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Abstract

Studying the implicit bias of gradient descent (GD) and stochastic gradient descent
(SGD) is critical to unveil the underlying mechanism of deep learning. Unfortu-
nately, even for standard linear networks in regression setting, a comprehensive
characterization of the implicit bias is still an open problem. This paper pro-
poses to investigate a new proxy model of standard linear network, rank-1 linear
network, where each weight matrix is parameterized as a rank-1 form. For over-
parameterized regression problem, we precisely analyze the implicit bias of GD
and SGD—by identifying a “potential” function such that GD converges to its min-
imizer constrained by zero training error (i.e., interpolation solution), and further
characterizing the role of the noise introduced by SGD in perturbing the form of
this potential. Our results explicitly connect the depth of the network and the initial-
ization with the implicit bias of GD and SGD. Furthermore, we emphasize a new
implicit bias of SGD jointly induced by stochasticity and over-parameterization,
which can reduce the dependence of the SGD’s solution on the initialization. Our
findings regarding the implicit bias are different from that of a recently popular
model, the diagonal linear network. We highlight that the induced bias of our rank-1
model is more consistent with standard linear network while the diagonal one is
not. This suggests that the proposed rank-1 linear network might be a plausible
proxy for standard linear net.

1 Introduction

Gradient Descent (GD) and its stochastic variant, Stochastic Gradient Descent (SGD), are probably
the most important optimization techniques in deep learning. To unveil the underlying mechanism of
modern neural networks, it is highly fundamental to understand the thrilling and mysterious properties
of GD and SGD. Some recent works [24} 18} 13} [22]] have made significant efforts in this direction by
exploring their implicit bias: among all global minimum, i.e., interpolation solutions, what particular
ones will GD and SGD prefer without adding an explicit regularization? This question highlights
the crucial roles of these algorithms in the generalization performance of the trained models.

Among the vast number of architectures in deep learning, the first object to investigate is the deep
linear network, i.e., without any nonlinear activations,

F(z;W)=Wyg--- Wz ()

where W},’s are weight matrices and « is the input data. The linear network can be obviously treated as
an over-parameterized model of standard linear model, 0T = Wy, --- W;. However, the introduction
of the over-parameterization brings significant non-convexity, and thus complicates dynamics during
learning. Until now, the direct analysis of implicit bias of GD and, particularly, SGD for standard
deep linear networks with any depth and initialization on regression problems is still an open problem.

37th Conference on Neural Information Processing Systems (NeurIPS 2023).



(b)

Figure 1: (a). Standard linear networks. (b). Rank-1 linear networks. One neuron in the middle
hidden layer is active and fully connected. (c¢). Diagonal linear networks. Every neuron is active but
not fully connected.

In order to study the implicit bias of linear networks in regression settings, a simplified version of
standard linear network, diagonal linear network (i.e., each neuron is only connected with a single
neuron of the next layer [26,22]), was proposed as a proxy to underpin the bias of the standard one.
With this simplified model, the solution selected by GD solves a constrained norm minimization
problem that interpolates between the ¢, and {5 norms up to the initialization scale [26]]. For SGD, the
solution is closer to that of the sparse regression when compared to GD with the same initialization
[22]].

However, in Section our theoretical analysis shows that the induced implicit bias of diagonal
linear networks is not consistent with standard linear network, at least for GD in regression settings.
It is then natural to ask: are there any proxy architectures that could produce similar implicit bias to
that of standard linear networks? If so, we still expect the new proxy model be amenable to tractable
analysis and provide insights for investigating the implicit bias of SGD and a wider spectrum of
architectures. This is the main goal of our work.

On the other hand, [11]] showed that weight matrices of linear networks for linearly separable
classification will become low-rank when trained with GD and logistic loss. [[L6] also observed such
low-rank bias for deep matrix factorization. [8] showed that SGD and weight decay jointly induces
a low-rank bias in the weight matrices when training a neural network. In fact, for linear networks
with a single output trained with GD, all weight matrices will automatically become rank-1 and will
maintain this property during training when the initialization is balanced [11].

Our contributions. Inspired by this low-rank bias and to avoid the complicated analysis of standard
linear networks, we propose a novel model rank-1 deep linear network as a plausible proxy of
standard linear networks, to reveal the implicit bias of GD and SGD on over-parameterized linear
models for regression problems. A depth-L rank-1 deep linear network f(z;u,v) is defined by

flzyu,v) = w Wiy Wiz =07z, st. W, =upv}l , Vk € {1,...,L — 1} 2)

where u;, € R%*+1 and v;, € R% are vectors while v and v are denoted as collections of uy, and vy,
respectively. See Figure|[T]for the difference between three types of linear networks. In this work we
will show that the formulation above could offer us the possibility to understand the bias of GD and
SGD for standard linear networks through the lens of results on rank-1 linear networks.

With the proposed model, this paper targets on precisely identifying the “potential” function V' (6)
such that GD converges to its minimizer constrained by zero training error (i.e., interpolation solution),
and further characterizing the role of the noise induced by adding sampling stochasticity to GD, i.e.,
SGD, in perturbing the form of V(). For the convenience of theoretical analysis, we focus on the
continuous versions of GD and SGD, i.e., we study gradient flow (GF) and stochastic gradient flow
(SGF). In particular, this paper establishes the following findings:

* For GF, we show that the solution implicitly minimizes a potential function V' (6) that
depends on the initialization and depth subject to f(x;u, v) achieving zero training error
(Theorem [T). The single layer case recovers the standard linear regression results, while a
depth larger than one immediately changes the form of V'(6), which clearly connects the
implicit bias of GF with the model architecture. We emphasize that our results explicitly
reveal how depth and initialization jointly influence the implicit bias of GF.



More importantly, in Theorem 2} by showing the similarity of the implicit bias of GF for
standard and rank-1 linear networks, we conclude that rank-1 linear networks are standard
linear networks with special initialization when trained with GF, highlighting that our rank-1
linear network is a plausible proxy of standard linear networks. This offers us the possibility
to explore the implicit bias of SGD for standard linear networks by analyzing the rank-1
linear nets. On the other hand, the diagonal linear networks exhibit drastically different
implicit bias of GF when compared to standard linear networks, e.g., GF prefers /> minimum
norm solution for standard linear networks when the initialization is small while, on the
contrary, it prefers such solution when the initialization is large for diagonal linear networks.

* For SGF, we show that the sampling noise brings an extra effect that depends on several
hyper-parameters such as the learning rate, batch size and network depth compared to GF.
When L > 1, this extra effect “alleviates” the influence of the initialization, i.e., the final
solution reduces its dependence on the initialization. More intriguingly, when L = 1, i.e.,
without over-parameterization, this effect brought by SGF immediately disappears. Thus
this implicit bias is jointly induced by both model depth and stochasticity from SGD. To the
best of our knowledge, we are the first to show such an implicit bias jointly affected by the
two factors through the lens of the rank-1 networks, which is also empirically verified on
standard linear and nonlinear networks. Our findings on SGF are summarized in Theorem 3]

Organization. In Section[2] we summarize the notations and the setup of our work. Section [3]and
Section ] present our main results where Section [3|focues on the implicit bias of GD while Section
M]is about SGD. Numerical experiments are presented in Section [5]and we conclude this paper in
Section[6] Some technical details are deferred to Appendix.

Related Works

The study of implicit bias of GD has been pioneered by [24] on linearly separable classification
problem and was generalized to GD for deep neural networks and different training strategies
[L1,1181150 211 {15 [17]]. Recently extensive works have made progress in this direction by focusing on
the diagonal linear network model. Assuming the existence of a perfect solution in the regression
setting, [26] showed that the solution selected by GF interpolates between ¢ minimum norm solutions
and /1 ones up to the initialization scale. Besides the full-batch gradient descent, [22]] then analyzed
SGF for diagonal linear networks and concluded that the sampling noise brought by SGF reduces
the effective initialization scale when compared with GF, leading its solution to be closer to a sparse
one. Aside from the sampling noise induced by SGF, [9} 23] also investigated the influence of the
label noise in the diagonal linear networks setting. For GD and SGD with moderate learning rate, [[7]
studied their implicit bias for diagonal linear networks and revealed the corresponding influence of
the finite learning rate.

This paper considers the rank-1 deep linear network to study the implicit bias of GD and SGD.
We briefly introduce differences between the settings considered here and those in previous works.
For GD on standard linear networks, [3]] did not restrict the initialization for the 2-layer case while
[28] required the initialization for standard linear networks to be nearly-zero without restricting the
number of layers. [25] considered GD for shallow ReLU nets. In this work, we consider linear
networks without requirements either on the scale of the initialization or the number of layers. For
GD and SGD on the diagonal linear networks [3} 26, 22]], we point out that the results are different
with that for standard linear networks. Note that this is not to downgrade diagonal linear network,
and instead the point is to show that different architectures could induce different implicit bias. The
rank-1 linear networks considered here are close to the standard linear networks since it can be
seen as standard linear networks with special initialization. Furthermore, the classification problem
[24} 18} 15]] and linear regression problem [[1]] have been comprehensively investigated and we focus
on the over-parameterized regression. Finally, [4} 10, |19} 27, 9]] focused on the flatness of the loss
landscape and model parameters while our analysis is for the overall parametrization 6.

2 Preliminaries and Setup

Notations. Given a dataset of n samples {(z;,y;)}" ;, z; € RY represents a d-dimensional data
vector with scalar label y; € R. We use X € R™*? to denote the data matrix and use y = (y1, ..., %n)



to denote the collection of y;. || - || denotes the o-norm and || - || is the Frobenius norm. {a, b) is the
inner product. For any vector u and matrix A, we use 1(0) and A(0) to denote their initialization. We
let tr () be the trace operator. For the weight matrix Wy, € RékXdpt1 Wi 1s its i-th row j-th column
element. For a parametric model f(z;6) = 67z with parameters 6, we use £(6) = 1 3" ¢;(9) to
represent the empirical loss where ¢;(#) is the loss function for the sample (z;, y;).

Over-parameterized regression. We focus on the regression problem where n < d and assume the
existence of solutions that perfectly fit the dataset, i.e., there exist interpolating parameters 6* such
that Vi € {1,. n} (x4,6*) = y;. The quadratic loss ¢;(#) is used in our setting. The empirical

loss is then E( ) LS 6(0) =230 (v — (a, 0))*.

Rank-1 deep linear networks. In this paper we consider the rank-1 deep linear network f(x;u,v)
(see Eq. (Z)). We use u and v to denote the collections of uy’s and vy, ’s, respectively. For convenience,

pr=wiWr_1++ Wisotgi1, pr—1 =1, and p_y = 0 Wy—1 -+ Waur, p.1 =1 (3)

such that the network can be written as f (z; u,v) = prv, jupp—pvi « fork € {1,..., L —1} when
L > 2. Through this paper, we treat the depth L as a hyper-parameter of the network and try to
precisely characterize its role in the implicit bias.

