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ABSTRACT

The practical applications of Wasserstein distances (WDs) are constrained by their
sample and computational complexities. Sliced-Wasserstein distances (SWDs)
provide a workaround by projecting distributions onto one-dimensional subspaces,
leveraging the more efficient, closed-form WDs for one-dimensional distributions.
However, in high dimensions, most random projections become uninformative due
to the concentration of measure phenomenon. Although several SWD variants
have been proposed to focus on informative slices, they often introduce additional
complexity, numerical instability, and compromise desirable theoretical (metric)
properties of SWD. Amidst the growing literature that focuses on directly modi-
fying the slicing distribution, which often face challenges, we revisit the classic
Sliced-Wasserstein and propose instead to rescale the 1D Wasserstein to make all
slices equally informative. Importantly, we show that with an appropriate notion
of slice informativeness, rescaling for all individual slices simplifies to a single
global scaling factor on the SWD. This, in turn, translates to the standard learning
rate search for gradient-based learning in common ML workflows. We perform ex-
tensive experiments across various machine learning tasks showing that the classic
SWD, when properly configured, can often match or surpass the performance of
more complex variants. We then answer the following question:

Is Sliced-Wasserstein all you need for common learning tasks?

1 INTRODUCTION

Data representation in machine learning involves encoding the unique characteristics of individual
data points and capturing the relationships between them, with a focus on optimizing performance
for specific downstream tasks. Optimal transport (OT) theory (Villani et al., 2009; Peyré et al., 2019)
compares data distributions by finding an optimal transportation plan that minimizes the expected
cost of moving mass between them, leading to the popular Wasserstein distance (WD) central to
many learning applications (Khamis et al., 2024). However, the computational complexity of OT
solvers poses a significant bottleneck when calculating the WD. In cases of discrete measures or
sample-based scenarios, which are common in machine learning, the problem typically reduces
to linear programming with time complexity O(N3 logN), space complexity O(N2), and sample
complexity O(N− 1

d ), where N is the number of support points and d the data dimensionality. These
unfavorable scaling properties, particularly the curse of dimensionality in sample complexity, make
WD impractical for many real-world applications. To address these challenges, several approaches
have been proposed, including entropic regularized OT (Cuturi, 2013), smooth OT (Blondel et al.,
2018; Manole et al., 2024)), and sliced OT (Bonneel et al., 2015).

The Sliced-Wasserstein distances (SWD), (Rabin et al., 2012; Bonneel et al., 2015) project high-
dimensional distributions onto 1D subspaces and aggregate the closed-form OT solutions in these
subspaces. This method is particularly attractive because 1D Wasserstein distances can be computed
efficiently with a time complexity of O(N logN) and a space complexity of O(N) for discrete
measures. Additionally, SWD provides a metric between probability distributions that retains many
desirable properties of the Wasserstein distance (WD), such as being statistically and topologically
equivalent to WD, while being more computationally tractable (Nadjahi et al., 2020). Notably,
with a sample complexity of O(N− 1

2 ), SWD avoids the curse of dimensionality. However, a key
drawback of SWD is its projection complexity, which requires exponentially more slices as the data
dimensionality increases.
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The projection complexity of SWD has motivated several lines of work that aim to enhance the
effectiveness of the slicing approach, especially in addressing variance reduction (Nguyen & Ho,
2023), approximation error reduction (Nguyen et al., 2023), and slicing complexity (Kolouri et al.,
2019; Deshpande et al., 2019; Nguyen et al., 2020; 2024a; Nguyen & Ho, 2024; Nguyen et al., 2024b).
This is particularly relevant in high-dimensional machine learning settings where data often has
supports in low-dimensional subspaces. These SW variants are data-driven, focusing on identifying
the most informative slices for capturing distributional differences in the data. For instance, Max-SW
(Deshpande et al., 2019) and DSW (Nguyen et al., 2020) seek to find slices/projections that maximize
the differences between the data distributions. GSW (Kolouri et al., 2019) and ASW (Chen et al.,
2020) extend SW by allowing ‘non-linear’ projections to capture complex data structures. EBSW
(Nguyen & Ho, 2024) designs an energy-based slicing distribution that is parameter-free and has
the density proportional to an energy function of the projected 1D distance. MSW (Nguyen et al.,
2024a) imposes a first-order Markov structure to avoid redundant, independent projections. More
recently, RPSW (Nguyen et al., 2024b) proposes using the normalized differences between random
samples from the two distributions to ensure that the projections are sampled from the subspace
in which the data resides. These methods improve the performance of SW in various downstream
tasks and have significantly expanded the tools at disposal for both researchers and practitioners
alike. Nonetheless, the elegant extensions also come with increased computational cost, numerical
instability, complicated design choices, and often losing the metricity of the SWD.

In this paper, we argue that the standard SW, with proper hyperparameters, can often match or surpass
the performance of more complex variants in many learning tasks while retaining its simplicity and
theoretical guarantees. Our key insight is that when d-dimensional data have k-dimensional supports,
where k ≪ d, almost all random slices θ ∼ U(Sd−1) can be decomposed into an informative
component θD ∈ Rk within the data subspace and its orthogonal complement θ⊥D ∈ Rd−k. This
implies most slices still carry relevant information for distinguishing distributions, proportional
to ∥θD∥. By appropriately scaling the distance per slice, we get better gradient for learning. In
expectation, we show that, with our defined notion of informativeness, scaling for all slices (based
on their informativeness) simplifies to scaling the SWD by a single scalar factor. In gradient-based
learning, this means finding an appropriate learning rate is equivalent to getting informative slices for
free. This allows the classical SWD to adapt to the data’s intrinsic dimensionality without explicitly
limiting the computation to the subspace. We provide theoretical justification and empirical evidence,
offering a fresh perspective on SW, particularly in high-dimensional settings.

By revisiting the celebrated SW with these insights, we aim to elucidate the performance gap between
the original formulation and recent variants in the existing literature. We emphasize that our work
does not diminish the valuable contributions of these variants, which have greatly advanced our
understanding of Sliced-Wasserstein. Rather, we offer a complementary perspective that highlights
the potential of the standard SW when properly integrated into learning tasks. Along that line, we
remark that the related line of specialized methods that respects the data geometry (Rabin et al., 2011;
Bonet et al., 2022; Martin et al., 2023; Quellmalz et al., 2023; Bonet et al., 2024; Tran et al., 2024)
remains valuable when the manifold constraint on the data is readily known.

In common ML settings where data is supported, or nearly supported, on a k-dimensional subspace
embedded in a d-dimensional space, our specific contributions can be summarized as follows:

• We introduce the ϕ-weighting formulation unifying various SW variants. In this framework,
we propose reweighing all one-dimensional Wasserstein distances based on slice informa-
tiveness instead of directly modifying the slicing distribution, as commonly done in the
literature. We show that with an appropriate notion of slice informativeness, in expectation,
this leads to an equivalence between the SWD in the ambient space and the data effective
subspace. (See 20).

• Our findings translate to scaling the classic SW by a single global constant to get better
learning gradients. We show that this reduces solving the problem of non-informative slices
to the learning rate search for the classic SW, a process that is already a standard in ML
workflows. In other words, we get informative slices for free with the classic SW.

• We perform a comprehensive learning rate sweep across a wide range of experiments,
including gradient flow (on 3 classic toy datasets, MNIST images, CelebA images), color
transfer (3 sets of images), deep generative modeling on the FFHQ dataset (unconditional
generation and unpaired translation with SW). We show that the classic SW, with appropriate
hyperpameters, perform competitively with more advanced methods in these settings.
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Notations. We let Rd denote a d-dimensional inner product space, and we denote the unit hypersphere
in this space by Sd−1 = {θ ∈ Rd : ∥θ∥2 = 1}. Additionally, we denote by P(Rd) the set of
probability measures on Rd endowed with the σ-algebra of Borel sets, and by Pp(Rd) ⊂ P(Rd) the
subset of those measures with finite p-th moments. For a measurable function f : Rd → R defined
by f(x) = θ⊤x such that θ ∈ Sd−1, we denote the pushforward of a measure µ ∈ P(Rd) through f
as f#µ. Particularly, θ#µ is the pushforward measure of µ under the projection x 7→ θ⊤x.

2 BACKGROUND ON SLICED-WASSERSTEIN

Let µ ∈ Pp(Rd) and ν ∈ Pp(Rd) be two probability measures of interest.

The Wasserstein distance (WD). The p-WD between µ and ν is:

W p
p (µ, ν) = inf

π∈Π(µ,ν)

∫
Rd×Rd

∥x− y∥pp dπ(x, y), (1)

with Π(µ, ν) = {π ∈ Pp(Rd×Rd) : π(A×Rd) = µ(A), π(Rd×A) = ν(A)} for all measurable
sets A ⊂ Rd. In one dimension (d = 1), the p-WD admits the following closed-form solution:

W p
p (µ, ν) =

∫ 1

0

|F−1
µ (z)− F−1

ν (z)|p dz, (2)

where Fµ, Fν are the cumulative distribution functions (CDF) of µ and ν, respectively. For empirical
measures, 2 becomes a Monte Carlo sum that can be calculated by averaging the dp(·, ·) between
sorted samples. In general, this translates to a highly favorable time complexity of O(N logN) and
gives rise to the following Sliced-Wasserstein distance.

Sliced-Wasserstein (SW). The SW distance between µ and ν is defined as:

SWp(µ, ν;σ) :=
(
Eθ∼σ

[
W p

p (θ#µ, θ#ν)
]) 1

p (3)

where σ ∈ P(Sd−1) is the reference measure for slicing vector θ. In default setting, σ is set to be
uniform distribution, denoted as: σ = U(Sd−1) and we use SWp(µ, ν) to denote SWp(µ, ν;σ) for
simplicity. The intractable expectation implies (3) admits a Monte Carlo estimator:

SWp(µ, ν;

L∑
l=1

1

L
δθl) =

(
1

L

L∑
l=1

W p
p (θ

l
#µ, θ

l
#ν)

) 1
p

, (4)

where {θl}Ll=1
i.i.d.∼ σ. The MC scheme has the estimation error decreases as 1√

L
where L is the

number of slices. The main issue becomes how much one can simulate (for large d), which proves to
be challenging since most slices are known to be non-informative. As a result, SWp(µ, ν;

∑L
l=1

1
Lδθl)

often underestimates the distance between µ and ν in practice. Moreover, L should be sufficiently
large compared to d, which is undesirable since the time complexity of SW scales linearly with L.

3 OTHER RELATED WORK

Subspace-constrained Optimal Transport. Recent works propose computing optimal transport
(OT) in lower-dimensional subspaces (Paty & Cuturi, 2019; Bonet et al., 2021b; Muzellec & Cuturi,
2019) to improve both efficiency and robustness for high-dimensional data. 1) Subspace Detours
(Bonet et al., 2021b; Muzellec & Cuturi, 2019) constrain transport plans to be optimal when projected
onto a chosen subspace. This enables efficient extension of low-dimensional transport solutions to
the full space. 2) Subspace Robust Wasserstein (Paty & Cuturi, 2019) considers the worst-case
transport cost over all possible low-dimensional projections. Interestingly, this can be computed by
minimizing the sum of the k largest eigenvalues of the transport plan second-order moment matrix
S2
k(µ, ν) = minπ∈Π(µ,ν)

∑k
l=1 λl(Vπ) where Vπ :=

∫
(x− y)(x− y)T dπ(x, y) is the second-order

displacement matrix for a coupling π, and λl(Vπ) is its l-th largest eigenvalue.

