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Abstract

In recent years, deep learning-based sequence
modelings, such as language models, have re-
ceived much attention and success, which pushes
researchers to explore the possibility of transform-
ing non-sequential problems into a sequential
form. Following this thought, deep neural net-
works can be represented as composite functions
of a sequence of mappings, linear or nonlinear,
where each composition can be viewed as a word.
However, the weights of linear mappings are unde-
termined and hence require an infinite number of
words. In this article, we investigate the finite case
and constructively prove the existence of a finite
vocabulary V = {¢; : R?* - R?|i =1,...,n}
with n = O(d?) for the universal approximation.
That is, for any continuous mapping f : R¢ —
R4, compact domain §2 and € > 0, there is a se-
quence of mappings ¢;,,...,¢;,, € V,m € Z,
such that the composition ¢;, o ... o ¢;, approxi-
mates f on {2 with an error less than €. Our results
demonstrate an unusual approximation power of
mapping compositions and motivate a novel com-
positional model for regular languages.

1. Introduction

Cognitive psychologists and linguisticians have long recog-
nized the importance of languages (Pinker, 2003), which
has been further highlighted by the popularity of language
models such as BERT (Devlin et al., 2018) and GPT (Brown
et al., 2020). These models, based on RNNs or Transform-
ers, have revolutionized natural language processing by
transforming it into a sequence learning problem. They
can handle the long-term dependencies in text and gener-
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ate coherent text based on the previous content, making
them invaluable tools in language understanding and gener-
ation (Vaswani et al., 2017). The success of these models
has also led to a new approach to solving non-sequential
problems by transforming them into sequential ones. For
instance, image processing can be turned into a sequence
learning problem by segmenting an image into small blocks,
arranging them in a certain order, and then processing the
resulting sequence using sequence learning algorithms to
achieve image recognition (Dosovitskiy et al., 2021). The
use of sequence learning algorithms has also been extended
to reinforcement learning (Chen et al., 2021), such as the
decision transformer which outputs the optimal actions by
leveraging a causally masked transformer and exceeds the
state-of-the-art performance.

Sequence modeling has opened up new possibilities for solv-
ing a wide range of problems, and this trend seems to hold
in the field of theoretical research. As is well known, artifi-
cial neural networks have universal approximation capabili-
ties, and wide or deep feedforward networks can approxi-
mate continuous functions on a compact domain arbitrarily
well (Cybenko, 1989; Hornik et al., 1989; Leshno et al.,
1993). However, in practical applications such as AlphaFold
(Jumper et al., 2021), BERT (Devlin et al., 2018) and GPT
(Brown et al., 2020), the residual network structures (He
et al., 2016a;b) are more preferred than the feedforward
structures. It is observed that residual networks (ResNets)
are forward Euler discretizations of dynamical systems (E,
2017; Sander et al., 2022), and this relationship has spawned
a series of dynamical system-based neural network struc-
tures such as the neural ODE (Chen et al., 2018). The
dynamical system-based neural network structures are ex-
pected to play an important role in various fields.

Notably, both the language models and the dynamical sys-
tems are linked to time series modeling and have been effec-
tively applied to non-sequential problems. This observation
naturally leads us to question: is there an intrinsic relation-
ship between their individual successes? This article aims
to ponder upon the question. Through a comparative study,
we obtain some initial results from the perspective of univer-
sal approximation. Specifically, we demonstrate that there
exists a finite set of mappings, referred to as the vocabulary
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V', chosen as flow maps of some autonomous dynamical
system 2’ (t) = f(x(t)), such that any continuous mapping
can be approximated by composing a sequence of mappings
in the vocabulary V. This bears a resemblance to the way
complex information is conveyed in language through con-
structing phrases, sentences, and ultimately paragraphs and
compositions. Table 1 provides an intuitive representation
of this similarity.

1.1. Contributions

1. We proved that it is possible to achieve the universal
approximation property by composing a sequence of
mappings in a finite set V. (Theorem 2.2 and Corollary
2.3).

2. Our proof is constructive as we designed such a V' that
contains a finite number of flow maps of dynamical
systems. (Theorem 2.6)

3. We observed a similarity between composite continu-
ous mappings and words in languages (Table 1). Fur-
thermore, we proved that embedding words as con-
tinuous mappings could serve as a model of regular
languages (Theorem 5.2).

1.2. Related works

Universal approximation. The approximation properties
of neural networks have been extensively studied, with pre-
vious studies focusing on the approximation properties of
network structures such as feedforward neural networks
(Cybenko, 1989; Hornik et al., 1989; Leshno et al., 1993)
and residual networks (He et al., 2016a;b). In these net-
works, the structure is fixed and the weights are adjusted
to approximate target functions. Although this paper also
considers universal approximation properties, we use a com-
pletely different way. We use a finite set of mappings, and
the universal approximation is achieved by composing se-
quences of these mappings. The length of the mapping
sequence is variable, which is similar to networks with a
fixed width and variable depth (Lu et al., 2017; Johnson,
2019; Kidger & Lyons, 2020; Park et al., 2021; Beise &
Da Cruz, 2020; Cai, 2022; Li et al., 2023). However, in our
study, we do not consider learnable weights; instead, we
consider the composition sequence, which is different from
previous research.

Residual network, neural ODE, and control theory. The
word mapping constructed in this paper is partially based
on the numerical discretization of dynamical systems and
therefore has a relationship with residual networks and neu-
ral ODEs. Residual networks (He et al., 2016a;b) are cur-
rently one of the most popular network structures and can
be viewed as a forward Euler discretization of neural ODEs
(Chen et al., 2018). Recently, Li et al. (2022) and Tabuada

& Gharesifard (2022) studied the approximation properties
of neural ODEs. Their basic idea is employing controllabil-
ity results in control theory to construct source terms that
approximate a given finite number of input-output pairs,
thus obtaining the approximation properties of functions
in the L? norm or continuous norm sense. Additionally,
Duan et al. (2022) proposed an operator splitting format that
discretizes neural ODEs into leaky-ReLU fully connected
networks. Partially inspired by Duan et al.’s construction,
we designed a special splitting method to finish one part of
our construction.

It’s worth noting that all neural networks mentioned above
can be represented as compositions of mapping sequences.
However, the networks involve an infinite number of map-
pings, which is different from our construction which only
requires a finite number of mappings.

Compositionality. Our results demonstrate that the compo-
sition is a powerful operator that allows us to achieve the
universal approximation property on compact domains by
using a finite number of mappings. This is a little similar to
the concept of compositionality in linguistics, especially in
the Montagovian framing (Montague, 1970; Kracht, 2012),
which is the idea that a finite vocabulary of basic elements
can be combined via a grammar to express an infinite range
of meanings. Recently, researchers have explored the capa-
bilities of neural models to acquire compositionality while
learning from data (Dankers et al., 2022; Valvoda et al.,
2022). However, they focused on algebraic relations rather
than approximations. It’s interesting to think whether these
studies and ours can be connected.

Word embeding. The finite mapping vocabulary might be
related to the word embedding in natural language process-
ing. The most basic model involves embedding words as
vectors and then summing these word vectors to obtain the
sentence vector (Mikolov et al., 2013). However, the sum-
mation operator is commutative, and thus vector embedding
models fail to capture any notion of word order. To address
this limitation, Rudolph & Giesbrecht (2010) proposed mod-
eling words as matrices rather than vectors and composing
sentence embeddings through matrix multiplication instead
of addition. For recent advancements in this direction, we
refer to Mai et al. (2018); Asaadi et al. (2023). To the best
of our knowledge, prior research in this domain has not
delved into the approximation properties. Leveraging the
techniques presented in this paper, we can readily establish
the existence of a finite vocabulary for both vector embed-
ding and matrix embedding (see Appendix D). Furthermore,
embedding words as matrices offers a compositional model
for regular languages (Rudolph & Giesbrecht, 2010), which
can be generalized to continuous mapping embeddings (see
Section 5). It is important to note that vector space and
matrix space are finite-dimensional, while the continuous
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Table 1. Comparison of languages and dynamical systems in dimension d

English Flow map of dynamical systems *

Vocabulary  ~140,000f O(d?)

