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Abstract

We study optimal transport (OT) problem for probability measures supported on a
tree metric space. It is known that such OT problem (i.e., tree-Wasserstein (TW))
admits a closed-form expression, but depends fundamentally on the underlying
tree structure over supports of input measures. In practice, the given tree structure
may be, however, perturbed due to noisy or adversarial measurements. In order to
mitigate this issue, we follow the max-min robust OT approach which considers
the maximal possible distances between two input measures over an uncertainty
set of tree metrics. In general, this approach is hard to compute, even for measures
supported in 1-dimensional space, due to its non-convexity and non-smoothness
which hinders its practical applications, especially for large-scale settings. In
this work, we propose novel uncertainty sets of tree metrics from the lens of edge
deletion/addition which covers a diversity of tree structures in an elegant framework.
Consequently, by building upon the proposed uncertainty sets, and leveraging the
tree structure over supports, we show that the max-min robust OT also admits
a closed-form expression for a fast computation as its counterpart standard OT
(i.e., TW). Furthermore, we demonstrate that the max-min robust OT satisfies the
metric property and is negative definite. We then exploit its negative definiteness to
propose positive definite kernels and test them in several simulations on various
real-world datasets on document classification and topological data analysis for
measures with noisy tree metric.

1 Introduction

Optimal transport (OT) has become a popular approach for comparing probability measures. OT
provides a set of powerful tools that can be utilized in various research fields such as machine
learning [43, 36, 53, 10, 11, 21, 35, 42, 34, 2, 19, 47, 49, 52, 18], statistics [32, 55, 31, 37, 38, 54],
or computer graphics [44, 50, 26].

Following the recent line of research on leveraging tree structure to scale up OT problems [29, 45, 28,
52, 58], in this work, we study OT problem for probability measures supported on a tree metric space.
Such OT problem (i.e., tree-Wasserstein (TW)) not only admits a closed-form expression, generalizes
the sliced Wasserstein (SW)1 [44] (i.e., a tree is a chain), but also alleviates the limited capacity issue
of SW to capture topological structure of input measures, especially in high-dimensional spaces,

1SW projects supports into a 1-dimensional space and exploits the closed-form expression of univariate OT.
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since it provides more flexibility and degrees of freedom by choosing a tree rather than a line [29].
However, it depends fundamentally on the underlying tree structure over supports of input measures.
Nevertheless, in practical applications, the given tree structure may be perturbed due to noisy or
adversarial measurements. For examples, (i) edge lengths may be noisy; (ii) for a physical tree, node
positions may be perturbed or under adversarial attacks; (iii) some connecting nodes may be merged
into each other; or (iv) some nodes may be duplicated and their corresponding edge lengths are
positive.

For OT problem with noisy ground cost, a common approach in the literature is to consider the
maximal possible distance between two input measures over an uncertainty set of ground metrics, i.e.,
the max-min robust OT [41, 15, 30]. However, such approach usually leads to optimization problems
which are challenging to compute due to their non-convexity and non-smoothness [41, 30], even for
input measures supported in 1-dimensional spaces [15]). Another approach instead considers the
min-max robust OT which is a convexified relaxation and is an upper bound of the max-min robust
OT [3, 20, 41, 16].

Various advantages of the max-min/min-max robust OT have been reported in the literature. For
examples, (i) it reduces the sample complexity [41, 15]; (ii) it increases the robustness to noise [41,
16]; (iii) it helps to induce prior structure, e.g., to encourage mapping of subspaces to subspaces used
for domain adaptation where it is desirable to transport samples in the same class together [3]; and
(iv) it improves the generated images for generative model with the Sinkhorn divergence loss (i.e.,
entropic regularized OT) since the default Euclidean ground metric for Sinkhorn divergence loss
tends to generate images which are basically a blur of similar images [20].

The robust OT approaches can be interpreted in light of robust optimization [6, 8] where there are
uncertainty parameters, especially when the uncertainty parameters are not stochastic. The robust
optimization has many roots and precursors in the applied sciences, particularly in robust control
(e.g., to address the problem of stability margin [22]); in machine learning (e.g., maximum margin
principal in support vector machines (SVM) [57]), in reinforcement learning (e.g., to alleviate the
gap between simulation environment and corresponding real-world environment [33, 40]). It is also
known that robust optimization has a close connection with regularization [17, 56, 57, 8]. More
precisely, solutions of several regularized problems are indeed solutions to a non-regularized robust
optimization problem, e.g., Tikhonov-regularized regression [17], Lasso [56], or norm-regularized
SVM [57].

Another interpretation of the robust OT is given under the perspective of the game theory. To see this,
consider two players: the first player (the minimizer) aims at aligning the two measures by choosing
a transport plan between two input measures; and the second player (the adversary) resists to it by
choosing ground metric from the set of admissible ground metrics [3]. Therefore, the robust OT
approach can also be interpreted as to provide a safe choice of transportation plan under noisy ground
metric for OT problem.

We emphasize both max-min and min-max robust OT approaches have their own advantages for
the OT problem with noisy ground metric. In this work, we focus on the max-min robust OT for
measures with a noisy tree metric ground cost.2 At a high level, our main contributions are three-fold
as follows:

• (i) We propose novel uncertainty sets of tree metrics from the lens of edge deletion/addition
which cover a diversity of tree structures in an elegant framework. Consequently, by building
upon the proposed uncertainty sets, and leveraging the tree structure over supports, we derive
closed-form expressions for the max-min robust OT for measures with noisy tree metric,
which is fast for computation and scalable for large-scale applications.

• (ii) We show that the max-min robust OT for measures with noisy tree metric satisfies metric
property and is negative definite. Accordingly, we further propose positive definite kernels3

built upon the robust OT, which are required in many kernel-dependent machine learning
frameworks.

• (iii) We empirically illustrate that the max-min robust OT for measures noisy tree metric is
fast for computation with the closed-form expression. Additionally, the proposed robust OT

2For general applications, one can sample tree metric for measures with supports in Euclidean space
(see [29]).

3A review on kernels is given in §A.1 (supplementary).
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kernels improve performances of the counterpart standard OT (i.e., TW) kernel in several
simulations on various real-world datasets on document classification and topological data
analysis (TDA) for measures with noisy tree metric.

The paper is organized as follows: we give a brief recap of OT with tree metric cost in §2. In §3, we
propose novel uncertainty sets of tree metrics, and leverage them to derive a closed-form expression
for the max-min robust OT for measures with noisy tree metric. We show that it satisfies metric
property and is negative definite. Consequently, we propose positive definite kernels built upon the
robust OT. In §4, we discuss related work. In §5, we evaluate the proposed robust OT kernels for
measures with noisy tree metric on document classification and TDA, and conclude our work in §6.
Detailed proofs for our theoretical results are placed in the supplementary (§B).

Notations. We write 1 for the vector of ones, and use |E| to denote the cardinality of set E. For
1 ≤ p ≤ ∞, its conjugate is denoted by p′, i.e., p′ ∈ [1,∞] s.t. 1

p + 1
p′ = 1. In particular,

p′ = ∞ when p = 1, and p′ = 1 when p = ∞. Let ‖·‖p represent the `p-norm in R|E|, and
Bp(v, λ) , {u ∈ R|E| : ‖u− v‖p ≤ λ} be the closed `p-ball centering at v ∈ R|E| and with radius
λ > 0. We denote δx as the Dirac function at x.

2 A Recap of Optimal Transport with Tree Metric Cost

In this section, we give a brief recap of OT with tree metric cost. We refer the readers to [29] and the
supplementary (§A.2–§A.3) for further details.

Tree metric. Let T = (V,E) be a tree rooted at r with nonnegative weights {we}e∈E (i.e., edge
length), where V and E are the sets of vertices and edges respectively. For any two nodes x, z ∈ V ,
we write [x, z] for the unique path on T connecting x and z. For an edge e, γe denotes the set of all
nodes x such that the path [r, x] contains the edge e. That is,

γe , {x ∈ V | e ⊂ [r, x]} . (1)
Let dT be the tree metric on T , that is dT : V × V → [0,∞) with dT (x, z) equaling to the length of
the path [x, z]. We denote P(V ) for the set of all Borel probability measures on the set of nodes V ,
and use w = (we)e∈E ∈ R|E|+ to denote the vector of edge lengths for the tree T .

Optimal transport (OT). For probability measures µ, ν ∈ P(V ), letR(µ, ν) be the set of measures
π on the product space V × V such that π(A× V ) = µ(A) and π(V ×B) = ν(B) for all Borel sets
A,B ⊂ V . By using tree metric dT as the ground cost, the 1-Wasserstein distanceWT between µ
and ν is defined as follows:

WT (µ, ν) , inf
π∈R(µ,ν)

∫
V×V
dT (x, z)π(dx, dz). (2)

In Problem (2), the OT distance for measures with tree metric ground cost (i.e., tree-Wasserstein
(TW)) depends fundamentally on the tree structure T , which is determined by (i) the vector of edge
lengths, i.e, w = (we)e∈E for tree T ; and (ii) supports of input measures on tree, i.e., corresponding
nodes in tree T . Therefore, for noisy tree metric, it may cause harm to OT performances. To mitigate
this issue, in this work, we follow the max-min robust OT approach which seeks the maximal possible
distance between input measures over an uncertainty set of tree metrics.

3 Robust Optimal Transport for Measures with Noisy Tree Metric

In this section, we describe the max-min robust OT approach for measures with noisy tree metric. We
propose novel uncertainty sets of tree metrics which play the fundamental role to derive closed-form
expressions for the robust OT. We also show that the robust OT satisfies metric property and is
negative definite. Consequently, we prove positive definite kernels built upon the robust OT for input
probability measures.

Max-min robust OT. Let U(T ) denote a family of tree metrics for the given tree T . By considering
U(T ) as the uncertainty set of tree metrics, the max-min robust OT between two input probability
measures µ, ν ∈ P(V ) is defined as follows:

RT(µ, ν) , max
T̂ ∈U(T )

min
π∈R(µ,ν)

∫
V×V
dT̂ (x, z)π(dx, dz). (3)
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<latexit sha1_base64="WjVwhjFczTlI09hWlvjS1fIxSxM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LLaCp5KUUttb0YvHCqYttKFstpt26WYTdjeFEvobvHhQxKs/yJv/xk1bQUUfDDzem2Fmnh9zprRtf1i5jc2t7Z38bmFv/+DwqHh80lFRIgl1ScQj2fOxopwJ6mqmOe3FkuLQ57TrT28yvzujUrFI3Ot5TL0QjwULGMHaSG55NqyVh8WSXbEN6nWUEadhO4Y0m41qtYmcpWXbJVijPSy+D0YRSUIqNOFYqb5jx9pLsdSMcLooDBJFY0ymeEz7hgocUuWly2MX6MIoIxRE0pTQaKl+n0hxqNQ89E1niPVE/fYy8S+vn+ig4aVMxImmgqwWBQlHOkLZ52jEJCWazw3BRDJzKyITLDHRJp+CCeHrU/Q/6VQrTr1Su6uWWtfrOPJwBudwCQ5cQQtuoQ0uEGDwAE/wbAnr0XqxXletOWs9cwo/YL19Ah9djkE=</latexit>v4 <latexit sha1_base64="zQSbyh0CZ/uu1/3G4BEExlSNMuw=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LLaCp5IUre2t6MVjBdMW2lA22027dLMJu5tCCf0NXjwo4tUf5M1/46atoKIPBh7vzTAzz485U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqsokYS6JOKR7PpYUc4EdTXTnHZjSXHoc9rxJzeZ35lSqVgk7vUspl6IR4IFjGBtJLc8HVyWB8WSXbENajWUEaduO4Y0GvVqtYGchWXbJVihNSi+94cRSUIqNOFYqZ5jx9pLsdSMcDov9BNFY0wmeER7hgocUuWli2Pn6MwoQxRE0pTQaKF+n0hxqNQs9E1niPVY/fYy8S+vl+ig7qVMxImmgiwXBQlHOkLZ52jIJCWazwzBRDJzKyJjLDHRJp+CCeHrU/Q/aVcrTq1ycVctNa9XceThBE7hHBy4gibcQgtcIMDgAZ7g2RLWo/VivS5bc9Zq5hh+wHr7BCDijkI=</latexit>v5