Definition 1 (Balanced initialization for rank-1 linear networks). Given an L-layer rank-1 linear
network Eq. @), forany k € {1, ..., L — 1}, the balanced initialization means that

{vr+1(0), ux (0))*
[[0r-41(0) 12 [|ur (0) 12

=1, [lor2(0)]] = [lug ()] = [[o2(0)]].
We add more discussions on the initialization in Appendix [C.1]

3 Equivalence Between Implicit Bias of GD for Standard and Rank-1 Nets

3.1 Implicit bias of GF for rank-1 linear networks

In this section, we characterize the implicit bias of the continuous version of GD for the rank-1 deep
linear networks f(x;u,v) Eq. Z). Note that the model parameters are updated according to the
gradient flow

duk dUk-+1 o
dt at Vorn

fork € {1,...,L — 1} and dv; /dt = —V,, L(0), which clarifies that uj, and vy, rather than W,
are the model parameters.

Previous work [26] showed that the solution selected by GF interpolates between the /; minimum
norm solution and /5 one depending on the initialization scale for diagonal linear networks. In this
section we examine whether this is the case for the rank-1 deep linear network with depth L. For
convenience, we define
2L 2(L-1)
Qp = AL = 5

FroL—v T 2n -1 ®)
where L is the number of layers. Recall that 6(0) represents the initialization of 6, we now state the
main theorem regarding the implicit bias of GF for rank-1 linear networks below:

Theorem 1 (Implicit bias of GF for rank-1 linear networks). For a rank-1 linear network, if the
initialization is balanced across layers (Definition|l|) and if the gradient flow solution 0(o0) satisfies
that X 6(o0) = y, then gradient flow converges to a minimizer of the potential function V (0):

f(o00) = argmin V(0), s.t. X6 =1y,
[’

where
6(0)

1
V) = g0 — 0 ©®
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While previous works focused on 2-layer standard linear networks [3]] or multiple-layer linear
networks with nearly zero initialization [28], i.e., ||#(0)|| ~ 0, Theorem [I| builds the potential
function V' (0) that depends on both the initialization 0(0) and the depth of the network L explicitly.
We also plot the contours of V'(#) for different numbers of layers and scales of initialization in Fig.
in a 2-dimensional space. Theorem [I|clearly reveals how over-parameterization and the initialization
of 6§ guide GD to select different solutions.

Effects of depth. When L = 1, V/(6) becomes 3 ||6||2 — (6, 6(0)) which is the same as the potential

of the least square ||§ — 6(0)||? except for a constant term. When L > 1, V(6) is no longer an
Euclidean distance. The form of V' (6) depends on the depth and GD will favor different interpolating
solutions. A particular interesting case is when L. — oo where we have 2, — 1 and A\p, — 1.
As aresult, V(0) becomes V(6) — ||0]| — (0,60(0)/]|6(0)]|), which reflects the difference between
the norm of ¢ and the norm of its projection on the direction of the initialization 6(0). Therefore,
the direction of the initialization 6(0) matters for the potential function V' (6) and the final solution
6(oco) while they are rather less sensitive to the scale of 6(0). This may serve as a benefit of the
over-parameterization in the sense that it makes the network more stable to different scales of the
initialization. As a comparison, both direction and scale of #(0) are crucial for the least square
potential function ||6 — 6(0)]|?.

Effects of initialization. When L is finite, to inspect the effects of the initialization, we can rewrite
V(0) = ||0]|% /2 — [|6(0)||*/3E=1) (8,6(0)/||6(0)]|) . The second term will be more important
when the initialization scale ||(0)]| is getting larger thus the initialization affects the implicit bias of
GD more significantly. On the other hand, as ||#(0)|| — 0, the second term vanishes. Thus we have
the following corollary:

Corollary 1.1. Under conditions of Theorem || if we further assume that the initialization is in-
Sfinitesimal ||6(0)|| — 0 and the depth is finite, then the GF solution 6(00) is an {3-norm minimization
solution:

f(c0) = mein 0] s.t. X0 =y.

We now summarize the effects of initialization on the training regime as follows. (i). According to
[26], for any D-homogeneous model (D is a positive integer), the lazy regime (or NTK regime) is
reached for large initialization. Since the rank-1 linear network is a homogeneous model, the NTK
regime is reached for large initialization and the implicit bias is given by the RKHS norm predictor
accordingly; (ii). For vanishing initialization, according to Corollary ﬂ;f[, an /5-norm minimization
predictor which can not be captured by the NTK kernel is returned. Therefore, as the initialization
becomes smaller, we “escape” from the lazy regime and falls into the “Anti-NTK” regime defined



Wia1(0) 0. Wigi(t)  0---

: : Wi-1;11(0) Wi—1;1i(0) Wi—1;1d5_,(0)]  Training with GD : Wi—1,11(t) Wi—1;14(t) Wi—11d5_, (£)
Wi (0) 0. e 0ee 0 oo | Wem(® 0o || O 0
Whidiia1(0) 0. Whidia1(t) 0+
Wi1(0) 0--- 0 k-111(0) 0+ 0
0 . . o . . TrainingwithGD  [Waa1(t) -+ Wia(t) Wi—11(t) -+ Wi_ra(t)
: 0 : 0 Wiar(t) -+ Whiaa(t) Wi-va1(t) -+ Wi-aa(t)
0 +00 Wisaa(0) 0 +00 Wi—1;a(0)

Figure 3: GD maintains the shape of rank-1 initialization for the weight matrices (the upper panel),
but destroys that of the diagonal initialization for standard linear networks (the lower panel), as
formally described by Proposition [I]

by [3]]. Furthermore, based on Corollary [I.1] it is now worth to mention that, assuming vanishing
initialization, linear regression (i.e., 1-layer linear networks), 2-layer standard linear networks [3]] and
rank-1 linear networks with finite depth share a similar implicit bias if trained with GD. And the first
column of Fig. [2] shows that rank-1 linear networks with different number of layers exhibit potential
contours with a similar shape.

3.2 Comparison between different architectures

The aforementioned phenomenon that GD will return an ¢5-norm minimization solution for both 2-
layer standard linear networks and rank-1 linear networks with small initialization drives us to further
investigate the comparison and similarities between different network architectures. For diagonal
linear networks, GD prefers ¢1-norm minimization solution with nearly-zero initialization, which is
drastically different from the case for rank-1 and standard linear networks. On the contrary, it prefers
£o-norm minimization solution when the initialization is sufficiently large [26]. This inconsistency
begs us to ask the question will standard linear networks and rank-1 linear networks share a similar
implicit bias of GD when the initialization is large? To answer this question, in the following, we
first analyze the implicit bias of GD for standard linear networks f(z; W) = w{WL_l Wi
with any depth L, which corresponds to the parameterization §7 = wEWL,l --- W7y, with balanced
initialization (Definition [2).

Theorem 2 (Implicit bias of GF for standard linear networks with any initialization). For an L-layer
standard linear network, if the initialization is balanced across layers, i.e., W, | (0)Wy,11(0) =
Wi (0)WE(0) for all layers, and if the gradient flow solution 0(co) satisfies that X 0(o0) = y, then
gradient flow converges to a minimizer of the potential function V (0):

0(00) = argmin Vq(0), s.t. X0 =y,
0

where I 5(0)
L+1
Vaa(0) = —— 077 — 0" ————, (N
L+1 [EOley
Although we state before that the parameters of a rank-1 deep linear network are u’s and vy’s rather
than W},’s, the form of the potential for rank-1 linear networks Eq. (6) is very similar to that of
standard linear networks Eq. (7): V' (0) for an L-layer rank-1 linear network is the same as V;4(0)
for a (2L — 1)-layer standard linear network. In the following, we explain the reason behind this
fact and conclude that rank-1 linear network can be seen as a qualified proxy for the standard linear

network when studying the implicit bias of GD, and potentially SGD.

Rank-1 linear networks are standard linear networks with special initialization. We first
present a useful proposition regarding a special kind of initialization for standard linear networks.

Proposition 1 (Effects of diagonal and rank-1 initialization for standard linear networks). Given
an L-layer standard linear network f(x; W) = wIWp_y--- Wiz where Wy, € Ré+1%dk for
ke {1,..., L}, if the weights are initialized such that only one column of Wy, is non-zero when k is
even and only one row of Wy, is non-zero otherwise, i.e., for an integer p
Vk=2p+1e€{l,...,L}: Wi,;;(0) =0ifi # ci, where ci, € {1,...dp41}
Vk=2p€ {1,...,L} : ka<0) :0ifj7£c;€,



then for any t > 0:
Vk:2p+1€{17...,L}ZWk;ij(t):Oifi#Ck;
Vk:2p€{17...,L}ZWk;ij(t):Oifj#Ck.

Furthermore, if the weights are initialized as the diagonal shape, i.e., Yk € {1,...,L —
1}, Wi.i;(0) = 0 if i # j, then GD does not maintain the diagonal shape of weight matrices.

Remark. A (2L — 1)-layer standard linear network initialized as in Proposition 1| with ¢;, = 1 for
all layers has the same formulation as our L-layer rank-1 architecture. According to Proposition [T}
the special structure of the initialization of such standard linear network will be maintained if we
run GD, which suggests that it will always have the same formulation as our L-layer rank-1 linear
network, see the upper panel of Fig.|3| Therefore, an L-layer rank-1 linear network can be seen as
a (2L — 1)-layer standard one with special initialization, and they exhibit similar implicit bias of
GD. On the other hand, if the standard linear network is initialized as the diagonal shape as in the
diagonal net, GD will not maintain this property (the lower panel of Fig.[3), i.e., the diagonal structure
cannot be seen as a standard one. In this sense, the diagonal network exhibits special implicit bias
particularly due to its structure, while the rank-1 linear network is a more qualified proxy of standard
linear networks.

4 Implicit bias of SGD for Rank-1 Linear Networks

Recently, [23| [22] developed the characterization of the implicit bias of GD with label noise and
SGD in diagonal linear networks. However, as mentioned earlier, its diagonal structure is special
in the sense that the corresponding results can not be generalized to the case for standard linear
networks. On the contrary, our results in SectionE]reveal that rank-1 linear networks can be seen as
standard linear networks with special initialization. In this section, to take a step forward towards
understanding the implicit bias of SGD for standard linear networks, we explore the continuous part
of SGD, stochastic gradient flow (SGF), for the rank-1 linear networks in the over-parameterized
regression setting. We begin with the introduction of the definition of SGD and our modelling
techniques.

SGD. Unlike the full-batch GD where the parameters are updated according to Eq. (@), the SGD
dynamics is

wn(t+1) = wi(t) = 1 D Vi lild), vena(t+ 1) = vina(t) = 7 3 Vo i) ®

€8, 1€EB;

fork € {1,..., L — 1} where ¢ denotes the iteration step, 7 is the learning rate, b is the batch-size,
and B; consists of b points randomly sampled from the uniform distribution ¢/[1, n].

