Local iterative algorithms for approximate
symmetry guided by network centralities

1[0000—0003—3566—8214] 1[{0000—0003—1402—1470]

, Jaroslav Hlinka ,
0000—-0002-9391-8886] 51\ Frantisek Szczepanik’!

David Hartman
Anna Pidnebesnall

Institute of Computer Science of the Czech Academy of Sciences,
Pod Vodarenskou vézi 271/2; 182 07 Prague, Czech Republic
{hartman,hlinka,pidnebesna,szczepanik}@cs.cas.cz

Abstract. Recently, the influence of potentially present symmetries has
begun to be studied in complex networks. A typical way of studying
symmetries is via the automorphism group of the corresponding graph.
Since complex networks are often subject to uncertainty and automor-
phisms are very sensitive to small changes, this characterization needs to
be modified to an approximate version for successful application. This
paper considers a recently introduced approximate symmetry of com-
plex networks computed as an automorphism with acceptance of small
edge preservation error, see Liu 2020 [I8]. This problem is generally very
hard with respect to the large space of candidate permutations, and
hence the corresponding computation methods typically lead to the uti-
lization of local algorithms such as the simulated annealing used in the
original work. This paper proposes a new heuristic algorithm extending
such iterative search algorithm method by using network centralities as
a heuristic. Centralities are shown to be a good tool to navigate the local
search towards more appropriate permutations and lead to better search
results.

Keywords: Approximate symmetry - automorphism - graph matching
- simulated annealing - complex network - centrality

1 Introduction

Complex networks are graphs that represent various natural and man-made sys-
tems such as, for example, the Internet [I], public transportation [I6], or the
human brain [27]. A typical way of analyzing such systems is to use several char-
acteristics, both local (bound to vertices or edges) and global (bound to the whole
graph). One notable global property is network symmetry, which received atten-
tion since MacArthur et al. [19] showed that many real-world networks contain
high symmetry. Network symmetry has proven useful in revealing patterns of
synchronized node clusters, helping understand forms of collective behavior [0].

All types of network characteristics can be burdened with uncertainty prob-
lems. This uncertainty can be due to the construction of the corresponding net-
work, an example is the uncertainty of local characteristics caused by nonlin-
earity in time series, see [IIJT4JT0]. The second type of uncertainty is the sensi-
tivity of the corresponding characteristics to the overall behavior of the system,
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exemplified by the sensitivity of the global characteristic called a small-world
coefficient, see [I3II5I26]. Both types of uncertainty are combined in the graph
symmetry represented by the automorphic group mainly because of its sensitivity
to small changes.

For this reason, a more robust approximate symmetry based on the distance
to the originally introduced automorphic symmetry was recently introduced, see
Liu 2020 [18]. The proposed numerical solution was based on simulated annealing
omitting the fixed points of the corresponding permutation. In a recent improve-
ment of this method, see [21], this approach has been extended by introducing
fixed points and also by using a relaxed problem with continuous optimization.

In practice, simulated annealing struggles to find an optimal permutation in
the factorially large solution space. To address these limitations, we introduce a
new heuristic method. This heuristic is based on the observation that permuta-
tions close to automorphisms tend to display similar vertices to themselves. We
measure vertex similarity using graph centralities such as eigenvector centrality,
PageRank, or betweenness. We compare the performance of the original and
heuristic algorithm on several random network models, building on the experi-
ments carried out by Pidnebesna et al. [2I]. Presented results are based on the
results of the bachelor thesis of F. Szczepanik, where one can find further details
about methods used and some additional observations [25].

2 Preliminaries

2.1 Basic notation and definitions.

The object of interest is a graph (undirected, unweighted, loop-less), defined by
a set of vertices (nodes) V and edges (links) E, denoted as G = (V, E). We
use the standard notion of an adjacency matrix denoted as A, where a;; = 1 if
{vi,v;} € E and a;; = 0 otherwise. We denote the set of vertices adjacent to a
given vertex as N; = {v;[{v;,v;} € E}. We call its size as k; = |N;| and call it
the degree of a node i. For a set of nodes U C V we denote E(U) as the set of
edges induced by U, i.e. set of edges where each edge has at least one node in
U. The Cartesian product G x H of two graphs G and H is a graph such that
1) V(Gx H)=V(G) x V(H), and 2) {(u,u’), (v,v")} € E(G x H) if u = v and
{v',v'} € E(H) or v/ =" and {u,v} € E(G).