<latexit sha1_base64="Ph3Ko0cKZWWGBniWCPY9O0fRYfE=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BFvBU8kutra3ohePFdy20JaSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y/ohqOiDgcd7M8zMC2LBtSHkw8msrW9sbmW3czu7e/sH+cOjpo4SxcBnkYhUO6AaBJfgG24EtGMFNAwEtILJ9dxv3YPSPJJ3ZhpDL6QjyYecUWMlvwh9t9jPF0jJK5Na1cWkRCw8z5IycWuVCnYXCiEFtEKjn3/vDiKWhCANE1Trjkti00upMpwJmOW6iYaYsgkdQcdSSUPQvXRx7AyfWWWAh5GyJQ1eqN8nUhpqPQ0D2xlSM9a/vbn4l9dJzLDaS7mMEwOSLRcNE4FNhOef4wFXwIyYWkKZ4vZWzMZUUWZsPjkbwten+H/S9EpupXRx6xXqV6s4sugEnaJz5KJLVEc3qIF8xBBHD+gJPTvSeXRenNdla8ZZzRyjH3DePgH6X44o</latexit>e1
<latexit sha1_base64="+7ky8/eP/DUZjyqhRYKPaHY8umQ=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BFvBU8kutra3ohePFdy20JaSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y/ohqOiDgcd7M8zMC2LBtSHkw8msrW9sbmW3czu7e/sH+cOjpo4SxcBnkYhUO6AaBJfgG24EtGMFNAwEtILJ9dxv3YPSPJJ3ZhpDL6QjyYecUWMlvwh9r9jPF0jJK5Na1cWkRCw8z5IycWuVCnYXCiEFtEKjn3/vDiKWhCANE1Trjkti00upMpwJmOW6iYaYsgkdQcdSSUPQvXRx7AyfWWWAh5GyJQ1eqN8nUhpqPQ0D2xlSM9a/vbn4l9dJzLDaS7mMEwOSLRcNE4FNhOef4wFXwIyYWkKZ4vZWzMZUUWZsPjkbwten+H/S9EpupXRx6xXqV6s4sugEnaJz5KJLVEc3qIF8xBBHD+gJPTvSeXRenNdla8ZZzRyjH3DePgH75I4p</latexit>e2

<latexit sha1_base64="vdol+YqOhtgEfnHKFXAedPpkW0A=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CbaCpyW72treil48VrC10C4lm6ZtaDa7JFmhlP4GLx4U8eoP8ua/Mf0QVPTBwOO9GWbmhYng2mD84WRWVtfWN7Kbua3tnd29/P5BU8epoqxBYxGrVkg0E1yyhuFGsFaiGIlCwe7C0dXMv7tnSvNY3ppxwoKIDCTvc0qMlRpF1j0rdvMF7PolXK14CLvYwvctKWGvWi4jb65gXIAl6t38e6cX0zRi0lBBtG57ODHBhCjDqWDTXCfVLCF0RAasbakkEdPBZH7sFJ1YpYf6sbIlDZqr3ycmJNJ6HIW2MyJmqH97M/Evr52afiWYcJmkhkm6WNRPBTIxmn2OelwxasTYEkIVt7ciOiSKUGPzydkQvj5F/5Om73pl9/zGL9Qul3Fk4QiO4RQ8uIAaXEMdGkCBwwM8wbMjnUfnxXldtGac5cwh/IDz9gn9aY4q</latexit>e3
<latexit sha1_base64="JvJZ5nRyyK09/w4prjznwmQ4VgM=">AAAB7HicdVBNSwMxEJ31s9avqkcvwVbwVLJLW9tb0YvHCm5baEvJpmkbms0uSVYoS3+DFw+KePUHefPfmH4IKvpg4PHeDDPzglhwbTD+cNbWNza3tjM72d29/YPD3NFxU0eJosynkYhUOyCaCS6Zb7gRrB0rRsJAsFYwuZ77rXumNI/knZnGrBeSkeRDTomxkl9g/VKhn8vjolfGtaqLcBFbeJ4lZezWKhXkLhSM87BCo5977w4imoRMGiqI1h0Xx6aXEmU4FWyW7SaaxYROyIh1LJUkZLqXLo6doXOrDNAwUrakQQv1+0RKQq2nYWA7Q2LG+rc3F//yOokZVnspl3FimKTLRcNEIBOh+edowBWjRkwtIVRxeyuiY6IINTafrA3h61P0P2l6RbdSLN16+frVKo4MnMIZXIALl1CHG2iADxQ4PMATPDvSeXRenNdl65qzmjmBH3DePgH+7o4r</latexit>e4 <latexit sha1_base64="ye3Q/yqTdhXB3ChtSfCTRQLCVv4=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBhPB0zK7mJjcgl48RjAPSJYwO5kkQ2Znl5lZIYR8gxcPinj1g7z5N04egooWNBRV3XR3hYng2mD84WTW1jc2t7LbuZ3dvf2D/OFRU8epoqxBYxGrdkg0E1yyhuFGsHaiGIlCwVrh+Hrut+6Z0jyWd2aSsCAiQ8kHnBJjpUaR9UrFXr6AXb+EqxUPYRdb+L4lJexVy2XkLRSMC7BCvZd/7/ZjmkZMGiqI1h0PJyaYEmU4FWyW66aaJYSOyZB1LJUkYjqYLo6doTOr9NEgVrakQQv1+8SURFpPotB2RsSM9G9vLv7ldVIzqARTLpPUMEmXiwapQCZG889RnytGjZhYQqji9lZER0QRamw+ORvC16fof9L0Xa/sXtz6hdrVKo4snMApnIMHl1CDG6hDAyhweIAneHak8+i8OK/L1oyzmjmGH3DePgEAgo4s</latexit>e5

<latexit sha1_base64="PTDKzzy7tWIWnqW3apeh2O6X2qA=">AAAB/nicdVDLSgMxFM3UVx1fo+LKTbAj1E2ZFKePXdGNywp9QVtKJk3b0MyDJCOUoeCvuHGhiFu/w51/Y6atoKIHAodz7uWeHC/iTCrH+TAya+sbm1vZbXNnd2//wDo8askwFoQ2SchD0fGwpJwFtKmY4rQTCYp9j9O2N71O/fYdFZKFQUPNItr38ThgI0aw0tLAOrFtM9/zsZoQzJPGfIAuTNseWDmn4DqoWipDp+A4yHVLmlSrFRchiLSSIgdWqA+s994wJLFPA0U4lrKLnEj1EywUI5zOzV4saYTJFI9pV9MA+1T2k0X8OTzXyhCOQqFfoOBC/b6RYF/Kme/pyTSo/O2l4l9eN1ajSj9hQRQrGpDloVHMoQph2gUcMkGJ4jNNMBFMZ4VkggUmSjdm6hK+fgr/J61iAZUKl7fFXO1qVUcWnIIzkAcIlEEN3IA6aAICEvAAnsCzcW88Gi/G63I0Y6x2jsEPGG+fX7aT2Q==</latexit>

(T1)
<latexit sha1_base64="CD5Psyx4O4DmxjXR89p0xvLYWRQ=">AAAB6nicdVBNSwMxEJ31s9avqkcvwVbwVLJFansrevFY0X5Au5Rsmm1Ds9klyQpl6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5fiy4Nhh/OCura+sbm7mt/PbO7t5+4eCwraNEUdaikYhU1yeaCS5Zy3AjWDdWjIS+YB1/cpX5nXumNI/knZnGzAvJSPKAU2KsdFtSpUGhiMvYolpFGXFr2LWkXq9VKnXkzi2Mi7BEc1B47w8jmoRMGiqI1j0Xx8ZLiTKcCjbL9xPNYkInZMR6lkoSMu2l81Nn6NQqQxREypY0aK5+n0hJqPU09G1nSMxY//Yy8S+vl5ig5qVcxolhki4WBYlAJkLZ32jIFaNGTC0hVHF7K6Jjogg1Np28DeHrU/Q/aVfKbrV8flMpNi6XceTgGE7gDFy4gAZcQxNaQGEED/AEz45wHp0X53XRuuIsZ47gB5y3T+5njZY=</latexit>r

<latexit sha1_base64="PiA/ibMY5dBdTYcEHaX/ZJkdnNA=">AAAB7HicdVBNS8NAEJ34WetX1aOXxVbwVJIgtb0VvXisYNpCG8pmu2mXbjZhd1Moob/BiwdFvPqDvPlv3LQVVPTBwOO9GWbmBQlnStv2h7W2vrG5tV3YKe7u7R8clo6O2ypOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyU3ud6ZUKhaLez1LqB/hkWAhI1gbyatMB05lUCrbVdugVkM5ceq2Y0ijUXfdBnIWlm2XYYXWoPTeH8YkjajQhGOleo6daD/DUjPC6bzYTxVNMJngEe0ZKnBElZ8tjp2jc6MMURhLU0Kjhfp9IsORUrMoMJ0R1mP128vFv7xeqsO6nzGRpJoKslwUphzpGOWfoyGTlGg+MwQTycytiIyxxESbfIomhK9P0f+k7VadWvXyzi03r1dxFOAUzuACHLiCJtxCCzwgwOABnuDZEtaj9WK9LlvXrNXMCfyA9fYJGs6OPg==</latexit>v1

<latexit sha1_base64="2laRMOQ3TjOCfHAibb7+z0riaFk=">AAAB7HicdVBNS8NAEJ34WetX1aOXxVbwVJIgtb0VvXisYNpCG8pmu2mXbjZhd1Moob/BiwdFvPqDvPlv3LQVVPTBwOO9GWbmBQlnStv2h7W2vrG5tV3YKe7u7R8clo6O2ypOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyU3ud6ZUKhaLez1LqB/hkWAhI1gbyatMB25lUCrbVdugVkM5ceq2Y0ijUXfdBnIWlm2XYYXWoPTeH8YkjajQhGOleo6daD/DUjPC6bzYTxVNMJngEe0ZKnBElZ8tjp2jc6MMURhLU0Kjhfp9IsORUrMoMJ0R1mP128vFv7xeqsO6nzGRpJoKslwUphzpGOWfoyGTlGg+MwQTycytiIyxxESbfIomhK9P0f+k7VadWvXyzi03r1dxFOAUzuACHLiCJtxCCzwgwOABnuDZEtaj9WK9LlvXrNXMCfyA9fYJHFOOPw==</latexit>v2

<latexit sha1_base64="16Z6u5qdyhxG8OjgmJpuiLSrSjc=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LLaCp5JUqe2t6MVjBdMW2lA22027dLMJu5tCCf0NXjwo4tUf5M1/46atoKIPBh7vzTAzz485U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqsokYS6JOKR7PpYUc4EdTXTnHZjSXHoc9rxJzeZ35lSqVgk7vUspl6IR4IFjGBtJLc8HVyUB8WSXbENajWUEaduO4Y0GvVqtYGchWXbJVihNSi+94cRSUIqNOFYqZ5jx9pLsdSMcDov9BNFY0wmeER7hgocUuWli2Pn6MwoQxRE0pTQaKF+n0hxqNQs9E1niPVY/fYy8S+vl+ig7qVMxImmgiwXBQlHOkLZ52jIJCWazwzBRDJzKyJjLDHRJp+CCeHrU/Q/aVcrTq1yeVctNa9XceThBE7hHBy4gibcQgtcIMDgAZ7g2RLWo/VivS5bc9Zq5hh+wHr7BB3YjkA=</latexit>v3
<latexit sha1_base64="WjVwhjFczTlI09hWlvjS1fIxSxM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LLaCp5KUUttb0YvHCqYttKFstpt26WYTdjeFEvobvHhQxKs/yJv/xk1bQUUfDDzem2Fmnh9zprRtf1i5jc2t7Z38bmFv/+DwqHh80lFRIgl1ScQj2fOxopwJ6mqmOe3FkuLQ57TrT28yvzujUrFI3Ot5TL0QjwULGMHaSG55NqyVh8WSXbEN6nWUEadhO4Y0m41qtYmcpWXbJVijPSy+D0YRSUIqNOFYqb5jx9pLsdSMcLooDBJFY0ymeEz7hgocUuWly2MX6MIoIxRE0pTQaKl+n0hxqNQ89E1niPVE/fYy8S+vn+ig4aVMxImmgqwWBQlHOkLZ52jEJCWazw3BRDJzKyITLDHRJp+CCeHrU/Q/6VQrTr1Su6uWWtfrOPJwBudwCQ5cQQtuoQ0uEGDwAE/wbAnr0XqxXletOWs9cwo/YL19Ah9djkE=</latexit>v4

