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Abstract

Recent advances in Reinforcement Learning
with Verified Reward (RLVR) have signif-
icantly bolstered the reasoning capabilities
of Large Language Models (LLMs). How-
ever, conventional RLVR pipelines often rely
on static initial-state sampling, leading to
overly deterministic behavior, rapid entropy
collapse, and plateaued performance during
extended training. To mitigate this, we
propose CURE (Critical-token-gUided Re-
concatenation for Entropy-collapse prevention),
a two-stage framework balancing exploration
and exploitation. In Stage 1, CURE encourages
exploration by re-generating branched trajec-
tories at high-entropy critical tokens, jointly
optimizing them with original paths to main-
tain diversity. Compared to vanilla DAPO, this
stage yields superior reasoning performance
while preserving high entropy. In Stage 2, we
transition to static sampling using DAPO, plac-
ing the model in familiar states to consolidate
exploitation. Extensive experiments on Qwen-
2.5-Math-7B demonstrate that CURE outper-
forms existing RLVR methods by 5% across
six math benchmarks, achieving state-of-the-art
results in both reasoning accuracy and entropy
maintenance.

1 Introduction

Recent advancements in Reinforcement Learning
with Verification (RLVR) (Jaech et al., 2024; Zeng
et al., 2025; Hu et al., 2025; Liu et al., 2025b) have
driven significant progress in unlocking the rea-
soning capabilities of large language models. By
replacing opaque reward surrogates with automatic
verifiers that emit precise binary signals (DeepSeek-
Al et al., 2025), RLVR enables scalable, self-
improving training loops and has delivered strong
gains on challenging reasoning benchmarks, from
mathematical problem solving (Hendrycks et al.,
2021; He et al., 2024) to scientific QA (Rein et al.,
2024).
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Figure 1: Overview of the CURE pipeline. In Stage
1, given an input query g, the policy model produces a
pool of candidate responses. We compute token-level
entropy to identify critical tokens (high entropy), extract
the clauses immediately preceding those tokens, append
them to ¢ to form refined prompts, and query the model
again. The newly generated responses are aggregated
with the original ones and jointly optimized within a sin-
gle group. In Stage 2, we continue training to translate
the exploration bonus into realized performance.

Despite the impressive gains of RLVR, the com-
munity (Cui et al., 2025b; Tarvainen and Valpola,
2017) now recognizes policy entropy collapse
as the key bottleneck blocking further progress.
Once entropy collapses, probability mass con-
centrates on a few low-diversity responses, and
performance plateaus early. Early—often ad-
hoc—fixes include simply raising the sampling
temperature (Zhang et al., 2025) and adding a small
KL term (DeepSeek-Al et al., 2025; Zhou et al.,
2025) to slow the drop. More principled attempts
add entropy regularizers, redesign the loss, or re-
ward shaping (Liu et al., 2025a; Cheng et al., 2025).
Furthermore, ProRL (Liu et al., 2025a) applies
reference-policy resets on a 1.5B-parameter model
by periodically hard-resetting the reference pol-
icy to a recent snapshot of the online policy to
curb entropy decay. However, it demands frequent
reference-model updates and optimizer resets. Re-
cently, Clip-Cov (Cui et al., 2025b) shows that
clipping high-covariance tokens can also help pre-
vent entropy collapse and prolong stable training,
though it still requires fine-grained, task-specific



hyperparameter tuning, yields only limited perfor-
mance improvements. Ultimately, the need for
heavy hyperparameter tuning and manual model
updates arises because prior work keeps adjusting
the update rule while still relying on a fixed set of
prompts and verifier signals. A static training-state
distribution quickly narrows the exploration space,
so entropy collapse is almost guaranteed.

We argue that an effective and conceptually sim-
ple strategy is to continually exploit uncertainty
during response generation, thereby preventing en-
tropy collapse (Ladosz et al., 2022; Ecoffet et al.,
2019; Burda et al., 2018). We dynamically en-
rich the training signal by leveraging the model’s
own internal uncertainty—specifically, token-level
policy entropy computed during autoregressive de-
coding. High-entropy tokens expose moments of
genuine indecision. A naive tactic is to append
a randomly sampled continuation to the original
query so that subsequent rollouts start from a richer
prompt. In practice, however, this inflates the con-
text with irrelevant detail and still fails to probe the
policy’s true blind spots. Our remedy is to inter-
vene exactly at the decision point where the model
is most uncertain. For each generated answer, we
locate the token with the highest policy entropy and
truncate the sequence immediately before it. The
retained prefix marks a high-stakes fork in the rea-
soning process. From this fork, the current policy
produces multiple alternative continuations. Be-
cause these updates act precisely where the model
was undecided, they simultaneously broaden the
distribution of plausible next moves—maintaining
healthy entropy and raise expected accuracy in fu-
ture rollouts.

Building on these insights, we translate
uncertainty-aware exploration into a concrete train-
ing routine that broadens the state distribution at
critical decision points before consolidating gains.
In this work, we propose CURE (Ceritical-token-
gUided Re-concatenation for Entropy-collapse pre-
vention), a two-stage RLVR framework designed
to balance exploration and exploitation by dynami-
cally expanding the state distribution during train-
ing. Specifically, in the first stage, we first identify
critical tokens in each response using a token-level
entropy criterion; next, we re-concatenate only the
clauses that precede these critical tokens with the
original query to create a refined prompt; finally,
we feed prompt back into the model, thereby en-
couraging exploration along trajectories that are
conditioned on previously unseen yet semanti-