An automorphism of a graph G = (V, E) is a permutation 7 of V' preserving
adjacencies, i.e.: {m(vy),m(vy)} € E <= {vs,v,} € E. We represent such
permutations via matrices: the permutation matrix P for a permutation 7 on n
elements is an n X n matrix where:

Py = {1 if i =7(j4),

0 otherwise.

PA permutes A’s rows and APT permutes its columns according to 7. Consid-
ering the orthogonality of permutation matrices, we obtain the following [3]:
the permutation © is an automorphism of G with an adjacency matrix A if
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and only if A = PAPT. Lastly, the L1 norm of an n x m real matrix A is:

AT = 3257 325 laasl-

2.2 Approximate Symmetry

The approximate symmetry of a graph G = (V, F) with an adjacency matrix A
is defined as [I8]:

1
Ep(A) = § min([[A = PAPT| ).

Ep(A) minimizes the number of mismatches A—PAPT over permutation ma-
trices P. Due to the constant %, it directly expresses the number of mismatched
edges that differ after the permutation: A;; # Ay (i)r(j)- So, if A= PAPT, then
P corresponds to an automorphism, and Ep(A) is equal to zero.

A parametrized symmetry version ¢(A4, P) is then defined as follows:

o(4,P) = ¢ |4~ PAPT|,.

yielding Fp(A) = minp ¢(A, P). For comparability across graphs, Liu introduced
normalized symmetry S(A), which normalizes F(A) by the maximal ¢(A4, P).
The maximal value of e(A, P) is reached when the graph has exactly half of
all possible edges, that is 3(3), and all of them are mismatched by P. The
normalized approximate symmetry of a graph G = (V, E) with an adjacency

matrix A is thus:

_ Ep(4) _ minp (|4 - PAPT],)

2(3) n(n —1) '

Let m be a permutation on the set V. The element v € V' is a fixed point of
7 if v = 7(v). Liu originally considered only permutations with no fixed points
(FPs), which reduced the problem space at the risk of excluding some potentially
promising solutions. This motivated Pidnebesna et al. [2I] to experiment with
an annealing variant that allows up to K FPs, where K is a parameter. They
set K = n/2 in their experiments, i.e., half of all the nodes.

An alternative approach avoids specifying an upper limit on FPs and instead
determines the number of FPs dynamically by penalizing them in the objective
function, resulting in the following version of approximate symmetry:

§'(4)

_ Ep(4) _ _ minp (|4 - PAPT],)

(%) ~n(n—1)— F(P)(F(P)—-1)’

S(A)

where F(P) denotes the number of fixed points in the permutation P. In
the aforementioned bachelor’s thesis by Szczepanik [25], it is shown that both
approaches to FPs in simulated annealing - fixing K = n/2 or penalizing them in
the objective function - yield values of S” (the normalized symmetry as originally
defined by Liu) with no statistically significant differences. Based on this finding,
all subsequent experiments use the dynamic FPs penalization method.
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Identifying the optimal approximate automorphism P minimizing e(A, P) is
computationally hard as it involves searching through a factorially large solution
space of vertex permutations. One of the suitable metaheuristics for this setting
is Simulated Annealing, a probabilistic optimization technique [23]. Annealing
explores the solution space by transitioning from one state to another while
decreasing energy, which represents the value of the objective function. The
process is initialized at a random state and initially explores worse states to
avoid getting stuck in local optima according to the current temperature. The
temperature is gradually reduced according to a chosen cooling schedule until
some threshold temperature is reached or all move iterations are carried out.