<latexit sha1_base64="zQSbyh0CZ/uu1/3G4BEExlSNMuw=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LLaCp5IUre2t6MVjBdMW2lA22027dLMJu5tCCf0NXjwo4tUf5M1/46atoKIPBh7vzTAzz485U9q2P6zc2vrG5lZ+u7Czu7d/UDw8aqsokYS6JOKR7PpYUc4EdTXTnHZjSXHoc9rxJzeZ35lSqVgk7vUspl6IR4IFjGBtJLc8HVyWB8WSXbENajWUEaduO4Y0GvVqtYGchWXbJVihNSi+94cRSUIqNOFYqZ5jx9pLsdSMcDov9BNFY0wmeER7hgocUuWli2Pn6MwoQxRE0pTQaKF+n0hxqNQs9E1niPVY/fYy8S+vl+ig7qVMxImmgiwXBQlHOkLZ52jIJCWazwzBRDJzKyJjLDHRJp+CCeHrU/Q/aVcrTq1ycVctNa9XceThBE7hHBy4gibcQgtcIMDgAZ7g2RLWo/VivS5bc9Zq5hh+wHr7BCDijkI=</latexit>v5

<latexit sha1_base64="Ph3Ko0cKZWWGBniWCPY9O0fRYfE=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BFvBU8kutra3ohePFdy20JaSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y/ohqOiDgcd7M8zMC2LBtSHkw8msrW9sbmW3czu7e/sH+cOjpo4SxcBnkYhUO6AaBJfgG24EtGMFNAwEtILJ9dxv3YPSPJJ3ZhpDL6QjyYecUWMlvwh9t9jPF0jJK5Na1cWkRCw8z5IycWuVCnYXCiEFtEKjn3/vDiKWhCANE1Trjkti00upMpwJmOW6iYaYsgkdQcdSSUPQvXRx7AyfWWWAh5GyJQ1eqN8nUhpqPQ0D2xlSM9a/vbn4l9dJzLDaS7mMEwOSLRcNE4FNhOef4wFXwIyYWkKZ4vZWzMZUUWZsPjkbwten+H/S9EpupXRx6xXqV6s4sugEnaJz5KJLVEc3qIF8xBBHD+gJPTvSeXRenNdla8ZZzRyjH3DePgH6X44o</latexit>e1
<latexit sha1_base64="+7ky8/eP/DUZjyqhRYKPaHY8umQ=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BFvBU8kutra3ohePFdy20JaSTadtaDa7JFmhLP0NXjwo4tUf5M1/Y/ohqOiDgcd7M8zMC2LBtSHkw8msrW9sbmW3czu7e/sH+cOjpo4SxcBnkYhUO6AaBJfgG24EtGMFNAwEtILJ9dxv3YPSPJJ3ZhpDL6QjyYecUWMlvwh9r9jPF0jJK5Na1cWkRCw8z5IycWuVCnYXCiEFtEKjn3/vDiKWhCANE1Trjkti00upMpwJmOW6iYaYsgkdQcdSSUPQvXRx7AyfWWWAh5GyJQ1eqN8nUhpqPQ0D2xlSM9a/vbn4l9dJzLDaS7mMEwOSLRcNE4FNhOef4wFXwIyYWkKZ4vZWzMZUUWZsPjkbwten+H/S9EpupXRx6xXqV6s4sugEnaJz5KJLVEc3qIF8xBBHD+gJPTvSeXRenNdla8ZZzRyjH3DePgH75I4p</latexit>e2

<latexit sha1_base64="vdol+YqOhtgEfnHKFXAedPpkW0A=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CbaCpyW72treil48VrC10C4lm6ZtaDa7JFmhlP4GLx4U8eoP8ua/Mf0QVPTBwOO9GWbmhYng2mD84WRWVtfWN7Kbua3tnd29/P5BU8epoqxBYxGrVkg0E1yyhuFGsFaiGIlCwe7C0dXMv7tnSvNY3ppxwoKIDCTvc0qMlRpF1j0rdvMF7PolXK14CLvYwvctKWGvWi4jb65gXIAl6t38e6cX0zRi0lBBtG57ODHBhCjDqWDTXCfVLCF0RAasbakkEdPBZH7sFJ1YpYf6sbIlDZqr3ycmJNJ6HIW2MyJmqH97M/Evr52afiWYcJmkhkm6WNRPBTIxmn2OelwxasTYEkIVt7ciOiSKUGPzydkQvj5F/5Om73pl9/zGL9Qul3Fk4QiO4RQ8uIAaXEMdGkCBwwM8wbMjnUfnxXldtGac5cwh/IDz9gn9aY4q</latexit>e3
<latexit sha1_base64="JvJZ5nRyyK09/w4prjznwmQ4VgM=">AAAB7HicdVBNSwMxEJ31s9avqkcvwVbwVLJLW9tb0YvHCm5baEvJpmkbms0uSVYoS3+DFw+KePUHefPfmH4IKvpg4PHeDDPzglhwbTD+cNbWNza3tjM72d29/YPD3NFxU0eJosynkYhUOyCaCS6Zb7gRrB0rRsJAsFYwuZ77rXumNI/knZnGrBeSkeRDTomxkl9g/VKhn8vjolfGtaqLcBFbeJ4lZezWKhXkLhSM87BCo5977w4imoRMGiqI1h0Xx6aXEmU4FWyW7SaaxYROyIh1LJUkZLqXLo6doXOrDNAwUrakQQv1+0RKQq2nYWA7Q2LG+rc3F//yOokZVnspl3FimKTLRcNEIBOh+edowBWjRkwtIVRxeyuiY6IINTafrA3h61P0P2l6RbdSLN16+frVKo4MnMIZXIALl1CHG2iADxQ4PMATPDvSeXRenNdl65qzmjmBH3DePgH+7o4r</latexit>e4

<latexit sha1_base64="ye3Q/yqTdhXB3ChtSfCTRQLCVv4=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBhPB0zK7mJjcgl48RjAPSJYwO5kkQ2Znl5lZIYR8gxcPinj1g7z5N04egooWNBRV3XR3hYng2mD84WTW1jc2t7LbuZ3dvf2D/OFRU8epoqxBYxGrdkg0E1yyhuFGsHaiGIlCwVrh+Hrut+6Z0jyWd2aSsCAiQ8kHnBJjpUaR9UrFXr6AXb+EqxUPYRdb+L4lJexVy2XkLRSMC7BCvZd/7/ZjmkZMGiqI1h0PJyaYEmU4FWyW66aaJYSOyZB1LJUkYjqYLo6doTOr9NEgVrakQQv1+8SURFpPotB2RsSM9G9vLv7ldVIzqARTLpPUMEmXiwapQCZG889RnytGjZhYQqji9lZER0QRamw+ORvC16fof9L0Xa/sXtz6hdrVKo4snMApnIMHl1CDG6hDAyhweIAneHak8+i8OK/L1oyzmjmGH3DePgEAgo4s</latexit>e5

<latexit sha1_base64="ho5+F1mS4e3vFyof/YOEqlWI+VU=">AAAB/nicdVDLSgMxFM34rONrVFy5CbZC3QyZal+7ohuXFfqCtpRMmmlDMw+SjFCGgr/ixoUibv0Od/6NmbaCih4IHM65l3ty3IgzqRD6MFZW19Y3NjNb5vbO7t6+dXDYkmEsCG2SkIei42JJOQtoUzHFaScSFPsup213cp367TsqJAuDhppGtO/jUcA8RrDS0sA6zuXMfM/HakwwTxqzwcW5mcsNrCyyi8iplsoQ2Qg5xWJJk2q1UnQc6GglRRYsUR9Y771hSGKfBopwLGXXQZHqJ1goRjidmb1Y0giTCR7RrqYB9qnsJ/P4M3imlSH0QqFfoOBc/b6RYF/Kqe/qyTSo/O2l4l9eN1ZepZ+wIIoVDcjikBdzqEKYdgGHTFCi+FQTTATTWSEZY4GJ0o2ZuoSvn8L/SatgOyX78raQrV0t68iAE3AK8sABZVADN6AOmoCABDyAJ/Bs3BuPxovxuhhdMZY7R+AHjLdPYsaT2w==</latexit>
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Figure 1: An illustration of transforming a tree
structure to another under the lens of edge addi-
tion/deletion. Given the binary tree structure T1,
if we collapse edge e1 by merging vertex v1 into
the root vertex r in T1, we obtain the ternary tree
structure T2. Additionally, in tree T1, if we dupli-
cate vertex v1 into {va, v1}, connect these two nodes
by edge ea; and add the vertex vb with edge eb be-
tween vb and root r, then we obtain the ternary tree
structure T3.

Due to the tree nature, e.g., discrete structure,
hierarchical relations among tree nodes, it is
challenging to construct an uncertainty set of
tree metrics which not only covers trees with
various edge lengths, but also a diversity of
tree structures in an elegant framework for
robust OT.

To overcome the challenge on tree structures,
inspired by the tree edit distance [51] which
utilizes a sequence of operations to transform
a tree structure into another, we propose novel
uncertainty sets of tree metrics from the lens
of edge deletion/addition which is capable to
cover a diversity of tree structures. These un-
certainty sets play a cornerstone to scale up the
max-min robust OT for measures with noisy
tree metric in Problem (3).

Uncertainty sets of tree metrics. Our key observation is that the computation of OT between input
measures with tree metric does not depend on edges which have 0-length (i.e., we = 0). We formally
summarize it in Theorem 3.1.
Theorem 3.1. Given tree T , denote V as the set of vertices of T . Let T ′ be a tree constructed from
T by collapsing its 0-length edge, i.e., merging two corresponding vertices for an edge e in T with
we = 0. Consequently, for any measure µ ∈ P(V ) in tree T , its corresponding measure µT ′ in T ′ is
the same as the original measure µ in T , but mass of the supports in the collapsed edge e is also
merged for µT ′ in T ′. Then, for any measures µ, ν ∈ P(V ) in T , we have

WT (µ, ν) =WT ′(µT ′ , νT ′). (4)
To simplify the notations, we also writeWT ′(µ, ν) forWT ′(µT ′ , νT ′).

We give an illustration of transforming a tree structure into another under the lens of edge addi-
tion/deletion in Figure 1. To ease the understanding, let consider two following examples:
Example 3.2 (Edge deletion for tree metric). Let consider tree T1 as in Figure 1 and set we1 = 0. Tree
T2 is constructed from T1 as in Figure 1. Given two probability measures µ = a1δr + a2δv1 + a3δv5
and ν = b1δv2 + b2δv4 in T1 (i.e., a1, a2, a3, b1, b2 ≥ 0; a1 + a2 + a3 = 1; b1 + b2 = 1), their
corresponding measures in T2 are µT2 = (a1 + a2)δr + a3δv5 and νT2 = ν respectively. Then, we
haveWT1(µ, ν) =WT2(µT2 , νT2).
Example 3.3 (Edge addition for tree metric). Let consider tree T1 as in Figure 1. Tree T3 is constructed
from T1 as in Figure 1, and we setwea = web = 0. Given two probability measures µ = a1δv1+a2δv5
and ν = b1δv2 + b2δv4 in T1 (i.e., a1, a2, b1, b2 ≥ 0; a1 + a2 = 1; b1 + b2 = 1), their corresponding
measures in T3 are µT3 = a11δva +a12δv1 +a2δv5 where a11, a12 ≥ 0; a11 +a12 = a1 and νT3 = ν
respectively. Then, regardless any split mass (a11, a12) in µT3 in T3 from original µ in T , we have
WT1(µ, ν) =WT3(µT3 , νT3).

Therefore, we can add or delete edges with 0-length on the given tree T without changing the OT
distance. More concretely, (i) for edge deletion, we collapse edges with 0-length in T by merging
the two corresponding vertices of those edges together (see Example 3.2); (ii) for edge addition, we
duplicate any vertex in T and connect them with 0-length edge (see Example 3.3). These actions help
to transform the given tree structure T into various tree structures, which play the fundamental role
to construct uncertainty sets with diverse tree structures. Additionally, we further vary edge lengths
of these tree structures to derive our novel uncertainty sets of tree metrics.

The proposed uncertainty sets not only include tree metrics with a variety of tree structures (i.e., all
subtree structures of the given tree T ), but also tree metrics with varying edge lengths. In particular,
one can further expand the expressiveness of these sets to cover more diverse tree structures by adding
more edges with 0-length for tree T before varying its edge lengths (e.g., expanding tree T1 into tree
T3 as in Figure 1, and using T3 as the given tree), but it comes with a trade-off about the computation
of the robust OT.