Continuous Modelling of SGD. The continuous modelling techniques for SGD have been widely
applied in recent works [} 19, 23| 22]] to study the dynamics of SGD. In our setting, recalling the
definition of p, and p_, in Eq. (3)), the continuous counterpart of SGD, SGF, is given by the following
set of stochastic differential equations (SDE):

2 InL
duy, = —ﬁvaTrpkp,kkadt +2 Z—b(pkp,k)vkﬂvlTXTth )
_ 277 nL T 3T
dvgi, = —ﬁul X rpgp—_rupdt + 2 E(pkp,k)ukvl X dw, (10)
where r = (f(x1;u,v) — y1,..., f(@n;u,v) — yn)T € R™ is the residual, and W is a standard

Brownian motion in R™. For the parameterization of 6 (Eq. (Z))), we now aim to characterize the
implicit bias of SGD by showing the existence of a function V() such that the solution of the
stochastic dynamics converges to its minimizer under the constraint of zero-training loss as follows.

Theorem 3 (Implicit bias of SGF for rank-1 linear networks). For the rank-1 linear network Eq. (2))

that is trained with SGF (Eq. (O) and (10)) in the over-parameterization regression, if the initialization

is balanced across layers, then the dynamics of 0 gives us

nglL
n

dVeVS(0,t) = —VeLdt + 2 TXTth (11)
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Figure 4: (a) The blue trajectory is for gradient flow (GF) that converges to 6 (blue square). The
green trajectory that converges to 65 (green square) is for stochastic gradient flow (SGF). 6(0)
denotes the initialization of ¢ and 67, (red square) is the 2-norm minimum solution. Black dot marks
the origin. Compared to 0¢g, O3 is closer to 67 since its dependence on the initialization is reduced.
Note that when 6(0) is nearly zero (the left figure), both 6 and 05 are close to 67, (Corollary .
(b) The red arrow denotes the direction of «(oo0) while the black one denotes that of (0), which,
as shown in the figure, is particularly important to the direction of «(c0). See more experiments in

Appendix

where

1
V(0.0 = o0 +

070(0)  2xpnf” /t£(9(8))tr(PL(9(S))XTX)9(S)dS (12)
0

[10(0)[|*= nb 10(s)[[7*=

with Py (0) = I — 007 /||0||? being the orthogonal projection operator of 0. Furthermore, if the
SGF solution (o) satisfies that X0 = y, then the model parameter 6 converges to a minimizer of
VS(0,00) as t — oco:
f(c0) = argmin VE(A,0), st X0 =1y.
%

One can immediately notice that the R.H.S of Eq. (TT)) includes a noise term, which can be interpreted
as that the model parameter 6 follows a mirror flow with a noise term. Furthermore, Eq. ([_1;2]) which
characterizes the optimization geometry, depends on time explicitly. This partly reflects its stochastic
nature—the optimization trajectory is not deterministic. Furthermore, as in [7]], it is also possible
to generalize the current vanishing learning rate results to the moderate learning rate analysis by
deriving a stochastic mirror descent recursion with time varying potentials.

Implicit bias jointly induced by stochasticity and architectures. The sampling noise of SGD
introduces an extra term (the last term of Eq. (I2)) that depends on several parameters such as the
learning rate and the data matrix X when compared with that of GD (Eq. (). Interestingly, this extra
term only exists when the model is simultaneously over-parameterized and trained with the existence
of the sampling noise. If the model is not over-parameterized, i.e., standard linear regression when
L =1, then A\;, = 0 and this term disappears. On the other hand, if there is no sampling noise this
term also vanishes. Indeed, the L = 1 case has been widely studied by recent works [[1], and it turns
out that GD and SGD share similar implicit bias when there is no over-parameterization. Theorem 3]
confirms this phenomenon and, more importantly and intriguingly, reveals a new connection between
the architecture-induced over-parameterization and the implicit bias of the optimization algorithms.

“Alleviating” the effects of initialization. = When L — oo, the last term of Eq. (I2)) brought by
the sampling noise can be seen as “alleviating” the influence of the initialization 6(0) such that
the training dynamics reduces its dependence on the initialization (Fig.A(a)). Due to the difficulty
of explicitly solving the stochastic integral in Eq. (T2)), we give here a qualitative interpretation of
this alleviating effect. As L — oo, i.e., infinitely deep linear network, we have A;, — 1, therefore

the integral in Eq. becomes —22 [ £(0)tr (PL(0)XTX) Hg%“ds. In a d-dimensional space,

we let a(t) = fot L(O)tr (PL(6)XTX)0/|0]|ds be the position of a particle A that starts from
the origin. Then the integral of Eq. amounts to the final position «(c0) of A, which moves
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Figure 5: For different ||6(0)||: (a) D(6(c0), 07,) for rank-1 linear networks. (b) D(6(oc0), 0*) for
rank-1 linear networks. (¢) D(6(c0), 07, ) for standard linear networks. (d) D(6(oc), 0*) for standard
linear networks.

along the direction of 6(¢)/||6(¢)|| with speed proportional to £ ((t)) tr (P, (6(¢)) X* X). Since
X012 — X3 < o (PL(0(t) XTX) < || X% where || X||% is finite, it is highly likely that
the direction of a(o0) heavily depends on 6(0). This is because the velocity magnitude, which is
proportional to the value of empirical loss £(6(t)), is large when ¢ = 0 and quickly shrinks along
its trajectory. As a result, in Eq. (T2), the effect coming from the initialization 67 6(0)/||0(0)]| is
alleviated by the extra term —0” a(oo) induced by the sampling noise and over-parameterization.
In this sense, V¥ (6, c0) is closer to a simple /5-norm ||@|| when compared with GD, i.e., the SGD
solution is more likely to be an /5 minimum norm solution when compared to GD. We also present the
trajectory of « in Fig. The trajectory is obtained by first training a rank-1 linear network using
SGD for 5000 iterations and computing «/(t) at every step followed by a projection of the trajectory
{a(t)}3%9 into a 2-dimensional space according to the method described in [13]]. It can be seen that
the direction of the final position c(c0) is close to that of 6(0) ({«(00),8(0)) /(|la(0)]|6(0)])) =
0.9314). We also conduct additional experiments in Appendix [A.3]to further verify our finding.

Comparison with diagonal linear networks. In [22], the authors showed that the extra effects of
the sampling noise of SGD is equivalent to multiplying a shrinking coefficient which depends on
the training dynamics to the initialization scale. This effect leads the solution of SGD to be closer
to that of sparse regression when compared with GD. Our Theorem [3|does not show such bias that
the solution interpolates between the ¢2-norm and ¢;-norm minimization solution. Therefore the
conclusion of implicit bias of SGD for diagonal linear networks can not be directly applied to rank-1
linear networks and standard linear networks. This reveals an important finding that the implicit bias
of GD or SGD is strongly tied with network architecture. On the other hand, similar to the case of
diagonal linear networks, Theorem 3|also reveals an initialization cancellation effect induced by the
SGD sampling noise. It is interesting for future work to explore whether this effect can be generalized
to other architectures and can be seen as a special benefit brought by SGD.

5 Numerical Experiments

In this section, we consider the over-parameterized regression problem with rank-1 linear, standard
linear, and non-linear networks for different initialization scales to verify our theoretical claims. We
define the distance D(61,02) = ||0; — 02]|*/||02]|? to measure the relative difference between ; and
0. For a linear network and the parameterization §7 = waL,l -+« W7, we use 6(00) to denote the
solution returned by the optimization algorithms (GD or SGD) and 6(0) to denote the corresponding
initialization. 6 is the ground truth solution, and ¢;, is the £2 minimum norm solution (Corollary
[L.I). Details of the experiments and more numerical experiments are deferred to Appendix [A.T|and
we focus on the results here.

Rank-1 linear networks. As shown in Fig. for all different initialization scales [|6(0)]|,
D(6(o0), 07,) is smaller if 6(co) is returned by SGD, i.e., the SGD solution is closer to the {2
minimum norm solution ¢7, when compared to the GD solution. Similarly, Fig. @ shows a benefit
of such alleviating dependence of initialization bias of SGD: its solution is closer to the ground truth
solution 8* when compared to the GD solution for different ||#(0)||. Furthermore, in Fig. we
show D(6(t), 07,) along training, which further reveals that the final solution returned by SGD is
closer to 92‘2. Note that when the initialization scales are small, both GD solution and SGD solution




are close to 0y;. These experiments well support our theoretical findings. Besides, we present
additional experiments to compare diagonal and rank-1 linear networks in Appendix [A.2]
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Figure 6: Numbers in the bracket denote the scale of the initialization. (a). D(6(t),07,) along
training for rank-1 linear networks. (b). D(6(t), 67, ) along training for standard linear networks. (c).
Test error along training for non-linear networks.

Standard linear networks and non-linear networks. Proposition|[I|states similarity between rank-
1 and standard linear nets, therefore they have similar results. We conduct numerical experiments for
standard linear networks as in the case of rank-1 linear networks and show in Fig. and [5(d)] that
D(6(o0), 07,) and D(6(c0), 0%) are also smaller if we run SGD, which supports the generalization of
conclusion of rank-1 linear network to standard linear networks. D(6(t), #;,) along training plotted
in Fig. [6(b)] further supports this phenomenon. For non-linear networks (Fig.[6(c)), we report the test
error on a newly sampled test set for both GD and SGD along training, where SGD solutions have
smaller test error when compared to GD solutions.

6 Discussion & Conclusion

Our work proposes the rank-1 linear network that is a plausible proxy of standard linear networks.
We analyze the implicit bias of GD and SGD for this new net and find that it approximates stan-
dard linear networks better than diagonal linear networks. We further reveal the joint role of
over-parameterization and stochasticity in characterizing the implicit bias of SGD. Similar to the
diagonal linear networks, our results also reveal an initialization alleviating effect of SGD sampling
noise, suggesting a future direction that investigates whether such effect is general across different
architectures. See Appendix [B|for more discussions.

Limitation. We do not generalize the analysis to non-linear networks due to its lack of the form of ¢
as in our current approach. Furthermore, an exact characterization of the stochastic integral is absent.
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Appendix

Organization of Appendix. In Appendix[A]we present details of the numerical experiments and
additional numerical experiments. We give more discussions of our work in Appendix [B] Appendix
provides missing technical details of Section [3|while Appendix [D]provides those of Section 4]

A Details of Numerical Experiments and Additional Experiments

In[A.T] we present the details of the numerical experiments. We compare the rank-1 linear networks
with the diagonal linear networks empirically in[A.2] Finally, in[A.3] we conduct additional experi-
ments to further verify the “alleviting” effect of the SGD sampling noise mentioned in Theorem 3} In
[A.4] we conduct experiments when the balanced initialization condition is not satisfied.

Data. We conduct over-parameterized regression with different linear networks. For the dataset
{(z4,v:)}*, where z; € R? and y; € R, we set n = 40,d = 100 and x; ~ N(0,1). For
i€ {1,...,n},y;is generated by y; = 0*Tz; where 0* € R, i.e., 0* is the ground truth solution.
We let 20 components of §* be informative.

A.1 Details of Numerical Experiments in Section

Large initialization, ||6(0)|| = 124.77

102

)

*
£

D(6(), 6

101 4

100 10! 102 103 104
iterations

Figure 7: D(0(t), 07, ) along training for rank-1 linear networks when the initialization is extremely
large. SGD solution is closer to 67 when compared to the GD solution for rank-1 linear networks.

