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ABSTRACT

While neural networks can be approximated by linear models as their width in-
creases, certain properties of wide neural networks cannot be captured by linear
models. In this work we show that recently proposed Neural Quadratic Models
can exhibit the “catapult phase” ( , ) that arises when train-
ing such models with large learning rates. We then empirically show that the
behaviour of neural quadratic models parallels that of neural networks in general-
ization, especially in the catapult phase regime. Our analysis further demonstrates
that quadratic models can be an effective tool for analysis of neural networks.

1 INTRODUCTION

A recent remarkable finding on neural networks, originating from ( ) and termed as
the “transition to linearity” ( s ), is that, as network width goes to infinity, such models
become linear functions in the parameter space. Thus, a linear (in parameters) model can be built to
accurately approximate wide neural networks under certain conditions. While this finding has helped
1mprove our understanding of trained neural networks ( , ;

s ; s ), not all propertles
of ﬁmte w1dth neural networks can be understood in terms of linear models as is shown in several
recent works ( s s ). In this
work, we show that propertles of finitely wide neural networks in optrmlzatlon and generalization
that cannot be captured by linear models are, in fact, manifested in quadratic models.

The training dynamics of linear models with respect to the choice of the learning rates' are well-
understood ( s ). Indeed, such models exhibit linear training dynamics, i.e., there exists
a critical learning rate, 7.,it, such that the loss converges monotonically if and only if the learning
rate is smaller than 7).,;; (see Figure 1a).

Recent work ( ) showed that the training dynamics of a wide neural network f(w;x)
can be accurately approximated by that of a linear model f;, (w; x):
fin(w;2) = f(wo; ) + (W — W)V f(wo; ), ()

where V f(wo;x) denotes the gradient® of f with respect to trainable parameters w at an ini-
tial point wy and input sample x. This approximation holds for learning rates less than 7.4 ~
2/||V f(wo; ) ||%, when the width is sufficiently large.

However, the training dynamics of finite width neural networks, f, can sharply differ from those
of linear models when using large learning rates. A striking non-linear property of wide neural

"Unless stated otherwise, we always consider the setting where models are trained with squared loss using
gradient descent.

?For non-differentiable functions, e.g. neural networks with ReLU activation functions, we define the gra-
dient based on the update rule used in practice. Similarly, we use Hy to denote the second derivative of f in
Eq. (2).
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Figure 1: Optimization dynamics for linear and non-linear models based on choice of learning
rate. (a) Linear models either converge monotonically if learning rate is less than 7., and diverge
otherwise. (b) Unlike linear models, finitely wide neural networks and NOMs Eq. (2) (or general
quadratic models Eq. (3)) can additionally observe a catapult phase when ¢t < 77 < Mmax-
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Figure 2: (a) Optimization dynamics of wide neural networks with sub-critical and super-
critical learning rates. With sub-critical learning rates (0 < 7 < 7t ), the tangent kernel of
wide neural networks is nearly constant during training, and the loss decreases monotonically. The
whole optimization path is contained in the ball B(wg, R) := {w : ||[w — wq|| < R} with a finite
radius R. With super-critical learning rates (Nerit < 7 < 7max), the catapult phase happens: the
loss first increases and then decreases, along with a decrease of the norm of the tangent kernel .
The optimization path goes beyond the finite radius ball. (b) Test loss of fyuaq, f and fi;, plotted
against different learning rates. With sub-critical learning rates, all three models have nearly
identical test loss for any sub-critical learning rate. With super-critical learning rates, f and fquad
have smaller best test loss than the one with sub-critical learning rates. Experimental details are in
Appendix N.5.

networks discovered in ( ) is that when the learning rate is larger than 7t
but smaller than a certain maximum learning rate, nm,ax, gradient descent still converges but experi-
ences a “catapult phase.” Specifically, the loss initially grows exponentially and then decreases after
reaching a large value, along with the decrease of the norm of tangent kernel (see Figure 2a), and
therefore, such training dynamics are non-linear (see Figure 1b).

As linear models cannot exhibit such a catapult phase, under what models and conditions does
this phenomenon arise? The work of ( ) first observed the catapult phase
phenomenon in finite width neural networks and analyzed this phenomenon for a two-layer linear
neural network. However, a theoretical understanding of this phenomenon for general non-linear
neural networks remains open. In this work, we utilize a quadratic model as a tool to shed light on
the optimization and generalization discrepancies between finite and infinite width neural networks.
We define Neural Quadratic Model (NOM) by the second order Taylor series expansion of f(w;x)
around the point wy:

NQM :  fouad(W) = f(wo) + (W — wo) "V f(wo) + %(W —wo)" Hy(wo)(w —wo). (2)

Here in the notation we suppress the dependence on the input data «, and H;(wy) is the Hessian of f
with respect to w evaluated at wo. Note that fouaa(W) = fiin(W)+ 5 (W —wo) T Hy(wo)(w —wo).
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Indeed, we note that NQMs are contained in a more general class of quadratic models:
1
General Quadratic Model :  g(w;x) = w’ é(x) + ifwaE(m)w, 3)

where w are trainable parameters and « is input data. We discuss the optimization dynamics of such
general quadratic models in Section 3.3 and show empirically that they exhibit the catapult phase
phenomenon in Appendix N.4. Note that the two-layer linear network analyzed in

( ) is a special case of Eq. (3), when ¢(x) = 0 (See Appendix M).

Main Contributions. We prove that NQMs, fquad, Which approximate shallow fully-connected
ReLU activated neural networks, exhibit catapult phase dynamics. Specifically, we analyze the opti-
mization dynamics of fyuaq by deriving the evolution of fyuaq and the tangent kernel during gradient
descent with squared loss, for a single training example and multiple uni-dimensional training ex-
amples. We identify three learning rate regimes yielding different optimization dynamics for fquad,
which are (1) converging monotonically (linear dynamics); (2) converging via a catapult phase (cat-
apult dynamics); and (3) diverging. We provide a number of experimental results corroborating our
theoretical analysis (See Section 3).

We then empirically show that NQMs, for the architectures of shallow (see Figure 2b as an example)
and deep networks, have better test performances when catapult dynamics happens. While this
was observed for some synthetic examples of neural networks in ( ), we
systematically demonstrate the improved generalization of NQMs across a range of experimental
settings. Namely, we consider fully-connected and convolutional neural networks with ReLLU and
other activation functions trained with GD/SGD on multiple vision, speech and text datatsets (See
Section 4).

To the best of our knowledge, our work is the first to analyze the non-linear wide neural networks
in the catapult regime through the perspective of the quadratic approximation. While NQMs (or
quadratic models) were proposed and analyzed in ( ), our work focuses on the
properties of NQM s in the large learning rate regime, which has not been discussed in
( ). Similarly, the following related works did not study catapult dynamics. ( )
analyzed higher order approximations to neural networks under gradient flow (infinitesimal learning
rates). ( ) studied different quadratic models with randomized second order terms and
( ) considered the loss in the quadratic form, where no catapult phase happens. A
recent work showed the existence of the catapult phase in two-layer, homogenous networks

(2023).

Discontinuity in dynamics transition. In the ball B(wg, R) := {w : ||w — wg|| < R} with
constant radius R > 0, the transition to linearity of a wide neural network (with linear output layer)
is continuous in the network width m. That is, the deviation from the network function to its linear
approximation within the ball can be continuously controlled by the Hessian of the network function,
i.e. Hy, which scales with m ( , ):

I (W) = fin(W)| < sup  |[Hp(w)[|R* = O(1/v/m). )

weB(wo,R)

Using the inequality from Eq. (4), we obtain || fquaa — Jfin|| = O(1/4/m), hence fquaa transitions
to linearity continuously as well in B(wg, R)*. Given the continuous nature of the transition to
linearity, one may expect that the transition from non-linear dynamics to linear dynamics for f and
fquada is continuous in m as well. Namely, one would expect that the domain of catapult dynamics,
[Merits Tmax]» shrinks and ultimately converges to a single point, i.e., ferit = Mmax, 85 M goes to in-
finity, with non-linear dynamics turning into linear dynamics. However, as shown both analytically
and empirically, the transition is not continuous, for both network functions f and NQMs fquad,
since the domain of the catapult dynamics can be independent of the width m (or ). Additionally,
the length of the optimization path of f in catapult dynamics grows with m since otherwise, the
optimization path could be contained in a ball with a constant radius independent of m, in which f
can be approximated by fj;,,. Since the optimization of fi;;, diverges in catapult dynamics, by the ap-
proximation, the optimization of f diverges as well, which contradicts the fact that the optimization
of f can converge in catapult dynamics (See Figure 2a).