Gaussian Sliced-Wasserstein. Earlier works ((Sudakov, 1978; Diaconis & Freedman, 1984; Reeves,
2017)) establish several central limit theorems showing that under mild conditions, low-dimensional
projections of high-dimensional data converge to Gaussians. Nadjahi et al. (2021) leverages this
concentration of measure phenomenon and shows the Gaussian SW distance is equivalent to the
classical SWD: SW p

p (µ, ν;N (0, 1
dId)) = Cd,pSW

p
p (µ, ν;U(Sd−1)), where Cd,p is a dimensionality-

dependent constant. They then propose an efficient approximation of the SWD without simulation.

3
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4 REVISITING SLICED WASSERSTEIN DISTANCES: A SUBSPACE PERSPECTIVE

𝜃 ~𝒰(𝕊𝑑−1)

𝑈𝑇𝜃

𝜶𝑈𝑇𝜃ℝ𝑘

Figure 1: Rescaling the
1D Wasserstein based on
slice informativeness.

The main challenge. Many machine learning problems involve high-
dimensional data that has a low-dimensional structure. Formally, this
phenomenon, known as the manifold hypothesis, states that for a dataset
X ⊂ Rd, there exists a k-dimensional manifoldM where k ≪ d such
that X approximately lies onM (Fefferman et al., 2016). For instance,
rigorous dimensionality estimation methods applied to common datasets
like MS-COCO (Lin et al., 2014) and ImageNet (Deng et al., 2009) sug-
gest k < 50 (Pope et al., 2021), despite their ambient dimension d being
orders of magnitude larger. While these manifolds are generally non-
linear, they admit local linear approximations via their tangent spaces.
Moreover, in practice, data features typically have strong linear correla-
tions, allowing techniques like Principal Component Analysis (PCA) to
identify a principal subspace that captures most of the data variance. This subspace approximation is
particularly relevant in the context of Sliced-Wasserstein distance (SWD). It is known from Kolouri
et al. (2019) that when slices θ are sampled uniformly from Sd−1, the probability that a random slice
is nearly orthogonal to any fixed direction increases exponentially with dimension. Specifically, for a
unit vector x0 representing a principal direction in the data subspace:

Pr (|⟨θ, x0⟩| ≤ ϵ) > 1− e−dϵ2 , θ ∼ U(Sd−1). (5)

This concentration of measure phenomenon implies that as dimensionality d grows, most random
slices become nearly orthogonal to the principal directions of the data subspace. Consequently, the
corresponding 1D Wasserstein distances contribute minimally to the SWD. This effect, which we
refer to as the slice non-informativeness, limits the effectiveness of SWD in high-dimensional spaces.

Current approaches: Designing the slicing distribution. Sampling-based methods seek to define a
non-uniform slicing distribution that focuses on discriminative directions. Optimization-free methods
(Nguyen & Ho, 2024; Nguyen et al., 2024b) are objectively faster but do not yield true metrics. Other
methods (Nguyen et al., 2020; 2024a) yield proper metrics but are more computationally expensive
due to the optimization involved. In the limit, the Max variants use discrete slicing distributions that
require global optimality to be metrics, which is generally intractable in practice. Empirically, without
careful hyperparameter tuning, the different variants face numerical instability in the larger learning
rate regimes, likely because of the overemphasizing on directions with large projected distances.

A novel perspective: Rescaling 1D Wasserstein distances. These challenges in directly redefining
the slicing distribution motivates us to take a second look at the conventional wisdom of sampling
informative slices. We propose an alternative formulation that reweights each 1D Wasserstein based
on the informativeness of the corresponding slice/projecting direction (See Figure 1 for illustration).
By defining the notion of an informative slice based on its alignment with the effective data subspace,
we demonstrate that it is possible to reweight for all slices by a global constant on the SWD.
This maintains the efficiency and theoretical properties of the classical Sliced-Wasserstein. The
implications of this finding for using SWD in gradient-based learning will be discussed subsequently.
To formalize this approach, we introduce the following assumption and definitions:
Assumption 4.1 (Effective Subspace Structure). Let µd, νd ∈ P (Rd) be probability measures. We
say (µd, νd) has k-dimensional effective structure if:

1. There exists a semi-orthogonal matrix U ∈ Rd×k (i.e., UTU = Ik) such that

supp(µd), supp(νd) ⊂ Vk := col-span(U).

2. k is minimal, meaning that there does not exist any U ′ ∈ Rd×k′
with k′ < k s.t (1) holds.

We refer to Vk as the effective subspace (ES) of µd, νd, and k as their effective dimensionality (ED).

Note: In the Appendix A.9, we also discuss results when this assumption does not hold.
Definition 4.2 (Informative slices). Let ϕ : Sd−1 → R+ be a function that assigns importance values
to projection directions θ ∈ Sd−1 based on their relevance in comparing data distributions. Different
approaches compute this importance in various ways. For instance, Max-SW (Deshpande et al.,
2019), Markovian SW Nguyen et al. (2024a), and EBSW (Nguyen & Ho, 2024) implicitly use

ϕµ,ν(θ) = W p
p (θ#µ, θ#ν), (6)

4
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to measure the informativeness of θ. On the other hand, RPSW (Nguyen et al., 2024b) implicitly uses

ϕµ,ν(θ;µ, ν, γκ) = E(X,Y )∼µ×ν [γκ(θ;PSd−1(X − Y ))], (7)

where γκ is a location-scale distribution (e.g., vMF) and PSd−1 is the projection onto Sd−1.

One may also refer to ϕµ,ν as the discriminant function. However, we define informativeness more
broadly, allowing for a broader set of assumptions about data structure. Other ways to quantify
informativeness may be appropriate depending on the context where prior information on the data is
available. We refer to further related details in Remark 4.6.

Defining ϕ in terms of 1D Wassersteins may not always be desirable. It requires calculating them to
find out how informative the slices are, even when the calculations are not always used in computing
the final distances (Nguyen et al., 2024a). Furthermore, defining ϕ based on the input measures µ, ν
could introduce complex dependencies that make the triangle inequality difficult to prove (Nguyen &
Ho, 2024; Nguyen et al., 2024b). Motivated by 4.1, we propose a principled notion of informativeness
that avoids both issues and leads to a significantly simplified solution.

Definition 4.3 (ES-aligned informative slices). Given Vk = span(U), where U ∈ Rd×k is an
orthogonal matrix, we define the ES-aligned informative function ϕU : Sd−1 → [0, 1] as:

ϕU (θ) = ∥U⊤θ∥. (8)

Intuitively speaking, ϕU corresponds to how much information θ contains about the data if it is
projected into the space spanned by U . Higher ϕU (θ) is considered more (ES-aligned) informative.

Remark 4.4. ϕU (θ) has the following basic properties: a) 0 ≤ φU (θ) ≤ 1 for all θ ∈ Sd−1, b)
φU (θ) = 1 iff θ ∈ span(U) ∩ Sd−1 and φU (θ) = 0 iff θ ⊥ span(U), and c) For any orthogonal
matrix Q ∈ Rk×k, φU (θ) = φUQ(θ).

4.1 THE ϕ-WEIGHTING FORMULATION

Starting from the classical SWD definition in Equation (3), we propose a general framework for
reweighting slice contributions:

S̃W p(µ, ν;σ, ρϕ) =

(∫
Sd−1

ρϕ(ϕ(θ))W
p
p (θ#µ, θ#ν)︸ ︷︷ ︸

Reweighted contribution

dσ(θ)

)1
p

, (9)

where ρϕ : [0, 1]→ R+ is the ϕ-weighting function that rescales the contribution of each slice.

Example 4.5. If the goal is to make all slices informative, an appropriate choice for ρϕ can be the
multiplicative inverse of ϕ(θ) (i.e., more informative slices are scaled less). That is,

ρϕ(ϕ(θ)) =


1

ϕ(θ)p
, if ϕ(θ) > 0,

0, if ϕ(θ) = 0.
(10)

Remark 4.6. Equation (9) notably does not rely on Assumption 4.1 (only our choice of ϕ(·) = ϕU (·)
does). By defining the appropriate ρϕ(·) and ϕ(·), the ϕ-weighting formulation can be seen as a
unifying formulation that recovers different SW variants.

• We set ϕ ≡ 1 and obtain the classical Sliced-Wasserstein distance.

• We set ϕµ,ν(θ) = W p
p (θ#µ, θ#ν) and ρϕ(r) = δrmax

, σ = U(Sd−1) where rmax =
maxϕµ,ν(θ), and recover Max-SW (Deshpande et al., 2019).

• We set ϕµ,ν(θ) = W p
p (θ#µ, θ#ν), ρϕ(r) = f(r)∫

Sd−1 f(Wp
p (θ#µ,θ#ν))dσ(θ)

, σ = U(Sd−1)

where f : [0,∞)→ (0,∞) is an increasing energy function (e.g., f(x) = ex), and recover
EBSW (Nguyen & Ho, 2024).

• We set ϕµ,ν(θ) = E(X,Y )∼µ×ν [γκ(θ;PSd−1(X − Y ))], ρϕ(r) = r, σ = U(Sd−1), where γκ
is a location-scale distribution with parameter κ, and recover RPSW (Nguyen et al., 2024b).

5



270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Under review as a conference paper at ICLR 2025

4.2 MISALIGNED RANDOM PROJECTIONS ARE IMPLICITLY DOWNWEIGHED BY A SCALAR

Under Assumption 4.1, we will show that the 1D Wasserstein corresponding to each random projection
is weighted by a scalar related to the (ES-aligned) informativeness of that projection.

The case for 1D effective subspaces. Let V1 = span(u) where u ∈ Sd−1, and suppose
supp(µd), supp(νd) ⊂ V1. Given θ ∈ Sd−1, we can decompose it uniquely as θ = θV1

+ θV ⊥
1
,

where θV1 = (u⊤θ)u and θV ⊥
1
⊥ V1. For any x ∈ V1, we have x = (x⊤u)u, and θ⊤x can thus be

decomposed as:
θ⊤x = (θV1 + θV ⊥

1
)⊤x = θ⊤V1

x = (u⊤θ)⊤(u⊤x). (11)

This implies that for any slice θ, the projected distributions θ#µd and θ#ν
d are equivalent (up to

scaling) to the distributions obtained by projecting µd and νd onto u. Specifically:

W p
p (θ#µ

d, θ#ν
d) = |u⊤θ|pW p

p (u#µ
d, u#ν

d). (12)

Generalizing to higher-dimensional effective subspaces. We extend the idea from one dimension to
a k-dimensional subspace Vk and investigate how the reweighting function ρϕ(ϕU (θ)) = ∥U⊤θ∥−p

adjusts the contributions of slices in higher dimensions.
Proposition 4.7. Under Assumption 4.1, let µk = U#µ

d and νk = U#ν
d be the pushforward

measures in Rk. Then, for any θd ∈ Sd−1, we have that:

W p
p (θ

d
#µ

d, θd#ν
d) = W p

p ((U
⊤θd)#µ

k, (U⊤θd)#ν
k) = ∥U⊤θd∥pW p

p (θ
k
#µ

k, θk#ν
k), (13)

where θk = U⊤θd

∥U⊤θd∥ with convention θk = 0k if ∥U⊤θd∥ = 0.