More precisely, given tree T = (V,E) with nonnegative weights {we}e∈E , following Theorem 3.1,
it suffices to consider a family of tree metrics for T where these tree structures share the same set
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of nodes V , the same root r, and the same set of edges E as in T , but their edge lengths (i.e., edge
weights) can be varied. To display this dependence on the vector of edge lengths, we will write T (ŵ)

for the tree in this family corresponding to the vector of edge lengths ŵ = (ŵe)e∈E ∈ R|E|+ . In
particular, we consider two approaches on varying edge lengths for the proposed uncertainty sets.

(i) Constraints on individual edge. We consider an uncertainty for each edge length ŵe of edge
e ∈ E in tree T (ŵ). Specifically, we consider ŵe belongs to some uncertainty interval we − αe ≤
ŵe ≤ we + βe around the edge weight we in tree T . In the vector form, this just means that
w− α ≤ ŵ ≤ w+ β, with α, β ∈ R|E|+ satisfying α ≤ w (i.e., edge weights are nonnegative). Thus,
w− α and w+ β are respectively the lower and upper limits of the uncertainty interval for the vector
of edge lengths.

(ii) Constraints on set of edges. We consider an uncertainty for all edge lengths of tree T (ŵ) where
the vector of edge lengths ŵ is nonnegative (i.e., ŵ ≥ 0), and belongs to an uncertainty closed `p-ball
Bp(w, λ) centering at w = (we)e∈E and with radius λ > 0. We assume that 1 ≤ p ≤ ∞ and the
uncertainty ball satisfies Bp(w, λ) ⊂ R|E|+ .

Closed-form expressions. By building upon the proposed uncertainty sets of tree metrics and
leveraging tree structure, we derive closed-form expressions for the max-min robust OT, similar to its
counterpart standard OT (i.e., TW).

• For constraints on individual edge. Given two vectors α, β ∈ R|E|+ satisfying α ≤ w (to
guarantee the nonnegativeness for edge lengths), we define an uncertainty set for tree T (ŵ) as
follows

U(T , α, β),
{
T̂ =T (ŵ) | −αe≤ ŵe−we≤ βe, ∀e∈E

}
.

The robust OT in Problem (3) can be reformulated as

RTU (µ, ν) , max
T̂ ∈U(T ,α,β)

WT̂ (µ, ν). (5)

By leveraging the underlying tree structure for OT between measures µ and ν with tree metric dT̂ ,
we can further rewrite Problem (5) as

RTU (µ, ν) = max
w−α≤ŵ≤w+β

∑
e∈E

ŵe |µ(γe)− ν(γe)| . (6)

Notice that µ(γe) and ν(γe) only depend on the supports of µ and ν (i.e., corresponding nodes in V )
and on the mass on these supports. In particular, these two terms µ(γe) and ν(γe) are independent
of the edge length ŵe on each edge e ∈ E of tree T (ŵ). Therefore, we can compute RTU (µ, ν)
analytically:

RTU (µ, ν) =
∑
e∈E

(we + βe) |µ(γe)− ν(γe)| , (7)

where we recall that we + βe is the upper limit of the uncertainty edge weight interval for each edge
e ∈ E in U(T , α, β).

• For constraints on set of edges. Given a radius λ > 0 such that Bp(w, λ) ⊂ R|E|+ , we define an
uncertainty set for tree T (ŵ) as follows:

Up(T , λ) ,
{
T̂ = T (ŵ) | ŵ ∈ Bp(w, λ), ŵ ≥ 0

}
.

The robust OT corresponding to the uncertainty set Up(T , λ) is

RTUp(µ, ν) , max
T̂ ∈Up(T ,λ)

WT̂ (µ, ν). (8)

Similarly, we leverage the underlying tree structure for OT between µ and ν with tree metric dT̂ to
reformulate the definition in (8) as

RTUp(µ, ν) = max
ŵ≥0

ŵ∈Bp(w,λ)

∑
e∈E

ŵe |µ(γe)− ν(γe)| . (9)

By simply leveraging the dual norm, we derive the closed-form expression for RTUp(µ, ν) in Problem
(9):
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Proposition 3.4. Assume that 1 ≤ p ≤ ∞. Then,

RTUp(µ, ν) =
(∑
e∈E

we |µ(γe)− ν(γe)|
)

+ λ ‖h‖p′ , (10)

where h ∈ R|E| is the vector with he , |µ(γe)− ν(γe)| for each edge e, and p′ is the conjugate of

p. Moreover, a maximizer for Problem (9) is given by ŵ∗e = we + λ‖h‖−
p′
p

p′ hp
′−1
e for 1 < p < ∞;

ŵ∗e = we + λ for p =∞; and for p = 1, let e∗ ∈ E be s.t. ‖h‖∞ = he∗ > 0, then

ŵ∗e =

{
we∗ + λ if e = e∗,
we otherwise.

To our knowledge, among various approaches for the max-min robust OT in the literature, our
proposed approach is the first one which yields a closed-form expression for fast computation, and is
scalable for large-scale applications.

Connection between two approaches. We next draw a connection between two approaches for the
robust OT for measures with noisy tree metric as follows:
Proposition 3.5 (Connection between two approaches). Assume that β = λ1. Then, we have

RTU(T ,α,β)(·, ·) = RTU∞(T ,λ)(·, ·). (11)

Computational complexity. From the closed-form expressions for RTU in (7) and for RTUp in (10),
the computational complexity of robust OT RTU and RTUp for measures with noisy tree metric
is linear to the number of edges in T (i.e., O(|E|)), which is in the same order of computational
complexity as the counterpart standard OT for measures with tree metric (i.e., TW) [4, 29]. Recall that,
in general, the max-min robust OT problem is hard and expensive to compute due to its non-convexity
and non-smoothness [41, 30], even for measures supported in 1-dimensional space [15].4

Improved complexity. Let supp(µ) and supp(ν) be supports of measures µ and ν respectively,
and define Eµ,ν , {e ∈ E | e ⊂ [r, z] with z ∈ supp(µ) ∪ supp(ν)}. Then, observe that µ(γe) =
ν(γe) = 0 for any edge e ∈ E \ Eµ,ν . Consequently, we can further reduce the computational
complexity of the robust OT RTU and RTUp into just O(|Eµ,ν |).

Negative definiteness. We next prove that the robust OT for measures with noisy tree metric is
negative definite. Therefore, we can derive positive definite kernels built upon the robust OT.
Theorem 3.6 (Negative definiteness). RTU is negative definite. In addition, RTUp is also negative
definite for all 2 ≤ p ≤ ∞.

Positive definite kernels. From the negative definite results in Theorem 3.6 and by following [7,
Theorem 3.2.2, pp.74], given 2 ≤ p ≤ ∞ and t > 0, we propose positive definite kernels built upon
the robust OT for both approaches as follows:

kRTU (µ, ν) = exp(−tRTU (µ, ν)), (12)
kRTUp (µ, ν) = exp(−tRTUp(µ, ν)). (13)

To our knowledge, among various existing approaches for the max-min/min-max robust OT, our work
is the first provable approach to derive positive definite kernels built upon the robust OT.5

Infinite divisibility for the robust OT kernels. We next illustrate the infinite divisibility for the
robust OT kernels for measures with noisy tree metric.
Proposition 3.7 (Infinitely divisible kernels). The kernel kRTU is infinitely divisible. Also, the kernel
kRTUp is infinitely divisible for all 2 ≤ p ≤ ∞.

As for infinitely divisible kernels, one does not need to recompute the Gram matrix of kernels kRTU
and kRTUp with 2 ≤ p ≤ ∞ for each choice of hyperparameter t, since it suffices to compute these
robust OT kernels for probability measures in the training set once.

Metric property. We end this section by showing that the robust OT is a metric.
Proposition 3.8 (Metric). RTU is a metric. Also, RTUp is a metric for all 1 ≤ p ≤ ∞.

4Even with a given optimal ground metric cost, the computational complexity of max-min/min-max robust
OT is in the same order as their counterpart standard OT (i.e., their objective function).

5In general, Wasserstein space is not Hilbertian [43, §8.3], and the standard OT is indefinite. Thus, it is
nontrivial to build positive definite kernels upon OT for probability measures.
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4 Related work and discussion

In this section, we discuss related work to the max-min robust OT approach for OT problem for
measures with noisy tree metric. We further distinguish it with other lines of research in OT.

One of seminal works in max-min robust OT is the projection robust Wasserstein [41] (i.e., Wasserstein
projection pursuit [39]). This approach considers the maximal possible Wasserstein distance over all
possible low dimensional projections. This problem is non-convex and non-smooth, which is hard
and expensive to compute [30]. By leveraging the Riemannian optimization, Lin et al. [30] derived
an efficient algorithmic approach which provides the finite-time guarantee for the computation of
the projection robust Wasserstein. Paty & Cuturi [41] considered its convexified relaxation min-
max robust OT, namely subspace robust Wasserstein distance, which provides an upper bound for
the projection robust Wasserstein. Alvarez-Melis et al. [3] proposed the submodular OT to reflect
additional structures for OT. Genevay et al. [20] used min-max robust OT as a loss to improve
generative model for images. Dhouib et al. [16] considered the minimax OT which jointly optimizes
the cost matrix and the transportation plan for OT.

Notice that the robust OT approach for OT problem with noisy ground cost is dissimilar to the
Wasserstein distributionally robust optimization [24, 9]. Although they may share the min-max
formulation, the Wasserstein distributionally robust optimization seeks the best data-driven decision
under the most adverse distribution from a Wasserstein ball of a certain radius. Additionally, one
should distinguish this robust OT approach for noisy ground cost with the outlier-robust approach for
OT where the noise is on input probability measures [5, 34, 27, 38].

Leveraging tree structure to scale up OT problems has been explored for standard OT [29, 58], for OT
problem with input measures having different total mass [45, 28], and for Wasserstein barycenter [52].
To our knowledge, our work is the first approach to exploit tree structure over supports to scale up
robust OT approach for OT problem with noisy ground cost. Furthermore, notice that max-sliced
Wasserstein [15] is 1-dimensional OT-based approach for the max-min robust OT. However, there
are no fast/efficient algorithmic approaches yet due to its non-convexity. Our approach is based on
tree structure which provides more flexibility and degrees of freedoms to capture the topological
structure of input probability measures than the 1-dimensional OT-based approach (i.e., choosing a
tree rather than a line). Moreover, our novel uncertainty sets of tree metrics play the key role to scale
up the computation of robust OT. The uncertainty sets not only includes a diversity of tree structures,
but also a variety of edge lengths in an elegant framework following the theoretical guidance in
Theorem 3.1.

5 Experiments

In this section, we illustrate: (i) fast computation for RTU and RTUp , (ii) the robust OT kernels kRTU
and kRTUp improve performances of the counterpart standard OT (i.e., tree-Wasserstein) kernel for
measures with noisy tree metric, similar to other existing max-min/min-max robust OT in the OT
literature.

More concretely, we compare the proposed robust OT kernels kRTU and kRTUp with the counterpart
standard OT (i.e., TW) kernel kTW, defined as kTW(·, ·) = exp(−tWT (·, ·)) for a given t > 0, for
measures with a given noisy tree metric under the same settings on several simulations on document
classification and topological data analysis (TDA) with SVM.6

We emphasize there are various approaches for the simulations on document classification and TDA.
However, it is not the goal of our study.

Document classification. We evaluate on 4 real-world document datasets: TWITTER, RECIPE,
CLASSIC, and AMAZON7. Their characteristics are listed in Figure 2. We follow the same approach
in [29] to embed words into vectors in R300, and represent each document as a probability measure
where its supports are in R300.

6One may not directly use existing robust OT approaches with Euclidean geometry for measures with a given
noisy tree metric since the considered problem does not satisfy such conditions.

7Although these document datasets may be noisy [46], we have no assumption about the cleanliness for
datasets used in our experiments. Therefore, our experiments on these datasets can be regarded as evaluating OT
problem for measures with noisy tree metric in the same noisy dataset settings.
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Figure 2: SVM results and time consumption for kernel matrices in document classification. For each
dataset, the numbers in the parenthesis are the number of classes; the number of documents; and the
maximum number of unique words for each document respectively.
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Figure 3: SVM results and time consump-
tion for kernel matrices in TDA. For each
dataset, the numbers in the parenthesis are
respectively the number of PD; and the
maximum number of points in PD.

