, := inf{K > 0 :
Eexp ([Y]/K) < 2}.

Lemma A.1 IfY is a sub-gaussian random variable, then ||[Y?||,,, = [[Y[|7,.

The following properties of sub-gaussian random variable are stated in Proposition 2.5.2 in (Ver:
shynin, P0TR). For this paper to be self-contained, we also state them here with explicit constants.

Lemma A.2 Suppose Y is a random variable.
1. IfY is a sub-gaussian random variable, then P(|Y| > €) < 2exp (—62/||Y|@2).
2. IfP([Y| > €) < 2exp (—€2/K?), then ||Y ||y, < V2K.

Lemma A.3 Suppose Y is a random variable.

1. If there exist Ko > 0 such that EeX*Y” < KN forall \> < 1/K2, then'Y is a sub-
gaussian random variable with sub-gaussian norm ||Y ||y, < Ko/+/1og2 < v/2K.

2. IfY is a sub-gaussian random variable, then Ko = 2||Y ||y, such that EeN'Y? < eKoN
forall \* < 1/K2.

Lemma A.4 Suppose Y is a random variable and EY = 0.
1. IFENY < KX forall \2 < 1/K2, then EeY < eX6N forall X € R.
2. IfEe™Y < 56X forall A € R, then BEe®Y” < €653 for all \2 < 1/16K2.

For sums of independent sub-gaussian random variables, the Proposition 2.6.1 in (Vershynin, POTX)
states that

Lemma A.5 Let X1, ..., X)s be independent copies of a sub-gaussian random variable X and
EX = 0. Then

M

> Xm

m=1

We also state a concentration inequality for sums of independent sub-exponential random variables.

< 4V |X]),,.
P2

Lemma A.6 (Bernstein’s inequality (e.g., Theorem 2.8.1 in (Vershynin, 20108))) Ler X1,..., Xy,
be independent copies of a sub-exponential random variable X and EX = 0. Then, for every t > 0,

we have u
1 Mt? Mt
Pl — Xmn>t] <exp | —min , .
<M 2, ) ( {16||X§,1 4||X||w1}>

m=1

12
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B DEFERRED PROOF IN SECTION 3

B.1 PROOF OF THEOREM B

Proof. For the simplicity of calculation, we denote

(z, ")
= llzll2, "= a"lla, p= :
’ ’ ]2 [|2

The statistical properties of Gaussian distribution indicate that

Eon(0,14) [B(wa)B(wa’)] = Epun(0,1),2~N(0,1—p2) [B(sz)B(s'(pz + 2))],

where x, z are two independent Gaussian random variables. Then we do the calculation based on
the latter expression. The calculation is quite complicated, so we illustrate it here in a detailed way.

By oA (0,1), 2N (0,1—p2) [B(s2) B(s'(pr + 2))]

\;W//R Xp< I;C)Z)eXp(_(s/(Wf;z)—c)2>

(E2 22
0 (=5 e (g ) e

1 1

—mmww(—w

+ (1 - p*)h%2? + h2z2} > dxdz

1

+2(1 — p?)(s'px — ¢)s'z + (1 — p?)h2x? + h22 2}>d:rdz

1

11— p)(s)? + h2)2% 4 2(1 - p*)(pe — o)’ dez

1

202 4 p2 g L= P)pr—0s']* (1= g (s'pr — ()
e ””{” | de

1 1

\/7\/271'

) [(1 — A sz —¢)® + (1 — p?)(s'px — ¢+ 8'2)?

=7 277(1 — //R2 exp ( - 2h2(11— pel [(1 — ) sz — )+ (1= p*)(s'pz — ¢)® + (1 — p?)(5'2)?
:\/ﬂ \/27T(17_p2) //Rz exp ( - m [(1 —p?)(sz — ) + (1 — p*)(s'pr — ¢)* + (1 — p*)h?2?

:\/ﬁ\/%(ii—p)// exp (—M[(1—p2><sx—c>2+(1—p2>(s'px—c>2+<1—p2>h2x2

(s — € + (1= p)(s'pw — )% + (1 — p?)h2a? — Umpllpped () ]
ex X
R p 2h2(1 — p?)
A-p)(sprc)s’ |
s pr—c)s
Z+ A ]
/exp h2(1 ) dz
R 2a= e
h2(1—p2 s’ pr—c 2
1 = ;2()(8 I;?zrhf / oo - (1- pQ)(sx — 0)2 +(1- pQ)(S/pJ: - c)2 +(1- )h2 2 (1 (q )p()P 2 -ghg D)
V2 V(1 R 2h2(1 - p?)

13
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To continue, we have

BN (0,1), 2N (0,1—p2) [ B(sz) B(s'(px + 2))]
1 h

Var /L= A+ 2

2 Y ON( S e N2 _ 2.2 (1=p*)>*(s'pr—c)’(s)?
/eXp _ (1=p*)(sz—c)* + (1= p*)(s'px — ) + (1 = p*)h (A=pD) (s )2 +R? dx
i (1= ?)
1 h
VE - AT
_ 2 Sl 2 Sl r—c 2

o [~ (s —c)? + (s'px — ¢)* + h22?% — a (TJ,EQ))(SS)QT;L;) i

R P 2h2

1 h

[ oxp (- Lm0
8 202[(1 = ) ()2 + b2

Var S A
/exp @ —pH)(8)? + h?[(s* + h?)x? — 2scx + 2] + h?[(s')%p?a? — 28/ pex + ¢ ])dx

R 2h%[(1 = p?)(s')? + 17
1 h

2h2[(1— p2)(s')% + h?]
—2[(1 = p*)()%s + h%s + B8 plex + [(1 - p?)(s) + 2h21c2) "

/ ex (_ [+ (1= p?)s2(s')2 + h2(s* + (5))]a?
R

2h%[(1 — p?)(s')% + h?]
1 h
\/271' \/ 1-— 24 h2
—02)(s")2s4-h2s+h2s ple 2
/ [h4 + (1= p?)s(s')? + W2 (s* + (s)?)] (x — h4$}1_"p3§82(s,;’;,§(§2+(’j/)2))
X
. 212[(1 — p?)(s')2 + 17

02 (") 2 s h2s+h2s o122
— IR (L= P + 207 ) i

202[(1— p2)(5)7 + 7]

/L= A+ 2 h
TR (- DR R ) - AR 2
ey [ FEP A — (L= 7)(s1) + 20

221~ p2)(5)2 + W2

2V (") 2 st h2 st h2s pl2c?
= h2 exp hgi(l‘:;g)s)z(s-’_)2+:2(sgfg ,)2) — [(1 _ p2)(81)2 + 2h2]02
V(02 +52)(h2 + (s)?) — p?s2(s')? 212[(1 — p?)(s')? + h?] .