Word I, you, am, is, are, apple, banana, car, buy, do, have, ¢7 ., ¢%L,,, ..., QS;ed, ;Eux’ gb;Elzx, ;me, e
blue, red,... ;Eddx’ d)g:ReLU(m)’

Phrase A big deal, easier said than done, time waits forno  ¢; e T  , ¢ e @f @ ¢1§8LU(w),
man, ...

Sentence

It was the best of times, it was the worst of times, it &7, ® $feiy(4) ® P 5,0 ® PReLU(a) ® Pnga® Ples @
was the age of wisdom, it was the age of foolishness,

€3
(bEeLU(:L’) ® (b}—fum ® d)gl e

1 The number of words, phrases, and meanings in Cambridge Advanced Learner’s Dictionary.

1 Notations are provided in Section 2.

function space is infinite-dimensional. This suggests that
embedding words as nonlinear mappings could enhance
the expressiveness of sentences. However, there is limited
exploration in this direction.

For embedding words as functions, there is a related work
named Word2Fun (Wang et al., 2021) which aims to model
time in word representation for some diachronic tasks. Note
that the Word2Fun model does not involve the mapping
compositions and hence is very different from the setting in
this paper.

1.3. Outline

We state the main result for universal approximation in Sec-
tion 2, which includes notations, main theorems, and ideas
for construction and proof. Before providing the detailed
construction in Section 4, we add a Section 3 to introduce
flow maps and the techniques we used. The linguistic impli-
cation of our results is given in Section 5. Finally, in Section
6 we discuss the result of this paper. All formal proof of the
theorems is provided in the Appendix.

2. Notations and main results
2.1. Preliminaries

The statement and the proof of our main results contain
some concepts in mathematics. Here we provide a brief
introduction for them, which is enough to understand most
parts of this paper.

One concept is the orientation-preserving (OP) diffeomor-
phisms of R%. A differentiable map f : R? — R? is called
a diffeomorphism if it is a bijection and its inverse f~! is
differentiable as well. In addition, a diffeomorphism f of
R? is called orientation-preserving if the Jacobian of f is
positive everywhere. A simple example of OP diffeomor-
phisms is the linear map f : 2 — Px where z € R? and P

is a square matrix with positive determinant.

Another concept is the flow map of dynamical systems.
Here the dynamical system is characterized by the following
ordinary differential equation (ODE) in dimension d,

z(t) = v(z(t),t),t € (0,7), .

2(0) = zo € RY, W
where v : R? — R? is the velocity field and zg is the
initial value. When the field v satisfies some conditions,
such as Lipschitz continuous, the ODE (1) has a unique
solution z(t),¢ € [0,7]. Then the map from the initial
state 2o to (), the state of the system after time 7, is
called the flow map and denoted by ‘/5;@, 0 (x0), where z
is allowed to vary. A basic property is that the flow maps
are naturally orientation-preserving. For example, let A
be a square matrix and v(z,t) = Ax, then the flow map
O (2.0 (%0) is a linear map @7, (x9) = €7, where e
is the matrix exponential of A7. A deeper introduction and
understanding of flows and dynamical systems can be found
in Chapter 1 of Arrowsmith & Place (1990).

2.2. Notations

For a (vector valued) function class F, the vocabulary V is
defined as a finite subset of F, i.e.,

V:{¢17¢27“'7¢n}c~7:7 TLGZ+- (2)

Each ¢; € V is called a word. We will consider a sequence
of functions, ¢;,, ¢i,, ..., $i,, € V, and their composition,
called as a sentence, to generate the hypothesis function
space,

Hy = {¢i1 o...0p;

¢i17"'7¢i1n €V7m€Z+}. (3)

Particularly, some (short) sentences are called phrases for
some purpose. Here the operator e is defined as function
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composition from left to right, which aligns the composition
order to the writing order, i.e.

Qi @D, @ 00, =; 0..00;,0d;
= @i, (++(Din (D4, (+)))--)-

In additional, we use ¢*™, to denote the mapping that com-
posites ¢ m times.

In this paper, we consider two function classes: (1)
C(R4,RY), continuous functions from R? to R%, (2)
Diffy(R?), OP diffeomorphisms of R, whose closure in
C(R4,RY) is denoted as Diffy(R?). Particularly, we will
restrict the functions on a compact domain  C R? and
define the universal approximation property as below.

Definition 2.1 (Universal approximation property, UAP).
For the compact domain 2 in dimension d, the target func-
tion space F and the hypothesis space H, we say

1. H has C-UAP for F, if forany f € F and e > 0, there
is a function A € H such that
If(x) —h(x)|| <e, Vel

2. H has LP-UAP, p € [1,+0), for F, if for any f € F
and € > 0, there is a function & € H such that

I = Hlerior = ([ 150) = hialPae) ™ <

Remark that here we use the term C-UAP instead of L°°-
UAP for two reasons: (1) C' and LP represent both norms
and function spaces; The norms L°° and C have subtle dif-
ferences and the space L (€2, R9) is significantly different
from C(Q, R?). (2) L>°-UAP is stronger than LP-UAP; Not
using L is to avoid having to specifically emphasize that
p does not include co when referring to LP.

2.3. Main theorem

Our main result is Theorem 2.2 and its Corollary 2.3 which
show the existence of a finite function vocabulary V' for the
universal approximation property.

Theorem 2.2. Let Q C R be a compact domain. Then,
there is a finite set V. C Diff,(R?) such that the hypothesis
space Hy in Eq. (3) has C-UAP for Diff,(R?).

Corollary 2.3. Let Q) C R be a compact domain, d > 2
and p € [1,+00). Then, there is a finite set V C C(R? R?)
such that the hypothesis space Hy in Eq. (3) has LP-UAP
for C(R? R%).

The Corollary 2.3 is based on the fact that OP diffeomor-
phisms can approximate continuous functions under the L”
norm provided the dimension is larger than two (Brenier &
Gangbo, 2003) . Next, we only need to prove Theorem 2.2.

Remark 2.4. We are considering functions to have the same
dimension of the input and output, for simplicity. Our results
can be directly extended to the case of different input and
output dimensions. In fact, for f € C(R% R%), one
can lift it as a function f € C(R?% RY) with some d >
max(d,, dy). For example, let f = A;,, o fo Ayt Where
Aip € O(R%= R9) and A,y € C(RY,R%) are two fixed
affine mappings.

2.4. Sketch of the proof

Our proof for Theorem 2.2 is constructive, by considering
the flow maps of ODEs. In particular, our construction will
use the following two classes of candidate flow maps in
dimension d,

Hy={¢hpsp | AR DR 7 >0}
= {¢:x—>e’z‘m+5|/~leRdXd,BeRd},
Hy = {¢%, ) |,B R 7 >0}
={¢:2 35 5(x) | & B € (0,+00)"},
where ¥ g is the generalized leaky-ReLU functions de-

fined as below. We say H; the affine flows and Hs the
leaky-ReLU flows.

Definition 2.5 (Generalized leaky-ReLLU). Define the gen-

eralized leaky-ReLU function as 0,3 : R — R and

Yas R? — RY, with o, B € R, @ = (aq, ..., aq) € RY,
/3 = (617"'7Bd) S Rd,
ar, =<0,
O { e eoo @
Eaﬂ(l‘) = (Ualﬁl (331), "-aaadﬁd(xd))' ©)

Generalized leaky-ReLU functions are piecewise linear
functions. Using this notation, the traditional ReLU and
leaky-ReLU functions are ReLU(x) = o¢(z) = 0¢1(x)
and 0 () = 04,1(z) with o € (0, 1), respectively. For
vector input x, we use o, g as an equivilant notation of
Eacl,ﬁl-

We will show that the following set V' meets our requirement
for universal approximations,

V = {(b‘[:-‘:e'ﬁ (b;:Ei]’Iﬂ (b‘[:i:Zei,g(z)? ¢;Eg7ci (I) |

ij € {1,2,...,d}, 7 € {1,vV2}}, (6

where e; € R? is the i-th unit coordinate vector, E;; is the
d x d matrix that has zeros in all entries except for a 1 at the
index (4, j). Obviously, V' C Diffy(R9) is a finite set with
O(d?) functions.
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Theorem 2.6. Let U € Diff, () be an orientation pre-
serving diffeomorphism, Q be a compact domain Q C R<.