TDA. We consider orbit recognition on Orbit dataset
and object shape recognition on MPEG7 dataset for TDA.
We summarize the characteristics of these datasets in
Figure 3. We follow the same approach in [29] to extract
persistence diagram (PD) for orbits and object shapes,
which are multisets of points in R2, and represent each
PD as a probability measure where its supports are in
R2.

Noisy tree metric. We apply the clustering-based tree
metric sampling method [29] to obtain a tree metric over
supports. We then generate perturbations by deviating
each tree edge length by a random nonnegative amount
which is less than or equal ∆ ∈ R+ (i.e., |we−w∗e | ≤ ∆)
where w∗e , we are tree edge lengths on the tree before
and after the perturbations respectively. We set ∆ = 0.5
for document classification (for edge lengths constructed
from supports in R300); and set ∆ = 0.05 for TDA (for edge lengths constructed from supports in
R2).

Following Theorem 3.1, the perturbations suffice to cover various tree structures via 0-length edges
(i.e., all subtree structures of the tree before perturbations). Moreover, it is not necessary to add more
0-length edges before the perturbations for our experiments.8

Experimental setup. We apply kernel SVM for the proposed robust OT kernels kRTU and kRTUp
and the counterpart standard OT (i.e., TW) kernel kTW for measures with a given noisy tree metric
on document classification and TDA. For RTU , we consider α = min(λ1, w) and β = λ1 where
minimum operator is element-wise; λ is the radius in RTUp ; and recall that w is a vector of edge
lengths of the given tree. We set p = 2 for the robust OT RTUp (or RTU2 ).

For kernel SVM, we use one-versus-one approach for SVM with multiclass data points. We ran-
domly split each dataset into 70%/30% for training and test with 10 repeats. Typically, we use
cross validation to choose hyperparameters. For the kernel hyperparameter t, we choose 1/t from
{qs, 2qs, 5qs} with s = 10, 20, . . . , 90, where qs denotes the s% quantile of a random subset of
corresponding distances on training data. For SVM regularization hyperparameter, we choose it from
{0.01, 0.1, 1, 10, 100}. For the radius λ in RTU2 (also in RTU through the choice of β), we choose it
from {0.01, 0.05, 0.1, 0.5, 1, 5}. All our experiments are run on commodity hardware.

Empirical results and discussion. Figures 2 and 3 illustrate the performances of SVM for document
classification and TDA respectively. The performances of the proposed kernels kRTU and kRTU2
compare favorably to those of the counterpart OT kernel kTW. Notably, kernel kRTU improves about
15% average accuracy over kernel kTW on Orbit. In addition, kernel kRTU consistently outperforms
kernel kRTU2 , except on MPEG7 where their performances are comparable, which may come from

8E.g., in Figure 1, if we add edge eb (as in T3 from T1), there are no supports on node vb for any input
measures; and if we add edge ea (as in T3 from T1), it is equivalent to perturb edge e1 in T1 by the total amount
of perturbations on edges e1 and ea in T3.
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Figure 4: SVM results for document classification w.r.t. the radius λ.

the freedom to constraint over each edge length in U of kernel kRTU . Moreover, our results also
agree with previous observations on other existing max-min/min-max robust OT where the robust OT
approach improves performances of the counterpart standard OT for measures with noisy ground
cost. For further discussions, we refer the readers to the supplementary (§C–§D).
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Figure 5: SVM results for TDA w.r.t. the radius λ.

Furthermore, the kernels kRTU and kRTU2 are
fast for computation. They are in the same or-
der as that of the counterpart standard OT (i.e.,
TW) kernel for measures with noisy tree met-
ric, which agrees with our theoretical analysis
in §3 (i.e., linear to the number of edges in the
given tree).9 This is in stark contrast with other
existing max-min (or even min-max) robust OT
since it is already costly to evaluate the objec-
tive function, which is a standard OT for a fixed
ground cost, besides the hardness of non-convex
and non-smooth optimization problem for max-min robust OT in general.

We next investigate effects of radius λ for the robust OT. Recall that λ is the radius of the `2-ball
uncertainty for RTU2 , and we use λ for parameter β in RTU .

Effects of the radius λ. Figures 4 and 5 illustrate the effects of the radius λ on the proposed
robust OT kernels on document classification and TDA respectively. Notice that when λ = 0, the
max-min robust OT for are equivalent to the counterpart standard OT. We observe that kernel kRTU
is less sensitive with the radius λ than kernel kRTU2 . The performances of kernel kRTU gradually
increase when the radius λ increases, after these performances reach their peaks, they decrease
when λ increases. The performances of kernel kRTU2 also share a similar pattern but more noisy.
Therefore, cross validation for the radius λ is useful in applications, especially for kernel kRTU2 in
our simulations.

We place further empirical results with different parameters in the supplementary (§D).

6 Conclusion

In this work, we proposed novel uncertainty sets of tree metrics which not only include metric
metrics with varying edge lengths, but also having diverse tree structures in an elegant framework.
By building upon these uncertainty sets and leveraging tree structure, we scale up the max-min
robust OT approach for OT problem for probability measures with noisy tree metric. Moreover, by
exploiting the negative definiteness of the robust OT, we proposed positive definite kernels built
upon the robust OT and evaluated them for kernel SVM on document classification and TDA. For
future work, extending the problem settings for more general applications (e.g., by leveraging the
clustering-based tree metric sampling method), or for more general structures (e.g., graphs) is an
interesting direction.

9The computational complexity of OT is in general super cubic w.r.t. the number of supports of input
measures. We also refer the readers to [29] for extensive results about the trade-off between performances and
time consumptions for the standard OT, TW and SW.

9



Acknowledgments and Disclosure of Funding

We thank anonymous reviewers for their comments. KF has been supported in part by Grant-in-Aid
for Transformative Research Areas (A) 22H05106. TL gratefully acknowledges the support of JSPS
KAKENHI Grant number 23K11243.

References
[1] Adams, H., Emerson, T., Kirby, M., Neville, R., Peterson, C., Shipman, P., Chepushtanova, S.,

Hanson, E., Motta, F., and Ziegelmeier, L. Persistence images: A stable vector representation
of persistent homology. Journal of Machine Learning Research, 18(1):218–252, 2017.

[2] Altschuler, J. M., Chewi, S., Gerber, P., and Stromme, A. J. Averaging on the Bures-Wasserstein
manifold: Dimension-free convergence of gradient descent. Advances in Neural Information
Processing Systems, 2021.

[3] Alvarez-Melis, D., Jaakkola, T., and Jegelka, S. Structured optimal transport. In International
Conference on Artificial Intelligence and Statistics, pp. 1771–1780. PMLR, 2018.

[4] Ba, K. D., Nguyen, H. L., Nguyen, H. N., and Rubinfeld, R. Sublinear time algorithms for earth
mover’s distance. Theory of Computing Systems, 48:428–442, 2011.

[5] Balaji, Y., Chellappa, R., and Feizi, S. Robust optimal transport with applications in generative
modeling and domain adaptation. Advances in Neural Information Processing Systems, 33:
12934–12944, 2020.

[6] Ben-Tal, A., El Ghaoui, L., and Nemirovski, A. Robust optimization, volume 28. Princeton
university press, 2009.

[7] Berg, C., Christensen, J. P. R., and Ressel, P. (eds.). Harmonic analysis on semigroups. Springer-
Verglag, New York, 1984.

[8] Bertsimas, D., Brown, D. B., and Caramanis, C. Theory and applications of robust optimization.
SIAM review, 53(3):464–501, 2011.

[9] Blanchet, J., Murthy, K., and Nguyen, V. A. Statistical analysis of Wasserstein distributionally
robust estimators. In Tutorials in Operations Research: Emerging Optimization Methods and
Modeling Techniques with Applications, pp. 227–254. INFORMS, 2021.

[10] Bunne, C., Alvarez-Melis, D., Krause, A., and Jegelka, S. Learning generative models across
incomparable spaces. In International Conference on Machine Learning (ICML), volume 97,
2019.

[11] Bunne, C., Papaxanthos, L., Krause, A., and Cuturi, M. Proximal optimal transport modeling of
population dynamics. In International Conference on Artificial Intelligence and Statistics, pp.
6511–6528. PMLR, 2022.

[12] Carrière, M., Cuturi, M., and Oudot, S. Sliced Wasserstein kernel for persistence diagrams. In
International conference on machine learning, pp. 1–10, 2017.

[13] Cuturi, M. Positivity and transportation. arXiv preprint arXiv:1209.2655, 2012.

[14] Cuturi, M., Vert, J.-P., Birkenes, O., and Matsui, T. A kernel for time series based on global
alignments. In 2007 IEEE International Conference on Acoustics, Speech and Signal Processing-
ICASSP’07, volume 2, pp. II–413. IEEE, 2007.

[15] Deshpande, I., Hu, Y.-T., Sun, R., Pyrros, A., Siddiqui, N., Koyejo, S., Zhao, Z., Forsyth, D.,
and Schwing, A. G. Max-sliced Wasserstein distance and its use for GANs. In Proceedings
of the IEEE/CVF Conference on Computer Vision and Pattern Recognition, pp. 10648–10656,
2019.

[16] Dhouib, S., Redko, I., Kerdoncuff, T., Emonet, R., and Sebban, M. A swiss army knife for
minimax optimal transport. In International Conference on Machine Learning, pp. 2504–2513.
PMLR, 2020.

10



[17] El Ghaoui, L. and Lebret, H. Robust solutions to least-squares problems with uncertain data.
SIAM Journal on matrix analysis and applications, 18(4):1035–1064, 1997.

[18] Fan, J., Haasler, I., Karlsson, J., and Chen, Y. On the complexity of the optimal transport
problem with graph-structured cost. In International Conference on Artificial Intelligence and
Statistics, pp. 9147–9165. PMLR, 2022.

[19] Fatras, K., Séjourné, T., Flamary, R., and Courty, N. Unbalanced minibatch optimal transport;
applications to domain adaptation. In International Conference on Machine Learning, pp.
3186–3197. PMLR, 2021.

[20] Genevay, A., Peyre, G., and Cuturi, M. Learning generative models with Sinkhorn divergences.
In Proceedings of the Twenty-First International Conference on Artificial Intelligence and
Statistics, pp. 1608–1617, 2018.

[21] Janati, H., Muzellec, B., Peyré, G., and Cuturi, M. Entropic optimal transport between (unbal-
anced) Gaussian measures has a closed form. In Advances in neural information processing
systems, 2020.

[22] Keel, L. H., Bhattacharyya, S., and Howze, J. W. Robust control with structure perturbations.
IEEE Transactions on Automatic Control, 33(1):68–78, 1988.

[23] Kolouri, S., Zou, Y., and Rohde, G. K. Sliced wasserstein kernels for probability distributions.
In Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition, pp.
5258–5267, 2016.

[24] Kuhn, D., Esfahani, P. M., Nguyen, V. A., and Shafieezadeh-Abadeh, S. Wasserstein distri-
butionally robust optimization: Theory and applications in machine learning. In Operations
research & management science in the age of analytics, pp. 130–166. Informs, 2019.

[25] Kusano, G., Fukumizu, K., and Hiraoka, Y. Kernel method for persistence diagrams via kernel
embedding and weight factor. The Journal of Machine Learning Research, 18(1):6947–6987,
2017.

[26] Lavenant, H., Claici, S., Chien, E., and Solomon, J. Dynamical optimal transport on discrete
surfaces. In SIGGRAPH Asia 2018 Technical Papers, pp. 250. ACM, 2018.

[27] Le, K., Nguyen, H., Nguyen, Q. M., Pham, T., Bui, H., and Ho, N. On robust optimal transport:
Computational complexity and barycenter computation. Advances in Neural Information
Processing Systems, 34:21947–21959, 2021.

[28] Le, T. and Nguyen, T. Entropy partial transport with tree metrics: Theory and practice. In
Proceedings of The 24th International Conference on Artificial Intelligence and Statistics
(AISTATS), volume 130 of Proceedings of Machine Learning Research, pp. 3835–3843. PMLR,
2021.

[29] Le, T., Yamada, M., Fukumizu, K., and Cuturi, M. Tree-sliced variants of Wasserstein distances.
In Advances in neural information processing systems, pp. 12283–12294, 2019.

[30] Lin, T., Fan, C., Ho, N., Cuturi, M., and Jordan, M. Projection robust Wasserstein distance and
riemannian optimization. Advances in neural information processing systems, 33:9383–9397,
2020.

