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Abstract

Stochastic differential equations (SDEs) are well suited to modelling noisy and/or
irregularly-sampled time series, which are omnipresent in finance, physics, and
machine learning applications. Traditional approaches require costly simulation
of numerical solvers when sampling between arbitrary time points. We introduce
Neural Stochastic Flows (NSFs) and their latent dynamic versions, which learn
(latent) SDE transition laws directly using conditional normalising flows, with
architectural constraints that preserve properties inherited from stochastic flow.
This enables sampling between arbitrary states in a single step, providing up to two
orders of magnitude speedup for distant time points. Experiments on synthetic SDE
simulations and real-world tracking and video data demonstrate that NSF maintains
distributional accuracy comparable to numerical approaches while dramatically
reducing computation for arbitrary time-point sampling, enabling applications
where numerical solvers remain prohibitively expensive.

1 Introduction

Stochastic differential equations (SDEs) underpin models in finance, physics, biology, and modern
machine learning systems [39]50]]: they capture how a state 2, € R evolves following a velocity
field whilst being perturbed by random noise. In many real-time settings such as robots, trading
algorithms, or digital twins, one often requires the transition law p(x; | « ) describing the probability
distribution of future states given earlier states over arbitrary time gaps ¢ — s [30]. Conventional
approaches handle this transition law by learning neural (latent) SDEs [33] from data and simulating
numerical solvers with many small steps [[19} 30], which incurs high computational costs. In this
regard, neural flow [4] techniques for ordinary differential equations (ODEs) bypass numerical
integration by directly learning the flow map with architectural constraints and regularisation terms.
However, these methods inherently cannot express stochastic dynamics required for SDE modelling.
In the domain of diffusion models [[12} 20} 471, a line of work leverages the associated probability
flow ODE (PF-ODE): earlier distillation approaches compress iterative samplers by matching teacher-
student trajectories under the PF-ODE [44]], while consistency-style methods learn direct mappings
between time points [48]], with trajectory-level variants also proposed [26]. However, these techniques
are tied to particular boundary conditions and diffusion processes.

An alternative approach for modelling stochastic dynamics data is through stochastic flows [32],
which, under suitable conditions, describe families of strong solutions to SDEs via mappings that
evolve initial states over time under shared stochasticity. These flows naturally define the transition
law p(x; | xs), and when parameterised by neural networks, enable direct learning of efficient
one-step sampling between arbitrary time points. However, it remains an unsolved challenge for such
network design, due to the requirements of satisfying several properties, e.g., identity mapping when
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Figure 1: Comparison between (a) traditional neural SDE methods requiring numerical integration
and (b) our NSF, where blue and red contours represent conditional distributions for one-step sampling
and recursive application, respectively. Panels (c) and (d) illustrate our flow loss concept, ensuring
distributional consistency between one-step and two-step transitions through intermediate states.

t = s, Markov property, and Chapman—Kolmogorov flow property that ensures self-consistency of
transition laws with different number of steps.

Contributions. We introduce Neural Stochastic Flows (NSFs) to address the network design
challenge of parameterising stochastic flows. NSFs employ conditional normalising flows [41}152] to
directly learn the SDE transition distributions p(; | @) for any s < ¢, where the normalising flow
architecture design ensures the validity of identity, Markov, and (for autonomous SDEs) stationarity
properties. Specifically, given the present state x; and elapsed time A¢, NSF draws a single Gaussian
noise vector and transforms it through specially designed affine coupling layers [[13} 28] that reduce
to identity maps when At := ¢ — s = 0 [4]. These transformations have parameters conditioned
on (x4, At, s) and scale their effect with the time interval. A bi-directional KL divergence based
regularisation loss is designed to further encourage the network to satisfy Chapman—Kolmogorov
flow property. Since all transformations are bijective, the transition log-density is available in closed
form, allowing both training and inference to proceed without SDE solvers. A side-by-side schematic
of solver-based vs. NSF sampling is shown in Fig.[T}

To summarise, Neural Stochastic Flows can:

* Learn an SDE’s weak solution, in the form of a conditional distribution, directly for solver-
free training and inference, with architectural constraints and loss function design to enforce
desirable stochastic flow properties;

* Enable efficient one-step sampling between arbitrary time points within the trained horizon
(thus suitable for modelling irregularly sampled time series), with maximum gains for distant
time points;

* Be extended to noisy and/or partially observed data scenarios through latent dynamic
modelling, in similar fashions as variational state-space model and latent SDEs [31}133].

Empirically, across diverse benchmarks such as stochastic Lorenz attractor, CMU Motion Capture, and
Stochastic Moving MNIST, our approach maintains distributional accuracy comparable to or better
than numerical solver methods, while delivering up to two orders of magnitude faster predictions
over arbitrary time intervals, with the largest gains on long-interval forecasts.

2 Background
Stochastic Differential Equations. Stochastic differential equations (SDEs) model dynamical
systems subject to random perturbations:

dmt = [L($t7t) dt+6(mtat) th; (1)

where x; € R" is the state, p : R™ x Ry — R™ is the drift, o : R” x R, — R™*™ is the diffusion,
and W, is an m-dimensional Wiener process. Neural SDEs parameterise these terms with neural
networks, enabling learning from data. In many applications, the conditional probability distribution



p(x: | ;) for s < tis crucial for uncertainty quantification and probabilistic forecasting. However,
while numerical solvers can generate sample trajectories, they do not provide direct access to this
distribution and incur computational costs that scale with the time gap t — s.

Stochastic Flows of Diffeomorphisms. An alternative perspective on SDEs comes from the theory of
stochastic flows, which characterises the solution space through time-dependent mappings. For an Itd
SDE as in Eq. (I) with smooth coefficients, these solutions form a stochastic flow of diffeomorphisms
[32]. This is defined by a measurable map ¢, , : R" x 2 — R" where 0 < s < ¢ < +o00 and € is
the sample space, satisfying:

1. Diffeomorphism: For any s < ¢ and w € (2, the map = > ¢, ,(x,w) is almost surely a
diffeomorphism.

2. Independence: Maps ¢, , ,...,¢,  , forany non-overlapping sequence 0 < t; < iy <
... < t, are independent, which yields the Markov property of the flow.

3. Flow property: For any 0 < ¢; <ty < t3, any point x € R™, and any w € :
¢t1,t3 (T, w) = ¢t2,t3 (¢t1,t2($7w)7w) .
4. Identity property: For any ¢ > 0, any point € R", and any w € Q: ¢, ,(z,w) = .

Furthermore, when the SDE is autonomous, where the drift and diffusion terms are independent of
time, an additional property holds:

5. Stationarity: For any s < ¢, 7 > 0, and w € ), the maps ¢, ,(z,w) and ¢, ;.. (z,w)
have the same probability distribution.

Solver-based neural SDEs (also see Section[3)) require costly numerical integration. Leveraging the
flow properties formalised above, in the next section we introduce a solver-free alternative, NSFs, as
efficient models for stochastic systems that provide direct access to transition probability distributions
of SDE-governed processes.

3 Neural Stochastic Flows

While stochastic flows of diffeomorphisms provide a powerful theoretical framework for understand-
ing strong solutions of SDEs, they require modelling infinite-dimensional sample paths, which is
computationally intractable. Instead, in this section we focus on developing neural network architec-
tures for modelling the probability distributions that characterise weak solutions of SDEs, by deriving
appropriate conditions and loss functions for the network using properties of stochastic flows.

For an SDE, the relationship between a strong solution (represented by a stochastic flow ¢) to its
corresponding weak solution (represented by a conditional probability distribution) is expressed as:

p(xe, | @eitisty —t) = / 0 (wtj — by, (a"tww)) p(w) dw, 2
Q

where §(-) denotes the Dirac delta function and €2 represents the infinite-dimensional sample space
containing complete Brownian motion trajectories. Instead of directly modelling the map ¢, we
approximate the resulting probability distribution pe(x:, | ¢,;ti, t; — ;) ~ p(@s, | T4, ti, t; —ts)
using a Neural Stochastic Flow (NSF), a parametric model f, that transforms Gaussian samples €
into the desired distributions via conditional normalising flows:

pg(wtj | wt17t27tj - tz) = /5(€lftj - fe(wtivtivtj - tias)) N(E | OvI) dE, (3)

Therefore fg serves as our parametric model to approximate the SDE’s weak solution.

Conditions. Under the NSF framework, in below we reformulate the conditions of stochastic flows
as strong solutions of SDEs to conditions of NSFs as weak solutions:

1. Independence: For any sequence 0 < t; < t5 < ... < t,,, the conditional probabilities
po(xs, | T3 t1,ta —t1),...,pe(xs, | @1, ,;tn—1,tn — t,—1) must be independent.

2. Flow property: For any 0 < ¢; < t; < {3, the joint distribution must satisfy the Chapman-—
Kolmogorov equation:

po(®e, | @o,: iyt — 1) = / po(@e, | @13ty b — t)pe(@e, | estirt; — b)) day,. (@)



3. Identity property: At the same time ¢, the distribution must reduce to a delta function,
indicating no change: pg(x, = | ®4,;t;,0) = d(x — x4,).

For autonomous SDEs, we restate the stationarity condition in terms of our parametric model:
4. Stationarity: The conditional distributions must exhibit stationarity such that for any ¢;,¢;,r >
0, po(xs; | T;ts, t; —t;) = po(Te, v | T3t + 1,85 — ;).
3.1 Conditional Normalising Flow Design

Let ¢ = (a4,,At,t;) denote the conditioning parameters, where ¢; is included only for non-
autonomous systems and omitted otherwise, and let At := t; — t;. We instantiate the sampling
procedure of the flow distribution (Eq. (3)) as

z =x;, + At-MLP,(c;0,) + VAt -MLP,(¢;0,) ©e, e~ N(0,I), 3)
u(c) o(c)
Ty, = Jo(z,¢) = fr(5¢,0)0 fr_1(5¢,001) 00 f1(2z;¢,01). (6)

Our architecture integrates a parametric Gaussian initialisation with a sequence of bijective transfor-
mations. The state-dependent Gaussian, centred at p(c) with noise scale o (c), follows the similar
form to the Euler-Maruyama discretisation with drift scaled by At and diffusion by v/At. The
subsequent bijective transformations f; through f; are implemented as conditioned coupling flows
(4] 131 28] whose parameters depend on c. Each layer splits the state z into two partitions (za, zp)
and applies an affine update to one partition conditioned on the other and on c:
. ) — (@) .9 (@) .9

fi (Z’ S 0’) = Concat (ZA’ ZpOexp (At MLPscale(zA’ G ascale)) +At MLPshift(zA7 G Hshift)) ) (7)
with alternating partitions across layers. The explicit At factor ensures f,(z;c,6;) = z when
At = 0 and, combined with the form of the base Gaussian (Eq. (3)), preserves the identity at zero
time gap. Stacking such layers yields an expressive diffeomorphism [49] while keeping the Jacobian
log-determinant tractable for loss computation. Independence property is ensured by the conditional
sampling on the initial state x;, without any overlap between the transitions, and stationarity is
obtained by omitting ¢; from ¢ when modelling autonomous SDE:s.

3.2 A Regularisation Loss for Flow Property

To train an NSF, apart from using supervised learning loss functions based on e.g., maximum likeli-
hood, we add an additional discrepancy term L, that encourages the flow property as formalised
in Eq. {@). We require a measure of mismatch between the one-step distribution pg(x:, | x¢,)
and the two-step marginal [ pg(x;, | xy,) po(xs; | x¢,)dxs,. Several candidates exist such as
optimal-transport/Wasserstein, Stein, adversarial, and kernel MMD. Among them, we choose KL
divergences because we can minimise the upper-bounds of the KL divergences in a tractable way, and
since KL is asymmetric, we use both directions: the forward KL promotes coverage, while the reverse
KL penalises unsupported regions. Direct KLs remain intractable due to the marginalisation over in-
termediate state @, in two-step side. Therefore, we introduce a bridge distribution bg (x¢; | x¢,, T+, )
as an auxiliary variational distribution [1} 40, |45]] and optimise variational upper bounds for both
directions (Appendix [B).