Then, for any € > 0, there is a sequence of flow maps,
o1, P2y oy O € V,n € Zy, such that

[T(z) = (prepae...00,)(x)]| <e, Ve (@)
Theorem 2.6 provides a constructive proof for Theorem
2.3. The proof of Theorem 2.6 can be separated into the
following two parts.

Part 1: Approximate each flow map in H; and H; by
composing a sequence of flow mapsin V.

Part 2: Approximate ¥ € Diffy(R?) by composing a
sequence of flow maps in H; U Hy. Particularly, we
approximate ¥ by g, of the form

gr =hoehiehiehiehse..ehj ehr (8)

where h, € Hi,h; € Hy, L € Z.

The validation of such constructed V is technical and will
be proved in Section 3 and Section 4. Here we only explain
the main ideas. First of all, we note that to approximate a
composition map 7', we only need to approximate each com-
ponent in 7', which is detailed in the following Lemma 2.7.

Lemma 2.7. Let map T = Fy e ... @ F,, be a composition
of n continuous functions F; defined on an open domain D;,
and let F be a continuous function class that can uniformly
approximate ' each F; on any compact domain K; C D;.
Then, for any compact domain K C Dy and € > 0, there
are n functions Fh s F,, in F such that

|T(x)— Fie..0F,(z)]| <&, Vzek. 9)
For Part 1, the validation involves three techniques in math:
the Lie product formula (Hall, 2015), the splitting method
(Holden et al., 2010) and the Kronecker’s theorem (Apostol,
1990). We take ¢} € Hy,b = Z?Zl Biei, B; > 0, as an
example to illustrate the main idea. Firstly, motivated by
the Lie product formula or the splitting method, we can
approximate ¢, by

Op = (601" 0 022" e 0 gl e Ly, (10)
with n large enough. Secondly, each ¢>§;‘/ " can be approxi-
mated by

GO/ (L) @ (3Y2)°0 € Hy,  pigi € Zy (11)

where p; and ¢; are non-negative integers such that |p; —
¢iv/2 — Bi/n| is small enough according to the Kronecker’s

“Uniformly approximate’ means the approximation under the
uniform/continuous norm.

theorem (Apostol, 1990) as V/2 is an irrational number. Fi-
nally, ¢} can be approximated by composing a sequence of
flow maps in V.. The case for ¢7, ., and o3,y in H;
and H> can be done in the same spirit.

Then for Part 2, we note that the g;, we constructed in
Eq. (8) is similar to a feedforward neural network g7, with
width d and depth L. The form of g; is motivated by a
recent work of Duan et al. (2022) which proved that vanilla
feedforward leaky-ReLLU networks with width d can be a
discretization of dynamic systems in dimension d. However,
affine transformations in general networks are not neces-
sarily OP diffeomorphisms, and one novelty of this paper
is improving the technique to construct P; as flow maps.
Importantly, making them flow maps helps with employing
the construction in Part 1.

Remark that our theorems focused on the theory of function
composition. If the functions are limited to linear functions,
the composition is equivalent to matrix multiplication, and
the corresponding UAP results remain. See Appendix D for
the detailed statement for this linear case. The proof is going
to be easy to follow, which only requires basic knowledge
of linear algebra and Kronecker’s approximation theorem
in elementary number theory. We hope it eases the reader’s
burden of understanding our theorems and proofs.

3. Proof of the construction Part 1

To warm up, we show some flow maps of autonomous ODEs
below, with initial value z(0) = xq,

i(t) = b= z(t) = ¢} (o) = z0 + bt,

i(t) = Ax(t) = x(t) = ¢l (v0) = e,

i(t) = aoo(2(t)) = 2(t) = ¢lpy ) (20) = € 0e-at(20),
(1) = aoo(—x(t)) = x(t) = Popo(—a)(%0) = Te—ar (20).

Here 0 and o.-.: are ReLU and leaky-ReL.U functions,
respectively. Next, we provide some properties to verify a
given map to be an affine flow map in H; or a leaky-ReLU
flow map in Hs.

3.1. Affine flows and leaky-ReLU flows

Consider the affine transformation P : x — Wz + b and
examine conditions of P to be a flow map. Generally, if
W is nonsingular and has real matrix logarithm In(W),
then P is an affine flow map, as we can represent P as

P(x) =Wz +b= }%H; where A = In(WW) and b =

fol eA=Dpdr. Asitis hard to verify In(T) is a real matrix
(Culver, 1966), we are happy to construct some special
matrix WW. The following properties are useful.

Proposition 3.1. (1) Let ) be a nonsingular matrix. If © —
Wz is an affine flow map then the map x — QWQ 'z,
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z — WPz and x — W'z also are. (2) Let U be the
upper triangular matrix below with A > 0, then the map
x — Ux is an affine flow map for arbitrary vector wa.4,

_ A W2:d
U= <0 Idl) : (12)

Here I;_; is the (d — 1)th order identity matrix. The
property (1) is because In(QW Q1) = QIn(W)Q~! and
In(WT) = In(W)T. The property (2) can be obtained by
employing the formula,

ln /\ wa-.d _ hl()\) %wg
0 Ig 0 0

When A = 1, the formula is simplified as In(U) = U — 1.

d) AN#£1. (13)

Next, we consider the leaky-ReLLU flow maps.

By directly calculate the flow map ¢g, (@) withar, B € R4,
we have

DT, p(x) (@) = Xy 5(2), (14)

where & = (€™, ...,e™) and B = (¢P1, ..., e™P4). The
following property is implied.

Proposition 3.2. If &, 3 € (0,00), then the map Xy, 5 is
a leaky-ReLU flow map.

3.2. Application of Lie product formula

Theorem 3.3 (Lie product formula). For all matrix A, B €
R4 we have

n
ATB — lim (eA/neB/n)
n—oo

= tim (o eoyr)”

n— oo

Here e” denotes the matrix exponential of A, which is
also the flow map ¢, of the autonomous system 2’ (t) =
Ax(t). The proof can be found in Hall (2015) for example
and the formula can be extended to multi-component cases.
The formula can also be derived from the operator splitting
approach (Holden et al., 2010), which allows us to obtain
the following result.

Lemma 34. Letv; : R — R% i = 1,2, ..., m be Lipschitz
continuous funcitons, v = 2111 v, Q be a compact domain.
For anyt > 0 and € > 0, there is a positive integer n, such

that the flow map @, can be approximated by composition
t/n .
of flow maps ¢, , i.e.

gl (z) — (g™ @ @l @ ... 0 Ql/™) " (x)| <, VaeQ.

3.3. Application of Kronecker’s theorem

Theorem 3.5 (Kronecker’s approximation theorem (Apos-
tol, 1990)). Let v € R be an irrational number, then for
anyt € Rand e > 0, there exist two integers p and q with
q > 0, suchthat |yg+p—t| < e.

Although Kronecker’s Theorem 3.5 is proposed for approx-
imating real numbers, we can employ it in the scenario of
approximating the flow map ¢!, as it contains a real time pa-
rameter ¢t. Choosing v = —+/2, approximating ¢ by p—qv/2,
then we can approximate ¢! by ¢{)’_Q\/§. Considering pos-
itive ¢, we have p is positive as ¢ is. Then the property of
flow maps,

00N = 90 6,12 = ¢ 0 61VF = (61)°7 @ (6¥0)",

v

allow us to prove the following result.

