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Abstract

Diffusion and flow-based models succeed by train-
ing a neural network to predict noise or veloc-
ity from corrupted inputs. But why this training
succeeds is not fully explained by the denoising
objective alone, because the same objective can
fail completely when the architecture of the de-
noiser changes. We study the role of architecture
through the lens of gradient dynamics. The key
property we identify is sparse connectivity: each
neuron receives input from only a small subset
of coordinates, a design shared across convolu-
tional and transformer denoisers. We prove that
sparse connectivity makes memorization strictly
harder than in fully connected networks by shift-
ing the implicit regularization of gradient descent
away from the ambient input geometry and onto
a collection of low-dimensional patches. Con-
trolled denoising experiments corroborate this the-
ory, and an extension to deep denoisers shows
that clean-data prediction keeps internal repre-
sentations lower-dimensional across layers. Our
results point to a concrete mechanism of architec-
tural inductive bias: the architecture determines
the geometry on which gradient descent operates,
and through this geometry it shapes which solu-
tions training can find.

1. Introduction

Diffusion and flow-based generative models learn to sam-
ple from a data distribution by training a neural network to
reverse a noise process (Ho et al., 2020; Song et al., 2021;
Lipman et al., 2023; Liu et al., 2023). At each training step,
the network receives a corrupted input—a clean sample with
Gaussian noise added—and is asked to recover information
about the original data. The standard objective trains the
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network to predict the noise component directly, which is
equivalent to learning the score function of the noisy distri-
bution (Song et al., 2021). The denoising neural network is
thus the central learnable component of these systems.

Substantial effort has gone into understanding what makes
the denoising objective effective. But the objective is
only part of the story. A recent experiment by Li & He
(2025) makes this visible in a simple setting. They trained
a fully connected network (FCN) to predict noise on a
two-dimensional spiral distribution embedded in a high-
dimensional space. The objective, noise schedule, and opti-
mizer were all standard. Yet the network failed: it could not
recover the spiral structure, producing diffuse samples that
spread into irrelevant ambient directions. This is the exact
same objective that powers state-of-the-art image generators.
The variable that changes between failure and success is not
the objective. It is the architecture. The denoisers used in
practice are never fully connected. They are either convo-
Iutional U-Nets (Ronneberger et al., 2015; Song & Ermon,
2020; Dhariwal & Nichol, 2021) or patch-based transform-
ers (Peebles & Xie, 2023; Bao et al., 2023; Ma et al., 2024),
and when the architecture is right, the same objective can
learn complex distributions in far higher dimensions.

Why does the architecture matter so much, and what prop-
erty of these architectures is responsible? In this paper, we
approach this question through the lens of how architectural
design changes the gradient dynamics of training. We argue
that the architecture is not merely a means of restricting the
function class. It determines the data geometry on which
gradient descent operates, and through this geometry, it
shapes the implicit regularization of gradient descent.

We isolate one property shared across these architectures:
each neuron receives input from only a small subset of coor-
dinates. We formalize this as sparse connectivity and ana-
lyze how it reshapes the implicit regularization of gradient
descent. Under this framework, we prove that sparse connec-
tivity fundamentally changes how the implicit regularization
acts: instead of operating on the full high-dimensional input,
gradient descent operates on a collection of low-dimensional
patches, and the geometry of this patch collection governs
the strength of the resulting regularization (Theorem 4.2).
We prove that when the patches are small and concentrated,
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sparsely connected networks are harder to memorize on and
admit non-vacuous generalization guarantees on spherical
data where fully connected networks provably fail (Theo-
rem 4.3), and we construct a matching failure mode when
the patch geometry is itself unstructured (Theorem 4.4).

We complement this theory with empirical evidence on three
fronts. First, we reproduce the fully connected failure in
a controlled denoising setting, and show that performance
degrades systematically as the local input dimension per neu-
ron increases toward the fully connected limit (Section 3).
Second, we verify the quantitative predictions of the stability
framework on synthetic data (Section 4). Third, we extend
this geometric perspective to deep denoisers, and show that
the output parameterization plays a role analogous to the
input interface: clean-data prediction provides an analytic
long skip that keeps the internal representations of the net-
work lower-dimensional across layers (Section 5). This
provides a geometric interpretation, from the perspective of
gradient dynamics, for the empirical success of clean-data
prediction reported by Li & He (2025).

Taken together, our results identify a concrete mechanism
through which architectural inductive bias operates in de-
noising generative models. The architecture does not merely
restrict the function class. It determines the data geometry
on which gradient descent acts, and through this geometry,
it shapes which solutions training can find.

2. Related Work

Diffusion and Flow generative modeling. Diffusion-based
generative models (Ho et al., 2020; Song et al., 2021) cast
generation as the iterative denoising of a Gaussian-corrupted
input by a learned denoiser. Subsequent work has refined
individual components: noise schedules and sampler de-
sign (Karras et al., 2022; Lin et al., 2024), timestep-weighted
optimization (Hang et al., 2023), latent-space modeling with
cross-attention conditioning (Rombach et al., 2022), few-
step distillation (Song et al., 2023), and continuous-time
transport through flow matching and rectified flow (Lipman
et al., 2023; Liu et al., 2023). Comparative studies that hold
the denoising objective fixed and vary the remaining com-
ponents (Karras et al., 2022; Ma et al., 2024) establish that
the denoiser network itself is a first-order determinant of
generative performance, leaving open the question of which
architectural properties are responsible.

Architectures for denoising generative models. The U-
Net (Ronneberger et al., 2015) has served as the canoni-
cal denoiser since the earliest score-based generative mod-
els (Song & Ermon, 2020); Dhariwal & Nichol (2021) subse-
quently characterized the contributions of its residual blocks,
skip connections, and attention placements through system-
atic ablations. Beyond U-Net variants, transformer-based

denoisers operating on tokenized image patches have been
introduced as alternatives: U-ViT preserves the U-Net’s long
skip connections in token space (Bao et al., 2023); DiT es-
tablishes power-law scaling for latent-patch denoisers (Pee-
bles & Xie, 2023); DiffiT introduces time-conditional self-
attention tailored to the denoising trajectory (Hatamizadeh
et al., 2024); and SiT decouples backbone, objective, and
noise transport to isolate the contribution of each (Ma et al.,
2024). A common structural feature across these architec-
tures is that each hidden unit receives input from a spatially
localized region of the noisy input, a property our analysis
formalizes as sparse connectivity.

Generalization and memorization in diffusion models.
A recent line of diffusion-specific theory attributes general-
ization to locality in the denoiser. Kamb & Ganguli (2025)
derive an analytic patch-mosaic optimum under locality
and equivariance constraints that closely predicts trained
U-Nets; Niedoba et al. (2025) approximate pretrained de-
noisers across architectures by patch-level empirical aggre-
gation; and An et al. (2025) report that early-layer attention
locality is predictive of generalization in DiTs. From a
training-dynamics perspective, Bonnaire et al. (2025) iden-
tify a timescale separation between generation and memo-
rization. Memorization itself has been localized to cross-
attention magnitudes, specific neurons, and local image re-
gions (Wen et al., 2024; Ren et al., 2024; Hintersdorf et al.,
2024; Chen & collaborators, 2025; Zhang et al., 2026). We
provide optimization-theoretic counterpart of these observa-
tions.

3. Successful Denoisers are Patch-Based

Diffusion models are typically defined by their training ob-
jective. A neural network receives a corrupted input and
predicts a quantity related to either the clean data or the
injected noise. This view explains why denoising is a statis-
tically meaningful learning problem, but it does not explain
why the denoising network used in practice can learn the
structure of the target distribution through gradient descent.
In this section, we take architecture as the variable and show
that patch-based processing can substantially change the
outcome of the same noise-prediction task.

3.1. Background: diffusion and flows

Diffusion models define a path from clean data to noise and
train a neural network to reverse this path (Ho et al., 2020).
Let Ty ~ Pqata be a clean sample and let € ~ A(0, I) be
Gaussian noise. A common forward process produces a
noisy input

Ty = oo + OE,

where ¢ indexes the noise level. In the noise-prediction
parameterization, the denoising network €y (¢, t) is trained
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This is the objective used in our experiments.

Noise prediction is directly connected to score estimation.
For the additive noising model x; = x¢ + o.€, Tweedie’s
formula gives

Ve, logpi(x:) = Mﬂwt
O
Since ©; = xg + o€, learning the conditional mean of
€ is equivalent to learning the score up to a scalar factor.
For general affine schedules x; = a;xo + o€, the same
relationship holds after rescaling. This is why noise predic-
tion became a standard way to train score-based diffusion
models (Ho et al., 2020; Song et al., 2021).

The same family of models also has an ODE or flow view.
If p; denotes the marginal distribution of x;, sampling can
be written through a probability-flow ODE whose vector
field is determined by the score (Song et al., 2021). Flow
matching and rectified flow formulate this idea more directly
by choosing an interpolation z; = a;xo + b:€ and training
a neural network to predict the velocity v; = ajxo + bje
along the path (Lipman et al., 2023; Liu et al., 2023). These
formulations differ in parameterization and weighting, but
they share the same basic structure. The model is trained on
corrupted high-dimensional inputs and must learn a vector
field that separates data structure from injected noise.

Modern diffusion models typically parameterize this denois-
ing network with architectures built around spatial structure.
Early score-based and diffusion models largely used convo-
lutional U-Net backbones (Ronneberger et al., 2015; Song &
Ermon, 2020; Song et al., 2021; Dhariwal & Nichol, 2021).
More recent transformer-based denoisers process noisy im-
ages or latents as patch tokens, as in U-ViT, DiT, DiffiT, and
SiT (Bao et al., 2023; Peebles & Xie, 2023; Hatamizadeh
etal., 2024; Ma et al., 2024). Thus, across convolutional and
transformer families, patch-based processing has become a
common design pattern in denoising generative models.

3.2. A toy experiment with architecture as the variable

Inspired by the toy setup of Li & He (2025), we construct a
simple high-dimensional denoising problem whose intrinsic
structure is easy to visualize. Let & € R? be a sample from
a two-dimensional spiral distribution and let P € RP*?2
be a fixed column-orthogonal matrix. The observed clean
sample is

xg = Px € RD.

The model never observes & or P. It only sees corrupted
samples x; = auxo + o€ in the ambient space and is
trained with the noise-prediction loss L,,oisc. We set D =
256, which makes the observed space much larger than the

Transformer
Chamfer: 0.295

PatchMixer

FCN
Ground Truth Chamfer: 381.919 Chamfer: 0.669

Figure 1. Architecture affects noise prediction on a randomly
embedded spiral. The ground-truth spiral is embedded into R?°°,
models are trained in the ambient space, and samples are visual-
ized after projection back to the original two-dimensional coor-
dinates. Chamfer distance compares generated and ground-truth
point clouds, where lower is better. The FCN fails, while the Trans-
former and PatchMixer recover the spiral much more accurately
under the same noise-prediction objective.

intrinsic dimension while keeping the generated samples
easy to visualize through projection by P .

All models predict noise, so the prediction target, loss, noise
schedule, optimizer, and sampling procedure are fixed. We
vary only the architecture of the score estimator. We com-
pare an FCN with two patch-based architectures, a vision
Transformer (Dosovitskiy et al., 2021) and an MLP-Mixer-
style model (Tolstikhin et al., 2021), which we call Patch-
Mixer. Both patch-based models partition the 256 ambient
coordinates into 16 patches of dimension 16. The Trans-
former linearly embeds each patch into a 96-dimensional
token and processes the token sequence with single-head
self-attention layers. PatchMixer uses the same patch to-
kens and alternates token-mixing and channel-mixing ReLU
layers. The comparison therefore keeps the denoising task
fixed while changing how the high-dimensional noisy vector
is first presented to the network.

Figure 1 shows a clear separation between the architectures.
The FCN does not recover the spiral and produces sam-
ples that spread away from the intrinsic support, while the
Transformer and PatchMixer produce much more faithful
samples under the same objective. The training curves and
PCA spectra in Figure 2 give a more detailed view of the
failure.

3.3. Patch size controls the difficulty of noise prediction

The previous comparison separates full-vector processing
from patch-based processing. We now vary the patch size
within the patch-based models to test whether the local
input dimension itself matters. We embed the same two-
dimensional spiral into a 32 x 32 dimensional ambient space
and train Transformer and PatchMixer denoisers with the
same noise-prediction objective. Only the patch size is
changed.

Figure 3 shows that the quality of noise prediction depends
strongly on patch size. For both Transformer and Patch-
Mixer, smaller patches generally produce samples that bet-
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Figure 2. Optimization and geometry of generated samples.
(a) The ground-truth distribution is intrinsically two-dimensional.
PatchMixer reaches 95% explained variance with 2 principal com-
ponents and the Transformer with 3, while the FCN requires 9,
indicating that its generated samples spread into extra ambient
directions. (b) The models have comparable parameter counts,
with the FCN slightly larger in our implementation, but the FCN
decreases the noise-prediction loss more slowly and plateaus at a
higher value.

ter concentrate around the ground-truth spiral, while larger
patches make each token process a higher-dimensional noisy
input and lead to more diffuse generations. The benefit of
patch-based architectures therefore comes not from patch-
ing itself, but from the patches being sufficiently small. It
comes from presenting the denoising network with suffi-
ciently small local views of the corrupted input.

The takeaway of this section is that architecture changes the
learnability of the same noise-prediction task. Patch-based
models can recover low-dimensional structure from high-
dimensional noisy observations in settings where an FCN
fails, and reducing the patch size improves this effect. The
next section formalizes this observation through a stability-
based analysis of sparsely connected networks and shows
how patch size enters the implicit regularization induced by
gradient descent.

4. Theoretical Analysis: Sparsely Connected
Networks Below the Edge of Stability

The experiments in Section 3 isolate a clean empirical pat-
tern: under the same noise-prediction objective, optimizer,
and noise schedule, a fully connected denoiser fails to
learn the low-dimensional signal buried in high-dimensional
noise, while a patch-based denoiser succeeds. This section
explains why. The answer lies in how the data geometry
interacts with the implicit regularization of gradient descent
via the design of network architecture.

For FCNs on high-dimensional isotropic inputs, Liang et al.
(2025; 2026) identified a failure mode called neural shat-
tering: if the inputs of training data sets concentrate near a
hypersphere (e.g. high-dimensional Gaussian distribution),
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8 x 8
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4 x 4
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Transformer
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PatchMixer

Figure 3. Patch-size ablation for noise prediction. A two-
dimensional spiral is embedded into a 32 x 32 dimensional ambient
space and generated samples are visualized after projection to the
intrinsic two-dimensional coordinates. Columns vary the patch
size and rows compare Transformer and PatchMixer denoisers.
Smaller patches generally improve sample quality, while larger
patches produce more diffuse generations and higher Chamfer
distances.

one can separate any single training point from all others
by a hyperplane that cuts off a tiny cap. A ReLU neuron
oriented along that direction and thresholded at the base of
the cap activates only on very few samples. Because the
neuron fires on a negligible fraction of the data, its gradi-
ent updates are controlled entirely by that single sample.
The neuron learns a dedicated per-sample correction rather
than a shared feature. The resulting network consists of
many rare-activation, high-magnitude units that collectively
interpolate the training labels.