2.3 Graph Centralities

Graph centralities are characteristics that evaluate the importance of a vertex
from a structural perspective. More details about centralities can be found e.g.
in [20]. One of the simplest measures is degree centrality defined as the number of
adjacent edges. This centrality captures mainly local effects around the vertices.
The generalization of the node degree is eigenvector centrality, which considers
the importance of the vertex neighbors in addition to the number of its neighbors.
Moreover, we apply this consideration to more distant vertices. This centrality
can be defined recursively. If we have defined the initial centrality as e;(0) defined
for a node 7, then the total eigenvector centrality for this node can be defined as

ei(t) = ZAijej(t — 1)

The exact value of the centrality is computed for ¢ — oo. It is possible to
show further that this equation can be rewritten into the following character-
istic equation ¢; = + > ; Aijk;, where A is the greatest eigenvalue of A. Thus
eigenvector centrality can be expressed as the eigenvector corresponding to the
largest eigenvalue of A [20]. The last generalization in this direction is PageR-
ank, which originated as a system for ranking the importance of web pages [5].
The main generalization of this centrality over the eigenvector centrality is the
normalization of steps with degrees

"L ei(t—1)
i(t) = Ay——,
6() ajzzl J kj

where k; denotes the degree of vertex j and « is a damping factor typically set
to 0.85, see full conditions in [20].
Instead of studying the number of neighbors, one can also study the density
of edges in the neighborhood. This is measured by the clustering coefficient c;
of a node i defined as
2B
C NN 1
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This centrality measures how locally clustered the neighborhood of a vertex
is, i.e. how much the vertex is part of the denser graphs [2].

The last centrality is representative of a class of characteristics measuring
the role of a vertex in communication through the network. In more detail,
betweenness centrality assesses a node’s importance by counting the number of
shortest paths between all pairs of nodes passing through it [22]. The betweenness
centrality of a node v; is defined as:

Oy (V;
b= Y 770;( i)
z,yeV(G) Yy
TAYFV;
where o, denotes the number of shortest paths between nodes x and y and
05y (Vi) is the number of shortest paths between x and y passing through v; [22].

2.4 Random network models

Random network models provide abstractions of real-world systems and aim to
capture their structural properties. In this section, we introduce several random
graphs and random network models that serve as the dataset for comparing and
evaluating the original and heuristic versions of simulated annealing. For such
testing, we follow the methodologies of Straka [24] and Pidnebesna et al. [21].

The first class of graphs is not random but suitable for symmetry testing due
to its high regularity. A grid graph Ry, n,,....n, in d dimensions and lengths n; in
dimension ¢ is defined as a graph product of path graphs P, X P,, X ...x P, [21].

The basic random graph is the standard Erdés—Rényi (ER) model G(n, p) [7].
G(n,p) is generated on n vertices by adding an edge between every pair with
probability p. The ER graph is simple to analyze but it represents the real
networks poorly, e.g. lacks the small-world as well as scale-free character [26120].

A more realistic model is the Barabdsi-Albert model (BA) that is s network
growing model [2]. The generation procedure for the selected parameters n and k
is as follows. We start with a small (m < n) graph and then add a vertex at each
step, which we connect to k existing vertices, preferring higher degree vertices,
namely the probability of connecting to an existing node i is p; = k;/ > j kj.
This model captures some characteristics such as power-law degree distribution
(scale-free) and the emergence of important high-degree nodes (hubs) [2].

The duplication-divergence (DD) model simulates the evolution of protein-
protein interaction (PPI) networks. PPI networks evolve by the mechanism of
gene duplication, which generates new proteins that are initially identical to pre-
existing ones but gradually diverge, with most of the new proteins not surviving.
The duplication—divergence is described by the following growth mechanism [17]:

— Duplication: A node is randomly selected and duplicated. The newly created
node inherits all links of the duplicated node.

— Divergence: Each link of the new node is retained with divergence probability
o. If no links survive, the duplication fails, and the node is discarded.

This model represents a real network but has some form of symmetry directly
embedded in the generative process.
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3 Heuristic method

Various combinatorial-heuristic methods including simulated annealing, genetic
algorithms, artificial neural networks, and others can be used to search the space
of permutations to minimize Ep(A) or S(A). In this study, however, we concen-
trate on improving previously proposed and tested methods (see [I8I21]). The
reason for this is a basic investigation of the effect of centralities on search effi-
ciency for well-constructed approaches. It can be assumed that the results will
be translatable to more robust methods.