We now present the details of numerical experiments conducted in Section [5]

{2 minimum norm solution. To get the 2 minimum norm solution 67, we train a single layer
linear network with zero initialization using GD for 20000 iterations, since GD will return an /5
minimum norm solution solution in this case according to Corollary [T.1]and [26].

Rank-1 linear networks. For the rank-1 linear network f(z;u,v) = wIWy_;--- Wiz where
Wi = upvl € R*det1 welet L =3 andVk € {1,...,L} : dj = 100. The learning rate is 10~3
and the batch size is 4 if we run SGD. We construct different rank-1 linear networks as follows: for a
randomly sampled 6 € R1%0, we let the initialization 6;(0) of the i-th rank-1 networks have the same
direction as @ but with different scales. We then train each rank-1 linear network with GD and SGD,
respectively, for 20000 iterations. In particular:

1. Fig. presents the results of the distances between ¢, and GD and SGD solutions,
respectively, of each trained rank-1 networks with different initialization scales.
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2. In Fig.|5(b)l we measure the distances between 0* and GD and SGD solutions, respectively,
for each trained rank-1 networks with different initialization scales.

3. Fig. plots the distances between ¢;, and the model parameters 6 along training when
the initialization scales are different for both GD and SGD. The numbers in the bracket
denote ||6(0)]|.

4. Fig.|/|is about the distances between 67, and the model parameters 6 along training for both
GD and SGD when ||#(0)|| is extremely large.

Standard linear networks. For the standard linear network f(z; W) = wf Wy _1---Wix where
Wy, € R¥*di+1 welet L = 4 and Vk € {1,2,3} : d = 100. The learning rate is 10~% and the
batch size is 4 if we run SGD. Other settings are similar to that of rank-1 linear networks.

1. In Fig. §(c)|, we plot the distances between ¢, and GD and SGD solutions, respectively.
Similar to the case of rank-1 linear networks, for all initialization scales, D(6(c0), 67, ) is
smaller if the network is trained with SGD when compared to GD.

2. Fig.[5(d)|presents the results of the distances between §* and GD and SGD solutions.

3. Fig. @ plots the distances between ¢, and the model parameters 6 along training when
the initialization scales ||¢(0)]| are different for both GD and SGD. The numbers in the
bracket denote ||6(0)]|.

Non-linear networks. For the non-linear network f(z; W) = wXo(W_y---o(Wix)) where
Wi, € R%¥de+1 we let L = 4 and Vk € {1,2,3} : dy = 100. The learning rate is 10~ and the
batch size is 4 if we run SGD. We use the ReLU activation o(z) = ReLU(z). We use the same
dataset as in the experiments of rank-1 linear networks. Since the non-linear networks do not have
the overall parameterization of # as in the linear networks case, to measure the initialization scale, we
first straight all weight matrices to vectors and stack them to get a single vector, then we calculate
the ¢ norm of this vector as the scale of the initialization of a non-linear network, i.e., we use

(>°5 [[Wk(0)]|%) as the initialization scale where || - || is the Frobenius norm. Due to the same
reason, we can not measure quantities such as D(6, 67 ), therefore, we report the test error of the
model in a newly sampled test set instead. Fig.[6(c)| plots the test error of the model along training
when the initialization scales are different for both GD and SGD. The numbers in the bracket denote
initialization scales.

A.2 Additional Experiments of Comparison with Diagonal Nets

Results in Section [3.2]indicate that diagonal linear networks exhibit different implicit bias in compari-
son with rank-1 and standard linear networks, e.g., both rank-1 and standard linear networks prefer {5
minimum norm solution for GD when the initialization is nearly-zero while, on the contrary, diagonal
linear networks prefer such solution when the initialization is sufficiently large. In this section, we
empirically compare the implicit bias for rank-1 linear networks and diagonal linear networks to
show this phenomenon.

In particular, we use the same settings as in the experiments for rank-1 linear networks in
while only change the model to diagonal linear networks. As in previous works [3} 22], the re-
parameterization of diagonal linear network is
0=wy Quwy —w_ Quw_,
where wy € R0 w_ € R1%0 and ® is the elementwise product. Lete = (1,--- ,1)T € R0, we
set the initialization as
w4 (0) =Ce, w_(0)=Cle,

where C is a positive constant measuring the initialization scale. For each diagonal linear network
with different C', we run GD for 20000 iterations and calculate D(6(o0), 07, ) and D(6(c0), 0%).
The results are plotted in Fig.[§] where, for convenience of comparing the implicit bias of GD for
rank-1 linear networks with that of diagonal linear networks, we also plot the results of rank-1 linear

networks of Fig.[5(a)|and Fig.[5(b)|in Fig. 8(a)]and Fig.[§(b)] respectively.

As shown in Fig.[8(a)| as the initialization scale (||6(0)|| for rank-1 linear networks, C' for diagonal
linear networks) increases, D(6(c0), 07, ) decreases for rank-1 linear linear networks trained with
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Figure 8: For different initialization scale (||#(0)]| for rank-1 linear networks and C' for diagonal
linear networks): (a) D(6(c0), 0;,) for rank-1 linear nets and diagonal linear networks (the green
solid line). (b) D(0(c0), 8*) for rank-1 linear nets and diagonal linear nets (the green solid line).

both GD and SGD, while it increases for diagonal linear networks trained with GD. This indicates the
drastic difference between the implicit bias of GD exhibited by diagonal linear networks and rank-1
linear networks (also standard linear networks).

A.3 Additional Experiments for the “Alleviating” Effect in Theorem 3]
Recall the form of V¥(6,t) in Theorem

s 1 g, 07600) 22X pneT [* L(0(s) tr (PL(A(s) X X) o\ds
e e 1l A = L
we let
_ 0T(1)6(0)
po(t) = o)’ (13)
T t S T P T
q(t) = 2/\LZZ (t)/o £ ))ﬁggﬂfﬁf)x X) 0(s)ds. (14)

To quantitatively measure the “alleviating” effect of the SGD sampling noise, we train 3 rank-1 linear
networks with different initialization scales using SGD. The batch size is 4 and the learning rate
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Figure 9: SGD sampling noise alleviates the dependence on the initialization. Numbers after the
comma denote the initialization scales. The solid lines are for py (Eq. (13)) and the dotted lines are

for pg — qo (Eq. (T4)).

is 5x1075. For the rank-1 linear network f(z;u,v) = w} Wr_y--- Wiz where Wy, = upv} €
Rée>di+1 welet L = 3and Vk € {1,..., L} : dy = 100. We calculate both py(t) and gy (t) along
training, where gy (t) measures the alleviating effect of the SGD sampling noise and their difference
pe(00) — go(00) is the alleviated initialization dependence of the SGD solution compared to GD
solution.

As shown in Fig.@ the effect coming from the SGD sampling noise, gy, is equivalent to make the
dependence of V< on the initialization closer to 0 (after about 1000 iterations, every dotted line is
closer to the x-axis compared to the corresponding solid line with the same color), thus it controls the
dependence of the SGD solution on the initialization. This phenomenon further verifies our claims.

A.3.1 Training loss for Fig.[d(b)|

Fig. A(b)] indicates that the final direction of the integral term in Eq. (I2) highly depends on the
initialization 6(0) since the loss decays along training. To further support this argument, here we
present the training loss when we perform the experiments of Fig. [#(b)|in Fig.[I0} It can be seen that,
for a random initialization, the loss, the magnitude of the speed of a, has a high value at the start of
the training, and decays very quickly, which explains why the direction of #(0) is crucial to that of
a(00).

A.4 Additional Experiments for Biased Initialization

In this section, we provide additional experiments to show that our conclusion still holds when
removing the balanced initialization condition (Definition [I]).

To make the initialization unbalanced, we add a small perturbation to the balanced initialization.
Specifically, we define
L—1
Aot 3 vl = llug |
L1 Jlu?

as the scale of the perturbation to the balanced initialization (larger A implies that the initialization is
more unbalanced). All the other experiment details are kept unchanged as in Section[5] As shown in
Fig.[TT]and Fig.[T2] we still observe similar phenomenons as in the case of the balanced initialization,
e.g., SGD solutions are closer to the ¢5-norm minimization solution compared to GD, when a small
perturbation is added to the balanced initialization. Thus the implicit bias is not unique to the balanced
initialization. In particular:
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Figure 10: The empirical loss £(6) along training for Fig. [4(b)

* We report D(6(o0), 07, ) for both GD and SGD for different levels of perturbation A (denoted
in the title of each figure) in Fig. [IT] In the last figure, we fix the initialization scale and
report D((0(c0), 87, ) of both GD and SGD for different A. It can be seen that, without
the balanced initialization, GD and SGD still prefer £3-norm minimization solution 9}‘2 for
small initialization, while the SGD solution is closer to 92‘2 due to its initialization reduction
effect.

* We report D(6(t), 07,) during optimization for both GD and SGD for different levels of
perturbation A and the same scale of initialization (||6(0)|| = 0.8696) in Fig.[12] which
further clearly reveals that there are still similar phenomenons when A # 0 as in the case
when the initialization is balanced.

B More Discussions

Our work proposes the rank-1 linear network which is a plausible proxy of standard linear networks
with some neurons fully connected with neurons in its last and next layers. By showing that
the proposed rank-1 linear networks are standard linear networks with special initialization, our
conclusions may be generalized to standard linear networks. In comparison, the diagonal linear
network, a special kind of linear networks that receives a lot of attention recently, does not have fully
connected neurons. Furthermore, we find that the implicit bias of both GD and SGD for diagonal
linear networks are not consistent with ours. The diagonal linear networks also exhibit drastically
different implicit bias of GD when compared to standard linear networks, while the conclusions for
rank-1 linear networks are consistent with those of standard linear networks. We also reveal the key
role of the over-parameterization in characterizing the implicit bias of SGD, namely that it will only
be different with that of GD for over-parameterization model.

The inconsistency between the implicit bias of GD and SGD for diagonal linear networks and rank-1
linear networks leads us to suggest intriguing questions for future work such as what about other
architectures and is there any unified analytical approach for studying implicit bias of GD and SGD
for different architectures? And it is interesting to reveal whether the “alleviating” initialization effect
of the SGD sampling noise is general accross different architectures.

We precisely characterize the implicit bias of both GD and SGD for rank-1 linear networks, where the
dependence on the initialization and depth is explicit and clear. In this sense, we take a step forward
in the direction of characterizing the implicit bias of optimization algorithms.

