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Abstract
Learning curves of classification metrics, including test error, precision (P), recall (R), F1
score, with regard to training set sizes are a recent hot topic in the development of advanced
methodologies for model selection and hyperparameter optimization. Existing studies con-
centrated on formulating the functional shapes of well-behaved learning curves of test error
by using a normality assumption. However, the normality assumption is unreasonable for
the learning curves of classification metrics because the distributions of most classification
metrics, such as P, R, and F1 score, are skewed, and interval estimations of these metrics
based on the normality assumption may exceed [0,1]. In this study, considering that most
classification metrics are obtained from confusion matrices, we develop a novel method to
formulate the learning curves of classification metrics. Specifically, it is assumed that the
four entries in a confusion matrix jointly follow a multi-nomial distribution rather than a
normality distribution. Furthermore, the function of each entry in a confusion matrix with
regard to training set sizes is formulated with an exponential form. Thus, the learning
curves of a classification metric can be naturally obtained by transforming the functions of
a confusion matrix in terms of the definition of the metric. Moreover, reasonable confidence
bands of several popular metrics, including test error, P, R, and F1 score, are derived in
this study based on the assumption of the multi-nomial distribution of a confusion matrix.
Extensive experiments are conducted on several synthetic and real-world datasets coupled
with multiple typical non-neural and neural classification algorithms. Experimental results
illustrate the improvements of the proposed learning curves of test error, P, R, and F1 score
and the superiority of the confidence bands.
Keywords: Learning Curve; Test Error; Confusion Matrix; Normality Assumption.
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1. Introduction

Although the notion of learning curve was introduced nearly 30 years ago (Cortes et al.,
1993), it has recently become an important tool to evaluate the performance of various
classification algorithms and improve model selection of deep networks (Hoiem et al., 2021;
Mohr and van Rijn, 2023; Dhamija et al., 2018; Hua et al., 2025; Wang et al., 2023, 2025).
Learning curves formalize a classification metric as a function of training set size, thus
overcoming the limitations of standard evaluation methods with fixed train-test splits and
accelerating the development of an advanced methodology in model selection task. The
model selection methodology depends not only on the forms of learning curves but also on
the quality of the estimation of learning curves.

To date, many learning curves have been investigated both theoretically and empirically
(Gu et al., 2001; Perlich et al., 2003; Kolachina et al., 2012; Li et al., 2023; Ruben and Pehle-
van, 2023; Adriaensen et al., 2023) and surveyed in several comprehensive studies (Mohr
and van Rijn, 2022; Viering and Loog, 2023). Intuitively, the performance of a classification
algorithm is frequently improved with more training data, and the corresponding learning
curves are considered well-behaved.

For well-behaved learning curves, a dozen parametric forms have been proposed (Frey
and Fisher, 1999; Boonyanunta and Zeephongsekul, 2004; Singh, 2005; Brumen et al., 2014;
Viering and Loog, 2023). The parametric forms can be categorized into two clusters of
power-law and exponential shapes (Viering and Loog, 2023). These learning curves fre-
quently concentrated on the metric of test error rather than other classification metrics,
including precision, recall, and F1 score. Moreover, the parameters in these forms are typ-
ically estimated with a least square method and a Levenberg-Marquardt method (Moré,
1977), and a normal distribution is frequently used as an assumption in the estimation
method (Hoiem et al., 2021).

However, the assumption of a normal distribution is not suitable for the commonly-used
classification metrics. In practice, the popular classification metrics, such as test error,
precision, recall, F1 score, and so on, take values within the range of [0, 1], but many
learning curves of these metrics based on the normal distribution may exceed [0, 1]. For
example, considering a widely recommended inverse power law learning curve of test error,
i.e., eij = α + ηnγ

i + ϵij with ϵij ∼ N (0, σ2) (Hoiem et al., 2021), if the parameters α and η
are estimated improperly, the estimation of test error has a large chance to be out of [0, 1].

Another important reason to illustrate the irrationality of the normality assumption in
learning curves is that many classification metrics are distributed in a skewed manner rather
than a normal manner Qi et al. (2021). For example, Goutte and Gaussier (2005) showed
that precision, as well as recall, follows a Beta distribution. Wang et al. (2014) proved that
the distribution of F1 score is a reciprocal form with regard to a Beta-prime distribution.
Thus, novel parametric forms of learning curves and the corresponding estimation methods
should be developed based on a reasonable assumption rather than a normality assumption.