3For general quadratic models in Eq. (3), the transition to linearity is continuously controlled by .
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2 NOTATION AND PRELIMINARY

We use bold lowercase letters to denote vectors and capital letters to denote matrices. We denote the
set {1,2,--- ,n} by [n]. We use || - || to denote the Euclidean norm for vectors and the spectral norm
for matrices. We use © to denote element-wise multiplication (Hadamard product) for vectors. We
use A\max(A4) and Apin (A) to denote the largest and smallest eigenvalue of a matrix A, respectively.

Given a model f(w;x), where x is input data and w are model parameters, we use V, f to represent
the partial first derivative 0 f(w;x)/Ow. When clear from context, we let V[ := V,, f for ease
of notation. We use Hy and H. to denote the Hessian (second derivative matrix) of the function
f(w;x) and the loss £(w) with respect to parameters w, respectively.

In the paper, we consider the following supervised learning task: given training data {(z;, y;)}7"
with data z; € R? and labels y; € R for ¢ € [n], we minimize the empirical risk with the squared
loss L(w) = 3" (f(w;x;) — y;)?. Here f(w;-) is a parametric family of models, e.g., a
neural network or a kernel machine, with parameters w € R”. We use full-batch gradient descent to
minimize the loss, and we denote trainable parameters w at iteration ¢ by w(¢). With constant step
size (learning rate) 7, the update rule for the parameters is:

dL(w)
= — > .
w(t+1)=w(t)—n - (), Vt>0
Definition 1 (Tangent Kernel). The tangent kernel K(w;-,-) of f(w;-) is defined as
K(w;z,z) = (Vf(w;z),Vf(w;z)), V&, zeR% (5)

In the context of the optimization problem with n training examples, the tangent kernel matrix
K € R™*" satisfies K; j(w) = K(w;x;,x;), i,j € [n]. The critical learning rate for optimization
is given as follows.

Definition 2 (Critical learning rate). With an initialization of parameters wy, the critical learning
rate of f(w;-) is defined as

Nerit += 2/)\max(flﬁ (WO)) (6)

A learning rate n is said to be sub-critical if 0 < 1 < Neyiy or super-critical if Nerit < N < Nmax-
Here Nyax is the maximum leaning rate such that the optimization of L(w) initialized at wq can
converge.

Dynamics for Linear models. When f is linear in w, the gradient, V f, and tangent kernel are
constant: K (w(t)) = K(wyg). Therefore, gradient descent dynamics are:

F(w(t+1)) —y =T —nK(wo))(F(w(t)) —y), Vt=0, (7
where F'(wo) = [f1(W0), ..., fn(Wo)]T with f;(wq) = f(wo; ;).
Noting that H.(wg) = VF(wq)TVF(w) and that tangent kernel K (wq) = VF(wq)VF(wo)?
share the same positive eigenvalues, we have Ayax(He(Wo)) = Amax (K (Wg)), and hence,
Nerit = 2/ Amax (K (Wo)). 3)

Therefore, from Eq. (7), if 0 < 77 < 7cis, the loss £ decreases monotonically and if 1 > 7¢yit, the
loss L keeps increasing. Note that the critical and maximum learning rates are equal in this setting.

3  OPTIMIZATION DYNAMICS IN NEURAL QUADRATIC MODELS

In this section, we analyze the gradient descent dynamics of the NQM corresponding to a two-layer
fully-connected neural network. We show that, unlike a linear model, the NQM exhibits a catapult
dynamics: the loss increases at the early stage of training then decreases afterwards. We further
show that the top eigenvalues of the tangent kernel typically become smaller as a consequence of
the catapult.

Neural Quadratic Model (NQM). Consider the NQM that approximates the following two-layer
neural network:

flu,v;x) = % Zv,;a (%u?m) , 9)
i=1

~
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where u; € R?, v; € R fori € [m] are trainable parameters, * € R is the input, and o() is
the ReLU activation function. We initialize u; ~ N(0,1;) and v; € Unif[{—1,1}] for each ¢
independently. Letting g(u, v; @) := fquaa(u, v; ), this NQM has the following expression (See
the full derivation in Appendix A):

1« T 1 «— T
g(u,VQ -’13) = f(uO7VO§ $) + m gvo_’i(ui — 110,1') m]‘{u({imzo} + \/7 ; — Vo, z uO i )

m
Z — vp,3)(w; — uo,i)Tac]l{uoTimZO}. (10)

1:1

Given training data {x;,y;}" ;, we minimize the empirical risk with the squared loss £L(w) =
% > (g(w;x;)—y;)? using GD with constant learning rate . Throughout this section, we denote
g(u(t), v(t); =) by g(t) and its tangent kernel K (u(t), v(t)) by K (t), where ¢ is the iteration of GD.
We assume ||x;|| = O(1) and |y;| = O(1) for ¢ € [n], and we assume the width of f is much larger
than the input dimension d and the data size n, i.e., m > max{d,n}. Hence, d and n can be
regarded as small constants. In the whole paper, we use the big-O and small-o notation with respect
to the width m. Below, we start with the single training example case, which already showcases the

non-linear dynamics of NQMs.

3.1 CATAPULT DYNAMICS WITH A SINGLE TRAINING EXAMPLE

In this subsection, we consider training dynamics of NQM Eq. (10) with a single training example
(x,y) where z € R? and y € R. In this case, the tangent kernel matrix K reduces to a scalar, and
we denote K by A to distinguish it from a matrix.

By gradient descent with step size 1), the updates for g(¢) —y and A(t), which we refer to as dynamics
equations, can be derived as follows (see the derivation in Appendix B.1):

Dynamics equations.

o0+ 1)~y = [ 1=+ B2 60) — o) | (60 —) = o) —w). a1y
Ry (1)
(BQ
Ao+ ) =30 =012 o) -2 (150~ ), vezo (12)
Ra(t)

Note that as the loss is given by £(t) = %(g(t) — y)?, to understand convergence, it suffices to

analyze the dynamics equations above. Compared to the linear dynamics Eq. (7), this non-linear
dynamics has extra terms R, (t) and R, (t), which are induced by the non-linear term in the NQM.
We will see that the convergence of gradient descent depends on the scale and sign of R, (¢) and
R,\(t). For example, for constant learning rate that is slightly larger than 7., (Which would result
in divergence for linear models), R (t) stays positive during training, resulting in both monotonic
decrease of tangent kernel A and the loss.

AsA(t) = Xo —Zt;:lo Ry (), to track the scale of |(t)|, we will focus on the scale and sign of R (t)
and R, (t) in the following analysis. For the scale of A\, which is non-negative by Definition 1, we
can show that with high probability over random initialization, |A\o| = ©(1) (see Appendix I). And
|g(0)] = O(1) with high probability as well ( ). Therefore the following discussion is
with high probability over random initialization. We start by establishing monotonic convergence
for sub-critical learning rates.

Monotonic convergence: sub-critical learning rates (7 < 2/\g = 7cit). The key observation
is that when |g(t)| = O(1), and A(t) = ©(1), |R4(t)| and |Rx(t)| are of the order o(1). Then, the
dynamics equations approximately reduce to the ones of linear dynamics:
gt +1) —y = (1 =nA(t) +o(1)) (9(t) — v),
At +1) = \(t) + o(1).
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Note that at initialization, the output satisfies |g(0)] = O(1), and we have shown A\ = O(1).
With the choice of 7, we have for all ¢ > 0, |u(¢)] = |1 — nA(¢) + o(1)] < 1; hence,
|g(t) — y| decreases monotonically. The cumulative change on the tangent kernel will be o(1),
ie, Y, |[Rx(t)] = o(1), since for all ¢, |[Rx(t)] = O(1/m) and the loss decreases exponentially
hence > |Rx(t)] = O(1/m) - log O(1) = o(1). See Appendix C for a detailed discussion.

Catapult convergence: super-critical learning rates (1c,it = 2/Ag < 17 < 4/A0 = Nmax). The
training dynamics are given by the following theorem.

Theorem 1 (Catapult dynamics on a single training example). Consider training the NOM Egq. (10)
with squared loss on a single training example by GD. With a super-critical learning rate 1 €

[2;;67 4);6} where € = © (1%), the catapult happens: with high probability over random initial-

2
ization, the loss increases to the order of ) (%) then decreases to O(1).

Proof of Theorem 1. We use the following transformation of the variables to simplify notations.