For the exponential term, we calculate as follows.
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Rty — (1 = )(s)? + 12 + 1)
2h2[(1 — p%)(s')2 + A7
@( [ﬂ—pmﬂ&M%+Wwf—WW+u—ﬁW@V+W®%%Um)
[(T— p2)(s)2 + RZAT+ (1 — p2)s2(s)2 + h2(s® + (5'))]
( — p2)()% + h2)s + B2 — 2[[(1 — p*)(5')? +Wb-+Ww”+()ﬂ>
[(T— P2 ()% + W2][(h2 + s2) (h2 + (5')? 2(s")?2)
Q 1— #P+hfs+ﬁ<)ﬁ+%u P)(s")? + h*)h2ss'p]

— o) ()2 + R2][(h2 + %) (12 + (s7)2) — pPs2(s')2]
- —wul—fxy>+hﬂs — 102+ (s)?) )

[(T— p2)(s)2 + RA[(h2 + s2) (A% + (5')%) — p?s2(s')7]
CQ<1K1fX§2+WHK %()4iﬂ§+2mwwh%%thﬁxw2+Wg
2h? [(1— p2)(s")2 + B2[(h2 + s2)(h2 + (')7) — p2s2(s')7]
c2<1u fx/)+hﬂ%%s)—ps(sf+2ﬁm§—hﬂ>

2h? [(T— p2)(s)2 + R2[(h2 + s2) (A% + (5')%) — p?s2(5')7]
:_020_ s2(s)2 — (b2 — pss')? >.
202 " (12 + 2)(h2 + (5)2) — p2s2(s')?

Combining the former results, we obtain

Eoon (0,1), 2N (0,1 p2) [ B(sz) B(s'(px + 2))]

— h? exp [ - i (1 B 32(3/)2 o (h — pss )2 )
\/(h2 + 52)(h2? + (8')2) — p2s2(s)? 2h2 (2 + s2)(h2 + (5)2) — p2s2(s)2
h2 exp<—02~ (h2+32)+(h2+(s’)2)—2ps(s’)>
V0 + ) (02 4 (5)2) = p2s2(s')? .

2 (0 )0+ ()~ PR

Then using the relations
s=|zll2, & =22, pss’=(z,2"),
we obtain
Eon0,1), 2nn(0,1-2) [B(s7) B(s'(pz + 2))]
_ 5 m«_éxw+wm W+ww><%m>
V(02 + 22 (02 + [[27][?) — (z,27) 2 (R l2l?)(h2 + [l2"]]?) — (2, 27)2
O

B.2 PROOF OF THEOREM B2

Proof.

Step 1. Transform K (r). To obtain a uniform expression regardless of h, we transform K (r) in
the following manner.

K h? c?
"= e P (_1+h2+r>
h? 1

C2

14-h2

= exp|l—7——""">"1]-

L ()’ <1+¢p>
1+h
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Letp = li% € [0,+00), u = e € [—th?, thQ] C (-1,1),and

L (P
f(U)'_\/l—vﬂep( 1+u>'
Then

K(r) = 1 1),

Hence we only need to consider the Taylor expansion of f(u) where u € (—1,1).

= /™) ,
:Z n!( v

n=0

Step 2. Deriving the recurrence relation of f(")(0). Solving the Taylor coefficients of f(u) at
u = 0 is highly technical. For starters, we derive the recurrence formula. For notational convenience,

lety = f(u).
From the definition of y, we have the equality

ym:exp(_ P )

1+u

Taking derivatives on both sides, we have

. - P exp | — b
i@ (dtu)e 1+u

pV1 — u?

a2’

Multiplying % on both sides, we have

(w? = 1)%y +u(u® — 1)y = p(u - 1)%y
Eliminating the factor (v — 1) and expanding the polynomials lead to
(u® +u? —u— 1)y + (v +u)y = plu—1)y.
Taking n-th derivatives on both sides and applying the Leibniz rule, we have

y(n—i-l)( 3 + w2 —u— 1) +y(rL) (u2 + u)
+ny™ (3u? + 2u — 1) 4y DV 2u+1) = y™pu—1)
Dy (D 6y +2) 420y (=D g (=D,

ot 13( 2, (n-2) . g

Let uw = 0, and let y(”) = y(") (0) in the statements hereafter, we have that
_y(n+1) _ ny(”) + n2y("’1) +n(n — 1)2y(n*2) — —py(") + npy(nfl)'
Finally, we have the recurrence formula.

Yt = (p—n)y™ —n(p—n)y" T + n(n — 1)y 2. (B.1)

16
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To solve {y(™(0)}5, from the recurrence relation, we also need to obtain y(0),y’(0),4”(0) by
hand. A simple calculation shows that

_ p
fu) 1_u2 p< 1+u)

P p exp [~ -2
17u2 \/l—u2 (1+u)? 1+u

D 1 —2p

T G VisE
1 p P ox (_ p )
\/1_u2 \/1_u2 14+wu)? | (14 u)? P\T1+u )

y(O) —e P,

3u?
( (1 —u?)3 \/(1—u2)5
_|_

Hence, we obtain

y =pe?,
y? =(p—1)%?

Solving {y(”)}%o:o remains to be difficult. To simplify the problem, we try to make some observa-
tions on the properties of (™). We supplement 3" till the first 8 terms.

y® = (p* — 6p° + 9p)e?,
y @ = (p* —12p® + 42p% — 36p + 9)e P,
= (p® — 20p* + 130p® — 300p* + 225p)e™?,
<6> = (p% — 30p° + 315p* — 1380p> + 2475p? — 1350p + 225)e P
y<7> = (p” — 42p° + 651p° — 4620p* + 15435p® — 22050p? + 11025p)e™ P
y® = (p® — 56p” + 1204p° — 12600p° + 67830p* — 182280p° + 220500p> — 88200p + 11025)e P
A further observation shows that
y® =p(p—3)%e?,
y = (p* — 6p +3)%e?,
y(5) = p(p2 —10p + 15)2e_p,
y© = (p® — 15p% 4 45p — 15)%e 7P
y() = p(p® — 21p* + 105p — 105)%e P
y®) = (p* — 28p® + 210p? — 420p + 105)%e P,
To conclude, we have the following observations.
1. y) = e PR, (p), where R,,(p) is a polynomial of degree n.

2. Forn = 2k, R, (p) = PZ(p), where Py (p) is a polynomial of degree .
3. Forn =2k +1, R,(p) = p- Qi (p), where Q(p) is a polynomial of degree k.

The correctness of the first observation is easily proved by induction. In the next step, we give a
formal proof of the correctness of the second and third observations.

Step 3. Formal proof of the general term formula of the Taylor coefficients. The intuition of
the proof is to directly derive the general term formula of { P} and {Q}} from observations. Note
that the observations are non-trivial.
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We claim that

i 2k -1 (K
N e ®2)
i=0
and i
: LD RN
Qr(z) =§(—1)’“ l((2i+ 1))” . (z>x (B.3)
where (—1)!! := 1, and (8) := 1 in the above expressions, and
Roki1() = 2Qi(x). (B.5)

We aim to prove the above four equalities true for all £ € N by induction.