Crucially, Liang et al. (2025; 2026) prove that when the
input distribution is spherical, these memorization ReL.U
FCNs exist in a regime where gradient descent on neural net-
works typically enters, the below the edge of stability (BEoS)
regime: the largest eigenvalue of the training loss Hessian
increases, and then hovers around a stability threshold con-
trolled by the step size, where (Cohen et al., 2021). They
also empirically verified that GD indeed finds these mem-
orization solutions below the edge of stability. Moreover,
they proved that the generalization performance smoothly
degrades as data concentrates near a hypersphere. However,
when it comes to diffusion, at moderate to high noise levels,
each training sample x; = a;xo + o€ is dominated by the
Gaussian term, which yields this bad data geometry making
FCNs vulnerable to memorization. We propose that this
could be a potential reason to explain why gradient-descent
trained FCN’s cannot be a good denoiser/score estimator in
practice.

Definition 4.1 (Below Edge of Stability (Qiao et al., 2024,
Definition 2.3)). Let {6;};>1 be a GD trajectory on £ with
step size 7). Any parameter 8y with Ayax(VZL(6;)) < % is
called a solution Below the Edge of Stability (BEoS).
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The question then becomes: what changes when the de-
noiser is patch-based? A patch-based architecture departs
from the fully connected case in one essential way. Instead
of presenting each neuron with the full d-dimensional input,
it partitions the input into patches. To capture this property,
we study sparsely connected networks (SCNs).

4.1. Problem Setup

Notations. Throughout the paper, we use O(+) and Q(+) to
absorb constants, while O() absorbs logarithmic factors.
S?-1 denotes the unit hypersphere in R? and B¢ denotes
a d-dimensional ball of radius R. The activation function
is the ReLU denoted by ¢(z) = max{0,z}. We write

[n] ={1,2,...,n}.

Sparse connectivity pattern. Fix integers d > 1 and
1 < m < d. A sparse connectivity pattern is speci-
fied by a collection of coordinate subsets (receptive fields)
S = {S;}/_,, where each S; C [d] has size m. Each subset
induces a coordinate projection 7 : R? — R™, and we call

(%) = = 7j(x) a patch. This formalizes the property that
each h1dden neuron only receives input from a restricted
subset of the ambient coordinates. Patch-based architec-
tures, such as the patch based denoisers in Section 3, are
instances of this design with m < d.

Sparsely connected network with weight sharing (SCN).
This is the minimal architecture that captures patch-based
processing. Given receptive fields S and width K € N,

fol@) = Z (5 Z@bwm

k=1

)= b))+ (1)

We refer to this architecture as a sparsely connected net-
work (SCN) or SCN if the sparse connectivity pattern is
prescribed. A unit ¢(w; - —by,) is called a filter or neuron.
It is said to be activated on a patch p; if w]p; > by. Let
©°CN be the parameter set of all SCNs of any finite width.
When m = d and J = 1, the network reduces to a fully
connected architecture, and our analysis recovers the FCN
results of (Liang et al., 2026).

Data and loss. A dataset is D = {(z;,y;)}/, with
x; € BE andy; € [—D, D]. We use the squared loss and de-
fine the training objective £(0) := 5 > (fo (i) — y:)*.
Throughout, GD refers to vanilla gradient descent with learn-

ingrate 0 < n < 2.
Now we define the stability regularized parameter subset:

2

O35 (n, D) = {0 € O°N | \(V2L(0)) < ;}.

BEos (7,

2

Our goal is to understand how the architecture, encoded by

the receptive field system S, changes the effective capacity
of this BEoS class.

Toy example: z ~ Uniform(S?), x = (z,0,0,2,,0,0,23,0,0) in R®

o S1: block-aligned

receptive fields

G S2: interleaved

receptive fields

@ G
—
© «
® G
123 456 789 147 258 369
patch support fiter-weight gradient 2 patch Sunuoﬂ filter-weight gradient 2%
e / g
\ |
< — , 47I<>
support on a ine confined to a 1D subspace R can span multple irections

Figure 4. Data x architecture determines the geometry that
gradient descent interacts with. The same spherical ambient
data produces a one-dimensional patch cloud under S; and a three-
dimensional spherical patch cloud under S,.

Statistical learning framework. We assume the data points
{(=;,y:)}, are i.i.d. samples from a distribution P on
B% x [-D, D). The population risk of a predictor f is
R(f) = E(w7y),\/p[(f( x) — y)?]. The empirical risk on
dataset D is Rp(f) = LS (fx) — ) The general-
ization gap is GenGap(f, D) := |R(f) — Rp(f)|-

4.2. A Toy Example: How Sparse Connectivity Shapes
the Gradient Dynamics

We use a toy example to preview how sparse connectivity in
the network shapes the gradient dynamics itself. Consider
an ambient input z ~ Uniform(S?) embedded into R® by
padding each coordinate with two zeros. The ambient data
is spherical, so under the analysis of (Liang et al., 2026),
a fully connected network trained on this data receives no
meaningful constraint from the BEoS condition. Now equip
a two-layer SCN with two different receptive field systems:

¢ S (block-aligned): each receptive field groups 3 con-
secutive coordinates. Every patch has the form (¢, 0, 0),
so the patch geometry is one-dimensional.

* Ss (interleaved): each receptive field groups coordi-
nates modulo the stride. A patch recovers (z1, 22, 23),
so the patch geometry is spherical.

The gradient of the training loss with respect to a shared
filter wy, exposes the difference. For the model (1),

OL(6)
Bwk

n,J
= l’} S or{wlm(@) > b}y mile) G

,J

residue and activation scalars patch vectors

where r; = fg(x;) — y; is the residual. The update to
wjy, is a linear combination of the patches that activate it.
Under S, every activated patch lies in a one-dimensional
subspace, so each filter gradient is confined to that subspace.
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Figure 5. Numerical validations via synthetic experiments. (a) GenGap( fo, D
¢, then log(GenGap) <

fitted slope summarizes the empirical rate: if GenGap < n™

50k
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Activation Rate (%) Epoch
(¢) Memorization filters exist. (d) Below the EoS.

) versus the sample size n on a log-log scale. The
—clogn + b, so a more negative slope indicates

faster decay (better generalization). In our experiments, the FCN slope is nearly flat (slope = —0.03 at d = 10), whereas SCN exhibits
increasingly negative slopes as d grows (slope = —0.34 at d = 100, —0.69 at d = 200, and —0.86 at d = 400), indicating faster decay

with n. (b) Training loss and generalization gap, showing that the SCN interpolates nois sy
(c) Scatter plot of per-neuron path norm |vg| ||ws || against activation rate

labels in the random spherical-patch setting.
LS j H{wym; (i) > br}. Many neurons have large path

norms while activating on only a small fraction of the patch multiset, con51stent with the failure mode in Theorem 4.4: rare activations can
fit labels while keeping the sharpness small. (d) The largest Hessian eigenvalue hovers near 2/n ~ 10, indicating the EoS regime.

The patch multiset is highly concentrated, and any filter that
activates on a meaningful fraction of patches must align
with the shared direction. Under Sa, activated patches span
the entire three-dimensional patch space.

The two receptive field systems thus produce fundamentally
different gradient dynamics on the same ambient data, and
the sets of solutions that GD can stably reach differ dramat-
ically. The rest of this section makes this intuition precise
through the lens of the BEoS condition. Theorem 4.2 shows
that the BEoS condition bounds a weighted path norm whose
weight is governed by the patch geometry. Theorem 4.3 and
Theorem 4.4 then develop the two contrasting regimes pre-
viewed by &7 and S,: one enables generalization, and the
other fails.

4.3. Characterization of the Stability Regularization

Given a dataset D = {(x;, y;) }"_, and receptive fields S =
{S;}/=1. let X3 be a random vector drawn uniformly from
the patch multiset {7; ()} (i j)en)x[7] C R™. Define the
weight function gp s : ™! x R — R by

E[¢(u' X35 —1t)] x

\/IP x5 >0+ e [xs1{urxs > ][ @

gD,S (’U,, t) =

This function evaluates a neuron’s activation boundary (u, t)
against the patch multiset. The term P(u' X5 > t)?
the squared activation mass: a neuron that fires on a large
fraction of patches incurs a large penalty on its path norm,
while one that fires on few patches incurs a weak penalty.

Theorem 4.2 (BEoS implies patch-geometry-weighted path

norm bound). Fix D and S. For any 0 € ®SCN,

Zm\ o] 9DS<” )
% (Ml T2L(6)) +2(R + 1)/2L(0) ~ 1).

SCN
)<

br,

Kl (ol

&)

In particular, for any 0 € Oggs(n, D),

(.
[w|”

2L(0).

K

Z|Uk| wkll 9p,s

k=1

by,
[|w ||

L (6)
PR RAUSEY

The proof is in Appendix D. The core connection between
the Hessian and gp s is detailed in Proposition D.10. The
architecture S enters solely through this weight function:
different receptive field systems produce different patch mul-
tisets, hence different penalty structures. When m = d and
J =1, the network reduces to a fully connected architecture
and (6) recovers the result of (Liang et al., 2026).

Returning to our toy example makes this concrete. Under Sy,
the patch multiset is essentially one-dimensional and highly
concentrated. Any neuron that activates on a non-negligible
fraction of patches must cut through the dense interior, so
the activation probability P(u" X5 > t) is bounded away
from zero and gp s has a positive lower bound. The BEoS
condition therefore enforces a meaningful path-norm con-
straint. Under Sa, the patch multiset is a three-dimensional
sphere. A neuron can isolate an individual patch with a
carefully placed hyperplane, driving the activation proba-
bility arbitrarily close to zero and making gp s arbitrarily
small. The BEoS constraint becomes vacuous. The next
two subsections develop the quantitative consequences of
this dichotomy.
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4.4. Two Regimes: Generalization versus Memorization

The next two theorems formalize the contrasting behaviors
previewed by &7 and Ss.

Theorem 4.3 (Generalization under structured patch geome-
try). Let the marginal distribution of x be Uniform(S?~1),
and let D be a dataset of n i.i.d. samples. Assume d > 3
and1 < m < d(di_;). For any 6 € OgSN(n, D) with
I folloe < M, with probability > 1 — 2,

(d—m)(d+3)

1 —_(d=m)(d+3)
GenGap(fm D) éd po]y(ﬁ’ J, M) 7, 6d2—2md+6d—6m
@)

The crucial feature of this bound is its scaling with ambient
dimension. When the patch size m is fixed and d — oo, the
exponent approaches —& + O(m/d), so there is no curse of
dimensionality. In the same spherical setting, FCNs admit
no non-trivial guarantee under the BEoS condition (Liang
et al., 2026). The geometric reason, formalized in Propo-
sition D.11, is that when m < d, the patch projections
concentrate near the origin of R”. The patch multiset be-
comes low-dimensional and concentrated, resisting the kind
of pointwise isolation that weakens the stability constraint.
The path-norm penalty in Theorem 4.2 therefore becomes
effective. The formal proof appears in Appendix E, and
Figure 5 numerically verifies the predicted scaling.

Theorem 4.4 (Memorization below the edge of stability).
Assume all training patches have norm at most one, and
every nonzero-labeled training example contains a unit-
norm patch that appears nowhere else in the full training
patch multiset. There exists a network of the form (1) with
width K < n that interpolates D and satisfies

D? +2/J?

Amax(VaL) <1+ ®)

Theorem 4.4 shows that the BEoS condition alone does
not prevent memorization when the patch multiset admits
single-patch isolation. From the weighted path-norm per-
spective of Theorem 4.2, the same rare activations corre-
spond to small values of gp s, making the stability-induced
constraint weak. The detailed proof can be found in Ap-
pendix F. An empirical demonstration is shown in Figure 5.
The experiment uses random spherical patches (case B in
Figure 4). Since these patches are uniformly sampled from
S™~1, the uniqueness condition in Theorem 4.4 holds gener-
ically.

Taken together, Theorems 4.3 and 4.4 delineate two regimes
governed by the patch geometry induced by the receptive-
field system S. When S and the data produce a concentrated
patch multiset that resists single-patch isolation, the BEoS
condition yields an effective regularity constraint and gen-
eralization is possible. When the patch multiset contains

patches that can be isolated by ReLLU half-spaces, the con-
straint collapses and memorization becomes compatible
with stability. For a fixed training dataset, the architectural
design S determines the induced patch multiset and hence
which regime the network operates in.

5. Towards Deep Denoisers: Output Skips
Shape Representation Geometry

The previous sections focus on the geometry of the input
interface. In a two-layer sparsely connected model, each
filter acts on a patch of the corrupted input, so patch size
controls the dimension of the object processed by gradient
descent. Deep denoisers introduce another effect. A block
at depth & does not process the raw noisy input directly; it
processes the representation produced by all previous blocks.
Thus the relevant geometry is no longer fixed at the input
layer, but evolves along the residual stream.

This perspective is useful for interpreting the clean-
prediction result of Li & He (2025). They show that large-
patch pixel Transformers can fail catastrophically when
directly trained to predict noise or velocity, while the same
architecture becomes effective when it predicts the clean im-
age. Their explanation is based on the manifold assumption:
clean images are structured and low-dimensional, whereas
noise and velocity are high-dimensional quantities. We
agree with this target-space intuition, but we use it to high-
light an architectural mechanism. Clean prediction changes
the output parameterization of the denoiser. It gives the
model an analytic long skip from the noisy input to the final
noise or velocity predictor, so that the learned branch can
focus on producing clean structure.

We illustrate this effect in the same D = 256 randomly
embedded spiral setup used above. Both models use the
same deep fully connected backbone and the same training
procedure in Section 3. The only change is the output param-
eterization. Direct e-prediction produces diffuse samples,
while z-prediction recovers the spiral much more accurately
in Figure 6.

To see the architectural content of this parameterization,
consider the interpolation

zi = (1 —t)x + te, e~ N(0,1),
where t = 0 is clean data and ¢t = 1 is pure noise. If the
learned branch predicts the clean sample, fy(2z,t) ~ x,
then the corresponding noise predictor is

sz (=Ofolmt) 11—t

t t t

fQ(zt7t)'

Thus, as a noise predictor, x-prediction is a fixed output-
side skip from z; plus a learned clean branch. The same
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e-pred x-pred

(a) e-prediction. (b) z-prediction.

Figure 6. Clean prediction rescues the same deep denoising
backbone. Both models are trained on a two-dimensional spiral
embedded into R?*® and visualized after projection to the intrinsic
coordinates. Direct e-prediction produces diffuse samples, while
z-prediction recovers the spiral support much more accurately.