Furthermore, we have that:

SW p
p

(
µk, νk;

1

L

L∑
l=1

δθk
l

)
= S̃W

p

p

(
µd, νd;

1

L

L∑
l=1

δθd
l
, ρ

)
(14)

SW p
p

(
µk, νk

)
= S̃W

p

p

(
µd, νd;U(Sd−1), ρ

)
(15)

Here, we adopt the convention 1
0 · 0 = 0 in (14) if ∥U⊤θdl ∥ = 0.

The proof is in the Appendix A.4.
Remark 4.8 (Implicit Downweighting). Under the conditions of Proposition 4.7, each slice con-
tribution is implicitly downweighted by ∥UT θd∥p. That is, for any θd ∈ Sd−1, we have that
W p

p (θ
d
#µ

d, θd#ν
d) ≤ W p

p (µ
k, νk). Moreover, the downweighting is maximal if θd ⊥ span(U) and

vanishing if θd ∈ span(U) ∩ Sd−1.

Rescaling to equalize informativeness. Assumption 4.1 gives rise to the fact that each one-
dimensional Wasserstein distance W p

p (θ
d
#µ

d, θd#ν
d) is implicitly downweighed by |U⊤θd|p. This

observation naturally fits into the proposed ϕ-weighting formulation, as there is an implicit scaling
factor associated with each slice. To counteract it and make all slices equally (ES-aligned) informative,
we use the reciprocal weighting function (10) to compensate for the implicit down-weighting of
misaligned slices. Then, we have that

ρϕ(ϕU (θ
d))W p

p (θ
d
#µ

d, θd#ν
d) =

{
W p

p (θ
k
#µ

k, θk#ν
k), if ϕU (θ

d) > 0,

0, if ϕU (θ
d) = 0,

(16)

where θk = U⊤θd

∥U⊤θd∥ .
4.3 SUBSPACE SLICED-WASSERSTEIN IS RESCALED SLICED-WASSERSTEIN

In this section, we will show that the generalized notion of informative slices (as defined in 4.3)
becomes particularly advantageous for equalizing slice informativeness.

Starting from (13), we integrate both sides over θd ∈ Sd−1 wrt the uniform measure σ(θd) and obtain

SW p
p (µ

d, νd) =

∫
Sd−1

W p
p (θ

d
♯µ

d, θd♯ ν
d)dσ(θd) =

∫
Sd−1

∥U⊤θd∥pW p
p

(
θk♯ µ

k, θk♯ ν
k
)
dσ(θd).

(17)
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Note that θk depends on θd, and the distribution of θk induced by θd ∼ σ is uniform over Sk−1. We
introduce the change of variables from θd to θk and express the integral in terms of θk:

SW p
p (µ

d, νd) =

∫
Sk−1

W p
p

(
θk#µ

k, θk#ν
k
)(∫

θd: U⊤θd

∥U⊤θd∥
=θk

∥U⊤θd∥p dσ(θd|θk)

)
dT#σ(θ

k),

(18)
where σ(·|θk) is the conditional distribution of θd, and T : x 7→ U⊤x

∥U⊤x∥ is the mapping from θd to θk.

The inner integral over θd can be evaluated as a scaling factor Cd,k dependent on σ, θk, U . When
σ = U(Sd−1), Cd,k is invariant for all θk.

Substituting back into (18), and let σk = T#σ = U(Sk−1) denote the distribution of θk, we obtain

SW p
p (µ

d, νd) = Cd,k

∫
Sk−1

W p
p

(
θk#µ

k, θk#ν
k
)
dσk(θ

k). (19)

Since σk(θ
k) integrates to 1 over Sk−1, and W p

p

(
θk#µ

k, θk#ν
k
)

is integrated over all θk, we can
express the right-hand side as Cd,k · SW p

p (µ
k, νk;σk). Intuitively speaking, this means the loss of

information is due to an implicit constant factor on SW p
p (µ

d, νd), which we denote as the Effective
Subspace Scaling Factor (ESSF). Thus, rescaling the one-dimensional Wasserstein for all slices via
Equation (16) becomes multiplying the SWD by the reciprocal of the ESSF. We proceed further to
make this connection explicit by the following theorem.
Theorem 4.9 (Effective Subspace Scaling Factor). Let µd, νd ∈ P(Rd) satisfy Assumption 4.1, and
define µk = U#µ

d and νk = U#ν
d. Then we have that

SW p
p (µ

d, νd) =
Ck

Cd
· SW p

p (µ
k, νk), (20)

where Cd = 2p/2
Γ( d

2+
p
2 )

Γ( d
2 )

and Ck is defined analogously, with Γ denoting the Gamma function.

When k < d, assuming ∥U⊤θdl ∥ ≠ 0 is reasonable since U(Sd)({θd ∈ Sd−1 : U⊤θ = 0}) = 0.

The proof is in the Appendix A.4.
Proposition 4.10. Let µd, νd ∈ P(Rd) satisfy Assumption 4.1. Consider the empirical estimator
ÊSSF (L) defined as:

ÊSSF (L) =
1

L

L∑
l=1

∥U⊤θdl ∥p, (21)

where {θdl }Ll=1
i.i.d.∼ U(Sd−1). We have that

1. E[ÊSSF (L)] = Ck

Cd
and Var(ÊSSF (L)) = O( 1

L ).

2. Let ϵL =
∣∣∣SW p

p

(
µd, νd; 1

L

∑L
l=1 δθd

l

)
− ÊSSF (L) · SW p

p

(
µk, νk; 1

L

∑L
l=1 δθk

l

)∣∣∣. Then

ϵL
a.s.−−→ 0 as L→∞

3. There exists a constant K > 0 depending only on µd and νd such that for any δ > 0, we
have P(ϵL < δ) ≥ 1− e−δ2L/K2

.

The proof of this proposition is in the Appendix A.6.

In Section 5.1 we provide empirical results showing how the variance of ÊSSF (L) changes wrt L.

4.4 IMPLICATIONS FOR LEARNING ALGORITHMS: IS SWD ALL YOU NEED?
Assumption 4.1 naturally holds in common machine learning settings. In gradient-based learning,
data is typically processed in minibatches, leading to an effective bound on k related to batch size
B ≪ d. Additionally, real datasets often have feature (linear) correlations, potentially reducing k

further. Lastly, the ÊSSF (L) factor, despite its variance, can be absorbed into the learning rate
during optimization. This reduces the problem to a single hyperparameter search for the optimal
learning rate—a standard practice in machine learning workflows.
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Remark 4.11. Let {xi}2Bi=1 ⊂ Rd be a minibatch of 2B samples (B from source, B from target). Let
X = [x1, . . . , x2B ] ∈ Rd×2B be the corresponding data matrix. Then the support of the empirical
distributions lies in a subspace of dimension k ≤ min{2B, d}.

Proposition 4.12. For discrete distributions µ̂d =
∑n

i=1 q
1
i δxi and ν̂d =

∑m
j=1 q

2
j δyj , we have:

∇xW
p
p (θ#µ̂d, θ#ν̂d) = ∥U⊤θ∥p∇xW

p
p (θ

k
#µ̂k, θ

k
#ν̂k) (22)

where θk = U⊤θ/∥U⊤θ∥. Define the empirical gradient error for each xi as ϵL(xi) :=

∥∇xi
SW p

p (µ̂d, ν̂d;
∑L

l=1 δθd
l
)−ÊSSF (L)·∇xi

SW p
p (µ̂k, ν̂k;

∑L
l=1 δθk

l
)∥, Then the following holds

1. ϵL(xi)
P−→ 0 as L→∞

2. P(∥ϵL(xi)∥ ≤ ϵ) ≥ 1− 2e−ϵ2L/(pq1iK)2 , where K = maxxi,yj
∥xi − yj∥p−1 <∞.

We refer readers to the Appendix A.7 for the detailed discussion and proofs.
5 EXPERIMENTS

We use 50 random projections for the SWD. For other variants, we use the default hyperparameters
provided by the official implementations. More details (results, visualizations) are in the Appendix.

5.1 NUMERICAL VALIDATION OF MAIN RESULTS

Verifying Theorem 4.9 for p = 1, 2. Our setup involves two k-dimensional isotropic Gaussians
embedded in Rd (d ≥ k). We generated 500 samples from each and varied both d and k to observe

how the empirical ratio Ĉ =
ŜW

p

p(µ
d,νd)

ŜW
p

p(µ
k,νk)

behaves under different dimensionality settings for a fixed

number of slices (L = 1000). a) Fixing k = 2, varying p across {1, 2}, and varying d across
{10, 30, 50, 80, 100, 300, 500, 800, 1000}. b) Fixing d = 1000, varying p across {1, 2}, and varying
k across {10, 30, 50, 80, 100, 300, 500, 800, 1000}. The results are averaged over 10 runs

ℝ𝑘

ℝ𝑑

Figure 2: Left: Illustration of two embedded Gaussians. Top row: Empirical Ĉ with varying d for
k = 2 and p = 1, 2. Bottom row: Empirical Ĉ with varying k for in d = 1000 and p = 1, 2.
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Figure 3: The ÊSSF (L) for varying d, k over 1000 runs for p = 1 (left) and p = 2 (right).

Verifying Proposition 4.10 We proceed further to observe the empirical estimate ÊSSF (L) and
its variance for different values of L = {10, 50, 100, 500, 1000, 5000, 10000}. Here, we use d =
{100, 500, 1000} and k = {2, 10, 50}. The results are across 1000 runs.
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5.2 GRADIENT FLOW

On classic synthetic datasets. We generate 300 particles as target from three classic 2D datasets:
Swiss role, 8 Gaussians, and Knot. The source is realized from a 2D isotropic Gaussian. We embed
these data into the space with target dimensions of d = {2, 50, 100} by padding with 0’s and applying
a random d-dimensional rotation on the 2D data plane. We use 10000 iterations with vanilla GD and
results are over 3 runs. Learning rates: {1, 3, 5, 8} × 10{−6,−5,−4,−3,−2,−1,0,1,2}.
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(c) Knot

Figure 4: Optimal basin plots for Gradient Flow with embedded synthetic datasets.

On MNIST/CelebA images. For MNIST, we randomly select a set of 50 samples from dig-
its 0 (as source) and 1 (as target) to perform gradient flow with 200000 iterations. Learning
rates: {1, 5} × 10{−3,−2,−1,0,1,2,3}. For CelebA, we randomly select a set of 50 samples to
perform gradient flow from the Gaussian source noises with 200000 iterations. Learning rates:
{1, 4, 8, 16, 64, 128, 256, 512, 1024, 3200}.

10 3 10 2 10 1 100 101 102 103

Learning Rate

0

200

400

600

800

1000

1200

W
2

SW
RPSW
EBRPSW
oMSW
iMSW
rMSW
viMSW
MaxSW
MaxKSW
DSW
EBSW

100 101 102 103

Learning Rate

0

5000

10000

15000

20000

25000

30000

35000

W
2

SW
RPSW
EBRPSW
oMSW
iMSW
rMSW
viMSW
MaxSW
EBSW
DSW
MaxKSW

Figure 5: Optimal basin plots for MNIST (left) and CelebA (right).