First of all, it is easy to verify that the first three terms conform with the above expressions, where

‘PO(‘T) = 17
QO(:E) = ]-a
Pi(zx)=2-1,

and
y(O) - ]302(p>e—p7
y " = pQi(p)e ",
y® = Pi(p)e .
For n = 2k + 1, where k > 1, suppose that Eq. (B2) and Eq. (B=4) hold for all = < k and Eq. (B3)

and Eq. (B3) hold for all 7« < k — 1. We need to prove that Eq. (B3) and Eq. (BX) also hold for
i = k. By Eq. (Bl), we only need to prove

Q% = (x — 2k)P? — 2k(x — 2k)2Q3 _, + 2k(2k — 1)?P?_,. (B.6)
For n = 2k, where k > 2, suppose that Eq. (BZ) and Eq. (B-4) hold for all 7 < k — 1 and Eq. (B3)

and Eq. (BX) hold for all + < k£ — 1. We need to prove that Eq. (B2) and Eq. (B-) also hold for
1 = k. By Eq. (BE), we only need to prove

Pl =(z— 2k —1)2Q7_, — (2k — 1)(x — (2k — 1)) P?_, + (2k — 1)(2k — 2)*2Q3_,. (B.7)

For notational simplicity, we set for i € [k],
L@k—1N [k L@+ [k

b (_qyk-i 2R =D B (_qyh—i 2R DU R
G Crs T O AL Al O\

For i € [2F],

b
B
I
)
S
S
=T
d
oy
I
>
<o
>
i
<

j=0Vi—k j=0Vi—k
The polynomials are written as
k k
P(x) = Zafazz, Qr(z) = Z brat
i=0 i=0
2k 2k
(Pu(@))* =) _Afa', (Qu(x)* =) Bfa'
i=0 =0

18
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Proof of Eq. (B.6)). Now consider the right-hand side of Eq. (B-f).

2k 2k—2 2k—2
RHS =(z — 2k) Y~ AFa’ — 2ka(z — 2k) Y B 'a' +2k(2k — 1) Y AF'at
i=0 i—0 =

2k ' 2k '
=3 Afa 4y (—2k) Ak
=0 =0

2k—2 2k—2

+ > (=2k)Bf a4 > (2k)°BF 2!
=0 1=0
2k—2
+ Z 2k (2k — 1)2AF— 11
2k+1 2k
—ZA L3t 4> (—2k)Afa’
=0
2k—1
+Z(—2k) a4 Z (2k)2BF 1ot
= i=1
2k—2

+Z2k2k )2Ak=1g

2k—2
= > (Afy = 2kAY —2kBIT) + (2k)BiT) + 2k(2k — 1)2A7 )
=2

+ (AQk o — 2kAY,_y — 2kByty + (2k) By )2t

+ (Abp_y — 2kAY, — 2kBy )™ + Aga®

+ (AF — 2k Ak + (2k)?BYT! + 2k(2k — 1)2 AN N

+ (2k(2k — 1)2 A5~ — 2k AR).
For the constant term, the general term formula is
Af = (af)? = ((2k — D).
Hence,
2k(2k — 1)2AF™Y — 2k AL = 2k[(2k — 1) - ((2k — 3)!1)2 — ((2k — 1)!I1)?] = 0.

Plug the result into the right-hand side, we obatin

2k—2
RHS :x{ > (AF, = 2kAY — 2kB7) + (2k)*BT) + 2k(2k — 1)2AF )2
i=2
+ (A5 — 2kAL, | — 2kBy Y + (2k)° By L)a? 2
+ (A5, — 2kA%, — 2kBE )2 ! + Af a2

+ (AF —2kAY + (2k)?BE + 2K(2k — 1)2A’f‘1)}

2k—3
:x{ Z (AF —2kAF,, — 2B + (2k)°Bf ™' + 2k(2k — 1) A} )2’
=1
+ (Abp_p — 2kA5, 1 — 2kByy s + (2k)2 By )2 7
+ (A5, — 2kA%, — 2kBE )2 + Af a2

+ (AF —2kAY + (2k)?BE + 2k(2k — 1)2A’f‘1)}.
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We then verify the coefficients are equal to those of 2Q% (z) = <Z2k BFx )

For i = 2k,
AS = (a})? = 12 = (b))* = By
Fori =2k — 1,
A2k 1 QkAIQCk - 2kB§k_—12
=2aF_ak — 2k(a})* - Qk(b];j)z
=—2(2k — 1)k — 2k — 2k
=—2k(2k+1) =B _,.
Fori = 2k — 2,
Agk 2 2kA§k 1 2kB§I:13 + <2k) ng 12
=(af_1)* +2af _oaf — 2k - 2af_jaf — 2k - 265 720F 1 + (2k)*(bp1)?
k(k—1
—((2k—1) k)2 +2- (2 — 1)(2k — 3)% 42k 2(2k — Dk
+ 2k -2(2k — 1)(k — 1) + (2k)?
k(k—1
=((2k + 1)k)* + 2(2k + 1)(2k — 1)% = BY .
Fori =0,

Ak — 2k AY 4 (2k)?BET 4 2k(2k — 1)2AF!
=((2k — D)2 = 2k(—=2(2k — ! - (2k — )1 - k)
+ (2k)%((2k — 1)IN2 + 2k(2k — 1)*(—2(2k — 3)!1 - (2k — 3)I1 - (k — 1))
=((2k — 1)!N)2 + 2(2k)?((2k — 1)!)? — (2k)(2k — 2)((2k — 1)11)?
=(2k + 1)%((2k — D)2 = ((2k + 1)!1)? = BE.

For 1 < i < 2k — 3, we need to show that

A —2kAl | —2kBIT! + (2k)*BF T + 2k(2k — 1)2 A = BY.

For starters, we have for the right-hand side that

iNk

iRk — 2k + D! [k (2k + 1)!! k
(=15, Z (2j+1)!!(j>(2(z—J)+1)n< ]>

j=0Vi—k

iNk

_ 2 2k -1 (kY (2k—1)! k
ey Z (27 + 1! (j>(2(2—3)+1)n< j>

j=0Vi—k
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For the left-hand side, we have

(=1)"(AF — 2kAfy, — 2kBIT + (2k)? B + 2k(2k — 1)2AF)

iNk
B 2k — DN (k\  (2k—1)! k
j:%_k (27 — 1! (a) (2(i —j) — DN ( y)

i+1Ak

(2k — )t [k (2k — 1)! k
+2k] Ov;l k(2]—1)ll<)((z+1—])_1)ll(z+1_j)
i—1Ak—1

2k — ) (k-1 (2k — 1) k—1
2k Z 2y+1”( j )<2<zla>+1>“<1])

=0Vi—k

iNk—1

+ 2k >

(k-1 (k—1\ (2k-DI (k-1
J=0Vi—k+1 (27 + D! ( J ) (20 —j4)+ D! (z —j>

i+1AE—1

— 2k(2k — 1)2j_0v§i:k+2 M (k i 1) 2(i ff:j))”— 1! (z f : J‘>
- 5 B0 e ()
+2kj Otzlif k EZ’;:B:" (’;) (2((1_2552”1)!! (z’—l— ]f—j>
B )
oy e
R B e ()
j_:ziik[&j +1)(2(i — 5) + 1)] gj — B:: @ (2(?%2”1)1! (z Ij j)
+2’<J ;Zl;k )i )
B (1)
+j_:§j;;1[2<k — )2k = (i = )] 8’5;3!! (f) (2<(z2fj_>1+)”1>” ( : J)

i+1AE—1

- k=D (k—1\ @k—D1! [ k-1
%2 e (5 aiermiit,)

21




Under review as a conference paper at ICLR 2025

For the second, third and fifth terms, we have

. ,-Jifk (2k—1)!!(k> 2k — 1N ( k )
oty =G 26 =) + DU+ 1 —
vor % 1 2k_1)"<’“—1>(2’“—1)”( k=1 )
A O R RN A CTE R VA
k— (2k — 1! E—1
J 20— +1)” i+1—j
) (2k — )N < k >
gow+1k 200 —g)+ DM\ +1—35
+2k 1/\k 1 2]{}—1' k; 1 2k_1|| k
(27 + 1! 26 —7) - \i—j
k 1 (2k — 1! E—1
[CEFIEIANEY;
— 2% (

k— 1) Qk—l” ( k—1 )
j= OVa k+2 Zi] ) Z+17‘7

i+1Ak
B 2k -1 Kl (2k — 1)l k!
=2k > (2 — DN k=) RGE—H)+ DN Gi—j+D(k—i+j— 1)

z+1/\k 1 2kj—1 I

— 2k

Jj= OVz k+2

H»l/\k 2]€ . 1 " /k
(25 — DI \y

=2k

j= ov +1- k
z-‘rl/\k 1 2]€—1 I

T
i 2kj_::z+1l_k (éj; i))": j!(igrk_jl)!l)! (2((z'2k ]_) 1>”1)!! (i— j)!(llj! i+7)!
e e
e e T

:Zk_ij 0 T T e+ TG 7 F G =17 7=
+j_:§:k[2<k — )@ - 4) + 1) g'j; 3.',' j!(kki i (2((,-2:)2”1)” = j)!(,f!_ T

R @k-1! (k=1 @k—1) (k—1)!