D=256, mixed t
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Figure 7. Effective dimension under mixed noise levels. Hidden
representations are aggregated over the training distribution of ¢.
The z-prediction model forms lower-dimensional representations
than the direct e-prediction model across layers.

observation holds for velocity prediction after the corre-
sponding change of coefficients. The coefficients are deter-
mined by the schedule, so this is a specific parameterization
rather than a generic residual connection. Under the noise-
prediction loss, the learned branch is trained by
~ 2 (1—1)? 2

€= ell, = =z lfo(ze, 1) — @l-
The high-dimensional noisy input is carried to the output
analytically, while the network branch receives a clean-
image regression objective.

This changes the forward pressure on the residual stream.
Write a depth-L backbone schematically as

k
h® = Ez;, h* = h"+> By(h'™'.t), fo(z:,t) = R(R").
=1

The input to block k is hF~1 = hO + S 5" By(h!~1,¢).
Under direct e-prediction, the final readout must recover

high-dimensional noise. Even if early blocks begin to ex-
tract the clean low-dimensional signal, later blocks are pres-
sured to transform the residual stream back into a represen-
tation from which noise can be read out. The same stream
has to both build useful denoising features and carry high-
dimensional noisy information.

Under x-prediction, the learned branch has a consistent tar-
get across depth. Each block improves the representation
only insofar as it helps the final readout approximate x. The
fixed skip already supplies the explicit z; term needed to
form €, so the residual stream does not need to preserve ev-
ery high-dimensional noisy direction. Forward propagation
is therefore biased toward a progressively cleaner representa-
tion: as depth increases, the input to the next block becomes
more structured and lower-dimensional. This is the sense
in which clean prediction can be viewed as an architectural
design. It shapes the geometry seen by later layers.

We measure this effect by computing the effective dimension
of hidden states, defined as the number of principal com-
ponents needed to explain 95% of the variance. Figure 7
reports the layerwise effective dimension. For x-prediction,
the dimension decreases across layers, while for direct e-
prediction, the representation remains high-dimensional
through most of the network. This matches the residual-
stream interpretation: the clean branch learns a progres-
sively denoised geometry, while the noise-prediction stream
stays tied to noisy sources. In this way, the z-prediction
model forms lower-dimensional internal representations
across the network, while direct e-prediction stays far from
the intrinsic dimension.

This lower-dimensional representation geometry is also rele-
vant to memorization. A model whose intermediate features
align with the shared low-dimensional structure has less
incentive to allocate capacity to isolated high-dimensional
residuals. In contrast, a high-dimensional residual stream
gives the later layers more room to fit idiosyncratic noise di-
rections. Thus output skips, like sparse connectivity, can be
understood as architectural choices that alter the geometry
on which gradient descent operates.

6. Discussion

This work shows that the architecture of a denoiser mat-
ters because it determines the geometry on which gradient
descent operates: sparse connectivity at the input restricts
each neuron to patches, making memorization harder; out-
put skips such as clean-data prediction keep the internal
representations lower-dimensional. Together, these findings
suggest a unified geometric principle for understanding ar-
chitectural inductive bias in generative models: the crucial
variable is not just what functions can be represented, but
what geometry the optimizer sees during training.
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A. More Related Work

Patch-based representation learning. Early unsupervised image representation methods decomposed images into local
patches and learned sparse dictionaries or manifolds from these primitives (Aharon et al., 2006; Peyré, 2009). Patch based
representations have also shown success in unsupervised learning (Paulin et al., 2017) and as preprocessing for image
classification (Coates et al., 2011; Thiry et al., 2021; Brutzkus et al., 2022). These results highlight that patch space is highly
structured, but it remains open how neural network training exploits such structure. Our work helps bridge this gap by
analyzing generalization below the edge of stability.

Geometric awareness in deep learning. Recent theoretical work has explored how architectural design incorporates geomet-
ric awareness to improve neural network training and approximation. Approximation theory research has demonstrated that
CNN architectures overcome the curse of dimensionality by exploiting compositional structure in natural images (Mhaskar
et al., 2017; Zhou, 2020; Poggio, 2022; Poggio & Fraser, 2024), with Mao et al. (2021) formally proving the superiority of
CNNs over FCNss for learning certain composite functions. More recently, Vision Transformers (Dosovitskiy et al., 2021)
have been analyzed through the same lens: Shi et al. (2025) extend these approximation guarantees to ViTs, showing they
outperform FCNs for compositional functions, and Trockman & Kolter (2022) identify patch extraction, rather than attention,
as the critical component, further reinforcing the strength of sparsely connected architectures. These results, however, either
assume the labeling function satisfies a compositional structure or operate in settings with explicit regularization. Our work
requires no assumptions on the labeling function and operates in the overparameterized regime.

Theoretical analysis of CNNs and separation from FCNs. The advantages of CNNs over FCNs have been established
from both approximation-theoretic and statistical perspectives. Approximation theory shows that CNNs with appropriate
sparse weights can achieve near-minimax optimal sample complexity (Oono & Suzuki, 2019) and adapt to intrinsic
dimension when data lie on a low-dimensional manifold (Liu et al., 2021a), with Zhang et al. (2024) extending these results
to overparameterized regimes under weight decay. However, these analyses rely on reducing CNNss to fully connected
networks (Yarotsky, 2017) and therefore do not reveal the architectural insights specific to CNNs that we describe in
this paper. Specifically, we do not require the data to be supported on a low-dimensional manifold to avoid the curse of
dimensionality, nor do we require explicit regularization such as weight decay or a sparsity constraint. On the statistical
side, a sample complexity separating CNNs, locally connected networks without weight sharing, and FCNs has been
established (Li et al., 2021; Wang & Wu, 2023; Lahoti et al., 2024). Our results are for the same model family, but differ in
that we consider an overparameterized regime without explicit regularization, which allows us to prove a stronger separation
between FCNs and CNNs. Lastly, the significance of the input data distribution, rather than the labeling function, was not
discovered in prior work.

Implicit bias of gradient descent. Many existing work on the implicit bias of gradient descent relies on strong assumptions
on the data distributions (e.g., linearly separable data), simplified model architectures (e.g., linear activation) to make a
gradient dynamics analysis tractable (Soudry et al., 2018; Gunasekar et al., 2018a;b), or weight initialization schemes that
keep the model in the kernel regimes (Jacot et al., 2018; Arora et al., 2019). While CNNs were studied (Gunasekar et al.,
2018b; Arora et al., 2019), the nature of the results are different from ours.

Edge of stability, minima stability, and generalization by large stepsizes. Our approach builds upon a recent line of
work that studies the set of solutions that gradient descent can visit (or converge to) via either Edge-of-stability observation
or the minima stability theory (Ding et al., 2024; Mulayoff et al., 2021; Nacson et al., 2023; Wu & Su, 2023; Qiao et al.,
2024; Liang et al., 2025; 2026). These approaches enable formal analysis of the generalization properties without having to
analyze gradient dynamics. To the best of our knowledge, they all focused on feedforward neural networks, and we are the
first to study CNNs and the impact of model architecture choices in the implicit regularization of large stepsizes.

B. Broader (Informal) Discussion on Network Architecture Design: Bridge our Theoretical
Insights to Empirical Observations

This appendix expands on the architectural implications discussed in Section 6. The purpose is not to claim that the stability
analysis in the main text provides a complete theory of modern deep vision architectures. Rather, the point is that stability
gives a tractable lens through which one can see a more general object: the geometry of the local vectors exposed to
gradient descent. This object appears explicitly in the shallow model analyzed in this paper, and it has close analogues in the
patchification and local-operator design choices used in modern CNNs and Vision Transformers.

14



Submission and Formatting Instructions for FoGen Workshop at ICML 2026

The patch matrix as the geometry seen by backpropagation. In the setting of this paper, consider the patch matrix

X e Rxm,
whose row indexed by (4, j) equals 7;(x;) 7. Let r; := fo(x;) — yi, and define the lifted residual vector ¥ € R"™/ by

() (45,5) := T4
Let S(6) € {0,1}("/)*K be the gating matrix
S(0) k= L{wim(z;) > by},
and let v := (vq,...,vx)". Stack first-layer weights as
W= [w];...;wk] € REX™,
A direct calculation gives a backprop-aligned factorization of the gradient. Define the patch-level backprop signal
R(6):= % ol e RODXE T G(6):= R(9) © S(8),
where © denotes entrywise multiplication. Then
VwL(0) = G(6)"X. )

Equivalently, writing V := diag(vy, ..., vk ), one can express the same signal as

G(6) = niJ diag(F) S(0) V.

The factorization (9) separates two roles. The matrix G(0) aggregates the learning signal generated by residuals, readout
weights, and gates. The patch matrix X then maps this signal into parameter updates. Thus the architecture does not only
restrict the number of parameters, it determines the geometry through which backpropagated signals are converted into
motion in parameter space. In this sense, X acts as a signal rectifier in the sense that data priors and receptive-field structure
jointly shape the directions along which gradient descent can effectively move. For example, Figure 9a shows that, for
CIFAR-10, 90% of the energy of the convolutional patch matrix is concentrated in only a few principal directions, suggesting
a strong geometric constraint on the filter dynamics.

This viewpoint also clarifies why the stability condition in the main text is informative. The terms appearing in the definition
of gp, s are drawn from the same ingredients as (9): gate statistics induced by S(€) and geometric moments of the patch
cloud encoded by X. Theorem 4.3 can therefore be viewed as a static stability proxy for the backpropagation geometry in
(9). It does not say that stability alone explains generalization. Indeed, Theorem 4.4 shows that stable solutions may still
memorize when the patch cloud admits isolating half-spaces. If corresponding backpropagation direction may enable a
filter move to a location such that it only activates on a rare, nearly isolated patch, then the network may fit labels while
paying little stability cost. If the patch cloud is concentrated and resistant to such isolation, the same stability lens yields an
effective regularity constraint.

Patch size as local-operator dimension in Vision Transformers. Vision Transformers make the role of patch geometry
especially explicit. The original ViT converts an image into a sequence of non-overlapping patches and applies a shared
patch embedding before global token mixing (Dosovitskiy et al., 2021). This patchification step is often introduced as an
efficiency device, since larger patches shorten the token sequence and reduce the cost of attention. The factorization (9)
suggests a second interpretation. Patchification also chooses the first local geometry seen by training. A larger patch presents
each shared local operator with a higher-dimensional and more compressed local vector. A smaller patch reduces this local
dimension and preserves finer spatial information, while increasing the number of tokens that later layers must mix.

Several empirical lines of work support the idea that patch size is a genuine training and generalization variable, not only an
implementation detail. FlexiViT trains a single ViT over a range of patch sizes and demonstrates that patch size controls an
accuracy—compute tradeoff at deployment time (Beyer et al., 2023). Self-supervised ViTs also reveal the importance of this
axis: DINO identifies small patches as one ingredient behind the strong emergent properties of self-supervised ViTs (Caron
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Table 1. Selected patchification-scaling results adapted from (Wang et al., 2025b). Patch size denotes the side length of the square image
patch used to form one token. Panel A shows that reducing patch size improves ImageNet accuracy. Panel B separates true patch-size
reduction from only increasing the sequence length by interpolating coarse tokens. Here we only list their results on DeiT-B (Touvron
etal., 2021) and Adventurer-B (Wang et al., 2025a).

Panel A: ImageNet classification top-1 accuracy

Model and input 16 x 16 8 x 8 4x4 2x2 1x1
DeiT-B, 64 x 64 input 68.2 76.9 80.1 80.8 81.3
DeiT-B, 128 x 128 input 78.1 81.0 82.3 82.9 -
Adventurer-B, 224 x 224 input 82.6 83.9 84.3 84.5 84.6
Panel B: Sequence-length ablation on ImageNet top-1 accuracy

Model and input Seq. length  Interpolated coarse tokens True patch scaling
DeiT-B, 128 x 128 input 256 78.2 (+0.1) 81.0 (+2.9)
DeiT-B, 128 x 128 input 1,024 78.2 (+0.1) 82.3 (+4.2)
Adventurer-B, 224 x 224 input 784 82.7 (+0.1) 83.9 (+1.3)
Adventurer-B, 224 x 224 input 3,136 82.8 (+0.2) 84.3 (+1.7)
Adventurer-B, 224 x 224 input 12,544 82.8 (+0.2) 84.5 (+1.9)

et al., 2021). Early-convolution studies make the same point from the optimization side. The standard ViT patchify stem is a
large-kernel, large-stride convolution, and replacing it by a short stack of small-stride convolutions significantly changes
optimization stability and improves performance under common training recipes (Xiao et al., 2021). These results are
consistent with the idea that the first patch matrix is not an innocuous preprocessing choice: it shapes the geometry of the
signals that subsequent layers and backpropagation operate on.

Recent patchification scaling studies push this observation further. Wang et al. (Wang et al., 2025b) systematically reduce
the patch size from the standard coarse-token regime toward pixel-level tokenization and report smooth gains across
classification, semantic segmentation, object detection, and instance segmentation. Table 1 summarizes the results most
relevant to our discussion. The most informative part is their sequence-length ablation. When coarse patch tokens are merely
interpolated into a longer sequence, the gains remain small. When genuinely smaller patches are extracted from the image,
the gains are much larger. This suggests that patch-size scaling changes the local visual primitives exposed to the model, not
only the number of tokens. In the notation of this paper, reducing patch size changes the initial patch matrix itself: it lowers
spatial compression in each local vector and changes the multiset of local rows through which the network forms its updates.
This aligns with the gradient factorization Vyw £ = G TX: the relevant object is the geometry of the rows in the patch or
token matrix, not only the nominal sequence length. Related pixel-token studies push the same question to the extreme by
asking how far visual models can go when patchification is removed almost entirely (Nguyen et al., 2024).

Why small patches require hierarchy and mixing. Smaller patches improve the local geometry exposed to the model,
but they also increase the burden of mixing information across locations. This tradeoff helps explain a major trend in
vision-transformer architecture design. Hierarchical Transformers such as Swin do not keep a fixed high-dimensional
token space throughout the network; they begin with finer local tokens, restrict early mixing to local windows, and then
gradually merge tokens while increasing representation dimension (Liu et al., 2021b). PVTv2 follows a related logic through
overlapping patch embeddings, linear-complexity attention, and convolutional feed-forward layers (Wang et al., 2022). CvT
introduces convolutional token embeddings and convolutional projections inside Transformer blocks (Wu et al., 2021).
Tokens-to-Token ViT replaces one-shot patchification by a progressive tokenization module that recursively aggregates local
neighboring tokens (Yuan et al., 2021). These designs are not only remedies for a defective large-patch ViT. They can be
read as different ways of managing the same geometric tradeoff: expose early layers to controlled local vectors, then recover
expressivity through hierarchy, overlap, convolutional projection, or stage-wise mixing.

In the notation of (9), a deep network replaces the fixed raw patch matrix X by a sequence of representation matrices. At
layer ¢, one should imagine a matrix

Xy = [ZEJ’ (wi)T] (,)

whose rows are local tokens or local feature vectors produced by the preceding layers. Backpropagation through a local
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Table 2. The design trend of sparse connectivity in modern vision backbones.