Specifically, for the forward KL divergence:

Dk (pe (x4, | 4,) H /Pe ($tk | wtj)Pe (wtj \ wti) dwtj)

x;, | x,) be (Ty, | 4, 24,
< E & logpe( b | @) be (@0, | 0, ®0,)
@i, ~po(|xe;) mtj"’bs('lmti-,mtk) Pe (mtk | xtj) Pe (mtj | wti)
= »Cﬂow, 1-to-2 (07 6; tiv tjv tk) . (8)

And for the reverse KL divergence:

Dk (/pe (e, | @1,) po (e, | ¢,) day,

po (¢, | wn))
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Algorithm 1: Optimisation procedure for (Latent) Neural Stochastic Flows

Follow for NSF, & for Latent NSF; lines without markers are run for both models.
Input: Transition dataset D; learning rates 7, 1¢ (and 74, 77, for latent); inner steps K
OQutput: Trained parameters 0, £ (and ¢, 1) for latent)

while not converged do
Sample a minibatch from D
# Encode sampled data into latent states using Eq. (T3]
Sample time triplets (;,t;,tx) with t; < t; < t5 (see Appendlxlfor details)
for k =1to K do
L Compute Loy (0, €) using Eq. (T0)
Update bridge parameters: & <— & — 1: V¢ Lgow
Compute total loss £(6, &) using Eq.
& Compute total loss £(0, &, ¢, 1)) using Eq. (I8)
Update NSF parameters: 8 < 6 — 1y VoL
| & Update NSF/encoder/decoder parameters: {6, ¢, 9} < {0, @,%} — 119,641 V{6,043 L

< E E Pe (me | ﬂff,) Pe (CCt,C \ ﬂffj)
:ZthNPB('hl!ti) wtk"’l)e("wtj) b€ (a:tj | act“:ctk) Po (ﬂ?tk ‘ wti)
= Liow, 2-10-1 (0, &; i, tj,t1) . )]
The flow loss Lo combines the above two terms, balancing the consistency in both directions:
Eﬂow(OaE) = E ) [‘Cﬂow,1—t072(ea€;tiatjatk) + Eﬂow, 27t0—1(07€;ti7tj7tk)] ’ (10)
p(tit;,te

The total loss for training NSFs combines the negative log-likelihood objective with the flow loss:

‘C(97£) = _( Ei;, £) I:]‘nge(wtj | wti;ti7tj _ti)] +)‘£ﬂ0w(07£)v (11)
where D represents the dataset and ) is a hyperparameter that controls the strength of the flow
consistency constraint. The model parameters 8 and bridge model parameters £ are optimised using
gradient-based methods; a procedure is summarised in Algorithm [I](see Appendix [C.T]for details).

4 Latent Neural Stochastic Flows

Irregularly-sampled real-world sequences seldom expose the full system state; instead we observe
noisy measurements o, at times 0 = ¢y < t; < --- < tp. To model the hidden continuous-time
dynamics while remaining solver-free, we introduce the Latent Neural Stochastic Flows (Latent
NSFs) as variational state-space models (VSSMs) whose transition kernels are governed by NSFs.

4.1 Recap: Variational State-Space Models (VSSMs)

A VSSM [8, 21} 22| 31]] extends the variational autoencoder framework [29] 42] to sequential data by
endowing a sequence of latent states x¢.7 with Markovian dynamics while explaining the observations
og.7 through a conditional emission process. The joint distribution factorises as

T

Po.w(xo:7, 00.7) = po(xo) [ [ po(e | i—1)py (01 | 24), (12)
t=1

where each conditional is typically Gaussian with its distributional parameters produced by neural
networks. Amortised inference is carried out using a Gaussian encoder gg (x; | £;—1, 0;) for every
time-step ¢, and the encoder and decoder are jointly trained using the negative evidence lower bound
(NELBO) loss, also known as the variational free energy (VFE):

L(0,%,¢p)=E |~logpe(xo) Z [log po(+ | @i—1)+1og py(0r | x1) —log g (Tt | Ti—1, O1)]
t=1
(13)
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(a) Variational State-Space Model  (b) Latent Neural Stochastic Flow (c) Skip KL Divergence

Figure 2: Graphical models. (a) Standard state-space model with discrete-time transitions between
states. (b) NSF model with continuous-time transitions parameterised by time intervals (At; =
t; — t;—1). (c) Example of skip KL divergence over two time steps. The upper row shows the two-
step-ahead prediction from the posterior at ¢, via NSF, while the lower row shows the posterior at ¢,
conditioned on all observations (o, , 0¢,, 0, ). Across all models: solid arrows represent generative
processes, dashed arrows represent inference processes, wavy arrows in (c) represent KL divergences.

4.2 Neural Stochastic Flows as Latent Transition Kernels

To model irregularly-sampled time series, we require the latent dynamics to evolve in continuous-
time. We therefore implement the transition distribution pg (; | ;1) in (I2) with an NSF pg (x; |
@y, ti—1, At;) which parameterises the weak solution of an SDE as follows. As illustrated in Fig. a),
a standard VSSM uses discrete-time transitions, whereas latent NSFs in Fig. 2[b) incorporates
continuous-time dynamics through time intervals.

Generative model. Let z;, € R< be the latent state and At; == t; — t;_1. The joint distribution
factorises as
T
Do (wtO:Tv OtD:T) = DPe (wto) HPG (mti
i=1
@y, _,;-) is an NSF, hence supports arbitrary At; without numerical integration.

mti71 5 ti*l’ Atl) pd’ (Oti wti) ) (14)

where pg (x4,

Variational posterior. For the inference model, we employ a recurrent neural network encoder that
processes the observation sequence [7]]:

T
q¢7(wt0:T | OStT) = HN(wtz | mtinia‘g(S?i)) ) (mti’ Sti) = GRU¢>([Otm Ativti]v hti—l) ’
=0

(15)
with h,_, = 0, and the absolute time (¢;_1 in Eq. (I4) and ¢, in Eq. (T3)) is only included for
non-autonomous systems and omitted when modelling autonomous SDEs.

Learning objective. Our goal is to train generative model pg 5 (mtD:T, OtO:T) and inference model
4o (1. | 0<iy ). A standard choice is the §-weighted negative ELBO (5-NELBO) loss [[18]]:
T
LpNeLBO = Y {— E [log py (o,

i=0 9

xti)] + BDkL (q¢(wti OStz‘) || pe(wti

@..)|. (6

which focuses only on adjacent time steps, potentially leading to the error accumulation for long-term
dependencies. To address this, we propose to add a skip-ahead KL divergence loss (Fig.[2]c)):
T—1

Laip=Y jNM{IEEH) T}[DKL (gg (¢, | 0<t,) || PO (e, |1,))].- (17)
i=0 >

Unlike traditional overshooting methods [16] that require recursive transitions, latent NSF enables
direct sampling across arbitrary time gaps, enabling this objective to be computed efficiently.

Combining the above two losses and the flow loss (Eq. (T0)), we get the total loss:

[:total = Lﬂ-NELBO + A Lgow + Bskipﬁskipa (13)

where A and (S, are hyperparameters that control the strength of the flow loss and skip-ahead KL
divergence loss, respectively.

A training procedure for the latent model is summarised in Algorithm|[T](see Appendix[C.2).



5 Related Work

We categorise prior work in terms of whether learning and/or sampling avoid fine-grained numerical
time-stepping, and the class of dynamics targeted, as summarised in Table[T}

Modelling general ODEs. Neural ODEs

[6] learn a parametric vector field that is  Taple 1: Solver requirement across continuous-time
integrated by a numerical solver at both  gjfferential equation models. ‘Pre-defined diffusion
training and test time. Their runtime there-  SDEs/ODEs’ refers to a boundary-conditioned diffusion
fore scales with the number of function process bridging a fixed base distribution and the data

evaluations required by the solver. Neural  gistribution utilised in diffusion models.
flows [4] side-step this cost by learning the

solution map directly. Method(s) Target Solver-free  Solver-free

. . dynamics training inference
Modelling prescribed SDEs/PF-ODEs. —

. enera.
Score-based generative models [47] and  Neural ODEs [0] ODEs X X
flow m?ltchlng [34] are continuous-time Ny al flows @ geDnFiral s, /
generative models that learn reverse Seore-based diffusion vi Predefined
e Core-base 11Tusion via re- Te-aenne

SDEs/PF-ODEs of boundary-conditioned |\ (" spropropEs [@71;  diffusion v X
diffusion processes. Fast generation meth-  flow matching [34] SDESs/ODEs
ods have been developed through learn- o Pre-defined
. . . Progressive distillation [44] diffusion X v
ing direct mappings [26, 48] or vector- SDEs/ODEs
field stra{ghtenlng [34, 53]. However, Fhey Consistency models [26)48]: gyfef-de'ﬁned p y
are specifically designed for prescribed rectified flows [33] SDEVODES

boundary-conditioned diffusion processes,  \.a (latent) SDEs (23133 General 1t

and do not provide a general transition den-  [38][46l[50] SDEs X x

sity for arbitrary SDEs. ARCTA [9]; SDE matching General Itd v X
13l SDEs

Modelling general SDEs. Neural (Iatent)  Neural Stochastic Flows General 1t6 v v

SDEs [25. 33| 38| [50] utilise neural net- SDEs

works to model the drift and diffusion terms
of an SDE and approximate its trajectories
via stochastic solvers, whose computational cost grows linearly with the prediction horizon. Recent
advances have aimed to mitigate this cost by improving sampling efficiency [46] or by introducing
solver-free approaches such as ARCTA [9] and SDE matching [3]], which learn latent SDEs by
modelling posterior marginals and aligning them to the prior dynamics. However, all these methods
remain solver-dependent at inference time.

Position of the present work. NSF unifies the solver-free philosophy of neural flows with the
expressive power of neural (latent) SDEs. It learns the Markov transition density as a conditional
normalising flow, which satisfies the conditions of weak solutions of SDEs by design and regularisa-
tion objectives. Unlike diffusion model-specific accelerations, NSF handles arbitrary 1t6 SDEs and
extends naturally to latent sequence models. The resulting method removes numerical integration
while retaining closed-form likelihoods.

6 Experiments

We evaluate NSF and latent NSF on three diverse tasks: modelling a synthetic stochastic Lorenz
attractor 33 136l], predicting real-world human motion (CMU Motion Capture [[15]), and generative
video modelling (Stochastic Moving MNIST [[L1]]). Our goal is to show that (latent) NSF matches or
improves upon the accuracy (task-specific metrics) of solver-based neural SDEs while drastically
reducing computational cost in terms of FLOPs and runtime. Full details are in Appendix

6.1 Stochastic Lorenz Attractor

We first test NSF on the stochastic Lorenz system [33} [36]], a standard chaotic dynamics benchmark.
We use the setup from Li et al. [33]], generating 1,024 training trajectories and comparing against
baselines including latent SDE [33]], SDE matching [3l], and Stable Neural SDE variants (Neural
LSDE, Neural GSDE, Neural LNSDE) [38] as baselines. Performance is measured by KL divergence
(estimated via kernel density estimation) between generated and true distributions, and computational
cost via FLOPs and runtime (details in Appendix [E.2).



Table 2: Comparison on KL divergence and FLOPs at different time steps. Hpq indicates the
maximum single-step prediction horizon for NSF; see text for details on recursive application.
Average runtime per 100 samples for latent SDE (JAX): 124-148 ms; NSF (JAX): 0.3 ms (see

Appendix [E.2.5).