Lemma 3.6. Let v : R — R? be a Lipschitz continuous
function, 2 be a compact domain. For anyt > 0 and e > 0,
there exist two positive integers p and q, such that the flow
2
6Y?)

map ¢t can be approximated by (¢1)*P o (¢V7)%Y, i.e.

64 (@) — (@3)*7 » (6¥2)* (@) <&, VaeQ. (15)

Corollary 3.7. For any flow maps h in Hy U Hy, € > 0 and
compact domain @ C RY, there is a sequence ¢1, ¢a, ..., Om
in'V (Eq. 6) such that

[h(x) = (10 P2... 0 9m)(2)|| <&, Vze (16)
The result is obtained by directly employing Lemma 3.4 and
Lemma 3.6 with the following splittings,

d

d d
AI+b:ZZaZ‘jEZ‘jCC+Zb,;6,', (17)
i=1

i=1 j=1

d d
Sap(@) =Y i 0(z)+ Y BiYoe ().  (18)
=1 =1

4. Proof of the construction Part 2

This section provides the construction that OP diffeomor-
phisms can be approximated by composing a sequence of
flow maps in Hy U Hy. The construction contains three
steps: (1) approximate OP diffeomorphisms by deep com-
positions using the splitting approach, (2) approximate each
splitting component by composing flow maps in H; U Ho,
(3) combine results to finish the construction.

4.1. Approximate the OP diffeomorphism by deep
compositions

Employing results of Agrachev & Caponigro (2010) and
Caponigro (2011), any OP diffeomorphism ¥ can be ap-
proximated by flow maps of ODEs. Particularly, we can
choose the ODEs as neural ODEs of the form

B(t) = v(x(t), ) = > sit)o(wi(t) - x(t) + bi(t)),

i=1

(19)
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where the field function v is a neural network with NV hidden
neurons, the activation is chosen as the leaky-ReL.U function
o = 04 for some a € (0,1), s; € RY, w; € R? and
b; € R are piecewise smooth functions of ¢. The universal
approximation property of neural networks (Cybenko, 1989)
implies that ¥ can be approximated by the flow map ¢] of
Eq. (19) for some 7 > 0 and N € Z, big enough.

Following the approach of Duan et al. (2022), we employ a
proper splitting numerical scheme to discretize the neural
ODE (19). Split the field v as a summation of Nd functions,
v(x,t) =N, Z?Zl vi;(x, t)e;, where e; is the j-th axis
unit vector and v;;(x,t) = s;;(t)o(w;(t) - = + b;(t)) are
scalar functions. Then the numerical analysis theory of
splitting methods (Holden et al., 2010) ensures that the
following composition ¢ can approximate ¢” provided the
time step At := 7/n is sufficiently small,

¢:T1.T2."'.Tn
E(Tl(l’l) R T1(1,2) °o...0 Tl(l’d) ® T1(2)1) o. ..o Tl(N)d))O

(T2(1’1) . T2(1’2) o...0 T2(1’d) . T2(2’1) o...0 TQ(N’d))o

o (THD) 0 T(1:2) o 0T (14 o Ti(21) o o T (N:d))

where the map T,gi’j )iz y in each split step is

{M”me¢$

| 4 (20)
y(J) =20 4 Atvyj (x, kAt).

Here, the superscript in 2 indicates the I-th coordinate of
x. The map T}’ is given by the forward Euler discretization
of ' (t) = v; ;(x(t), t)e; in the interval (kAt, (k + 1)At).
Note that v;; is Lipschitz continuous on R?, hence the map
T,i’j also is.

Below is the formal statement of the approximation in this
step.

Theorem 4.1. Let U € Diff,(2) be an orientation preserv-
ing diffeomorphism, 2 be a compact domain 0 C R®. Then,
for any € > 0, there is a sequence of transformations, T,gw ),
is of the form Eq. (20) such that

[T(z) — (T o T o e TV (2)|| <&, VzeQ.

4.2. Approximate each composition component by flow
maps in H; and H,

Now we examine the map T,Ei’j )in each splitting step. Since

all Tlgi’j ) have the same structure (over a permutation), we

N,d)

only need to consider the case of T,E , which we simply

denote as T' : x — y of the form

yO = p® 21 o1,
Ny = 2@ 4 ao(wiz® + -4 wez D +b).
2D

where ¢ = o,,a € (0,1), is the leaky-ReLU funciton,
a,b,wi, ..., wg € R are parameters. Since the time step At
in T,gm ) are small, we can assume the parameters satisfing
max(1/a, a)|awg| < 1.

Lemma 4.2. Let o > 0 and max(1/o, &)|awg| < 1, then
the map T in Eq. (21) is a composition of at most six flow
maps in Hy U Ho.

Noting that the case of wy = ... = wy—1 = 0 1is trivial, we
can assume wy #* 0 without loss of generality. Then, the
bias parameter b can be absorbed in (1) using an affine
flow map; hence we only need to consider the case of b = 0.
In addition, using the property of leaky-ReLU, o, (z) =
—aoy/q(—), we can further assume w; > 0. As a result,
the map 7" can be represented by the following composition,

T(x)=FyeFje---eF5(x), (22)
where each composition step is as follows,
() v o(v)
m(2:d71) F x(2:d71) F I(Z:dfl)
2@ (D) (@)
o(v) v
Fg x(2:d71) F x(2:d71)
D + ao(v) =D + ao(v)
v+ wgao (V) M
F_4> I(Q:dfl) F- z(2:d71)

2D 4+ ao(v) =@ + ao(v)
Here, v := wiz™ + -« + wyz® and 291 represent
the elements z(2), ..., z(4=1),

We clarify that each component F;, ¢ = 0, --- , 5, are flow
maps in H; U Hs. In fact, Fy, Fs, F5 = FO_1 are affine
mappings,

Fy(x) = (“{; }"i‘j) , (23)
Ly 0

Fy(x) = <(a,02:d_1) 1) x, (24)

o= (U o

where I;_; is the identity matrix, (a,02.4—1) = (a,0,...,0)
with d — 2 zeros. According to Proposition 3.1, they are
flow maps in H;. In addition, according to Proposition 3.2,
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I, F5 and Fy are leaky-ReLU flow maps in Hs as

Fl = Z(a,12:d),11:da (26)
F5 =31 /a15.0) 1105 (27)
F4 = E(l—i—wdao{,lz;d),(1+wda,12;d)' (28)

Here, the condition max(1/a, a)|awg| < 1 is used to en-
sure 1 + wgaa > 0 and 1 + wga > 0.

4.3. Finish the construction

Combining Theorem 4.1 and Lemma 4.2 above, and using
the fact in Lemma 2.7, we have the following result.

Theorem 4.3. Let ¥ € Diffy(Q) be an orientation pre-
serving diffeomorphism, Q be a compact domain Q C R?.
Then, for any € > 0, there is a sequence of flow maps,
h,l, hg, . hm,m € Z+, in H = Hy U Hy such that

[W(z) = (hyehye...0hy)(x)]| <e, Voe (29)

Then we can finish the construction for Theorem 2.6 by
combining Corollary 3.7 and Theorem 4.3.

5. Compositional model for regular languages

Regular languages constitute a basic type of language char-
acterized by a symbolic formalism. Following the definition
of matrix grammars and compositional matrix-space mod-
els (CMSM) of language in (Rudolph & Giesbrecht, 2010),
here we define the flow grammars which serve as an alter-
native compositional model, we call it the compositional
flow-space model (CFSM), for regular languages.

It is well-known that deterministic finite automatons recog-
nize exactly the set of regular languages (see Chapter 3.2 of
(Hopcroft et al., 2006) for example). A deterministic finite
automaton (DFA) M is a 5-tuple, M = (Q,%,0,qo, F),
consisting of a finite set of states @ = {qo,...,gn—1}, a
finite set of input symbols called the alphabet ¥, a transition
function § : @ x ¥ — @, an initial or start state gy and
a set of accept states F' C @. Let w = s155---5,, be a
string over the alphabet 3. The automaton M accepts the
string w if a sequence of states, rg, 71, - - Ty, exists in Q)
such that 7o = qo, 7341 = 6(r4, 8;41) fori =0,---m —1
and r,,, € F. Otherwise, it is said that the automaton rejects
the string. The set of strings that M accepts is the language
recognized by M and this language is denoted by L(M).