[31] Liu, L., Pal, S., and Harchaoui, Z. Entropy regularized optimal transport independence criterion.
In International Conference on Artificial Intelligence and Statistics, pp. 11247–11279. PMLR,
2022.

[32] Mena, G. and Niles-Weed, J. Statistical bounds for entropic optimal transport: sample complex-
ity and the central limit theorem. In Advances in Neural Information Processing Systems, pp.
4541–4551, 2019.

[33] Morimoto, J. and Doya, K. Robust reinforcement learning. Advances in neural information
processing systems, pp. 1061–1067, 2001.

11



[34] Mukherjee, D., Guha, A., Solomon, J. M., Sun, Y., and Yurochkin, M. Outlier-robust optimal
transport. In International Conference on Machine Learning, pp. 7850–7860. PMLR, 2021.

[35] Muzellec, B., Josse, J., Boyer, C., and Cuturi, M. Missing data imputation using optimal
transport. In International Conference on Machine Learning, pp. 7130–7140. PMLR, 2020.

[36] Nadjahi, K., Durmus, A., Simsekli, U., and Badeau, R. Asymptotic guarantees for learning
generative models with the sliced-Wasserstein distance. In Advances in Neural Information
Processing Systems, pp. 250–260, 2019.

[37] Nguyen, T. D., Trippe, B. L., and Broderick, T. Many processors, little time: MCMC for
partitions via optimal transport couplings. In International Conference on Artificial Intelligence
and Statistics, pp. 3483–3514. PMLR, 2022.

[38] Nietert, S., Goldfeld, Z., and Cummings, R. Outlier-robust optimal transport: Duality, structure,
and statistical analysis. In International Conference on Artificial Intelligence and Statistics, pp.
11691–11719. PMLR, 2022.

[39] Niles-Weed, J. and Rigollet, P. Estimation of Wasserstein distances in the spiked transport
model. Bernoulli, 28(4):2663–2688, 2022.

[40] Panaganti, K., Xu, Z., Kalathil, D., and Ghavamzadeh, M. Robust reinforcement learning
using offline data. In Advances in Neural Information Processing Systems, volume 35, pp.
32211–32224, 2022.

[41] Paty, F.-P. and Cuturi, M. Subspace robust Wasserstein distances. In Proceedings of the 36th
International Conference on Machine Learning, pp. 5072–5081, 2019.

[42] Paty, F.-P., d’Aspremont, A., and Cuturi, M. Regularity as regularization: Smooth and strongly
convex Brenier potentials in optimal transport. In International Conference on Artificial
Intelligence and Statistics, pp. 1222–1232. PMLR, 2020.

[43] Peyré, G. and Cuturi, M. Computational optimal transport. Foundations and Trends® in
Machine Learning, 11(5-6):355–607, 2019.

[44] Rabin, J., Peyré, G., Delon, J., and Bernot, M. Wasserstein barycenter and its application
to texture mixing. In International Conference on Scale Space and Variational Methods in
Computer Vision, pp. 435–446, 2011.

[45] Sato, R., Yamada, M., and Kashima, H. Fast unbalanced optimal transport on tree. In Advances
in neural information processing systems, 2020.

[46] Sato, R., Yamada, M., and Kashima, H. Re-evaluating word mover’s distance. In International
Conference on Machine Learning, pp. 19231–19249, 2022.

[47] Scetbon, M., Cuturi, M., and Peyré, G. Low-rank Sinkhorn factorization. International
Conference on Machine Learning (ICML), 2021.

[48] Semple, C. and Steel, M. Phylogenetics. Oxford Lecture Series in Mathematics and its
Applications, 2003.

[49] Si, N., Murthy, K., Blanchet, J., and Nguyen, V. A. Testing group fairness via optimal transport
projections. International Conference on Machine Learning, 2021.

[50] Solomon, J., De Goes, F., Peyré, G., Cuturi, M., Butscher, A., Nguyen, A., Du, T., and Guibas,
L. Convolutional Wasserstein distances: Efficient optimal transportation on geometric domains.
ACM Transactions on Graphics (TOG), 34(4):66, 2015.

[51] Tai, K.-C. The tree-to-tree correction problem. Journal of the ACM, 26(3):422–433, 1979.

[52] Takezawa, Y., Sato, R., Kozareva, Z., Ravi, S., and Yamada, M. Fixed support tree-sliced
Wasserstein barycenter. In Proceedings of The 25th International Conference on Artificial
Intelligence and Statistics, volume 151, pp. 1120–1137. PMLR, 2022.

12



[53] Titouan, V., Courty, N., Tavenard, R., and Flamary, R. Optimal transport for structured data
with application on graphs. In International Conference on Machine Learning, pp. 6275–6284.
PMLR, 2019.

[54] Wang, J., Gao, R., and Xie, Y. Two-sample test with kernel projected Wasserstein distance.
In Proceedings of The 25th International Conference on Artificial Intelligence and Statistics,
volume 151, pp. 8022–8055. PMLR, 2022.

[55] Weed, J. and Berthet, Q. Estimation of smooth densities in Wasserstein distance. In Proceedings
of the Thirty-Second Conference on Learning Theory, volume 99, pp. 3118–3119, 2019.

[56] Xu, H., Caramanis, C., and Mannor, S. Robust regression and lasso. Advances in neural
information processing systems, 21, 2008.

[57] Xu, H., Caramanis, C., and Mannor, S. Robustness and regularization of support vector
machines. Journal of machine learning research, 10(7), 2009.

[58] Yamada, M., Takezawa, Y., Sato, R., Bao, H., Kozareva, Z., and Ravi, S. Approximating
1-Wasserstein distance with trees. Transactions on Machine Learning Research, 2022. ISSN
2835-8856.

[59] Yamada, M., Takezawa, Y., Houry, G., Dusterwald, K. M., Sulem, D., Zhao, H., and Tsai,
Y.-H. H. An empirical study of simplicial representation learning with wasserstein distance.
arXiv preprint arXiv:2310.10143, 2023.

13



In this supplementary, we give brief reviews about some aspects used in our work, e.g., kernels,
tree metric, and optimal transport on for probability measures on a tree in §A. We present detailed
proofs for the theoretical results in §B, and give additional discussions about our work in §C. Further
experimental results are placed in §D.

A Brief Reviews

In this section, we briefly review about some aspects used in our work.

A.1 Kernels

We review definitions and theorems about kernels that are used in our work.

Positive Definite Kernels [7, pp. 66–67]. A kernel function k : Ω×Ω→ R is positive definite if for
every positive integer m ≥ 2 and every points x1, x2, ..., xm ∈ Ω, we have

m∑
i,j=1

cicjk(xi, xj) ≥ 0 ∀c1, ..., cm ∈ R.

Negative Definite Kernels [7, pp. 66–67]. A kernel function k : Ω× Ω→ R is negative definite if
for every integer m ≥ 2 and every points x1, x2, ..., xm ∈ Ω, we have

m∑
i,j=1

cicjk(xi, xj) ≤ 0, ∀c1, ..., cm ∈ R s.t.
m∑
i=1

ci = 0.

Theorem 3.2.2 in [7, pp. 74]. Let κ be a negative definite kernel function. Then, for every t > 0, the
kernel

k(x, z) , exp (−tκ(x, z))

is positive definite.

Definition 2.6 in [7, pp. 76]. A positive definite kernel κ is infinitely divisible if for each n ∈ N∗,
there exists a positive definite kernel κn such that

κ = (κn)n.

Corollary 2.10 in [7, pp. 78]. Let κ be a negative definite kernel function. Then, for 0 < t < 1, the
kernel

k(x, z) , [κ(x, z)]
t

is negative definite.

A.2 Tree Metric

We review the definition of tree metric and give detailed references for the clustering-based tree
metric sampling method used in our experiments.

Tree metric. A metric d : Ω×Ω→ R is a tree metric on Ω if there exists a tree T with non-negative
edge lengths such that all elements of Ω are contained in its nodes and such that for every x, z ∈ Ω,
we have d(x, z) equals to the length of the path between x and z [48, §7, pp.145–182]. We write dT
for the tree metric corresponding to the tree T .

Clustering-based tree metric sampling method. The clustering-based tree metric sampling method
was proposed by Le et al. [29] (see their §4). Le et al. [29] also reviewed the farthest-point clustering
in §4.2 in their supplementary, which is the main component used in the clustering-based tree metric
sampling method.

A.3 Optimal Transport (OT) for Measures on a Tree

The 1-Wasserstein distanceWT (with tree metric dT as its ground cost), i.e., tree-Wasserstein (TW),
admits a closed-form expression [4, 29]

WT (µ, ν) =
∑
e∈E

we |µ(γe)− ν(γe)| , (14)
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Figure 6: An illustration for a tree with root r. The set of nodes V = {r, v1, v2, v3, v4, v5} and
the set of edges E = {e1, e2, e3, e4, e5}. For the edge e1, we have γe1 = {v1, v3, v4}. The path
[r, v3] = {e1, e3}.

where µ, ν ∈ P(V ) and recall that γe is the set of all nodes x such that the path [r, x] contains the
edge e. An illustration of a set γe is given in Figure 6.

Thanks to formula (14), the computational complexity of TW is linear to the number of edges on tree
T . Recall that in general the computational complexity of OT is super cubic w.r.t. the number of
supports of input measures. We refer the readers to [29] for further details of TW.

A.4 Persistence Diagrams and Definitions in Topological Data Analysis.

We refer the readers to [25, §2] for a brief review about the mathematical framework for persistence
diagrams (e.g., persistence diagrams, filtrations, persistent homology).

B Proofs

In this section, we give proofs for the theoretical results in the main manuscript.

B.1 Proof for Theorem 3.1

Proof. Let E and E′ be the set of edges on trees T and T ′ respectively. Let e be the 0-length edge
which we collapse from tree T to construct tree T ′. Then, we have

E = E′ ∪ {e}.
Moreover, observe that for any edge ẽ ∈ E′, µT ′(γẽ) and νT ′(γẽ) in the constructed tree T ′ are the
same as their corresponding ones µT (γẽ) and νT (γẽ) in the original tree T respectively. Therefore,
from formula (14) and since we = 0, we obtain

WT (µ, ν) =
∑
ẽ∈E

wẽ |µ(γẽ)− ν(γẽ)|

=
( ∑
ẽ∈E′

wẽ |µT ′(γẽ)− νT ′(γẽ)|
)

+ we |µ(γe)− ν(γe)|

=
∑
e∈E′

we |µT ′(γe)− νT ′(γe)| =WT ′(µT ′ , νT ′).

This completes the proof.

B.2 Proof for Proposition 3.4

Proof. Recall that h ∈ R|E| is given by he = |µ(γe)− ν(γe)|, and as pointed out right after (6) that
it is independent of the edge length ŵe on each edge e ∈ E in tree T (ŵ). The conclusion of identity
(10) is obvious if h is the zero vector, and hence we only need to consider the case h 6= 0.

Let consider the following problem:

R̃TUp(µ, ν) = max
ŵ∈Bp(w,λ)

∑
e∈E

ŵe |µ(γe)− ν(γe)| , (15)
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which is similar as RTUp(µ, ν) in Problem (9), but without the nonnegative constraint on ŵ (i.e.,
ŵ ≥ 0). We will show that the optimal solution ŵ∗ in Problem (15) is nonnegative. Hence,
R̃TUp(µ, ν) = RTUp(µ, ν).

Due to the continuity, we have

R̃TUp(µ, ν) = max
ŵ∈Bp(w,λ)

∑
e∈E

ŵehe.

This can be further expressed as

R̃TUp(µ, ν) =
∑
e∈E

wehe + max
ŵ∈Bp(w,λ)

∑
e∈E

(ŵe − we)he. (16)

Since
∑
e∈E(ŵe − we)he ≤

∑
e∈E |ŵe − we|he ≤ ‖ŵ − w‖p‖h‖p′ , we have on one hand that

max
ŵ∈Bp(w,λ)

∑
e∈E

(ŵe − we)he ≤ λ‖h‖p′ . (17)

On the other hand, for the case 1 < p <∞, by taking

ŵ∗e , we + λ‖h‖−
p′
p

p′ hp
′−1
e

and as p′ = p
p−1 we see that ‖ŵ∗ − w‖p = λ and

∑
e∈E

(ŵ∗e − we)he = λ‖h‖−
p′
p

p′

∑
e∈E

hp
′

e

= λ‖h‖p
′(1− 1

p )

p′ = λ‖h‖p′ .