In particular, our primary objective is to investigate how guiding annealing
with graph centralities improves the detection of approximate network symme-
try. Thus, in this study, we introduce a modified annealing algorithm, guided
annealing, which uses centrality metrics as a heuristic for selecting transposi-
tions when moving across states.

Roughly speaking, a basic approach to exploring the solution space of ap-
proximate automorphisms involves applying random transpositions to the cur-
rent permutation. Enhancing the transition strategy by incorporating some form
of guidance could improve the efficiency of the annealing process. An optimal
approximate automorphism should align vertices with similar structural roles in
the graph. For instance, mapping a hub node onto a peripheral node will likely
result in a large number of mismatched edges and therefore suboptimal approx-
imate symmetry. Centralities allow us to quantify vertex “similarity” and thus
identify vertices that should be aligned. An important property of graph cen-
tralities is that automorphisms preserve centralities [22]9]. Therefore, we expect
nodes with similar centrality values to be aligned in an optimal permutation.

3.1 Move function in guided annealing

We reimplement the move function, which generates a new permutation 7’ from
the current permutation 7 and thus determines the next state. In unmodified
simulated annealing, the transposition is constructed by randomly swapping the
images of two vertices under the current permutation (moving from a,7(a) and
b, w(b) to a,n(b) and b, 7(a), where a and b are vertices and 7 the current per-
mutation). In our guided version, the transpositions aligning similar vertices are
chosen with higher probability.

Similarity matrix and implementation description We express the simi-
larity of vertex pairs for a given centrality I" in an n X n matrix M, indexed by
vertices. To construct M, we start by computing a difference matriz D, where
each element is defined as d;; = |I'(i) — I'(j)|, i-e. the absolute difference of
the centrality of v; and v;. To transform this into a similarity measure where
higher values imply higher similarity, we compute inverses over the elements of
D. Specifically, the entries of M are defined as m;; = (d;; + )~ ', where 8 > 0 is
a division constant preventing the denominator from being zero and moderating
the variance of the matrix values; as 3 increases, the entries of M become more
uniform, guiding the annealing less aggressively.
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Re-implementing the move function We now describe the re-implemented
move function. We start by randomly choosing the first vertex a EL where 7(a)
is its image under the current permutation and mgr(,) is their similarity. We
evaluate a potential similarity increase by considering swaps with each vertex b
and its image 7(b). The difference in the similarity of the original and proposed
setting can be calculated as AMy = Myrv) + Myr(a) — Mar(a) = Mbr(b)-

Before normalizing AM into a probability distribution over vertices, we again
introduce a smoothing parameter ¢ > 0, which we call the probability constant,
and set AFE, = max(AM,, ¢) for each b. Similarly to the division constant £,
higher values of ¢ imply all vertices (even dissimilar pairs) have higher chances
of being chosen. We then randomly draw b according to the created probability
distribution. We present the pseudocode of the re-implemented move function,
where we assume 7 is the current permutation represented by the matrix P:

Algorithm 1 Move function in guided annealing.

a < random vertex
for every vertex b do
AEy, = max(Ma,x ) + Mo, x(a) — Ma,n(a) — M, (b)s P)
end for
II < probability distribution obtained by normalizing AE
b < vertex randomly drawn from I
P’ < permutation generated from P by transposing images of a, b
return P’

Time complexity of the new version The similarity matrix is computed
only once at the beginning of a run for each graph, and most of the complexity
in this process lies in computing the centralities themselves.