In this study, for a binary classification task, considering that popular classification
metrics are obtained on a confusion matrix (Table 1), we introduce an assumption about
the distribution of a confusion matrix. Specifically, the four counts in a confusion matrix,
namely, true positives (TP), false positives (FP), false negatives (FN), and true negatives
(TN) are assumed to jointly follow a multi-nomial distribution (Goutte and Gaussier, 2005).
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Furthermore, the logits of the parameters of the multi-nomial distribution are regarded to
be linear with respect to the power law of training set size. Thus, closed-form expressions
for the learning curves of the parameters are obtained and similar to those of ordinary
logistic regression forms. Then, a novel method of maximizing regularized likelihood ob-
jective is proposed for estimating the learning curves. Correspondingly, learning curves of
classification metrics can be obtained by functionally transforming the learning curves of
the parameters of the multi-nomial distribution in terms of the definition of the metrics
over a confusion matrix.

We also develop reasonable confidence bands of the learning curves of test error, preci-
sion, recall, and F1 score. On the basis of the multi-nomiality assumption, from a Bayesian
perspective, the posterior distributions of test error, precision, recall, and F1 score can be
naturally obtained (Goutte and Gaussier, 2005; Wang et al., 2014). Then, the corresponding
confidence bands can be derived from the posterior distributions. The confidence bands are
consistently located within the range of [0, 1] and relatively conservative with a sufficient
confidence degree. In contrast, the confidence bands induced from a normality assumption
(Hoiem et al., 2021) may exceed [0, 1] and possess lower confidence degrees that would tend
to produce false positive decisions in a model selection task.

We compare our proposed learning curves with the majority of existing parametric learn-
ing curves on sufficient numerical experiments. The experiments involve multiple synthetic
and real-world datasets as well as multiple non-neural and neural classification algorithms.
The root mean squared error (RMSE) is used as a measure to evaluate the learning curves,
and the measures of degree of confidence (DoC) and interval length (IL) are employed to
assess the quality of the proposed confidence bands. Experimental results show that our
learning curves achieve an obvious improvement in fitting the learning behavior of a classi-
fication algorithm with regard to training set size, and the proposed confidence bands are
superior to the confidence bands obtained from a normality assumption.

In summary, our contributions in this study are listed as follows.

1. We obtain novel parametric forms of learning curves of test error, precision, recall,
and F1 score based on a multi-nomiality assumption over a confusion matrix.

2. We formulate a proper method for estimating the parameters of learning curves based
on a regularized optimization of maximizing likelihood objective.

3. We develop reasonable confidence bands with regard to the learning curves of test
error, precision, recall, and F1 score.

2. Preliminaries and Our Method

In this section, we mainly consider the binary classification setting and four popular classi-
fication metrics, namely, test error, precision, recall, and F1 score. Hence, we concentrate
on the question of how to approximate the learning curves of these four met-
rics in a supervised binary classification task? For multi-class classification task and
other classification metrics, an extension of the proposed method will be investigated in
future work. Considering that the four metrics are computed on a confusion matrix, we
first introduce the definition and probabilistic interpretation of a confusion matrix and then
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Gold labels
+ -

Predictions + True Positives False Positives
- False Negatives True Negatives

Table 1: Illustration of a typical confusion matrix.

derive the theoretical forms and estimations of the learning curves of the metrics through
investigating the functional relationships of a confusion matrix with regard to training set
sizes.

2.1. Confusion Matrix

In a binary classification task, we assume that a dataset Dn consists of n samples, namely,
Dn = {(xi, yi)}n

i=1, where the samples are independently sampled from unknown distribu-
tion P, xi is the i-th numerical object, and yi ∈ Y is the corresponding class label of xi

such that Y = {+, −}. Let A be a binary classification algorithm, and an implementa-
tion of algorithm A trained on dataset Dn is denoted as a model A(Dn). Furthermore, a
classification metric is introduced to assess the true performance of model A(Dn). Several
commonly-used metrics, including test error, precision, recall, and F1 score, are considered
in this section.

On the basis of a test set Tn′ ∼ Pn′ , a typical classification metric of model A(Dn) can
be estimated from a confusion matrix. As illustrated in Table 1, a conventional confusion
matrix C consists of four counts, namely, TP, FP, FN, and TN, such that TP + FP + FN +
TN = n′. Define n′

+ = TP+FN is the number of positive samples in Tn′ and n′
− = TN+FP

is the number of negative samples in Tn′ . Then, the estimators of test error (en), precision
(pn), recall (rn), and F1 score (f1,n) are computed through Eq. (1) where the subscript n
indicates the size of Dn used in a training process of algorithm A.

ên = TP + TN
n′ , p̂n = TP

TP + FP , r̂n = TP
TP + FN = TP

n′
+

, f̂1,n = 2p̂r̂

p̂ + r̂
. (1)

It is noted that the accuracy of model A(Dn) is computed as an = 1 − en, and thus our
proposed method can be naturally generalized to the metric of accuracy. Formally, our goal
in this study is to obtain closed-form expressions of the learning curves of en, pn, rn, and
f1,n with regard to n.

2.2. Probabilistic Interpretation of a Confusion Matrix

A conventional confusion matrix C = (TP, FP, FN, TN) can be regarded as a sample of
counts drawn from a multi-nomial distribution (Goutte and Gaussier, 2005) as follows.