Representative backbone Core sparse connectivity pattern Dimension of the processed unit
ResNet-50 (He et al., 2016) 3 x 3 bottleneck convolution 3 X 3 X Ciy (up to Cjy = 512)
ResNeXt-50 (Xie et al., 2017) 3 x 3 grouped convolution 3 X3 x Cin/g(upto g = 32)
ConvNeXt-T (Liu et al., 2022) 7 x 7 depthwise convolution 7Tx7=49

ViT-B/16 (Dosovitskiy et al., 2021)  uniform Transformer 768 for all blocks

Swin-T (Liu et al., 2021b) hierarchical Transformer 96 — 192 — 384 — 768

operator at layer £ again has the schematic form
VWL;[/ ~ G[(B)TXZ,

up to the additional Jacobian factors introduced by normalization, residual connections, attention, and nonlinear mixing.
Thus the relevant geometry is no longer fixed by the raw data distribution. It evolves during training. Patch size, windowing,
overlap, token merging, and convolutional stems can all be viewed as mechanisms for shaping the sequence

X07X1u~‘-7XL

of optimization-facing geometries. Patch geometry in CNNs: from spatial-channel mixing to depthwise convolutional
kernel. CNN architecture design provides a sequence of examples in which the vector seen by each local operator is
progressively controlled. In a residual bottleneck block, the 3 x 3 spatial convolution acts after a channel-reducing 1 x 1
projection, so the spatial operator does not see the full channel dimension of the block (He et al., 2016). ResNeXt makes
this control explicit through grouped convolutions: each group applies a 3 x 3 operator to only a fraction of the channels,
reducing the local vector from 3 x 3 x Cj, to 3 x 3 x Cy, /g (Xie et al., 2017). ConvNeXt pushes the same principle
further by using depthwise spatial convolutions inside an inverted-bottleneck block, with expressive channel mixing supplied
by pointwise layers (Liu et al., 2022). Thus, from ResNet to ResNeXt to ConvNeXt, the spatial operator is increasingly
restricted to a structured local geometry, while expressivity is recovered through channel mixing and depth.

The kernel-size ablation in ConvNeXt gives a useful empirical instance of the trade-off suggested by our theory. Increasing
the depthwise kernel from 3 x 3 to 7 x 7 improves ImageNet accuracy, while increasing it further to 9 x 9 or 11 x 11
yields little additional gain (Liu et al., 2022). In the language of this paper, enlarging the spatial kernel increases the context
available to each local operator, reducing the bias induced by overly local processing. At the same time, a larger local vector
exposes gradient descent to a richer patch geometry, which can weaken the regularizing effect of locality. The saturation
around 7 x 7 is consistent with a bias—variance trade-off for the geometry seen by local operators: enough spatial support
improves representation, while excessive support brings less benefit once the local computation is already sufficiently
expressive.

RepLKNet develops this direction further by treating very large kernels as a separate architectural scaling dimension (Ding
et al., 2022). It shows that replacing ConvNeXt’s 7 x 7 kernels with much larger stage-wise kernels can further improve
performance, especially on dense prediction tasks. The key point for our purposes is not only the larger spatial support, but
the training-time parameterization used to make such kernels effective. RepLKNet does not train a bare large kernel. It
introduces small-kernel structural re-parameterization: during training, a large kernel branch is paired with a small kernel
branch, such as a 3 x 3 or 5 x 5 branch. After training, the small kernel is padded to the center of the large kernel and
algebraically merged, so inference uses a single large kernel.

This mechanism has a direct interpretation in our gradient-geometry framework. Let ;, € R¥ * denote the large local patch
andletx, = Cxp, € R** be the centered small patch selected from it. Ignoring normalization for clarity, the training-time
operator has the form

h(x) = wzwL + wSTa:S = (wg + CT'wS)Ta)L, Weg = wr, + CTw,.

At inference time this is just a large kernel with weight weg. During training, however, the two branches expose different
local geometries to gradient descent. If r denotes the backpropagated scalar signal, then

Vuw, L =rzp, Vuw. L=rCzy, Aweg = —nr(I + CTC):EL,
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up to the branch-dependent scaling introduced by normalization. The small branch therefore gives the centered local
subspace an additional optimization path. It biases training toward small-scale local structure while the large branch captures
broad spatial context.

This example sharpens the message of the patch-matrix factorization Vyw £ = GTX. The geometry relevant to learning is
not determined solely by the inference-time operator. RepLKNet uses an inference-time large kernel, but its training-time
architecture exposes gradient descent to both a large-patch geometry and a centered small-patch geometry. Thus structural
re-parameterization is a practical mechanism for modifying the optimization-facing patch geometry without changing the
final operator class. Together with the ConvNeXt ablation, this supports the broader view that CNN design balances spatial
context against implicit regularization induced by controlled local geometry.

C. Functional Analysis of Shallow ReLLU Networks

C.1. Path-norm and Variation Semi-norm of ReLU Networks

This subsection collects several basic facts from (Parhi & Nowak, 2023) and (Siegel & Xu, 2023) that we will use later.

Definition C.1. Let fp(x) = Zle vk, p(w]x — by) + (3 be a fully-connected two-layer neural network. The (unweighted)
path-norm of fy is defined to be

K
I follpatn =Y [ve| llwgll, - (10)
k=1

Dictionary representation of ReL U networks. Using the positive 1-homogeneity of ReLU, one may rescale each hidden
unit while leaving the realized function unchanged:

Wi —_ bk
V, qb('wgoc —bg) = ag ¢(ug:c — tk), U = esd 1, ty := ———, a := Vg ||'wk||2 .
[[wkll, [wkll,
Consequently, fy can be written in the normalized finite-sum form
K/
fl@) =" ard(ujm —ty) + c'x + co. (11)
k=1

Define the (ReLU) ridge dictionary as 7 := {¢(u” - —t) : uw € S, t € R}. We focus on the overparameterized,
width-agnostic collection obtained by taking the union over all finite widths

K
Fan= U {Zammz ~tk>+cT<~>“°}’ "
K>1 (k=1

and quantify complexity via the smallest path-norm among all realizations of f:

| fllpath,min := inf {|| follpatn : fo = f of the form (11)}.

From finite sums to a width-agnostic integral representation. Rather than fixing a particular width K, it is convenient to
work with a convex, measure-theoretic formulation that captures the closure/convex hull of (12). Concretely, let v be a finite
signed Radon measure on S%~! x [~ R, R] and consider

fl@) = / d(uTe —t) dv(u,t) + e + co. (13)
Se-1x[-R,R]

Every finite network of the form (11) corresponds to an afomic (hence sparse) measure v = Zszl A O(uy, ,t,)» and
conversely any such atomic v yields a finite network. Therefore, (13) should be viewed as a width-agnostic relaxation
aligned with (10), rather than as an assumption of an infinite-width limit.
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Definition C.2. The (unweighted) variation (semi)norm
|flv :=inf {||lv| \, : f admits (11) for some (v,c,co)}, (14)

where ||v/|| ,, is the total variation of v.

For the compact region 2 = ]B%‘}%, we define the bounded variation function class as

d(u'x —t)dv(u,t) + e’z +b, |flv < C’}. (15)
$4-1x[~R,R]

Veo(Q):= {f:Q—>R|f:

In particular, identifying (11) with the atomic measure v = ), axd(y, +,) yields

1flv < lakl = | follpatn,  hence [ £lv < || fllpath,min-
k

Moreover, the minimal total variation required to represent f coincides with the minimal path-norm over all finite decompo-
sitions:

||f||path,min - ‘f|v (16)

Thus, (14) provides a nonparametric analogue of the path-norm: it encodes the same complexity notion while not committing
to a fixed width K.

Remark C.3 (“Arbitrary width” # “infinite width”). All statements here are about Fg,, in (12), namely networks of finite
(but unconstrained) width. The integral representation (13) is introduced as a convenient convexification/closure of this
union for analysis and regularization; it does not posit an infinite-width limit. In particular, when training in the variational
form with a total-variation penalty on v, first-order optimality implies that optimal measures are sparse (i.e., have finite
support), which corresponds exactly to finite-width networks. Therefore, our results hold for arbitrary (yet finite) width; the
continuum measure serves only as a tool to characterize and control || f

|path,min~

C.2. The Metric Entropy of Variation Spaces

Metric entropy is a standard way to describe how “compact” a subset A is inside a metric space (X, px ). We recall the
notions of covering numbers and metric entropy.

Definition C.4 (Covering Number and Entropy). Let A be a compact subset of a metric space (X, px). For ¢t > 0, the
covering number N (A, t, px) is the smallest number of closed balls of radius ¢ whose union contains A:

N
N(t, A, px) = min{NEN:Eaﬁl,...,xN e Xst. AC UIB%(mi,t)}, (17)
i=1
where B(z;,t) = {y € X : px(y,z;) < t}. The metric entropy of A at scale ¢ is then

H:(A)x :=1log N(t, A, px). (18)

Covering/entropy bounds for bounded-variation-type classes have been established in the literature. In what follows, we will
use the estimate stated below.

Proposition C.5 (Parhi & Nowak 2023, Appendix D). The metric entropy of VC(B‘}%) (see Definition C.2) with respect to
the L>(B%)-distance || - || oo satisfies

-
log Nt Vel 1) £ () (19)

where S hides constants (which could depend on d) and logarithmic factors.
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C.3. Generalization Gap of Unweighted Variation Function Class

As a middle step towards bounding the generalization gap of the weighted variation function class, we bound the generaliza-
tion gap of the unweighted variation function class using chaining and Gaussian complexity, together with the L metric
entropy bound in Proposition C.5.

Proposition C.6 (Wainwright 2019, Chapter 13). Fix design points x1, . . ., x,, and denote the empirical norm

1712 = =37 Sy
=1

Let F be a class of real-valued functions on {x;}?_,, and define

iid. =
g —?EIF)HZEJ x;), €1y yen ~ N(0,1), Gn(F):=E Gn(F).
Then diam(F,[|-[|n)
].6 lam NINIES
G.(F) 5 Vg N(t, F. || - [l) dt. (20)

where diam(F, || - [|) := supy, r,er |f1 — falln. Moreover, with probability at least 1 — 4,

gn(f) < Gn(F) + diam(F, || - ||n) 1O\g/(ﬁl/5)

Lemma C.7. Let Frc = {f € Ve(BE) | | fllo < M} with M > D, and let D = {(x;,y;) }1_q ~ P®" where |Y| < D
a.s. Then with probability at least 1 — 6,

(6 > 0). Q1)

~ d 1 log(1/6 3
sup |R(f) — Ro(f)| <a Ors M n=3 + M2 ( og(1/ )) ' 22)
f€FMm,c n

Proof. Let {¢(x,y) := (y — f(x))> and Lyrc == {{f : f € Fuc}. Since ly| < D < M and || f|l < M, for any
f.9 € Fu,c and any (z,y),

Up (@, y) = Ly(m,y)| = |f(2) — g(@)| |f(x) + g(x) — 2y| < 4M |f(z) — g(=)|.
Therefore, for the empirical norm on {x;}?_,,
1€y = Lglln < AM||f = glln < 4AM|[f = gllco, (23)

and diam(Laz.c, || - ) < 8M2.

A standard Gaussian symmetrization/concentration argument (see, e.g., Wainwright 2019, Chapter 5) yields that with
probability at least 1 — 6,

s [R(F) = Fio()] £ Gultarc) + a2 (ELLD) o4

fe€Fm,c

It remains to bound Q\n(EM,C) by chaining. By (23), any t-cover of Fj; ¢ in || - ||,, induces a (4Mt)-cover of Las ¢ in
| ., hence

log N (¢, Lar.c. | ) <10 N (1 Fars - ) < log N (1, Vo BR), -l ).

aM’

where we used |2, < ||h]|co. Proposition C.5 then gives, up to logarithmic factors,

MC\ &5
log N (t, Caro - ) Za ()"
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Applying Proposition C.6 with G = Ly ¢ and diam(Lasc, || - [|n) < 8M? yields

8M?2 _d_ 3
Go(Larc) <a 1 %C)d St 1+ M2 (log(nl/é))

1
<o cat i acd o (R0
n

Combining with (24) proves (22). O]

D. Proof of Theorem 4.2

Let ¢; : R™ — R be the dual embedding such that 7; o ¢; = idg=. Then (1) is equivalent to a fully connected neural
network in a form of

K
1
=Y 5 > v b (v (wi) T — bi) + B. (25)
k=1 j=1
Note that for any fixed k, ||¢; (ws )|, = [|wy||2 forall j = 1,---, J. Therefore, the notion of path norm and variation norm

(together with their weighted version) still make sense for the CNN model

1 foll patn = ZZM\ e (w5 = ZIUH lwil, - (26)

k:l_]l

By direct computation, the Hessian matrix of the loss function is expressed as

n

VL = % Z Vof(x:)Vef(z;)" + % Z(f(mz) —yi)Vaf(xi) . 27

i=1 i=1

Tp Rp

Definition D.1. Given a dataset D = {(x;, y;)}?, and a set of local receptive fields S = {S;}7_,, we define a random

vector X5 uniformly draw from {r; (ml)}ﬁxj‘)] C R™. Forany u € S™~1,t € R, we define the weight function

Jj=1

gp.5(u.t) = min {gp.s(u,1), go.s(~u, ~1)}. 28)

where

gp.s(ut) ==E [¢ (uT X5 —1)] \/]P’ (X5 > 1)+ |[E[x5 1 {uT X > 1}] Hz (29)

Proposition D.2. Given a data set D = {x;, yl} _ and a network model (1) with local receptive fields S. Then we have

K

Wi bk

Amax (TD) >1+42 E \’Uk\ H’wk” 9gp,s <||'u-7k:||7 ||wk||> . (30
k=1

Proof. We write T'p in terms of tangent features
D = L En Vof(x:) Vof(w:)" = L poT
n 4 ’ ! n '

Consequently,

1 1
Amax(Tp) = max —||Pul” > — @1 31
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For any point & and abbreviate its patch extraction on .S; by x(%) = 7;j (). Define the ReLU gate

m,(fj)(a:) =1 {w;crw(sf) > bk} .
For any sample x;, denote m( H )= EGS )( i) Then the partial derivatives are

J J
fle) 1 m) . (wl 2 fle) 1 m oy - 25
== —b == 25
avk J ; k)7 é)wk J; i ’
af( 1< of (x;)
- =1,
8bk J; AT
Stacking these over ¢ and plugging v = 1/4/n in (31), we get
K J 2 J 2
1 1 s, 1 s
Sl =1+ 3" [W Foome 2 (3053 my
k=1 i=1 " j=1 i=1 " j=1
2
n 1 J s))
+ qub(w{x =)
i=1 Jj=1
K J 2 J 2
1 "1 S;) (S "1 s
_1+7122[(vk>2 LS a4 (3 Ly )
k=1 i=1 j=1 =1 j=1
; 2
n 1 B S
ol (D500 (ufal™ — 1) 1 (32)
i=1 7 j=1
K n 1 J s
21+7Z|0k|||wk||2 ZquS(u (%) t)
k=1 i=1 7 j=1
J 2 J 2
"1 8;) (S "1 s .
Z jZm,(f;) E 7 + Z jZm,(f;) (since a? + b? > 2ab)
i=1 " j=1 i=1 " j=1
1 n J 55)
_ T
142 Jorl flwils ﬁzzqs(ukw —tk)
k=1 i=1 j=1
g 2 2
L SN, ) (8 (5
2> w ZZ
i=1 j=1 i=1 j=1
2
=142 [oil [lwi |2 E [¢ (uT X5 — 1)) \/n» (WTX$>1)" + HE (x5 1{um X5 > t}] H2
k=1
= wy, b
=1+2 V| [|Wi |2 9p,s(Uk, Tk ), up = , btk = .
;\ | [kl ( ) Twels Twels

Then combining (31) and the above inequality yields the claim
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Lemma D.3. Consider the model (1)

<

K J
= > 5> o (wim(@) —b) + 5.

k=1 j=1

where the input satisfies | z||2 < R, each patch extractor m; : R? — R™ is a coordinate projection, and ¢(t) = max{0,t}.