Optimization of parameters by grid search The values of the two intro-
duced parameters, 8 and ¢, i.e., the division and probability constants, were
determined via grid search on about instances 400 of various random network
models with varying sizes (50 to 150 vertices) and parameters. ER, BA, and
Stochastic Block Models were included in the dataset used in grid search (we
later excluded Stochastic Block Model graphs from further analysis due to their
structural similarity to ER graphs). The examined values of £ and ¢ ranged from
0.001 to 10. For every combination of the mentioned parameters, 30 simulations
were conducted. We then selected the parameters with the best average results.
When working with PageRank, we also conducted a grid search to optimize the

1 We also experimented with a “one-step” approach, which does not select the first
vertex randomly but instead considers all possible transpositions. However, this re-
quires O(n2) evaluations in each step or a one-time pre-computation for all pairs of
pairs, which has a complexity of O(n*), both practically unusable for large graphs.
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damping factor «, but without significant differences in results; therefore, we
keep using the default value of @ = 0.85. Generally, the few top combinations
of parameters performed similarly, whereas the other combinations performed
significantly worse. We do not claim the global optimality of the parameters
we selected and recognize that different datasets could produce different pa-
rameters. However, the parameters we selected were sufficient to answer our
hypothesis about guided annealing’s improvement in symmetry calculation.

3.2 Evaluation methodology

We now describe statistical methods used to evaluate the performance of different
annealing versions. Violin plots are utilized to visually represent the distribution
of measured symmetry (i.e. values of S, where lower values imply higher sym-
metry) across different instances of the models. Paired t-tests are used to assess
whether the mean values of symmetry values obtained from two different an-
nealing versions differ. The null hypothesis assumes that there is no significant
difference, and the standard significance level of 0.05 is used to reject the null
hypothesis. Finally, Cohen’s d quantifies the effect size.

4 Results

Grid We evaluate improved annealing on grid graphs with 50, 100, 150 vertices
in 2 and 3 dimensions. In 2D, the lengths of sides are always set to 5 xx and in 3D
to 2 x 5 x x. For all grid parameters, guided versions significantly improved com-
puted symmetry, with betweenness yielding the highest improvements, followed
by eigenvector centrality (see Fig. |1} the first subplot).

Erdés—Rényi model For ER graphs with n = 20, 50,100 and edge densities
p=0.1,0.3,0.5, we observe that there were no statistically significant differences
between results produced by the different annealing versions, as presented in the
second subplot of Figure[I] A possible explanation would be that the ER model
is entirely random; it lacks any internal structure stemming from a generation
process and has no predictable substructures that can be reflected in each other.

Barabasi—Albert model We conduct evaluations on instances with 50, 100,
and 150 nodes and k values of 3, 5, and 7. The results for BA graphs on 150 nodes
and k = 5 are presented in the third subplot of Figure [1, While not significant
for 50 nodes, as graph size increases to n = 100 and 150, the improvements
grow to become more significant. Versions of annealing guided by eigenvector
centrality, betweenness, and PageRank yield some level of improvement over
original annealing.

We select eigenvector centrality, which by eye seems to perform similarly or
better than other centralities, and evaluate its improvements in more detail. We



Local heuristic iterative algorithms for approximate symmetry 9

A comparison of measured symmetry by applied centrality across different graphs
Grid: 100 nodes, dim 2 and 3

0.04
< 0.02

0.00 +

¢¢¢’¢¢ ¢ ? **’ ¢

ER: 100 nodes, density=0.1

0.13

0.12 1

5(A)

0.11

0.10 -

BA: 150 nodes, k=5

0.080 1

5(A)

0.075 -

0.070 1
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DD: 150 nodes, p=0.1

0.020 4

0.015

S(A)

0.010 1

+i00ole

I original [ eigenvector WM pagerank M betweenness [ clustering I degree

Fig. 1: Comparison of the performance of simulated annealing guided by different
centralities across various random networks. The results are visualized in violin
plots, where each color represents a version of annealing guided by a different
centrality. For each configuration of parameters, we conduct 50 simulations. The
first subplot presents results for grid graphs with 100 nodes in 2D and 3D.
The second subplot presents results for Erdés—Rényi graphs with 100 nodes
and edge density of 0.1. The third subplot presents results for Barabési—Albert
graphs with 150 nodes and & = 5. The final subplot presents results for the
Duplication—Divergence model with 150 nodes and a divergence probability 0.1.
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compute paired ¢-tests to determine whether the two algorithms (eigenvector-
centrality-guided and original annealing) compute symmetry values with the
same mean, along with Cohen’s d to measure the effect size (see Figure . Af-
ter applying the Bonferroni correction for multiple hypothesis testing, annealing
guided by eigenvector centrality produces significantly better outcomes com-
pared to original annealing, apart from two combinations of parameters. We
also see that the larger and sparser the graph is, the greater the improvement,
as suggested by the increasing absolute value of Cohen’s d.