C ∼ M(n′; πn), (2)

where M stands for a multi-nomial distribution parameterized by n′ and a probabilistic
vector πn = (πTP,n, πFP,n, πFN,n, πTN,n) such that πTP,n + πFP,n + πFN,n + πTN,n = 1. Let
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π+ = πTP,n + πFN,n be the prior probability of positive class and π− = πFP,n + πTN,n =
1 − π+ be the prior probability of negative class. Therefore, we obtain that n′

+ = n′π+ and
n′

− = n′π−.
In this study, we assume that π+ and π− are two constants conditioned on P and

unrelated to n. Moreover, the subscription n used in πn is used to indicate that different
training set sizes of Dn could induce different values of πn.

Conditioned on priors of π+ and π−, four normalized probabilities Πn = (ΠTP,n, ΠFP,n,
ΠFN,n, ΠTN,n) can be defined in Eq. (3).

ΠTP,n = πTP,n

π+
, ΠFP,n = πFP,n

π−
, ΠFN,n = πFN,n

π+
, ΠTN,n = πTN,n

π−
. (3)

Obviously, the normalized probabilities satisfy the constraints in Eq. (4).

ΠTP,n + ΠFN,n = 1, ΠTN,n + ΠFP,n = 1. (4)

From the perspective of the multi-nomial distribution in Eq. (2), several conditional
distribution with regard to confusion matrix C can be naturally obtained as showed in Eqs.
(5) and (6).

TP|n′
+ ∼ B(n′

+; ΠTP,n), FP|n′
− ∼ B(n′

−; ΠFP,n), (5)
FN|n′

+ ∼ B(n′
+; ΠFN,n), TN|n′

− ∼ B(n′
−; ΠTN,n), (6)

where B stands for a binomial distribution. In particular, the estimator of test error, namely,
ên in Eq. (1), follows the binomial distribution in Eq. (7).

ên ∼ B(n′; πFP,n + πFN,n). (7)

On the basis of πn, the metrics of test error, precision, recall, and F1 score are expressed
in Eq. (8).

en = πFP,n + πFN,n, pn = πTP,n

πTP,n + πFP,n
, rn = ΠTP,n, f1,n = 2pnrn

pn + rn
. (8)

From a Bayesian perspective, assuming the priors of precision and recall are a Beta
distribution, namely, pn ∼ Be(λ, λ) and rn ∼ Be(λ, λ), then it has been proved that the
posterior distributions of precision and recall are the Beta distributions in Eq. (9) (Goutte
and Gaussier, 2005).

pn ∼ Be(TPn + λ, FPn + λ), rn ∼ Be(TPn + λ, FNn + λ). (9)

Analogously, for the metric of test error, assuming that en ∼ Be(λ, λ) and considering
the likelihood of test error in Eq. (7), we obtain the posterior distribution of test error in
Eq. (10).

en ∼ Be(FPn + FNn + λ, TPn + TNn + λ). (10)
For the metric of F1 score, it has been proved that the form of its posterior distribution

is a closed-form expression in Eq. (11) (Wang et al., 2014).

P (t) = 2a(1 − t)a−1(2 − t)−a−btb−1

Be(a, b) , (11)
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where 0 ≤ t ≤ 1 and a = FPn + FNn + 2λ and b = TPn + λ.
Two popular Beta priors can be considered: Jeffrey’s non-informative prior with λ = 1/2,

and the uniform prior with λ = 1.

2.3. Closed Forms of the Proposed Learning Curves

Previous work frequently use a normality distribution as an assumption to build the closed
forms of learning curves of test error (Hoiem et al., 2021). However, Eq. (7) shows that
the test error is not normally distributed. This observation motivates us to develop novel
learning curves for the metrics of test error, precision, recall, and F1 score under a more
reasonable assumption.

Eq. (8) illustrates that the considered classification metrics can be analytically expressed
with πn. Therefore, an intuition for obtaining closed-form expressions of the learning curves
of the metrics is to first develop the functions of πn with regard to n. These functions are
also named as learning curves of πn in this study.

Considering that the normalized probabilities of πn, i.e., Πn, are the parameters of the
binomial distributions in Eqs. (5) and (6), a natural idea to formalize the relationship of
Πn with n is to use logit functions. Specifically, we express the logit function of ΠTP,n in
Eq. (12).

logit(ΠTP,n) = ln ΠTP,n

1 − ΠTP,n
= αTP + ηTPnγ . (12)

Then, a learning curve of ΠTP,n is expressed as a logistic regression form in Eq. (13).

ΠTP,n = eαTP+ηTPnγ

1 + eαTP+ηTPnγ , (13)

where αTP, ηTP, and γ are three parameters to be estimated on test dataset Tn′ . Further-
more, in terms of the constraint in Eq. (4), the learning curve of ΠFN,n is expressed in Eq.
(14).