cally salient context. To improve training effi-
ciency, we follow DAPO (Yu et al., 2025) by re-
taining only those prompts whose candidate re-
sponses include both verifier-accepted (correct) and
verifier-rejected (incorrect) answers. In the second
stage, CURE transitions from high-entropy explo-
ration to low-entropy exploitation through a con-
tinue training process. Specifically, we revert to
static initial-state sampling using the DAPO (Yu
et al., 2025) strategy, deliberately placing the
model back into familiar prompt contexts. This
shift encourages the policy to consolidate knowl-
edge gained during the exploratory phase and re-
inforce accurate behaviors in a more deterministic
regime. Crucially, while exploration-focused re-
concatenation is disabled in this stage, the model
still benefits from the enriched policy distribution
developed earlier. As training proceeds under a
static query distribution, the reward naturally in-
creases, which helps sharpen decision boundaries
and stabilize convergence. This two-phase training
regime ensures that the policy first explores broadly
and then exploits precisely, maintaining strong gen-
eralization while achieving good performance on
verifier-based reasoning tasks.

Our contributions can be summarized as follows:

* We present the first analysis of policy entropy
collapse from the perspective of state distribu-
tion, showing that training on a fixed dataset
depresses entropy; we further provide a prin-
cipled remedy based on critical-token-guided
re-concatenation.

* We propose CURE, a lightweight two-stage
framework that balances exploration and ex-
ploitation by shaping the training-state distri-
bution.

* We perform extensive experiments across sev-
eral challenging math-reasoning benchmarks.
CURE not only achieves state-of-the-art ac-
curacy but also retains the highest entropy
among similarly performing models, under-
scoring its capacity for continued improve-
ments.

2 Related Work

Reinforcement Learning for LLM Reasoning.
Early approaches to reinforcement learning for
large language models leveraged reward-model-
based fine-tuning and direct preference optimiza-
tion (Rafailov et al., 2023; Christiano et al., 2017,
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Figure 2: Entropy comparison of CURE first stage and other methods at temperature 1.0

Ouyang et al., 2022; Cui et al., 2024), simulating
human feedback to guide model behavior. How-
ever, these methods depended heavily on manually
collected human preferences or synthetic prefer-
ence models (Yuan et al., 2024; Wei et al., 2024,
Liu et al., 2024). More recently, the community has
shifted toward pure RL at scale for reasoning. Re-
cently, the research community has pivoted toward
large-scale reinforcement learning (RL) for enhanc-
ing reasoning capabilities. Empirical evidence
from several studies (DeepSeek-Al et al., 2025;
Team et al., 2025; Cui et al., 2025a; Zeng et al.,
2025; Hu et al., 2025; Liu et al., 2025b; Yan et al.,
2025; Chen et al., 2025) suggests that a stream-
lined RL paradigm—relying solely on outcome-
based signals without auxiliary preference mod-
els—scales effectively and yields significant per-
formance gains.

Entropy Control. Policy entropy collapse con-
stitutes a critical obstacle in reinforcement learning
(RL) for large language models (LLMs), as dimin-
ishing exploration often leads to rapid performance
stagnation. Regularization-based approaches (He
et al., 2025; Liu et al., 2025a) add an entropy loss
or KL loss whose weight often needs careful or
adaptive tuning. Reward shaping methods (Cheng
et al., 2025) similarly adds an entropy bonus to the
reward or advantage to balance exploration and ex-
ploitation. Complementary interventions like loss
reweighting (Wang et al., 2025; Cui et al., 2025b)
and clip-higher (Yu et al., 2025) can also help to
prevent entropy collapse.

In contrast to objective-shaping and static-
sampling regularizers, CURE is a two-stage data-
level framework: it leverages high-entropy critical
tokens to drive exploration, then continues train-
ing with DAPO for exploitation, improving the
exploration-exploitation trade-off.

3 Method

3.1 Background

3.1.1 MDP Formulation of Language
Generation.

We formalize token-level language generation
as a Markov Decision Process (MDP) M =
(S, A, P, R, dy,w) with fully observable, deter-
ministic dynamics. For a prompt q ~ dy with
a=(qo,---,qm), we sample G rollouts from the
behavior policy 7g_,,. Rollouti € {1,...,G} is
the token sequence o; = (0;1,...,0;,1;) € Vi
of possibly variable length 7;. At token position
t € {1,...,T;}, the state is s;; = (q, 0j<t)
and the action is a;; = 0;, where 0; .4 =
(0i1,...,0it—1), transitions satisfy P(s;s11 |
Sityaig) = 1 with 85001 = (q, 04,<¢,04¢), the
process initializes at s;; = q, and generation
terminates when the end-of-sequence symbol w
is emitted. Each action receives a scalar reward
R(s;+,ai) from an automatic verifier, a learned
human-preference model, or task-specific rules.
Under this formulation, learning amounts to op-
timizing a stochastic policy mg(a | s) to maximize
the expected cumulative reward, and the determin-
istic, fully observable dynamics enable fine-grained
analysis and explicit control of exploration metrics
such as policy entropy.

3.1.2 GRPO.

GRPO replaces the PPO value function with an
average of sampled rewards to calculate advantage.

Specifically, given a prompt g ~ P(Q), we sam-
ple G rollouts {o;}_, from the current policy 7y,
At each token position ¢ in rollout ¢, the likelihood
ratio is defined in Eq. 1.

e (Oi,t | q, 0i,<z)

rit(0) =
#+(6) TOo1a (Oi,t | q, 0i,<t)
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The group-relative advantage fli,t is then obtained
by standardizing each return R; within the group,
defined in Eq. 2.

R, — Mean({Rj}jGZI). 2)
Std({R,}5,)

Aie =

And then maximizes the clipped surrogate objective
by
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Notably, Dkr,[mg|mef] acts as a regularization
term that constrains the updated policy 7g to remain
close to the reference policy ¢, representing one
of the earliest efforts to prevent entropy collapse
and some studies claimed to be the key parameter
enabling GRPO to sustain prolonged training.