2 2
a(t) = 20y~ iy = B 20—y, wt) = ma).

md md
Then the Eq. (11) and Eq. (12) are reduced to

u(t+1) = (1= v(t) + ult) +w(t)*u(t) == w(t)u(t), (13)

v(t+1) =0(t) —u(t)(4 —v(t)) — dw(t). (14)
At initialization, since [g(0)| = O(1), we have u(0) = O (&) and w(0) = O (). Note that by
definition, for all ¢ > 0, u(¢) > 0 and we have v(¢) > 0 since A(t) is the tangent kernel for a single
training example.

In the following, we will analyze the above dynamical equations. To make the analysis more under-
standable, we separate the dynamics during training into increasing phase and decreasing phase. We
denote § := (7 — Nerit) Ao = Mo — 2.

Increasing phase. In this phase, |u(t)| increases exponentially from O (i) to © (%) and

[v(t) —v(0)] = O ( J ) This can be shown by the following lemma.

logm

62

logm

infyepor 5(t) > (1+6-0 (bgm))Q > Land sup,c o 7y [o(t) = 0(0)] = O (2.

Lemma 1. For T' > 0 such that sup,cjo myu(t) = O ( ), u(t) increases exponentially with

Proof. See the proof in Section D. O

After the increasing phase, based on the order of u(t) we can infer the order of loss is © (12”;;) .

Decreasing phase. When u(t) is sufficiently large, v(¢) will have non-negligible decrease which
leads to the decreasing of k(t), hence in turn making u(t) decrease as well. Consequently, we have:

Lemma 2. There exists T* > 0 such that u(T*) = O ().

m

Proof. See the proof in Section E. O

Then accordingly, the loss is of the order O(1). O

Once the loss decreases to the order of O(1), the catapult finishes and we in general have n < 2/A()
as |u(t)| = |[1—nA(t)+Rg(t)] < 1 where |Rg(t)| = O(L(t)/m) = O(1/m). Therefore the training
dynamics fall into linear dynamics, and we can use the same analysis for sub-critical learning rates
for the remaining training dynamics. The stableness of the steady-state equilibria of dynamical
equations can be guaranteed by the following:

Theorem 2. For dynamical equations Eq. (11) and (12), the stable steady-state equilibria satisfy
g(t) =y (i.e,loss is 0), and A(t) € [€,2/n — €] with e = O(logm/\/m).
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Divergence (1) > 7max = 4/Xo). Initially, it follows the same dynamics with that in the increasing
phase in catapult convergence: |g(t) — y| increases exponentially as |u(¢)| > 1 and the A(¢) almost
does not change as R () is small. However, note that R (t) > 0 since 1) g(¢)/(g(t) —y) ~ 1 when
g(t) becomes large and 2) n > 4/A(¢). Therefore, A(t) keeps increasing during training, which
consequently leads to the divergence of the optimization. See Appendix G for a detailed discussion.

3.2 CATAPULT DYNAMICS WITH MULTIPLE TRAINING EXAMPLES

In this subsection we show the catapult phase will happen for NQMs Eq. (9) with multiple training
examples. We assume unidimensional input data, which is common in the literature and simplifies
the analysis for neural networks (see for example ( ); ( ).

Assumption 1. The input dimension d = 1 and not all z; is 0, i.e., Y |x;| > 0.

We similarly analyze the dynamics equations with different learning rates for multiple training ex-
amples (see the derivation of Eq. (22) and (23) in Appendix) which are update equations of g(¢) —y
and K (t). And similarly, we show there are three training dynamics: monotonic convergence, cata-
pult convergence and divergence.

In the analysis, we consider the training dynamics projected to two orthogonal eigenvectors of the
tangent kernel, i.e., p; and p,, and we show with different learning rates, the catapult phase can
occur only in the direction of p,, or occur in both directions. We consider the case where 2/A2(0) <
4/A1(0) hence the catapult can occur in both directions. The analysis for the other case can be

directly obtained from our results. We denote the loss projected to p; by II,£ := % (g —vy, pi>2 for
i =1,2. We have I, £(0) = O(1) with high probability over random initialization of weights.

We formulate the result for the catapult dynamics, which happens when training with super-critical
learning rates, into the following theorem, and defer the proof of it and the full discussion of training
dynamics to Appendix K.

Theorem 3 (Catapult dynamics on multiple training examples). Supposing Assumption 1 holds,
consider training the NOM Eq. (10) with squared loss on multiple training examples by GD. Then,
with high probability over random initialization we have

1. withn € {)\2%(06)7 )\22—_(5)} , the catapult only occurs in eigendirection p,: 111 L increases to

the order of M) then decreases to O(1);

logm

2. withn € [ )\2;('5), )\41?5)}, the catapult occurs in both eigendirections p, and p,: 11, L for
i = 1,2 increases to the order of () (M) then decreases to O(1),

logm
_ logm
where ¢ = © (—m )

We verify the results for multiple training examples via the experiments in Figure 3.
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Figure 3: Training dynamics of NQMs for multiple examples case with different learning rates.
By our analysis, two critical values are 2/A1 (0) = 0.37 and 2/A2(0) = 0.39. When 7 < 0.37, linear
dynamics dominate hence the kernel is nearly constant; when 0.37 < 1 < 0.39, the catapult phase
happens in p; and only A; (¢) decreases; when 0.39 < 1 < 7max, the catapult phase happens in p,
and p, hence both A (t) and A5 (¢) decreases. The experiment details can be found in Appendix N.1.
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3.3 CONNECTION TO GENERAL QUADRATIC MODELS AND WIDE NEURAL NETWORKS

General quadratic models. As mentioned in the introduction, NQMs are contained in a general
class of quadratic models of the form given in Eq. (3). Additionally, we show that the two-layer lin-
ear neural network analyzed in ( ) is a special case of Eq. (3), and we provide a
more general condition for such models to have catapult dynamics in Appendix M. Furthermore, we
empirically observe that a broader class of quadratic models g can have catapult dynamics simply
by letting ¢ () and ¥ be random and assigning a small value to v (See Appendix N.4).

Wide neural networks. We have seen that NQMs, with fixed Hessian, exhibit the catapult phase
phenomenon. Therefore, the change in the Hessian of wide neural networks during training is not
required to produce the catapult phase. We will discuss the high-level idea of analyzing the catapult
phase for a general NQM with large learning rates, and empirically show that this idea applies to
neural networks. We train an NQM Eq. (2) fquad on n data points {(z;, y;)}7; € R x R with GD.
The dynamics equations take the following form:

1
fquad(t + 1) - Y= I- WK(t) + 5772G(t)quuad (t)T (fquad(t) - y)7 (15)
quuad(t)
1
K(t+1)=K(t) = 7n (AG(t) Va0 —nG#)G(H)T), (16)
Ry (t)

where G; .(t) = (fquad(t) — ¥) T VEuaa (t) Hy(x;) € R™ fori € [n].

In our analysis for fquaq Which approximates two-layer networks in Section 3.2, we show that cata-
pult dynamics occur in the top eigenspace of the tangent kernel. Specifically, we analyze the dynam-
ics equations confined to the top eigendirection of the tangent kernel p; (i.e, IT; £ and A1 (t)). We
show that P1Tquua .p1 and pT Ry p, scale with the loss and remain positive when the loss becomes
large, therefore p? K'p; (i.e., Amax(K)) as well as the loss will be driven down, and consequently
we yield catapult convergence.

We empirically verify catapults indeed happen in the top eigenspace of the tangent kernel for addi-
tional NQMs and wide neural networks in Appendix N.3. Furthermore, a similar behaviour of top
eigenvalues of the tangent kernel with the one for NQMs is observed for wide neural networks when
training with different learning rates (See Figure 5 in Appendix N).

4  QUADRATIC MODELS PARALLEL NEURAL NETWORKS IN GENERALIZATION

In this section, we empirically compare the test performance of three different models considered
in this paper upon varying learning rate. In particular, we consider (1) the NQM, fyuaq; (2) corre-
sponding neural networks, f; and (3) the linear model, fj,.

We implement our experiments on 3 vision datasets: CIFAR-2 (a 2-class subset of CIFAR-
10 ( , )), MNIST ( , ), and SVHN (The Street View House
Numbers) ( " ), 1 speech dataset: Free Spoken Digit dataset (FSDD) ( )
and 1 text dataset: AG NEWS ( ).