ΠFN,n = 1
1 + eαTP+ηTPnγ . (14)

Analogously, the learning curves of ΠTN,n and ΠFP,n can be expressed in Eq. (15).

ΠTN,n = eαTN+ηTNnγ

1 + eαTN+ηTNnγ , ΠFP,n = 1
1 + eαTN+ηTNnγ . (15)

According to the definitions of Πn in Eq. (3), the learning curves of πn are provided in
Eqs. (16) and (17).

πTP,n = π+eαTP+ηTPnγ

1 + eαTP+ηTPnγ , πFN,n = π+
1 + eαTP+ηTPnγ , (16)

πTN,n = π−eαTN+ηTNnγ

1 + eαTN+ηTNnγ , πFP,n = π−
1 + eαTN+ηTNnγ . (17)
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On the basis of the definitions in Eq. (8), our proposed learning curves of the classifi-
cation metrics can be obtained and showed in Eqs. (18), (19), and (20).

en = π+
1 + eαTP+ηTPnγ + π−

1 + eαTN+ηTNnγ , (18)

pn = 1
1 + π−(1+eαTP+ηTPnγ )

π+eαTP+ηTPnγ (1+eαTN+ηTNnγ )

, (19)

rn = eαTP+ηTPnγ

1 + eαTP+ηTPnγ . (20)

In addition, the learning curve of F1 score can be obtained by substituting Eqs. (19) and
(20) into fn = 2pnrn/(pn + rn).

It is noted that the parameters of the proposed learning curves in Eqs. (18)-(20) are
αTP, αTN, ηTP, ηTN, and γ. The estimation methods of these parameters are discussion in
the next subsection.

2.4. Estimating the Proposed Learning Curves

We can consider the forms of ΠTP,n and ΠTN,n in Eqs. (13) and Eqs. (15) as two logistic
regression models. Hence, the parameters of αTP, αTN, ηTP, and ηTN are regarded as the
weights of the models. Furthermore, given a value of γ, the maximum likelihood estimations
(MLEs) of the four parameters can be obtained.

Formally, in order to train algorithm A with different sizes of training sets, we generate
K subsets of training sets from dataset Dn and denote the subsets as DNi where i = 1, . . . , K
and Ni is the size of DNi . The K subsets satisfy DN1 ⊂ DN2 ⊂ · · · ⊂ DNK

. Without loss of
generality, we define NK = n. Furthermore, we use dataset DNi to train algorithm A and
induce the model A(DNi) and then use a hold-out validation set Vn(v) to evaluate model
A(DNi) to obtain confusion matrices C

(v)
i = (TP(v)

i , FP(v)
i , FN(v)

i , TN(v)
i ). The subscription

i of C
(v)
i indicates that the training set size of C

(v)
i is Ni, and the superscript of C

(v)
i

indicates that the confusion matrix is obtained on a validation set rather than a test set.
The numbers of positive and negative samples in Vn(v) are denoted as n

(v)
+ = TPi +FNi and

n
(v)
− = TNi + FPi such that n

(v)
+ + n

(v)
− = n(v).

Based on the confusion matrices of C
(v)
i with i = 1, . . . , K, two log likelihood function

are defined in Eqs. (21) and (22).

L
(i)
TP = TPi(αTP + ηTPNγ

i ) − n
(v)
+ ln(1 + eαTP+ηTPNγ

i ), (21)
L

(i)
TN = TNi(αTN + ηTNNγ

i ) − n
(v)
− ln(1 + eαTN+ηTNNγ

i ). (22)

Furthermore, the parameters in the proposed learning curves, namely, {αTP, αTN, ηTP,
ηTN} is estimated by optimizing a log likelihood objective in Eq. (23).

L(γ) = max
αTP,αTN,ηTP,ηTN

K∑
i=1

(L(i)
TP + L

(i)
TN). (23)

In order to search an optimal value of γ, we maximize a log likelihood objective with
an L1 prior that slightly regularizes values to close to −0.5. The L1 prior is heuristic and
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borrowed from Hoiem et al. (2021). The regularized likelihood objective is showed in Eq.
(24).

max
γ∈[−1,1]

L(γ) − τ |γ + 0.5|. (24)

The estimators of {αTP, αTN, ηTP, ηTN, γ} based on Eq. (24) are denoted as {α̂TP, α̂TN,
η̂TP, η̂TN, γ̂}. Substituting the parameters in Eqs. (18)-(20) with the corresponding estima-
tors, we can obtain the estimation versions of the learning curves of test error, precision,
recall, and F1 score.

2.5. Confidence bands of the Classification Metrics

According to the posterior distributions of test error, precision, recall, and F1 score in Eqs.
(10)-(11), we can naturally obtain the confidence bands of these four metrics.