BA, t-test p-values (eigenvector=original) BA, Cohen's d (eigenvector<original)

-0.05 0.4
=} 0.00036 o 062 -0.39 0.4 —06
o -0.04 0
-0.8
-1.0
" 0.03 n °
° ] 3 L
SBS]  1.8¢-06 2.5e-08 4.2e-05 = 83 083 -0.99 0.66 -12%
24 > 24 <
¥ 002 & #* -148
-16
b8 3.5e-14 7.2e16  9.3e-13 0.01 _18
a
2.0
0.00

Fig. 2: Comparison of the performance of original simulated annealing and sim-
ulated annealing guided by eigenvector centrality, BA model, where k is the
number of links of a new node.

Duplication—divergence model Finally, we conduct evaluations on the DD
model. The dataset consists of DD graphs with node counts n = 50, 100, 150,
and divergence probabilities 0.1 and 0.3. The results for DD graphs on 150 nodes
and divergence probability 0.1 are presented in the fourth subplot of Figure [T}

Our findings indicate that guided annealing significantly outperforms original
annealing. It also holds that instances with divergence probability 0.3 are less
symmetric than those with divergence probability 0.1, which we attribute to the
fact that as o decreases, the graph becomes sparser and starts to resemble trees,
which are intuitively somewhat regular (at least in the sense of having many leaf
nodes likely sharing similar properties).

For a more rigorous evaluation, we select PageRank, which seems to perform
at least as well as other centralities. Calculating paired t-tests and Cohen’s d
reveals that for smaller graph sizes, we cannot reject the null hypothesis. If we
move to larger graph sizes, however, we see PageRank-guided annealing outper-
forms the original, unguided version, as evident in Figure [3] which also holds
after applying the Bonferroni correction on the multiple (8 in this case) hypoth-
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esis testing. The improvements are more significant in sparser DD instances with

lower ¢ and also become more pronounced with growing graph size.

DD, t-test p-values (pagerank=original) DD, Cohen's d (pagerank<original)

-0.05
0.00
o 0.58 0.1 o 0.1 0.25
a -0.04 o
-0.25
" 0.03 " —0.505
b 5 Lo @
2 g 23 77 -0.19 -0.75§
#* 0.02 < #* S
-1.00

o
o
=
150
=
;N
.
®
~
| |
=
oN
IS

0.1 0.3 0.00 0.1 0.3

Divergence Divergence

Fig. 3: Comparison of the performance of original simulated annealing and sim-
ulated annealing guided by eigenvector centrality, DD model.

Larger graphs In the previous section, we observed a trend in both the BA
and DD models; improvements achieved by guided annealing became more pro-
nounced with growing graph size. To further explore this trend, we extend our
analysis to graphs of sizes 300 and 500. Specifically, we focus on the performance
of PageRank-guided annealing on larger DD graphs, and eigenvector-centrality-
guided annealing on larger BA graphs. Figure [4] shows the distribution of mea-
sured symmetry for n = 500 and Cohen’s d effect size for other combinations of
the parameters. In both cases, the guided versions yield even more significant
improvements over original annealing than in smaller graph instances.

5 Discussions

This study investigated the impact of guiding simulated annealing with graph
centralities as heuristics to improve the computation of approximate network
symmetry. Given that graph centralities are preserved by automorphisms, we
hypothesized that aligning vertices with similar centrality values would lead to
improved values of approximate symmetry.