Method t=0.25 t=0.5 t=0.75 t=1.0
KL kFLOPs KL kFLOPs KL kFLOPs KL kFLOPs

Latent SDE [33] 2.1£0.9 959 1.8+ 0.1 1,917 0.94+0.3 2,839 1.5+ 0.5 3,760
Neural LSDE [38] 1.3+0.4 1,712 72+14 3,416 74.5 + 24.6 5,057 53.1 +29.3 6,699
Neural GSDE [38] 1.2+0.4 1,925 3.9+£0.3 3,848 20.2+ 7.6 5,698 14.1 £8.4 7,548
Neural LNSDE [38] 1.7 £0.4 1,925 4.6 £0.7 3,848 57.3 +16.4 5,698 44.6 £ 23.4 7,548
SDE matching [3]

At = 0.0001 4.34+0.7 184,394 5.3+ 1.0 368,787 3.4£0.8 553,034 3.8+ 1.0 737,354

At =0.01 6.3+ 0.4 1,917 11.7£0.5 3,834 7.9+0.3 5,677 6.0+ 0.3 7,520
NSF (ours)

Hyea=1.0 0.8+ 0.7 53 1.3+0.1 53 0.6 £ 0.3 53 0.24+0.6 53

Hprea =0.5 24+1.9 53 1.3+0.1 53 1.0+ 0.4 105 1.7+1.1 105

Hpreg =0.25 1.2+0.7 53 1.2+0.1 105 0.8+0.4 156 1.3+0.8 208

Fig. [B] shows paths from each method; NSF  Table 3: Test MSE and 95% confidence interval based
traces visually coincide with the true at- on t-statistic on Motion Capture datasets. ' indicates
tractor whereas solver-based methods over- results from Yildiz et al. [54]], * from Li et al. [33], ¥
spread. Quantitatively in Table 2] NSF from Course and Nair [9]], and ¢ from Ansari et al. [2]].
(Hprea = 1.0, single-step) achieves the low-  All other results are our reproductions. Average run-
est KL divergence and with significantly time per 100 samples: latent SDE (JAX) - 75ms; Latent
fewer FLOPs. This leads to substantial NSF (JAX) - 3.5ms (detailed in Appendix [E.3.7).

runtime savings (approx. 0.3 ms vs. >
100 ms per batch, Appendix [E2.35). No-  Methods Setup 1 Setup 2
tably, our flow-based training objective en-

. . . ODE [17] 22.96' -
ables both single-step and recursive appli- P i
cation variants to maintain relatively low geDulgleil])EEK[E] = 282599f10'985% -
KL divergence across different time hori- Lat tOD]; [435 1 508 4 028" 3162 ; 0,05}
zons, with NSF remaining computationally aten X X ) o
cheaper in these configurations. This con- Latent SDE [33] 1291 +£29(] 9.52+ 021
firms NSF’s capability to accurately model Latent Approx SDE [46] 7.55 + 0.051 10.50 4 0.86
complex SDEs efficiently ARCTA [9] 7.62 + 0.93‘ 9.92 + 1.82‘
) NCDSSM [2] 5.69 +£0.01% 4.74 +0.018
. SDE matching [3] 520+ 04 4.26 £ 0.35
6.2 CMU Motion Capture Latent NSF (ours) 862+ 032 3.41+027

We evaluate Latent NSF on the CMU Mo-
tion Capture walking dataset [15]. The 23-
sequence walking subset is down-sampled
to 300 time steps and split 16/3/4 for train/validation/test, matching prior work [51} 54]. We report
two established protocols.

-10

-10 -10 -10
-20 -20 -20
20 30 20 30 20 30 20 30

-20

(a) Ground truth (b) Latent SDE (c) SDE matching (d) NSF (one-step, ours)

Figure 3: Comparison of generated samples (64 samples per panel) on the stochastic Lorenz attractor.
Baseline methods are simulated step-by-step. For NSF, each point is an independent sample from the
learnt conditional distribution p(; | ) originating from the same initial state and seed, connected
visually for comparison. This visualisation choice aids in assessing distributional accuracy over time.
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Figure 4: Trade-off between prediction accuracy (MSE) and computational cost (runtime, using
JAX) for latent SDE and Latent NSF on CMU Motion Capture dataset. (a) Setup 1: Within-horizon
forecasting. (b) Setup 2: Beyond-horizon extrapolation.

Within-horizon forecasting (Setup 1) |33} 154]. All 300 time steps are used during training; for tests,
only the first three observations are revealed and the model must forecast the remaining 297 steps.

Beyond-horizon extrapolation (Setup 2) [2]]. The last third segment of every sequence (steps 200-299)
is withheld from training. At test time the model receives the first 100 observations and must predict
the next 200 steps that lie beyond the training horizon.

Table 3| shows the results. In Setup 1, Latent NSF (single-step prediction) performs similarly to latent
SDE models. Crucially, in the Setup 2 extrapolation task, latent NSF achieves state-of-the-art MSE.

These extrapolation gains align with the relevance of state-dependent stochasticity in human motion.
Nonlinear SDE formulations often require learning complex, time-varying posterior structures (e.g.,
controlled SDEs or complicated conditional marginals). By contrast, Latent NSF directly models the
Markov transition with conditional normalising flows, sidesteps these optimisation challenges.

Fig. []illustrates the trade-off between prediction accuracy and computational cost. While latent SDE
adjusts the discretisation step size to balance accuracy and speed, Latent NSF controls this trade-off
by varying the number of recursive applications. Latent NSF achieves better performance while being
approximately more than two orders of magnitude faster than latent SDE in both setups, as detailed

in Appendix

6.3 Stochastic Moving MNIST

Finally, we test Latent NSF on high-dimensional video using a Stochastic Moving MNIST [[11]]
variant with physically plausible bouncing dynamics: digits undergo perfect specular reflection with
small angular noise, avoiding the unphysical velocity resets of the original code. The task involves
modelling two digits moving in a 64x64 frame. We train on 60k sequences and test on 10k held-out
sequences. We evaluate using Fréchet distances (FD) on embeddings from a pre-trained SRVP
model [14], measuring static content, dynamics, and frame similarity (validated in Appendix [G). We
compare our Latent NSF model against the latent SDE [33]] as the main baseline, representing the
current representative solver-based neural SDE model.

Table @] and Fig. [5]show that Latent NSF (recursive and one-step) achieves competitive Static FD and
Frame-wise FD compared to the latent SDE baseline. Dynamics FD for recursive NSF is slightly
higher in this run, but visualisations suggest comparable dynamics capture (see Appendix [E.4.5). The
decline after step 35 across all models reflects the digits approaching a uniform spatial distribution,
indicating a limitation of this metric when evaluating long-term predictions in feature spaces fitted
to Gaussian distributions. Nevertheless, Latent NSF offers significant potential for computational
speedup over the solver-based latent SDE (e.g., latent SDE: 751 ms vs. Latent NSF (one-step): 358

'Li et al. [33]] report 4.03 + 0.20 for Setup 1; our re-implementation and other reproductions observe higher
MSE. Details are provided in Appendix

“Bartosh et al. [3] report 4.50 = 0.32 for Setup 1; however, at the time of writing, official code for CMU
Motion Capture is not yet available. We report our re-implementation here to maintain consistency across Setups
1 and 2. Details of our reproduction are provided in Appendix@}



Table 4: Fréchet distance comparison on Stochastic g 151 FEna ey  Latent SDE
Moving MNIST using pre-trained SRVP embeddings. g
The lower the better. Note that dynamics FD is ill- 1.0
defined for one-step simulation of latent NSF, which s
. . .. . 30.51
only predicts the marginal distribution of the future b
frames conditioned on the last observation.

e
=}

25 30 35 40 45

Methods Static FD  Dynamics FD  Frame-wise FD Time step

Latent SDE 266+087 5394310  058+021 Figure 5: Comparison of frame-wise
Latent NSF (recursive) 236 +0.60  7.76 +£2.56  0.63 £ 0.17 Fréchet distance across time-steps on
Latent NSF (one-step)  1.67 4= 0.47 - 0.63 £0.15

Stochastic Moving MNIST.

ms for full-sequence prediction; see Appendix [E.4.5)). This demonstrates NSF’s promise for scaling
to high-dimensional stochastic sequence modelling.

7 Discussion

Neural Stochastic Flows (NSFs) represent a novel paradigm for continuous-time stochastic modelling
by directly learning weak solutions to SDEs as conditional distributions. Through carefully designed
architectural constraints and regularisation objectives, NSF circumvents numerical integration while
providing closed-form transition densities via normalising flows. The latent NSF extension enables
applications to partially observed or high-dimensional time series, preserving efficient one-step
transitions within a principled variational state-space modelling framework.

Our comprehensive evaluation across chaotic dynamical systems, human motion capture, and video
sequences demonstrates that the proposed flow-based approach achieves comparable or superior
performance relative to solver-based neural SDEs while reducing computational requirements by two
orders of magnitude. Moreover, it attains state-of-the-art long-horizon extrapolation performance in
latent settings. These results collectively establish that learning distributional flows, rather than the
underlying vector fields required by numerical solvers, constitutes an effective and computationally
efficient paradigm for real-time stochastic modelling.

Limitations. Several limitations remain. First, Chapman—Kolmogorov consistency is enforced
only approximately via variational bounds, potentially yielding discrepancies beyond the training
regime. We recommend systematic monitoring of flow losses on held-out data with appropriate
adjustments. Second, the selection of maximum one-shot horizon necessitates careful balance between
computational efficiency and predictive accuracy. Third, while our affine coupling architecture
guarantees analytical Jacobian computation, it imposes constraints on the form of the architecture.

Future work. Extending NSF to action-conditioned settings could enable direct integration with
control algorithms such as model predictive control and reinforcement learning. Additionally,
bridging NSF with diffusion models presents opportunities for leveraging complementary strengths
of both frameworks in continuous-time modelling. Another natural direction is to explore stronger
flow parameterisations. In particular, transformer-based flows such as TarFlow [55] may relax
the structural constraints of affine coupling while retaining tractable Jacobians, potentially further
improving expressivity. These extensions would significantly broaden the applicability of NSF to
decision-making and generative tasks.

Application-wise, the resulting analytical tractability, coupled with empirically demonstrated two-
order-of-magnitude computational speedups, renders NSF particularly suitable for diverse applica-
tions, from high-frequency trading scenarios requiring real-time robotic control and fast simulations
to large-scale digital twin implementations.

Broader Impact Statement. This paper presents work whose goal is to advance machine learning
research. There may exist potential societal consequences of our work, however, none of which we
feel must be specifically highlighted here at the moment of paper publication.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state the main contributions—our neural stochas-
tic flow (NSF) model, latent NSF extension, and its empirical benefits—and the experimental
results in Sections [§|and Appendix [E]directly support these claims without exaggeration.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The current manuscript contains an explicit “Limitations” paragraph in Sec-
tion [/|discussing weaknesses.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [NA]

Justification: The work presents an empirical method without formal theorems; no theoretical
claims are made, so formal assumptions and proofs are not applicable.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: Implementation details and full hyper-parameter are provided in Appendix [E]
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: For now, we include the related references for the sources of the datasets. We
will release the code and detailed running instructions upon publication.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Appendix [E]enumerate every training and evaluation hyper-parameter (learning
rate, optimizer, batch size, number of epochs, etc.) for each experiment.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: All reported metrics include standard deviation or 95% confidence inter-
vals computed over five random seeds; methodology and seed information are detailed in
Section [6]and Appendix

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: All experiments were conducted on a single NVIDIA RTX 3090 GPU (24
GB); typical training times are under few days per dataset as reported in Appendix [E]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: In this paper, we introduce work designed to push the boundaries of machine
learning. While our methods could carry ethical implications, we do not believe any require
specific discussion at this point in the submission process.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: A dedicated “Broader Impact Statement” section is provided near the end of
the paper, outlining potential positive and negative societal impacts.
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Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: Whenever we use any assets, we always cite the original asset source.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We fully describe our contributions and any assets used in the paper. We will
also be releasing code after the publishing of the paper.

Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The study involves only publicly available simulation and motion-capture
datasets and does not recruit human subjects or use crowdsourcing.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: No human-subject experiments were conducted, so IRB approval is not
required.