Definition 5.1. Let Q = [0,1]¢,d > 2,p € [1,00), and &
be an alphabet. A flow grammar M is defined as the pair
({-), A) where (-) is a mapping from X to C'(2,2) and A =
(g(), p(),€) € C(Q,RY) x C(,RT) x RY characterizes
the acceptance condition. The language generated by M,
denoted by L(M), contains a string w = $153...8;,, € 3*

exactly if

T(w) = /Q p(@)|o@) — (w) @)|Pdz <&, (30)

where (w) is defined as the composition (s1) e - - @ (s,,).
We will call a language L flowable if L = L(M) for some
flow grammar M.

Remark that here we don’t enforce the embedding (s;) as a
flow map in the definition because it can be approximated
by flow maps according to the result of (Brenier & Gangbo,
2003). In addition, the density function p(-) can be general-
ized to more general functions. For example, choose p(-) as
a Dirac measure at a point z*, then the acceptance condition
becomes I(w) = ||g(z*) — (w) (x*)”p < € which avoids
calculating integral values. Furthermore, similar to the ma-
trix grammar defined in (Rudolph & Giesbrecht, 2010), one
can also consider the acceptance condition such as the inner
products g;(x}) - (w) (x}) > ; for some given functions
g; € C(Q,R?), points T; € R< and numbers v; € R.

The following theorem indicates that regular languages are
flowable.

Theorem 5.2. Let Q = [0,1]¢,d > 2, p € [1, 00) be fixed.
For any DFA M, there is a flow grammar M such that
L(M) = L(M).

The proof is constructive and here we use an example
to show the main idea. The language recognized by the
DFA M = ({S1,52},{0,1},4,51,{S1}) in Figure 1(a)
is the regular language given by the regular expression
(1*)(0(1*)0(1*))*, where * is the Kleene star, e.g., 1* de-
notes any number (possibly zero) of consecutive ones. To
construct the flow grammar M, we choose two discon-
nected small cubes, 1 and €2, in Q. Then choose (1) be
the indentity map and let (0) be a flow map which moves ;
to Q;, ¢ # j. The image (0) (z) for z in Q2 \ (Q; U Qy)
is defined via mapping extention. It is obvious that a
string w = 8182+ - S, belongs to L(M) if and only if
(w) = (s1) ®--- @ {s,,) keeps Q; unchanged. As a con-
sequence, we can design g(-) as the identity map, p(-) as
a continuous approximation of the characteristic function
X, for £2; and € as a positive number small enough. The
language generated by this flow grammar M satisfies the
requirement that L(M) = L(M).

Note that both the matrix grammars in (Rudolph & Gies-
brecht, 2010) and our constructed flow grammars are compo-
sitional models cover the regular languages. CMSM embed-
ded symbols as linear mappings while CFSM allows us to
use nonlinear mappings. Therefore, CFSM can be regarded
as a natural generalization of CMSM. Here we address their
differences as well. Since the mapping space is significantly
larger than the matrix space, CFSM is expected to have
more powerful expressivity than CMSM. Noted that every
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regular language has a minimum number of required states
(precisely the size n of state set ), which is not always easy
to obtain), which must be explicitly involved in the DFA
and CFSM models. For example, in CMSM, the order of
the embedded matrix must be greater than the number of
states, otherwise, it might be impossible to recognize the
regular language. On the contrary, in CFSM, the required
dimension d (greater than or equal to 2) is independent of
the number of required states. This is a benefit because
the continuous function space is rich enough to capture any
finite number of states.

(a) ®
Q QO

/\ ﬁ 1 WK / 1

Q, g -

(1)

-

@

Q,

Figure 1. Example of (a) DFA and (b) flow grammar.

6. Conclusion

This paper examined the approximation property of map-
ping composition from a sequential perspective. We proved,
for the first time, that the universal approximation for diffeo-
morphisms and high-dimensional continuous functions can
be achieved by using a finite number of sequential mappings.
Our result implies that the universal approximations can be
easily achieved. Importantly, the mappings used in our com-
position are flow maps of dynamical systems and do not
increase the dimensions. However, our result is restricted
to mappings on a compact domain. It is interesting to study
whether it is possible to generalize this result to the case of
mappings on unbounded domains.

Our Theorem 2.2 was inspired by the fact of finite vocab-
ulary in natural languages, where V' can be mimicked to
a “vocabulary”, H1 and Hs to “phrases”, and Hy to “sen-
tences”. Our results provide a novel aspect for composite
mappings, and we hope our findings could in turn inspire re-
lated research for the algorithm and modeling communities.
For example, one can embed words as nonlinear mappings
instead of vectors or matrices in traditional models. We
think there are at least three benefits of such embedding,
i.e., the compositional flow-space model: (1) CFSM can
capture the order of words. The compositional matrix-space
model also has this property, but the classical vector embed-
ding models do not. (2) CFSM has rich expression ability.
The reason is that the continuous function space is infinite-
dimensional, while the vector space and matrix space are
finite-dimensional. (3) CFSM has the ability to cover regu-
lar grammars. Different with CFSM where the embedding
dimension should be adaptive to the target languages, the

dimension d in our CFSM can be fixed as any integer d > 2
where the complexity of the languages is captured by the
complexity of embedded mappings.

Regular language is the simplest formal language in the
Chomsky grammar system. For the CFSM considered in
this paper, it is not difficult to imagine that it can represent
many complex languages. However, it is very difficult to
characterize the expressive range of a language model. In
fact, even the matrix grammar can represent some special
complex languages, and it is open whether the matrix gram-
mar covers context-free languages (Rudolph & Giesbrecht,
2010). For this reason, this paper only discusses the regular
languages and leaves the topic on more complex languages
as future works. In addition, it’s interesting to construct
CFSM embedding in practice. Potential insights for build-
ing models for natural language processing are discussed in
Appendix F.

It should be noted that we use the terms of vocabulary,
words, phrases, and sentences in this paper because they are
the source of inspiration for proposing our main theorems
in Section 2. In addition, using these terms could help
readers to understand our theorems and proofs more quickly.
However, these terms can also be used in any compositional
system, and the correspondence has a very loose connection
to linguistics. It is interesting to explore whether are there
any further similarities between mapping composition and
linguistics.

It should be also noted that this paper focuses on the exis-
tence of a finite vocabulary and the constructed V' in Eq. (6)
is not optimal. If a sequential composition of mappings in
such V is used to approximate functions in practical applica-
tions, the required sequence length may be extremely large.
However, in practical applications, it is often only necessary
to approximate a certain small set of continuous functions,
hence designing an efficient vocabulary for them would be
a fascinating future direction.
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A. Additional lemmas

It is well known that an ODE system can be approximated by many numerical methods. Particularly, we use the splitting
approach (Holden et al., 2010). Let v(x, t) be the summation of several functions,

v(x7t):§:vj(:r7t),JeZ+. 3D
j=1
For a given time step At, we define the iteration as
tpi1 = Teap =T oo T 0o TW gy (32)
where the map T,Ej )iz yis
y =T (2) = & + At (z,tx) ), = kAL (33)

LemmaA.l. Letallv(x,t),j = 1,2, ..., J, and v(z,t), (z,t) € R¥x [0, 7], be piecewise constant (w.r.t. t) and L-Lipschitz
(L > 0). Then, for any T > 0, ¢ > 0 and x( in a compact domain Q, there exist a positive integer n and At = 7/n < 1
such that ||z(7) — z,|| < e.