5.3 COLOR TRANSFER

We follow a similar setup as in (Nguyen et al., 2024a; Nguyen & Ho, 2024; Nguyen et al., 2024b)
with different hyperparameters. Our experiments are performed over 3 image sets (See Figure 11).
The optimization uses 50, 000 iterations. To reduce computational complexity, we optionally apply
K-means clustering with 3, 000 clusters, to reduce the colorspace into an empirical measure with
N = 3, 000 particles. Learning rates: {1, 3, 5, 8} × 10{−4,−3,−2,−1,0,1}, 100.
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Figure 6: Optimal basin plots for Gradient Flow with embedded synthetic datasets.

5.4 DEEP GENERATIVE MODELING

There exist various generative modeling setups with Sliced-Wasserstein (Kolouri et al., 2018; Desh-
pande et al., 2018; Wu et al., 2019; Liutkus et al., 2019; Nguyen et al., 2024b). We restrict our setup to
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the latent space (d = 512) of an autoencoder (Pidhorskyi et al., 2020) pretrained on the 1024× 1024
FFHQ dataset (Karras et al., 2019). Learning rates: {1, 3, 5, 8} × 10{−6,−5,−4,−3,−2,−1}, 1.

We evaluate SW variants on both unconditional generation and unpaired image-to-image translation
tasks. For generation, we follow Deshpande et al. (2018)’s SWG setup using a generator Gϕ(·) to
transform z ∈ R8 to latents X ∈ R512. For translation, we modify this to use a residual generator
transforming source domain X to target domain Y latents. Following Rombach et al. (2022), Korotin
et al. (2023), we operate in an autoencoder’s latent space to sidestep the known dimensionality
challenges of SWG (Deshpande et al. (2018),Nadjahi et al. (2021)). We train for 10000 iterations
using vanilla gradient descent with batch size 2048. For translation, we evaluate on two FFHQ
subtasks: Male to Female (M2F) and Adult to Children (A2C) using split training/test sets.
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Figure 7: Left: Samples generated using different SW variants. Right: Optimal basin plot.
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Figure 8: Optimal basin plots for M2F(left) and A2C(right).

6 CONCLUSION

In this paper, we revisit the classic Sliced-Wasserstein and rethink the current approaches that
modify the slicing distribution to focus on informative slices. We introduce another perspective of
rescaling the 1D Wasserstein distances based on slice ‘informativeness.’ By defining the notion
of informativeness in terms of alignment with the data effective subspace, we show this rescaling
simplifies to a global scaling factor on the SW. This directly translates to the standard learning rate
search in gradient-based optimization (even with a finite number of slices). We then empirically show
that, in a wide variety of learning settings, a properly configured SW performs competitively with
other complex variants without the additional computation/memory overheads. This challenges the
notion that increasingly advanced methods are always necessary for improved performance. We show
that while standard SW may not be the universal solution for all scenarios, it remains to be a reliable
and efficient solution for common learning tasks.

Future research: Our work does not preclude further research to improve the Sliced-Wasserstein
using the current approaches, which have their own merits. In fact, the rescaling approach has deep
connections to modifying the slicing distributions. Nonetheless, our work provides a novel and
generalized perspective to interpret and address a major limitation of the classic SW. From this
angle, future research could investigate different choices for the rescaling function ρ under various
assumptions about the data, as well as explore alternative notions of slice informativeness.
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A PROOFS AND ADDITIONAL THEORETICAL RESULTS

A.1 NOTATION

• Rd: d-dimensional Euclidean space, where d is a positive integer.
• Sd−1 := {x ∈ Rd : ∥x∥ = 1}: unit sphere defined in Rd.
• P(Rd): set of all probability measures defined on Rd.
• Pp(Rd): set of probability measures whose p-th moment is finite, where p ≥ 1.
• Vk,d: set of all d× k orthogonal matrices, i.e.

Vk,d := {U ∈ Rd×k : U⊤U = Ik}.

Note, Sd−1 = V1,d.
• U = [U [:, 1], U [:, 2], . . . U [:, k]] ∈ Vk,d: an orthogonal matrix. For each i ∈ [1 : k],
U [:, i] ∈ Rd is the i-th column of U .
Note that U induces a linear function from Rd to Rk, i.e. x 7→ U⊤x. With abuse of notation,
we do not distinguish the matrix U and the corresponding linear mapping.

• Span(U): The linear subspace spanned by U , i.e.

Span(U) := Span({U [:, 1], U [:, 2], . . . U [:, k]}) =

{
k∑

i=1

αiU [:, i] : αi ∈ R

}
.

• Vk ⊂ Rd: a k-dimensional subspace, where k is a positive integer with k ≤ d. Note, by
classical linear algebra theory, we have

Vk = Span(U)

for some U ∈ Vd,k. Note, given Vk, U is not uniquely determined.
• V ⊥

k : perpendicular complement of Vk, which is a subspace of dimension d− k.

• µd, µ, νd, ν ∈ P(Rd): probability measures in d-dimensional space.
• Ld: Lebesgue measure in Rd.
• C0(Rd): set of all continuous functions defined on Rd which vanish at infinity.

• fµ = dµd

dLd : density of µ, that is, for all test functions ϕ ∈ C0(Rd):∫
Rd

ϕ(x)dµd(x) =

∫
Rd

fµ(x)ϕ(x)dx.

• X ∼ µ: A random variable/vector X following distribution µ. We say X is a realization of
µ.

• E[X] := E[µ], where X ∼ µ: expected value of X , i.e.

Eµ[X] =

∫
Rd

xdµ(x).

• mk(µ): k-th moment of measure µ. That is, given realization X ∼ µ, mk(µ) is defined by

mk(µ) := E[Xk]

• V ar(X) := E[(X −E(X))⊤(X −E(X))]: the covariance matrix of X (or the measure µ).
• T#µ, where T : Rd → Rd is a function: push-forward measure µ under mapping T . That

is, for all Borel sets A ⊂ Rd, we have

T#µ(A) = µ(T−1(A)).

Equivalently speaking, suppose X ∼ µ is a realization of µ, then T (X) ∼ T#µ.

• N (e,Σ): Gaussian distribution, where e ∈ Rd is the expected value, Σ ∈ Rd×d is the
covariance matrix.
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• 0d: d× 1 vector where each entry is 0. Similarly, we define 1d.
• Id: d× d identity matrix.
• U(Sd−1): Uniform distribution defined on Sd−1.
• θd ∼ U(Sd): a d-dimensional random vector. We say θd is a realization of U(Sd).
• θ, θd, θg: a d-dimensional vector.
• θk: a k-dimensional vector.
• PVk

:= PU , where Vk = Span(U): the projection mapping from Rd into subspace Vk, i.e.

PVk
(x) := PU (x) = UU⊤x, ∀x ∈ Rd.

Note, in this case: the mapping U : Rd → Rk with x 7→ U⊤x is the corresponding
parameterization function of projection PU .

• Γ(µ, ν): set of joint measures whose marginals are µ, ν respectively:

Γ(µ, ν) := {γ ∈ P((Rd)2) : (π1)#γ = µ, (π2)#γ = ν},
where π1 : (x, y) 7→ x, π2 : (x, y) 7→ y are canonical projection mappings.

• W p
p (µ, ν): Wasserstein problem between µ and ν:

W p
p (µ, ν) := inf

γ∈Γ(µ,ν)

∫
(Rd)2

∥x− y∥pdγ(x, y)

• SW (µ, ν;σ), where σ ∈ P(Sd−1): Sliced Wasserstein problem between µ and ν with
respect to reference measure σ:

SW p
p (µ, ν;σ) :=

∫
Sd−1

W p
p (θ#µ, θ#ν)dσ(θ)

• ϕU : Sd−1 → R+: ES-informative aligned mapping. A measurable mapping which
describes the information of the projected θ on the space spanned by U .

• S̃W (µ, ν;σ, ρ): rescaled sliced Wasserstein distance:

S̃W (µ, ν;σ, ρ) :=

∫
Sd−1

r(ϕU (θ))W
p
p (θ#µ, θ#ν)dσ(θ)

where ρ : R+ → R+ is a recalling function. In this paper, we set ρ as the following
decreasing function:

ρ(x) =
1

xp

When x = 0, we adopt the convention ρ(x) = 0.

Remark A.1. In this paper, we adopt the following convention.

We do not distinguish the scalar/vector/matrix and the corresponding induced linear mapping. For
example, θ ∈ Rd, induces the mapping

Rd ∋ x 7→ θ⊤x ∈ R.

• When θ is a random vector, we refer to it as a “random projection mapping” in both the
main text and the appendix. We adopt the same convention for the scalar notation α and the
matrix notation U .

• We use θ#µ to denote the push-forward measure induced by mapping x 7→ θ⊤x. Similarly,
(θ × θ)#γ denotes the push-forward measure of joint measure γ ∈ P((Rd)2) induced by
mapping (x, x′) 7→ (θ⊤x, θ⊤x′). The same convention is adopted for α,U .

Remark A.2. For simplicity, in notation SW (µ, ν;σ), we may relax the restriction that σ is a
probability measure. We allow σ to be a finite positive measure in the main text and appendix.
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A.2 WASSERSTEIN DISTANCES IN Rd AND Rk

In this article, we assume the probability measures µd, νd ∈ Pp(Rd) are supported in a lower
dimensional subspace. We refer to Assumption 4.1 for details.

Let PU denote the projection mapping from Rd to Vk:

PU (x) = UU⊤x, ∀x ∈ Rd, (23)

Then, the corresponding lower-dimensional parameterization mapping is defined as:

x 7→ U⊤x,∀x ∈ Rd. (24)

By classical linear algebra theory, it is straightforward to verify the following:
Proposition A.3. [Basic properties of linear projection] Let PU , U be defined above, then we have:

(1) For each θ ∈ Rd, θ can be uniquely decomposed into Vk, V
⊥
k , i.e. θ = θVk

+ θV ⊥
k

, where
θVk

= PU (θ) ∈ Vk, θV ⊥
k
∈ V ⊥

k .

(2) For all x ∈ Vk, PU (x) = x.

(3) If we restrict U to space Vk, denoted as U |Vk
, then U |Vk

: V k → Rk is a bijection. The
inverse is given by

(U)−1(y) = Uy,∀y ∈ Rk.

In addition, ∥U(x)∥ = ∥x∥,∀x ∈ Vk.

Proof. It follows directly from the definitions of PU , U .

Let µk = (U)#µ
d, νk = (U)#ν

d, the above proposition directly induces the following relation
between the Wasserstein distance between µd, νd and the Wasserstein distance between µk, νk.
Proposition A.4. Under assumption 4.1, we have the following:

(1) µd can be recovered by the inverse of U |Vk
, i.e.

µd = U⊤
#µk.

(2) The mapping

Γ(µd, νd) ∋ γd 7→ γk := (U × U)#γ
d ∈ Γ(µk, νk), (25)

is a well-defined bijection, where U × U is defined as

Rd × Rd ∋ (x, x′) 7→ U × U((x, x′)) = (U(x), U(x′)) ∈ Rk × Rk. (26)

(3) The Wasserstein distance is preserved via the lower-dimensional parameterization:

W p
p (µ

d, νd) = W p
p ((PU )#µ

d, (PU )#ν
d) = W p

p (µ
k, νk) (27)

Proof. Let X ∼ µd be a realization.