Guidelines:
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* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: Generative LLM tools (e.g., ChatGPT, GitHub Copilot, Claude) were used
solely for auxiliary tasks such as code refactoring, generating data visualization scripts, and
proofreading the manuscript. These tools did not contribute to the development of the core
methodology, experimental design, or interpretation of results.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Architecture

A.1 Neural Stochastic Flow

We refer to the main text for the NSF architecture and notation (Section [3} Egs. (3) and (6) in the
main text). Here we only note implementation specifics. MLP,, and MLP,, are neural networks
that share parameters and produce split outputs for the mean and variance components. Softplus
activation is used for the variance component to ensure positivity. For stability, the scale heads end
with a tanh multiplied by a learnt scalar to bound log-scales [13]]. Exact log-densities are computed
via the change-of-variables formula; see Section

A.2 Bridge Model

Here, we describe the architecture of the bridge model used as auxiliary variational distribution
[, 140, 45]. The bridge model characterises the conditional distribution bg (x; | @,,x;;) for any
intermediate time point ¢ where ¢; < ¢t < t;, given the boundary states. Combined with flow
loss (Eq. (I0)) minimisation, this enables inference of intermediate states when both endpoints are
known. Let ¢y, := (x4, ¢, At, T,1;) denote the conditioning parameters, where 7 := (¢t — ;) /At
is the normalised time and At := t; — t; is the time interval, and the initial time ¢; is ommitted for
autonomous systems.

Similarly to the main NSF, we first draw a sample from a parametric Gaussian distribution:
Zy =Ty, + T(:]l‘tj — :cti) + a(7) MLP,,(cyr) + v/ c(7) At Softplus (MLPU (cbr)) Qe, (19)

m(t) a(t)

where € ~ N(0, I) is a standard normal noise vector, «(7) := 7(1 — 7) is the standard Brownian-
bridge factor, and MLP,, and MLP,, are neural networks that share parameters and produce split
outputs for the mean and variance components. The intermediate state is then obtained by applying a
flow transformation:

wy = fe(ze,cor) = Fr(5eon, ) o Fra(ieon§p 1) 0 0 fi(zecor, €1)- (20)

Note that a(7) vanishes at the endpoints (7 = 0 and 7 = 1, corresponding to ¢t = t; and t = t;),
ensuring consistency with boundary conditions. The flow transformation f is implemented using a
series of conditioned bijective transformations, as detailed below.

A.2.1 Conditioned Bijective Transformations

Each layer of the bridge flow follows the same coupling structure as in the main NSF (Section 3).
Given an input 2z, we split it into two parts (24, zg) = Split(z;) with alternating partitioning across
layers, and apply the transformation:

fi(zt; Cpr, Sz)
_ (i) (i) (i) (i) 2D
= Concat( z4, zp ® exp (oz(r) MLP_ .. (2za, Cor, & )) + a(T) MLP . (Za, Cor, Egls) ) -

scale
Following the main model, we apply a hyperbolic tangent function with learnt scale as the final

activation of MLPgZ?ﬂe for training stability [13]. This construction preserves differentiability in ¢ and

guarantees the consistency at the boundary conditions (7 = 0, 1) where a(7) = 0.

B Derivation of the Flow Loss

In our research, we utilise a bridge distribution described in Appendix[A.2]as an auxiliary variational
distribution [[1,/40, 45]] to constrain the upper bounds of bidirectional KL divergences between the
one-step and two-step distributions of the NSF. By minimising these upper bounds, we guide the
model towards satisfying the Chapman—Kolmogorov relation, as shown in Equation (4), thereby
improving its consistency with the theoretical requirements of stochastic flows of diffeomorphisms
combined with architecture design. Specifically, we define Lqq, as the expectation of a weighted
sum of two components:

ﬁﬂOW(Oy 5) - E P\l-to-ZACﬂow7 1—to—2(07 5; tiv tjv tk) + )\Z—to-lﬁﬁow, 2-to-1 (07 5; tiv tj7 tk)] . (22)

p(tity,tr)
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Here, A2 and Ay are weighting factors, which are set to 1 in the main text, balancing the
contribution of each component to the overall flow loss. The two components, Lyow, 1-0-2 and
Liiow, 2-t0-1, correspond to the upper bounds of the one-step to two-step and two-step to one-step KL
divergences, respectively.

In our experiment, which focuses on the autonomous case, the triplet (¢;,¢;, t)) is sampled according
to the following procedure:

* The initial time ¢; is sampled from the data D, representing the starting times in the dataset.
(For non-autonomous SDEs, it is recommended to sample ¢; uniformly to ensure the
Chapman-Kolmogorov equation is satisfied across all time points.)

* The final time ¢, is sampled from a mixture distribution p(tx) = %U (tiyt; + Hyain) +
L paaa(ts | t;), where U (t;,t; + Hiain) denotes the uniform distribution over the interval

ﬁfi, t; + Hiain), and paa (t | t;) is the conditional data distribution of end times correspond-

ing to the sampled initial time ¢;. Here, Hy.;, represents the maximum one-shot interval
used during training.

* The intermediate time ¢; is uniformly sampled from the interval [t;, tx], i.e., t; ~ U (t;, tx).

The inclusion of pga, (t | ¢;) in the mixture distribution for sampling ¢ is motivated by our obser-
vation that the model achieves higher accuracy in regions where data exists. By incorporating this
data-driven component, we aim to enhance the efficiency of the learning process, leveraging the
model’s improved performance in data-rich areas.

In the following, we derive the upper bounds of the one-step to two-step and two-step to one-step KL
divergences.

B.1 One-Step to Two-Step KL Divergence

We begin with the derivation of the upper bound of the KL divergence from a one-step computation
to a marginalised two-step computation. To clarify the computation, subscripts p, and pj distinguish
between the distributions for 1-step sampling from x, to =+, and two-step sampling from x¢, to o,
via @, and the time arguments are omitted from the probability distributions for clarity. The key
steps are outlined as follows:

D1, (p(la(xtk | fl/‘ti) H /pg (iUtk ‘ wtj)p?; (ﬂ’ltj ‘ fL‘ti) dfl?tj) (23)
1
_ 1 ‘ 1 p@(wtk |xt1) d 24
[ o oos [ TG | 20) 73, [20) dar, | = 2
1 2
_ /pé(mfk | .’Eti) log p@(thk | wti)pe (ftj ’ wtwwtk) dmtk (25)
pa(wtk | wtj)po(wtj ‘ wti)

1
_ //pé(mtk | mti) Qq&(mtj | mtiamtk> [log lpe(mtk | wti) Q¢(wt]‘ | wti7wtk>]

p% (mtk | %)P?: (mtj | mti)

(26)
— log qz) (@, | @0, 21,) da; day,
p@ (CCtj | mt”xtk)
pé(wtk | mti) q¢>(wt]‘ | wtﬂmtk)
B ZCI ‘wti)qf::(w‘j | ;.m0 1 P (mtk ’ Cctj)p?) (xtj | mti)
(27)
Dl [ 120 |, 50|
< E [l [P};(zmtk | mti)%(;ﬂtj | mt”mtk)H (28)
Pi(e, | 20 )as(®e, | @esse) g (@u | @1;) pg (20, | 220,)
= Lﬂow, 1-to-2 (Oa ¢7 tia tja tk)- (29)
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The equation from the second line to the third line is obtained using Bayes’ theorem and the Markov
property:

Pa (11315~ ’ wt,v)pQ (wt,- ’ S'Zti)
/pg (ze, | @1,) pg (e, | @e,) day, = 0 p% (wt;’ a:i,w:k) . (30

B.2 Two-Step to One-Step KL Divergence

Similarly, we now explore the derivation of the upper bound of the KL divergence from a marginalised
two-step computation to a one-step computation. We denote this as Lgow, 2-t0-1- The key steps are
outlined as follows:

Dia( [ rien ) s, |20) o,

2 2
_ / [/pg(wtk | wtj)pz (wt]- ‘ (L'ti>dwtj:| log [ p@(mtk | a:tj)Pe(mtj | mti) ‘| dwtk (32)

p(2; (:I:tj | wtwmtk)pé(wtk | wti)

2 2
2 (0 | @, ) p2 V1 Py (@, | @) po(@n [2e) |0 _ 33
//pg (e, | ) o (@ | 20,) log lp?; (m, | @, 20, ) ph (e, | @,) Fta 33

P, | m)) 31)

= E log pg (.’Etj | wti)pg (:ctk | xtj)
pg(wtj ‘wti)ﬁ)(mtk ‘mt‘j) b£ (iBtj | wt“wtk)P};(iﬂtk | mti)
= Lfiow, 2-0-1(0, &; i, 5, ). .

(34)

From the first line to the second line, we use the relationship in Equation (30). Although the
expression inside the log in the second line appears to depend on x,, it does not actually depend on
@, due to this relationship. Therefore, the integrand change from the second line to the third line is
justified.

By minimising flow loss consists of these upper bounds, we encourage the model to satisfy the flow
property in both directions simultaneously.

C Detailed Description of the Learning Process

C.1 Neural Stochastic Flow Optimisation

The optimisation process of NSF is summarised in Algorithm|[T]in the main text. Here, we provide
additional implementation details.

1. Batch and time triplet sampling: We sample a batch {(z¢,, ;) }{2_, from the dataset. For
each element, we sample a triplet of time points (¢;, ¢;, ) where t; < t; < t, following
the strategy described in Appendix B}

2. Bridge model optimisation: Before updating the main model parameters, we perform
K inner optimisation steps on the bridge model parameters £. This ensures that the aux-
iliary variational distribution be (¢, |®:,, x4, ) closely approximates the model’s bridge
distribution.

3. Main model optimisation: We then sample transition pairs {(x,, z¢,, t;,t;)s}{.; from
the dataset and compute the negative log-likelihood. Combined with the flow loss, this forms
the total loss used to update the main model parameters 6.

This sequencing ensures that the main model is updated based on a bridge model that closely
approximates the bridge distribution of the main model. Alternatively, the inner optimisation steps can
be omitted and update the bridge model parameters simultaneously with the main model parameters
when the main model parameters are updated.
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C.2 Latent Neural Stochastic Flow Optimisation

The optimisation process of Latent NSF is summarised in Algorithm[I]in the main text. Here, we
provide additional implementation details.

1. Observation encoding: We sample batches of observation sequences {0y, . »}2_, and
encode them to latent states using the encoder network g¢(Z+,.,,5|0t0.1,6) as defined in
Eq. (13).

2. Time triplet sampling: Similar to NSE, we sample time triplets (¢;, ;, t1) for each sequence,
with t; < tj < tg.

3. Bridge model optimisation: Before updating the main model parameters, we perform K
inner optimisation steps on the bridge model parameters &.

4. Main model optimisation: We then compute the total loss using Eq. (I8) in the main text
and update the NSF parameters 6, encoder parameters ¢, and decoder parameters ).

The specific values of hyperparameters (3, Sgip, and A in the total loss (Eq. (I8) in the main text)
vary depending on the dataset and task, and are detailed in Appendix [El As well as NSF, the inner
optimisation steps can be omitted and update the auxiliary model parameters simultaneously with the
main model parameters when the main model parameters are updated.

D Sampling and Density Evaluation

To generate a sample at time ¢; from a known state x;, at time ¢;, we compute p(xy,,t;, At) and

o (x4, t;, At) using the MLPs, draw € NN(O I) and compute z = p+ o © €. Then, apply the flow
transformation: @;, = f; o f;_; 0---o f,(2;At,t;). This enables single-step prediction without
numerical mtegratlon following the standard approach used in normalising flows.

Using the change of variables formula, the log-density can be computed as:

det

log pe(e, | @1, ti, At) = logp(e Z log (36)

afz 1

where p(e) is the density of the standard normal dlstrlbutlon. When using the affine coupling
formulation, this simplifies to:
L

Lo p2_d (@) (, (i—1)
log po(, | @1, ti, At) = — 2 [le]* — 5 log 27 — z; gB: At-MLPY) (2077 4, At);, (37)
=17 i
where B; is the set of indices corresponding to the second partition in the i-th coupling layer, and
2(=1) is the output of the (i — 1)-th layer. This density evaluation approach mirrors the standard
technique in normalising flows, with appropriate conditioning on the time parameters.