- 2kj=0v2i+:1_k 2+l —j— D6 —5) = DN (G — )k —i+j—1)

i+1Ak—1 k-1 (k1) (2k — 1)! (k—1)!

a %WZM (2 — DUk —F— D QRGE—H+DNGE—j+D)(k—i+j—2)

where in the first equality, we use the relation

(2)-G5) =G50
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For the first, third and fourth terms of the former expression, we have

ij_::z:;f_k gj - i)):: j!(klCi 7! (2((z'2f ]—) 142”1)!! i—j+ 1)!(:!— i+j—1)
S e e T
B ijzz:ﬁi; gf - i))"" ﬂ(lik_jl)!l)! (2((1‘% J_) 1l”l)!! (i—j+ 1()1!6(121); +j—2)!
e
ij_(;;lk gj = 3"" j!(klfi 7)! (2((2'2]jﬁ142!!1)!! (i —j+ 1)!(:!— i+j—1)!
3 I T
) zz(k R P e Esy I sy (e Ey e
Pink
:%j_;;l_k glj - B‘l: j!(klCi 7! (2((i2]j;)1+)!!1)!! (i—j+ 1)!(:!_ it+j—1)!
k1
“% 3 TN T B - TG4
- ij:iﬁk; 8]; = 3:: j!(kki 7)! (2((1'215 J_) 1+)”1)!! (i—j+ 1()?(;); +j-2)
ION e e R e
- Oﬁﬁ L 2];:1 (kkij)! (2((2‘2]—€;)1+)”1)n (i—j)!((::ilzij— 0!
e T
:jzg_k[@j Rl e Bl s ks e =
k1
_ zkj_ov;k g?+ 3!! j!(/ik—jl—)!l)! (2(&253')1—)”1)!! (i — j)!((llz—ilﬁj —1)!
! j::Z:;@j) glj = B” J'!(kki ) (2((1'2]—€ ]_) 1ﬂE!;L)!! (i—j+ 1()1'6(1;?@' +ji-2)

where in the third equality, we combine the first and third terms using the relation

() (5= (2))
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For the last two terms, we have

iNk—1

B k-1 (k-1  (2k-1) (k—1)!
%j_OWZ;M @+ DN 1k —j — D1 20— ) = DU (= )k —i+j = 1)1
i+1Ak—1
C@k-DN K (2E— 1) (k—1)!
+j=0vzi_:k+2(2j) () — DU ik — )1 @0 —5) + DI i —j + DIk —i+j —2)!
iNk—1
N k-1 (k-1  (2k-1) (k—1)!
N ij_(]\;lk i+ k=i - CE—g) - (i — Uk —i+j5—1)!
iNk—1
(k-1 K (2k — 1)1 (k— 1)
+j_0vzi;k+l(2j TG TN GOk~ D@6 —5) - DG~ ki 15— D)
_ “fl (2k — 1)l ! (2k — 1)l (k—1)!
N ot 20+ Dtk —5 =126 —7) — DN G —5)(k—i+7—1)
iNk—1
k-1 K (2k — 1)1 (k—1)!
* 2]:0;“1 @ T DIk D120 — ) DN G-k —itj 1)

Combine the four parts illustrated above, we have that

(—1)'(Af = 2kAf,, — 2kBIT + (2k)* B+ 2k(2k — 1)?AF))
iNk
= > @I+ DRE—)+ 1) +2(k—5)2(k—i+ )

J=0Vi—k

+2(k—7)QE—-)+1)+(2j+1)2(k—i+5)+0]

C@k=DN K\ (2k — 1) k
(27 + ! (]) (2(z—j) + ! (% —j>
iNk

_ 5 (2 =D [k (2k — )N k
- > e (et )

j=0Vi—k

iNk

B 2k + DI (kY (2k+ 1) k
B Z (27 + ! <J> (2(1 —7) + ! (@ —j>

j=0Vi—k

=(-1)'Bk.

Finally, we complete the proof of Eq. (B=6).

Proof of Eq. (B7). Consider the right-hand side of Eq. (B22).
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2k—2 2k—2 2k—4

RHS =(z — (2k — 1))z Y B ‘o’ — 2k — 1)(x — 2k — 1)) Y AF "o’ + (2k —1)(2k — 2)°x Y B %’
=0 1=0 1=0
2k—2 2k—2
7sz11+2+Z 2]’(}71 Bk12+1
2k—2 2k—2
+ Z (2k — 1) AF 2t 4 Y " (2 — 1)2AF e
1=0

2k—4
+ ) (26— 1)(2k — 2)2Bf 22

1=0

2k 2k—1
:ZBQC szrZ (2k —1))BF o
=2
2k—1 2k—2
+Z (2k — 1)) AkllerZ (2k — 1)2AF 1y

2k—3
+ Z (2k — 1)(2k — 2)2BF 24

2k—3
(2k — 1)BF ! — (2k — 1) AR 4 (2% — 1)2 AP+ (2k — 1)(2k — 2)2BF 7)o
z:2
+(BS Y, — 2k — 1)BE Y, — 2k — )AL 4+ (2k — 1)2 A5 1) 2
+ (BY Yy — (2k = 1)BY Y, — (2k — D AS )2 + Byl
+ (=(2k = 1)BEF ' — (2k — 1) AETY 4 (2k — 1)2A%1 £ (2k — 1)(2k — 2)2BY ")z
+ (2k — 1)2 AL,

It suffices to prove that the coefficients of the above expression are equal to those of PZ(z) =
2k k z
Doito Aix

For: = 0,1,2k — 2,2k — 1, 2k, the verifications are trivial. We only need to show that for 2 < i <
2k — 3, it holds that

BF) — 2k - 1)BF ! — (26 — 1) AR 4 2k — 1)2AY £ (2k — 1)(2k — 2)2BF 2 = AP

K2

Consider the right-hand side, we have

iNk

1Ak — (k=D K\ (2k—1) k
= 2 <2j—1>!!(j)<2<i—;>—1>u< )

j=0Vi—k
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For the left-hand side, we first have

(—1){(BEY — 2k — DBE — (2 — DAS! + (2k — 1245+ (2K — 1)(2k — 2)°BE)