We introduced a new heuristic algorithm for finding approximate symmetry
extending the existing simulated annealing approach. As a heuristic, we used
network centralities, namely degree centrality, eigenvector centrality, between-
ness centrality, and clustering coefficient. We also defined an efficient way of
selecting similar vertices to be transposed. The effectiveness of this new method
was evaluated across several graph classes or random models, including the grid,
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BA, 5(A): 500 nodes, k=5
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(a) BA graphs: Measured symmetry. (b) BA graphs: Cohen’s d.
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(c) DD graphs: Measured symmetry. (d) DD graphs: Cohen’s d.

Fig.4: Comparison of measured symmetry and Cohen’s d values for larger BA
and DD graphs.

the Erdés—Rényi random graph, the Barabési—Albert model, and the duplica-
tion—divergence model.

Our results demonstrated that centrality-guided annealing improved approx-
imate symmetry calculation concerning the model used. In grid graphs, between-
ness centrality significantly improved computed approximate symmetry. This can
be explained by the fact that this centrality considers communication using the
shortest paths and in a grid graph this centrality characterizes vertices relatively
uniquely. This graph, however, is not a proper test instance of the principle.

In contrast, no significant improvements were observed for Erdés—Rényi graphs,
which we attribute to some of their known properties, e.g. small clustering of
ER model implies no improvement using clustering coefficient, whereas degree
or even PageRank are potentially confused by many similar nodes. Similarly,
given the short distances and generally good connectivity of the ER model, nei-
ther betweenness centrality is a suitable discriminating characteristic. This may
seem like a disappointing result, however, given the small reproducibility of real
networks using the ER model, this result is not crucial.

In the Barabasi—Albert and duplication-divergence networks, eigenvector cen-
trality, and PageRank led to measurable improvements, particularly in instances
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that were inherently more symmetric. With graph size increasing from 100-150
vertices to 300-500 vertices, the improvements in Barabasi—Albert and duplica-
tion—divergence networks became even more pronounced. These results corre-
spond to intuition in the BA model due to the specific connection of vertices to
each other and the creation of a certain hierarchical structure characteristic also
typical for real networks [2]. For the duplication-divergence model, the results
obtained are more surprising but can be attributed to some structure in the re-
peated generation of the duplicated vertex. Considering the model parameters,
the goal is to test possible further variations in the future. It should also be
mentioned that for both networks betweenness centrality works almost similarly
to the above-mentioned spectral characteristics. This is probably due to the bet-
ter resolution of this centrality in terms of its more comprehensive use of more
distant areas from the corresponding node. On the other hand, the clustering
coeflicient performed poorly, likely due to the high locality of this characteristic
and the fact that the networks were highly clustered.

There are several ways to extend the results mentioned here. One weakness
seems to be the use of simulated annealing itself. Therefore, it would be bene-
fitial to explore other metaheuristic approaches in the context of approximate
symmetry computation, such as evolutionary algorithms, and examine whether
centrality-based guidance can improve their performance.

In the BA model, for example, simple degree centrality performs comparably
to the more complex eigenvector centrality. Since this centrality is a generaliza-
tion of the vertex degree, it would be interesting to distinguish for each model
the degree of locality needed for the centrality used. Similarly, betweenness cen-
trality could be considered in its more local versions, such as k-betweenness [4].

Instances of graphs that have uniform centralities across vertices, such as
regular graphs having identical vertex degrees, can cause a certain problem for
the whole algorithm. These graphs can often be quite specific. However, for
possible use in algorithms, it would be beneficial to identify a well-described
class of such uniform graphs, especially for the characteristics yielding good
results as a heuristic for approximate symmetry computation. In the case of
graphs with uniform betweenness centralities, this is ongoing research [12g].
The contribution of such a potential classification can be seen in the fact that
such betweenness uniform graphs need not to be regular.

6 Conclusion

We introduced centrality-based heuristics into the computation of approximate
graph symmetries, enhancing the guidance of local search algorithms such as
simulated annealing. By leveraging structural cues from centralities, the method
more effectively navigates the vast space of vertex permutations, especially in
complex or larger networks. This approach lays the groundwork for making ap-
proximate symmetry computation more practical, and future exploration with
more advanced algorithms—such as evolutionary methods—could further ex-
pand its applicability.
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