E Experimental Details

This section provides detailed information about the experimental setups, hyperparameters, archi-
tectures, and computational analyses for the experiments presented in Section [6]in the main text.
Implementations are available at https://github.com/nkiyohara/jax_nsf,

E.1 General Setup

Unless otherwise specified, experiments were conducted with the following setup:

e Frameworks:

— Our (Latent) NSF models: JAX [5] with Equinox library [24]]
— PyTorch baselines: torchsde [33]]
— JAX baselines: Diffrax [23]

* Hardware: NVIDIA RTX 3090 GPU
* Optimiser: AdamW [27, 37]
» Hyperparameters: Specified below for each experiment

27


https://github.com/nkiyohara/jax_nsf

E.2 Stochastic Lorenz Attractor

E.2.1 Data Generation

Following Li et al. [33]], the data generation process is as follows:

* SDE:
dz =0y —x)dt + o, dW;
dy = (z(p — 2) — y) dt + o, AWy
dz = (zy — Bz) dt + a, dW3
* Parameters: o = 10,p = 28,8 = 8/3,« = (0.15,0.15,0.15)
Initial states (g, Yo, 20): Sampled from A/ (0, I)

* Trajectories: 1,024 for training and 1,024 for testing
* Time steps: ¢ € [0, 1] with time step size At = 0.025 (41 time steps per trajectory)

E.2.2 Configurations for Neural Stochastic Flows

¢ Architecture:

— State dimension d_state = 3; conditioning dimension d_cond = 4 (state + time)

— Gaussian parameter network: Input(d_cond) — 2x[Linear(64) — SiLU()] —
Linear (2*d_state); splits into (mean, std) with std via Softplus ()

— Scale-shift networks (in conditional flow): Input(d_state/2 + d_cond) —
2x[Linear (64) — SiLU(Q)] — Linear(d_state); splits into (scale, shift in
Eq. (/) in the main text) (In this case, since d_state is odd, we split three dimensions
of d_state into one and two dimensions)

- Conditional flow (affine coupling; Eq. (3), (6)): 4 layers with alternating masking
* Parameters:

— NSF: 25,130
— Bridge model: 26,410
* Training:
— Data conversion: Time series data is converted into pairs of states (x,, ;) where
tj > t;, to predict p(zy; | z4,)
Epochs: 1000
Batch size: 256
Optimiser: AdamW [27,[37]
Learning rate: 0.001
Weight decay: 10~°
Loss function: Combined negative log-likelihood and flow loss (Eq. (T1)))
#* A = 0.4 (0.2 for data component, 0.2 for sampled component)
* Ao = Apgo-1 = 1.0
— Time triplets (¢;, t;, ty,) for Lyow: Sampled as described in Appendixwith Hipin=1
— Auxiliary updates: bridge model b trained concurrently with K = 5 inner optimisation
steps per main model update

E.2.3 Configurations for Baselines

For our baseline comparisons, we utilised the official implementations of latent SDE [33], SDE
matching [3], SDE-GAN [25]], and Stable Neural SDE series [38]] with minimal modifications. We
maintained the original model architectures, optimiser configurations, and hyperparameter settings
as provided in their respective codebases, replacing only the input data to match our experimental
setting. For SDE-GAN, we found that it exhibited significant training instability when applied to
the Stochastic Lorenz Attractor dataset, preventing convergence despite multiple training attempts
with varying hyperparameter configurations. Therefore, we excluded SDE-GAN results from our
comparison in the paper.
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Latent SDE.

The latent SDE model [33] has the following configuration:

¢ Architecture:

Observation dimension d_obs = 3; latent dimension d_latent = 4; hidden size
d_hidden = 128;sequence length T = 41

Encoder: Input((T, d_obs)) ———  GRU(128) — Linear(d_context)

reverse in time

——— > Output ((T, d_context))

restore time order

Posterior drift network: Input(d_latent + d_context) — 2X[Linear(128) —
Softplus()] — Linear(d_latent)

Prior drift network: Input(d_latent) — 2X[Linear(128) — Softplus()] —
Linear(d_latent)

Diffusion networks: per-dimension Input (1) — Linear(128) — Softplus() —
Linear(1) — Sigmoid()

Decoder: Input(d_latent) — Linear(d_obs)

e Parameters:

Encoder: 59,328

Posterior initial state network: 520
Posterior drift network: 25,860
Prior drift network: 17,668
Diffusion networks: 1,540
Decoder: 15

* Training:

Iterations: 5000

Optimiser: Adam

Initial learning rate: 0.01

Learning rate decay: Exponential (gamma=0.997)

KL divergence annealing: Linear annealing from O to 1 over first 1000 iterations
Numerical integration: Euler—Maruyama method with step size At = 0.01

SDE Matching. The SDE matching model [3]] has the following configuration:

¢ Architecture:

Observation dimension d_obs = 3; latent dimension d_latent = 4; hidden size
d_hidden = 128

Encoder: Input((T, d_obs)) — GRU(d_hidden) — Output((T+1,
d_hidden)) (concatenate initial hidden with per-step outputs)

Prior initial distribution: learnable diagonal Gaussian; parameters m, log s in
d_latent dimensions each

Prior drift network: Input(d_latent) — Linear(d_hidden) — Softplus() —
Linear(d_hidden) — Softplus() — Linear(d_latent)

Diffusion networks:  per-dimension Input(l) — Linear(d_hidden) —
Softplus() — Linear(1) — Sigmoid()

Posterior affine head: Input(d_hidden + 1) — Linear(d_hidden) — SiLU()
— Linear(d_hidden) — SiLU() — Linear(2+d_latent); splits into (p,logoy)
with oy = exp(log o¢)

Decoder: Input(d_latent) — Linear (d_obs); Gaussian likelihood with fixed std
o =0.01

¢ Parameters:

Prior init: 8
Prior drift network: 17,668
Diffusion networks: 1,540
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— Decoder: 15
— Encoder: 99,072
— Posterior affine head: 66,560

* Training:
Iterations: 10,000

Batch size: 1,024
Optimiser: Adam

Learning rate: 0.001

Stable Neural SDE Series. The Stable Neural SDE series includes Neural LSDE, Neural GSDE,
and Neural LNSDE.

* Architecture (common to all variants unless specified):

Encoder: Input(3 + 1) — Linear(64)
Embedding network: Input (64) — Linear(64)
Drift network: Input(64) — 2x[Linear(64) — LipSwish()] — Linear (64)

Diffusion network: Input(64) — 2x[Linear(64) — LipSwish()] —
Linear(64)

Decoder: Input(64) — Linear (3)

¢ Parameters:

Encoder: 256

Embedding network: 4,160
Drift network: 12,480
Diffusion network: 12,480
Decoder: 192

* Training:

— Epochs: 100
Batch size: 16
Optimiser: Adam

Learning rate: 0.001

Numerical integration: Euler-Maruyama scheme with step-size At = 0.01

E.2.4 Evaluation and Metrics

KL Divergence. For computing the KL divergence, we employed non-parametric Kernel Density
Estimation (KDE) with Gaussian kernels. The bandwidth parameter was determined through 3-fold
cross-validation by optimising the log-likelihood on unseen data. To ensure statistical robustness, we
computed the KL divergence and test log-likelihood across ten independent folds, excluding values
beyond the 5th and 95th percentiles to mitigate outlier influence. The final reported metrics consist of
the mean and standard deviation of these filtered values.

FLOPs. We calculated FLOPs on a per-sample basis using different methods depending on the
framework. For JAX-based models like Neural Stochastic Flows, we analysed the JIT-compiled
sampling function using jax.jit().lower().compile().cost_analysis()[’flops’].
For PyTorch-based models such as latent SDE and Stable Neural SDEs, we utilised
torch.utils.flop_counter.FlopCounterMode to count FLOPs during sample genera-
tion, then divided by batch size. Our comparison table shows the FLOPs value for one sample.

Runtime. For all methods, we measured the wall-clock runtime for computing vectorised batches
of 100 samples.
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E.2.5 Detailed Results

Table [6] presents FLOPs comparisons across different prediction horizons. NSF requires constant
FLOPs for single-step predictions regardless of time interval, while baseline methods scale linearly
with the number of integration steps.

Table[/| shows wall-clock runtime measurements for generating 100 samples. PyTorch implementa-
tions exhibit higher runtime due to dynamic graph construction, while JAX implementations benefit
from JIT compilation. NSF achieves consistent sub-millisecond runtime across all time horizons.

E.3 CMU Motion Capture

E.3.1 Data Preparation

Data was prepared as follows:

* Dataset: Preprocessed CMU Motion Capture (walking) from Yildiz et al. [54]

* Features: 50-dimensional joint angle vectors

* Sequence length: 300 time steps

* Split: 16 training, 3 validation, and 4 test sequences

* Setups:
— Setup 1 [33]]: Train on full 300 steps, test by predicting steps 4-300 given steps 1-3
— Setup 2 [2]]: Train on steps 1-200, test by predicting steps 101-300 given steps 1-100

E.3.2 Latent SDE Reproduction

As noted in the footnote (1| in the main text, whilst Li et al. [33] report 4.03 £ 0.20 for Setup
1, our re-implementation and other reproductions observe higher MSE values. These results are
consistent with those reported in public discussions https://github.com/google-research/
torchsde/issues/112. Our implementation is available at https://github.com/nkiyohara/
latent-sde-mocap, which is consistent with the results reported in the public discussion.

E.3.3 SDE Matching Reproduction

As noted in the footnote E] in the main text, at the time of writing, the official implementation of
SDE matching [3]] for the CMU Motion Capture dataset has not yet been publicly released. To
ensure consistent comparison across Setup 1 and Setup 2, we re-implemented SDE matching to
the best of our ability based on the description in their paper. While Bartosh et al. 3] report
4.50 £+ 0.32 for Setup 2, our re-implementation achieves 5.20 + 0.43. This discrepancy may
stem from implementation details not specified in the original paper, such as architectural choices,
hyperparameter settings, or training procedures. We have made our best efforts obtain the smaller
MSE by adjusting the hyperparameters, architecture, and training procedure. Our implementation is
available at https://github. com/nkiyohara/sde-matching-mocap.

E.3.4 Configurations for Latent NSF
Latent NSF — Setup 1 (within-horizon forecasting).

e Architecture:

— Latent dimension d_latent = 6; conditioning dimension d_cond = 7

— Encoder: Input(150) — 2x[Linear(30) — Softplus()] —
Linear(2*d_latent); splits into (mean, std) with std via Softplus ()

— Emission py(0¢, | ¢,): Input(d_latent) — 2x[Linear(30) — Softplus()]
— Linear (50); Gaussian likelihood with fixed std

— NSF transition model (latent prior):

* Gaussian parameter network: Input(d_cond) — 2Xx[Linear(30) — SiLU(Q)]
— Linear(2*d_latent); splits into (mean, std) with std via Softplus()
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Table 5: FLOPs comparison (K) for Stochastic Lorenz Attractor experiments, showing computational
costs per single sample prediction. EM refers to Euler—-Maruyama method, and SRK refers to
Stochastic Runge—Kutta method.