3.2 CURE

CURE employs a two-stage procedure. As shown
in Fig. 1, in Stage 1, exploration is injected by dy-
namically reshaping the prompt distribution based
on token-level uncertainty. In Stage 2, exploitation
is applied by continuing training with DAPO un-
der static initial-state sampling on a fixed corpus,
consolidating Stage 1 gains into higher accuracy
and overall performance. The corresponding pseu-
docode is presented in Appendix A.

3.2.1 CURE First Stage.

By sampling high-entropy ended prefixes and re-
prompting, CURE’s first stage explicitly injects
novel yet coherent initial states, delaying prema-
ture entropy collapse and improving exploration
efficiency.

1. Initial Rollouts. For each query q drawn
directly from the dataset, we first sample N}
trajectories from the old policy to estimate
token-level uncertainty.

G(a, M) = {Oi}f\; T4 ( -1 q). 4)

2. Token-Level Entropy. We compute the pol-
icy entropy at every position in each trajec-
tory to detect where the model is most uncer-
tain, which will guide us to unexplored-but-
coherent regions of the state space.

Hip ==Y oy (v]a, 0i<t)logm,,(v]|a0i<),
vEY

t=1,...,T.
)

. Re-Prompting Rollouts.

. Group Construction.

3. Top-K Selection with Stochastic Choice.

We rank positions by entropy and uniformly

select one index from the top-K most uncer-

tain positions to avoid a deterministic bias

toward the single highest-entropy token.

7}({“ = TopKt(Hi,t, K), tr ~ Uniform(TI({i)).
(©)

. Frontier Prefix and Refined Prompt. We

take the prefix p; up to (but not including) the
sampled position ¢ and prepend it to the orig-
inal query, creating a refined prompt q; that
stays semantically consistent yet was unseen
during prior training.

Pi =011,  di=dq|pi (M

Each refined
prompt ¢, is then fed back to the policy to
produce Ny additional trajectories, yielding a
total of V] * Ny re-prompted samples.

g(qng2) = {0]'};'\]:21 ~ 7r901d(' | q;) 3)

For each dataset-
derived query q, we merge the original tra-
jectory with its re-prompted counterparts to
form the group G(q). This formulation un-
derpins the computation of our GRPO-like
objective across all trajectories in G(q).

G(a) = G(a, \1) (Ug a, \2))
i=1
‘g(q)‘ = Ny + Ny * No.

€)

. Batch-Level Dynamic Sampling Construc-

tion. To improve training efficiency, we fol-
low DAPOQO: at each sampling round, we dis-
card and resample any prompts whose group
of G rollouts is entirely correct or entirely
incorrect, as such groups provide minimal gra-
dient information and accelerate premature
determinization.

. Objective Function. We jointly optimize all

trajectories in G(q) by Eq. 10. Here gt is the
ground truth. The importance weight ; ;(6)
is computed by Eq. 1, and the group-relative



advantage A®'P is computed by Eq. 2.
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Empirically, this objective sustains higher pol-
icy entropy and improves rewards, with the
KL-divergence regularization term omitted.

3.2.2 CURE Second Stage.

In the second stage, we perform annealing utilizing
the DAPO algorithm. Leveraging DAPQO’s inher-
ently low-entropy training dynamics, we neither
decay the learning rate nor introduce an explicit
KL regularizer. Instead, we train directly on all
dataset-derived queries in their original form, with-
out any re-concatenation. In practice, we perform
a 10-step warmup and then continue training to
step 100 with a fixed learning rate of 1 x 1075, As
shown in Sec. 4, unlike DAPO baseline—where
entropy continuously decreases at all temperatures
under extended training—when sampling at a tem-
perature of 1.0 during training, our average policy
entropy does not decrease. This demonstrates that
our model can sustain diverse exploration at high
temperatures even after continuing training. At
the optimal evaluation temperature of 0.6, how-
ever, this procedure yields a 29.2% reduction in
policy entropy and a 7.6% improvement in evalua-
tion performance. Consequently, learning becomes
biased toward the high-reward behaviors discov-
ered in Stage 1, effectively converting exploration
into stable accuracy gains.

3.2.3 Advantage.

Plug-and-Play with RLVR. CURE can be
dropped into existing pipelines with minimal en-
gineering: replace the sampler with our critical-
token-guided re-concatenation routine and switch
to a simple two-phase entropy schedule. Empiri-
cally, this decoupled explore-then-exploit design
arrests entropy collapse, maintains policy diversity
when it matters, and then selectively compresses it
to harvest performance.

Sustained, High-Entropy Exploration. By dy-
namically re-prompting on high-uncertainty pre-
fixes and normalizing advantages across groups,

CURE maintains a persistently elevated policy en-
tropy even in late training, thereby continuously
steering the model into novel but coherent regions
of the state space and avoiding premature conver-
gence to deterministic behaviors.

Efficient Conversion of Exploration into Per-
formance. The strong positive coupling we ob-
serve between entropy and reward demonstrates
that CURE’s exploration is not random noise, but
directly fuels learning,yielding higher rewards per
unit of entropy than DAPO, GRPO, KL-CoV, or
Clip-CoV. Moreover, the two-phase entropy sched-
ule ensures that the diversity injected in the first
stage is rapidly consolidated into accuracy gains in
the second stage.

Further evidence of CURE’s effectiveness is pro-
vided in the Appendix B.

4 Experiments

We design our empirical study to answer the fol-
lowing research questions:

¢ Q1: Overall Performance. Does CURE im-
prove mathematical reasoning compared to
baseline methods?