In all experiments, we train the models by minimizing the squared loss using standard GD/SGD
with constant learning rate 7. We report the best test loss achieved during the training process with
each learning rate. Experimental details can be found in Appendix N.5. We also report the best test
accuracy in Appendix N.6. For networks with 3 layers, see Appendix N.7. From the experimental
results, we observe the following:

Sub-critical learning rates. In accordance with our theoretical analyses, we observe that all three
models have nearly identical test loss for any sub-critical learning rate. Specifically, note that as the
width m increases, f and fquaq Will transition to linearity in the ball B(wy, R):

1f = finll = OL/vVm), |l faquaa — fiill = O(1/v/m),
where R > 0 is a constant which is large enough to contain the optimization path with respect

to sub-critical learning rates. Thus, the generalization performance of these three models will be
similar when m is large, as shown in Figure 4.
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Figure 4: Best test loss plotted against different learning rates for f(w), fii,(w) and fyuaa(W)
across a variety of datasets and network architectures.

Super-critical learning rates. The best test loss of both f(w) and fyuaa(W) is consistently
smaller than the one with sub-critical learning rates, and decreases for an increasing learning rate in
a range of values beyond 7i;, Which was observed for wide neural networks in

(2020).

As discussed in the introduction, with super-critical learning rates, both fyuaq and f can be observed
to have catapult phase, while the loss of fj;, diverges. Together with the similar behaviour of f yad
and f in generalization with super-critical learning rates, we believe NQMs are a better model to
understand f in training and testing dynamics, than the linear approximation fi;,.

In Figure 4 we report the results for networks with ReLU activation function. We also implement the
experiments using networks with Tanh and Swish ( , ) activation functions,
and observe the same phenomena in generalization for f, fiin and fquaq (See Appendix N.8).

5 SUMMARY AND DISCUSSION

Summary. In this paper, we use quadratic models as a tool to better understand optimization and
generalization properties of finite width neural networks trained using large learning rates. Notably,
we prove that quadratic models exhibit properties of neural networks such as the catapult phase
that cannot be explained using linear models, which importantly includes linear approximations to
neural networks given by the neural tangent kernel. Interestingly, we show empirically that quadratic
models mimic the generalization properties of neural networks when trained with large learning rate,
and that such models perform better than linearized neural networks.

Future directions. As quadratic models are more analytically tractable than finite width neural
networks, these models open further avenues for understanding the good performance of finite width
networks in practice. In particular, one interesting direction of future work is to understand the
change in the kernel corresponding to a trained quadratic model. As we showed, training a quadratic
model with large learning rate causes a decrease in the eigenvalues of the neural tangent kernel,
and it would be interesting to understand the properties of this changed kernel that correspond with
improved generalization. Indeed, prior work ( ) has analyzed the properties of the “after
kernel” corresponding to finite width neural networks, and it would be interesting to observe whether
similar properties hold for the kernel corresponding to trained quadratic models.

Another interesting avenue of research is to understand whether quadratic models can be used for
representation learning. Indeed, prior work ( ) argues that networks in the neural
tangent kernel regime do not learn useful representations of data through training. As quadratic
models trained with large learning rate can already exhibit nonlinear dynamics and better capture
generalization properties of finite width networks, it would be interesting to understand whether
such models learn useful representations of data as well.
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APPENDIX

A DERIVATION OF NQM

We will derive the NQM that approximate the two-layer fully connected ReLU activated neural
networks based on Eq. (2).

The first derivative of f can be computed by:

of 1 4w af:10<1urw) vi € [m].

Z]]- b) '
ou; \/mdv {ui wZO}w v; \/ﬁ \/&
And each entry of the Hessian of f, i.e., H, can be computed by
0% f o%f 0% f 1 T
—_— = —_— = P —— 7]]_ ) .
ou; 7 0v} O Buw Vmd {al=20}" vielm]
Now we get fquad taking the following form
NQM : fquad(uav;x) = f(UOaVO; Z _uOL .’13]].{“ m>0}'U01 \/—Z 'UOz (
Z — uOZ ac]l{u m>0} 'UO,i)- (17

B DERIVATION OF DYNAMICS EQUATIONS

For simplicity of notation, we denote fquaq by g. Note that at initialization, the first and second
derivatives of f with respect to parameters are the same as those of g.

B.1 SINGLE TRAINING EXAMPLE

The NQM can be equivalently written as:

) e S

u=uU,v=v0>

g9(u,v;x) = g(uo, vo; ) + <u — o, Vug(u,v; z)

9*g(u, v; x)
+ <u — o oudv

u=up,v=vy
(V - VO) )
u=ug,V=Vjg

And the tangent kernel A(u, v; ) takes the form

_ 22 g _
since au2 =0and 557 = 0.

*g(u,v;x)

* oudv

u=—up,v=Vo

(v —vop)
u=—ug

AMu,vix) = H Vug(u,v;x)

F

r 0%g(u,v;x)

+ Judv

+ (u—up)

u=ugp,Vv=Vgo

Veg(u,v;x)

u=ugp,Vv=Vg

Here
m

Vu,g(u,viz) Zvo@ (T w0} Vi € [m],

u=ugp,Vv=Vgo

-1 o (ule).

u=ugp,Vv=Vgo Vv md

Vyvg(u,v;x)

12
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In the following, we will consider the dynamics of g and A\ with GD, hence for simplicity of nota-
tions, we denote

Vug(0) := Vyug(u,v;x)

u=ugp,Vv=Vvyg

Vyvg(0) := Vyg(u,v;z)

u=ugp,Vv=Vo

9%9(0) _ 0%g(u,viz)

oudv - oudv

u=ugp,v=vyg

By gradient descent with learning rate 7, at iteration ¢, we have the update equations for weights u
and v:

ut+1) = ult) = n(9(0) - ) (Tug(0) + LD (0 = v0)).

2
v(t+1) =v(t) —nlg(t) —y) (va(o) + (u(t) —u(0))" %jé?’)> '

Then we plug them in the expression of A(¢ + 1) and we get

2

At+1) = ‘ Vug(0) + %(v(t 1) V0| +|Tgl0) + (it +1) - u(O))T?;jg‘)l)
= a0+ S0 (v ~ntoto) ) (Fuato) + ) w0 222 o)) |
| 90a00) + (80~ ata0) - ) (Va0 + 220 w0 vio) —wio)) 240 2
= M0 + 7o) - 1) %ng? (vvgw) () - w0 G |
2| (Vusto i vy 520 2
e <v + T wt0) —v(0), G20 (Vugt0)+ (att) — w0 G ) )
~ 29 < ) 20 (750 + 28D v i) 220 > .
Due to the structure of 29 we have
T (Va0 + (att) - u<o>>T%Qj§f) " LG 0y + (ue) - uoyr 22O
= L= gy
and
(Fas0)+ 220 ) (o) 20 PG 0+ 290 e )
= =912

13



Published as a conference paper at ICLR 2024

Furthermore,
2 2 5
R~ T <)
x||? x||? 2
= 120 o)~ v(0), Ten) + 249 00), ut) (o)) + <Vug(0)’ P40 vvg<0)>
(0 000 S8 - 2
_ =l || 524(0)

V(1) = v(0), Vg 0)) + -
= 9(0)|al|*/m.

Similarly, we have

<vvg<0> + () - w0 I (7ug0) + GED (w0 - v(o)) %j§3>> = 4(0) o) /m.

md

As a result,
M+ 1) = 20 + o) —yy2agey - A2 <<t> Vgt
=20+ 020 ) - 2 () - 420,

For g, we plug the update equations for u and v in the expression of g(t 4+ 1) and we can get
g(t+1) = g(0) + (u(t + 1) — u(0), Vug(0)) + (v(t + 1) — v(0), Vvg(0))

5 2
7o) (v<t> ~nlg(t) ~ v) (va@) + (ur) - “<0>>T%f§3)> - V(O)>>

= 400 = 1(0(0) = ) ( Tug(0) + GEL(v(0) - v(0). Tug(0))
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Therefore,

o (1_ 2l o o _
gt+1) —y = (1 —=nAt) + mdn(g(t) y)g(t) ) (g(t) —y).

B.2 MULTIPLE TRAINING EXAMPLES

We follow the similar notation on the first and second order derivative of g with Appendix B.1.
Specifically, for k € [n], we denote

Vugk(0) := Vug(u,v;zy)

u=ug,v=Vg

Vvgr(0) := Vyg(u,v; )

u=—up,Vv=Vq

92g1(0) o 0?g(u, v; xp)

dudv AoV | i veve
By GD with learning rate 7, we have the update equations for weights u and v at iteration ¢:
829k (0)
t 1 u 0 t) — 0 )
u(t + 77;:1: () = ) (Vasn0) + ZED (v(t) - v(0)
- aQQk (0)
T
i+ 1) = Vi) =1 Do) ~ ) ) (Fen ) + )~ oy ZED ).