Finally, our analysis characterizes the implicit bias of SGD through analyzing the overall parametriza-
tion 6. This is different with another line of recent work [4, (10} [19] [27, 9] which focused on the

17



A=0.0047

A=0.0111

0.5 0.5
—e— GD, non-balanced init —e— GD, non-balanced init
-»- SGD, non-balanced init -*- SGD, non-balanced init
%41 _e— GD, balanced init 041 _e— GD, balanced init
-~ SGD, balanced init -%-- SGD, balanced init
503 7303
< <
0 0
) )
g 02 g 02
0.1 0.11
0.0 0.0
|16(0)]| |16(0)]|
A=0.0943
0.5
—e— GD, non-balanced init .”/‘\'//‘_/
-»¢- SGD, non-balanced init 0.22
041 o GD, balanced init
-%- SGD, balanced init 0.207
7303 Il
2 2 0.8 —e— GD
8 8
0, s sGb
Q Q 016
0.1 0.144 - % P
0.0 0.12 3 -
0.000 0.005 0.010 0.015 0.020 0.025
|16€0)]| A

Figure 11: D(6(00), 07, ) for different [|0(0)|| when the
means the initialization is more unbalanced). We use

initialization is unbalanced (A # 0, larger A
solid lines for the results of GD and dashed

lines for SGD. For results under the balanced initialization, we use blue lines; for the results when a

small perturbation is added to the balanced initializatio

n,i.e., A # 0, we use red lines.

100 4

)

*
L2

D(6(t), 6

GD, balanced init
SGD, balanced init

GD, A=0.0111
SGD, A=0.0111
GD, A=0.0491

SGD, A=0.0491

10° 10! 102

iterations

Figure 12: D(6(t), 07,) along training for rank-1 linear networks when the initialization is unbalanced

(A # 0).

18




flatness of the loss landscape by directly analyzing the independent model parameters, i.e., u and v
for the rank-1 linear networks, which is also crucial to fully understand the learning dynamics.

It is worth to mention that removing the balanced initialization (Definition [I) is also a promising
direction. As verified by the numerical experiments in Appendix [A.4] similar phenomena exist for
unbalanced initialization. From the theoretical aspect, balanced initialization enables us to derive
the exact dynamics of the overall parameter ¢, which is necessary to precisely characterize the
implicit bias of GD/SGD. And it is difficult to discuss arbitrary initialization without the balanced
initialization assumption. The effect of removing the balanced initialization is that the induced mirror
flow potential should be composed of two parts: the original potential presented in Section [3|and a
perturbation due to the imbalance of the initialization to it. This implies that the />-norm solution is
still returned for small initialization. On the other hand, the case for SGD is much more complicated:
the Brownian motion term of the corresponding SDE will also be affected by the imbalance of the
initialization, which in turn induces a much more complex time varying mirror flow potential. We
believe that the exact theoretical characterization of the implicit bias of SGD without the balanced
initialization is a valuable future direction.

There are also some limitations in the current work. For example, although the conclusions of
numerical experiments conducted on non-linear networks resemble that of rank-1 and standard linear
networks, we can not directly generalize the current theoretical analysis to non-linear neural networks,
which normally do not have overall parametrization vectors as 6 that is necessary for our analysis.
Moreover, the exact characterization of the stochastic integral is also absent in the current work, while
we expect that the integral term £(6)tr (P (0) X7 X) & in Eq. (T2) might have close relation with

fefl
the property of the training dynamics.

C Proofs for Section

In this section, we present the technical details of Section [3] In particular, Section [C.T|discusses the
balanced initialization, Section proves Theorem [I] for rank-1 linear networks and Section
proves Theorem [2] for standard linear networks.

For a rank-1 linear network f(z;u,v) = wEWL,l -+ Wiz where W, = ukvg for any k£ €
{1,...,L — 1}, recalling the definition Eq. (3) and that the network f(x;u,v) can be written as
flzyu,v) = pkv£+1ukp,kvfx. For convenience, we let ¢ = wEWL,l - Woug.

C.1 Balanced initialization

For a rank-1 linear network Eq. (2), dynamics of gradient flow is given by

du 2
= opep—iv] XTrope, (15)

t n

d 2
Ukl _ f—pkp_kvlTXTruk. (16)

dt n

Based on this set of dynamics, we first discuss he following useful lemma that characterizes the
dynamics of norms of model parameters:

Lemma 1. For f(x;u,v) trained with gradient flow, we have

gl _ dljoel? _ dljos]?

Vke{l,...,L—1} (17)

dt dt e’
i.e., layer norms grow at the same rate. Furthermore, if Yk € {1,...,L — 1} : |Jux(0)] =
Fors1 (0)] = 1ok (0), we have
Yk € {2 ...L—1}:d<v’”1’“’“>2 =d<vk’“k‘1>2. (18)
’ dt dt
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Proof. Using Eq.(T6), we have

Ldllugl?  [dug\” 2 2

5 ”d];” = (dtk) Uy = —Epkp_kvlTXTrvg_i_luk = —EﬁvlTXTr, (19)
1dl|vgqa ] duy, ’ 2 T~T,. T 2. rer
iT = W Uk = 7ﬁpkp_k-'l)l X TUE Vg+1 = 7561)1 X'r. (20)

Therefore, both d”Z’; I* and d””’;gl I® do not depend on k and are same then Eq. (T7) follows.

We now discuss Eq. (T8). Since we assume Vk € {1,...,L—1} : |lug(0)|| = |Jog+1(0)]] = [|vx(0)]|
and Eq. (T7) implies that for any ¢ > 0:

k1 = ur (0)1* = ok (O = llve1 (O = lor (O — [lox ()], 1)

we have , , , ,
lun DN = e (DI = [[low @7 = [lua (B)]] (22)
To show Eq. (I8), we note that

d (ki1 u) _ [ dvk Tu 47 du
dt dt BT TR gy

2
= —5/>ch4w1TXTT(||uk||2 + [Jors1 (1)

— _25,07—')(7—',,,||uk7||2 + ||’Uk+1”2 _ _é
nt (Vk+1, uk) n

a2

§UTXT7°7
! (Vky1, uk)’

(23)

where we use Eq.(T6) in the second equality and the third equality is because & = prp_k (Vg+1, Uk)-
As a result, the above equation implies that

1d((vgg1, uk))? 4
§i(< o L) — o] XTrjus |, (24)
which does not depend on k, and Eq. (T8) follows. O

To simplify the analysis, in Theorem [I} we have required the balanced initialization across layers
(Definition [T). Recall that the balanced initialization is defined as

Definition 1 (Balanced initialization for rank-1 linear networks). Given an L-layer rank-1 linear
network Eq. @), for any k € {1,..., L — 1}, the balanced initialization means that

(01 (0), u(0))°
[or41O) [P lur (O
[ok41(O)] = Nlur (O) [} = [lor (0)]]- (26)
Eq. (23) states that u;, of the k-th layer is aligned with vi41 of the (k + 1)-th layer in direction

while Eq. (26) means they have the same magnitudes as v; (0). The balanced initialization has been
suggested by several previous works [3} 2} 16 28] for standard linear networks defined as follows.

(25)

Definition 2 (Balanced initialization for standard linear networks). Given an L-layer standard linear
network f(x; W) = w%WL_l - Wha, forany k € {1,...,L — 1}, the balanced initialization
means that

Wi 1(0) Wi 1(0) = Wi (0) W (0)
foranyk € {1,..., L}

This directly means that W 1(0) and W (0) share same singular values and W, ;’s right singular
vector aligns with the left singular vector of W (0). In our case, such reasoning gives us

vr1(0)  uk(0)
[op41(0)  Jlur(0)] 27)
l|vk+1(0)][[|wg+1(0)]| = [[vr(0)| s (0) (28)

where Eq. (27) is similar to Eq. (23)), which shows that u(0) aligns with vx41(0), and we adapt the
condition (28)) to Eq. (26) for rank-1 linear net since vy, and uy, are the independent model parameters.

20



A nice property of GD is that the balanced property across layers will be maintained during training
(6, (T1L 21, i.e., W | (£)Wiga(t) = Wi(E)W(t) for t > 0 and k € {1,..., L}, which can be
showed by taking derivative with respect to time on W', | (¢)Wj,11(t) and Wi, ()WL (¢). For the
rank-1 linear network case, according to Lemma|[l|and Eq. 23), (vi41(t), uk(t)) are the same for all
ke {1,...,L — 1}, thus GD also maintains the balanced property for rank-1 deep linear networks.
Although the balanced initialization conditions are slightly strict, it can be approximately accurate
if the initialization scale is not large, which is rather common in practice. Under such initialization
conditions, we are able to precisely characterize the implicit bias of GD and focus more on the effects
coming from the overall initialization of model parameters, rather than the difference between layers.

C.2 Proof of Theorem[I]

In this section, we prove Theorem|[I} Basically the idea is to show the existence of a potential function
V'(0) such that the model parameter 6 follows a mirror descent with respect to V'():

0(o0) = arg rrgn V() st.X0=y. (29)

This method is called infinitesimal mirror descent (IMD) approach and can be found in, e.g., [3l.
Note that, to apply this method, the dynamics of # should satisfy certain condition, which might
be strict. For example, given the linear model f(x;6) = 67 x for § € RY, both parameterization of
6 with standard linear networks, i.e. 7 = w%WL_l --- W1, and a much simpler one § = cv for
c € R and v € R? do not satisfy the condition of applying the IMD approach, while the rank-1 linear
networks satisfy the condition, which implies that the parameterization of rank-1 linear networks is
different with a scalar times a vector. Furthermore, the above example also confirms our motivation
of studying rank-1 linear networks as a proxy of standard linear networks, especially considering that
the implicit bias of SGD for rank-1 linear networks is more amenable.

We first present a useful Lemma in [20]:
Lemma 2. If H has rank 1 and G is invertible, then

1
G+H)'=G'-—G'HG 30
(G+H) - 60)
where g = tr (HG™1).
We now prove Theorem
Proof. Recall that r € R™ with r; = (f; — v;), we let
L—1
=1 ¢, (31)
k=1
o = pipZ (el + vk ). (32)

The key step is to derive the dynamics of the overall parameter § which can be done by noting that
do d¢ dvy
@~ a T ar

where, according to Lemmam

L-1
d§ d Vk , Uk
= = E pkpko
k=1

dt
9 L-1
= —ETTXM > e k]| + [loa )
k=1
2
=—=0v{ XTr (33)
n
dv1 2 T
o Zex 34
7 X (34)
db 2 N o T
— EZ_%@ I—|—<I>v1v1)X . (35)
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Eq. (33) can be rewritten as

—1.do 2
(€21 + Quvyvf) i —EXTT. (36)

According to Lemma 2] note that

" q)UlUlT Doy |?
e ) e

the inverse appeared in Eq. (36) is
1 E 20 0T PE2 1 067

I+ dvpl) = = N E>) £ e2)9)2
( i) =gl Ayl e Sy

37

It is now left for us to express £2 and @ in terms of #. In the following, we assume the balanced
initialization in Theorem [T]and apply LemmalT]

1. &2, This can be done by noting that ||0||? = £2||v1]|?, where £? is given by

L-1

€ =[] werr,un)?. (38)

k=1

Note that (vg41, uk>2 grow at the same rate for different k& according to Lemma (1| and
2

(U1, ug)” are the same at initialization for different & due to our assumption, we have
(g1, u)® = (g, up)? and €2 = (vy, u1>2(L_1). Note that
Ld(ve,up)? 4 4 1dfo; ]!
S o ST X TP = —— o] X vl 2 = 5 TEHL, 39)
we have (va,u1)® — (v2(0), u1(0))> = |jvy||* — [lvr(0)||*. Since we have (vq,uy)® =
lui||* = ||v1||* at initialization according to our assumption, £2 can be finally written as
€8 = oy 170 (40)
As aresult,
_ 1 4(L—1)
6]l = llv1l** 7 = Jloall = ll6]7=T, & = [l6]| == (41)
2. £%/®. By taking some simple algebra, we have
2(L — 1)¢* € v
= — = = = (42)
loa ]2 o 2(L-1)
Now Eq. (36) becomes
- 00" do 2
T = L L S (43)
H9H ;+ 6]z ) dt n

2(L—

These conditions are now sufficient for us to find the form of the potential V' (6). Suppose that V' (6)
can be written as

V(8) =V (|16l +h"¢ (44)

for some vector h and satisfies the following relation:

ViV(0) = ViV (0)
1 1 T
= <1_ 19992> : (45)
1+ 3T-1) 91l

d 2
- (VoV(0)) = —=X"r (46)

then Eq. (43) gives us
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and the integration relation
VoV (0) = VoV (O)locoo) = 3 i / Fi(r)dr 7)
i=1

where we let 7 = —2|¢|r/n. Requiring VoV (0)|g—p(0) = 0 and denoting \; = [;° 7;(7)dr gives us
the condition at ¢ = oo: .
VoV (0)lo=p(oc) = Y _ Tiki. (48)
i=1
Eq. @) coincides with the KKT stationary condition of the optimization problem (29). Therefore,
we can prove the theorem by deriving the explicit form of V' (6).