* Q2: Entropy Preservation. Can CURE sus-
tain exploration throughout training and bene-
fit from preventing policy-entropy collapse?

* Q3: Second-Stage Research. Given that
CURE generates first-stage models with sig-
nificantly higher policy entropy, how can we
leverage these high-entropy checkpoints to
further improve reasoning performance?

* Q4: Ablation on Critical-Token Strategy.
How do alternative ways of selecting or han-
dling critical tokens affect performance and
entropy?

4.1 Experiment Setups

Training. perform fine-tuning on Qwen2.5-Math-
7B-Base (Yang et al., 2024) using the publicly avail-
able DAPO-Math-17K (Yu et al., 2025) dataset,
which contains only math questions paired with
integer ground-truth answers. Specifically, we omit
both the KL-divergence and entropy loss terms.
Rollouts are generated with a batch size of 512, us-
ing a temperature of 1.0 and 16 rollouts per prompt.
During policy updates, we use an update batch size
of 32. To ensure a fair comparison, we maintain



Model

AIME24 AIME25 AMC23 MATHS00 Minerva Olympiad Avg.

Qwen-Math-7B-Base (Yang et al., 2024) 16.6 6.3 52.2 52.4 10.7 19.0 26.2
Qwen-Math-7B-Instruct (Yang et al., 2024) 13.3 10.0 57.1 84.2 41.5 44.4 41.8
Previous Classical RLVR methods
Eurus-2-7B-PRIME-Zero (Cui et al., 2025a)  18.9 11.7 57.7 79.8 41.5 48.0 42.9
SimpleRL-Zero (Zeng et al., 2025) 26.7 9.3 60.8 77.4 32.0 41.5 41.3
OpenReasoner-Zero (Hu et al., 2025) 15.4 13.4 56.5 80.6 39.0 45.9 41.8
Oat-Zero (Liu et al., 2025b) 28.8 10.8 65.2 80.0 42.3 43.7 45.1
LUFFY (Yan et al., 2025) 25.8 22.3 71.7 87.0 44.9 55.9 51.3
NFT (Chen et al., 2025) 32.0 18.3 88.5 83.2 40.8 47.3 51.7
Previous Entropy Control methods
KL-Cov (Cui et al., 2025b) 33.4 17.1 77.1 83.8 43.0 49.9 50.7
Clip-Cov (Cui et al., 2025b) 32.4 14.3 81.6 84.8 44.5 48.0 50.9
Our Methods
CURE First Stage 33.4 15.3 82.7 82.4 48.2 50.5 52.1
CURE Second Stage 35.5 18.5 89.7 83.4 48.2 50.5 54.3

Table 1: Performance of CURE and prior RLVR methods: avg@32 on AIME24, AIME25, and AMC23; avg@1 on

MATHS500, Minerva, and Olympiad.

consistent hyperparameter settings across all base-
lines, aligning parameters such as the number of
rollouts per prompt, temperature, and batch sizes
wherever applicable. Finally, we adopt the same
reward function as DAPO (Yu et al., 2025), with-
out any additional formatting reward. Detailed
descriptions of reproducibility-related parameters
and special hyperparameter settings, as well as the
experimental setup, comparison protocols are pro-
vided in Appendix D.

Evulation. For evaluation, we benchmark six
widely used math-reasoning datasets: AIME24 (Li
et al., 2024), AIME2S5 (Li et al., 2024), AMC23 (Li
et al., 2024) , MATHS500 (Hendrycks et al., 2021),
OlympiadBench (He et al., 2024), and Minerva
Math (Lewkowycz et al., 2022). All inference
model setups and sampling parameters are drawn
from their official reports. Our method employs a
top-p of 0.7 and a temperature of 0.6. Following
SimpleRL (Zeng et al., 2025) and NFT (Chen et al.,
2025), we combine the Math-Verify (Kydlicek),
MathRuler-verifier (hiyouga, 2025), and SimpleRL
verifier (Zeng et al., 2025) for final evaluation. To
ensure a fair and balanced evaluation across bench-
marks of varying scales, we adopt different report-
ing metrics based on dataset size. More detailed
results are provided in Appendix D.2.

Baselines. We compare our method against six
RLVR baselines: Eurus-2-7B-PRIME-Zero (Cui
et al., 2025a), SimpleRL-Zero (Zeng et al., 2025),
Open-Reasoner-Zero (Hu et al., 2025), Oat-Zero
(Liu et al., 2025b), LUFFY (Yan et al., 2025), and
NFT (Chen et al., 2025), as well as two recent
entropy-control algorithms: Clip-Cov (Cui et al.,
2025b) and KL-Cov (Cui et al., 2025b). Since no
results or checkpoints were released, we used the
official codebase and scripts to train the models to
convergence. Detailed descriptions of all methods
are provided in Appendix C.

4.2 Overall Performance

As shown in Tab. 1, our two-stage CURE frame-
work achieves SOTA performance on diverse math-
ematical benchmarks with high data efficiency,
outperforming both RLVR and entropy-control
methods. Starting from the Qwen-7B-Math-Base
model and leveraging only 17 K samples, Stage
1 of CURE achieves an average score of 52.1%,
surpassing all other methods such as CLIP-COV
(50.9%) and NFT (51.7%). In the second, critic-
bootstrapped stage, CURE further raises the aver-
age accuracy to 54.3%, with particularly marked
gains on AIME24 (35.5% vs. 26.6%) and AMC23
(89.7% vs. 52.2%), representing a 107% improve-
ment over the base model.