We consider the evolution of K (¢) first.

iyt 1) = (a0 + T2 v(e+1) =0, Va0 + ZED (vt +1) - vi0)) )
(Ve O+ (e 4 1) - <>>Tag§) 0,(0) + (u <t+1>u<o>>Ta;i§3)>
=Ki,j(t)—<na;ib - (0k0) 1) (Foou0) () — )" G2 ).
Vags(0) + 3;3;;3) (v(t) - (o>>>
- <na;ﬁ§3> 0600 0 (Foaut0) + 00 w0 D) Fu) + G vt <o>>>
v <na;§§§? > aul0) ) Voant0) (o)~ w0 5250
n200) él(gk(t) ) (Fu0n(0) + (ult) - u<o>>T8;ﬁ’;§3))>
—<na;ﬁ§3) 6000 -0 (Fuant0) + St v) vvgz<0>+<u<t>—u(O))Ta;ﬂigv)>
—<na;ﬁ’§3> > 0u10) ) (Vugel0) + SGo v ~v(0) ) Ty 0+ u0) - <o>>Ta;ﬂg(3>>
+<na;ﬁ§3) I;(gk(t) ) (un0) + ZED ) - v(0).
n200) §<gk(t>—yk> (Fugn(0)+ Z20 v - (o>>)>
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We separate the data into two sets according to their sign:
Sp={i:z;>0,ien]}, S_:={i:z; <0,i€[n]}

We consider two scenarios: (1) ; and x; have different signs; (2) ; and x; have the same sign.

(1) With simple calculation, we get if x; and x; have different signs, ie., i € Sy,j € S_ or
1e€8_,j €84,

99:(0) 9°g;(0) 9g:(0) 9g:(0)
oudv Oudv 0 dudv Vug;(0) =0, duav VY (0)=0.
Without lose of generality, we assume ¢ € S, j € S_. Then we have
Ki’j(t + ].) = Kl’j(t)
(2) If z; and x; have the same sign, i.e., i,5 € Sy ori,j € S_,
9gi(0) 0%g;(0) 1 3%g:i(0)  *gi(0) 9%;(0)

oudv Oudv  /m Oudv T hudy Vug;(0) = \/anugi(O)xj, oudv v9;(0) = ﬁvvgi(o)%'

Fori,j € S4, we have

Kiy(t+1) = Kij(t) j”m 3 @ - <vak(0) + (u(t) —u(o) 2940
2.
Va0 + G2 (0 - vO))
2 2.
- = 3ttt - (Fun0) + ZED (v(0) - v(0). Vg 0) + (ult) — )" G4 )
2
| 3 00 - ) (70000 + (utt) — )7 S0
Ly 3 (0600 - 0) (an0) + S v0) - v(0))
kes,

= Koyt = i 3 (onl0) — wdan(t) + i ((8(6) — ¥) ©ma)T K(0) (8(0) - y) 0 my)
keS,

= Kiglt) — Ly ((8(1) ~ y) 0m.)” (() ©ms)
72
+ iy (g6) — ) o ma) T K() (8(0) ) 9 ms).

Similarly, for ¢, j € S_, we have
Kot 41) = Ky (t) ~ e (g(6) —y) o m )7 (8(t) om)
+ Ly (g0 —y) om-) K1) (g(1) ~y) om-).

Combining the results together, we have

K(t+1) = K(0) + - (&(0) ~ y) 0 me)” K(2) (&0) ~y) 0 m) pi]
+ " (g(t) ~v) om )T K() (8(0) ~y) 0 m) pop
~ (1)~ y) o me)” (gt) @ ) pyp]
~ M (g(r) -~ y) o m )" (a(1) o m ) pap.
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Now we derive the evolution of g(¢) — y. Suppose i € S;. Then we have

gi(t+1) = gi(0) + (u(t + 1) — u(0), Vugi(0)) + (v(t + 1) = v(0), Vvgi(0))

)
i <u<t 1) -u©), 22O 4 1) v<o>>

oudv

n 2
= git) <Z<gk< )= ) (Vun0) + S v(0) - v(0))) ,vugi<o>>
— <¥ ) (e 0) + () — w0 S ,vvgi<o>>
n< () =) (Va0 + Z2 D (v - v0))) . 54D (w10 - vi0)
k=1
- 92g1(0) 9%g:(0)
n<2 ) (Fvau(0) + () = w0 2D () (o) >
e < (96(0) ~ ) (vugk<o> + 80 (o - vion)
k=1
6;‘1’33 w0 =) (Tuae(0)+ w0 - u(O))Taaﬂ‘j;i’)»
=0 > (gr(t) = ye) Kia(t) + g D> (gk(t) =) (95(t) — y5)g;(B)aws.
keS, keS, jES,

Similarly, for i € S_, we have

gi(t+1) = gi(t) = Y (gr(t) — ye) Kea(t +% DD (gk®) =) (g5(t) — yj)gs(B)aws.

keS_ keS_fjesS_
Combining the results together, we have

gli-+1) =y = (1= 1K)+ L ((6(0) ~3) @m0 (610) © )i

2
+

S

(&(t) —y) ©m_)"(g(t) © m_>p2p§) (&)~ y).

C OPTIMIZATION WITH SUB-CRITICAL LEARNING RATES

Theorem 4. Consider training the NOM Eq. (10), with squared loss on a single training example

logm

by GD. With a sub-critical learning rate 1 € |[e, 2)\—_0‘] with e = © (W)’ the loss decreases

exponentially with

1 2
L(t+1)< (1 -04+0 (m5)> L(t)=(1—65+0(6)*L(t),
where § = min(nAg, 2 — nAg).
Furthermore, sup, |A(t) — A(0)| = O (55).
We use the following transformation of the variables to simplify notations.

]

md

2
]

u(t) = n*(g(t) —y)?, w(t) = n*(g(t) —y)y, o(t) =nA(t).

md

17



Published as a conference paper at ICLR 2024

Then the Eq. (11) and Eq. (12) are reduced to

u(t+1) = (1 —v(t) +u(t) +w(t)*u(t) := x(t)u(t)
v(t+1) =v(t) —u(t)(4 —v(t)) — dw(t).

At initialization, since |g(0)| = O(1), we have u(0) < C,/m for some constant C;, > 0. As
lw(t)| = CT;;@) where C' := "”%{Uyl > 0, we have |w(0)| < C,C/m?3/2. Note that by definition,
forall ¢ > 0, u(t) > 0 we have v(t) > 0 since A(t) is the tangent kernel for a single training
example. From the definition of §, we can infer that § < 1.

In the following, we will show that if v(0) € [¢,2 — €] withe = O (%) , then there exist constant
C.,C, > 0 such that for all ¢t > 0,

C\ 2 C,
w(t) < (1 ot mé) <L Jelt) —o0)] < O

if C, >9C, + (C, + C,C)d and m satisfies

120, V6C,
m>max{62,63/2,0 }

Given the condition on m, we have (1 — J + %)2 < 1.
We will prove the result by induction. When ¢ = 0, we have

#(0) = (1 — v(0) + u(0) +w(0))* < (1—6+C“+%C)2< (1—6+C”>2,

m 3/2 mé

where we use the assumption Cy, > (C,, + C,,C)6.
Therefore the result holds at ¢ = 0.

Suppose when ¢ = T the results hold. Then at ¢ = T + 1, by the inductive hypothesis that w(t)
decreases exponentially with £(t) < (1 -0+ %)2, we can bound the change of v(T + 1) from

[o(T +1) = v(0)] = Y ult)(4 = v(t)) + 4w(?)|
t=0

<S4 = v+ 4lw()]

t=0 t=0
< max [o(t) — 4] - u(0) — uw(T) maxyeo,7) k(1) N w(0) — w(T) maxepo,r) v/k(t)
te[0,T] 1 — maxeo,1) K (1) 1 — maxycio, ) /K(t)
<4 u(0) w(0)
~ 1l —maxicp k(t)  1-— max;e[o, 7] V()
Cy/m C,C/m3/?

<4
=S T TG
< QC’u.
- mé
For the summation of the “geometric sequence” i.e., {u(0), u(1),- - ,u(T)} where u(0) and u(T)

have the determined order but the ratio has an upper bound, we use the maximum ratio, i.e., max ()
in the denominator to upper bound the summation.
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For 1 — maxyc[o,7) x(t), we use the bound that

2 2
2 2
1—(1—5+C’“> _ogogro Ge C*”"+ Cn
mo

m282  md m
6 6 4
>0—=—=—=
- 6 6 6
)
> a0
-2
where we use the assumption on m.
Furthermore,
K(T+1) =1 —v(T+1)+uT+1)+wT+1))>
=(1-v(0) +v(0) — (T + 1) + w(T + 1) + w(T +1))?
9C, C,  C,C\*
<(1-9¢ —
_< Jr7n(5+7n+m3/2)

2
< (1_5+@) .
mé

Here we use the assumption C,;, > 9C,, + (C,, + C,,C)4.