Method t=025 t=05 t=0.7 t=1.0
Latent SDE [33]]
EM, At = 0.003 3,133 6,193 9,253 12,349
EM, At = 0.01 959 1,917 2,839 3,760
EM, At = 0.03 369 664 995 1,290
Milstein, At = 0.01 1,010 2,021 2,994 3,967
SRK, At = 0.01 9,253 18,838 28,054 37,270
SDE matching [3]]
EM, At = 0.0001 184,394 368,787 553,034 737,354
EM, At = 0.001 18,506 37,011 55,443 73,875
EM, At = 0.01 1,917 3,834 5,677 7,520
Stable Neural SDEs [38]]
Neural LSDE (EM, At = 0.01) 1,708 3,416 5,057 6,699
Neural LSDE (Milstein, At = 0.01) 1,708 3,416 5,057 6,699
Neural LSDE (SRK, At = 0.01) 16,483 33,555 49,971 66,387
Neural GSDE (EM, At = 0.01) 1,925 3,848 5,698 7,548
Neural GSDE (Milstein, At = 0.01) 1,925 3,848 5,698 7,548
Neural GSDE (SRK, At = 0.01) 18,571 37,807 56,303 74,799
Neural LNSDE (EM, At = 0.01) 1,925 3,848 5,698 7,548
Neural LNSDE (Milstein, At = 0.01) 1,925 3,848 5,698 7,548
Neural LNSDE (SRK, At = 0.01) 18,571 37,807 56,303 74,799
NSF (ours)
Hirain = 1.0, Hpreq = 0.25 53 105 156 208
Hirin = 1.0, Hyreq = 0.5 53 53 105 105
Hizain = 1.0, Hyreg = 1.0 53 53 53 53

Table 6: FLOPs comparison (K) for Stochastic Lorenz Attractor experiments, showing computational
costs per single sample prediction. EM refers to Euler—-Maruyama method, and SRK refers to
Stochastic Runge—Kutta method.

Method t=025 t=05 t=075 t=1.0
Latent SDE (EM, At = 0.01) 959 1,917 2,839 3,760
Latent SDE (Milstein, At = 0.01) 1,010 2,021 2,994 3,967
Latent SDE (SRK, At = 0.01) 9,253 18,838 28,054 37,270
Neural LSDE (EM, At = 0.01) 1,708 3,416 5,057 6,699
Neural LSDE (Milstein, At = 0.01) 1,708 3,416 5,057 6,699
Neural LSDE (SRK, At = 0.01) 16,483 33,555 49,971 66,387
Neural GSDE (EM, At = 0.01) 1,925 3,848 5,698 7,548
Neural GSDE (Milstein, At = 0.01) 1,925 3,848 5,698 7,548
Neural GSDE (SRK, At = 0.01) 18,571 37,807 56,303 74,799
Neural LNSDE (EM, At = 0.01) 1,925 3,848 5,698 7,548
Neural LNSDE (Milstein, At = 0.01) 1,925 3,848 5,698 7,548
Neural LNSDE (SRK, At = 0.01) 18,571 37,807 56,303 74,799
NSF (Higain = 0.25, Hyreq = 0.25) 53 105 156 208
NSF (Higin = 0.5, Hprea = 0.5) 53 53 105 105
NSF (Higain = 1.0, Hpreq = 1.0) 53 53 53 53
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% Scale-shift network (in conditional flow): 4 layers with alternating masking,
each layer: Input(d_latent/2 + d_cond) — 2X[Linear(30) — SiLU()]
— Linear (d_latent); splits into (scale, shift in Eq. in the main text)
— Bridge model:

# Gaussian parameter network: Input(d_cond + 1) — 2x[Linear(30) —
SiLU()] — Linear(2*d_latent); splits into (mean, std) with std via
Softplus()

% Scale-shift network (in conditional flow): 4 layers with alternating masking, each
layer: Input(d_latent + d_cond + 1) — 2Xx[Linear(30) — SiLUQ)] —
Linear(d_latent); splits into (scale, shift in Eq. (20))

e Parameters:

Stochastic flow: 8,454

Bridge model: 9,504

Decoder: 2,690

Posterior: 5,832

* Training:

Objective: maximise Eq.

Steps: 100,000

Batch size: 128

Optimiser: AdamW

Learning rate: 0.001

Hyperparameters: § = 0.1, A = 1.0, Bgip = 0.1
Skip-ahead KL: prediction horizons up to 3 time steps; 10 samples per skip

Latent NSF — Setup 2 (extrapolation).

¢ Architecture:

Latent dimension d_latent = 6, conditioning dimension d_cond = 7

Encoder: Input((T, 50)) — GRU(32) — 2x[Linear(32) — Softplus()] —
Linear(2*d_latent); splits into (mean, std) with std via Softplus ()

Emission py (0, | @¢,): Input(d_latent) — 2x[Linear(30) — Softplus()]
— Linear (50); Gaussian likelihood with trainable std

NSF transition model (latent prior):

+ Gaussian parameter network: Input(d_cond) — 2x[Linear (64) — SiLU()]
— Linear (2+d_latent); splits into (mean, std) with std via Softplus()

% Scale-shift network (in conditional flow): 4 layers with alternating masking,
each layer: Input(d_latent/2 + d_cond) — 2X[Linear(64) — SiLU()]
— Linear(d_latent); splits into (scale, shift)

Bridge model:

% Gaussian parameter network: Input(d_cond + 1) — 2x[Linear(32) —
SiLU()] — Linear(2*d_latent); splits into (mean, std) with std via
Softplus()

% Scale-shift network (in conditional flow): 4 layers with alternating masking, each
layer: Input(d_latent/2 + d_cond + 1) — 2x[Linear(32) — SiLU()] —
Linear(d_latent); splits into (scale, shift)

e Parameters:

Stochastic flow: 28,820
Bridge model: 10,452
Decoder: 4,240
Posterior: 10,604
* Training:

— Objective: maximise Eq.
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Steps: 100,000

Batch size: 64

Optimiser: AdamW

Learning rate: 0.001

Hyperparameters: 5§ = 0.3, A = 1.0, Bgip = 0.3

Warm-up: 3 and flow loss weight are linearly increased over the first 2,000 steps
— Time horizon for flow loss: Hiin = 20

— Auxiliary updates: K = 3 inner steps per training iteration for the bridge model
— Skip-ahead KL: prediction horizons up to 7 = 10 time steps; 10 samples per skip

E.3.5 Configurations for Baselines

Latent SDE — Setup 1 (within-horizon forecasting).

¢ Architecture:

— Observation dimension d_obs = 50; latent dimension d_latent = 6; context di-
mension d_context = 3

— Encoder: Input(150) — 2x[Linear (30) — Softplus()] — Linear (15); splits
into (mean, std, context) with std via exp (), with 6, 6, and 3 dimensions respec-
tively

— Posterior drift network: Input(d_latent + 1 + d_context) — Linear(30) —
Softplus() — Linear(d_latent)

— Prior drift network: Input(d_latent + 1) — Linear(30) — Softplus() —
Linear(d_latent)

— Diffusion networks: per-latent Input(2) — Linear(30) — Softplus() —
Linear (1) — Sigmoid ()
— Decoder: Input(d_latent) — Linear(30) — Softplus() — Linear(30) —
Softplus() — Linear (2*d_obs)
* Parameters:

— Encoder: 5,925

Decoder: 4,240

Posterior drift network: 516
Prior drift network: 426
Diffusion networks: 726

* Training:
— Iterations: 5,000
Optimiser: Adam
Learning rate: 0.01 with exponential decay v = 0.999 at every step
KL annealing: linear over the first 400 iterations
Numerical integration: Euler-Maruyama with step size At = 0.02

Latent SDE — Setup 2 (extrapolation).

¢ Architecture:

Observation dimension d_obs = 50; latent dimension d_latent = 10; context di-
mension d_context = 3

Encoder: Input((T, 50)) — ODE-GRU(30); linear heads: Input(30) —
Linear(3) and Input(30) — Linear(20); splits into (mean, std) with std via
exp()

Posterior drift network: autonomous Input(d_latent + d_context) —
Linear(30) — Softplus() — Linear(d_latent)

Prior drift network: Input(d_latent) — Linear(30) — Softplus() —
Linear(d_latent)
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— Diffusion networks: per-latent Input(1) — Linear(30) — Softplus() —
Linear(1) — Sigmoid()

— Decoder: Input(d_latent) — Linear(30) — Softplus() — Linear(30) —
Softplus() — Linear (2*d_obs)
» Parameters:

— Encoder: 12,027

Decoder: 4,360

Posterior drift network: 730

Prior drift network: 640

Diffusion networks: 910

* Training:

Iterations: 5,000

Optimiser: Adam

Learning rate: 0.01 with exponential decay v = 0.9 every 500 iterations
KL annealing: Linear over the first 500 iterations

Numerical integration: Euler-Maruyama with step size At = 0.05

SDE Matching — Setup 1 (within-horizon forecasting).

¢ Architecture:
— Observation dimension d_obs = 50; latent dimension d_latent = 6; posterior hid-
den size d_hidden = 100
— Encoder: Input((T, d_obs)) —— GRU(d_hidden) ————

reverse in time restore time order

Output ((T+1, d_hidden)) (concatenate initial hidden with per-step outputs)

— Posterior affine head: Input (d_hidden + 1) — Linear(d_hidden) — SiLU() —
Linear(d_hidden) — SiLU() — Linear(2xd_latent); splits into (p, o¢) with
ot = Softplus(-); time-weighted aggregation over encoder outputs enabled

— Prior initial distribution: learnable diagonal Gaussian; parametersm, log s in Rd-fatent

— Prior drift network (autonomous): Input(d_latent) — Linear(30) —
Softplus() — Linear(d_latent)

— Diffusion networks (diagonal, per-latent): Input (1) — Linear(30) — Softplus()
— Linear(1) — Sigmoid()

— Decoder (observation model): Input(d_latent) — 2X[Linear(30) —
Sofg)plus ()] — Linear (d_obs); Gaussian likelihood with fixed std (cq=1.0, floor
10~

* Parameters:

Prior SDE: 942

Prior Observation: 2,740

Posterior Encoder: 45,400

Posterior Affine: 21,513

* Training:

Iterations: 2,000

Optimiser: AdamW

Learning rate: 0.01 with exponential decay v = 0.999 per step
KL weight: 1.0

Training sequence length: sampled from /{3, 100}

SDE Matching — Setup 2 (extrapolation).

¢ Architecture:

— Observation dimension d_obs = 50; latent dimension d_latent = 10; posterior
hidden size d_hidden = 1000; prior SDE: autonomous
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Encoder: Input((T, d_obs)) ——  GRU(d_hidden) ——

reverse in time restore time order
Output ((T+1, d_hidden))
Posterior affine head: Input(d_hidden) — Linear(d_hidden) — SiLU() —
Linear(d_hidden) — SiLU() — Linear (2*d_latent); splits into (i, o¢) with
o+ = Softplus(-); time-weighted encoder aggregation enabled; no explicit time input
Prior initial distribution: learnable diagonal Gaussian in Re-latent
Prior drift network (autonomous): Input(d_latent) — Linear(30) —
Softplus() — Linear(d_latent)
Diffusion networks (diagonal, per-latent): Input (1) — Linear (30) — Softplus()
— Linear(1) — Sigmoid()
Decoder (observation model):  Input(d_latent) — 2x[Linear(30) —
Sofgplus ()] — Linear (d_obs); Gaussian likelihood with fixed std (cg=1.0, floor
107°)

¢ Parameters:

Prior SDE: 1,550

Prior Observation: 2,860
Posterior Encoder: 3,154,000
Posterior Affine: 2,022,021

* Training:

Iterations: 100,000

Optimiser: AdamW

Learning rate: 0.0001

KL weight: 1.0

Sequence lengths: train=200, test=300;

Evaluation: Euler—-Maruyama integration with fixed step At = 0.01

E.3.6 Evaluation and Metrics

We report the mean squared error (MSE) between the predicted mean trajectory and the ground truth
joint angles over the forecast horizon (steps 4-300 for Setup 1, 101-300 for Setup 2). Results in
Table 3] are averaged over 10 runs with different random seeds, reporting mean + 95% t-confidence
intervals where available from original papers or our runs.

E.3.7 Detailed Results

Table[§|provides FLOPs and runtime comparisons. Despite comparable computational complexity
(FLOPs), Latent NSF achieves significantly faster runtime due to its ability to predict states at arbitrary
time points in parallel, unlike traditional SDE methods that require sequential time-stepping.