T . . . . .
Let 0 = (wlT, el w}, bi,...,br, v1,...,0k, 6) collect all parameters. Assume fo(x) is twice differentiable with

respect to 0 at x, i.e., for all k and S; € S we have w] x(5i) # by. Then for any perturbation vector w with ||w||s = 1, it

holds that
!w V3 folx w‘ < 2(R+1).

Proof. Write = (w{,...,wy, bi,...,bx, vi,..., vk, B)T. The total number of parameters is N = K -m + K + K +
1=K(m+2)+1.
Let the corresponding perturbation vector be
-
w:(aI,..,,aI(,61,...,51{,%,.,.,7}(,L) GRN7

where o, € R™ corresponds to wy, 6 € R to by, v, € R to vy, and ¢ € R to 8. The normalization constraint is
K K K
2 2 2 2, 2
wllz = Z [l + Z% + Z’Yk +05=1.
k=1 k=1 k=1

For the fixed input @, set £(%) := 7;(x) € R™ and define the ReLU gate

(%) = Wwla) > b} e {0,1}.

By the twice-differentiability assumption, all gates are constant in a neighborhood of 6.

Within this gate-fixed region, fp is affine in (wy, by) once vy, is held fixed, and affine in vy, once (wy, by) are held fixed.
Therefore the only nonzero second partial derivatives inside the k-th neuron block are the mixed ones with vy,

2
83{: _a Z“m Jal) ) = Zm ') = 5 € R™, (33)
k OVk Vk
02 fo 0 [1< s, 1N (s
abkaka% ijkmi-) :—jZm,iJ)::tkeR. (34)
j=1 _

All other second derivatives inside the block vanish (as do any cross-neuron second derivatives and all those involving f3).
Hence, with the block variable 6, := (w], bx, vi)T, we have

0m><m Om Sk

Viofol@®) = 0, 0 . (35)
SZ tk 0

The full quadratic form splits over neuron blocks:

K 0 0 Sk (077
w Vefe Z Ok "Yk) 0" 0 ¢t O
k=1 s{ t, O Yk
K
= Z (Xk Sk + g tk> (36)
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Recall the definition of the notations (33) and (34),

J
1 v
[t = SomP) <1, 37)
j=1
J J J
1 Sj . 1 . 1 Sj
lsklla = |5 m\%) z(5) jz ) |25, < jzm,(c 'R = Rlt], (38)
Jj=1 j=1 j=1

2
because (i) = 7;(x) is a coordinate projection of z, ||z |5 < |z[2 < R.
Then for each k,
|29k (af s, + 0 tr)| < 2 w,€|(||o¢,€\|2 lskl2 + 0] tk) (Cauchy-Schwarz)
(38) = < 2|yl (Rt o2 + 3]

(7= <2/l (Rllollz +18:1), (39)

Summing over k for (39) and plug in (36), we have

W V3 o(@)w| < 2(R Y el llawllz + D Il 10x])
k k

(Cauchy-Schwarz) < Q(R \/Ek %3\/Ek |lakll3 + \/Zk ’Y;%\/Zk 5,3) (40)

Using the normalization Zk ||ak||2 + 3 02+ Y i+ =1, wehave />, 72 < 1, />, [lakl? < 1, and
V> k62 < 1. Thus [w' V3 fo(x) w| < 2(R+1). O

Theorem D.4 (Restate Theorem 4.2). Given a data set D = {x;, yi}?zl and a network model (1) with the set of local
receptive fields S, we have

K

b 1
S loel w905 (""k s ) < 5 (Anax(VBL©O) + 2(R + 1)y/2£(8) ~ 1) .
< ] 2

[

Proof. 1t suffices to prove the first assertion. Recall that by direct computation, the Hessian matrix of the loss function is

expressed as
n

V3L = 13 Vos(a)Vor@)T+ L S (@) ~ )V (a). @

zl =1

Tp Rp

Let w be the unit eigenvector (i.e., |w|l2 = 1) corresponding to the largest eigenvalue of the matrix Tp, the maximum
eigenvalue of the Hessian matrix of the loss can be lower-bounded as follows:

Amax(V2L(0)) > w'VEL(0)w

n

1
> Anax(Tp) +~ > (fo(@:) —y:)w TV fo(i)w. (42)
S— 1-:1
(Term A)
(Term B)
According to Proposition D.2, Term A is lower bounded by
K
w b
Amax (Tp) > 1+23 Jvg| lwl| gp.s (”’“ - ) , (43)
2 wi|" Jw]
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For (Term B), an upper bound can be established using the training loss £(0) via the Cauchy-Schwarz inequality. This also
employs a notable uniform upper bound for |w' V3 fo(z,)w|, as detailed in Lemma D.3:

n n

1 1
[(TermB)| <\ |~ (fol@i) = 4)* - |~ > (@ Vg fo(w:)w)” < 2R +1)V/2L(0). (44)
i=1 i=1
Thus, we have
Amax (TD) < Amax(VEL(0)) + [(Term B)| < Amax (V3L(0)) + 2(R + 1)1/2L(8). (45)

Finally, we plug (43) into (45)

K
> lvel llwil gp.s (wk b’“) < %(Amax(vzc(e))+2(R+1)\/2c(0)—1).

b
2 il Twel

D.1. Empirical Process for the Weight Function

We study uniform deviations of the empirical weight function gp s from its population counterpart gp s underi.i.d. sampling
Z1,..., %, ~ Px. Although the collection {7;(x;)}; ; is not i.i.d. across (7, j) in general, for each fixed j the patches
{m;(x;)}]—; are iid. in R™.

Definition D.5. For any S; € S, let Xés" ) be a random vector drawn uniformly at random from the training examples
{m;(x;)}?_, with patch extraction to the local receptive field S;. For any u € S~ ¢ € R, define the aggregated gate
probability, ReLU margin, and gated first moment

Sl
.M'\

Pp.s(u,t) = j:1]P’ (uTXZ()Sj) > t) ,
p.s(u,t) == ‘lféE [gz) (uTXgﬂ - t)} , (46)
ap.s(u,t) i= jZJ:E (x5 1 {u" X5 > t}] erm.

1

J

Based on these quantities, define the empirical weight function

9D,s (u, t) =TDp,s (u, t) \/Z_)D,S ('LL, t)2 + Hdpﬁ (’U,7 t) ||; 47

For each j € [J] and (u,t) € S™! x [—1, 1], define the population components
pi(u,t) =Pu'm(X)>1t), rj(u,t)=E[p(u"m(X)-1t)], a;ut):=E[rX)1l{u"r(X)>t}.

Let pp s, 7p,s, and ap s denote their averages over j € [J]. Define

gp s (u.t) = 7p 5w 1)y /pp s (u. 1) + lap s (u, 1) 3

Lemma D.6 (Complexity of the component classes). Under the constraint ||z||2 < 1, the following classes are uniformly
bounded VC-subgraph classes with VC-subgraph dimension O(m):

He={z—1{u'z>t}:ueS" ! te[-1,1]},

Frerv ={z— d(u'z—1) 1w eS™ ! te[-1,1]},

and
A={zv 2l{u"z >t} :uvesS" ! te[-1,1]}.

Moreover, H and A are bounded by 1, and Freru is bounded by 2.
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Proof. The class H is the class of halfspace indicators in R™, hence has VC-dimension at most m + 1.

For Freru, the subgraph of = s ¢(uTz — ) is
{(z,8):s<opu’z—t)}={u'z>t}n{s<u'z—t}) U ({u'2 <t} N {s <0}).
For A, the subgraph of z > vTz 1{u2 > t} is
{(z,8):s<vzl{u’z2>t}} = {u'z>t}n{s<v'z}) U ({u'z <t} n{s < 0}).

Both subgraph classes are constant-size Boolean combinations of halfspaces in R”**!. By the standard growth-function clo-
sure argument for finite Boolean combinations of VC classes, their VC dimensions are O(m). Equivalently, their underlying
real-valued function classes have pseudo-dimension O(m), see (Anthony & Bartlett, 1999, Ch. 3 and Definition 11.2). The
boundedness claims follow from ||z||2 < 1,t € [—1,1], and ||ul|2 = ||v||2 = 1. O

Theorem D.7 (Uniform deviation for gp s). Assume ||7;(X)||2 < 1 almost surely for all j € [J]. There exists a universal
constant Cep, > 0 such that for every ¢ € (0,1), with probability at least 1 — 9,

m + log(2J/6
sup l9p.s(u, 1) — gp.s(u, )| < Cep #
ueSm—1 te[—1,1] n

Proof. For each fixed j € [J], let P; denote the law of Z; := m;(X) € R™,and let P,, j :=n"" > " | 0, (a,)- Define
pi(u,t) =P, M{uTz>1t},  #(u,t) = P, jp(u’z —1t), aj(u,t) =P ;[z21{u"z > t}].

By the VC-subgraph entropy bound and maximal inequality (van der Vaart & Wellner, 1996, Theorems 2.6.7 and 2.14.1),
together with McDiarmid’s inequality, any class F uniformly bounded by B with VC-subgraph dimension V satisfies

V + log(1
sup (P, — P)f] < By L 108(L/m)
fer n

with probability at least 1 — 7.
Applying this bound to H and Frer,y from Lemma D.6, for every fixed j and 1 € (0, 1), with probability at least 1 — 7,
R m + log(1/n R m + log(1/n
sup 5 (us.8) — py(au. )] £ /"D ) ) /OB
u,t n w,t n
where all suprema are over u € S™ ! and t € [-1,1].
For the vector moment, use duality:

sup [|a;(u,t) — a;(u,t)|| =sup sup ’vT(dj(u,t) —a;j(u,t))]
u,t u,t pesm—1

sup |(Pn; — P)) Wz 1{u"z > t}] |

w,v,t

The last supremum is over the class A from Lemma D.6. Hence, with probability at least 1 — 7,

i m + log(1/n
sup |l (u, 1) = a(u, )2 S %
u?

Taking = §/(3J) and applying a union bound over the three component bounds and over j € [J], we obtain that, with
probability at least 1 — 4, simultaneously for all j € [J],

sup |ﬁj(u7t) _pj(uvt)l <e, sup |7ﬁj(u>t) - rj('uﬂt)‘ <e sup ||dj(u7t> - aj(uvt)H? <e

u,t u,t u,t
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where all suprema are over w € S™ ! and t € [—1,1], and € := Co+/(m + log(3.J/5))/n for a universal constant Cy > 0.
Averaging over j does not increase the deviations. Therefore, uniformly over (u,t) € S™~1 x [-1,1],

‘ﬁ'D,S(uat) —ﬁP,S(Uatﬂ < g, |FD,$(uat) - ’F'P,S(U'vt” < g, HdD,S(uvt) - dP,S(uat)”Q <e.
It remains to pass from the components to g. For both empirical and population quantities,
0<p<l, 0<7<2 lalls <p < 1.

Define F'(r,p,a) := r/p? + ||a||3. On this domain,

|F(r,p,a) — F(r' . @) < V2Ir — | +2\/(p— )2 + l|la — |3
Thus, uniformly over (u,t) € S™~! x [-1,1],

}QD,S(U,t) - gpys(u,t)| <e< %(2‘]/5)’

after adjusting the universal constant. This proves the theorem. O

D.2. The Computation of the Population Weight Functions for Uniform Distributions on Spheres

Assume that Px is a uniform distribution on S¥~1 C R<. Here we compute the population version of the components in the
weighted function gp s defined in Definition D.5.

Letd > 2, m < d. Draw X ~ Uniform(S?~1) C RY, set Z = proj(X) € R™ by projecting the first m coordinates, and
fix any unit u € R™. Define
Z:=u'Zec[-1,1]. (48)

By rotational invariance in R, Z has the one—coordinate marginal of Uniform(S?—1), hence its density is

d
fd(z) =cCq (1 — 22)¥]l{—1 <z< 1}, Cq = \/’1_]‘_—\((2d) 49)

All bounds below are independent of m and u, depending only on d.