Proof. Without loss of generality, we only consider .J = 2. (The general J case can be proven accordingly.) In addition, we
assume v; are constant w.r.t. ¢ in each interval [ty, t;11) the time step, i.e. v(z,t) = v(x,1),t € [tg,tk+1). This can be
arrived at by choosing small enough At and adjusting the time step to match the piecewise points of v;. Thus, we have

Tht1 = T,i2) (z + Aty (l‘k, tk>)
=z + Aty (g, tr) + Atve(xg + Atvr (xk, tr), tr)
=z + At(vy (xg, tr) + va(xg, tg)) + At2Rk.

Since v;(x, t) are Lipschitz, the residual term Ry, is bounded by a constant R that is independent of k. In fact, we have

HRk” = ||v2(a:k + Atvl(xk,tk),tk) — ’Ug(l‘k,tk)H/At
< Lijvy(@k, te) | < L([[v1(0, )l + Lz l)-

Let V := sup{|jv;|||t € (0,7)}, X := sup{||zo]||zo € ©}, then we have
kel < (1 4+ LAD]ax | + ALYV + Ly ). (34

As aresult, ||z || is bounded by B := (X + y££)e“( 1) and || Ry || is bounded by R := L(V + LB).

Using the integral form of the ODE and defining the error as ey := x;, — x(tx), we have the following estimation:

tet1
lex+1ll = llex +/ (v(g, ty) — v(x(t), 1))dt + R AL||

123
tr41 )
sn%n+/’ lo(a(t), te) — v(aw, to)lldt + | Rell AL
123

< (14 LAt)|lex|| + RAE.

Employing the inequality (1 + LAt)* < el#At < L7 and the initial error eq = 0, we have

RAt?
lexll < (14 LAO fleo]| + - [(1+ LAY" —1] < RAH(" —1)/L. (35)
Forany ¢ > 0, letn > [RTLeELT ], then we have ||z(t;) — x| < &, which finishes the proof. O

12
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B. Proofs of lemmas and propositions
B.1. Proof of Lemma 2.7

Lemma 2.7. Let map T = F e ... @ F,, be a composition of n continuous functions F; defined on an open domain D;, and
let F be a continuous function class that can uniformly approximate each F; on any compact domain K; C D;. Then, for
any compact domain K C Dy and € > 0, there are n functions Fy, ..., F,, in F such that

|T(z) — Fre..0F,(z)| <e, Vzek. (36)
Proof. It is enough to prove the case of n = 2. (The case of n > 2 can be proven by the method of induction, as T’
can be expressed as the composition of two functions, 7' = F;, o T,,_1, with T}, 1 = F},_; o ... o F}.) According to the

definition, we have Fy (D7) C Ds. Since D5 is open and F (K) is compact, we can choose a compact set Ko C Do such
that ICy D {F1(z) + doy : © € K, ||ly|| < 1} for some &y > 0 that is sufficiently small.

According to the continuity of Fb, there is a § € (0, §p) such that
1F2(y) — F2(y)|| < ¢/2,Vy,y" € Ky,

provided ||y — ¢/|| < 8. The approximation property of F allows us to choose Fy, F, € F such that
|Fy(x) — Fy(2)]] <6 < by, VzeKk,
1Fa(y) — ()l <e/2, Vy € K.

As a consequence, for any = € K, we have F (z), Fy () € Ky and

||F2 OFl(l’) - FQ OF1($)|| S ||F2 OFl(!E) - F2 Oﬁ‘l(l')H + ||F2 OFl(SL') - FQ OF1($)||
<eg/2+¢€/2=c¢.

B.2. Proof of Proposition 3.1

Proposition 3.1. (1) Let Q be a nonsingular matrix. If x — Wz is an affine flow map then the map v — QWQ 'z,
x—= WPz and x — W~z also are. (2) Let U be an upper triangular matrix below with X\ > 0, then the map x — Ux is

an affine flow map for arbitrary vector wa.q,
U= (A “’2:‘1) . (37)

0 Iy

Proof. (1) Itis because In(QWQ 1) = QIn(W)Q L, In(WT) = In(W)T and In(W 1) = — In(W) are real as In(W) is
real. (2) It can be obtained by employing the formula,

A W2.d ln()\) In() W2:d
1 = A-1TEe ) N £ 38
. (0 Id—l) ( 0 0 7 (38)
When A\ = 1, the formula is simplified as In(U) = U — 1.
O
B.3. Proof of Proposition 3.2
Proposition 3.2. If &, 3 € (0,00)%, then the map Y&.5 s aleaky-ReLU flow map.
Proof. By directly calculate the flow map ¢35, (@) with o, B € R?, we have
D%, p(2) (@) = g 5(2), (39)
where & = (€™, ...,e™) and B = (¢P1, ..., e™P4). Choosing o; = In(&;), 8 = In(B;) and 7 = 1, we can finish the
proof. O
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B.4. Proof of Lemma 3.4

Theorem 3.3. (Lie product formula) For all matrix A, B € R%*? we have

A+B . A/n_B/n\" : i/n _ 1/n\*"
= Jim (AVnet) = im (017 ¢ 01) “)
Proof. The proof can be found in (Hall, 2015). O

Lemma 3.4.Let v; : R® — R% i = 1,2, ..., m be Lipschitz continuous funcitons, v = Z?il v;, 2 be a compact domain. For
any t > 0 and € > 0, there is a positive integers n, such that the flow map ¢! can be approximated by composition of flow

t .
maps 4" | ie.

164 (2) — (1" e 1" o o0 81/") " (2)| <&, Ve Q. (41)
Proof. 1t’s a special case of Lemma A.1 with a velocity field v; independent on ¢. O

B.5. Proof of Lemma 3.6

Theorem 3.5. (Kronecker’s approximation theorem) Let v € R be an irrational number, then for any t € R and € > 0,
there exist two integers p and g with ¢ > 0, such that |yq +p — t| < e.

Proof. The proof can be found in (Apostol, 1990). O
Lemma 3.6. Let v : R — R be a Lipschitz continuous function, Q be a compact domain. For any t > 0 and £ > 0, there
exist two positive integers p and q, such that the flow map ¢!, can be approximated by (¢L)*? e (¢>ZE)'Q, ie.

[#(@) = (@) o (6¥2)* (@) <o, VreQ. (42)

Proof. Since the field v is Lipschitz and the domain {2 is compact, there exist a constant C' > 0 such that

to
1632 (w0) — ¢3! (o) || < / [v(z(t)|ldt < Clta —ta],  Vao € €L (43)
t1

Employing the Kronecker’s Theorem 3.5 with ¥ = —+/2, approximating ¢ by p — ¢+/2 such that

p—aqv2 1] <¢/C, (44)
then we have
[#(2) = 573 (@) <, Vrew (45)
As t is positive, we have p is positive as q is. The following representation of the flow maps finishes the proof,
O = e 6,17 = 6 0 610 = (9))" 0 (612", (46)
O

Corollary 3.7. For any flow maps h in H; U Hy, € > 0 and compact domain Q2 C R?, there is a sequence ¢1, ¢a, ..., ¢y, in
V (Eq. 6) such that

[|h(x) — (prop2...00p)(x)|| <&, Vrel (47)

Proof. The proof is finished by directly employing Lemma 3.4 and Lemma 3.6 with the following splittings,

d d d d d
Ar +b= Z Z a;;Eijo + Z bie;, Xapz)= Z ; 3, 0(z) + Z BiXoe, (). (48)
i=1 i=1

i=1 j=1 i=1

14
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B.6. Proof of Lemma 4.2
Lemma 4.2. Let o > 0 and max(1/«, «)|aw,y| < 1, then the map T in Eq. (21) is a composition of at most six flow maps in

H, U H,.

Proof. Recall the map T : x — y is of the form

- y(i):m(i)J:l,...’d_L 49)
y(d) =@ 4 aa(wlx(l) S wdx(d) +b).

where o = 0, is the leaky-ReL.U funciton, a, b, w1, ..., wy € R are parameters. We construct the composition flow maps in
three cases.