Specifically, we substitute {α̂TP, α̂TN, η̂TP, η̂TN, γ̂} into the learning curves of πn in Eqs.
(16) and (17) and derive the estimated learning curves denoted as π̂n = (π̂TP,n, π̂FP,n, π̂FN,n,

π̂TN,n). We further define a virtual confusion matrix Ĉn = n(v)π̂n = (T̂Pn, F̂Pn, F̂Nn, T̂Nn)
where n(v) is the size of a validation set.

Then, the confidence bands of test error, precision, recall, and F1 score with a probability
1 − α are expressed in Eqs. (25)-(28).

CIe =
[
Be α

2
(F̂Pn + F̂Nn + λ, T̂Pn + T̂Nn + λ),

Be 2−α
2

(F̂Pn + F̂Nn + λ, T̂Pn + T̂Nn + λ)
]
, (25)

CIp =
[
Be α

2
(T̂Pn + λ, F̂Pn + λ), Be1− α

2
(T̂Pn + λ, F̂Pn + λ)

]
, (26)

CIr =
[
Be α

2
(T̂Pn + λ, F̂Nn + λ), Be1− α

2
(T̂Pn + λ, F̂Nn + λ)

]
, (27)

CIf1 =
[ 1
1 + Be′

1− α
2
(ā, b̄)

,
1

1 + Be′
α
2
(ā, b̄)

]
, (28)

where Be′
α is the α quantile of a beta-prime distribution with parameters of ā = F̂Pn +

F̂Nn + 2λ and b̄ = T̂Pn + λ. In this study, λ = 1 of an uniform prior is used.

2.6. Baseline

To date, multiple parametric learning curves have been developed and well investigated
in recent survey papers (Mohr and van Rijn, 2022; Viering and Loog, 2023). Most of
the parametric forms of learning curves considered the metric of test error. To our best
knowledge, there is no relevant research available about the learning curves of precision,
recall, and F1 score.

There are 14 types of the existing parametric learning curves that are frequently clus-
tered into two categories: power-law shape and exponential shape. The existing learning
curves have been summarized in Table 1 of (Viering and Loog, 2023) and are not repeated
here due to limited space.

Most of the existing learning curves were compared by Gu et al. (2001) and Kolachina
et al. (2012) with sufficient empirical experiments over multiple kinds of datasets and al-
gorithms. These studies consistently recommended the inverse power law form of an−γ + c
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as the best learning curves. The form is named as POW3 in (Viering and Loog, 2023).
Moreover, in recent years, Hoiem et al. (2021) further used POW3 to analyze the learning
behavior of deep neural networks and Mohr and van Rijn (2023) studied the fitting prob-
lems in the curves of POW3. Therefore, we use POW3 as a strong baseline in this paper to
illustrate the improvements in our proposed method. Moreover, most of the 14 types of the
existing learning curves, as well as our proposed curves, are also numerically compared with
our experimental settings. Due to the limited space, the corresponding results are given in
the supplemental materials (SM).

3. Experiments

3.1. Datasets and Algorithms

Two synthetic, four real-world datasets, six non-neural classifiers, and two neural classifiers
are considered.

Synthetic datasets include a simple dataset that has a binary class label and ten pre-
dictors jointly drawn from two conditional Gaussian distributions, and the Exp2 dataset
that is a binary-class variant of the EXP6 dataset frequently used in the algorithm compar-
ison task (Dietterich, 1998; Wang and Li, 2023). The sizes of the training set Dn and test
set Tn′ are set to 1,280 and 320, respectively. Multiple popular non-neural classification
algorithms are used on the two synthetic datasets, including logistic regression (LR), linear
discriminant analysis (LDA), naive bayes (NB), decision tree (TREE), random forest (RF),
and multi-layer perceptron (MLP).

Four real-world datasets are Cat VS Dog dataset, Cifar10 dataset, COVID-19 Chest
X-Ray dataset, binary gender classification dataset. Cat VS Dog dataset has 12,500 images
per class, where 10,000 images per class are IID drawn without replacement as a training
set Dn and the remaining 2500 images per class are used as a test set Tn′ . For Cifar 10
dataset, the first five classes are combined as positive class, and the other five classes are
combined as negative class. From the 50,000 images in the original training set of Cifar10
dataset, 40,000 images are randomly drawn in a stratified manner from a training set Dn

and the remaining 10,000 images are used as a test set Tn′ . For COVID-19 Chest X-Ray
dataset, the COVID class and NORMAL class are regarded as the positive and negative
classes, respectively. For binary gender classification dataset, the female class and male
class are regarded as the positive and negative classes, respectively. In COVID-19 Chest X-
Ray dataset and binary gender classification dataset, 1,000 images per class are IID drawn
without replacement as a training set Dn and the remaining 200 images per class are used
as a test set Tn′ . On the real-world datasets, two deep neural networks, i.e., ResNet18 and
DenseNet, are used.