For shorthand, write o := 452 > —1 and observe
(1-2)*=[1-2)(1+2)]" ze[-11], (50)

together with the elementary bounds 1 < 1+ z < 2 for z € [0, 1].
Lemma D.8 ((Tail of Z)). Forallt € [0,1),

Cq Cq 2%
1-H)*" < P(Z>t) < 1 —¢t)>tt, 51
a0 S BZ>t) < —m (1) (s1)
Consequently P(Z > t) < (1 — t)% ast— 17,
Proof. Using (49) and (50),
1 1
P(Z >t)= / ca(1—2%)dz = cd/ [(1—2)(1+ z)]adz. (52)
t t
Since 1 < 1+ z < 2for z € [t, 1], we have
1 1
cd/ (1-2)%dz < P(Z>t) < chO‘/ (1—2)%dz. (53)
t t
Evaluating f* (1—2)*dz = a at+)1 (valid for o > —1; here a > —%), we obtain (51). O
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Lemma D.9. Forallt € [0,1),

Cd a+2 Cd 2¢ a+2
— (1t <Elp(Z-t)] < ——— (1t . 54
(a+1)(a+2)( ) - [¢( )] - (a+1)(a+2)( ) (54)
Consequently E[p(Z — t)] < (1 — t)% astt 1.
Proof. By definition and (49),
1 1 N
El¢(Z —t)] = / (z —t)falz)dz = cd/ (z=8)[(1=2)(1+2)]" dz. (55)
t t
Bounding 1 <1+ 2 < 2for z € [t, 1] yields
1 1
cd/ (z—t)(1—2)%dz < E[¢(Z —1t)] < cq 2a/ (z—t)(1 —2)"d=. (56)
t t
Substitute y = 1 — z to compute the shared integral:
1 1—t (1 _ t)a+2
—t)(1—2)%dz = 1—1t)— Ydy = ———F——, 57
| Gna-sra= [T a-n sy a = Sl 57)
valid for a > —1. This gives (54). O]
Proposition D.10. There exist absolute constants (depending only on d)
2 2920
er(d) == +, cy(d) == +, (58)
(a+1) (a+2) (a+1) (a+2)
such that for all t € [0,1),
cp(d) (1 —1)*" < P(Z>t)-E[¢p(Z —1t)] < culd)(1—1)***. (59)
Equivalently, since o = %,
P(Z>1t)-E[¢(Z-t)] < (1-t)* asttl, (60)
with explicit
c2 c29d-3 p(é
cf(d) = ——o5t-—r wld=—tn——  a=—Ay (61)
(45)" (%54 (43" (%54 vl (%)
Proof. The inequality can be deduced by combining (51) and (54). O

Proposition D.11 (Boundary tail for projected radius). Fix integersd > 2 and 1 < m < d. Let X ~ Uniform(S?~1) ¢ R?
and Z = proj(X) € R™. Then there exist universal constants

cr(d,m), cy(d,m) € (0, 00)

depending only on d, m (and independent of the choice of projection and of t) such that for all t € (0, i],

cp(d,m) t73% < P(||Z]| > 1—1t) < cul(d,m) t=" (62)
In particular,
P(|Z]|>1—t) =t2"  ast |0, (63)
with one admissible choice
2=z -1 9B -1[+45m
cr(d,m) = cy(d,m) = (64)

By, )

2 By, )

2

where B(a,b) = T'(a)T'(b)/T'(a + b) denotes the Beta function.
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Proof. Write R := || Z|| € [0,1] and S := R?. A standard Gaussian-ratio representation gives

d—

S ~ Beta(a,b), a:= %, b= Tm, (65)
with density
l'a_l(l _ l‘)b_l

fs(x) = B(CL, b) 1{0<TI:<1}' (66)
Fort € (0,1),
_ 2y 1 ' a—1/1 _ .\b—1
P(R>1-t)=P(5>(1-1t)?) = BlaD) /(H)z 2211 —2) " da. (67)

Sety:=1—(1—1t)>=2t—t% Theny € (0,2t) and for ¢t € (0, 1] wehave y < £ and (1 —y) > %. Since z € [1 — y, 1],
the elementary bound
27l < gl < gl forallz € [3,1] (68)

holds deterministically (because Inz € [—In2,0] and 2~ = (=12 @) Using (68) in (67) and integrating the (1 —z)°~!
part exactly gives

27\a71| 1 b—ld < p 2\a71| 1 bfld
B(a,b)/ly(lx) r < PR>1-t) < B(a,b)/1 (1—2x) x. (69)

Since [ (1—z)"""dz = 4, we obtain

2 o p R>1 2! 70

_ < —t) < —y’.

bBap ¥ S PBE>1-1 = e (70)
Finally, because ¢ < y < 2t, we have t* < y* < (2t)°, and (70) yields

9—la—1| . gla—1l+b

" <PR>1-1t) < ———— 1t 71

bBay | S FBE>1-0 = gpeayth D
which is exactly (62) with the explicit constants in (64). This proves P(|| Z|| > 1 —t) < t® = t(d=™)/2 a5t | 0. O

E. Proof of Theorem 4.3

Theorem E.1 (Detailed version of Theorem 4.3). Suppose P is a joint distribution of (x,y). Assume that the marginal
distribution of x is Uniform(S%1) and the marginal distribution of y is supported on [— D, D) for some D > 0. Fix a dataset
D = {(xi,y;)}_1, where each data point is drawn i.i.d. from P. Let M > D. If 6 € O55N(n, D) and || folloo < M,
then, with probability > 1 — 25, we have that for the plug-in risk estimator ﬁp(f) =L (f(w) — yi)2,

|(fo(@) = y)*| = R(fo)

(z,y)~P

(72)
< 2 d—m —d d+3 d+6 _1
g M2 (As ) M =3

forany e € (0,1) such that €* > d?/ %Wl. Here A = % — % + 4M, and g4 hides constants depending only on d
and logarithmic factors in n and (J/9).
Proof. Fore € (0,1), we define
all.— {:c e s max |2 <1 - s}, (73)
Sj €S
oY .= {w est1: 38, €8, |25 > 1 - 5}. (74)

'We only need poly(d) samples to make the feasible choice of € non-vacuous. Here we hide the universal constant.
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Then S4=1 = 1211 U 02" (disjoint). According to the law of total expectation, the population risk is decomposed into

(m,@%NP [(f(w) - y)z} =P(x € O2Y) - Eo [(f(:l:) _ y)ﬂ +P(x € |§11) E [(f(:):) _ y)Q} 7 (75)

where Eg means that {z, y} is a new sample from the data distribution conditioned on x € 02" and E, means that (z, y)
is a new sample from the data distribution conditioned on € I211.

Similarly, we also have this decomposition for empirical risk

ES () - = (Z(ﬂwn — )+ S () - y»?)
=1 el €O (76)
=S )~ + 2 S () - )

il i€o
where I is the set of data points with z; € 12! and O is the set of data points with z; € O*". Then the generalization gap
can be decomposed into

IR(P) ~ Bo()] < B(e € O) - Bo [(fo(a) — 1)°] + "2 = S™(f(e) — o) an
1€0
+ [P e -2 n% > (fla) =) (78)
+R(@ e ) [B (@)~ 0] - - (@) - ). (19)
el

Using the property that the marginal distribution of a is Uniform(S?~') and its concentration property (Proposition D.11 +
union bound),

PO2) =P( |J (e > 1-2}) Su T -5 (80)
Sj €S

The Hoeffding inequality guarantees that, with probability at least 1 — §/3,

—m log(6/d
no _ gt [1osl6/9) 1)

n n
Therefore, we may conclude that

(T7) Sa IM2e =", (82)

where <4 hides the constants that could depend on d and logarithmic factors of 1/4.

For the term (78), with probability 1 — 6/3

{|P($ e |?]1) _ %‘ S_, /E(dfm)/Zriog(6J/5)7 (83)

LS e (f@) —y)? S M2

718) < M? \/5(dm)/2 7llog(6J/5) Y /log(iJ/é) 54)

For the part of the interior (79), the scalar P(z € 1¢) is less than 1 with high-probability. Therefore, we just need to deal
with the term

so we may also conclude that

B [(F@) )] - - S @) - w)” )

n
Ier

Define the projected core index set C. := {(u,t) € S™~ ! x [~1,1] : [t| <1 —¢}. Forany S; € S, X ~ Uniform(S91!)
and X %) = 7;(X),
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* (51) shows that P(u' X (%) > ¢) =< (1 — t)%, and

« (54) shows that E[p(uT X () — )] =< (1 — ).

Therefore we have

~l=

J J
> PuT X5 > ¢) (} S Efpu’ X5 — o] | < (1-1)% ¢t (86)
j=1

According to (47) and the definition g = min{§(w,t), g(—u, —t)}, we have the pointwise lower bound
gp,s(u,t) > min {IFP,S(uv t)pp.s(u,t), rps(—u, —t) pps(—u, *t)}a

since \/p? + ||al|3 > p.

Under X ~ Uniform(S?1), by rotational invariance, for each fixed j and unit w the quantities P(u' X (/) > t) and
Elp(u" X (i) — ¢ | depend on ¢ only through the scalar marginal Z in (49). Moreover both are non-increasing in ¢. Hence
the product

h(t) :=P(Z > t)-E[p(Z — t)]

is non-increasing for ¢ € [0, 1), and for any ¢t € [—1, 1] we have

gr.s(u,t) Za h(|t]).

Therefore, for the core C. = {(u,t) : |t| <1 —¢},

gP.smin(€) == inf gps(u,t) 2q h(l—e).
(u,t)eC.

By Proposition D.10, h(1 — ) =< &9, hence there exists ¢, (d) > 0 such that

9737$,min(5) > Cg(d) Ed- (87)

On the simultaneous core |12, for every local receptive field S; and any unit u € R™,
t>1—¢ = ¢(uTz%) —t) =0,
o <1 5 21 TE T M T 050 s (88)
t<—14+e = p(u'xl) —t) = uTxl%) —t (affine).

Therefore all large-offset units (|t| > 1 — ¢) are affine on |12 simultaneously across all views and can be absorbed into a
global affine term. The remaining core-offset units with |t| < 1 — ¢ are controlled by the gs-weighted variation. Using
|f9‘vg § A and (87),

| folv —d
< M7V <Yy . 89
‘f‘g‘vug“) = 9p.Smin(e) : v

Therefore, we may leverage the generalization bounds for the unweighted path-norm constraint (see Lemma C.7) to deduce

that with probability at least 1 — 4/3,
(79) Sa (Ae™) 758 M 3, (90)

Combining (82), (84) and (90), we obtain

sup GenGap(fe; D) Za JM?e =" 4 (Ae~d)a+s M3 p=3, 1)
0€O@gEos(n,D)

According to standard empirical process theory (see Theorem D.7), for any § € (0, 1), with probability at least 1 — 4,

m + log(2J/6
sup |gp,s(u,t) — gp.s(u,t)| < Cep m + 1oB(2J/4)
ueS™ 1 n
te[-1,1]

= (. (92)
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Consequently, for any ¢ € (0, 1),

9D,5.min(€) = inf L 9p.s(w,t) = gp.smin(€) = Cn, (93)
ueS™”
[tI<1—e

where gp s min(€) is the corresponding population quantity.

For Px = Uniform(S?~1), Proposition D.10 (see (62)) gives the explicit lower bound
gP7S,min(5) Z CL(d) Ed. (94)

Therefore, a sufficient validity condition ensuring gp s min(€) > 2, is

s 2Ccp /m+10g(2J/5). 95)
cr(d) n

The constant C,, > 0 is universal (it does not depend on d, m, n, J), and can be taken explicitly from any standard VC-
/pseudo-dimension uniform convergence inequality; see, e.g., Mohri et al. (2018, Chapter 3) or Haussler (1992). Moreover,
the constant ¢y, (d) defined in Proposition D.10 satisfies

1

cr(d) 2 z (d>3), (96)
which follows from standard bounds on Gamma-function ratios (e.g. Gautschi’s inequality; see dlm, §5.6(i)). Hence the
admissible range for € is nonempty (e.g. € € [min, 1)) as soon as n 2 poly(d) (m + log(2.J/9)). O
Corollary E.2. Under the same conditions as Theorem 4.3, assume d > 3 and 1 < m < d(dd;;’). Let

o775\
Q = 3d?> +3d — md — 3m and Emin = (cd d? m—&—og(/)) .
n
Define the optimal choice .
e = A MG ©7)

and choose the feasible/truncated value
et = max{&min, "}

Then, with probability at least 1 — 6,

E[(fo(@) — v)?] — Ro(fo)| Sa TM2(e) =" + (A(ET)—d) T S 12 (98)

sup
0€OF 05 (n,D)

Moreover, in the regime where €* > £y (e.g., for n sufficiently large, treating A, J, M as constants), plugging € = €* into
(7) yields the optimized rate

sup  [E[(fo(@) —9)’] — Ro(fe)| Sa A I M4 n=n, (99)
0€OF k05 (n.D)
where
_ 2 2 _ _
aA:d(d m)7 OéJ:%, aM:ﬂ+(d+6)(d m)(d—|—3), an:(d m)(d+3).
Q Q Q (d+3)Q 2Q
In particular, if m is fixed and d — oo, then
Oy — 1 aq — E ay — 2 ay — =
"6 AT S M3
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Proof. The optimal choice of € minimizing the RHS of (91) is

2d _2(2d+3) 2d(d+3) d+3

< AT ] @ M wamap (100)

where
Q = (d—m)(d+3)+2d* = 3d* + 3d — md — 3m.

Plugging £* into (91) yields

2(d+3) ,
sup GenGap(fe; D) =d AT J " M 4n~ D
6cO®pE.s(n,D)
L em)(dtd) (101)

2| (d—m)(d+3)+2d2
§A7M7J7d0(n ((a-mycars) ))

In particular, when m is fixed and d — oo,

(d —m)(d+3) 1
2((d—m)(d+ 3) + 2d2) 6

Therefore, this rate does not suffer from the curse of dimensionality when m is fixed.

Finally, we verify the validity of the plug-in choice £*. The validity condition (95) requires % >4 n~'/2 (up to logarithmic
factors). Since (%)% =< n~44+3)/Q (treating A, .J, M as constants), plugging (100) into (95) gives

_d(d+3) _
nToa  Zan V2

This requires
1>d(d+3)_ d(d+ 3)
2 Q  (d—m)(d+3)+2d%’

which is equivalent to

d(d—3)

(d—m)(d+3)+2d* > 2d(d+3) <= d*—3d>m(d+3) < m< =t

F. Proof of Theorem 4.4

Let D = {(,y:)}i, be a dataset with &; € R, and let S = {m; : R — R™}/_, be a collection of coordinate
projections (patch extractors). For each j € [J], abbreviate the extracted patch by x(%) := mj(a), and for each sample
write :cgsj) =7, (x;).

Assume labels are uniformly bounded: |y;| < D for all i € [n]. Define I.+o == {i € [n] : y; # 0}.
Consider width- K two-layer sparsely connected ReLLU models with Global Average Pooling (GAP),

fo@) = >3 o(wla™ —b)+5,  o(t) = max{t,0}, (102)

k=1 7 j=1
where w; € R™, b, € R are the shared filter weights and bias, v € R is the output weight, and 5 € R. We write
0= {(wk’ bkvvk) ?:1 U {B}

Theorem F.1 (Flat interpolation with width < n). Assume that HazESJ ) |, < 1foralli € [n], j € [J], and there exists a

map T : Lo — [J] that assigns p; = wgsr(“) such that |p;||2 = 1 and p; # :cfgsj) Sforall (¢, ) # (i,7(7)). There exists a

width K < n network of the form (1) that interpolates the dataset and whose Hessian operator norm satisfies
D? +2/J?
- .

Amax(VaL) < 1+ (103)
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Construction F.2. Let K := |I..o| < n and index the hidden units by k € Io. For each k € I, define the anchor patch

S
P = w,i ™) and set

NN T
x (@ pe <1, bie(pnl),  wi=p (104)

. = ma.
PR it (k)

Set the output bias and output weights

ﬂ = O7 Vg = 7Jyk

= k€ L. 105
1— by € 120 (105)

(Justification of py, < 1.) According to the assumption, for any (¢, j) # (k, 7(k)),

() T pr < (||, llpxllz < 1.

If equality held then necessarily ||w§sj) |2 =1and wgsj ) = Pr, contradicting to the assumption. Hence p;, < 1.