— KL-Cov Clip-Cov DAPO

GRPO CURE First Stage —k— optimal

1600

1.0
1400

Policy Entropy

Response Length

S

o
8
8

*
N

/vf\/\\//

5 @
3 g
& S

=
&
°

=
&
°
~

Accuracy on Olympiad (%)

o
°

0 50 100 150 200 250 300 0 50 100

Training Steps

Training Steps

200 250 300

°

50 100 150 200 250 300

Training Steps

Figure 3: Depicts the evolution of policy entropy and sequence length on the training set, alongside validation
accuracy on OlympiadBench, plotted over training steps for various methods.

4.3 Entropy Preservation

Fig. 3 plots, on the training set, (i) policy entropy
vs. training steps and (ii) response length vs. train-
ing steps, together with (iii) OlympiadBench ac-
curacy vs. training steps. From the left plot (pol-
icy entropy), the CURE First Stage exhibits the
steepest entropy growth, indicating stronger ex-
ploration via a more diverse policy distribution.
By contrast, GRPO’s entropy collapses rapidly to-
ward zero—signaling a loss of exploration—while
DAPO and Clip-CoV plateau at moderate levels,
reflecting only limited entropy regulation. As for
KL-CoV, its entropy remains relatively low early
on and then rises markedly in later training, ap-
proaching a higher-entropy regime. The middle
plot (Response Length) shows that the CURE First
Stage’s responses grow longer throughout training;
however, owing to its design—where queries splice
responses before key tokens—the responses gener-
ated by CURE remain relatively shorter than those
of other methods even as training advances. Mean-
while, the right plot (accuracy) indicates that the
CURE First Stage achieves accuracy comparable
to competing methods, striking a balance between
exploration (driven by entropy) and exploitation
(reflected in accuracy). Notably, at the stage-one
high-entropy checkpoint, our first-stage model al-
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Figure 4: Word clouds generated by CURE First Stage.

ready delivers strong results.

As illustrated in Fig. 2 and Tab. 1, CURE
consistently outperforms other RLVR ap-
proaches—particularly  entropy-control algo-
rithms—achieving the highest entropy across all
six test sets.
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Figure 5: Probability of semantically meaningful high-
entropy tokens across training paradigms in AIME24.

To further probe our high-entropy models, Fig. 4
shows the word cloud for CURE’s first stage in
AIME24, while Fig. 5 compares the frequencies
of several key high-entropy connector tokens un-
der DAPO and CURE. Consistent with Beyond the
80/20 Rule (Wang et al., 2025), which highlights
these tokens as markers of new reasoning pathways,
we observe that CURE not only restores their base-
line usage but amplifies it, whereas DAPO’s strong
entropy penalty significantly suppresses them. Af-
ter first-stage CURE training, such as “check” in-
creases from 47 to 58 occurrences, “verify” surges
from 33 to 188, and “hence” nearly doubles. This
marked boost in connector usage shows that our
high-entropy objective effectively promotes explo-
ration and reinforces semantic transitions, provid-
ing a solid foundation for the subsequent continu-
ing training stage.
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4.4 Second-Stage Research

Fig. 6 depicts the evolution of training entropy
and reward. As the reward increases, the policy
entropy of GRPO remains very low. DAPO ex-
hibits an initial decrease before stabilizing within
a relatively low-entropy regime. Compared with
the first stage, CURE’s second training phase ex-
hibits markedly lower entropy overall, and the joint
density of entropy and reward concentrates in the
low-entropy, high-reward region—reflecting a grad-
ual transition toward exploitation. Table 1 reports
performance improvements from 52.1% to 54.3%
across six benchmark test sets, further confirming
this trend.

As shown in Fig. 7, compared to the DAPO,
CURE achieves higher scores at low temperatures
(0.6) by maintaining lower entropy, and at high
temperatures (1.0) facilitates broader exploration
through increased entropy. By making only slight
adjustments to 1, CURE achieves a controllable
shift between exploration and exploitation, striking
an optimal balance that delivers a consistent 5%
accuracy improvement over DAPO on AIME24
across the entire temperature range.
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Figure 7: AIME24 accuracy and entropy vs. temperature
for DAPO and CURE at different stages

4.5 Ablation on the Critical-Token Strategy

Model AIME24 AMC Minerva Oly. Avg.
Base 16.6 52.2 10.7 19.0 246
GRPO 31.0 80.8 40.1 449 492
DAPO 28.9 84.7 474 47.0 520
CURERandom 35.7 80.3 41.5 482 514
CUREEniropy 334 82.7 48.2 50.5 537

Table 2: Comparison of performance across various
strategies on benchmark math-reasoning datasets. More
details are provided in Sec. D.2.1

To isolate the effect of how we choose the
truncation point ¢* from Eq. 6, we compare two
variants under the same training budget and hy-
perparameters, and include DAPO as a refer-
ence. CURERyndom randomly selects a token for
truncation and re-concatenation, preserving in-
tervention frequency while ignoring token crit-
icality. CUREEgyuopy selects a token from the
top-20 highest-entropy positions, explicitly steer-
ing the model toward states of maximal distribu-
tional uncertainty. Finally, as Tab. 2, CUREgopy
achieves the best average performance, 53.7%, out-
performing DAPO by +1.7% and CURERandom by
+2.3%. In contrast, in terms of raw performance,
CURERandom remains close to DAPO (51.4% vs.
52.0%, -0.6%). When we examine the training-
set entropy, CURERandom Shows only a 73% in-
crease—far below the 137% gain of CUREEropy
both measured relative to the pre-training baseline.
These results indicate that appending unguided ran-
dom prefixes is ineffective, the intervention loca-
tion is pivotal. Prioritizing high-entropy tokens
offers a principled and effective criterion for select-
ing critical intervention points.