K3

_Oik ol ere b )
+<%—1111’j;2f;;:<k Yot ( )
e § <ff > ,_Qf_f_w(f:)

i—1INk—2
, (2k — 3) [k —2 (2k — 3)! k-2
~@R-DER-2T ) <2j+1)!!( j )(2(i—1—j)+1>!!<z‘—1—j)

j=0Vi—k+1

i—2Ak—1
_ k=D (k=1\ k-1l ( k=1
"L @J+1W( J )@@—J)—3w(¢_2_j>

j=0Vi—1—k
+(2k_11w€1 :(k ) (2k — LM (k_l.)
J=0Vi—k 20 =) =D\ =1
(%_1’“’“% 3'<k > (2k — 3)!! (k—l)
(27 -DUN\ 7 JRE—j)-3IN\i—-1—

J=0Vi—k

iNk—1
, @k =3 (k—1\ (2k—3)l (k-1
tEE-1P D <2j—1>!!< j ><2<i—j>—1>!!<z‘—j>

e Bt ()
SR atin( )
e ()

oy S e ()

oo (et (o))

RCL I M G R e () e v

26

)



Under review as a conference paper at ICLR 2025

To continue, we have

ink
_ k-1 k—-1\ (2k-D" /[ k
e _j—(()\;k)+1 (27 —D! (j - 1> (200 —7) - D! <Z j)
ink—1

(k- (k—1\ (k—DN (k-1
+j:O\/Zi—:k+1 (27 = D! < J >(2(i—j) - N (z’—j)

i—1Ak—1

- 2k — DN (k—1\ (2k—1)! k—1
rg;k<m+1w( j )@u—j»—mnc—l—j>

i—1Ak—1
@k—DU (k—1\ (k-1 [ k-1
Tk D <w+¢w< j )@@—J%—U”<—1—J)

j=0Vi—k

i—1Ak—1

2k — 31 [k —1\  (2k—3)! k1
*”k‘”r%;k@w4w<(¢>@u—ﬁ—$”<—1—)

S e (l)

S () ()

S e 0B ) S ()
PICE z';;fs::cf;l)mu:.,>
LEL <><>

We consider combining the last four terms. Because

— (2k = 1)(2(i — j) — 1) + (2k — 1)
(2 4+ 120 - §) — 1) — (2k — 20 + 1))(2k — 2( — j)
— (2k =2~ 2)(26i —j) — 1) + (2k — 1)
— (2k - 2j — 2)(2k — 2(i - )
(2k —1)(2k — 1 — 2k 4 2j + 2)
(2k = 1)(2j + 1),
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we have
ink 1 1
s— 3 (2k1)..<k1) (2k — 1) < k )
0 @ = DU = 1) 2= 5) - DI =
ink—1
S (2k—1)!!<k—1) (2k — 1) <k—1>
e GO ) B =D
i—1Ak—1
(2k—3)!!(k—1) (2k — 1)1 (k—l)
+ 2k =1)(2) + 1)y N el G .
]%;k @ HVGu\ ey onli—1—g
B ﬁ’f (2k1)!!(k1) (2k — 1) ( k )
o @ =D = 1) (=)~ i -
ink—1
S (2I~c—1)!!<k—1) (2k — 1) (k—l)
AT AN DT B ACE
+‘ 12“5 ! 2k—1”<k—1> (2k — 1) ( k—1 )
it Q=D @26 g) D=1
B “z’“:l (2k—1)!!(k> (2k — 1) < k >
R T IACY ACIGr R VIAVEY
=(—1)'AF.
Finally, we complete the proof of Eq. (B=2).
B.3 PROOF OF COROLLARY B3
Proof. The Taylor expansion of K () is
h? Rn(p)
K(r)=e™? n
(r) =e 1+h2;n!(1+h2)nr
S e*pRn(p) h2 nn
:2_% a Ry )

€ pR ( ) h2 n n

Smh-t

72
2

°0< he= 3 R (p) o

( ) 1®n
Z /n I(1+ A2 s /n\(1 + h2 n+1z >

Hence the feature mapping with respect to kernel (B4) is

B he‘%Ré(p) on ~
¢(x)_< RS D >n=0

For any target function

(B.8)
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where F,, € R?", we have
o0

f@) =) (Fy,z®")

n=0
_< nI(1 + R2)n+l
he= R (p)

A+ a)nt \~
he=z Rz (p) ne0
1 + h2 n+1
_Z h26 pR ”Fn”l%r

+h2 n+1
== Z | Eul

Hence, we have
2

115k <

H

where || - ||r; the the Frobenius norm.

Let

-5 Z ATS

By Proposition (), we conclude that
1fll7 = fllsex < VD(S).

Furthermore, there exist v : YW — R such that
f(@) =Epno1, [Blw z)v(w)],

[0l < VD(f)-

and

O
B.4 PROOF OF THEOREM B4
Proof. Let W = (wy,wa,..,wy) and v, = v(w,). We already have p(z) :=
Ewen(o,1) [Blw' z)v(w)].
To obtain the desired result, we consider the concentration property of the random variable
M
. 1
Es [9(2) — o(2)] = Ez |17 > B(wyz)v(wn,) — o),
m=1
in which the randomness comes from W.
Naturally, we consider
1 < ’
Ew exp | \2 (Em i ;B(w;x)v(wm) — o(x) )
1 < ’
<Ew exp | ME, (M n; Blwpa)o(wm) — ¢(x)
(B.9)

<EwE, exp | X’ (AZ S Blwa)olun) - w(@)

o[ 1 < T
=E,Ewexp | A MZB(wmx)v(wm)—go(x)
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where we used Jensen’s inequality twice.

Next, we prove that B(w,! x)v(w,,) — ¢(z) are sub-gaussian random variables for every w,, ~

N(0, I) and every = € R. In addition, they have a uniform sub-gaussian norm.
To start with, for every z € R, we have the following estimation.
(Bwpa)v(wn) — ¢(z))?
< 2B(wyz)*v(wm)? + 2¢(2)?
2
< 2B(wz)* (Lo [wm — Oll2 + [0(0))? + 2 (Ewmnro,rs) [Bw ' )v(w)])

< 2B(w2)? (2L [[wm — O[3 + 2[0(0)[*) + 20,1, [B(w ' 2)°] Eynnro,1) [v(w)?]

<AL |[wnll3 + 4[0(0)|* + 2R?,
where we used the fact that v is L,-Lipschitz and 0 < B(w ' z) < 1.
Therefore, we have
Ew exp (A (B(wy,z)o(wn) — o(x))?)
<Ew exp (A(4L3 [wnlf3 + 4/v(0)* + 2R?))
= exp ()\2(4|v(0)|2 + 2R2)) -Ew exp (4L,2j)\2||wm||g)

d
= exp (A2 (4[0(0)* + 2R%)) - [ [ Eu,, urnvio.1) exp (AL2N w7, )

i=1
d

1 e

By applying 11— < ¢*® over « € [0,1/2], we have that for A* < ; 61Lz,

= exp (A*(4[v(0)]* + 2R?))

d

182N 8L2/\2

exp (A*(4|v(0)[* + 2R?))

exp (A*(4[v(0)|* + 2R?)) exp (8dL2\?)
(A%
(A%

IN

= exp (A*(8dLZ + 4|v(0)|* + 2R?))
exp (A*(16dL2 + 4|v(0)|* + 2R?))
< exp ()\2 . 10R2) .
To summarize, let Y, = B(w, x)v(w,,) — ¢(z), then for A2 < 1/(10R?), it holds that

m

Ew exp (A\*Y,2) < exp (A2 - 10R?) .