Therefore, we conclude that

max
ŵ∈Bp(w,λ)

∑
e∈E

(ŵe − we)he = λ‖h‖p′

with ŵ = ŵ∗ being a maximizer. Additionally, notice that w, h ≥ 0, hence, ŵ∗ ≥ 0. Therefore,
together with (16) yields the conclusion of the Proposition for the case 1 < p <∞.

For the case p = 1, let e∗ ∈ E be such that ‖h‖∞ = he∗ > 0. Then, by taking

ŵ∗e ,

{
we∗ + λ if e = e∗,
we otherwise,

we see that ‖ŵ∗ − w‖1 = λ and∑
e∈E

(ŵ∗e − we)he = λhe∗ = λ‖h‖∞.

This and (17) imply that maxŵ∈Bp(w,λ)

∑
e∈E(ŵe − we)he = λ‖h‖∞ with ŵ = ŵ∗ being a

maximizer, and notice that ŵ∗ ≥ 0. The conclusion of the Proposition for the case p = 1 then follows
from this and (16).

For the case p =∞, by taking ŵ∗e , we + λ for e ∈ E, we see that ‖ŵ∗ − w‖∞ = λ and∑
e∈E

(ŵ∗e − we)he = λ
∑
e∈E

he = λ‖h‖1.

This and (17) imply that maxŵ∈Bp(w,λ)

∑
e∈E(ŵe − we)he = λ‖h‖1 with ŵ = ŵ∗ being a maxi-

mizer, and further notice that ŵ∗ ≥ 0. The conclusion of the Proposition for the case p =∞ then
follows from this and (16).
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B.3 Proof for Proposition 3.5

Proof. Let define

Ũp(T , λ) ,
{
T̂ = T (ŵ) | ŵ ∈ Bp(w, λ)

}
, (18)

and suppose that α = β = λ1, it follows from the definition of the `∞-norm that U(T , α, β) =

Ũ∞(T , λ). Thus,

RTU(T ,α,β)(·, ·) = R̃TU∞(T ,λ)(·, ·), (19)

where we recall that R̃TU∞ is defined in (15) with p =∞.

Additionally, following the proof for Proposition 3.4, we also have

R̃TU∞(·, ·) = RTU∞(·, ·). (20)

Hence, we have
RTU(T ,α,β)(·, ·) = RTU∞(T ,λ)(·, ·). (21)

Thanks to formula (7) for RTU(T ,α,β) which is independent of α, we can further drop the condition
α = λ1. That is, connection (21) holds true under the only condition β = λ1. Thus, the proof is
completed.

B.4 Proof for Theorem 3.6

Proof. We have (a, b) ∈ R× R 7→ (a− b)2 is negative definite.

Therefore, following [7, Corollary 2.10, pp. 78], for 1 ≤ p ≤ 2, then we have

(a, b) ∈ R× R 7→ |a− b|p

is negative definite.

Thus, for 1 ≤ p ≤ 2, the mapping function

(x, z) ∈ Rd × Rd 7→ ‖x− z‖pp
is negative definite since it is a sum of negative definite functions.

Again, applying [7, Corollary 2.10, pp.78], we conclude that

(x, z) ∈ Rd × Rd 7→ ‖x− z‖p
is negative definite when 1 ≤ p ≤ 2.

Moreover, by using the mapping function

µ 7→ ([we + βe]µ(γe))e∈E ∈ R|E|+ ,

and thanks to formula (7), we can reformulate RTU between two probability measures in P(V ) in
(5) as the `1 metric between two corresponding mapped vectors in R|E|+ . Therefore, RTU is negative
definite.

Similarly, due to formula (10) we can also reformulate RTUp(µ, ν) for µ, ν ∈ P(V ) as a nonnegative
weighted sum of `1 metric (i.e., under the mapping µ 7→ (weµ(γe))e∈E ∈ R|E|+ ) and `p′ metric (i.e.,
under the mapping µ 7→ (µ(γe))e∈E ∈ R|E|+ ) of corresponding mapped vectors in R|E|+ , where p′ is
the conjugate of p. In addition, 1 ≤ p′ ≤ 2 when 2 ≤ p ≤ ∞. Thus, RTUp is also negative definite
for 2 ≤ p ≤ ∞.

Hence, the proof is complete.
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B.5 Proof for Proposition 3.7

Proof. For probability measures µ, ν ∈ P(V ) and m ∈ N∗, we define kernel

kmRTU (µ, ν) , exp

(
−tRTU (µ, ν)

m

)
.

We have (kmRTU )m(µ, ν) = kRTU (µ, ν) and note that kmRTU is a positive definite kernel. Therefore,
following [7, §3, Definition 2.6, pp.76], kernel kRTU is infinitely divisible.

Similarly, for all 2 ≤ p ≤ ∞, we define kernel

kmRTUp
, exp

(
−tRTUp(µ, ν)

m

)
.

We have (kmRTUp
)m = kRTUp and note that kmRTUp

is a positive definite kernel. Therefore, following [7,
§3, Definition 2.6, pp.76], kernel kRTUp is infinitely divisible. Thus, the proof is complete.

B.6 Proof for Proposition 3.8

Proof. As in the proof for Theorem 3.6, RTU between two probability measures in P(V ) can be
rewritten as a `1 metric between two corresponding mapped vectors in R|E|+ , i.e., by using the mapping

µ 7→ ([we + βe]µ(γe))e∈E ∈ R|E|+ .

Therefore, RTU is a metric.

Similarly, RTUp between two probability measures inP(V ) can be recasted as a nonnegative weighted
sum of `1 metric, i.e., by the mapping

µ 7→ (weµ(γe))e∈E ∈ R|E|+ ,

and `p′ metric, i.e., by the mapping

µ 7→ (µ(γe))e∈E ∈ R|E|+

of corresponding mapped vectors in R|E|+ , where p′ is the conjugate of p. Thus, RTUp is a metric for
all 1 ≤ p ≤ ∞. Hence, the proof is complete.

C Further Discussion

C.1 Related Work

We give further discussion to other related works.

For tree-(sliced-)Wasserstein [29]. Recall that in this work, we consider OT problem for measures
with noisy tree metric. In case, one uses the tree-Wasserstein (TW) [29] for such problem, its
performances may be affected due to the noise on the ground cost since TW fundamentally depends
on the underlying tree metric structures over supports, which agrees with our empirical observations
in Section 5.

• Problem setting. Le et al. [29] considers the OT problem for measures with tree metric. For
applications with given tree metric, one can directly apply the TW for such applications. For
applications without given tree metric, Le et al. [29] proposed to adaptively sample tree metric
for supports of input measures, e.g., partition-based tree metric sampling method for supports in
low-dimensional space, or clustering-based tree metric sampling method for supports potentially in
high-dimensional space. Whereas in our problem, we consider measures with a given noisy tree
metric. In other words, we focus on how to deal with the noise on the ground cost, and to reduce
this noise affect on performances for OT problem for measures with tree metric, or TW. Although
in this work, we consider a simple setting where the tree metric is given, one can leverage the
clustering-based tree metric sampling measures to extend it for applications without given tree metric.
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• Extension for general applications via tree metric sampling. For applications without given
tree metric, but with Euclidean supports, one can apply the clustering-based tree metric sampling
method [29] to obtain a tree metric for such applications. Such sampled tree metric may be noisy,
e.g., due to perturbation on supports of input measures, or noisy/adversarial measurement within the
clustering-based tree metric sampling method (i.e., clustering algorithm or initialization). Thus, our
approach can tackle for such problems in applications.

In our work, to deal with the noise on tree metric for OT problem, we follow the max-min robust OT
for measures with noisy tree metric. As illustrated in our experiments in Section 5, the robust OT
approach improves performances of the counterpart standard OT when ground metric cost is noisy.

• Potential combination. There is a potential to combine our approach with the approach in [29]
together. For example, when the tree metric space for supports of probability measures is not given,
and we can query tree metrics from an oracle, but only receive perturbed/noisy tree metrics. It is an
interesting direction for further investigation.

We further note that averaging over TW corresponding to those sampled tree metrics in [29] has the
benefit of reducing clustering/quantization sensitivity problems for the tree metric sampling methods
in [29].

For 1-Wasserstein approximation with TW [58]. Yamada et al. [58] considered to use TW as
an approximation model for some given (oracle) 1-Wasserstein distance. In particular, given some
supervised triplets (µ, ν,W(µ, ν)) with measures µ, ν being supported on high-dimensional vector
space Rn. The ground cost metric for the observed 1-Wasserstein is unknown. Yamada et al. [58]
used TW as a model to fit the observed 1-Wasserstein distances, i.e., estimate tree metric such that
WT (·, ·) =W(·, ·). Therefore, the approach in [58] cannot be used in our considered problem due to
the following two main reasons:

• (i) we do not have such supervised clean 1-Wasserstein distance data in our considered
problem (i.e., the observed 1-Wasserstein distanceW(µ, ν) corresponding with two input
probability measures µ and ν).

• (ii) our considered probability measures are supported in a given tree metric space (T , dT ).
Moreover, the given tree structure is not necessarily a physical tree in the sense that the set
of vertices V is a subset of some high-dimensional vector space Rn, and each edge e is
the standard line segment in Rn connecting the two end-points of edge e. The given tree
structure T in our problem can be non-physical, while in [58], input probability measures
µ, ν are supported on some high-dimensional vector space Rn.

C.2 Other Discussions

For kernels on probability measures with OT geometry. In general, Wasserstein space is not
Hilbertian [43, §8.3], and the standard OT is indefinite. Thus, it is nontrivial to build positive definite
kernels upon OT for probability measures.

For kernels on probability measures with OT geometry, besides the tree-(sliced)-Wasserstein ker-
nel [29], and sliced-Wasserstein kernel [23, 12], to our knowledge, there are only the permanent
kernel [14] and generating function kernel [13]. However, they are intractable.

For kernels on general measures with potentially different total mass with OT geometry, to our
knowledge, there is only the entropy partial transport kernel [28].

For subspace robust Wasserstein [41]. In this work, we considered OT problem for probability
measures with noisy tree metric. Recall that the subspace robust Wasserstein (SRW) [41] assumes
probability measures supported on high-dimensional vector space Rn and seeks the robustness over
its vector subspaces (i.e., Rm with m < n). Therefore, the SRW distance is not applicable for the
considered problem since it is not clear what is the reasonable notion of subspaces of a given tree
metric space in our considered problem. Additionally, note that the given tree structure T in our
problem is not necessarily physical, i.e., it can be a non-physical tree structure.

Moreover, for measures supported on high-dimensional Euclidean space (e.g., R300), it takes too
much time for the computation of subspace robust Wasserstein (SRW), and the SRW does not scale
up for large-scale settings (e.g., see Section D.4).
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For noise in the document datasets. In our empirical simulations, we emphasize that our purposes
are to compare different transport approaches for probability measures supported on a given tree
metric space in the same settings.

Moreover, as discussed in [46], the duplication is not the problem for comparing performances in
noisy environments. Indeed, in our simulations, we keep the same settings, the only difference is the
transport distance. We have no assumptions/requirements that the considered document datasets are
clean in our simulations. Therefore, the noise in the considered document datasets are not a problem
for our simulations, but provides more diversity for settings in our simulations.

For tree metric. We applied the clustering-based tree metric sampling method in [29] to obtain a
tree metric and use it as the original given tree metric without perturbation. We emphasize that there
is no further processing on that tree metric without perturbation.

For simulations for measures with noisy tree metric, as detailed in Section 5 in the main manuscript,
we specifically generate perturbations on each edge length of the original given tree by deviating it
by a random nonnegative amount which is less than or equal ∆ ∈ R+, i.e., |we − w∗e | ≤ ∆ where
w∗e , we are edge lengths on the original tree without perturbation and on the given perturbed tree
respectively. We also emphasize that for all edge e in the perturbed tree, we preserve the condition
we ≥ 0. When there exist edge e with 0-length, i.e., we = 0 in the noisy tree, it can be interpreted
that the perturbed tree not only changes its edge lengths, but also its structure (see Theorem 3.1).

Note that, when there is no perturbation on the given tree metric, it is equivalent to ∆ = 0.