5 Conclusion

We identify static-sampling-induced entropy col-
lapse as a major bottleneck in RLVR-based reason-
ing. To address this, we propose CURE, a two-
stage framework: (1) injecting structured diversity
via critical-token branching, and (2) consolidat-
ing gains through DAPO-based stable exploitation.
CURE achieves SOTA performance on Qwen-2.5-
Math-7B, outperforming existing RLVR methods
by 5% on average. Our results demonstrate that
this synergy between targeted exploration and con-
trolled training is essential for sustaining policy
entropy and improving accuracy.



6 Limitations

Our experimental scope is primarily constrained
by limited computational resources. Consequently,
we focus on medium-scale models in the Qwen
family (up to 7B), and do not conduct extensive
experiments on larger model sizes. With additional
computational resources in the future, we aim to
scale our approach to larger models and validate its
effectiveness across more diverse architectures.
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A Pseudocode
A.1 Pseudocode fot CURE Stage 1

Algorithm 1 CURE Stage 1

] Input: Training set loader, rollout counts N1, Nz, top-K
critical tokens, reward model R, batch size B
Initialize: Parameter buffer B «— (), step counter g < 0

1: for each epoch = 1to 7" do

2 for each mini-batch q in loader do

3 01 < GENERATE(q,n = N1) // primary rollouts
4: {t;} < SELECTCRITICALTOKENS(01, top-K)
5: q’ < RECONCATQUERY(q, 01, {t; })

6: 02 + GENERATE(q',n = Na) // branch rollouts
7: T <+ MERGE(01, 02)

8: T' < FILTER(T) // dynamic sampling
9: B+ BUT'

10: if |B| < B then

11: continue

12: end if

13: D « First B samples in B; B + 0

14: L <+ DAPOOPTIMIZE(D)

15: UPDATEPARAMETERS (L)

16: g+—g+1

17:  end for

18: end for

A.2 Pseudocode fot CURE Stage 2

Algorithm 2 CURE Stage 2 (DAPO Annealing)

Input: Training set loader, rollout counts N = N + Ny % Na,
top-K critical tokens, reward model R, batch size B
Initialize: Parameter buffer B < (), step counter g <

0
1: for each epoch = 1to 7" do
2 for each mini-batch q in loader do
3 T < GENERATE(q,n = N) // rollouts
4: T' < FILTER(T) // dynamic sampling
5: B« BUT'
6: if |B| < B then
7: continue
8: end if
9: D < First B samples in B; B < ()
10: L <+ DAPOOPTIMIZE(D)
11: UPDATEPARAMETERS (L)
12: g—g+1
13: end for
14: end for

B Why CURE can prevent entropy
collapse?

From the perspective of traditional RL. A
common line of work in exploration treats the
(state, policy) uncertainty via the policy entropy
H(7(-|s)) and adds either an explicit entropy
bonus or a state exploration bonus to the return:

Er,| ZV

1D

r(st,ar) + B H(mo(-| 51)) + b(st))],
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where b(s) increases visitation of uncertain or
under-explored states (Ladosz et al., 2022; Ecof-
fet et al., 2019; Burda et al., 2018). Building on
this insight, we propose to improve exploration by
directly exposing an LL.M-based agent to unfamil-
iar states, thereby steering data collection toward
regions of high uncertainty and increasing explo-
ration efficiency.

Operational recap. We first draw /V; initial roll-
outs G(q, N1) = {0:}% ~ mg,, (- | ). For each
o;, we identify a high-entropy critical position ¢}
(Sec. 3.2.1, Egs. 5-6), extract the frontier prefix
Pi = 0;1:r—1, and construct the refined prompt
q, = ql|p; (Eq. 7). From each ¢, we sample
Ny additional trajectories G(q;, N2) (Eq. 8), then
group all rollouts as
G(a)

(Eq. 9). We finally optimize the CURE objective
in Eq. 10 with group-relative advantages, which
empirically sustains higher policy entropy and im-
proves rewards during exploration.

G(a) = G(q, N1)

(UQ aj, N

‘:Nl—l-Nl*Ng

(12)

Why the re-prompted state is “unfamiliar”’: no
gradient flows through the injected prefix. The
policy is not trained to traverse the path q — q =
q|| pi- The prefix p; is treated as an exogenous
intervention on the initial state rather than as an
action sequence to be reinforced. Formalizing this
with a stop—gradient operator sg(-),

q = allsg(Pi),  Veq; = 0,

so the policy gradient contains no term that explains
or rewards how to “arrive” at ¢} from q. Instead,
for the N7 Ny rollouts that begin at the critical-
token re-prompted state, the update includes like-
lihood factors only for tokens generated after the
(re-)prompt is instantiated. By contrast, although
the V7 original rollouts initiated from q can carry
gradients along trajectories that move from q to-
ward ¢, they constitute only a small fraction of the
batch and therefore contribute comparatively little

to the overall update:

1

Vo Jcure(9) = m

Eq~r@)

(13)

|o;]

2 2 Vori)

0,€G(q) =

grp
Ai,t




where s;; = (Qo,, 0j,<) With Go, € {q} U
{d} 7]27:11’ ri+(0) is the importance weight in Eq. 1,
and A% is the group-relative advantage in Eq. 2.
Crucially, there are no log-probability (hence no
gradient) terms for tokens inside p;. The mapping
q — q; is therefore never reinforced, rendering
q; a genuinely novel initial state that helps delay
premature entropy collapse.

C Baselines

* Eurus-2-7B-PRIME-Zero (Cui et al., 2025a)
is a reinforcement learning method for large
language models that enables online updates
of process reward models (PRMs) without
requiring explicit process-level annotations.
It leverages implicit process rewards derived
from policy rollouts and outcome-level la-
bels, removing the need for a separate reward
model training phase. PRIME is compatible
with various advantage functions and is de-
signed to reduce reliance on costly supervi-
sion in multi-step reasoning tasks.