By (104), for any sample index ¢ and any patch index 7,

. 1-0; > 0, 1,7) = (k,7(k)),
wla) _ = K (. j) (k,7(k)) (106)
épk_bk < Oa (Zv]) 7é (va(k))
Thus neuron £ is activated on exactly one patch in the entire collection {mz(-sj ) }i,j. namely a:,(CST(’“)), and inactivated on all

other patches. Using (106) and (105), at ), we have

Vg

Jo(xy) = U7k¢(1 —by) = 7

(1 —=bg) =y, ke I,

and for ¢ ¢ Iq all constructed units are inactivated on all patches of x;, hence fo(x;) = 8 = 0 = y,;. Therefore,
fo(x;) = y; forall i € [n].

For each constructed unit, define

U := sign(vg) € {£1}, Wy, = |vg| wy, by = |vg| Dg- (107)
Then for any input x,
- J J
Yk TS _j ) = T(S) _
; j;qb(wka: ; bk) == j;¢(wk:1: s bk) , (108)

so interpolation is preserved. Moreover, the activation pattern on the full patch collection is unchanged because (106) has
strict inequalities and |vi| > 0. At the unique activated patch (k, 7(k)), the (post-rescaling) pre-activation is

- ~ S, = -
Hom ) b= o (1 —be) = Jlykl > 0, |ok] = L. (109)

In what follows we work with the reparameterized network and drop tildes for readability, implicitly assuming |v| = 1 for
all k € I and
Sk
aeo=wial ) by = Ty, (110)

Proposition F.3. Let 0 be the model in Construction F.2 after the reparameterization (107). Then

D? +2/J?
Amax(V3L) <1+ %
Proof. By direct computation, the Hessian V3£ is given by
1 n 1 n
VoL = g Vofo(:)Vofo(z:) + ;(fem) — i) Vo fo(@i). (1
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Since the model interpolates fg(x;) = y; for all ¢, we have

1 n
VoL =2 Vofo(x:)Vofo(w:)'. (112)
=1

Denote the tangent features matrix by
® = [Vofo(x1),Vofo(x2), -, Vofo(n)]. (113)
Then (112) can be written as V2L = ®®T /n, and thus

Amax (VL) = e ;||<I>T~y||2 = max — L |oul?, (114)
For the gate m!™" (z) := 1 {wlz5) > by}, let m(s )= m{®") (a;). From direct computation,
afé’if”) -3l alel™ <) e S st
) 150 i)

By the one-to-one activation property (106), each sample x; with i € I, activates exactly one unit (the unit £ = 7) on
exactly one patch S, (;), and samples with i ¢ 1o activate none. Hence the sample-wise gradient Vg fg(x;) has support
only on the parameter triplet (w;, b;, v;, ) when ¢ € I+, and is zero on (wy, by, vy) for all k when ¢ ¢ Izo. Writing the
nonzero gradient block explicitly (recall |v;| = 1 after reparameterization and (110)),

V(w, b0 fo(z:)
V (w; bi 0:,8) fo(Ti) = ( w 1) )
v mgsrm) o -’”EST“))

(116)

—CE = — Y% s (’L el 0),

Y twi o) fo(@i) = o 7 g
S (wle70" = b;) il

0, (i & Ixo).

Letu = (ug,...,u,) € S*"! and plug (116) into (114). As in the fully connected case, after a row permutation (grouping

neuron parameters) we obtain

Amax(v?,c): max f||(I)u||2

uesn-1
1 n n 2
= e, > 2)|% (a1 00y fo (@) || + (Z;u) (117)
1 Ll ea) + (w) a1
© nuesn-t J? SRR ")
2€I¢0 =1
According to the assumption, ||w( @) lo = 1 forall i € Iz, and by bounded labels y? < D? for all <. Thus

IA

.
(]
I

1 1 2
Amax(V3L) < ~ (52%§<<J2H SO+ 5 +yz) + max, ( ) )

1/2 D2 +2/.J2
< (m+D+n _ g AT
J? n

If we remove the output bias term /3 from the parameters, then the last term (3, u;)? in (117) is removed. O
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G. Extending the Framework beyond Weight Sharing and Global Average Pooling

The main text analyzes the minimal convolutional model (1) with weight sharing and global average pooling (GAP). These
two design choices simplify the exposition but are not prerequisites for the stability-induced regularization mechanism. To
demonstrate that sparse connectivity alone is the essential ingredient, this appendix analyzes a variant that retains the sparse
receptive-field pattern of the main-text SCN but removes both weight sharing and global pooling.

G.1. Sparsely connected network without weight sharing

Setup and notation. Fix the collection of local receptive fields S = {S;}7_, (each S; C [d] with |S;| = m) and the
corresponding coordinate projections 7; : R% — R™.

Definition G.1 (SCN without weight sharing). A sparsely connected network without weight sharing, with receptive fields S
and width K, is a function of the form

K J
fo@) = > > vk d(w] mi(@) —bey) + B, (119)

k=1 j=1

where wy, ; € R™, b ; € R, vi,; € R are independent parameters for each neuron index k € [K] and location index
J € [J],and B € R is a scalar bias. We write @ = {(w, j, br j, Uk, j) }re[k],je[s) U {8} for the full parameter vector.

The key structural property shared with the main-text SCN (1) is sparse connectivity: neuron (k, j) receives input only from
the m-dimensional patch 7;(z). The architecture (119) differs from (1) in two respects: (i) filter weights wy, ; and biases
by, ; are not shared across locations j, and (ii) output weights v, ; may vary freely with j, so there is no global average
pooling.

Data and loss. As in the main text, the dataset is D = {(x;,;)}", with ¢; € B% and y; € [-D, D], and the training
objective is £(8) := 5 31" | (fo(®:) — vi)*.
Location-specific weight function. Because neurons at different locations j now operate with independent parameters on

different patch distributions, the relevant weight function is defined per location. For each j € [J], let X (Dj ) be a random
vector drawn uniformly from the training patches at position j, i.e. from {m;(z;)}}_; C R™. Define

. . . . . 2
98)s(w,t) = Eo(uXy —1)] \/n»(mxg> > )"+ B[ X 1{uTXE > t}] H2 (120)
This is the direct analogue of the global weight function gp s in Definition D.1, specialized to a single location.

G.2. From the BEoS condition to a location-wise weighted path norm

We establish the counterpart of Theorem 4.2 for the unshared architecture (119). The proof follows the same strategy—
lower-bounding A< (Tp) via the all-ones direction—but now each neuron (k, j) contributes independently, which allows
the bound to decompose over locations.

Lemma G.2 (Hessian residual bound for the unshared SCN). For the architecture (119) and any x with ||z, < R,

Ve fo(@),, < 2(R+1).

Proof. The proof of Lemma D.3 bounds |wT V3 f(z) w| for a unit perturbation w by examining each neuron independently:
the only nonzero second derivatives within neuron (%, j) are the mixed partials between (wy ;, b ;) and vy, ;, exactly as
in (33)—(34). Since different neurons occupy orthogonal parameter blocks, their contributions to wTvg (z) w sum without
interaction. Each block contributes at most 2|y ;| (R ||k, ||, + [0k, ;|) (cf. (39)), where (k. 5, Ok, j, Vk,;) is the perturbation
restricted to neuron (k, 7). Summing over (k, j) and applying Cauchy—Schwarz with the normalization ||w||, = 1 yields the
same bound 2(R + 1). O

Proposition G.3 (Tangent-feature lower bound for the unshared SCN). Let Tp = % > Vefe(x;) Ve fe (x;)T. Then

K J
. wy, ; bk:,"
k=1j=1 k.j k.j
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Proof. Write the gate indicators my, ; , ;== 1 {ngwj(wi) > bk,j}, the normalized direction wy, j := wy;/ |wg,;||,, and
the normalized threshold ¢, ; := by ;/ ||w,;||,. The partial derivatives of fg at sample x; are

9 o
aw‘z ] (mz) = Vk,j Mk,j,i Wj(wi)7 78[);{ . (xz) = —Uk,j Mk jis (122)
3] J
O (@) = d(w] m5(wi) — be af
O, (@i) = o (wym; (@) = bis). 95 @) =1 (123)

Since each neuron (k, j) operates on the patch 7;(x;) with independent parameters (wy, ;, by j, Vg, ;), the gradient blocks
are orthogonal across different (k, j) pairs.

Denoting the tangent-feature matrix ® = [V f(x1),..., Vo f(x,)] € RP*", we use the standard lower bound (cf. (31))

2

1 1 1 ||—
Anax(Tp) = = max [[@ul* > — [@ 1) = —||>" Vo (@) (124)
=1

N Jlufl=1

Expanding the squared norm and using the orthogonality of neuron blocks gives

K 2 2 2
L=y [ (3 Smsemi@] + (5 Smess)) + sl (5 3 ol motw) - ) ]

k=1j=1
=t Py = Qk,j

(125)
Here the “1” comes from (1 3. 0f/ 86)2 = 1. The term P, ; collects the squared sums of the wy, ;- and by, ;-gradients
(both proportional to vy ;), while Q. ; comes from the vy, ;-gradient (proportional to ||wy;||,). Crucially, the double sum
decomposes over (k, j) because the parameters are not shared across locations.

We apply a? + b > 2ab to each (k, j) independently (cf. the analogous step in the proof of Proposition D.2):

1 1 2 1 2
P+ Qrj > 2|kl llwell, (E > o(uf jmj(a) — fk,j)>\/(n ka,y‘,z‘) + HH D ()

(126)

= g¥s(un;, th;)
To verify the identification with (120), note that the empirical averages over i € [n] are precisely the expectation, probability,
and conditional first moment under the uniform draw X(Dj )~ Uniform({m;(x;)}7,):

1< ; 1 & ;
- Z p(u'mj(z;) —t) = E[gb(uTX(Dj) - )], - Zm’w}i = IP’(uTXg) > t),
i=1 i=1

1 n . .
E kaJ,i Wj(wi) = E[X(Dj) 1 {’U,TX/(DJ) > t}} .
i=1
Summing (126) over (k, j) and combining with (124)—(125) yields (121). O

Remark G.4 (Why the per-neuron decomposition succeeds here). In the GAP model (1), the output weight vy, is shared
(S5)
Z;

different locations are combined with a common coefficient vy /J. The common coefficient allows v,% to be factored out,

and the resulting - ||®1 ||? factors through the global patch distribution X. £, producing the global weight function gp s of
Proposition D.2.

uniformly across all locations via the 1/.J average. This forces Vi, f = ¢ >~ y m,(csj) , in which contributions from

In the unshared architecture (119), each neuron (%, j) has its own output weight vy, ;, but since wy, ; is also independent
across j, the gradient blocks are orthogonal and the squared norm decomposes cleanly into per-(k, j) terms (125). This
per-neuron decomposition makes the AM—GM step (126) straightforward.
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An intermediate architecture—shared filters w;, with location-dependent output weights vy, ;—would couple locations
through V,,, f = > Uk, Mk ji T (@), in which contributions from different locations can cancel when vy, ; have varying
signs. This coupling prevents both the per-location decomposition used above and the common-coefficient factorization
available under GAP. Analyzing such architectures would require different proof techniques.

Theorem G.5 (BEoS constraint for the unshared SCN). For the architecture (119), if @ € @5 (1, D), i.e., Amax(VAL) <
2/n, then

ZZ VK,

k=1j=1

G) [ Wk,j Ok.j <3_1 R+ 1)\/2L(0 127
) 94 (nwk,jn’nwk,jn)—n L+ (R +1)V2L0). (127)

Proof. Decompose the Hessian as Vgﬁ =Tp + Rp (cf. (27)) with

Rp = = 3 (fo(@:) - yi) Vifo(a,).

n-
i=1

Let w be the unit eigenvector of T'p corresponding to Apax(Tp). Then (cf. (42))

AH]&X(Vg‘C) > wTvQﬁw - )\Inax TD

3\?—‘

Z f@ xt yt)w v fe(mz)

= A

By the Cauchy—Schwarz inequality and Lemma G.2,

Al < ¢ Ul —w? - \/ -3 (@ Vaolw)w) < AR+ 1)VEL).

Therefore,

2
Amax(Tp) < Amax(V5L) + |A] < p +2(R + 1)1/2L(6).
Inserting the lower bound from Proposition G.3 and rearranging yields (127). O

G.3. Generalization analysis

We now derive the generalization guarantee for the unshared architecture (119), following the same interior/exterior
decomposition as in Appendix E.

Interior/exterior decomposition. For ¢ € (0, 1), define

all d—1 <1_ any .__ d—1 ., 3, . _
2 {mES oy ()] < 1 g}, o . {weS 3j e ), Im@)) > 1 g}.

By a union bound and Proposition D.11, P(02") < Jgld=m)/2,

Lower bound on g% )s over the interior. On |2!!, every patch satisfies ||m;(x)|| < 1 — & for all 5. When the marginal

of z is Uniform(S?~1), each projected patch 7;(x) € R™ inherits the same rotational-invariance structure analyzed in
Appendix D. By the same computation as in Proposition D.10 (see (59)), the population weight function at each location
satisfies

9 (u,t) > cy(d)e?  forallue S™ 7, |t| <1—e¢,

with a constant ¢, (d) > 0 depending only on d. The uniform deviation bound of Theorem D.7, applied separately at each
location j (the patches {;(x;)}7_; are i.i.d. for fixed j), gives

, , m + log(2J/0
s [gls(ut) — g ()] < oy T
wesSm—1, |t|<1 n

=: Cn,
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with probability at least 1 — §, simultaneously for all j € [J] (via a union bound absorbing J into the logarithm). Hence, for
any ¢ satisfying ¥ > 2¢,, /c,(d), we have

99 s(ut) > Leg(dye?  forallje[J], weS™L | <1-e. (128)

From the BEoS constraint to an unweighted path norm. On the interior 12!, every neuron with [t; ;| > 1 — ¢ is

either identically zero or fully affine on all training patches (cf. (88)), and can be absorbed into the affine component. For
the remaining neurons with |t; ;| < 1 — ¢, inserting the lower bound (128) into the BEoS constraint (127) and setting
A=1_ % + 4M yields

n
A
log | lJwrj]| € +——— =< Ae% (129)
% ! ! %Cg(d)fd
|t j|<1—e

Controlling the generalization gap. The function class on the interior set I!! has variation norm bounded by Ae~¢
(equation (129)). The generalization gap decomposes as in (77)—(79):

s Exterior contribution. Since ||fg||., < M and |y| < D < M, the exterior contributes at most O(JM?2e(d=m)/2)
(cf. (82)).

e Interior contribution. By Lemma C.7 (metric entropy of variation spaces), the interior generalization gap satisfies

Bil(fo )] - o= Y (folai) — | Sa (A7t 2 o 1/2
el

(cf. (90)).

e Concentration of the interior fraction. By Hoeffding’s inequality, |P(131) — n;/n| < +/log(1/8)/n with high
probability, contributing a lower-order term O(M?2/log(1/3)/n) (cf. (84)).

Combining these three terms gives the following result.