Therefore, we finish the inductive step hence finishing the proof.

D PROOF OF LEMMA 1
We present the formal statement of Lemma 1:

Lemma 1. Consider constants C,,,C!,C,,Cy,Cc > 0 which satisfies C,, > 28C! + CI§ +
C\/C! where C = n|jz|||y|/Vd, and C,, > 28C".. If m satisfies

{ C.6 (2Cu + 40\/010)2 57602
m > max

Cu(C+1)’ cC SNE 7GXI)(CU(S),e)(p(zl:CK)} ,

then with high probability over random initialization of the weights, the following holds: for
v
T > 0 such that sup,c(o ry u(t) < Cud

— logm’

2
(140 = 28 )" > 1 and sup,epo py lo(t) = v(0)] < &2

lo, logm*

u(t) increases exponentially with ratio inf,co ) k(t) >

Proof. Due to the random initialization of the weights, we have with probability, there exists con-

stant C,, > 0 such that |u(0)| < C,/m. As |w(t)| = CT:@(”’ where C' := % > 0, we have
[w(0)] < 45

We prove the results by induction.

Recall that 6 := nX\g — 2 € [¢,2 — €] where € € [C. logm/\/m, C.logm/\/m] for some constant
0<C.<CL

When t = 0, as v(0) = Ao = § + 2, we have
k(0) = (1 —v(0) + u(0) + w(0))?
= (1= (6 +2) + u(0) + w(0))?
= (14 — u(0) — w(0))>.
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.. (o)
Based on the condition on m that m > caetn e have,

(146 —u(0) —w(0))? > (1+5C“ Cu C)

m3/2

m
> (1+5_Cu_cu0)
m

m

2

> (1+6— C’“5> :
logm

2
And by the condition m > (% VC) , we get

ke

10VT,

[0(1) = v(0)] < [u(0)[2 = 6] + 4|w(0)] < 2Cu/m + — 37~

Therefore the results hold at t = 0.

< Cyd/logm.

Suppose when ¢t = T” the results hold. Then at t = T' + 1 by the inductive hypothesis that u(t)
c. 62

logm’

increases exponentially with a rate at least (1 +0-— 1%;) from u(0) < Cy,/mtou(T') <
we can bound the change of v(t):
7
lo(T" +1) —v(0)| = Zu(t)(v(t) —4) + 4w(t)

t=1

IN

tér[%a%/ [v(t) 4\2 +4Z|w

U(T )mlnte[o,T'] £(t) | Jw(T)| mingepo, ) v/ k()
< max |v(t) — 4]— +4—
te[0,17] mingep, 7 K(t) — 1 mingepo, 7] /K(t) — 1

(22)-a+0y2

1+5—(%))2—1

IN

te[0,T

(max lu(t) — (0)|+|v(0)—4|> (

C,\/Ci06
((SE8) v

o))

+

<(oa_s4 (o) 9C! o 24C\/C’
- logm logm \/mlogm
!
§28C’u(5. (18)
logm

Here are the techniques we used for the above inequalities: for the summation of the “geometric
sequence” i.e., {u(0),u(1), - ,u(T")} where u(0) and u(T") have the determined order but the
ratio has a lower bound, we use the smallest ratio, i.e., inf x(t) to upper bound the summation.
Specifically, we apply the following inequality to bound the summation:

T’ T’ T’

T 1 i n k(t
Zu(t) < . u — = u(T") . — < u(T) .mmte[O’T L0 :
t=1 t=1 (mlnte[O,T/] Fé(t)) =1 (m1nt€[07T,] Ii(t)) min,ep, 7] K(t) — 1

Additionally, sine m > exp(4C,;d), we used the inequality
2 2
1+06— Cud \* g (g2 G0 2+2(1- Cd 1\ 5
logm logm logm

>2<1— C“5>5>6,

logm

20



Published as a conference paper at ICLR 2024

and (1 +4§— (155;;)) -1> g to bound the denominator of the summation of the geometric
sequence.

24C/C!, /
v < C, o
vmlogm — logm

And we further used the inequality 0 < § < 2 and
the final upper bound.

by the condition on m to get

Consequently, by the assumption C,, > 28C",4, we have |[v(T" 4 1) — v(0)] < ;22

logm*

Now we bound the ratio x(7" 4 1). By our assumption, u(7" + 1) < u(T) < . and we can

— logm?

similarly bound |w(T" + 1)| < 5"7 :lf)j;fn as |lw(T’ 4+ 1)| = Ci%lﬂ)

And the rate k(7" + 1) satisfies
KT +1) =1 —o(T +1)+wT +1) +w(T +1))>
= (1= 0(0) +v(0) — (T + 1) + w(T' + 1) + w(T’ +1))°
=(1+6+v(T +1)—v(0) —u(T +1) —w(T' +1))*.

Note that |v(T" + 1) — v(0)| < iigﬁf by Eq. (18). By the assumption that m > exp(4C};) and
C, >28C! +Clé+C\/C! , wehave § > [v(T' +1) —v(0)| + u(T" + 1) + |w(T" +1)|.
Consequently, we can get
k(T +1)=04+6+v(T"+1)—v0) —u(T'+1) —w(T' + 1))
> (140 —[o(T' + 1) = v(0)| — w(T" + 1) — [w(T’ +1)])°
2
> (140 28C15  Cl6? C.\/Clo
- logm  logm +/mlogm
2
> (1 +6— C ) .

logm

2

2 b
Since m > exp(4C,), we have (1 +§ — Ead ) > (1+ %6)2 > 1.

logm

Then we finish the inductive step hence finishing the proof.

E PROOF OF LEMMA 2
A formal statement of Lemma 2 is as follows:

Lemma 2: Under the condition of Lemma 1, if we further assume that m satisfies

’ Cl(C. —2C1) — 8C\/T,
m>max{exp<2cu6>,256c exp(5<c;+40@>),exp< u(G —2G,) ~8CVC,

(Cc—Cy2C,”
where C! := 18C! + 2C,, and C,, > 4C\/C!, C. > 2C!, then with high probability over random
initialization of the weights, the following holds: there exists 7* > 0 such that u(7T*) = O ( L )

m

20CC,

Proof. The main idea of the proof is the following: as u(¢) increases, v(t) decreases since u(t)(4 —
v(t)) > w(t) = O(y/u(t)/v/m) in Eq. (14) and u(t)(4 — v(t)) < 0. Furthermore, the increase
of u(t) speeds up the decrease of v(t). However, v(t) cannot decrease infinitely as v(¢t) > 0 by
definition. Therefore, u(¢) has to stop increasing at some point and decrease to a small value.

We first show that by the choice of the learning rate that 4 — v(0) > € where ¢ = © (%) we

will have 4 — v(¢) > 0 for all ¢ in the increasing phase. Recall that § := nX\g — 2.

21
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2/3
. e . 48C./C!
Proposition 1. Under the condition in Lemma 1, if we further assume m > exp ( o) “) ,
then for T > 0 such that su u(t) < Cud” ' \ve have o(T) < 4 — Eelogm
ptE[O,T] — logm’ 2vm

See the proof in Appendix H.1

Given the constant C}, in Lemma 1, we define the end of the increasing phase by 77, i.e.,

/52
Ty :=sup {t cu(t) < lig(jn} . (19)

We further show that there exists T» > T} such that v(T5) < 3.

Note that we indeed can show that there exists T% such that v(T2) < C where C' € (2,4) is a constant
independent of m. Here for the simplicity of the presentation, we take C' as 3. Furthermore, we note
that 7, T» depends on m.

Before that, we present a useful result that controls the decrease of v(¢):

Proposition 2. For t such that v(t) < 4, if u(t) > rn(%g(t)ﬂ’

thenv(t + 1) < v(t).
See the proof in Appendix H.2.

Now we are ready to show the existence of 75 such that v(T5) < 3.

Proposition 3. Under the condition of Lemma 1, if we further assume that m satisfies

2/3
202 48C\/C} 16C2
m > max  exp (@?;) ,exp (2C, + C.) ,exp (CU> , 66”6; ,

and C!, > 4C?, there exists Ty > Ty such that v(Ty) < 3.