* SimpleRL-Zero (Zeng et al., 2025)is a rule-
based reinforcement-learning recipe for math
reasoning Zero RL Training. DeepSeek-
R1 demonstrates that long chain-of-thought
(CoT) reasoning can emerge from a simple
reinforcement learning framework with rule-
based rewards, starting directly from base
models—a setting referred to as zero RL train-
ing. Recent work extends this paradigm to
ten diverse base models, including LLama3-
8B, Mistral-7B/24B, DeepSeek-Math-7B, and
Qwen2.5 models from 0.5B to 32B. Key
strategies include adjusting format rewards
and controlling input difficulty to guide rea-
soning development during training.

¢ Open-Reasoner-Zero (Hu et al., 2025) is
an open-source implementation of large-scale
reasoning-oriented reinforcement learning di-
rectly on base models. ORZ adopts a minimal-
ist approach using vanilla PPO with GAE and
rule-based rewards, without KL regularization.
It maintains scalability and training simplicity
by eliminating auxiliary components. ORZ
further incorporates a learned critic that penal-
izes repetitive patterns, enabling more stable
advantage estimation.

* Oat-Zero (Liu et al., 2025b), analyzes two
key components of the R1-Zero paradigm:

12

base models and reinforcement learning al-
gorithms. It examines how pretraining char-
acteristics influence RL dynamics by compar-
ing various base models, including DeepSeek-
V3-Base and Qwen?2.5 series. To address the
optimization bias in Group Relative Policy
Optimization (GRPO) that inflates response
length, it introduces Dr. GRPO, an unbiased
optimization method designed to improve to-
ken efficiency. Based on these analyses, it
proposes a simplified R1-Zero training recipe.

LUFFY (Yan et al., 2025) is an off-policy
RLVR framework that augments on-policy
learning with external reasoning traces, al-
lowing models to acquire abilities beyond
their own outputs. It mixes off-policy demon-
strations with on-policy rollouts, combining
Mixed-Policy GRPO whose convergence rate
is theoretically guaranteed with policy shap-
ing via regularized importance sampling to
balance imitation and exploration while avoid-
ing brittle, surface-level mimicry. It succeeds
at training weak models where on-policy
RLVR fails. The framework points toward
scalable, data-efficient RLVR that leverages
broad off-policy guidance while preserving
exploration.

NFT (Chen et al., 2025), is a supervised,
verifier-driven training scheme that builds an
implicit negative policy from an LLM’s self-
generated wrong answers while sharing pa-
rameters with the positive policy. By opti-
mizing directly over all model generations us-
ing binary verifier feedback—without external
teachers—NFT recycles failures into learning
signals and removes the dependence on rejec-
tion sampling style supervision. Experiments
on 7B and 32B math reasoning models show
consistent gains over SL (Supervised Learn-
ing) baselines and parity or improvements ver-
sus leading RL methods such as GRPO and
DAPO. Theoretically, NFT is equivalent to
GRPO under strict on-policy training, helping
bridge SL and RL in binary-feedback settings
and opening a scalable path for self-improving
LLM:s.

Clip-CoV (Cui et al., 2025b) is an entropy-
aware reinforcement learning update that clips
token-wise gradients when the covariance be-
tween action probability and logit change is



Name Where in formulas Role / Budget Impact
Initial Rollouts Ny G(q,N1) = {oi}fy:l1 ~ ., (- |  Number of initial trajectories per query q;, adds Ny
q) (Eq. 4) samples.
Top-K Entropy K 7}((“ = TopK,(H;:, K); ti ~ Size of high-uncertainty candidate set for stochastic
selection.

Uniform(TIy)) (Eq. 6)
Re-Prompting Rollouts N>
qi) (Eq. 8)

G(ai, N2) = {Oj};‘V:21 ~ Tgq (- |

Number of trajectories per refined prompt q;, adds
N1 * N3 re-prompted samples.

Table 3: CURE hyperparameters and their occurrences in the corresponding formulas (Sec. 3.2.1).

high (an advantage-proportional signal). By
limiting confidence amplification on dominant
tokens, it preserves policy entropy, sustains ex-
ploration, and prevents early entropy collapse.
Clip-Cov is plug-and-play with Policy Gra-
dient variants, optimizer-agnostic, and incurs
negligible overhead, prevents entropy collapse
in multi-step reasoning.

KL-CoV (Cui et al., 2025b) is a selective KL
regularization that applies a KL penalty to to-
kens with high covariance, while leaving rare-
but-promising actions less constrained. This
targeted control curbs overconfident updates,
maintains a healthy entropy trajectory, and en-
courages exploration. KL.-CoV complements
global KL control, works with common advan-
tage functions, and prevents entropy collapse
in reasoning tasks.

Beyond the 80/20 Rule (Wang et al., 2025)
presents an in-depth analysis of token-level en-
tropy patterns in chain-of-thought reasoning,
showing that a small subset of high-entropy
“forking” tokens drives the model’s multi-path
exploration. By confining RLVR’s policy-
gradient updates to this critical 20 % of tokens,
Qwen28 achieves performance on the Qwen3-
8B base model that is indistinguishable from
full-gradient training. However, because the
authors have not released the training code
or any usable checkpoints, we did not in-
clude this work as a baseline.

D Experiment Details

D.1 Hyperparameters and Statistics for the
data

All experiments are conducted using 32 NVIDIA
H20 GPUs, with each experiment completed within
72-120h. We utilize the DAPO-Math-17K dataset,
which consists of 17K high-quality mathematical
problems for training. Tab. 4 presents the hyperpa-
rameters applied in both training stages. For the
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baseline model, we adopt the same DAPO hyper-
parameter configuration as used in the two-stage
setup. Tab. 3 reports the CURE-specific hyperpa-
rameters.