For the synthetic datasets, six types of sizes of the training subsets DNi are used, namely,
Ni = 40×2i with i = 0, 1, . . . , 5. For Cat VS Dog dataset, Ni = 625×2i with i = 0, 1, . . . , 4
are used. For Cifar10 dataset, Ni = 1250 × 2i with i = 0, 1, . . . , 5. For COVID-19 Chest
X-Ray dataset, Ni = 125 × 2i with i = 0, 1, . . . , 4 are used. For binary gender classification
dataset, Ni = 125 × 2i with i = 0, 1, . . . , 5. A validation set Vn(v) with size n(v) = Ni/3 is
randomly sampled from DNi for estimating the proposed learning curves.

The technical details of the above datasets and the settings of the non-neural and neural
classification algorithms are elaborated in SM.
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3.2. Evaluation Protocols

The estimation methods of the baseline method POW3 and the corresponding confidence
bands are similar with Hoiem et al. (2021). Although Hoiem et al. (2021) merely considered
the metric of test error, we also use their methods coupled with the a normality assumption
to produce the baseline results with regard to precision, recall, and F1 score for a thorough
comparison.

To validate the quality of the estimated learning curves, a measure of RMSE and leave-
one-size-out evaluation strategy are used. When fitting a learning curve, for each training
set size of Ni, different fractions of dataset Dn are used to train multiple classifiers when
Ni < n. When training a classifier with DNi , 2/3 of DNi is used in a training process, and
the remaining 1/3 of DNi is used as a validation set Vn(v) for inducing a confusion matrix
C

(v)
i . Moreover, considering training set sizes of {N1, N2, . . . , NK}, a leave-one-size-out

evaluation uses the training sets of sizes in {N1, . . . , Ni−1, Ni+1, . . . , NK} to fit a learning
curve and compute the fitting value of the learning curve with regard to the training set
size of Ni. Moreover, parameter γ is discretely searched over [−1, 1] with a step of 0.01,
and τ = 5 is empirically set.

In order to compute an RMSE value, taking test error as an example, denote the fitting
value of a learning curve with regard to a training set size Ni as êNi . Moreover, we divide Dn

into multiple disjoint training sets of size Ni and use each training set to training a classifier
and evaluate the test error of the classifier on test set Tn′ . Then, multiple numerical values
of test error on Tn′ are obtained, and these values are averaged to approximate the true
value of test error that is denoted as ēNi . Furthermore, for each experimental dataset, we
use different random seeds to sample J times of different Dn and Tn′ and correspondingly
perform J times of the above protocols. Then, we obtain J pairs of fitting values and true
values, denoted as {(êNi,j , ēNi,j)}J

j=1. Then, a numerical RMSE is computed in Eq. (29).

RMSEe(Nj) =

√√√√ J∑
j=1

(êNi,j − ēNi,j)2. (29)

The RMSE values of precision, recall, and F1 score, namely, RMSEp, RMSEr, RMSEf1 ,
can be calculated in a similar manner. We set J = 1, 000 for synthetic datasets and J = 10
for real-world datasets.

To assess the quality of the proposed confidence bands, The typical measures of DoC
and IL are employed. DoC is the probability of the inclusion of the true value of a metric
in the confidence band, and IL is the expected width of a confidence band at a training set
size of Ni. A higher value of DoC with a shorter IL indicates a better confidence band. In
our experiments, we use the empirical proportion over the inclusions of the J times of true
metric values to approximate the true value of DoC and the averaged length of confidence
bands of J simulations of a dataset as the true value of IL. Moreover, α = 0.05 is used to
indicate the level of confidence.

3.3. Results and Analysis

Due to the limited space, all experimental results are included in SM. In the paper, we list
a fraction of typical results of the comparisons between POW3 baseline and the proposed
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Table 2: Comparison of RMSE values of learning curves on the simple dataset.

Classifier POW3 Our proposed method
40 80 160 320 640 1280 40 80 160 320 640 1280

Test error
LDA 3.14 2.46 2.57 2.70 2.96 3.81 2.80 2.29 2.47 2.65 2.88 3.19
NB 3.00 2.26 2.26 2.29 2.56 3.19 2.73 2.12 2.16 2.26 2.49 2.69

TREE 3.06 2.27 2.26 2.47 3.01 5.05 2.96 2.23 2.28 2.44 2.95 3.57
MLP 3.23 2.34 2.06 2.23 2.75 4.00 2.68 1.91 1.94 2.19 2.56 3.55

Precision
LDA 4.27 3.06 2.98 3.19 3.57 4.43 3.39 2.77 2.91 3.17 3.45 3.75
NB 3.96 2.73 2.73 2.82 3.26 4.08 3.34 2.57 2.68 2.82 3.15 3.37