See the proof in Appendix H.3
Since v(T3) < 3 hence 4 — v(T3) > 1. Simply using Proposition 2, we get
Proposition 4. v(t) keeps decreasing after T» until u(t) = O (L).

m

By definition v(¢) = nA(t) where A(¢) > 0, v(¢) will not keep decreasing for ¢ — oo hence there
exists T* such that u(T*) = O (%) And it indicates that the loss will decrease to the order of
O(1).

F PROOF OF THEOREM 2

We compute the steady-state equilibria of Eq. (13) and (14). By letting u(t+1) = w(¢t) and v(t+1) =
v(t), we have the steady-state equilibria (u*, v*) satisfy one of the following:

(D) u*=0,v" €R;
2) |1 —v*+u*+w*|=1,u"(4—v*) +4dw* =0.

2
As w(t)? = C%(t) where C' := ’7”3%'@" > 0, we write w as a function of u for simplicity, hence

w* = w(u*).

As the dynamics equations are non-linear, we analyze the local stability of the steady-state equilibria.
We consider the Jacobian matrix of the dynamical systems:
2(17v+u+w)(l+%)u+(17v+u+w)2 21 —-v+u+wu .

J(u,v) = 07474% 1+u
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We analyze the stability of two equilibria separately.

For Scenario (1), we evaluate J(u, v) at the steady-state equilibrium (u*, v*) then we get

* *\ _ (1 - U*)2 0
T ) = ey gaw ]

We get the two eigenvalues of J(u*,v*) are 1 and (1 — v*)2. We will show the Lyapunov stability
of the equilibrium (u*,v*). Specifically, we apply Theorem 1.2 in ( ). We find the
domain

D = {(u,v) : u < Cq, v —v*| <min(|Cy — v*|,|2 — Cy — v*|},

where C; = ©(1/m) and Cy = ©(1/y/m), and the Lyapunov function V (u,v) = u + (v — v*)%
It is not hard to verify that V' is locally Lipschitz in D as V' is continuous in a compact domain.
Furthermore, we can see that (u*,v*) with u* = 0,v* € [¢,2 — €] where ¢ = O(logm/\/m)
satisfies the condtions Eq. (3,4) in Theorem 1.2 in ( ). Therefore, (u*, v*) with u* = 0
and v* € [¢,2 — €] is a stable equilibrium point.

For Scenario (2), we again evaluate J(u, v) at the steady-state equilibrium (u*, v*) then we get

—2u* + %f +1 2u*

J(U*7v*): [ 2{ 1+u*|’

mu*

where we replace v* by 4 + 4w™ /u* based on the second equality in Scenario (2). Note that u* (4 —
v*) > 0 since v < 4 during the whole training process, therefore we have w* < 0 to achieve the
equilibrium.

We can compute the eigenvalue of J(u*, v*) then we get

C u* 1 C C2/u* Cu*
=14 ——Vu — — + Z(u")V4 16— —
AJ +2mﬁ 5 F5) 6\% -~ +6m

— 9(ur)3/2i.

Note that when Scenario (2) holds, there are only two possible cases

2.1) u* =0(1/m),

w*| = 6(1/m) and v* = O(1);
(2.2) u* =0(1/m), |jw*| = O(1/m) and v* = O(1/m).

For (2.1), by the first equality v* = 2 —u* +w* € (1, 2). Then plugging v* into the second equality
yields u* € (%%27 2%)

For (2.2), by the second equality that u*(4 — v*) + 4w* = 0, we have u* = %2 +o(1/m).

By computing the modulo of A ;, we have

5C ) 1
|)\J|7l+ﬁ\/u7—u +0<m)

Therefore, for both (2.1) and (2.2) we have |A ;| > 1 which indicates (u*,v*) is unstable.

G OPTIMIZATION WITH 7) > Npax

Theorem 5. Consider training the NOM Eq. (10), with squared loss on a single training example

by GD. If the learning rate satisfies n € [4;;6, oo) withe = © (I%L), then GD diverges.
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Proof. We similarly use the transformation transformation of the variables to simplify notations.

xr 2 € 2
u(t) = 2209 2w = o)~y vy = mae.

md
Then the Eq. (11) and Eq. (12) are reduced to
u(t+1) = (1 —v(t) +u(t) +w(t)>u(t) := x(t)u(t)
v(t+1) =v(t) —u(t)(4 —v(t)) — dw(t).

1
logm

We similarly consider the interval [0, 7] such that sup;c 7 u(t) = O < ) By Lemma 1, in

[0, 7], u(t) increases exponentially with a rate sup;c(o 77 #(t) > 9. We assume [w(t)[ > |u(t)(4 —
v(t))| for all ¢t € [0, T, which is the worst case as v(t) will increase the least. By Lemma 1, we

have EtT:O lw(t)| =0 (ﬁm) , which is less than e. Therefore, we have v(T") > 4.

Then at the end of the increasing phase, we have |u(77)(4 — v(T1))| = Q(1/+/m) is of a greater
order than |w(T1)| = O(1/v/mlogm), hence v(t) will increase at T7. Note that x(77) = (1 — 4 +
0(1))?2 = 9+ o(1), hence u((t) also increases at T7.

It is not hard to see that v(¢) will keep increasing unless u(t) decreases to a smaller order. Specif-
ically, if |u(t)(4 — v(¢))| = [4w(t)|, it requires u(t) to be of the order at least O(1/+y/logm) (by
letting eu(t) = O(w(t)) = O(y/u(t)/m)), which will not happen as x(t) = (1 —v(t) +0(1))? > 1
and it contradicts the decrease of u(t).

Therefore, both u(¢) and v(t) keep increasing which leads to the divergence of GD.

H PROOF OF PROPOSITIONS

H.1 PROOF OF PROPOSITION 1

Proof. Note that4 —v(0) =2 -9 > C"l% by definition, where C. > 0 is a constant. To show
4 —o(T) > €elosm 4 qufficient condition is v(T) — v(0) < Clogm,

N N
Specifically, we will prove for 7' > 0 such that sup, ¢ o 7} u(t) < lcoi;—‘:, the following holds:

4 24C\/C7,
o(T) —v(0) < 4; lw(t)] < Vmlogm’

where C,C/ are the same constants defined in Lemma 1. Then by the condition that m >

_\ 2/3
exp (480 C’“) , we have v(T') — v(0) < Zeloam,

C. 2/m
We will prove the result by induction.
When T' = 0, the result holds trivially.

Suppose T' = T” the result holds. When T' = T” 4 1, since v(T") — v(0) < 0, we have v(T") < 4.

Therefore, by the update equation of v(t) Eq. (14), we have
(T +1) =v(T") —u(T")(4 —v(T")) — 4w(T")
<o(T") — 4w(T")
< o(T") + 4w(T)].

Then v(7" + 1) —v(0) = v(T" 4+ 1) —v(T") + v(T") — v(0) < ZZ;SA [w(t)].

By Lemma 1, we have Z;T:/gl lw(t)] < \2/4517 :)gc;; Indeed, this inequality holds for any 7" 4 1 such

that s (t) < Su®
al bupt€[07T/+1] u -~ logm'
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Therefore, we finish the inductive step hence finish the proof.

O
H.2 PROOF OF PROPOSITION 2
Proof. A sufficient condition for v(t) to decrease is
4C\/u(t
u(t)(4 —ov(t)) > 4|w(t)| = \/mu()
If u(t) > m(%f(t)ﬂ’ then the above condition is satisfied. O

H.3 PROOF OF PROPOSITION 3

Proof. Note that for t € [0, 7}], the change of v(t) satisfies sup, |v(t) —v(0)| < £22 by Lemma 1.

logm

Ford < 1— 529 ie,v(0) < 3— 52 wehave v(T1) < v(0) + |[v(Ty) — v(0)] = 246 + |v(0) —

logm? logm>

v(T1)| < 3. Therefore, the existence of T, can be guaranteed by simply letting 7o = T7.

Ford > 1 — Cyd ie,v(0) >3- Cud_ e will show there exists T5 > T3 which depends on m

logm? logm?

such that v(T3) < 3.
We prove the existence of T5 by contradiction. Suppose that for all t > T} + 1 we have v(t) > 3.

For the simple case that if all u(t) > m(ﬁif(m% then by Proposition 2, v(t) keeps decreasing which
will ultimately lead to v(t) < 3.

Suppose there is an iteration ¢ > 77 + 1 such that u(t) < ﬁ. The following Proposition

—_ m
guarantees that v(t) will decrease to a smaller value after ¢ once such ¢ occurs. Therefore, we can
find TQ.