D.2 Evaluation Protocol

Eurus-2-7B-PRIME-Zero, SimpleRL-Zero, Open-
Reasoner-Zero, Oat-Zero, and LUFFY were re-
trieved from their official repositories and evaluated
using each author’s recommended sampling param-
eters. NFT’s results are reported directly from its
original paper, as neither the model nor its train-
ing code were released. In contrast, Clip-Cov and
KL-CoV were trained in-house using the official
training scripts provided by their authors with the
initial model replaced by Qwen2.5-math-7b, since
no pretrained checkpoints were available. To en-
sure the highest evaluation fidelity—and following
the protocols established for Eurus-2-7B-PRIME-
Zero and NFT we employed a combined verifica-
tion pipeline (math-verify plus math-grader) and
then manually reviewed every correct and incorrect
sample across multiple test sets for a truly precise
assessment.

Specifically, we report avg@32 for smaller
datasets, including AIME24, AIME25, and
AMC?23, to provide a more robust performance
estimate. Conversely, for larger-scale benchmarks
such as MATH-500, Minerva, and OlympiadBench,
we report avg@ 1. This setting fully follows prior
work (e.g., NFT, RePO, Steering-Reasoning, and
CFT) under the same evaluation protocol.

D.2.1 Evaluation Protocol of Ablation Study

Due to space constraints, Tab 2 in the main paper
reports only a subset of benchmarks. We select
representative benchmarks such that the relative
comparisons remain unaffected. The complete re-
sults are provided in Tab 5.



Settings First Stage  Second Stage
Training Settings
GPU 4x8xH20 4 x8xH20
Optimizer AdamW AdamW
LR le—6 le—6
Warmup Steps 10 10
Weight Decay 0.1 0.1
Entropy Coeff 0 0
Grad Clip 1.0 1.0
Loss Agg Mode token-mean token-mean
Clip Ratio Low 0.2 0.2
Clip Ratio High 0.28 0.28
KL in Reward False False
KL Coeff 0.0 0.0
KL Loss False False
KL Loss Coeff 0.0 0.0
Adyv Estimator GRPO GRPO
N Responses / Prompt 16 16
Train BSZ 512 512
Mini BSZ 32 32
Gen BSZ 1024 1024
Filter Groups True True
Metric acc acc
Max Gen Batches 10 10
Overlong Buffer Enabled Enabled
Overlong Buffer Len 512 512
Penalty Factor 1.0 1.0
Top-p 1.0 1.0
Top-k —1 -1
Temperature 1.0 1.0
Sampling Enabled Enabled
Offload False False
Use Dynamic BSZ True True
Max Prompt Len 1500 512
Max Resp Len 2596 3584
Initial Rollouts N, 4 N/A
Re-Prompting Rollouts N> 3 N/A
Top-K Entropy 20 N/A
Testing Settings
Top-p 0.7 0.7
Top-k -1 -1
Temperature 0.6 0.6
Max Prompt Len 512 512
Max Resp Len 3584 3584

Table 4: Hyperparameter settings for CURE (First & Second Stage) on Qwen-2.5-7B-Math

E Case Study
E.1 Template

System: Please reason step by step and enclose you :

final answer in \boxed{} .

User: { Problem }

Assistant: { Answer }

We used the simplest template with no special mod-

ifications.

E.2 Policy Entropy Visualization

Since our initial model is Qwen2.5-Math-7B, we
present here the variation of token-level entropy

Figure 8: AIME24 Token-Level Entropy vs. Position
(Qwen2.5-Math-7B) Case 1

with token position in AIME24 in Fig. 8 and Fig. 9.
It can be observed that a large number of high-
entropy tokens are either connectives or words that
determine the direction of reasoning. These tokens
exhibit relatively high entropy, which we attribute
to the fact that their corresponding prefixes are
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Model AIME24 AIME25 AMC23 MATH500 Minerva Olympiad Avg.

Base 16.6 6.3 52.2 52.4 10.7 19.0 26.2
GRPO 31.0 10.9 80.8 82.0 40.1 44.9 48.3
DAPO 28.9 18.2 84.7 82.4 474 47.0 51.4
CURERandom 35.7 16.5 80.3 83.2 41.5 48.2 50.9
CUREEnuopy 33.4 15.3 82.7 82.4 48.2 50.5 52.1

Table 5: Comparison of performance across various strategies on math reasoning benchmarks.

Figure 9: AIME24 Token-Level Entropy vs. Position
(Qwen2.5-Math-7B) Case 2

more unfamiliar to the LLM. Therefore, we aim
to treat the prefixes as new queries to enhance the
model’s exploratory capability.

E.3 Open Source

Our code builds upon the foundations of VERL.
To enhance the reproducibility of our work and
support community development, we will release
the model, training code, and evaluation code in
the near future.

E.4 Word Cloud
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Figure 10: Word cloud generated by Qwen-2.5-Math-
7B.
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Figure 11: Word cloud generated by DAPO.
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Figure 12: Word cloud generated by CURE First Stage.

F Future Work

Looking forward, CURE’s data-generation in-
tervention is orthogonal to reward shaping and
KL-based regularization, suggesting broad appli-
cability across models, tasks, and verification pro-
tocols. Future work includes adaptive scheduling
of the two stages, principled detection of critical
tokens beyond math (e.g., code and multimodal rea-
soning), theoretical analysis of entropy dynamics
under branching, and systems-level optimizations
for efficient batched regeneration. We believe this
line of inquiry offers a practical recipe for sustained
reasoning gains in RLVR: maintain exploration
where it matters, then exploit deliberately.
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