A IA

By Lemma A=, we have that for all A € R,
Ew exp (AY;,) < exp (A\? - 10R?) .
Note that Y7, Ys, ..., Y are independent. Therefore, we have

| M
ewvesn (3 X2 Blukanton) - o))
M M
=Ew exp (;‘4 Z Ym> = H E.,, exp (]\)\4Ym>

< exp (A\* - 10R*/M) .
By Lemma B4 again, we have that for A2 < M/(160R?),

1 & ’
Ew exp [ A2 (M Z B(w;',;x)v(wm) - ¢($)>
< exp (160R*X\*/M) .
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Taking expectation over  on both sides and plugging it back to (B™), we have that

2
Ew exp | A? (]Ez ) < exp (160R*\*/M) .

1 M
= Y Bga)(wn) - o)

Because v2v160R2 < 18R, by Lemma B3, we conclude that

M
1 18R
E;|— Bwlwim— T < —.
22 Ploneom) el <
- 2
Consequently, applying Lemma B2, for § > 0, by taking some € = 18Ry/log (4/0) V\}%M, we have that

P By [p(z) — ()] =€)

M
1

S (E 7 2 Blwha)(wn) - ¢()
m=1
Me?

<2 - < §/2.

<209 (=) <

Hence, with probability of at least 1 — §/2, it holds that

< 18R+/log (4/6)
ST Aar

)

E; [¢(2) — ¢()]

In the remaining part of the proof, we consider the high probability bound of Zfr/f:l v2,. To start

with, we show that v(w) is a sub-gaussian random variable in which w ~ A(0, I).
Eexp (\*v(w)?) <Eexp (A*(2L2||wnm |3 + 2/v(0)[?))
< exp (4L2d + 2[0(0)[2)32)

for A such that (4L3d + 2[v(0)[*)A> < 1. By Lemma B3, we have [[v(w)|3, < (4L3d +
2|v(0)|?)/log 2 < 4R?. Hence, by Lemma B, we have |[v(w)?||y, = Hv(w)”i2 < 4R2. By trian-
gle inequality, we have |[v(w)? —E[v(w)?]||y, < [[v(w)? ||y, + [[E[v(w)?]||y, . Given that E[v(w)?]
is a constant with an upper bound R2, by the definition of the sub-exponential norm, we have
|E[v(w)?]|ly, < Elv(w)?]/log2 < 2R?. To conclude, we have that ||[v(w)? —E[v(w)?]||, < 6R2.

We apply Lemma A& for random variables X, = v(w,,)? — E[v(w)?] by setting ¢t =
24R? ( logl2/0) lggj/‘”) We obtain

M
1 Mt? Mt 5
Pl = g v(wy)? = Efp(w)?] >t | <exp | —min , < =,
(Mm1 ( o)) 161 X1Z, " 41Xy, 2

Because E[v(w)?] < R?, we obtain that

P 1% 2_R’>t| <P li 2_E N>t <
7 v(Wnm,) < i V(W) [v(w)?] <

m=1 m=1

|

Therefore, with probability of at least 1 — /2, we have

M
Azmz_lv(wm)? < R?*424R? < log](\j/é) n log](;/(”) < R2424R? (\/m-i-log@/é)) .

Without loss of generality, we assume 6 < 1/2, then 1 < {/log(2/d) < log(2/6) and hence

M
Z v(wm)? < 49R%log(2/6).

m=1

1
M
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Combining the two inequalities and taking the union bound of the probabilities, we have that with
probability of at least at least 1 — 4, it holds that

18R+/Tog (4/0)
—p(z)| < T7

E. |¢()

and
1

M
i > w(wm)? < 49R%log(2/6).

m=1

C DEFFERRED PROOF IN SECTION 4

C.1 PROOF OF PROPOSITION E1I

Proof. To start with, we define the Gaussian function with parameter h as

1 2
on(x) = oz exp (_Qxh?) .

First, we approximate o by o * ¢, = [, o(x — y)$n(y)dy. Because o is L-Lipschitz continuous,
we have that |o(z) — o(xz — y)| < L|y|. Together with the fact |o| < ||0 |00, We have that

o(2) — (0 % ) (@)
o(a) - [ ot~ y)qsh(y)dy\

< / l0(2) — oz — )] dn(v)dy
- / lo(z) — o (z — 4)| dn(y)dy + / l0(2) — oz — )] dn(v)dy
[=0,9]

R—[—8,5]

L d o0 d
<[, plomdss [ olelconiy

0
<t + 2ol P (1212 7).
where Z ~ N (0, 1). The tail probability of Gaussian random variable is estimated as

r(iz125) =2r(227)

220%p (e’\Z > eA'Té)

E \Z
<2 inf —
A>0 R
52
=2 —— .
exp< th)
By taking
b=1p h< : ,
4\/§L /log 16||<€7Hoc
we have

o)~ [ ot~ y)dm(y)dy‘
<L5+2||o]|w - P (|z| > 2)

<

N
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In the second step, we approximate o * ¢y, by the Riemann sum Zf\;l Fwi) (Yi—yi—1) - on(z—y5).

For the convolution part, we have

(0% 6n)(x) = / o(z — y)én(y)dy

Then we have

(0% ¢n)(x) — Z o(yi) - (yi — yi—1) - onl@ — yi)

i=1

k3 N k3
/y o(y)on(xz —y)dy — Z/y o (ys)on(x — yi)dy
y y

1YYi-1

i—

[
<.

Yi

o (yi)pn(r — y)dy

i—1

o(y)én(r — y)dy —

i1 i=1

IA
WE
S
M) =
S~

B (C.1)
N Yi N Yi
H3 [ otwene—ndy =3 [ otwents -y
i=1 Y Yi—1 i=1"Yi-1
N Yi
<> [ lot) - o)l énte -y dy+2/ | 16n( — ) — oo — o) dy
i=1 v Yi—-1 Yi—1
N Yi
<L) [ ey dy+||a||oo2/ 68z — ) — n(z — 0)| dy.
i=1 Yi—
For the first term, if |/C|/N < €/4L, then we have
N Yi K| N i LIK| e
L(y; — yi_ — < — Yy < — < - 2
; (i — Yi-1) . ¢h($ )dy < NZ/y”% <~ %1 (C2)

For the second term, we first consider the derivative of ¢y, ().

|¢h ‘\/—hZ E exp< ;(i)Q)‘
1 2
SWGXP <‘4(

where we use the inequality = < exp(x?/4).

>R
~

Taking t = \/410g (% : ENlhz), if |z| > th, then

eN

|6h(2)] < g
' 8lloleo | I
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If |z| < th, then

1 /2\2
@ = | T o (2 () )‘
t2
< t —
\rwizg{exp< )
1
_\/27T€h2.