Theorem G.6 (Generalization for the unshared SCN). Assume x ~ Uniform(S?1!) and |y| < D. Let M > D,

0 < M, and suppose 0 satisfies the BEoS condition Amax(V3L) < 2/n. Assume d > 3 and 1 < m < dd—3) Then,
0o ] d+3
with probability at least 1 — 26,

GenGap(fo; D) Sa JM2e™3* + (A=) T3 M —1/2, (130)

for any ¢ € (0,1) satisfying e 2 d?\/(m + log(.J/5))/n, where A =

=

+4

N|—=

1
n

Proof. The proof follows the decomposition and estimates described above. The exterior bound uses Proposition D.11 and
Hoeffding’s inequality (see (82)). The interior bound uses the path-norm estimate (129) together with the metric entropy of
variation spaces (Lemma C.7; see (90)). The concentration term ‘IP’(I?“) —ny/ n| is controlled as in (84) and is of smaller
order. O

Optimizing over ¢ as in Corollary E.2 yields the rate exponent

(d—m)(d+3)
2((d —m)(d+ 3) +2d?)’

which tends to —% for fixed m and d — oo, identical to the rate obtained for the weight-shared SCN in Theorem 4.3.

Conclusion. The only architectural prerequisite for the stability-induced implicit regularization is the sparse connectivity
pattern: each hidden neuron receives input from a small subset of the ambient coordinates. Weight sharing and GAP change
how the patch geometry is aggregated. In the GAP model, the shared filter and common output coefficient couple all
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locations and yield a single global patch-multiset weight gp s. In the unshared model, the same mechanism appears as a
sum of location-wise weights gg?s. Thus weight sharing and GAP are not necessary for stability-induced regularization.
They determine whether the patch-geometry penalty is global and pooled or location-wise. This conclusion substantiates the
design principle articulated in Section 6: the effective vector dimension seen by each local operator governs the strength of

implicit regularization, regardless of whether parameters are shared across locations.

H. The Role of Weight Sharing

The analysis in Section 4 shows that sparse connectivity strengthens implicit regularization by shifting the geometric input to
gradient descent. But the SCN architecture bundles two distinct inductive biases together: sparse fan-in and weight sharing.
Does sparse fan-in alone produce the effect, or is weight sharing essential?

To test this, we introduce a third architecture identical to the SCN except that the filters are no longer shared across locations.
This sparsely connected network without weight sharing (SCN-noWS) has independent parameters per patch position:

K J
fo(@) =Y vpj d(wi i (@) — bi ;) + B.

k=1 j=1

Under weight sharing, a filter is driven by patches from all locations. To memorize a sample, the filter must isolate a patch
that is distinguishable from every other patch in the entire multiset. Without weight sharing, a location-specific neuron only
needs to find a patch that stands out within its own location. In typical data such as images, recurring local structures make
cross-location isolation far harder than within-location isolation. Thus, weight sharing raises the threshold for memorization,
pushing the network toward features that are common across the patch multiset.

The following experiment tests this hypothesis in a controlled denoising setting. Data. We construct D-dimensional inputs
composed of J equal-sized disjoint patches. Within the patch multiset, most patches are pure Gaussian noise, but a small
fraction carry signal. Concretely, fix two signal centers v, v_ € S™~L. For each sample, a label y € {v,,v_} is drawn
uniformly, and a random location j* is selected. The patch at j* is set to y plus a small Gaussian perturbation; all other
patches are independent Gaussian noise with matched total energy. This creates a sharp cluster structure: the vast majority
of patches form a dense noise cluster around the origin, while two small signal clusters lie near vy and v_. Spatially, the
signal is extremely sparse (one informative patch per sample).

Setup. We train three two-layer ReLU networks of identical width and learning rate: a fully connected network (FCN), an
SCN-noWS, and an SCN. The task is regression: predict the label from the noisy input. The training objective is standard
denoising MSE, without explicit regularization.

Results. Figure 8 shows training and test loss. All three architectures fit the training data to near-zero loss. However, only the
SCN generalizes to held-out samples; the FCN and SCN-noWS both overfit. This is exactly what the memorization-threshold
argument predicts. In the SCN-noWS, a neuron at location j needs only to find a signal patch that is distinguishable from
other patches at the same location; with high probability, the one signal patch in a training sample appears as a local outlier.
The SCN, by contrast, forces each filter to respond to patches across all locations. A filter that fires on a signal patch at one
location will also fire on the many noise patches elsewhere. This drives up its activation mass and the associated stability
penalty, pushing the network away from sample-specific memorization and toward filters tuned to the recurring signal
clusters.

This experiment reveals a deeper property of weight sharing in denoising settings. Because the added noise is independent
across coordinates, patches at different locations are perturbed by independent noise realizations. A filter restricted to a single
location cannot separate signal from noise using cross-location statistics; it is forced to rely on the local noise realization.
Weight sharing lifts this restriction: a shared filter sees many independent noise realizations of the same underlying patch
structure, and its aggregated gradient suppresses the noise while amplifying the consistent signal directions. Thus weight
sharing acts as an implicit denoising mechanism at the level of gradient dynamics.

Remark H.1 (Weight sharing as a geometric form of translation invariance). Translation invariance is usually invoked to
explain parameter efficiency and equivariance. Our analysis suggests a complementary geometric perspective. By coupling
each filter to all spatial locations, weight sharing effectively redefines the “unit of isolation” for memorization. A training
sample can be memorized without sharing if it has any distinguishable patch at any location. With sharing, merely local
distinctiveness is not enough; the patch must be globally distinctive across the entire multiset. For natural images, where
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Figure 8. Training loss (solid) and test loss (dashed) for the three architectures on the clustered-patch denoising task. Only the SCN resists
overfitting.

patches repeat across space, this condition is much harder to satisfy. Weight sharing thus funnels gradient descent away
from sample-specific memorization and toward generalizable features, providing a form of implicit regularization rooted in
the geometry of the patch multiset rather than in parameter counts.

I. Patch Geometry of Natural Images

We now examine which side of the dichotomy established in Figure 4 real image data falls on. We extract 3 x 3 convolutional
patches (stride 1, no padding) from the CIFAR-10 training set, sample 107 patches. Figure 9a compares the patch cloud
with the cloud of full images. The patch cloud is strongly concentrated: 90% of its variance lives in just 4 directions of
R?7, while the full images in R3°72 need over 100 directions. Recalling the gradient view (3), such a low-dimensional patch
cloud implies that the gradients themselves are constrained to a low-rank subspace—much like the one-dimensional Sy
example in Figure 4. Moreover, Figure 9b indicates that SCN indeed benefit from the convolutional patch geometry.
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(a) Patch vs Image. (b) Regression on CIFAR-10.

Figure 9. (a) PCA explained-variance ratio for the patch cloud (R?7, solid) and the ambient image cloud (R3°72 dashed). Patches
concentrate 90% variance in 3 principal directions; images need over 100. (b) The SCN stabilizes near the noise floor; the FCN
interpolates.
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The takeaway message is that local receptive-field design can affect implicit regularization, not only feature extraction. Even
under the same ambient data distribution, different receptive-field systems can induce very different patch geometries, and
hence can change the balance between expressivity and regularization. In particular, the size of patch/local receptive field
size in the hidden layers is a concrete perspective.

J. Experimental Details

We adopt the random-design nonparametric regression setting.

The setting of nonparametric regression. The non-parametric regression with noisy labels on the random design is
one typical setting in this program. Suppose {x;}? , are i.i.d. sampled from a distribution Px supported on IB%dR and
Yi = frrue(®i) + & fori € [n], where fie: RY — R is the ground-true function and {&;}7*, are i.i.d. Gaussian noises
N(0,5?). In this setting, the goal of the regression task is to find a predictor f to minimize the mean squared error (MSE):

n

MSE(f) = % D (f(@:) = frrue(:))?. (131)

i=1

The population level of (131) is known as excess risk,

Excess(f) = Egmpy [(f(2) = frrue(x))?], (132)

which is also called the estimation error under L?(Px).

In this setting, the population risk (under squared loss) of a predictor f decomposes as

R(f) = E(zyop [(f(z) — y)?] = Excess(f) + o2, (133)

The additive term o2 is the irreducible error contributed by the label noise, and it is achieved by the Bayes predictor

f () = Ely | ] = firue(x), namely R(f*) = 2. Consequently, R(f) — R(f*) = Exnpy [(f(Z) — firue(x))?], s0
controlling the excess risk is equivalent to controlling the population regret in squared-loss regression.

Moreover, the generalization gap in this random-design regression model admits the following equivalent form
GenGap(f, D) = |Excess(f) + o* — ﬁp(f) . (134)

This identity makes explicit how the generalization gap compares the population performance (excess risk plus irreducible
noise) against the training performance measured by the empirical squared loss.

J.1. Experimental details for the interpolation below the edge of stability

We use synthetic data to empirically validate our claim that SCN generalizes well on spherical data when m < d, and the
rate does not deteriorate as the ambient dimension increases.

Data generation: Fix a collection of receptive fields S = {Sj}]J:1 with patch size m. In all experiments we use
disjoint coordinate patches S; = {(j —1)m + 1,...,jm} so that J = |d/m]. We first sample a ground-truth predictor
ftrue € ®S5CN from the architecture in (1) with a moderate width K}, = 20 (fixed across all n), and generate training
inputs {x;}" , ii.d. from Uniform(S?~!). The labels are generated by y; = firue(xi) + &, where &~N(0,0?) are
i.i.d Gaussian noise. We also generate an independent test set {%, } ', ~Uniform(S?~!) (with N >> n) for Monte Carlo
evaluation of generalization gap.

Architecture: We compare two overparameterized two-layer ReLU models trained by full-batch GD: (i) SCN (two-layer
sparsely connected ReLU network in (1)), and (ii) FCN obtained by taking m = d and J = 1 in (1). Unless otherwise
stated, both models use width K = 1024, which places the training in an overparameterized regime for the sample sizes we
consider. Both use Kaiming-normal initialization for hidden weights and zero initialization for all biases.

Metrics: For each trained predictor f, we report (i) train loss ﬁp( f) This quantity measures how well the predictor
fit the training set; (ii) estimated generalization gap, GenGap( f, D), which is the main object predicted by our theory
(Theorem 4.3). (iii) estimated excess risk Excess(f) = + Zf};l (f(@) — ftme(:ir))Q, the Monte Carlo estimator of

42



Submission and Formatting Instructions for FoGen Workshop at ICML 2026

Excess(f) defined in Eq (132); (iv) Hessian Sharpness A, (V2£(6;)), computed every 500 epochs via PyHessian (Yao
et al., 2020) to verify the trajectory satisfies BEoS;

Optimization All models are trained with full-batch gradient descent (no momentum, no weight decay) on the squared loss
L(0), using learning rate n = 0.2 for 30000 epochs; the corresponding BEoS threshold is 2/7 = 10.

Sweep and Scaling For SCN, we sweep (Figure 5) ambient dimension d € {100, 200, 400}; for FCN, we fix d = 10 as a
baseline where fully connected networks are expected to perform well. Sample sizes range over n € {128, 256,512,1024}.
Results averaged over 5 seeds. To estimate the sample-size scaling, we sweep n € {128, 256,512,1024} and repeat the

full pipeline over multiple random seeds. We plot log G@p( f4, D) versus logn and report the least-squares fitted slope
(SCN: d = 100, 200, 400; FCN: d = 10).

J.2. Experimental details for Figure 5

Similar setup and metrics as the spherical-data setup above in J.1, with two changes. First, each patch is sampled
independently from the unit sphere and concatenated: & = [z(1), ..., 2(/)] with 20) ~ Uniform(S™~1), instead of the
whole-vector sampling & ~ Uniform(S?~!). Second, we fix m = 10, J = 8 (so d = 80), Kirye = 50, n = 512, 0 = 1,
and train at width K = 1024 for 50,000 epochs at 7 = 0.2 with gradient clipping. Additional experiments with similar
setup in Fig 10, 11 and Table 3.

J.3. Experimental details for Figure 9a

We evaluate four patchification schemes on CIFAR-10: (i) Conv Patches, 4 x 4 patches with stride 2 (baseline); (ii)
Random Patches, 4 x 4 contiguous crops at random spatial locations (same patch content as Conv but irregular grid);
(iii) ShufflePixel, conv-style patches taken after a global pixel permutation (negative control); and (iv) Full Image Space,
the flattened 3072-D image. For each scheme we draw 2,000,000 reference and 50,000 query patches and report two
geometry metrics: (a) the PCA effective rank, taken as the elbow of the cumulative explained variance at 90% (lower
values indicate more structured distributions); and (b) the area under the half-space (Tukey) depth concentration curve
U(T) = Prld(z) > T] for T € [0,0.5] (higher values indicate distributions that are harder to shatter), computed via the
random-projection approximation of Liang et al. (2026) with 512 uniformly random unit directions and 4096 histogram bins
per direction. Full Image Space uses randomized PCA for the spectrum and 10000 query points.

J.4. Experimental details for Figure 9b

We repeat the above setup in J.1 with two changes. First, inputs are CIFAR-10 images « € R3°72, and SCN uses patches
(3 x3x3,stride 1; L = 900, m = 27). Second, targets are generated by a frozen ground-truth SCN f;,, of width
Kie = 20 with the same patchification, y; = firue(@;) + &, & ~ N(0, 1); excess risk is reported as the MSE against fi,ye
on the standard CIFAR-10 test split (/N = 10000). We train SCN and FCN, both at width K = 1024, on ny,;, = 1024
images for 5000 epochs with 7 = 0.2 and gradient clipping. Both networks are overparameterized in width (KX >> Nain),
and SCN’s training loss reaches the noise floor o2, ruling out underfitting as the explanation for its small excess risk.

Table 3. Generalization gap and excess risk for SCN on spherical data (corresponding to Figure 5a). As ambient dimension d increases
with fixed patch size m, both metrics decrease—confirming the “blessing of dimensionality”.

d J Gen Gap Excess Risk

100 10 1.283+0.114 0.613+0.101
200 20 0.780=£0.076 0.352 £ 0.047
400 40 0.295+£0.004 0.147£0.010
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Figure 10. SCN generalizes on high-dimensional spherical data.(Left) With d = 400 and fixed patch size m < d, train loss plateaus
near o2 while excess risk decreases to 0.15, confirming generalization rather than memorization. (Middle) Sharpness saturates at BEoS
(Amax = 2/7). (Right) Neurons spread across moderate activation rates, unlike the sparse isolation in flat interpolation (Figure 5). This
validates Theorem 4.4: when m < d, stability-induced regularization prevents overfitting. Results averaged over 5 seeds with = 0.2,
trained for 30k epochs.
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Figure 11. FCN satisfies BEoS but still memorizes (Left) FCN (d = 10) interpolates noisy labels (train loss — 0) while excess risk
remains ~ o2. (Middle) Sharpness saturates at BEoS. (Right) Activation pattern after training. Despite satisfying BEoS, FCN fails to
generalize—confirming that on spherical data, stability constraints alone are insufficient without convolutional structure. Averaged over 5
seeds; with similar setting as Figure 10
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