E.4 Stochastic Moving MNIST

E.4.1 Data Generation

Data generation for Stochastic Moving MNIST was as follows:

Frame size: 64x64 pixels

Sequence length: 25 steps

Digits: Two MNIST digits, chosen randomly

Initial conditions: Positions and velocities sampled uniformly at random

Bouncing mechanism: Modified from Denton and Fergus [11] for perfect reflection off
boundaries with small angular noise N(0, 02, e )» Where pounce = 0.1 rad

Dataset size:

— Training: 60,000 sequences (using original MNIST training set)
— Test: 10,000 sequences (using MNIST test set)
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Table 7: Runtime comparison (ms) for Stochastic Lorenz Attractor experiments. All measurements
are mean times for generating a batch of 100 vectorised samples (10 trials). EM refers to Euler—
Maruyama method, and SRK refers to Stochastic Runge—Kutta method.

Method Framework ¢t=0.25 t=05 t=0.75 t=1.0
Latent SDE (EM, At = 0.01) PyTorch 141.7 281.8 417.8 1,988.3
Latent SDE (EM, At = 0.01) JAX 123.5 130.7 150.6 147.8

Latent SDE (Milstein, At = 0.01) PyTorch 4934 951.2 1,4499  3,294.2
Latent SDE (Milstein, At = 0.01) JAX 142.7 149.4 181.4 188.7

Latent SDE (SRK, At = 0.01) PyTorch 1,084.5 2,189.0 3,2839 5,827.9
Neural LSDE (EM, At = 0.01) PyTorch 101.0 198.9 291.6 1,632.7
Neural LSDE (Milstein, At = 0.01) PyTorch 158.4 250.9 396.1 1,767.9
Neural LSDE (SRK, At = 0.01) PyTorch 886.5 1,799.9 2,681.0 4,807.4
Neural GSDE (EM, At = 0.01) PyTorch 107.6 215.4 316.9 1,662.3
Neural GSDE (Milstein, At = 0.01) PyTorch 137.7 274.9 431.9 1,852.9
Neural GSDE (SRK, At = 0.01) PyTorch 964.2 1,962.1 29253 5,1553
Neural LNSDE (EM, At = 0.01) PyTorch 104.7 209.7 310.9 1,644.0
Neural LNSDE (Milstein, At = 0.01) PyTorch 130.8 290.7 381.9 1,779.1
Neural LNSDE (SRK, At = 0.01) PyTorch 950.0 1,921.4 2,853.7 5,023.7
NSF (Hpreq = 0.25) JAX 0.221 0.303 0.341 0.373

NSF (Hpreq = 0.5) JAX 0.229 0.287 0.332 0.310

NSF (Hpreq = 1.0) JAX 0.255 0.286 0.294 0.295

Table 8: FLOPs, runtime, and MSE comparison for CMU Motion Capture experiments. FLOPs are
measured per sample (latent SDE uses Euler—Maruyama integration), while runtime measurements
represent the time required to generate a batch of 100 vectorised samples.

Method Framework FLOPs (M) Runtime (ms) MSE
Setupl Setup2  Setup 1 Setup2  Setupl Setup 2
Latent SDE (At = 0.005) JAX 13.5 25.1 3,585.0 3,236.0 - -
Latent SDE (At = 0.005) PyTorch 13.5 25.1 10,254.9  17,039.7 13.0 10.2
Latent SDE (At = 0.01) JAX 8.0 17.8 1,894.0 1,664.0 - -
Latent SDE (At = 0.01) PyTorch 8.0 17.8 5,338.7 8,594.0 12.9 10.1
Latent SDE (At = 0.02) JAX 5.2 14.1 854.2 909.6 - -
Latent SDE (At = 0.02) PyTorch 5.2 14.1 2,663.2 4,455.8 13.0 10.1
Latent SDE (At = 0.05) JAX 3.6 11.9 374.1 4942 - -
Latent SDE (At = 0.05) PyTorch 3.6 11.9 1,201.2 2,028.2 12.8 10.2
Latent SDE (At = 0.1) JAX 3.0 11.2 223.0 372.6 - -
Latent SDE (At = 0.1) PyTorch 3.0 11.2 595.1 1,155.9 12.9 9.7
Latent SDE (At = 0.2) JAX 2.7 10.8 148.4 3233 - -
Latent SDE (At = 0.2) PyTorch 2.7 10.8 279.6 764.6 12.9 10.6
Latent SDE (At = 0.5) JAX 2.6 10.6 107.1 289.6 - -
Latent SDE (At = 0.5) PyTorch 2.6 10.6 136.3 584.4 12.8 31.3
Latent SDE (At = 1) JAX 2.5 10.5 99.88 279.6 - -
Latent SDE (At = 1) PyTorch 2.5 10.5 95.4 522.9 13.3 281.3
Latent SDE (At = 2) JAX 2.5 10.5 92.19 266.1 - -
Latent SDE (At = 2) PyTorch 2.5 10.5 77.9 492.7 19.9 -
Latent SDE (At = 5) JAX 2.5 10.5 89.13 269.7 - -
Latent SDE (At = 5) PyTorch 2.5 10.5 64.4 474.6 362.1 -
Latent NSF (ours) JAX 6.0 17.7 0.44 1.8 8.7 34
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E.4.2 Configurations for Latent NSF

e Architecture:

Latent dimension d_latent = 10; per-frame embedding dimension d_embed = 64;
scene dimension d_scene = 64
Per-frame encoder (CNN, 64x64 — 4x4): 4 down blocks: Conv2d(3%*3,
stride=1, padding=1) — MaxPo0012d(2,2) — GroupNorm(8) — SiLU(); chan-
nels: 1—64—128—256—256; spatial: 64—32—16—8—4; head: Flatten() —
Linear(d_embed)
Posterior (inference network): Input (d_embed) — GRU(128); head: Input(128)
— Linear(128) — SiLU() — Linear(2*d_latent); splits into (mean, std) with
std via Softplus ()
Scene encoder: temporal median pooling over per-frame embeddings;
Input(d_embed) — Linear(128) — SiLU() — Linear(d_scene)
Emission:  inputs [scene, x_t] with size d_scene + d_latent; MLP()
— Linear (4*4x4*d_embed); reshape to (4xd_embed, 4, 4); 4 up blocks:
Conv (3*3) — GroupNorm(8) — upsample(*2) — SiLU(), channels: 4*d_embed —
4xd_embed — 2*d_embed — d_embed; spatial: 4 — 8 — 16 — 32; then Conv (3*3)
— SiLU() — Conv(3*3) — Sigmoid(); output size C=1, H=W=64; Gaussian likeli-
hood with uniform trainable std (shared across pixels)
NSF transition model (latent prior):
* Gaussian base: Input() — 2x[Linear(64) — SilUQ] —
Linear(2xd_latent); splits into (mean, std) with std via Softplus ()
# Affine coupling flow: 4 layers with alternating masking (autonomous SDE)
# Per-layer conditioner: Input (d_latent/2) — 2x[Linear(64) — SiLU()] —
Linear(d_latent); splits into (scale, shift)
Bridge model:
* Gaussian  base: Input() — 2x[Linear(64) — SilUQ] —
Linear(2xd_latent); splits into (mean, std) with std via Softplus ()
# Affine coupling flow: 4 layers with alternating masking
# Per-layer conditioner: Input(d_latent) — 2x[Linear(64) — SiLUQ] —
Linear(d_latent)

¢ Parameters:

Encoder: 1,223,360
Decoder: 1,341,570
Posterior: 110,228
Scene encoder: 33,088
NSF prior: 33,740
Bridge model: 37,260

* Training:

Epochs: 1,000

Batch size: 64

Learning rate: 0.001

Latent NSF objective parameters: 8 = 30.0, A = 0.1, Baip = 30.0, Hyrain = 2.5
Warm-up: 3, Bip, and flow loss weight linearly increased over the first 20 epochs
Auxiliary updates: K = 3 inner steps per iteration for the bridge model
Skip-ahead KL: up to 25-step horizons; 25 samples per skip

E.4.3 Configurations for Baseline

Latent SDE We used an implementation based on Daems et al. [10]. The baseline latent SDE
model characteristics are as follows:

¢ Architecture:
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Latent dimension d_latent = 10; per-frame embedding dimension d_embed = 64;

content dimension d_contents = 64

— Prior drift network: Input(d_latent) — Linear(200) — Tanh() —
Linear (200) — Tanh() — Linear(d_latent)

— Diffusion networks (per-latent): Input(1) — Linear(200) — Tanh() —
Linear(200) — Tanh() — Linear(1) — Softplus()

— Posterior control network: inputs [x, y, h(t)]; Input(2*d_latent + d_embed)

— Linear (200) — Tanh() — Linear(200) — Tanh() — Linear(d_latent);

last layer kernel initialised to zero

— Encoder (2D conv, frames 64%64%1): four down blocks: Conv (3%3)
— MaxPool(2) — GroupNorm(8) — SiLU(); channels 1 — d_embed —
2xd_embed — 4+*d_embed — 4*d_embed; spatial 64 — 32 — 16 — 8 — 4;
head: Flatten() — Linear (d_embed) per frame

— Content extractor: temporal median pooling over per-frame embeddings;
Input(d_embed) — Linear(d_embed) — SiLU() — Linear(d_contents); out-
puts w

— Inference network for x_0: temporal Conv(3) — SiLU() — Conv(3); then MLP ()
on concatenated features to output 2xd_latent (mean and log-variance)

— Decoder: inputs [w, x_t] with size d_contents + d_latent; MLP() —
Linear (4*4%4*d_embed); reshape to (4, 4, 4*d_embed); 4 up blocks:
Conv(3*3) — GroupNorm(8) — upsample(*2) — SiLU(), with channels
4*d_embed — 4*d_embed — 2*d_embed — d_embed; spatial 4 — 8 — 16
— 32; then Conv(3*3) — SiLU() — Conv(3*3) — Sigmoid(); output size C=1,
H=W=64

* Parameters:

Encoder: 1,269,972

Scene encoder: 8,320
Decoder: 1,341,569

Prior drift network: 44,410
Posterior drift network: 59,210
Diffusion network: 408,010
* Training:

Epochs: 100

Batch size: 32

Optimiser: Adam

Learning rate: 0.0003

KL weight: 0.1

Numerical integration: Stratonovich—Milstein with step size equal to one third of the
observation interval

E.4.4 Evaluation and Metrics

Evaluation was performed using Fréchet distances with embeddings from the pre-trained SRVP
model [[14]] (using publicly available weights). The computed metrics are:

» Static FD: Based on time-averaged frame embeddings
* Dynamics FD: Based on sequence-level dynamics embeddings

» Frame-wise FD: Averaged per-frame embedding distances
Validation of these metrics is provided in Appendix

E.4.5 Detailed Results

Table 9] provides computational comparisons for the Stochastic Moving MNIST experiments. Beyond
the quantitative metrics reported in the main text, we provide qualitative visualisations to demonstrate
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the reconstruction and prediction quality of our Latent NSF model compared to the latent SDE
baseline.

Figure [6] shows a direct comparison of reconstruction quality between latent SDE and Latent NSF on
input sequences. Both models are tasked with encoding and then reconstructing the same 25-frame
input sequences. The figure demonstrates that Latent NSF achieves comparable reconstruction quality
while maintaining computational efficiency.

For predictive performance, Figure[7]illustrates the models’ ability to forecast future frames given
the first 25 frames of a sequence. The ground truth trajectory (top row) shows the natural bouncing
dynamics of the two MNIST digits. The latent SDE predictions (middle row) and Latent NSF
recursive predictions (bottom row) both capture the general trajectory and bouncing behaviour,
though with different levels of visual fidelity and temporal consistency.

Finally, Figure [8| provides a focused comparison at a specific prediction horizon (20 steps into
the future) by showing multiple predicted samples from each model. This visualisation allows
for assessment of both the accuracy of individual predictions and the diversity of the stochastic
predictions across different model variants.