For time consumptions of the robust OT. As in §3 in the main manuscript, we show that the
computational complexity of the max-min robust OT for measures with tree metric is linear to the
number of edges in tree T which is in the same order as the counterpart TW, i.e., standard OT with
tree metric ground cost. Moreover, in general, the max-min robust OT is hard and expensive to
compute due to its non-convexity and non-smoothness, i.e., a maximization problem w.r.t. tree metric
with OT as its objective function. This problem remains hard even for supports in 1-dimensional
space [15]. We further note that even with a given optimal ground metric cost, the computational
complexity of max-min/min-max robust OT is in the same order as their counterpart standard OT
(i.e., their objective function).

As in the experimental results in Section 5, illustrated in Figures 2, and 3, the time consumptions of
the robust OT are comparable with the counterpart TW (i.e., OT with tree metric ground cost) for
measures with noisy tree metric. The robust OT with the global approach is a little slower than that
of others. This is a stark contrast to other approaches for max-min robust OT problem in general.
The proposed novel uncertainty sets of tree metrics play an important role for scalability of robust OT
for measures with tree metric (e.g., comparing to the 1-dimensional OT-based approach for max-min
robust OT [15] where there is no efficient/fast algorithmic approach for it yet.)

For performances of the robust OT. We emphasize that we consider the OT problem for measures
with noisy tree metric. The empirical results in Figures 2, and 3 illustrate that the max-min robust OT
approach helps to mitigate this issue in applications. When the given tree metric is perturbed, the
performances of the proposed kernels kRTU and kRTU2 compare favorably to those of the counterpart
standard OT (i.e., TW) kernel kTW.

Additionally, Figures 7, 8 illustrate further empirical results where the given tree metric is directly
obtained from the sampling method without perturbation (or with ∆ = 0).10. The performances of
the proposed kernels for the max-min robust OT kRTU and kRTU2 are comparable to the counterpart
standard OT (i.e., TW) kernel kTW. Interestingly, in Orbit dataset, our proposed kernels kRTU and
kRTU2 improves performances of kernel kTW. This may suggest that the given tree T in Orbit dataset
might be subjected to noise in our simulations.

Comparing SVM results in Figures 7, 8 for measures with original tree metric (i.e., directly obtained
from the sampling method without perturbation, or with ∆ = 0) and SVM results in Figures 2, and 3
for measures with noisy tree metric (i.e., ∆ = 0.5), the noise on tree metric did harm performances

10We have not argued advantages of the max-min robust OT over the counterpart standard OT for such
problems.
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Figure 7: SVM results and time consumption for kernel matrices in document classification when
there is no perturbation on the given tree metric (i.e., tree metric obtained from the sampling method
without perturbation) (or with ∆ = 0). For each dataset, the numbers in the parenthesis are the
number of classes; the number of documents; and the maximum number of unique words for each
document respectively.
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Figure 8: SVM results and time consumption for kernel matrices in TDA when there is no perturbation
on the given tree metric (i.e., tree metric obtained from the sampling method without perturbation)
(or with ∆ = 0). For each dataset, the numbers in the parenthesis are respectively the number of PD;
and the maximum number of points in PD.

of TW for all datasets in document classification and TDA. The robust OT approach helps to mitigate
the effect of noisy metric for measures in applications.

Remarks. A concurrent work has recently published in ArXiv [59] where Yamada et al. [59]
leverage the min-max robust variant of tree-Wasserstein for simplicial representation learning by
employing self-supervised learning approach based on SimCLR. Empirically, Yamada et al. [59]
also illustrated the advantages of their proposed method over standard SimCLR and cosine-based
representation learning.

C.3 More Details about Experiments

We describe further details about softwares and datasets.

Softwares.

• For our simulations in TDA, we used DIPHA toolbox to extract persistence diagrams. The
DIPHA toolbox is available at https://github.com/DIPHA/dipha.

• For the clustering-based tree metric sampling, we used the MATLAB code at https:
//github.com/lttam/TreeWasserstein. We directly used this code for clustering-
based tree metric sampling without any further processing to obtain the original tree metric
without perturbation in our simulations.

Datasets.
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Figure 9: Results on document classification for ∆ = 0 and λ = 0.01.
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Figure 10: Results on document classification for ∆ = 0 and λ = 0.05.

• For the document datasets (e.g., TWITTER, RECIPE, CLASSIC, AMAZON), they are avail-
able at https://github.com/mkusner/wmd.

• For Orbit dataset, we follow the procedure in [1] to generate it.

• For MPEG7 dataset, it is available at http://www.imageprocessingplace.com/
downloads_V3/root_downloads/image_databases/MPEG7_CE-Shape-1_Part_B.
zip. We then extract the 10-class subset of the dataset as in [29].

D Further Experimental Results

In this section, we give further detailed results for our simulations.

D.1 Document Classification

For tree metric without perturbation (i.e., ∆ = 0). We give detailed results for robust OT with
different value of λ in Figures 9, 10, 11, 12, 13, and 14.

For noisy tree metric. We give detailed results for robust OT with different value of λ in Figures 15,
16, 17, 18, 19, and 20 when tree metric is perturbed with ∆ = 0.5.

D.2 Topological Data Analysis

For tree metric without perturbation (i.e., ∆ = 0). We give detailed results for robust OT with
different value of λ in Figures 21, 22, 23, 24, 25, and 26.

For noisy tree metric. We give detailed results for robust OT with different value of λ in Figures 27,
28, 29, 30, 31, and 32 when tree metric is perturbed with ∆ = 0.05.
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Figure 11: Results on document classification for ∆ = 0 and λ = 0.1.
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Figure 12: Results on document classification for ∆ = 0 and λ = 0.5.
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Figure 13: Results on document classification for ∆ = 0 and λ = 1.
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Figure 14: Results on document classification for ∆ = 0 and λ = 5.

23



0.6

0.65

0.7

0.75

A
ve

ra
ge

 A
cc

ur
ac

y

TWITTER (3/3108/26)

101

102

Ti
m

e 
C

on
su

m
pt

io
n 

(s
)

0.4

0.42

0.44

0.46

0.48

0.5
RECIPE (15/4370/340)

102

0.92

0.93

0.94

0.95

0.96

0.97
CLASSIC (4/7093/197)

103

0.84

0.86

0.88

0.9

0.92

AMAZON (4/8000/884)

103kTW
kRT

U

kRT
U2

Figure 15: Results on document classification for ∆ = 0.5 and λ = 0.01.
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Figure 16: Results on document classification for ∆ = 0.5 and λ = 0.05.

0.6

0.65

0.7

0.75

A
ve

ra
ge

 A
cc

ur
ac

y

TWITTER (3/3108/26)

101

102

Ti
m

e 
C

on
su

m
pt

io
n 

(s
)

0.4

0.42

0.44

0.46

0.48

0.5
RECIPE (15/4370/340)

102

0.92

0.93

0.94

0.95

0.96

0.97
CLASSIC (4/7093/197)

103

0.84

0.86

0.88

0.9

0.92

AMAZON (4/8000/884)

103
kTW
kRT

U

kRT
U2

Figure 17: Results on document classification for ∆ = 0.5 and λ = 0.1.
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Figure 18: Results on document classification for ∆ = 0.5 and λ = 0.5.
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Figure 19: Results on document classification for ∆ = 0.5 and λ = 1.
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Figure 20: Results on document classification for ∆ = 0.5 and λ = 5.

D.3 Discussion

Similar to empirical results in the main manuscript, the max-min robust OT for measures with noisy
tree metric is fast for computation. Their time consumptions are comparable even to that of the TW
(i.e., OT with tree metric ground cost). The max-min robust OT approach helps to mitigate the issue
which the given tree metric is perturbed due to noisy or adversarial measurements for OT problem.
Hyperparameter λ plays an important role for the max-min robust OT for measures with tree metric
(e.g., typically chosen via cross-validation).

D.4 Further Experiments

Let consider the TWITTER dataset, there are N = 3108 documents represented as probability
measures. Recall that, we randomly split 70%/30% for training and test with 10 repeats in our
experiments. Thus, for TWITTER dataset, the training set has Ntr = 2176 samples, and the test
set has Nte = 932 samples. For the kernel SVM training, the number of pairs which we compute
the distances is (Ntr − 1) × Ntr

2 = 2366400. For the test phase, the number of pairs which we
compute the distances is Ntr ×Nte = 2028032. Therefore, for 1 repeat, the number of pairs which
we compute the distances for both training and test is totally 4394432.

Table 1: The number of pairs which we compute the distances for both training and test with kernel
SVM.

Datasets #pairs
TWITTER 4394432
RECIPE 8687560
CLASSIC 22890777
AMAZON 29117200
Orbit 1023225
MPEG7 18130
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Figure 21: Results on TDA for ∆ = 0 and λ = 0.01.
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Figure 22: Results on TDA for ∆ = 0 and λ = 0.05.

When each document in TWITTER dataset is represented by a probability measure supported in the
Euclidean space R300, we randomly select 100 pairs of probability measures to compute the subspace
robust Wasserstein (SRW) [41] where the dimension of the subspaces is at most kSRW = 2. The
time consumption of the SRW for each pair is averagely 75.4 seconds. Therefore, for 1 repeat, we
interpolate that the time consumption for computing the SRW for all pairs in training and test on
TWITTER dataset should take about 4 days averagely, while our robust TW only takes less than 100
seconds for RTU , and less than 200 seconds for RTU2 .11 The time consumption issue becomes more
severe on larger datasets, e.g., AMAZON (with more than 29M pairs) or CLASSIC (with about 23M
pairs). We summarize the number of pairs which we compute their distances for both training and
test for kernel SVM on all datasets in Table 1.

For a bigger picture of empirical results, we extend the SVM results on TWITTER dataset in Figure 2 by
adding the SVM results of the corresponding kernel for standard OT with squared Euclidean distance
when each document in TWITTER dataset is represented as a measure supported in a high-dimensional
Euclidean space R300. We consider two noise levels for the ground metric with squared Euclidean
distance: L2 ∆ and L

3 ∆ where L is the height of the corresponding tree metric used in the experiments
for Figure 2, and we denote them as kOT(L∆/3) and kOT(L∆/2) respectively. As noted in [29], the
standard OT with squared Euclidean ground metric is indefinite and its corresponding kernel is also
indefinite. We follow [29] to add a sufficient regularization on its kernel Gram matrices. Figure 33
illustrates this extended SVM results on TWITTER dataset. Although there are some differences on
the experimental setting for kTW, kRTU , kRTU2 with kOT(L∆/3), kOT(L∆/2), Figure 33 illustrates
an extended picture for empirical results. The performance of kOT is improved when the noise level
is lower (i.e., L∆/3), and the indefiniteness may affect the performances of kOT at some certain.
The time consumption of kOT is slower than other approaches since the time complexity of standard
OT with squared Euclidean ground metric is super cubic. Our results also agree with empirical
observations in [29].

11It takes too much time to evaluate subspace robust Wasserstein (SRW) for our experiments. Therefore, we
only report the interpolation for time consumption on TWITTER dataset.

26



0.55

0.6

0.65

0.7

0.75

A
ve

ra
ge

 A
cc

ur
ac

y

Orbit (1500/300)

10-1

100

101

102

Ti
m

e 
C

on
su

m
pt

io
n 

(s
)

0.45

0.5

0.55

0.6

0.65

0.7
MPEG7 (200/80)

10-2

10-1

100

kTW
kRT

U

kRT
U2

Figure 23: Results on TDA for ∆ = 0 and λ = 0.1.
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Figure 24: Results on TDA for ∆ = 0 and λ = 0.5.
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Figure 25: Results on TDA for ∆ = 0 and λ = 1.
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Figure 26: Results on TDA for ∆ = 0 and λ = 5.
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Figure 27: Results on TDA for ∆ = 0.05 and λ = 0.01.
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Figure 28: Results on TDA for ∆ = 0.05 and λ = 0.05.
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Figure 29: Results on TDA for ∆ = 0.05 and λ = 0.1.

0.2

0.4

0.6

0.8

A
ve

ra
ge

 A
cc

ur
ac

y

Orbit (1500/300)

10-1

100

101

102

Ti
m

e 
C

on
su

m
pt

io
n 

(s
)

0.4

0.5

0.6

0.7
MPEG7 (200/80)

10-2

10-1

100

kTW
kRT

U

kRT
U2

Figure 30: Results on TDA for ∆ = 0.05 and λ = 0.5.
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Figure 31: Results on TDA for ∆ = 0.05 and λ = 1.
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Figure 32: Results on TDA for ∆ = 0.05 and λ = 5.
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Figure 33: Extended SVM results on TWITTER dataset.
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