(1) We have U⊤X ∼ µk since µk = (U)#µ
d. In addition, by assumption (4.1), we have

X = UU⊤X , thus UU⊤X ∼ µd. That is U⊤
#µk = µd.

(2) Pick γd ∈ Γ(µd, νd), we have

(π1)#(U × U)#γ
d = (U)#((π1)#γ

d) = (U)#µ
d = µk

Similarly, (π2)#(U × U)#γ
d = νk. Thus the mapping defined in (25) is well-defined.

Moreover, from statement (1), we have

Γ(µk, νk) ∋ γk 7→ (U⊤ × U⊤)#γ
k ∈ Γ(µd, νd) (28)
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is well-defined.

Next, we will show the above mapping is the inverse of (25).

Let (X,Y ) ∼ γd be a realization. Then

(X,Y ) = (UU⊤X,UU⊤Y ) ∼ (U⊤ × U⊤)#(U × U)#γ.

Thus (U⊤×U⊤)#(U ×U)#γ = γ. Thus, the mapping (28) is inverse of the mapping (25).
Thus, (25) is invertible/bijection.

(3) By Proposition A.3 (2), for each x ∈ supp(µ) ⊂ Vk, we have PU (x) = x, thus (PU )#µ
d =

µd. Similarly, (PU )#ν
d = νd. Thus we obtain the first equality:

W p
p (µ

d, νd) = W p
p ((PU )#µ

d, (PU )#ν
d).

For the second equality, we first pick γd ∈ Γ(µd, νd) and let γk = (U × U)#γ
d. By

statement (2), we have γk ∈ Γ(µk, νk).∫
(Rd)2

∥x− y∥pdγd(x, y)

=

∫
(Rd)2

∥U(x)− U(y)∥pdγd(x, y)

=

∫
(Rk)2

∥x′ − y′∥pd(U⊤ × U⊤)#γ
d(x′, y′)

=

∫
(Rk)2

∥x′ − y′∥pdγk(x′, y′)

where the first equality follows from Proposition A.3 (3), the second equality follows from
the definition of push-forward measure, the third equality holds from statement (2).

Combining the above equality with statement (2), we obtain

W p
p (µ

d, νd) = inf
γd∈Γ(µd,νd)

∫
Rd

∥x− y∥pdγd(x, y)

= inf
γk∈Γ(µk,νk)

∫
Rk

∥x′ − y′∥pdγk(x′, y′)

= W p
p (µ

k, νk)

A.3 BACKGROUND: RELATIONSHIP BETWEEN THE GAUSSIAN AND SPHERICAL UNIFORM
DISTRIBUTION

In this section, we introduce basic properties of multivariate Gaussian and the relation between
Gaussian and spherical uniform distribution.

First we consider 1D space R, choose e ∈ R and σ > 0, the Gaussian distribution, denoted as
N (e, σ2), is the probability measure whose density is defined by

f(x) :=
1√
2πσ2

e−
(x−e)2

2σ2 ,

where e, σ2 are the expected value and variance of X respectively.

When e = 0, σ2 = 1, the induced measure is called standard (1D) Gaussian distribution, whose
density is given by

f(x) :=
1√
2π

e−
x2

2 (29)
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In space Rd, the above density function can be generalized as:

f(x) :=
1

(2π)d/2
e−

∥x∥2
2 (30)

and the induced distribution is called d-dimensional Standard Gaussian distribution.

Given e ∈ Rd and positive definite d × d matrix, Σ = AAT where A ∈ Rd×k, the Gaussian
distribution is denoted as N (e,Σ), can be defined by the following well-known proposition:

Proposition A.5 (Definition of Gaussian distribution). Let X ∼ N (e,Σ) be a realization, then the
following are equivalent:

• N (e,Σ) is Gaussian distribution, with expected value e and covariance matrix Σ.

• X = AG+ e, where G ∼ N (0, Id), whose density is defined by (30).

• ∀θ ∈ Rd, θ⊤X is a 1D Gaussian variable:

θ⊤X ∼ N (θ⊤e, (θ⊤A)⊤(θ⊤A)).

From the proposition, it is straightforward to verify the following:

Proposition A.6 (Basic properties of Gaussian distribution). Suppose X ∼ N (e,Σ), then we have:

(1) If rank(Σ) = d, then N (e,Σ) admits the density function:

f(x) =
1

(2π)d/2det(Σ)1/2
e−

(x−e)T Σ−1(x−e)
2

(2) Choose B ∈ Rd×k, β ∈ Rk, and let TB,e,β(x) := B(x− e) + β, then we have

B(X − e) + β ∼ (TB,e,β)#N (e,Σ) = N (β,B⊤ΣB).

(3) Suppose Z ∼ N (0, Id), then the absolute p-th power of Z is given by

E[∥Z∥p] = 2p/2
Γ(p+d

2 )

Γ(d/2)
.

(4) Suppose Z ∼ N (0, Id), then r = ∥Z∥, θ = Z
∥Z∥ are independent.

At the end of this section, we introduce the following relation between the Gaussian distribution and
the spherical uniform distribution.

Proposition A.7. We define the following function f with

Rd \ {0} ∋ x 7→ f(x) =
x

∥x∥
.

Suppose Σ = AA⊤ is a full rank positive-semi-definite matrix, then we have

f#N (0d,Σ) = U(Sd−1).

Proof. Let X ∼ N (0d,Σ) be a realization of the d-dimensional Gaussian, Θ = f(X) = X
∥X∥ . Note

that Θ is well defined N (0d,Σ)-a.s.

Step 1. Suppose Σ = Id, it is equivalent to the following:
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Suppose X1, . . . Xd
i.i.d.∼ N (0, 1) and Θ = [ X1√∑d

i=1 X2
i

, . . . , Xd√∑d
i=1 X2

i

]T , then Θ ∼ Unif(Sd−1). It

is a standard result in probability theory. In particular, choose test function ϕ ∈ C0(Sd−1), we have:

E[ϕ(Θ)] =

∫
Rd

ϕ(
x

∥x∥
)fX(x)dx

=
1

(2π)d/2

∫
Rd

ϕ

(
x

∥x∥

)
e−

∥x∥2
2 dx

=
1

(2π)d/2

∫
Sd−1

∫
R+

ϕ(θ)e−r2/2rd−1dθdr r, θ are spherical coordinates

=

∫
Sd−1

ϕ(θ)dθ · 1

(2π)d/2

∫
R+

e−r2/2rd−1dr︸ ︷︷ ︸
1/∥Sd−1∥

Thus, Θ ∼ Unif(Sd−1).

Step 2. Suppose Σ = diag(σ1, . . . σd) where σ1, . . . σd > 0, we have

Θ =
X

∥X∥
=

Σ−1/2X

∥Σ−1/2X∥
,

where Σ−1/2X ∼ N (0, Id). Thus, by step 1, we have Θ ∼ U(Sd−1).

Step 3. We consider the general positive definite Σ. We have Σ = UΛU⊤ where U ∈ Vd,d is
orthonormal matrix.

We have

U⊤Θ =
U⊤X

∥X∥
=

U⊤X

∥U⊤X∥

Since U⊤X ∼ N (0,Λ) and Λ is a positive diagonal matrix, then from step 2, we have U⊤Θ ∼
U(Sd−1). Thus, Θ = U(U⊤Θ) ∼ U(Sd−1).

Remark A.8. Note that the above statement (especially the statement in Step 1) is a well-known
result, and that is why isotropic Gaussian distribution is called a “rotationally invariant distritbution.”
We do not claim this proposition or its proof as contributions of this article; we present the proof
merely for completeness.

A.4 RELATIONSHIP BETWEEN THE SWD IN Rd AND Rk

In this section, we discuss the proof of the proposition 4.9. We first introduce some intermediate
results in the following subsection.

A.4.1 RELATIONSHIP BETWEEN SW p
p (µ

d, νd;U(Sd−1)) AND SW p
p (µ

d, νd;N (0, Id))

The main result in this section is the following proposition

Proposition A.9. Choose µ, ν ∈ P(Rd), we have

2p/2
Γ(p+d

2 )

Γ(d/2)
SW p

p (µ, ν;U(Sd−1)) = SW p
p (µ, ν;N (0, Id)) (31)

Remark A.10. If we replace N (0, Id) by N (0, 1
dId), the corresponding conclusion has been proved

by (Nadjahi et al., 2021, Proposition 1). Thus, we do not claim the above statement and related
proof as part of the contribution in this paper. We present this statement and the related proof for the
readers’ convenience.

To prove the above statement, first it is straight forward to verify the following:
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Lemma A.11. Given α ∈ R, with abuse of notations, we let α#µ denote the pushforward measure
of µ under mapping x 7→ αx, then we have

|α|pW p
p (µ, ν) = W p

p (α#µ, α#ν) (32)

Proof. If α = 0, then both sides are zero, and we’ve done.

If α ̸= 0, it is straightforward to verify the following is a well-defined bijection:
Γ(µ, ν) ∋ γ 7→ (α× α)#γ ∈ Γ(α#µ, α#ν) (33)

where (α× α) denotes the mapping

R2 ∋ (x, x′) 7→ (αx, αx′) ∈ R2.

Pick γ ∈ Γ(µ, ν), we have

|α|p
∫
R2

|x− y|pdγ(x, y)

=

∫
R2

|αx− αy|pdγ

=

∫
R2

|x− y|pd(α× α)#γ(x, y)

Take the infimum for both sides over Γ(µ, ν), combine it with the fact that (33) is a bijection. We
obtain (32).

Now we introduce the proof of Proposition (A.9).

Proof. Suppose θg ∼ N (0, Id) and let θ = θg

∥θg∥ , we have θ ∼ U(Sd−1) by Proposition A.7. Then
we have:

SW p
p (µ, ν;N (0, Id))

= Eθg∼N (0,Id)[W
p
p (θ

g
#µ, θ

g
#ν)]

= Eθg∼N (0,Id)[∥θ
g∥pW p

p (θ#µ, θ#ν)] by Lemma A.11

= Eθg∼N (0,Id)[∥θ
g∥p] · Eθ∼U(Sd−1)[W

p
p (θ#µ, θ#ν)] by Proposition A.6 (4)

= 2p/2
Γ(p+d

2 )

Γ(d/2)
· SW p

p (µ, ν;U(Sd−1)) by Proposition A.6 (3).

A.5 PROOF OF PROPOSITION A.4

We adapt notations Vk, U in previous subsection.

Lemma A.12. Suppose µd, νd satisfy assumption 4.1, pick θd ∈ Rd and let θ̂k = U⊤θd then we
have:

θ#µ
d = θ̂k#µ

k, θ#ν
d = θ̂k#ν

k.

Proof. For each x ∈ Span(U) = Vk, we have

θ⊤x = PU (θ)
⊤x+ (θ − PU (θ))

⊤x

= PU (θ)
⊤x+ 0 Since θ − PU (θ) ∈ V ⊥

k

= (UU⊤θ)⊤x

= (U⊤θ)⊤(U⊤x)

Thus,

θd#µ
d = (U⊤θd)#(U)#µ

d = θ̂k#µ
k

Similarly, we have θd#ν
d = θ̂k#ν

k and we complete the proof.
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Lemma A.13. Suppose θd1 , . . . θ
d
L

i.i.d.∼ U(Sd−1) and let θkl = U⊤θ
∥U⊤θ∥ ,∀l ∈ [1 : L], then

θk1 , . . . θ
k
L

i.i.d∼ U(Sk−1).