TREE 3.84 3.21 2.56 2.84 3.67 5.89 3.49 2.98 2.52 2.87 3.78 4.19
MLP 4.76 2.92 2.44 2.59 3.13 4.32 3.42 2.37 2.39 2.57 3.04 3.81

Recall
LDA 5.10 3.88 4.00 4.18 4.67 5.93 4.56 3.53 3.86 4.12 4.45 4.82
NB 4.41 3.53 3.31 3.47 3.89 4.76 3.90 3.11 3.24 3.47 3.74 4.06

TREE 5.83 5.53 4.35 4.48 5.60 7.95 5.46 4.64 3.86 4.67 5.08 5.99
MLP 5.49 3.87 3.45 3.46 4.47 6.47 5.07 4.05 3.60 3.45 4.49 6.67

F1 score
LDA 3.67 2.87 2.96 3.05 3.31 4.26 3.34 2.62 2.81 2.98 3.21 3.54
NB 3.09 2.42 2.40 2.45 2.72 3.40 2.75 2.22 2.28 2.41 2.65 2.88

TREE 3.70 3.05 2.66 2.81 3.25 4.95 3.38 2.28 2.52 2.78 3.00 3.59
MLP 4.00 2.76 2.44 2.50 3.04 4.52 3.63 2.66 2.41 2.45 2.91 4.19

curve lines on the simple dataset, Cifar10 dataset, and COVID19 dataset in terms of the
measures of RMSE, DoC and IL in Tables 2, 3, 4 and 5. In the tables, lower values of RMSE
are labeled in bold font to indicate better performance. Moreover, the values of DoC higher
than 1 − α = 0.95 are listed in bold font to indicate the corresponding confidence bands
possess sufficient degree. Comprehensively analyzing the results in Tables 2, 3, 4, 5 and
SM, we can obtain several observations in the following sections.

3.3.1. Analysis about RMSE of learning curves.

In Tables 2, 3, 4 and 5, for the metric of test error, most values of RMSE of our proposed
learning curves are lower than those in POW3 baselines, which indicates that our proposed
learning curves achieve an obvious improvement in the fitting of learning curves. Similar
conclusions can be obtained from the remaining results in SM.

Moreover, for both POW3 baseline and the proposed method, as a training set takes a
small size and a large size, the corresponding RMSE values are slightly higher than those
with moderate training set sizes. It illustrates that a challenge of fitting a learning curve
occurs when a training set size is small or large. Similar phenomenon is observed on Cifar10
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Table 3: Comparison of confidence bands of test error on the simple dataset.
Measure 40 80 160 320 640 1280 40 80 160 320 640 1280

LDA
DoC 0.18 0.15 0.11 0.15 0.18 0.17 1.00 1.00 1.00 1.00 0.95 0.81

IL(×10−1) 0.15 0.10 0.08 0.10 0.13 0.15 4.53 3.25 2.32 1.58 1.12 0.81
NB

DoC 0.19 0.13 0.13 0.14 0.20 0.16 1.00 1.00 1.00 1.00 0.95 0.79
IL(×10−1) 0.13 0.08 0.07 0.09 0.12 0.13 3.82 2.95 2.08 1.39 0.98 0.70

TREE
DoC 0.19 0.20 0.14 0.16 0.16 0.12 1.00 1.00 1.00 1.00 0.96 0.74

IL(×10−1) 0.17 0.11 0.08 0.09 0.13 0.17 4.72 3.37 2.41 1.68 1.18 0.87
MLP

DoC 0.24 0.20 0.18 0.17 0.20 0.17 1.00 1.00 1.00 1.00 0.98 0.78
IL(×10−1) 0.16 0.11 0.08 0.10 0.13 0.17 4.53 3.37 2.37 1.68 1.19 0.83

Table 4: Comparison of learning curves and confidence bands on Cifar10 dataset and
ResNet Classifier.

Metric POW3 Our proposed method
Ni(×10) 125 250 500 1000 2000 4000 125 250 500 1000 2000 4000

Test error 3.16 0.77 2.49 0.41 1.73 2.00 2.37 0.34 1.50 1.08 1.62 5.69
Precision 3.66 0.95 2.28 0.53 1.87 1.88 2.74 0.38 1.15 1.13 1.86 5.32

Recall 1.48 1.40 3.33 0.91 1.42 3.19 0.60 1.01 2.43 1.41 1.30 6.14
F1 score 2.36 0.98 2.69 0.48 1.60 2.17 1.57 0.53 1.75 1.10 1.51 5.74
Measure Evaluation of the confidence bands of test error.

DoC 0.0 0.0 0.0 0.1 0.0 0.1 1.0 1.0 1.0 1.0 0.9 0.0
IL(×10−1) 0.03 0.02 0.02 0.03 0.04 0.05 2.87 1.98 1.33 0.86 0.53 0.21

dataset in Table 4. In particular, on Cifar10 dataset, when the training set size is 40,000,
our proposed method is slightly worse than POW3 method that is as similar as the results
on the Cat VS Dog dataset when a training set size achieves its maximum. In contrast,
when training set size is small, our method frequently outperforms POW3 baseline. These
observations demonstrate that our proposed learning curves have a large strengthens in
fitting the curves on a training set with a relatively small size and moderate size. We will
polish the proposed method on large training sets in future work.