Consequently, for the second term, it holds that

||o||ooZ " lon(e — ) — dnlz — vi)l dy

Yi—1
/ ¢(x — 2)dz|d

Yi
—||a||ooz /
sup |63, (2)||y — il

Yi—1
z€[x—yi,x—yi_1]

dy

<||a||ooZ/

<oy s e ()

i—1 2€lz—yi,z—yi-1]

Yi—1

2th 1 K1\ eN K]
< aue . = ¢ —
slell T - e <N) ol g (v

tK| e
oo/ = - T €

e 8
8||t7||oo|/C| K| K| | e
ol %n . oK) s

The fifth line holds because there are at most 2¢hN/|K| intervals in which |¢},| >

Let
%S 2 7resn oo K E<<1
16v/2|]|o log (ﬁ)
Then

/2 8ol K] IK] K|
lolloo we \/410g Vor e€h2N ) hN
8)[o]loolC KN\ Ik
=lolloey/ = \/41 lo] d'ﬂ > +4log (|N|) . }%
8ol K| _ €
Slollsoy/ 7o \/‘“ mehz AN S F

Putting (C2), (C3) and (C3) into (CI), we conclude that

<

t\:\m

N
(o én)(@) = > o) (vi — vi1) - dulx — vi)
=1
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Hence,
N
=Y o) - Wi — vie1) - oz — i)
i=1
N
<lo(@) = (o ¢n)(@)] + | (0% on)(@) = Y o(y:) —Yi—1) - on(T — ¥i)
i=1
€€
=5 Ty ¢
Let
(z —vi)? K|
B'L = - ’ i = : i)y
@) =eo (<8 E)a= o)
then
N
Zg(yl)(yz_yz—l) (bh l‘_yl Zaz 4
i=1
Hence
N
o — Z a; B <e,
i=1 o
and

K] o]l K]
il < : )| < ———.
Solnl <Y e ol < 1

In addition,

KJ? lelZIkl K]
2 < | ([ <
2]%|’Z;%WN2bwm or  NhZ

To conclude, if one sets
hi=h< ) ’J%S dlmwnm\Ai’
4V3L log 101l 16v2]|o | log (7<)

and ¢; be the grid points of K, then there exists {a;}¥ ; such that

(C5)

N
o— ZaiBi(x) <e,
i=1 00
and
N 2
S Jal < ”U”oo“q, Z| o \O’H |’C\ jISN
i=1 ~ V2mh - B2

We remark that the choice of ¢; could be arbitrary as long as ¢; € [y;—1, -

Now, replacing € with €/ R in (C33), there exists N > 0 and {h;, ¢;, a; }¥; such that

N
— E a;B;(z
i=1

€

o0
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Thus

/@) - J@| =

N
Ew~nr0,1) l(g(le’) - ZaiBi(wT$)> v(w)]

oo

N
< EwNN(O,l) [ o’(’u)T(E) - Z aiBi(wa) |v(w)|}
i=1 . (C.6)
N 1
< lo(w'z) - ZaiBi(wa) (Ewnn(o,1) [v(w)ﬂ) ’
i=1 0o
< % ‘R<e.
O
C.2 PROOF OF THEOREM B
Proof.
For all € > 0, under the parameter settings of Proposition &1, there exists {a;}¥; such that
: - 2 < lollKP?
* o
Hf(a:) —f (x)HOO <e Jo(x)— ZaiBi(a:) < ¢/R, 2% S o
i=1 00 i=1
So we first have
B, |f(@) - *(@)] = Ba | f(@) - f@) + (@) - (@)
< r _ r3 3 _ *
<E, |f(@) - f(@)| + B | f@) - 1*(@)] -
N
<E. Zai (@i(@) — pi())| + e
i=1

Next, we aim to derive a high probability bound on E,, ’Zfil a; (pi(x) — gpz(x))‘ The proof te-
chiniques are similar to those of Theorem B-. First, we have

N N 1 M
> ai(@ile) —pile) = Y <M >~ Bilwga)o(wn) - mx))
i=1 i=1

m=1

L XM N N
=37 Z <Z a; Bi(w,) x)v(wy,) — Zaigoi(:c)>
m=1 \i=1 i=1
It boils down to estimating the sub-gaussian norms of the random variables Z,, =

i.9.d.
SN @B (w]x)v(we) — S aspi(x) where {wpn tmeps N N (0, ).

Consider

2 N 2
=20 (wy,)? (Z a; B;( ;x)) +2 (Ew Z aiBi(wTa:)v(w)>
‘ i=1

2 N
< 20(wp, )? <Z aiBl-(w;,rlx)> +2E, (Z aiBi(wa)> E, (v(w)?).
‘ i=1
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Because Ha(ac) - Zivzl aiBl-(:c)H < €/R, we have Zfil a;B;(x)| < ||o]leo + €/R for all z.
Hence, >
Z3, <20(wn)? (oo + ¢/R)* +2R? (|olloc + ¢/ R)”
<2(Lollwp| + [0(0)])? (lolse + €/R)* + 2R (llo | + ¢/ R)*
< (4L wm||* + 410(0)* + 2R?) (|lollc + ¢/R)*.

Similar to the estimation in Eq. (BI0) and Eq. (B, we have that for A such that 10(||o || R +
€)?A? < 1, it holds that

272 242
By e Zn < 10Ulollso REe)*A?

Similar to the estimatio in Eq. (BI2), Eq. (BZI3) and Eq. (BId), we have that for A such that
160(|o||oo R + €)?A% < M, it holds that

m=1

IEWe*Q( M Zm/M)? < £160([lo]loc R+€)*X /M

Hence, similar to Eq. (B), we have
By e’ (B[S ai@i@-2i@)])” < | Ry e (1S 0i(i@)—ei@))])”
= ExEW@AQ(Z%Zl Zm/M)2

< 6160(Ha\|mR+e)2)\2/M'

By Lemma AT, we obtain ’

Eq

S o (¢ie) —eu(a))| | < 18(lollB + /VIL By

Lemma B2, we have that

N
P <Em Za (¢i(2) ¢i(x))‘ > 18(IUIIOORJ%) 10g(4/5)>

IN

o
.

Namely, with probability of at least 1 — §/2, we have

=1

E. < .
vM

Therefore, putting it back to (CZ2), with probability of at least 1 — §/2, we have

18(lo e B + ) /108 073)

Eq
VM

fa) - £ (@) <

Further, by the proof of Theorem B4, the event

M
1
i Z vZ, < 49R?log(2/6)
m=1

happens with probability of at least 1 — §/2.

Taking the union bounds of the probability, we conclude that with probability of at least 1 — 6, the
inequalities hold:

Eq

f@) - @) < 18(l0le R+ ) VIog[/5)

VM

and

M
1
i Z v2, < 49R%log(2/6).
m=1
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D DEFERRED PROOF IN SECTION 5

We use Rademacher complexity to obtain the result in Theorem Bl. We first recall the definition of
Rademacher complexity. Suppose we are given samples S = {z; = (z;,y;)}1. Let

Co fvi={(z,y) = Uf(z),y): [ € fv}
be the function class. Let
fvoS:={(f(z1), ... f(zn)) : f € fv},
lo fV 0§ := {(g(f(xl)ayl)v 7€(f(xn)ayn)) : f € fV}

be vector sets. The Rademacher complexity of a function class H with respect to .S is defined as
1 n
R(HoS):=—E¢ sup &ih(z),
(HoS)=— ghEH;m)
where £ = ({1, ..., &) and {&; }ie[n) are independent symmetric Bernoulli random variables.

Next, we introduce three lemmas for proving Theorem Bl The first one is a technical tool.

Lemma D.1 (Talagrand’s contraction principle (e.g., Exercise 6.7.7 in (Vershynin, 2Z018)))
Consider a bounded subset T' C R™, and let {{;};c[n] be independent symmetric Bernoulli random
variables. If ¢; : R — R are p-Lipschitz functions, then

E¢ sup &ioi(t;) < pEgsup &it;.