Proof. First, since k < d, we have
U(θd ∈ Sd−1 : U⊤θd = 0k) = 0.

Thus, with probability 1, θkl is well-defined.

By Proposition A.7, with probability 1, we can redefine θd1 , . . . θ
d
N by the following way:

Suppose X1, . . . Xn
i.i.d.∼ N (0, Id), θdl = Xl

∥Xl∥ .

Then

θkl =
U⊤θdl
∥U⊤θdl ∥

=
U⊤Xl/∥Xl∥
∥U⊤Xl/∥Xl∥∥

=
U⊤Xl

∥U⊤Xl∥
Since U⊤Xl ∼ N (0, Ik), we have θkl ∼ U(Sk−1).

Furthermore, since X1, . . . XN are independent, we have θk1 , . . . θ
k
N are independent. Thus,

θ11, . . . θ
k
N

i.i.d.∼ U(Sk−1).

Now we discuss the proof of Proposition 4.7.

Proof of Proposition . Pick θd ∈ Sd−1.

We have
W (θd#µ

d, θd#ν
d) = W ((U⊤θ)#µ

k, (U⊤θ)#ν
k) By lemma A.12

= ∥U⊤θd∥pW (θk#µ
k, θk#ν

k) By lemma A.11
Thus we prove Equation (13).

Now, we pick θd1 , . . . θ
d
N ∈ Sd−1, and thus we have:

SW p
p (µ

k, νk;
1

L

L∑
l=1

δθk
l
)

=
1

L

L∑
l=1

W p
p ((θ

k
l )#µ

k, (θkl )#ν
k) θkl = 0k if ∥U⊤θdl ∥ = 0

=
1

L

L∑
l=1

1

∥U⊤θdl ∥p
W p

p ((U
⊤θdl )#µ

k, (U⊤θdl )#ν
k) By convention 0 · 1

0
= 0

=
1

L

N∑
i=1

1

∥U⊤θdl ∥p
W p

p ((θ
d
l )#µ

d, (θdl )#ν
d) by equation (13)

= S̃W
p

p

(
µd, νd;

1

N

N∑
i=1

δθd
l
, ρ

)
And we prove (14).

Similarly, we obtain the last equation,

S̃W
p

p(µ
d, νd;U(Sd−1), h) = Eθd∼U(Sd−1)

[
1

∥U⊤θd∥p
W p

p ((θ
d)#µ

d, (θd)#ν
d)

]
= Eθd∼U(Sd−1)

[
W p

p ((θ
k)#µ

k, (θk)#ν
k)
]

By equation (13)

= Eθk∼U(Sk−1)[W
p
p ((θ

k)#µ
k, (θk)#ν

k)] By lemma A.13

= SW k
k (µ

k, νk)
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A.5.1 PROOF OF THEOREM 4.9

In this section, we first discuss the relation between SW p
p (µ

d, νd;N (0, Id)) and
SW p

p (µ
k, νk;N (0, Ik)) under assumption 4.1. Next, we present the proof of Proposition

4.9.

Based on the above lemma, we can derive the following relation between SW p
p (µ

d, νd;N (0, Id))

and SW p
p (µ

k, νk;N (0, Ik)).
Lemma A.14. Under assumption 4.1, we have

SW p
p (µ

d, νd;N (0, Id)) = SW p
p (µ

k, νk;N (0, Ik)) (34)

Proof. Suppose θd ∼ N (0, Id) and let θk = U⊤θd. Then by proposition A.6 (1), we have θk ∼
N (0, U⊤IdU) = N (0, Ik). Therefore,

SW p
p (µ

d, νd;N (0, Id))

= Eθd∼N (0,Id)[W
p
p (θ

d
#µ

d, θd#ν
d)]

= Eθd∼N (0,Id)[W
p
p (θ

k
#µ

k, θk#ν
k)] By lemma A.12, where θk = U⊤θd

= Eθk∼N (0,Ik)[W
p
p (θ

k
#µ

k, θk#ν
k)]

= SW p
p (µ

k, νk;N (0, Ik))

and we complete the proof.

Combine the above lemma and proposition A.9, we can prove the Theorem 4.9

Proof of Theorem 4.9. For the first equality, we have

SW p
p (µ

d, νd;U(Sd−1))

=
1

Cd
SW p

p (µ
d, νd;N (0d, Id)) By proposition A.9 (35)

=
1

Cd
SW p

p (µ
k, νk;N (0k, Ik)) By lemma A.14

=
Ck

Cd
SW p

p (µ
k, νk;U(Sk−1)) By proposition A.9 (36)

where Cd = Γ(p/2+d/2)
Γ(d/2) and Ck is defined similarly.

A.6 PROOF OF PROPOSITION 4.10

We first introduce the following lemma:

Lemma A.15. Let Id×k denote the matrix
[

Ik×k

0(d−k)×k

]
, and suppose θd ∼ U(Sd−1), then ∥U⊤θd∥,

∥I⊤d×kθ
d∥ have same distribution.

Proof. We write SVD decomposition of U , since U is orthonormal matrix, we have U = V1Id×kV2

where V1 ∈ Rd×d, V2 ∈ Rk×k are orthogonormal matrix.

Then we have

∥U⊤θd∥ = ∥V ⊤
2 I⊤d×kV

⊤
1 θd∥ = ∥I⊤d×kV

⊤
1 θd∥

Since θd ∼ U(Sd−1), then V ⊤
1 θd ∼ U(Sd−1).

Thus, I⊤d×kθ
d, I⊤d×kV

⊤
1 θd have same distribution. Thus ∥I⊤d×kθ

d∥, ∥I⊤d×kV
⊤
1 θd∥ = ∥U⊤θd∥ have

same distribution.
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Based on this, we can prove the statment (1) in proposition 4.10.

Proof of Proposition 4.10 (1). By the above lemma, it is sufficient to consider U = Id×k.

Let θd,g ∼ N (0, Id), and let θd,g[i], i ∈ [1 : d] denote each component of θd,g. Thus
θd,g[1], . . . θd,g[d]

i.i.d∼ N (0, 1). We can redefine θd as θd = θd,g

∥θd,g∥ , thus,

∥U⊤θd∥2 =
∥U⊤θd,g∥2

∥θd,g∥2

=

∑k
i=1 θ

d,g[i]2∑d
i=1 θ

d,g[i]2
∼ Beta(

k

2
,
d− k

2
)

Thus, we have

E[∥U⊤θd∥p] = E[(∥U⊤θd∥2)p/2] = Γ(k/2 + p/2)Γ(d/2)

Γ(k/2)Γ(d/2 + p/2)
=

Ck

Cd
.

Note, ∥U⊤θd1∥, . . . ∥U⊤θdL∥ are i.i.d. random variables, thus, we have

E[ ̂ESSF (L)] =
1

L
E[

L∑
l=1

∥U⊤θdl ∥p] =
Ck

Cd
.

Similarly,

Var[ ̂ESSF (L)] =
1

L
Var[∥U⊤θdl ∥p]

where Var[∥U⊤θdl ∥p] > 0, is the variance of the p/2−th power of a Beta(k/2, (d− k)/2) variable,
which is a constant only depends on (d, k, p).

Proof of Proposition 4.10(2). For each θ, we have W p
p (θ#µ

d, θ#ν
d) = ∥U⊤θd∥pW p

p (θ#µ
k, θ#ν

k).
Thus

ϵL =
1

L
|

L∑
l=1

(1−
L∑

l′=1

∥U⊤θl′∥p

∥U⊤θl∥p
)W p

p ((θl)#µ
d, (θl)#ν

d)︸ ︷︷ ︸
A(θl)

|

where A(θl) is a function from Sd−1 to R is a function.

Furthermore, from assumption 4.1, we have A(θl) = A(UU⊤θl), thus,

|A(θl)| = |A(UU⊤θl)|
= |W p

p ((UU⊤θl)#µ, (UU⊤θl)#ν)|
≤ max

x∈supp(µ),y∈supp(ν)
∥UU⊤θlx− UU⊤θly∥p

≤ max
x∈supp(µ),y∈supp(ν)

∥x− y∥p︸ ︷︷ ︸
K

·∥UU⊤θl∥p By Cauchy–Schwarz inequality

= K∥U⊤θl∥p (37)
where constant K <∞ since µ, ν are supported on compact sets.

Thus, we have that

ϵL ≤ K ·

∣∣∣∣∣∣∣∣∣∣
1

L

L∑
l=1

(
∥U⊤θl∥p −

L∑
l′=1

∥U⊤θl′∥p
)

︸ ︷︷ ︸
Bn

∣∣∣∣∣∣∣∣∣∣
.
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By law of large numbers, with probability 1, Bn → 0. Thus, ϵL → 0.

It remains to show the convergence rate of ϵL. Since each ∥U⊤θl∥p ∈ [0, 1], for each t > 0, by
Hoeffding’s we have

P(|Bn| ≥ δ) ≤ e−2δ2L

Replacing ϵ by ϵ/K, we have P(errorL ≤ δ) ≥ 1− 2e
2δ2L
K2 and we complete the proof.

A.6.1 PROOF OF THEOREM 4.10

A.7 SPECIAL CASE: LEARNING RATE BOUND FOR THE SW GRADIENT FLOW PROBLEM

In this section, we consider the following sliced gradient flow problem Bonet et al. (2021a):

µt+1 ← arg min
µ∈P2(Rk)

1

2τ
SW 2

2 (µ, µt) + F (µ)

s.t.µ0 = µk

where F (µ) := SW 2
2 (µ, ν

k), for some νk, τ > 0

In the discrete setting, µk =
∑n

i=1 q
1
i δxi

, νk =
∑m

j=1 q
2
j δyj

. Furthermore, we assume that the pmf
of µt is fixed. Then the above problem can be transferred to the following:

Xt+1 ← Xt − ht ⊙∇XSW 2
2 (µt, ν

k), where µt =

n∑
i=1

q1i δxt
i
, Xt = [x1, . . . , xn] (38)

where ⊙ denote the element-wise product operator, and ht ∈ Rn
+.

We will discuss how to select the appropriate learning rate ht.

Gradient and Hessian of Sliced Wasserstein distance. First, we discuss the gradient and Hessian
matrix of the function X 7→ SW 2

2 (µ, ν
k):

Pick θ ∈ Sd−1 and suppose that γθ is an optimal transportation plan for W 2
2 (θ#µ, θ#ν

k).

Then by Bonneel & Coeurjolly (2019), we have:

∇xiW
2
2 (θ#µ, θ#ν

k) = 2θθ⊤(q1i xi −
m∑
j=1

yjγ
θ
i,j),∀xi

Note, when W 2
2 (θ#µ, θ#ν

k) is induced by a Monge mapping, the above formulation can be simplified
to q1i θθ

⊤(xi − T (xi)).

Thus the Hessian matrix is [
∂2W 2

2 (θ#µ, θ#ν
k)

∂xi[l]∂xi[l′]

]
l,l′∈[1:d]

= 2q1i θθ
⊤.