Solving V (0). According to Eq. @), we can derive the following relation:

30V (6) = V'|z” AT (49)
1 -, 00T ., 00T
RV (0) = KV” - V’I) o) — V’}
VO =g [\ g )V g
V/ V// 06T
=— | I—(1=-0|— | —=5]|- (50)
6 ( 19 w) |I0I2]
Comparing this with Eq. (@3]), we conclude that
v 1 Ve 1
1—||9|A,:1:>A,=9<1—1>> G
V 1 + Q(L—l) V || || 1 + Q(L_l)
which, by noting that Jjj¢) In v'(|6|) = %/’lé\ll‘g\ll‘)) , can be solved as follows
vren 1t
vi(len)  lel2L -1
., _
— WV(I0]) = 57— 6]
— V(o)) = 2oyt 52
Furthermore, since .
V!’ 2(L—1)
=||0||” 21,
I 161

Eq. (@3) is automatically satisfied when V' (||0]|) has the form of Eq. (3T). It is now left for us to get
the form of h, which can be done by noting that

eV (0(0)) = 0

1 6(0)
= ||0(0)||2=—T +h=0.
Thus the final form of V'(9) is
1 6(0)
V()= —|0)|% — T ——L . (53)
( ) Q; ” || ”9(0)H>\L
This completes the proof. O

C.2.1 Remove the assumption of convergence to the interpolation solution

The assumption that X(co) = y in Theorem [l|can be removed if the dimension of the span of X'
is larger than the number of samples n, i.e., when dim (span(X T)) > n This can be proved as
follows.

'Since max(dim(span(X7T))) = n, this condition is in fact dim(span(X7T)) = n.
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Proposition 2. For the over-parameterized regression of rank-1 linear networks Eq. (2) and the
dataset {(;,y;)}"_, where z; € R andn < d, if

dim (span(XT)) > n,
then the gradient flow solution 6(oc0) satisfies that
X0(0) =y.

Proof. To prove this proposition, we study the dynamics of the loss function £ = % S, 72, where
ri = (0, 2;) — v, that is given by

e _ oL do

dt — 99 dt 2 "
- %TTX {—22 (I +2(L — 1)||9|2> XT7’:|
= —477522 [TXTXT +2(L - 1)%]
— _47522 |:||XT’)”|2 +2(L - 1)(9T|‘;f||j;r)2]
<0,

where we have the equality in the last line when r = (0,...,0)7 € R%, i.e.,, X0 = y,or XTr =0,
which is not possible since we have assumed that dim(span(X7T)) > n. Therefore, L£(0(t)) keeps
decreasing until X6(t) = y, i.e., until GD finds the interpolation solution. Noting that ming £(¢) = 0,
we complete the proof. [

C.3 Proof of Theorem

In this section we prove Theorem 2] The techniques are similar to those in[C.2] and we still need
a time wrapping technique introduced in [3] to derive the form of Vy.4(#), since the condition for
applying the IMD approach is violated in this case. Recall that, for the standard linear networks
fla; W) = wEWL,l Wiz = 0Tz where W, € R4 *dx+1_ our purpose is to find a potential
function Vi:4(6) such that the gradient flow solution 6(o0) satisfies that

0(0) = arg n%in Vita(0), s.6.X60=y. 54

Since we assume the balanced initialization (Definition @, then according to [[L1} 16} 2]], the norms of
all layers grow at the same rate and are the same for any ¢ > 0:

Wil () Wit () = Wi ()W) (1)
Furthermore, following the procedure of [2], we obtain that the dynamics of 6 is

do 2(L—1) 007 T
_— = — L I L—-1)——=| X s
G =IO 1+ (01| X (55)

We now present the proof.

Proof. Eq. (53) can be written as

2(1—L)

1617 14+ (2~ 1)

dat "

where, according to Lemma[2] the inverse in above equation is given by

{1+(L—1)99T}1—1_ (L—1)
11> 1 tr (i) 6]

L—16607

Y e i, (56)
L ||o]?

-1
99T} L
o1

1 06T
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As a result, we have

20-1) L—160T\ do
0 - ——— ) = =—_XTp. 57
A G Tk a
In this case, we still assume that Vy;4(6) has the following form
Viea(8) = Vara(|0)) + 876 (58)
for some constant vector 3 € R%. Then following a similar procedure as in we have that
Do Vira(0) = As’tdm +hT (59)
71 V// eeT
i Via(0) = 54 |1 — ||9H st 51 (60)
o1l v, ) ol

In the IMD approach, V;;4(#) should satisfy that
d 2
7 (00Vera(0)) = ==X, (61)

) ( 1Lt ‘?gnz) . But this is not possible. Therefore,

we multiply a time re-scale factor g(6), as long as g(6) is positive, to both sides of Eq. (57) and
only require that V() satisfies the above relation under the new time scale 7 : R — R such that

7' =g(0):
2(1 L) — 16607\ do
sO) 7 (1 21 ) 5 = X 62)

Then the limit point at ¢ = oo in Eq. (61) is also visited at the point 7 = [ g(6(s))ds in Eq. (62).

We now solve the explicit form of Vy4(6) that satisfies Eq. (62). By comparing Eq. and the right
hand side of Eq. (37), we obtain that the following relation should be satisfied:

Vi 0607 20-1) ( L—10607 >
std |7 _ 0 Std = 0 I—-=—= . (63)
W[ ( 9 )ew sl ATIE

This implies that we need:

which requires that 93 Vyq(0) =

* the terms in the bracket on both sides should match:

Vi, L-1 1V
1wmﬁzﬁfzwfzﬂ
Vit r Vita
. C'L
= IV}, =~ 1n||9H+C’ — Vaa =75 |\0||L+1 (64)
for some constant C' and C’, where we can simply choose C' =
* the terms outside the bracket on both sides should also match:
VS’ ) 2L-1)
1o =9 = g(0) = Vaallo] =7 ! (65)
To obtain the form of the constant vector 3, we note that 99V (6(0)) = 0, which immediately gives us
1 000 1_
0O i+ 5 =0 — 5= ~00)0(0)+ (66)
Combining all these terms, we have the final form of Vi;4(6):
Vita(6 o)+ —6(0)79)6(0)|| " 67
1(®) = < [0~ 0(0) 0l6(0) (67)

As i 1n L denoting \; = fo r;(s)ds and noting that 9pV5:4(6(0)) = 0 give us
9o Vsta = sz‘/\m

i=1
which is exactly the KKT stationary condition of the optimization problem (54). O
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Convergence to the interpolation solution. Similar to[C.2.1] we can also show the convergence to
the interpolation solution when dim(span(X T)) > n by deriving the dynamics of L:

ac _ oL do
dt ~— 00 dt
2(1—L)
Al [ eeT} ,
= A x| XTr
n = Digpe
2(1—L)
o)

= =S [P X |+ (L - 1) (67X 7).

Since we assume that dim(span(X ™)) > n, d£/dt < 0 until X6(t) = y, i.e., £ keeps decreasing
until GD finds the interpolation solution.

C.4 Proof of Proposition|[i]

In this section, we prove Proposition [I|by analyzing the gradient of model parameters. It is helpful to
recall that for a matrix A, we use A;; to denote its i-th row j-th column element. For weight matrices,
e.g., Wi, we use Wp;; to denote its i-th row j-th column element.

Proof. For a standard linear network that has the initialization of Proposition [T]and L is an odd
number, i.e., for an integer p
VE=2p+1¢€ {1, .. ,L} : Wk’”(O) = 0if i # ¢, where ¢ € {17 .. .dk+1}
Vk=2pe{l,...,L}: Wi,;;(0) = 0if j # cx,

note that the L — 1-th layer satisfies that W, _1,;; = Wr_1.40;.,_, where §;; = 1if j = [ otherwise
dj; = 0, we can write the networks at ¢ = 0 as

flz; W) = Z ZwL;iWLfl;ijéch,l (Wr—g---Wix);.

? J

Then the gradient w.r.t Wy _; att =0 is

2 n
(VWL—lﬂ(e))ij = Z T WL (Wr—2 - Wix) e, (68)
p=1
= (Vw,_.£(0)),; =0if j #cr1. (69)

This means that the parameter Wy,_.;; will be updated only when j = cz,_;1. As a result, the
initialization shape for Wy, _; will be maintained, i.e., only the non-zero column of Wr_; att =0
will be updated and all other elements of Wy,_; will be zero for any £ > 0 since the corresponding
gradients vanish. Similarly, for W,_;, we can write the network at ¢ = 0 as:

F@sW) =3 (WiWi1);85e, Wi-oa(Wr—g--- Wiz),
PR

then
(VWL—zﬁ(o))ij =0ifi #cr1

and the initialization shape for Wp,_5 will also be maintained. Following a similar procedure, we
conclude that all the initialization shapes will be maintained for any ¢ > 0.