(1) The case of w; = ... = wy = 0. In this case, T is already an affine flow map in H;.
(2) The case of wi = ... = wg_1 = 0, wy #* 0. In this case, we only need to consider the last coordinate as the first d — 1
coordinates are kept. According to

y @ = 2D + aoe(wer'® +b) = (@' + 2 + a0 (wa(z D + 1)) - 2, (50)

we can assume b = 0 as it can be absorbed in an affine flow map. Let & = 1 + aawy > O,B =1+ awyg > 0, as
max(1l/a, a)law,y| < 1, we have the following representation,

1

(d)
2@ 1 aoq(wer'D) = {0 (@'%), wq <0, (51)

Ué,a(x(d))’ wq > 0,
which is a leaky-ReLU flow map in Hj either wy > 0 or wq < 0.

(3) The case of w; # 0 for some i = 1,...,d — 1. We only show the case of w; # 0 without loss of generality. Same with
(1), we can absorb b in (1) using an affine flow map; hence we only need to consider the case of b = 0. In addition, using
the property of leaky-ReLU,

0a(x) = —aoy o (—) (52)

0a(r) = —aoy /o (—2), we can further assume wy > 0. (If w; < 0, we change w to —w, o to 1/, a to ac, which does
not change the map 7). As a result, the map 7" can be represented by the following composition,

T(x)= Fye Fye-- e Fy(), (53)
where each composition step is as follows,
(M) v o(v) o(v) v
(2:d—1) F (2:d—1) F (2:d—1) F (2:d—1) F. (2:d—1)
T T x T T

z(@ - (D) - (D - D + ao(v) =D + ao(v)

v+ wqao (V) z(M)

Q x(2:d71) F :C(Z:dfl)
D 4 ao(v) D + ao(v)

Here, v := wiz(® + - + wyz(® and 2291 represent the elements 22 ..., (41 We clarify that each component
F;,i=0,--- 5, are flow maps in H; U H.

In fact, Fy, Fy, F5 = Fy ! are affine transformations,

Folz) = <7“81 }‘;2?) z, Fyz)= <(a,{)2:d11) ‘1)) z, Fya)= <1/8”1 _%ﬁd{wl) z,

where I;_; is the identity matrix, (a,02.4—1) = (a,0, ..., 0) with d — 2 zeros. According to Proposition 3.1, they are flow
maps in H;. In addition, F, F5 and F are leaky-ReLU flow maps in H as

b = 2(04112:(1)711;@7 F3 = 2(1/04712:(1),11:(1’ Fy = 2(1+wdaa,12:d),(1+wda,12:d)- (54)

15



Vocabulary for Universal Approximation

Here, the condition max(1/«, @)|awy| < 1 is used to ensure 1 + wgaa > 0 and 1 4+ wga > 0, no matter whether Eq. (52)
is uesd.

O

C. Proof of the main theorems

C.1. Proof of Theorem 4.1

Theorem 4.1. Let ¥ € Diff, () be an orientation preserving diffeomorphism, Q be a compact domain Q2 C R%. Then, for
any € > 0, there is a sequence of transformations, T,Ew ), is of the form Eq. (20) such that

¥ (z) — (Tl(l’l) . T1(1,2) o...0 Tl(N’d) o oLV oT(12) o oTND)(z)|| <e, Vze.

Proof. (1) Firstly, employed results of Agrachev & Caponigro (2010) and Caponigro (2011), any OP diffeomorphism ¥ can
be approximated by flow map of ODEs. Particularly, we can choose the ODEs as neural ODEs are of the form

2'(t) = v(a(t),t) = Y si(t)o(wit) - (t) + bi()), (55)

=1

where the field function v is a neural network with N hidden neurons, the activation is chosen as the leaky-ReL.U
function ¢ = o, for some a € (0,1), s; € R% w; € R* and b; € R are piecewise constant functions of ¢. The
universal approximation property of neural networks (Cybenko, 1989) implies that, for any ¢ > 0, there exist s; € R,
w; € R b; € R,7 > 0and N € Z_, such that

[W(z) — oy ()|l <e/2, Voel, (56)

where ¢ is the flow map of Eq. (19).

(2) Following the approach of (Duan et al., 2022), we employ a proper splitting numerical scheme to discretize the neural
ODE (19). Split the field v as a summation of N'd functions, v(z,t) = S~ | Z?Zl v;j(x, t)e;, where e; is the j-th axis
unit vector and v;;(z,t) = s;;(t)o(w;(t) - « + b;(t)) are scalar Lipschitz functions. Then Lemma A.1 implies that there is a
n € Z4 big enough such that

s () — @(2)|| <e/2, VzeQ, (57)
where
=T eTre---07T,

= (Tl(l’l) . T1(1,2) o...0 Tl(N’d)) ° (TQ(M) . T2(1’2) ... TQ(N’d)) °o...0 (Tél’l) ° T,(Lm) ... T£N7d)),

and the map T,gi’j) : ¢ — y is of the form

y(l):x(l)al¢j7 (58)
y D =2 - Atw,; (2, kAL).

Here, the superscript in (") indicates the I-th coordinate of z.

(3) Combining the above two parts, we finish the proof. O

C.2. Proof of Theorem 4.3

Theorem 4.3. Let V € Diff,,(2) be an orientation preserving diffeomorphism, Q) be a compact domain ) C R, Then, for
any € > 0, there is a sequence of flow maps, hi, ho,...,hpy,m € Z, in H = Hy U Hy such that

[W(z) = (b1 ehye...ehp)(x)| <&, Vee (59)
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Proof. According to Theorem 4.1, there is a sequence of transformations, T,Ei’j ) , is of the form Eq. (20) such that

¥ (z) — (Tl(l’l) . T1(1,2) o...0 Tl(N’d) o oT (b o712 o o TND)(z)| <e, Vze.

n

Here n can be choosed large enough such that max(1/a, o)C?At < 1, At = 7/n, where

C = max {Isi; ()], lwi; )] 4,5 =1,2,...,d}. (60)

telo,r

Since s;, w; are piecewise constant functions, the constant C' is finite. Then according to Lemma 4.2, each T,gi’j ) is a
composition of at most six flow maps in H; U Hs. As a consequence, we finish the proof by relabelling the index of the
used flow maps.

O

C.3. Proof of Theorem 2.6

Theorem 2.6. Let V € Diff, () be an orientation preserving diffeomorphism, Q be a compact domain Q@ C R%. Then, for
any € > (0, there is a sequence of flow maps, ¢1, ¢a, ..., 6, € V,n € Z, such that

[W(z) = (predae...0h)(z)]| <&, Ve (61)

Proof. (1) According to Theorem 4.3, there is a sequence of flow maps, h1, ho, ..., by, m € Z,,in H = H; U Hy such that

[¥(z) — (hiehoe...0hy)(z)| <e/2, Vze (62)

(2) According to Corollary 3.7, each h; can be universal approximation by Hy, i.e., for any €; > 0 and compact domain €2,
there is a sequence of flow maps, ¢; 1, ..., $;.n, € V/, such that

|hi(x) — (pi1 @ dipe...0pin)(2)] <&y, Ve (63)
(3) According to Lemma 2.7, we can choose ¢; ; € V and reindex them as ¢1, ¢2, ..., .¢,, such that
[(hyehse..0hy)(z)— (prepae..0d,)(2)]| <e/2, Ve (64)

(4) Combining (1) and (3), we finish the proof.

C.4. Proof of Theorem 2.2

Theorem 2.2. Let Q) C R? be a compact domain. Then, there is a finite set V C Diffy(R®) such that the hypothesis space
Hy in Eq. (3) has C-UAP for Diff,(R?).

Proof. The Theorem 2.6 provides constructive proof for the existence of V' in Eq. (6). [

Corollary 2.3. Let Q C R? be a compact domain, d > 2 and p € [1,+00). Then, there is a finite set V. C C(R%, R%) such
that the hypothesis space Hy in Eq. (3) has LP-UAP for C(R?, R%).