Therefore, the gradient for mapping X 7→ SW 2
2 (µ, ν

k) with respect to each xi is given by:

g(xi) := ∇xi
SW 2

2 (µ, ν
k) = 2

∫
Sd−1

θθ⊤(q1i xi −
m∑
i=1

yjγ
θ
i,j)dU(Sd−1)(θ)

≈ 2

N

L∑
l=1

θlθ
⊤
l (q

1
i xi −

m∑
j=1

yjγ
θl
i,j)
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where the second line is the Monte carlo approximation.

Similarly, the Hession matrix and the Monte carlo approximation are given by

H(xi) := Hxi
(SW 2

2 (µ, ν
k)) = 2q1i

∫
θθ⊤dU(Sd−1)(θ) = 2q1i

1

k
Ik

≈ 2q1i
N

N∑
i=1

θθ⊤

By classical machine learning theory, the optimal learning rate for xi, is given by

(ht)i =
g(xi)

⊤g(xi)

g(xi)⊤Hg(xi)
=

k

2q1i
,∀i ∈ [1 : n] (39)

Remark A.16. We consider a simplified case to intuitively understand the above learning rate.
Suppose µk = q1i δxi

and νk = q1i δyj
(relaxing the assumption that µk and νk are probability

measures). Then, we have:

SW 2
2 (µ

d, νd)

= q1i Eθ∼U(Sd−1)[(θ
⊤xi − θ⊤yj)

2]

= q1i Eθ∼U(Sd−1)[∥θθ⊤xi − θθ⊤yj∥2]
= q1i (xi − yj)

⊤E[θθ⊤](xi − yj)

=
1

k
q1i ∥xi − yj∥22

=
1

k
W 2

2 (µ, ν).

Thus the gradient with respect to xi becomes

g(xi) = 2
q1i
k
(xi − yj).

Letting t = 0, we plug the learning rate from (39) and the gradient into (38), obtaining:

xt+1
i ← xt

i − (yj − xi) = yj .

Intuitively, the learning rate (ht)i for xi is chosen such that the (negative) gradient becomes the
displacement given by the classical OT transportation plan, i.e.,

−g(xi) ≈ yj − xi.

That is, when θ is sufficiently large (i.e., 1
L

∑L
i=1 θθ

⊤ ≈ 1
k Ik), µk

t will converge to νk in one step.
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A.8 PROOF OF PROPOSITION 4.12

Pick xi from {x1, . . . , xn}. Note, based on assumption 4.1, xi = UU⊤xi = Uxk
i ,∀i ∈ [1 : n].

Thus, we have

∇xiSW
p
p (µ̂, ν̂;

1

L

L∑
l=1

δθl)

= U∇xk
i
SW p

p (µ̂, ν̂;
1

L

L∑
l=1

δθl)

= U∇xk
i

L∑
l=1

1

L

∑
i,j

(q1i ∥U⊤θl∥(θkl )⊤(xk
i −

1

q1i
ykj γ

θl
i,j))

p

= q1i pU
1

L

L∑
l=1

∥U⊤θl∥(θkl )⊤(xk
i −

1

q1i
ykj γ

θl
i,j)

p−1.

Similarly,

∇xi
SW p

p (µ̂
k, ν̂k;

1

L

L∑
l=1

δθk
l
)

= q1i pU
1

L

L∑
l=1

(θkl )
⊤(xk

i −
1

q1i
ykj γ

θl
i,j)

p−1 (40)

where γθl is the optimal transportation plan for 1D problem W p
p ((θl)#µ̂, (θl)#ν̂) =

W p
p ((θ

k
l )#µ̂

k, (θkl )#ν̂
k).

Thus,

ϵL(xi) = ∇xiSW
p
p (µ̂d, ν̂d;

L∑
l=1

δθd
l
)− ÊSSF (L) · ∇xiSW

p
p (µ̂k, ν̂k;

L∑
l=1

δθk
l
)

=
pq1i
L

U

L∑
l=1

(∥U⊤θl∥p −
1

L

L∑
l′=1

∥U⊤θl′∥p) θkl ((θkl )⊤(xk
i −

1

q1i

m∑
j=1

ykj γ
θl
i,j))

p−1

︸ ︷︷ ︸
A(θk

l )

.

where A(θkl ) is a vector function from Sk−1 to Rk. By Cauchy Schwatz inequality, and the fact
∥θkl ∥ = 1, we have

∥A(θkl )∥ ≤ max
xi,yj

∥xk
i − ykj ∥p−1 = max

xi,yj

∥xi − yj∥p−1

Then we have:

∥ϵL(xi)∥ = pq1i

∣∣∣∣∣∣∣∣∣∣
L∑

l=1

1

L

(
∥U⊤θl∥p −

1

L

L∑
l′=1

∥U⊤θl′∥p
)

︸ ︷︷ ︸
BL

∣∣∣∣∣∣∣∣∣∣
∥UA(θkl )∥

= pq1i ∥A(θkl )∥|BL|
≤ pq1iK|BL|.

By law of large number, with probability 1, BL → 0, thus ∥(ϵL)∥ → 0, that is ϵL → 0d.

It remains to bound the convergence rate of ∥ϵL∥.
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By Hoeffding inequality and the fact ∥U⊤θl∥2 ∈ [0, 1], we have

P(|BL| ≥ ϵ) ≤ 2e−ϵ2L.

Replacing ϵ by ϵ/(pq1iK), we obtain:

P(∥ϵL(xi)∥ ≤ ϵ) ≥ 1− 2e−ϵ2L/(pq1iK)2.

and we complete the proof.

A.9 DISCUSSION WHEN THE ASSUMPTION 4.1 IS NOT SATISFIED.

In this section, we briefly discuss the context when the assumption 4.1 is not satisfied. In particular,
we aim to show the following:
Proposition A.17. Let U, Vk be defined in assumption 4.1, choose µd, νd ∈ Pp(Rd), and let µk, νk

be defined by U#µ
d, U#ν

d, we claim the following:

W 2
2 (µ

k, νk) ≤W 2
2 (µ

d, νd) ≤W 2
2 (µ

k, νk) + 2(m2(U
⊥
#µd) +m2(U

⊥
#νd, p))56 (41)

where mp(U
⊥
#µd) the p− th moment of measure U⊥

#µd.

Proof. For each pair (x, y) ∈ (Rd)2, we have

∥PU (x)− PU (y)∥2

≤ ∥x− y∥2 By definition of projection (42)

= ∥PU (x)− PU (y)∥2 + ∥PU⊥(x)− PU⊥(y)∥2 Pythagorean theorem

≤ ∥PU (x)− PU (y)∥2 + 2∥(U⊥)⊤x∥2 + 2∥(U⊥)⊤y∥2 (43)

From (42), we have
W 2

2 ((PU )#µ
d, (PU )#ν

d) ≤W 2
2 (µ

d, νd).

Combined it with Proposition A.4, we have:

W 2
2 (µ

k, νk) = W 2
2 ((PU )#µ

d, (PU )#ν
d) ≤W 2

2 (µ
d, νd),

and we prove the first inequality in (41).

Similarly, let γ ∈ Γ(µ, ν) be the optimal transportation plan for W 2
2 ((PU )#µ

d, (PU )#ν
d). From

(43), we have:

W 2
2 (µ

d, νd)

≤ E(X,Y )∼γ [∥X − Y ∥2]
≤ E(X,Y )∼γ [∥PU (X)− PU (Y )∥2 + 2∥(U⊥)⊤X∥2 + 2∥(U⊥)⊤X∥2] By (43)

= W 2
2 ((PU )#µ, (PU )#ν) + 2(m2((U

⊥)#µ
d) +m2((U

⊥)#ν
d))

Thus, we prove the second inequality of (41).

Proposition A.18. Based on the same notations of Proposition A.17, we have:

k

d
SW 2

2 (µ
k, νk) ≤ SW 2

2 (µ
d, νd) ≤ k

d
SW 2

2 (µ
k, νk) + 2

d− k

d
(m2(U

⊥
#µd) +m2(U

⊥
#νd)) (44)

Proof. Pick θ ∈ Sd−1 and x, y ∈ Rd. We have:

∥θ⊤PU (x)− θ⊤PU (y)∥2

≤ ∥θ⊤x− θ⊤y∥2 (45)

= ∥PU (θ)
⊤PU (x)− PU (θ)

⊤PU (y)∥2 + ∥PU⊥(θ)⊤PU⊥(x)− PU⊥(θ)⊤PU⊥(y)∥2

≤ ∥θ⊤PU (x)− θ⊤PU (y)∥2 + ∥(U⊥)⊤θ∥2∥(U⊥)⊤x− (U⊥)⊤y∥2 Cauchy Schwatz inequality

≤ ∥θ⊤PU (x)− θ⊤PU (y)∥2 + 2∥(U⊥)⊤θ∥2(∥(U⊥)⊤x∥2 + ∥(U⊥)⊤y∥2) (46)
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Choose θ ∈ Sd−1. From Proposition A.17, we have

W 2
2 (θ#(PU )#µ

d, θ#(PU )#ν
d) ≤W 2

2 (θ#µ
d, θ#ν

d)

Take expected value with respect to θ, we have

SW 2
2 ((PU )#µ

d, (PU )#ν
d) ≤ SW 2

2 (µ
d, νd)

Combine it with Theorem 4.9, we prove the first inequality in (44).

Similarly, from (46), we have

W 2
2 (θ#µ

d, θ#ν
d) ≤W 2

2 (θ#(PU )#µ
d, θ#(PU )#ν

d) + 2∥(U⊥)⊤θ∥2(m2(U
⊥
#µd) +m2(U

⊥
#νd)).

Take expected value with respect to θ, we obtain:

SW 2
2 (µ

d, νd)

≤ SW 2
2 ((PU )#µ

d, (PU )#ν
d) + 2Eθ[∥U⊥θ∥2](m2(U

⊥
#µd) +m2(U

⊥
#νd))

=
k

d
SW 2

2 (µ
k, νk) + 2

d− k

d
(m2(U

⊥
#µd) +m2(U

⊥
#νd))

there the last equality holds from Theorem 4.9 and the fact ∥U⊥θ∥2 ∼ Beta(d−k
2 , k

2 ).
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B ADDITIONAL DETAILS FOR THE NUMERICAL EXPERIMENTS

B.1 GRADIENT FLOW

B.1.1 BACKGROUND OVERVIEW

Let P(Rd) denote the space of probability measures on Rd. For µ, ν ∈ P(Rd), the gradient flow of
the SW distance in the space of probability measures evolves according to the continuity equation

∂µt

∂t
+∇ · (vtµt) = 0, (47)

where µt is a time-dependent probability measure and vt the velocity field vt = −∇ δSW 2
2 (µt,ν)
δµt

. This
describes the transport of measure µt in the Wasserstein space P2(Rd), commonly referred to as the
Wasserstein Gradient Flows (WGF, Ambrosio et al. (2008))

For numerical simulation in practice, one discretizes this dynamic using a particle approximation.
We let {xt

t}Ni=1 denote a system of N particles evolving according to the following system of ODEs:

dxt
i

dt
= −∇xi

SW 2
2 (µ

N
t , ν), (48)

where µN
t = 1

L

∑L
i=1 δxt

i
is the empirical measure based on the particle positions xt

i.

These WGF particle-based approaches preserve key features of continuous systems and have been
widely adopted, especially machine learning applications (Peyré et al. (2019).

B.1.2 EXPERIMENTS

On classic synthetic datasets

Swiss Roll 8 Gaussians Knot

Figure 9: Classic synthetic 2D datasets (shown) embedded in spaces of different target dimensions.