We now consider the diagonal initialization for weight matrices, namely that
Wi =0if i # j, Vked{l,...,L -1}
Forany k € {1,..., L — 1}, the gradient w.r.t Wy at¢t = 0 is

2 n
(Vwi L0);; = D (Wl - Wiegn)i( Wi - - Waz),
p=1

where, clearly, there is not any constraint on which elements of (w? - Wjy.1)T € R? and
(Wi_1---Wiz) € R? are zeros if we do not require that many diagonal elements of the initialization
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matrices are zeros, which clearly violates the diagonal initialization requirements. Thus we can not

conclude that
(VWk‘C(e))ij =0ifi # j,

i.e., the off-diagonal elements of W} will also be updated to be non-zeros. Thus the diagonal
initialization of weight matrices can not be maintained. The conclusions for other layers can be easily
derived by following similar arguments. O

D Proofs for Section d

In this section, we present the technical details for Section[d] In particular, we introduce our modelling
details of the SGD dynamics in[D.1] derive the SDE of the model parameter 6 in[D.2] and, finally,

prove Theorem 3]in[D.3]

D.1 SDE modelling details

Similar to the case of GD, to derive the implicit bias of SGD for rank-1 linear networks, we need to
first derive the dynamics of the overall model parameter 6. For this purpose, the structure of the noise
of SGD is crucial. For convenience, we first discuss the basic SGD where only one data is randomly
sampled at each step, while the generalization to batch-size SGD is straightforward.

Structure of the noise. We present the details for ug, and the case for vy is similar. Recall
that the empirical loss is £ = ). ¢; / n, 7 is the learning rate and that the network can be written

as f(z;u,v) = pkp,kv,{_i_lukvfx, we start with the SGD update equation for u; where we let j;
denote the index of the sampled data at the ¢-th step:

ol oL oL ol
(1) =) g =) g (G- g )

2
= u(t) — ;nvlTXTrpkp_kvk.H

1
2n|( - E PR kU] T — 1}, PPk V] T
+2n (n _ TiPkP—kV1 TiVk41 — T4, PkP—kV] lytvkﬂ)

1
2
= uy(t) — gU{XTTPkpfkka + 2nprp—rks1v] X1 Zj, (70)

where we let e?t be the basis vector in R™ such that the j;-th element is 1 while all other elements are
0 and

L

th = Ejt [Tjte_j:] - rite_;ﬁ COV[th} ~ 7171 (71)
As a result of this, the noise of SGD for uy, is now
An2L
S(up(t)) = ”n (prp—1) 20T XT Xvyvg10f, 1. (72)

Continuous Modelling of SGD. The continuous modelling techniques for SGD have been widely
applied in recent works [[1, 9} 23| 22]] to study the dynamics of SGD. In our setting, the continuous
counterpart of SGD is established as follows. First, the discrete SGD updating equations Eq. (§) can
be equivalently written as

up(t +1) = u(t) = 9V, L0) + 1 [V L(0) — Vi Liy (0)]
karl(t + 1) = Uk+1(t) - ﬁvvk+1£(9) +n [Vvk+1£(9) - vvk+1‘€i(t) (9)]

for k € {1,...,L — 1} where both V, L(0) — V., ;) (0) and V,  L(0) — V. Li)(0) are
zero-mean noises with covariance matrices in R% * dx

Y(up) = 74£(p2pik)2

Y(vk41) =

Vik+1

Ty T T
vy X° X010k 410541,

4L 1)?
(pkp k)) ’U{XTX’Ul'U/kUg,
n
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with py, and p_j, defined in Eq. (B). Second, as we identify the noise covariance, letting n — OEL
then we obtain the continuous counterpart of the discrete SGD that is a set of stochastic differential
equations (SDE):

2 InL
duy, = —ﬁvaTrpkp,kkadt + 2 %(pkp,k)vkﬂv?XTth (73)
_ 2 77 nL T T
dvgi1 = nvl X rpgp_rupdt + 2 " (prp—k)urvy X* dWy (74)
where we let r = (f(21;u,v) — y1,. .., f(Zn;u,v) — yn)T € R™ be the residuals and W is a

standard Brownian motion in R™. Similarly, recalling the definition of ¢ = wg Wi_q---Wauq, the
SDE of v, is

dvy = 2§XTrdt+2\/ EfXTth. (75)
n

1 J—
n

Generalization to batch-SGD. When b (a positive constant) data points 3; are sampled in each
iteration of SGD, i.e., batch-SGD, we can change the SGD update equation as follows (taking uy, as
an example)

¢y,

3uk '

up(t+1) = ug(t) — % Z

Jt€Bt
This only changes the noise X (u(t)) to a batch version

s (1) = 5 Sl (0),

which only affects the noise part of the SDE of u;, and leads it to become a batch version SDE:

2 InL
duy, = —EU{XTrpkp,kkadt + 2 ?Tb([)kp—k)ka%TXTth-

This is equivalent to re-scale the learning rate 7 to

77=ﬂ
b b’

and leaving other parts unchanged. Thus the generalization to batch-SGD is straightforward—simply
replacing all n with 7.

D.2 The SDE of 0

In this section, we carefully derive the continuous dynamics of SGD for the parameterization of our
rank-1 linear networks. We first discuss the balanced initialization condition.

Balanced initialization. Similar to the case for GD (Definition E]) we also assume the balanced
initialization Eq. (26)) across layers. Although the dynamics of SGD is different with that of GD,
it still applies the gradient to update the parameters at every step that will maintain the balanced
property thus the dynamics of SGD will also maintain the balanced property, i.e.,

(oean (), un(®)®
o1 @) 2 [ur ()]

and
[ok+1 (D = lur (@] = [l @
fort > 0and k € {1,...,L — 1}, during the training of rank-1 linear networks.

With the equations for uy and vy 1, we now derive the SDE of # summarized in the following lemma.

2More details of this modelling technique can be found in [14].
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Lemma 3. For an L-layer rank-1 linear network Eq. (@), if we assume balanced initialization, then
the stochastic gradient flow of 0 is
22
do = fiH(G)XTrdt + 2¢2 %H(G)XTth
n n

8nL(L —1) { 2L — 3 06T

. XTX0dt
n||6| 7= 2 GIIZ}

where H(0) = I + 2(L — 1)067/||0]|2.

Proof. According to the Ito’s Lemma, we have
df = d(&vy) = dévy + Edvy + dEdvy. (76)

Thus to obtain the SDE of 6, we need to analyze every term of the above equation. We first give d¢.

The form of d§.  Letwy, = vy, ur and Ui = [[vp41 |2 + |luk||?, we first characterize the SDE of
wy. According to the Ito’s calculus, we obtain that

dwy, = d(viuk) = uf dvggr + vi g dug + duf dvgsr, a7
—_———
& %

where, by applying Eq. (73) and Eq. (74) and noting that (dW;)? = dt,

2 L
&= —E’UfXTTPkP—H/’kdt +24/ %Pkﬂ—kWWTXTth
anLl

O = —(pkp_k)kav?XTledt.
n

Combining the above two terms gives us the SDE of wy,
2 4n(prp—i)*
d, = | =0l X rpposapn + kavaTle} dt + 24/ %pkp_kwkv{Xwat.

Since £ = d(Hé;ll wy ), its SDE can be done by repeatedly applying the Ito’s Lemma and the SDE
of wy,:

L—1
d¢ = d(J] we)
k=1

L-1 L-1

1
= Z idwk +-= Z 3 dwidwy . (78)
WE WEWE!
k=1 k', k=1,k#k’
; Q

Py
O = o = 5
w
k=1 k=1 F
L1
1
o, = § 02
k=1 "k
L1
1 Yrw
3 = 2 w2w?
kk'=1k#k’ KK



Now plugging the form of dwy, into # gives us the first term of d¢:

L—1 L—1
2 por .o Vi 4n£§3v1TXTle 1
‘ = —gvl X ’I"f ( E 7&)2 dt + —n E T}% dt

k=1 "k k=1

I L—-1
2,/”7@ (Z i’;) (T XTdW;)
k=1

2 ancel XTX
= o X7 dt + negv SR PG gt 424 §2 I XTdw,), (79
and applying again (dW;)? = dt and the form of dw, gives us each term of the second sum of d¢:

£ gL
WEWEr MWW
Summing all © and #, we obtain the SDE of ¢:
dnLe3vl XT Xy By + &3 Lol XT Xy
n n

Q=

1/Jk1,/}k/U?XTX’U1dt.

2
d¢ = [_U{XTrg%l + <I>3] dt
n

”552 L (o XTawy)

dnLevl XTX
_ [_nvlTXTrg%l LS XX g g, ] dt + 24/ 52 (T XTdW,) . (80)
The SDE of v; is much simpler. To get thls, we start with the SGD update equation for vy:

oL aL o,
Ul(t+ 1) :Ul(t) —T]aivl +n (avl - (3"51)

2 1
=vi(t) - ;anTT +2n <n > Euiri = Tjﬁ%)

2
= vi(t) = ~1eXTr + mEXT 2, (81)
which implies that the noise covariance in this case is
4 L
S0 (t)) = 5 &L gy,

Then using a similar approach as that of ug, we get the SDE of v,
2 L
dvy = —2exTrdt + 21 =exTaw,. (82)
n n
Now it is sufficient for us to derive the form of df.

The form of df. Combined with the SDE of £, we now have

df = d(¢vy) = Edvy + vidé + dédvy . (83)
& L)

For the & term, as we already have the form of dv; in Eq. and d¢ in Eq. (80), we simply plug
them into & and obtain that:

2 L 2 ApLe3vT XTX
b= X Trdt 42 %52 (XTdW,) +or |~ ol XTre20; + W

+24/ %QlfzvlvaTth

2 AnLEed TxT X
=—— (521-1-52(1)11)111{) XTrdt + 21 ST Y1
n

n

SN DRp—

(Pg + ®3)dt
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For the # term, we only need to consider the dW; terms of Eq. (82)) and (80):

E 3
o 4%@1)(5(@1&.

Combining the above two equations gives us the final SDE of df:

g = —= (521 + E®yv10] ) X rdt + [§3¢> I+ &322+ @3)v10] | X7 Xy dt

+21/ (521+§2<I>1v11)1)X dW,. (85)

On the other hand, recall that our assumptions regarding the initial conditions of f(x;u,v) in the
Lemma (Definition[I)) and following similar techniques as in the case for GD, we have that for any
t>0:

Lok : fJug(®)]* = [lve(@®)]1* = [l (8)]
2. Vk W} = (un(t), v (1)) = (D] = lor ()]

Plugging these terms back to the definitions of ®;, $5 and 3, we obtain that

= 2o |* and €2 = [|9]| FE=T (86)
as in the case for GD and
2(L—-1) B 2(L - 1)52

Py = = : 87)
[[or][* 19112
L-1 &(L-1)
Py = = ; (88)
[[oa]* 1611
2(L—-1)(L-2) 2e4L-1)(L-2)
P3 = = ; (89)
[[oa][* 1611
where we use that ||0|| = ||€v1]] = |€]||v1]|. Therefore, the final form of d6 is now
2¢2 L
d8 = — 2 H(O)XTrdt + 262 "EH () XTaw,
n
8nL(L —1 2L — 3 007
nL( _ ) [ 2]XTX9dt
n||0||zz T 2o
where
607
HO)=I+2(L-1) TR
O
D.3 Proof for Theorem 3]
In this section, we determine the form of V' (6) such that 6 follows a stochastic mirror flow
oL L
dogVe(0,t) = — 5+ 2 (= (XTth) (90)

which then proves the claims of Theorem 3] For this purpose, we start with manipulating the SDE of
6 derived in Lemma[3] Note that Eq. (83) can be written as