Proof. We can use the same V' in Theorem 2.2 as V' C Diffy(R%) ¢ C(R%,R9).

(HLet f e C (Rd, IRd)7 d > 2, then the result of (Brenier & Gangbo, 2003) indicates that for any € > 0, there is a OP
diffeomorphism ¥ € Diffy(R?) such that

If =¥l <e/2. (65)
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(2) The Theorem 2.2 indicates that, there is mapping ¢ € Hy such that

[¥(z) — (z)|| <&'= 55, Vre (66)

(3) Combining (1) and (2), we have
Ilf = ®llrr) <e. (67)
which finishes the proof. ]

D. Vocabulary for linear spaces

Here we provide similar results for both the vector space and the linear mapping space. Note that linear mappings can be
characterized as matrics and the construction here is much simpler than what we do in the main body of this paper for the
continuous function space.

Theorem D.1. There is a finite set Vo C R?, such that for any vector v* € R and ¢ > 0, there is a sequence, v;, , Vi, , ..., Vs, ,
in Vo, n € Z., such that
lviy +viy + ... v, — V]| <e.

Proof. Directly employing Kronecker’s Theorem 3.5, it is easy to see the following set satisfies the requirement,
Vo = {ei|\ € {£1,+V2},i =1,2,...,d}, (68)
where ¢; is the axis vector in the i-th coordinate. O

Lemma D.2. Let Vi = {0,41,10%!, 10i\/§}, then for any number X € R and € > 0, there is a sequence, v;, , Vi, ..., Vi, ,
inVi, n € Z, such that
\vilviz...vi” — )\| <e.

Proof. 1t is enough to consider the case of A > 0. According to Theorem D.1 with d = 1, we can finish the proof by
approximating v* = log;, (\). O

Theorem D.3. There is a finite set Vo C R¥*?, such that for any matrix A* € R and ¢ > 0, there is a sequence,
A, A JA; in Vo, n € Zy, such that

119 Ldigy oo

HAZ1A12AZTL — A*” < E.

Proof. For simplicity, we only consider the case of d = 2 as the general cases can be proved in the same way. Since any
singular matrix can be approximated by nonsingular matrixes, we only need to consider A* as a nonsingular matrix. In
addition, every nonsingular matrix can be represented as a product of elementary matrices. Hence we can further assume A*
to be an elementary matrix. Note that the elementary matrices are of the following,

A0 (1 0\ (0 1
(6 9):G 1)@ o) rne

Therefore, we can finish the proof by considering the following set V5,

Vy = { (3 (1)) : G ?) , (? (1)) ‘)\ c {il,loﬂ,loiﬁ}}. (69)

The validation of this V5 can be verified by using Lemma D.2 and the following relations,

LG e
(AOl (1)) <A02 (1)> = (MOAZ ?) LA ER.
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E. Proof of Theorem 5.2

Theorem 5.2. Let Q = [0,1]%,d > 2, p € [1,00) be fixed. For any DFA M, there is a flow grammar M such that
L(M)=L(M).

Proof. For any DFA M = (Q, %, 6, qo, F') with Q = {qo, ..., ¢n—1},» we will construct the flow grammar M. Let’s begin
with the case that F' contains only one accept state. For this case, the construction is as follows.

(1) Choosing a small number v € (0, 1/4) and n different points ro, 71, - - - , 7, —1 in (27, 1 —27)? such that ||r; —r;||; > 3
for i # j. For each point r;, define its correspoding cubic as ; = {r; + z | ||z||1 < ~}. It is obvious that all cubes 2, are
disjoint, and the L' distance between each pair of cubes is greater than .

(2) Construct the embedding mappings. For each s € 3, we define its embedding mapping (s) as the following,

Ag(x), ¢ UL, (70)

<S>2Z’—){x_ri+rj, erlaqué(QMS)a
where Ay is a funciton which makes (s) as a continuous mapping in C (2, Q). In other words, we extend the domain of
definition from U}, €; to the whole domain €2. This is guaranteed by the well-known Tietze extension theorem.

(3) Construct the acceptance condition. Suppose the set of accept state is F© = {qi }, then the acceptance condition

A = (g(-), p(-), €) for M is designed as the following. Let g(-) = 71, be a constant function, p(z) = ReLU(y — ||z — 79]|1)

be a piecewise linear function which vanishes outside 2o, and € = min;, I"‘;I" where I(j) is defined as the following,

I ::/Qp(x)Hg(x)—(x—ro—l—rj)dex:/ p(x)||ry — (¢ — 1o +1j)||Pde, j=0,1,--- ,n—1. (71)

(0]
Note that I; > I}, > 0 for any j # k and hence the € above is well defined.

(4) Verify L(M) = L(M). The definition of the embedding in Eq. (70) indicates that (s) moves cubic €; to ©; when
g; = 0(gi,s). As a consequence, for a string w = s152--- s, in ¥, we have (w) = (s1) ® --- o (s,,) moves €, to
Qjr where j' = iy, is the index satisfing ¢;; = ¢i, ¢i,., = 6(qi;,5j41) for j = 0,---m — 1. If w is accept by M, i.e.
w € L(M), ig = 0 and ¢;,, = gy, then (w) moves g to . Consequently, we have

I(w) = /Qp(x)“g(x) —(s1) @ -0 (sy) (1:)||pdsc =1, =1I; <e,

which indicates that w is accepted by M, i.e., w € L(M). On the other hand, if w ¢ L(M), then g¢;,, # qi, [(w) = I;, >
% > eand w ¢ L(M). Therefore we finish the verification.

Now we turn to the case that the set of accept state F' contains multiple states. We assume F' = {qy,, ..., gk, } C ) contains
t states. For this case, we only need to modify the above construction slightly. In detail, we can replace the location of
cubices Qg, Q1, ..., 2, to satisfy an additional requirement: the minimal cube containing 2, U - - - U €y, has a L' distance
larger than  to any other cube ;. This can be done by choosing a smaller number ~. Denote the minimal cube as O
which is centered at 7. The construction of the embedding mappings and the acceptance condition is the same as before
except for modifying ¢(-) and e to the following ones,

1
)= €= o Ii+ mi 1-). 72
o) =t e=g(, max Tt min 72)

Note that the additional requirement on ; ensures that I; > I}, > 0 forany k € {ki,...,k;} and j ¢ {k1,...,k:}. Asa
consequence, the equality L(M) = L(M) remains. O
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F. Potential insights for building models for natural language processing

In natural language processing (NLP), it is important to accurately depict the meaning of words and sentences. The
well-known word vector embeddings provide a good baseline where words with similar semantics have similar word vectors.
However, since static word vectors cannot describe the different semantics of polysemous words and the influence of context,
people have developed dynamic word vector models and more complex large language models (LLM) such as BERT and
GPT. However, how to interpret the pre-trained language models is difficult.

The implicit conclusion of our theorems is that if the meanings of sentences can be embedded as continuous functions (which
is a much larger space than vector space), then we can express these meanings by the composition of a finite vocabulary
of functions. This is the compositional flow-space model (CFSM) we proposed in Section 5. In CFSM, the semantics of
polysemous words are judged by context, which is encoded in the input and output of the embedded functions.

Training such a CFSM from scratch is tricky and time-consuming. One alternative is to extract the embedded function
directly from an LLM such as LLaMa, and then observe to what extent CFSM can restore the LLM’s capabilities. Performing
such an experiment is beyond the skill set of the authors.

Recently, the Mamba model has been getting a lot of attention. Its basic component is the state space model (SSM), which
has a natural correlation with function composition. It’s not hard to see that the single-layer (linear) SSM can be regarded as
a function embedding of words. The Mamba model stacks multiple SSM layers and nonlinearity. It is worth thinking about
the difference and relation between CFSM and the embedding in Mamba.

Of course, we should be wary of the fact that human’s natural language is complex. Embedding words as functions is
certainly a limited idea, but it’s a good generalization compared to embedding words as vectors.
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