Table 1: Quantitative comparison of the best final converged W2(↓) and runtime (↓) between
different variants for Gradient Flow with (embedded) classic synthetic datasets.

Met.
Swiss 8 Gauss. Knot

RT(s)↓
d = 2 d = 50 d = 100 d = 2 d = 50 d = 100 d = 2 d = 50 d = 100

SW 0.0001±0.0000 0.0004±0.0000 0.0004±0.0000 0.0002±0.0000 0.0002±0.0001 0.0006±0.0001 0.0002±0.0000 0.0004±0.0000 0.0004±0.0000 8.62±0.04

MaxSW 0.0000±0.0000 0.0219±0.0051 0.0342±0.0022 0.0005±0.0000 0.0171±0.0004 0.0385±0.0006 0.0005±0.0000 0.0246±0.0009 0.0303±0.0009 74.02±1.61

DSW 0.0002±0.0001 0.0004±0.0000 0.0004±0.0000 0.0002±0.0001 0.0004±0.0001 0.0006±0.0001 0.0003±0.0000 0.0004±0.0001 0.0004±0.0000 162.25±0.20

MaxKSW 0.0002±0.0000 0.0124±0.0082 0.0122±0.0010 0.0002±0.0000 0.0154±0.0001 0.0216±0.0007 0.0002±0.0000 0.0165±0.0048 0.0171±0.0048 125.23±0.54

iMSW 0.0001±0.0000 0.0021±0.0001 0.0050±0.0001 0.0001±0.0000 0.0021±0.0001 0.0059±0.0001 0.0002±0.0001 0.0034±0.0001 0.0054±0.0001 74.45±0.03

viMSW 0.0002±0.0001 0.0003±0.0000 0.0005±0.0000 0.0003±0.0001 0.0003±0.0001 0.0008±0.0000 0.0003±0.0001 0.0005±0.0000 0.0005±0.0000 255.76±0.28

oMSW 0.0001±0.0000 0.0002±0.0000 0.0005±0.0000 0.0002±0.0001 0.0002±0.0000 0.0006±0.0000 0.0002±0.0001 0.0004±0.0000 0.0004±0.0000 16.55±0.01

rMSW 0.0002±0.0000 0.0003±0.0000 0.0005±0.0000 0.0003±0.0001 0.0003±0.0000 0.0008±0.0000 0.0003±0.0001 0.0006±0.0000 0.0005±0.0000 179.70±1.08

EBSW 0.0002±0.0001 0.0002±0.0000 0.0005±0.0000 0.0001±0.0000 0.0002±0.0000 0.0006±0.0000 0.0003±0.0001 0.0004±0.0000 0.0002±0.0000 9.66±1.15

RPSW 0.0001±0.0000 0.0001±0.0000 0.0004±0.0000 0.0002±0.0000 0.0001±0.0000 0.0010±0.0000 0.0002±0.0000 0.0001±0.0000 0.0004±0.0000 19.47±0.03

EBRPSW 0.0007±0.0002 0.0002±0.0001 0.0003±0.0000 0.0002±0.0001 0.0002±0.0001 0.0006±0.0000 0.0002±0.0001 0.0004±0.0000 0.0002±0.0000 20.30±0.05
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On the MNIST and CelebA images

Figure 10: Gradient Flow visualization for images from the MNIST dataset (left) and the CelebA
dataset (right).

Method MNIST (s) ↓ CelebA (s)↓

DSW 12500.00±0.00 126054.85±745.89

EBSW 686.18±45.31 6694.50±148.08

RPSW 800.36±5.97 6038.05±86.32

EBRPSW 699.33±9.70 3171.20±582.31

oMSW 482.29±8.46 3808.34±475.66

iMSW 1359.97±10.19 3601.99±11.01

rMSW 1115.98±150.49 100358.26±1002.95

viMSW 4161.11±16.05 96007.74±937.50

MaxSW 7231.97±70.28 9780.51±485.71

MaxKSW 6891.43±35.52 65560.25±332.10

SW 441.41±36.85 3335.51±76.52

Table 2: Runtime comparison for all methods in the MNIST/CelebA setups

B.2 COLOR TRANSFER

Set 1 Set 2 Set 3

Figure 11: 3 sets of source (top) and target (bottom) images for Color Transfer.
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Table 3: Quantitative comparison of the best final converged
W2 ↓ and runtime ↓ between different variants for Color Transfer.

Method
Best W2 ↓ (LR)

Runtime(s) ↓
Set 1 Set 2 Set 3

SW 0.01±0.00 (1e-1) 0.01±0.00 (8e-1) 0.00±0.00 (1e0) 8.62±0.04

MaxSW 0.03±0.00 (1e-3) 0.03±0.00 (3e-4) 0.03±0.00 (3e-4) 74.02±1.61

DSW 0.03±0.00 (1e-3) 0.03±0.00 (1e-3) 0.03±0.00 (8e-4) 162.25±0.20

MaxKSW 0.03±0.00 (5e-4) 0.03±0.00 (5e-4) 0.03±0.00 (5e-4) 125.23±0.54

iMSW 0.03±0.00 (1e-3) 0.03±0.00 (1e-4) 0.03±0.00 (1e-3) 74.45±0.03

viMSW 0.03±0.00 (1e-3) 0.03±0.00 (1e-4) 0.03±0.00 (1e-3) 255.76±0.28

oMSW 0.03±0.00 (1e-3) 0.03±0.00 (1e-3) 0.03±0.00 (1e-3) 16.55±0.01

rMSW 0.03±0.00 (1e-3) 0.03±0.00 (1e-3) 0.03±0.00 (1e-3) 179.70±1.08

EBSW 0.03±0.00 (1e-3) 0.03±0.00 (1e-3) 0.03±0.00 (1e-3) 9.66±1.15

RPSW 0.10±0.00 (3e-3) 0.10±0.00 (1e-2) 0.10±0.09 (1e-3) 19.47±0.03

EBRPSW 0.03±0.00 (8e-4) 0.03±0.00 (5e-4) 0.03±0.00 (5e-4) 20.30±0.05

Source

Target

SW (𝒲2 = 0.03) MaxSW (𝒲2 = 0.03) DSW (𝒲2 = 0.03) iMSW (𝒲2 = 0.03)

oMSW (𝒲2 = 0.03) rMSW (𝒲2 = 0.03) viMSW (𝒲2 = 0.03) MaxKSW (𝒲2 = 0.03)

EBSW (𝒲2 = 0.03) RPSW (𝒲2 = 0.10) EBRPSW (𝒲2 = 0.03)

Figure 12: Color Transfer (Set 1)
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Source

Target

SW (𝒲2 = 0.01) MaxSW (𝒲2 = 0.04) DSW (𝒲2 = 0.04) iMSW (𝒲2 = 0.03)

oMSW (𝒲2 = 0.03) rMSW (𝒲2 = 0.03) viMSW (𝒲2 = 0.04) MaxKSW (𝒲2 = 0.04)

EBSW (𝒲2 = 0.04) RPSW (𝒲2 = 0.11) EBRPSW (𝒲2 = 0.04)

Figure 13: Color Transfer (Set 2)

Source

Target

SW (𝒲2 = 0.00) MaxSW (𝒲2 = 0.03) DSW (𝒲2 = 0.027) iMSW (𝒲2 = 0.03)

oMSW (𝒲2 = 0.03) rMSW (𝒲2 = 0.03) viMSW (𝒲2 = 0.03) MaxKSW (𝒲2 = 0.03)

EBSW (𝒲2 = 0.03) RPSW (𝒲2 = 0.06) EBRPSW (𝒲2 = 0.03)

Figure 14: Color Transfer (Set 3)
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B.3 DEEP GENERATIVE MODELING

In this section, we provide additional details on the model architecture and numerical results for the
deep generative modeling tasks. We present both qualitative and quantitative results, including the
W2 metric, to evaluate the model’s performance across different SW variants. The experiments were
conducted using the FFHQ dataset.

Model architecture:

For unconditional generation:

G(z) = FCd ◦ LeakyReLU0.2 ◦ BN ◦ FC1024

◦ LeakyReLU0.2 ◦ BN ◦ FC512

◦ LeakyReLU0.2 ◦ BN ◦ FC256(z), z ∈ R8, G(z) ∈ R512

For unpaired translation:

T (z) = z + FCd ◦ LeakyReLU0.2 ◦ BN ◦ FC1024

◦ LeakyReLU0.2 ◦ BN ◦ FC1024(z), z ∈ R512
(49)

Table 4: Quantitative comparison between different variants for Deep Generative Modeling 5.4.

Method
Unconditional Gen. Unpaired Translation

W2 ↓ (LR) RT(s) ↓ M2F: W2 ↓ (LR) RT(s)↓ A2C: W2 ↓ (LR) RT(s)↓

SW 14.67±.01 (1e0) 26.69±.23 14.15±.02 (5e-1) 25.47±.09 14.58±.03 (1e0) 27.94±.14

MaxSW 13.38±.17 (1e-2) 95.83±.24 14.01±.02 (5e-3) 102.68±.03 14.52±.02 (3e-3) 103.29±2.98

DSW 14.35±.06 (8e-3) 197.70±.14 14.11±.02 (5e-3) 198.42±.38 14.60±.04 (5e-3) 198.08±.32

MaxKSW 15.22±.03 (1e-2) 53.38±3.16 14.20±.01 (5e-2) 45.90±.04 14.65±.02 (5e-2) 45.73±.08

iMSW 14.27±.01 (1e-3) 90.27±.23 14.06±.01 (3e-3) 92.70±.12 14.59±.01 (1e-3) 92.65±.17

viMSW 15.16±.03 (1e-3) 49.26±.05 14.09±.01 (3e-3) 271.10±.42 14.57±.01 (3e-3) 271.09±.84

oMSW 14.81±.04 (5e-2) 29.34±.18 14.12±.01 (8e-2) 31.39±.05 14.58±.03 (1e-2) 31.23±.04

rMSW 14.80±.07 (5e-2) 193.77±.63 14.16±.01 (8e-2) 195.07±.12 14.60±.02 (8e-3) 195.81±.27

EBSW 16.68±.19 (3e-3) 22.16±.07 14.71±.02 (1e-2) 26.67±.00 15.09±.04 (8e-4) 26.68±.02

RPSW 14.46±.06 (3e-2) 33.35±.07 14.14±.00 (1e-1) 37.11±.10 14.60±.01 (1e-2) 36.99±.12

EBRPSW 16.90±.22 (3e-3) 34.40±.07 14.69±.02 (1e-2) 38.15±.05 15.10±.05 (1e-3) 38.14±.11
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(a) Left: Cumulative Explaning Variance plot for the FFHQ latents. Middle/Right: UMAP visualization of the
Gender and Age splits.

FFHQ Subset Train size Test size

Adults (≥ 18) 48786 8104
Children (< 10) 8345 1405

Male 26732 4351
Female 32816 5572

(b) Subset size.

Figure 15: FFHQ dataset (Karras et al. (2019))
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Figure 16: Samples generated by the M2F (left) and (A2C) residual translators.
B.4 DETAILED NUMERICAL RESULTS
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Figure 17: Visualization for the A2C translation task (using the model with the lowest W2 for each
method).
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Figure 18: Visualization for the M2F translation task (using the model with the lowest W2 for each
method).
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