_ 4 2
(€21 + £®yvy07) " d — LﬁPdt —=X"rdt + 2, %Xwat, 1)

where .
= (521 + fz@wlvlT) [5‘5(1)1[ + &3(Dy + <I)3)U1U1T] XT Xv,.
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To solve the inverse appeared in the above equation, we apply Lemma 2] and noting that
tr (E2®v10] £21) = By v %,
then

-1 i 1 52(1)1’[}111,{'
2 1+ &ifunl? &

_ 1 (1_ W)
&2 L+ @qjvs]]2

1 (I 1 99T>
T2\t 1€ g2 )’
A ———

where we use that = vy in the last equality, which enables us to simplify P:

&1+ @010

—1 B
= (I + @ vv]) [0 + E(Py + P3)viv] | XT Xy

1 00T Oy + Dy
=, (I — ) [I + eaT] XTXx6
£2 2 2
1+ ‘I’IHQHQ HGH § q)l
2
_a, 1o 1 2 _q>22+<1>3+ I 2 <1>22+<1>3 00| X7 x0
o2+ 4§ & 162 + & &2
b2 — Dy
=, []— 1—09T xTXx6.
' { o[0]2 + €28, }

Thus Eq. (91)) for the overall SDE of § now becomes

T
iQ I #992 a9 — e —=Pdt = COL o JTE (xTaw,). (92)
A R ] o0

The balanced initialization gives us Eq. 87), (88), and (89), and recall that

2L — 1)

AL=Sr 1

thus we can further rewrite

1 <I 1 eeT) 1 (1 1 99T>
2 1, e 2|~ 2 T 1L 1T T2

1 00T
=5\ - Ao 93
e ( L||0|2> 3)
and
1 60" 2 7 T
P = 2 (I—)\LWHQ> (211 + (Do + P3)00" | X' X0
giz {52‘1’11 + ((‘1’2 +@3)(1—Ap) — )\|L|§|2|;{)1) GGT} xTxo
_ 4 4
_ ;{WI+((L—1+4(L—1)(L—2))(1—)\L)—2(L—1))\L) H§”499T T
S 3(L—1) 00"
_”92[2@_1)1_ 2L 1 GHX X0
2L -1 00T \ .
e (I‘ 2||92)X X0 94)
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Thus, Eq. (OT) nowf|can be rewritten as

1 06T 8nL (L — 1)&2 ( 1 oeT) .
I—Ap—— >d9— I— - ) xTX0dt
& < 16| N 2|02

—%‘gdt 1oy = (XTaw). 95)

Finding the form of VV°(¢). We now proceed to find the form of V(6). For convenience, we

apply a time re-scaling technique such that dr = |£|dt (AW, = /|€|dW; according to [12]]) to the
above equation. For convenience, we still use ¢ to represent the time after re-scaling. Then the above
equation becomes

1 607 8nL (L —1)& 1607\
— (1 llnd I—-2 ) xTx
ErEn ( AL||9|2>d‘9 PR T ( 2||0||2> bt

0] ===
o nélL , o r
= %dt—km/ S (XTawy). (96)

Recall that §(0) € R? is the initialization of 6, since V' (8) for SGD should have similar form as that
for GD, we borrow from the GD results and first define a constant vector v € R4

_2L-2
v = —116(0)[|7=£=16(0).
Suppose now that V< has the following form:

2L

Ve(,t) = ||9|| 25T 4 470 + g(t)T0 for g € RY, 97)

by similar techniques as in the case of GD, we obtain the first and second derivatives of V5(6) w.r.t

0:
VS (0,1) = 110~ 50 + v+ g(1),

1 66T
S

6] 7=2=

There exists a function of 8, G(¢) whose exact form can be derived but not necessary for us,
corresponding to our V°(6,t) defined above, such that d9s VS (6, ) can be written as

d0p V> (0) = g (0gV5(0,1)) dO + 0, (0sV° (0, 1)) dt + 898989V5(9 t)(d6)?
= 0p (06V°(0,1)) dO + [at (85V5(0,1)) + G(0 )8‘389891/5(9 t)] dt

Now suppose that we can choose a particular g(¢), thus a particular G(6), such that the following
relation is satisfied:

2 90vS(6,8) + G(0)

S
ot 260920V (0:1)

St (L-1)g ( 16007

= ———— ) XTX0, (98)
] 2||9|2)

then we can rewrite the SDE of 9y V'S (6, t) as follows:

dopV4(0) = 9y (0eV(6,1)) dO + 9, (06 V5 (0,1)) dt + G(0 )a‘gaeagvs(o t)dt
1 99T> 8nL (L —1)&* ( 1 607 ) T
= (I-x do — I—-—— ) XTX0dt (99)
le=s ( “lier2 n H9||2 2 6]

3Note that when I = 1 we do not have the second dt term in the LHS of the equation, this term is brought
by adding layers to the model.
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which will give us the desired “mirror flow” equation:

|L

ddpVS (0) = —VgLdt + 2 "'5 M= X T aw,.

It is now suffice for us to find the particular g(t) that makes Eq. satisfied. For convenience, recall
that for a vector a we use a,, to denote its p-th component, we define the following helper notations:

k:2§2,/% €R, (100)

QGT T dx
B= I+2(L—1)”9H2 XT e R¥xm, (101)
d, = O,dt + Y BidW,.;, (102)
ove(o,t _
D0 = (Z5F ) =110, 400, DODERS 103
n
0ps = 1if p = o otherwise 6, = 0, (104)

where the exact form of O can be obtained from Lemma 3|but is not necessary for us. In the following,
we use D to represent D(6,t) for convenience. For our purpose of choosing the particular g(t),
dD(0,t) = d0pV°(6,t) should match the R.H.S of Eq. (99). To make this relation clear, according
to the Ito’s Lemma, we obtain that

82

1
dD = 8tht+89Dd9+ 39 90,

5 d0,d0,,

Py
where the last term is crucial. From the SDE of 6 (Lemma[3)), we have that the df,df,, appeared in #

can be written as
d0,d0, = k> " BjoBpidWiidWh j = K ZBpr,dt
j Z
On the other hand, according to

1 06T
S
%D = BV°(0:1) = g1 (I_ALH@IP)’

we have that, with explicit subscripts of vectors,

D _ 0 [ g)e (5, — ag
90,00, 00, e
o

= —Ap)|0] 26,0, ~ Ao (||9|| 20,0,

= 7>‘LH9”7}\L725#p00
=L [~ + 210177 10560,8, + 1011720506, + 8u06))]

AL AL 0,0
=——"L (5,0, 0uctp) — 775500 | Ope — (A 2)2-2 . 105
e o+ o) = (e~ Ou D). 109
Note that the above expression implies that ge d% is in fact a rank-3 tensor. Combined with the

expression of dfl,df, derived above, we have that

K2\ 0,0,
2||9||)‘L+QZZ Suplo + 0,00, +0" (5 —()\L+2)”0”2) ByiBiydt  (106)

H;La

°n——

P,

where H € R%* %4 ig a rank-3 tensor. To get the exact form of #, we need to have the exact forms
of

34



LY, ,iH,BsiBiy. Notethat HBB € R? and there are two different terms, both of which will
induce a same vector. In particular,

Z 6p;49¢rBaiBip = ZBm‘Bigeg = (BBTQ)M

POt po,i
Z 6;w'9pBaiBip = ((QTBBT)T)M = (BBTQ)M
p,0,1

Thus we have
> Hf,B,iBi, = 2(B"B),,

P,0,1
where
T T
BBT9 = (I +2(L - 1)”0;|2) XTx (I +2(L — 1)|9;|2) 0
00T\ r
=(I+2(L- UW XTX (0+2(L—1)0)
-
= (2L —1) [T +2(L— 1)||9||2 XTxe. (107)

2.3 poi By B! Bf.  Using the matrix notation, we can easily find that

> PIB.B =u(B"PB),
p,0,1

where, recall the definition of B in Eq. (I0TI)),

Tpp INAYSS 09" 00N
B PB—X<I+2(L 1)”92) (I (>\L+2)”9|2> (I+2(L 1)||9||2>X
T

:X{I+(2(L—1)—()\L+2)—2(L—1)(/\L+2))Tgw]

X [14— 2(L — 1)”090”2} X7
=X [I— 2(2L — 1)99? [1+ 2(L — 1)

06"
XT
19112 ]

16]12
2 00" ] 1
=X |I—- (8L _1OL+4)W X+ (108)
Taking the trace of the above equation gives us the second term of é:

9T
tr (B"PB) =tr (X"X) — (8L° — 10L + 4)WXTX0.
Now removing the x subscript of the derived p.0i 4G BoiBip and recovering the matrix notation,

we have the final form of & by combining it with the result of tr (BT PB)

k2AL 00T\ r

19112
2 T
— % {Gtr (XTX) - (8L* — 10L + 4)”9;|2XTX0]

k2 AL 4(L—1) L 6T
= |-—"2 g (XTX)0-— I- XTXx0| dt. 10
| e e (1 s (109)
Thus the SDE of D now becomes

dD = 8,Ddb

o=

K2\

- WH (Xx"Xx)0

2L -1) ( L 007

_ T
e oL 1 ||92||> X X‘)} at

+ |
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To find the particular g(t) such that Eq. (O8) is satisfied, we need to require that

k2L . 2%2(L — 1) L 00T\
D————tur( X X — — X X
D — st (X7 X) 0= Z) 2L—1|92|) f
8nL (L — 1)€2 1667

- (- )
Recall that D = ||| =260 + v + g(t), we have
oD =g'(t),
which, noting that k2 = 4¢£4nL /n, further gives us that the following relation should be satisfied

’ 254775 T L 00" T
t)—m ——— (At (X" X)O04+4(L—-1) | [— ——— | X X0
A el L R U S Y ]
8nL (L —1)&2 ( 1667 > T
S STt LS X7 x9.
no 6] 2 [|oy1?
As a result of this, we can, noting that £2 = ||0||*** from ||0]|? = £2||v1||?, give the required g(t)
that makes Eq. (O8) satisfied by solving the following equation:
e (XTX) £)|6]| A=—2
gt = 2o n) 1917,
8n(L — 1)L||0| 2 L 1 T
+ . I-1 5T —1 3 X X0
2A g A2 067
_ 2Ll 7 ((1 — 9”2> XTX) 9. (110)
n

Now let the orthogonal projection operator of 6 be P, (6) = I — %, then we can solve g(t) as

t
g(t) = 22”/0 L(0)]10]| *= 20t (PL(0)XTX) ds. (111)

With this particular g(¢), we can then give V5 (6, t)

1 2\ ! - 0(0)
VS(0,t _—99L+9T[”’/z:9 0 M 20w (PL(O)XTX)d ] 112
(0,1) O; 161l n @16l tr (PL(0) ) ds 16(0)* (112)

that satisfies the relation

405V (0) = ~VoLdt + 24/ %Xwat.

Moreover, a particular interesting case is that, as L — oo,

lim V(6,t) = 0| + 6T —
Jim V(6. 1) = [|6] 0]

T
2ﬁ/ £ |[Po@x7| L as - O )
n Jo 161
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