F Hyperparameter Sensitivity and Ablation Studies

To validate the sensitivity of the hyperparameters and effectiveness of the flow loss, we conduct an
ablation study on the Stochastic Lorenz Attractor with missing data (Section[F.T)), and CMU Motion
Capture dataset with extrapolation task (Setup 2) (Section[F2).

F.1 Stochastic Lorenz Attractor with Missing Data

We trained on Stochastic Lorenz Attractor data where only a random continuous segment of length
0.5 from the full trajectory ¢ € [0, 1] was observed.

F.1.1 Experimental Setup

We modify the training protocol as follows:

* Original data structure: The complete dataset contains trajectories with 41 time points at
t € {0,0.025,0.05,...,0.975,1.0}, sampled at regular intervals of At = 0.025.

» Missing data protocol: We only use random continuous segment of length 20 time steps
from the training data.

* Training pairs: From the 20 time points, we construct all possible state transition pairs
(w¢,, ;) where t; < t;. This yields 20 x 19/2 = 190 unique pairs per trajectory, compared
to 820 pairs in the complete data setting. Crucially, no training pairs directly connect states
across > 20 time steps.

* Training conditions: All other hyperparameters remain identical to Section E.2.2:
Epochs: 1000

Optimiser: AdamW with learning rate 0.001 and weight decay 10~°

Batch size: 256

Inner steps for auxiliary model: K = 5 inner optimisation steps

Flow loss weights: A = 0.4

Flow loss balancing: \i_.2 = a1 = 1.0

» Evaluation: We compute KL divergence between the model and true distributions at
t € {0.5,1.0} using kernel density estimation as described in Section Results are
averaged over 5 random seeds.

Based on this baseline condition, we conducted experiments varying the inner steps K, flow loss
weight A, and directional flow loss components A1 2 and Ao_.1.
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Table 9: FLOPs and runtime comparison for Stochastic Moving MNIST experiments, showing
computational costs for encoding 25 input frames and predicting the subsequent 25 frames. Runtime
measurements represent the time required to process a batch of 100 vectorised samples. SM:
Stratonovich—Milstein solver.

Method Framework FLOPs (M) Runtime (ms)
Latent SDE (SM) JAX 20,264 750
Latent NSF (recursive) JAX 20,276 338
Latent NSF (one-step) JAX 20,277 358
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Figure 6: Reconstruction quality comparison on Stochastic Moving MNIST. Top row: original input
frames, middle row: latent SDE reconstructions, bottom row: Latent NSF (recursive) reconstructions.

Each column shows consecutive time steps (frames 1-25). Both models successfully capture the
appearance and positioning of the bouncing digits.
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Figure 7: Future frame prediction comparison on Stochastic Moving MNIST. Top: ground truth
continuation, middle: latent SDE predictions, bottom: Latent NSF predictions. Both models predict
25 future frames given the first 25 frames. The comparison shows how well each model captures
stochastic bouncing dynamics while maintaining visual quality and temporal coherence.
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Figure 8: Stochastic prediction samples 20 steps into the future on Stochastic Moving MNIST. Each
panel shows multiple independent samples generated after observing the first 25 frames and predicting
20 steps ahead.
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Figure 9: Comparison of generated samples (64 samples per panel) on the stochastic Lorenz attractor.
Columns show ground truth and model samples with different flow loss weights A € {0.0,0.2,0.8}.

Table 10: Flow loss ablation on missing Stochastic Lorenz. Reported values are mean + standard
deviation over seeds.

Flow loss weight (A\) KL (¢t =0.5) KL (t =1.0)

0.0 (no flow loss) 7.9+0.2 229+£18
0.001 3.0£0.2 4.5+0.9
0.01 1.7+0.1 2.1+0.6
0.4 (default) 1.2£0.1 1.2+1.0
0.8 1.3£0.2 1.3£0.6

Table 11: Effect of auxiliary optimisation steps K on KL and training time (per epoch). A = 0.4.
Simultaneous: auxiliary and main models updated jointly without inner loops, as described in

Appendix[C.1]

K (auxiliary inner steps) KL (t =0.5) KL (¢ =1.0) Epoch time (s)

0 (no auxiliary steps) 7.9+0.2 229+£138 66
0 (simultaneous) 1.1+0.1 1.84+1.2 106
1 1.1+£0.1 1.7+0.6 125
5 (default) 1.2+0.1 1.4+0.6 201
10 1.1+£0.2 1.2+£0.7 295

Table 12: Effect of directional flow loss components on KL. A = 0.4, K = 5.

Flow loss direction KL (=05 KL({=1.0
1-to-2 only Ajo2 = 1, Moo =0 1.1+0.1 1.4+0.6
2-to-1 only Aj o2 = 0, Moo = 1 1.24+0.1 1.4+0.7
Bidirectional A2 = Appo.1 = 1 1.2+0.1 1.4+0.6
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F.1.2 Results

Flow loss weight sensitivity is summarised in Table |10} and visualisation of 64 trajectories for the
ground truth and generated samples is shown in Figure [0} which is obtained in the same way as
Figure [3]in the main text with one-step prediction. The effect of auxiliary inner steps is shown in
Table[T1] Directional components are compared in Table[T2] Overall, the sensitivity to the flow loss
weight and the number of inner steps is low when the order of magnitude is around the baseline
conditions.

F.2 CMU Motion Capture Dataset with Extrapolation Task (Setup 2)
F.2.1 Experimental Setup

We use the same experimental setup as Setup 2 in Section [E.3.4] and conducted the parametric study
varying the inner steps K, flow loss weight A, and directional flow loss components A\q .2 and Ao_.1
on the CMU Motion Capture dataset with extrapolation task (Setup 2).

F.2.2 Results

Flow loss weight (bidirectional, K = 3) is reported in Table[I3] Directional variants for flow loss at
A = 1.0, K = 3 are summarised in Table The number of inner steps for the auxiliary model (with
A = 1.0, bidirectional) are shown in Table In short, best MSE occurs near A = 0.03, direction
2-to-1 is slightly better than 1-to-2 but bidirectional is comparable, and small K (e.g., 1) also works
while K = 0 fails, which means that, in this case, the sensitivity to the flow loss weight and the
number of inner steps is low when the order of magnitude is around the baseline conditions.

F.3 Practical Guidance on Hyperparameters

We provide practical guidance on hyperparameters specifically for the NSF or Latent NSF.

F.3.1 Time Horizon for Training Hi ., and Inference Hpreq

The time horizon for training should be set to the maximum one-shot interval used during training. In
our experiments, we found that there is no significant difference in performance dependent on the
Hpeq value. However we have not explored the effect of the Hy.j, value. Since, in practice, large
H..in requires more expressive model capacity, we recommend balancing trade-off between model
capacity and prediction runtime using Hin, and using Hpeq = Hirin in most cases, depending on
the data complexity and prediction runtime requirements.

F.3.2 Flow Loss Weight

For any experiment we have conducted, we found that sub-order of magnitude A values are sufficient
to achieve good performance, assuming the data is normalised.

F.3.3 Auxiliary Inner Steps or Simultaneous Updates
The auxiliary inner steps K controls the number of inner steps for the auxiliary model. We recommend

using simultaneous updates first, as described in Appendix [C.2] and if there is training instability, we
recommend using K > 0 and increasing the value of K until the flow loss is stable.

F.3.4 Directional Flow Loss Components
The directional flow loss components A\, and Ay ,.; control the strength of the flow loss in the 1-to-

2 and 2-to-1 directions respectively. In our experiments, though the performance is not significantly
different, we recommend using bidirectional flow loss for symmetry and stability.
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G Validation of the Fréchet Image and Video Metrics

G.1 Protocol

To confirm that the three Fréchet distances introduced in §@] (static content, dynamics and frame-
wise) behave as intended on our Stochastic Moving MNIST benchmark, we performed a series of
controlled experiments. Code for reproducing the experiments is available at https://github.
com/nkiyohara/srvp-£fd.

G.1.1 Datasets.
For each trial, two datasets were instantiated as follows:

* Content: Each containing 256 sequences of 25 frames.

* Production method: Same as in the main text with identical hyperparameters, varying only
specific factors (digit classes, handwriting samples, or dynamics).

* Digit ordering: To remove ambiguity, a second copy of the first dataset was generated with
digit indices swapped. The version yielding the smaller static Fréchet distance was retainedE]

G.1.2 Conditions.

Four experimental conditions were repeated over 32 trials (each with a fresh random seed):

Different dynamics: same digits and handwriting, different dynamics.

Different digits: different digit classes, identical dynamics.

Different handwriting: same digit classes, different handwriting, identical dynamics.

Different both: different digit classes and different dynamics.

G.1.3 Computation of distances.

Distance computation details:

¢ Encoder: Public SRVP encoder of Franceschi et al. [[14].
» Frame-wise scores: Averaged the 25 frame distances to yield a single number per sequence

pair.

G.2 Results

Table @] reports the mean and standard deviation (over the 32 trials) of each metric. The metrics
reflect the intended factors:

* Varying only the dynamics (different dynamics) drives the dynamics distance up by an order
of magnitude while leaving the static distance low.

» Altering appearance while keeping motion fixed (different digits/handwriting) raises the
static distance, with digits > handwriting as expected, and leaves the dynamics distance
low.

* When both factors change (different both), both metrics are simultaneously high.

» Frame-wise distances stay near zero unless both content and motion differ, indicating that
they act as a weak sanity check.

'Without this post-hoc swap the static metric can be artificially inflated when the same digits appear in
reverse order.
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Table 13: Effect of flow loss weight A\ on test MSE (mean + 95% confidence interval in t-statistic)
for CMU Motion Capture (Setup 2). Auxiliary inner steps are fixed to K = 3. Flow loss weight

A = 1.0, bidirectional(\;

0-2 = A20-1 = 1.0), and KL weight 8 = Buip = 0.3.

Flow loss weight () MSE

0.001 4.08 +0.46
0.003 3.77+£0.37
0.01 3.73 £ 0.48
0.03 3.36 £ 0.25
0.1 3.43+0.29
0.3 3.60 £0.33
1.0 3.41£0.27

Table 14: Effect of directional flow loss components on test MSE (mean + 95% confidence interval
in t-statistic) for CMU Motion Capture (Setup 2). Flow loss weight A = 1.0, inner loop steps for
bridge model K = 3, and KL weight 3 = By, = 0.3.

Flow loss direction MSE

1-to-2 only Aj o2 = 1, Moo =0 3.66 £ 0.50
2-to-1 only Mao2 =0, A0 =1 3.48 £0.46
Bidirectional A o0 = Ao.1 =1 3.41 £0.27

Table 15: Effect of auxiliary optimisation steps /X on test MSE (mean + 95% confidence interval in
t-statistic) for CMU Motion Capture (Setup 2). Flow loss weight A = 1.0, bidirectional(A;_v.2 =
A2:0-1 = 1.0), and KL weight 8 = By, = 0.3. “Simultaneous” refers to updating auxiliary and main
models jointly without inner loops for bridge model, as described in Appendix @

K (auxiliary inner steps) MSE

0 (no auxiliary training)  261.82 £ 124.57
0 (simultaneous) 3.59 £ 0.61

1 3.35+0.39

3 (default) 3.41£0.27

5 3.68 £0.40
10 3.59 +£0.38

Table 16: Mean = standard deviation of the three Fréchet distances across 32 trials.

Condition Static Dynamics  Frame mean
Different dynamics 257£140 14.85+548 0.80+0.14
Different digits 5.66£1.82 1.75+1.83 0.13 £0.06
Different handwriting 3.74 +£1.65 1.79 £ 1.66 0.09 £+ 0.05
Different both 6.78£1.95 14.74£5.79 0.87+0.13
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G.3 Discussion

The clear separation between conditions, the low variance within each condition and the alignment
with human intuition together demonstrate that our Fréchet metrics are both reliable and interpretable.
They therefore provide a sound basis for quantitative evaluation of generative video models on
Stochastic Moving MNIST, capturing complementary aspects of visual content and motion without
leakage between the two.
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