For the metrics of precision, recall, and F1 score, Tables 2, 3, 4 and 5 also illustrate that
our proposed learning curves that are transformed from the learning curves of a confusion
matrix are slightly better than the POW3 baselines. It indiates that multi-nomial distribu-
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Table 5: Comparison of learning curves and confidence bands on COVID19 dataset and
ResNet Classifier.

Metric POW3 Our proposed method
Ni 125 250 500 1000 2000 125 250 500 1000 2000

Test error 2.74 2.06 1.07 0.78 1.01 2.66 2.10 1.09 0.77 0.88
Precision 4.29 3.46 2.41 1.72 2.51 4.17 3.49 2.43 1.73 2.39

Recall 1.31 0.54 0.46 0.54 0.67 1.23 0.60 0.42 0.53 0.84
F1 score 2.69 2.00 1.04 0.76 1.00 2.61 2.05 1.07 0.77 0.87

Measure Evaluation of the confidence bands of test error.
DoC 0.0 0.0 0.0 0.0 0.0 1.0 1.0 1.0 1.0 0.5

IL(×10−1) 0.34 0.21 0.30 0.37 0.35 9.11 5.49 3.17 1.80 0.88

tions and beta distributions are regarded as more reasonable assumptions than a normality
distribution.

Besides the POW3 baseline, we also compare our method with other nine types of para-
metric learning curves. The numerical results in SM also show that the proposed learning
curves are frequently better than the other existing learning curves in most experimental
settings regardless of the considered classification metrics.

3.3.2. Analysis about confidence bands.

The comparison results of confidence bands of POW3 baseline and our method are also
listed in Tables 2, 3, 4 and 5. A reasonable confidence band should possess a high DoC
value first and then a small IL value. It is noted that the DoC values in Table 4 and 5
merely keep one decimal place because the simulation count J of a real-world dataset is
J = 10.

All experimental results demonstrate that the numerical DoC values of POW3 baseline
are constantly far lower than the nomial degree 1 − α = 0.95 although POW3 possesses
a substantially smaller IL than our method. From the unpromising DoC values in POW3
baseline, we can infer that a model selection method based on the confidence band in
POW3 easily produces liberal false positive decisions. Nevertheless, it is difficult to obtain
an universal unbiased variance estimator in a confidence band because multiple estimators
of model performance obtained on a dataset are frequently correlated and the corresponding
correlation coefficients can not be well estimated (Bengio and Grandvalet, 2004). Thus, a
relative conservative confidence band is preferred in model selection task to reduce false
positive decisions.

In contrast to POW3 baseline, our proposed confidence bands frequently possess DoC
values higher than the desired degree 1 − α = 0.95. It illustrate that the proposed confi-
dence bands is more suitable to a model selection task than the confidence bands of POW3
baseline. The results of confidence bands in SM also show the confidence bands of the other
existing curves are liberal too, and the proposed confidence bands are more reasonable than
other methods. It is noted that majority of the DoC values are very close to one, which
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indicates the proposed confidence bands are over-conservative. Correspondingly, the IL in
the proposed method becomes substantially larger than POW3. The possible reason of the
over-conservative property is that the confidence bands uses a smaller validate set size n(v).
However, a larger value of n(v) leads to a smaller training set and would produce under-
fitting models that harms the estimation of learning curves. Moreover, different from the
normal distribution, the Beta distributions in Eqs. (25)-(28) make the proposed confidence
bands not exceeding the range of [0,1], which is another strength of our method.

3.3.3. Summary.

Compared our proposed learning curves with POW3 baseline and the other existing learning
curves, the following two conclusions are obtained.

• The proposed learning curves can achieve smaller RMSE values in the majority of
experimental settings.

• The proposed confidence bands which are relative conservative frequently own slightly
high confidence degrees and wide interval ranges.

4. Conclusion

In this study, we obtained the closed-form expressions of the learning curves of test error,
precision, recall, and F1 score over confusion matrices based on an assumption of multi-
nomial distribution instead of the widely-used normality assumption. Furthermore, from
a Bayesian perspective, reasonable confidence bands are derived from the posterior distri-
butions of test error, precision, recall, and F1 score. Experimental results illustrate the
improvements in the proposed method and the superiority of the confidence bands among
the existing learning curves.

In future, we will refine the optimization method to improve the proposed learning
curves over large training sets and investigate the effect of the partitioning of training and
validation sets on the confidence bands for developing better confidence bands. Moreover,
we will generalize our method to the scenario of multi-class classification task and other
classification metrics.
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