Then, through Lemma O], we can obtain the following result describing the Rademacher complex-
ity of the function class of interests.

Lemma D.2 All f € fy are bounded:

Tllolloo K| R\/l0g(2/6)
h\/ 27
Furthermore, the Rademacher complexity of ¢ o fy, with respect to samples S is bounded as
pllolloo| K| Ry/log(2/6) /2
hy/n ’
For the coherence of the statements, we give the proof of Lemma D72 at the end of this section.

Finally, we derive the excess risk from the Rademacher complexity using the well known result in
supervised learning illustrated below.

1flloo <

R(Lo fyoS) <

Lemma D.3 (e.g., Theorem 26.5 in (Shalev-Shwarfz & Ben-David, 20014)) Assume that for all
z = (x,y) ~ Pand f € fy, we have that |{(f(z),y)| < c. Then for any f € fy, with proba-

bility of at least 1 — & over {(xs,y;) }icn) '~ P. it holds that
F 2log(8/6
Lp(fs) = Lp(f) < 2R(€o fy o S) + 5 %

Formal proof of Theorem E.  Under the conditions and parameter settings of h, N, {c;}~; in
Theorem B2, with probability of at least 1 — § over W = (wq, ..., wps), there exists f € fy such

that

On the other hand, for all f € fy, and (z,y), we have that

0(F (), 9)] < 1600, )] + plF(z) — 0] < p <1 4 Tllolloc K17 /10g(2/ 5>) e

+e.

hv 27
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where we use the first part of Lemma D3, the Lipschitz property of ¢ and the relation |[£(0,y)| < p.

Apply the second part of Lemma D2 and D3 for f Then with probability of at least 1 — § over
{(xmyz)}le[n 1"’ P, we have that

Lp(fs)—Lp(f) <2R(Lo fyoS)+5 21%(8/5)

S2p7||a||oo\/C|R\h/log‘@/a)/% f 5 (H7||a||ooK|R¢log<2/5>/2w> wog(s/a)

h n

< (1 . 7Joo|’C]Z\/10g(2/5)> \/210g7(18/5).

Next, we notice that with probability of at least 1 — § over W = (w1, ..., wps),

Lo(f) - Ln(f*) = IW[(f()) (S (@), )]
f@) - £ (@)

18(10 oo R + )/ To8(4/5)
<p NiTi + pe

Combining the two inequalities and taking the union bounds of the probabilities, we conclude that
with probability of at least 1 — 26 over W and S, it holds that

Lo(f)—Lo(f) < 7o (1 . 7||a||oo|16|12¢log<2/5>> wog,is/é) O P ;M) log(1/3) , .

Without loss of generality, assume h < 1 and § < 1/2, then 1 < +/log(2/4d)/h, \/log(2/d) <

v/21og(8/6). Consequently,

14 (1 + 7l|o]|oo K| R) log(8/)  18([|olloc R + €)v/10g(4/9)
NG +p S + pe

Lp(fs) = Lp(f*) <p

Replacing § with 6/2, with probability of at least 1 — §, we have

14 (14 7||o||e|K|R) log(16/4) 18(||o||oo R + €)+/log(8/0)
NG +p NaTi + pe

Let C = max{14 (1 + 7||o ||| R) , 18(||o||co R + €) }, We obtain that

Lp(fs)—Lp(f*) <p

Lp(fs) — Lp(f*) < PCIC;Lg\/lﬁﬁﬁ pC\/W

O

At the end of the proof, we supplement the proof of the second lemma. The proof of Lemma DI
and D3 can be found readily in the literature and are hence omitted.

Proof of Lemma 2. Let ¢,(t) = £(t,y;) and t; = f(x;). Then ¢;(¢) is p-Lipschitz continuous
with respect to ¢. For the boundedness of T' = {(f(x1), ..., f(z,)) : f € fy}, we can see that for
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all f € fy, it holds that

1 N M
If| = ’M Zak Z Bk(w;m)vm
k=1 m=1
1 N N 2
g* ZCL% . Z (Z Bk ’LUT >
M k=1 k=1
1 N N M
ST DNIENDD (Z Bi(wha) ) 51) D.1)
k=1 k=1 =1 m=1
< lall VNI o]

[N ol K] <2>
49M R2] —
M h\27N o8 0

_Tlloll=|K|R/log(2/8)
hv/ 21

7|lo||oo| K[ R+/log( 2/5
hv 27

7 o |K|Ry/nlog(2/68)
and forall t € Tt = (f(w1), .., f (1)) and [[t] < v/ f[| o < DTl R0BE0

Hence,

[flloe <

By applying Lemma D11, we have

EESUPZ& xz »Yi) <PE§SUPZ§Z ;).

tET

i=1
To continue, let K| = % Ky = \/49MR?log (2), B, € RMM with (B))r.m =
By(w,] x;), then we have
Ee sup > &f(x;)
iz
noo N M
=E; sup Z@M Zak Z Bk(ngi)vm
lalla<K:i 5y k=1 m=1
loll2<Ks2
1 N M n
:M]Eg sup Zak Z Z&Bk(w;lxi) U,
lall2<K: =7 =1 \i=1
[vll2< K2
=—E¢ sup a' &EB; | v,
M ajp<r, ; o
lvll2<K>
Let || - || be the operator norm of a matrix, namely the largest singular value of a matrix. Then by the

equivalent definition of the operator norm, we have that

1 K1K2

—E¢g sup a &EB v = Ee¢

M " yaj,<k, (Z
l[vll2 <K

Za
=1

Furthermore, we have that for any matrix A, it holds that

JA[l < [Allm =4/ Tr (AAT).
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Plugging it into the former expression, we have

KK - K, K. =
Jl\/[ “Ee || > &B; S%Eg > 4B,
i=1 i=1 Fr
2
K1K2 n
< Ee ||> &B;
M i=1 Fr

n n T
O e (em ) (Yem )
=1 =1

n

K1 K,
== |TEe [ D_&BB] + > &¢BB]
i=1 i#j
i,j€[n]

KK, - .

KKy | 2
S L

§K1K2 VaNM = 7H0-H00|’C‘R\/ nlog(2/5)'
M hv2m

Finally, we conclude that

R(Lo fvoS) :%Eg sup D &l f (i), vi)
i=1

p n
<—Egsu iJ\ Ty
< gteggﬁ f (i)

_Tplloll|KIR \/105(2/0) /2
— h\/ﬁ .

E FURTHER DETAILS ON EXPERIMENTS

Datasets. To create datasets, we sampled 105 values of w and using the empirical average
Z:r?;l oi(w, x)v;(w,,)/10° to approximate f;(z), so that the approximation error is around
C %1073, We sampled {; };¢[n] oy N(0, 1) for sample size n = 15000 and d = 2.

Optimization details. We form the learning problem (83) as a unconstrained optimization prob-

lem:
n

min = 3 (T B(z:)v — o) + M (lall3 - 0122 + Asllal, E.D)
a,v N i1
where (B(2:))k,m = Br(w,,z;). The problem is categorized as matrix sensing, a canonical opti-
mization problem in low-rank matrix factorization (Chief-all, DTY). The first regularizer is neces-
sary to balance the size of the two vectors and to guarantee convergence. The second is the common
L regularizer that aims to obtain a with sparse components. We use Adam to train the model. The
codes are available at https://github.com/3b6bf22/repd.

Experiments on a wider range of activation functions.
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