Proposition 5. Under the condition of Lemma 1, suppose m further satisfies

202\ 1602
m > max {exp <7g§6§2’ > ,%,exp (2C, +C€)},

where C!, > 4C>.

Then if there is T > 0 such that u(T) < 771(4_471?@))2 and v(T) > 3, we have v(T' +2) < v(T) and
u(T +1) > W, where T' is the end of the increasing phase starting from T.

See the proof in Appendix H.4.

H.4 PROOF OF PROPOSITION 5

c’

Proof. Since u(T) < 1607

— logm crz
increasing phase from T'. We denote the end of the increasing phase starting from T by 77, i.e.,

by the assumption that m > the training dynamics falls into the

! 2
lesup{t:u(t)< Cud 7t>T}.
logm

We will prove the result by induction.
Suppose T is the end of the first increasing phase, i.e., 7/ = Tj. By proposition 1, v(T}) <

4 — 0521%. And the magnitude of (7} + 1) can be lower bounded by

C/
T; 1) > u
u(T + )*410gm7

(20)
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Vi
where we use § > % by the assumption on m that and plug ¢ in Gy 0

logm*
Note that when m > exp (28CY,), § > 3 is necessary for v(T7) > 3 as [v(T1) — v(0)] < %igc;,;f by
Inequality (18).
Furthermore, with the above bound on u (77 + 1), we have
U(Tl + 1) = ’U(Tl) — U(Tl)(él — ’U(Tl)) — 4w(T1)
Cclogm C! Cc.logm
<4- 4 4|lw(T
- 2y/m +410gm 2y/m 4w ()|
<d4_ Cclogm ~ CC. 2,/C!
- 2/m 8y/m  /mlogm
C.logm
<4 - ——-. 21
< L/m 2D

Consequently, when C!, > 4C?% and m > exp (2C), + C.), we have
U(Tl + 1) = I{(Tl)u(Tl) = (1 - ’U(Tl) + U(Tl) + ’LU(Tl))QU(Tl)

2
! c\Cl !
< (1_4+C€logm+ C, " ) C,,

4v/m 4logm + 2y/mlogm | 4logm
9C!,
~ 4logm’

Therefore, at T} + 1, we have

4C/u(Ty + 1
v+ 1) —v( +2) >u(li+1)4d—ov(Th +1)) — \/(ﬁl)
Cl!  Cclogm 3 SC’\/CT’L
~ 4logm 4y/m vmlogm
enes 6C/C!
~16ym /mlogm
C! C.
> b
— 32¢ym

256C>
9CTC? )

where we use the assumption that m > exp (

Note that the increase is caused by the term w(¢) since forall ¢ € [T, T1+1] we have u(¢)(4—v(t)) <
0. Then we have the maximum increase during [T, 77 + 1] be bounded by

Ty +1
24C\/C!
o+ 1) —o(T) < 3 Afw(t)] <
= vmlogm

where we use Eq. (18) in the proof of Lemma 1.

By the assumption on m that m > exp (76652%2 ) we have v(T + 2) < v(T).

If there is 7 > 0 such that u(T) < 4 while v(T") > 3, there is another increasing

70 -
N = m(d-v(D))?
phase. Since v(T') < v(T), we can apply the same analysis under the same condition to show

v(Ty +2) < v(T), where T} is the end of the increasing phase starting from 7". Therefore, we finish
the inductive step hence finish the proof.

O
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H.5 PROOF OF PROPOSITION 7

Restate Proposition 7:  For any u,v € R™, rank(K) < 2. Furthermore, p,, p, are eigenvectors
of K, where p1; = viljies,y, P2,i = Tilgies_y, fori € [n].

Proof. By Definition 1,
m

1 o
Kij=— D + u) T e 20 L, 201, 655 € [1]-
k=1

By definition of eigenvector, we can see

n
1
E K;ip;, = —
LI =y,
n m

= Z x?ﬂ{jesﬁg Z(vi + ui)xil{ukziZO}ﬂ{ukijO}
j=1 k=1

(vk + ) 273 2,20y Liuga, >0 Ljes, }

J

n m

1k=

_

n m
1
= xi]l{mies+} inl{j68+}a Z(’Ui + ui)ﬂ{ukIJZOP
j=1 k=1
where we use the fact that if z;x; < 0, K; ; = 0.
As pri = xilges,y and Y a3l es 1o dopey (Vi + 43)L(u,e,>0p does not de-
pend on i, we can see p1 is an eigenvector of K with corresponding eigenvalue \; =

Z] 175 1{J€S+} m Zk 1(% + uk:)]]‘{uka>0}
The same analy51s can be apphed to show p, is another eigenvector of K with corresponding

Ay =300 wi es yon Doen (U7 + uR) Luge, >0)-
For the rank of K, it is not hard to verify that K = A\;p;p? + A\op,pl hence the rank of K is at
most 2. 0

I SCALE OF THE TANGENT KERNEL FOR SINGLE TRAINING EXAMPLE

Proposition 6 (Scale of tangent kernel). For any 6 € (0,1), if m > ¢ log(4/5) where ¢’ is an
absolute constant, with probability at least 1 — §, ||z /(2d) < X\(0) < 3||z||?/(2d).

Proof. Note that when t = 0,
1 < T 2 1 i 2
0) = o ; (uo,iml{ug’imzo}) d ; )2 ||? (1{u§im20}>

According to NTK initialization, for each i € [m], vg; ~ N (0,1) and ug; ~ N (0, I). We consider
the random variable

T
G=ug @l oooys &= voalrgr o501

it is not hard to see that (; and &; are sub-guassian since ug’ix and vy ; are sub-gaussian. Specifically,
forany ¢t > 0,

P{IGi| > t} < P{Jug ;| > t} < 2exp(—1?/(2]z[*)),

P{|&i] > t} < P{lvo.| > t} < 2exp(—t7/2),
where the second inequality comes from the definition of sub-gaussian variables.

Since §; is sub-gaussian, by definition, ¢2 is sub-exponential, and its sub-exponential norm is
bounded:

€71, < ll&l%, < C,
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where C' > 0 is a absolute constant. Similarly we have [|;[|%, < C|lz|>.

By Bernstein’s inequality, for every ¢ > 0, we have

P >ty <2 i r ¢
> < 2exp [ —cmin = , ,
Doim €211, " maxx; [|€7 |,

where ¢ > 0 is an absolute constant.

m

m
253—5

=1

Letting ¢ = m/4, we have with probability at least 1 — 2 exp (—m/c’),

- 3m
<L

MS

where ¢ = ¢/(4C).
Similarity, we have with probability at least 1 — 2 exp (—m/c’),

lel2 < Zéz < lel2

As a result, using union bound, we have probability at least 1 — 4exp (—m/c’),

_ 3z

J SCALE OF THE TANGENT KERNEL FOR MULTIPLE TRAINING EXAMPLES

Proof. As shown in Proposition 7, p; and p, are eigenvectors of K, hence we have two eigenvalues:

pi K(0)p, p3 K(0)p,

)\1(0) ==
P 1% (12

;o A2(0) =

Take A1 (0) as an example:

n m
A(0)]py 1> = Z 2% Lz, >01 1z; >0 Z(Ug,k + Ug,k)xixj]l{uo,kxizo}ﬂ{uo,kwj >0}

ij=1 k=1
m
= (U(Q),k + Ug,k) Liu,, k>0} Z L '1{9020}]1{%20}-
k=1 i,j=1
Similar to the proof of Proposition 6, we consider x := vg Ly, >0} Which is a sub-gaussian

random variable. Hence &7 is sub-exponential so that ||£Z]|,, < C where C' > 0 is an absolute
constant. By Bernstein’s inequality, for every ¢ > 0, we have

m 2
P >ty <2exp| —cmin t t
- i m ) )
Pt Sty G211, T max [|€F .y,

9 m
> &-5
where ¢ > 0 is an absolute constant.

Letting t = m /4, we have with probability at least 1 — 2 exp (—m/c’),

where ¢ = ¢/(4C).
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The same analysis applies to (x := ug rL{y, >0} as well and we have with probability at least
1—2exp(—m/c),

MS

- 3m
<L

As a result, we have probability at least 1 — 4 exp (—m/c’),

m

1
A (0)lp, |I? = - Z(Ug,k +05.1) (L{ur(0)>0}) Z 27231y, 501 Lz, 500
i=k ,j=1

n

1 2.2 3 S 2.2
5 2 a0y e, 200 5 Y 20 a0y 1w, 20)

i,j=1 1,5=1
Applying the same analysis to A2(0), we have with probability 1 — 4exp (—m/c),

m

1
A2(0)]|po |1 = o > (g +v58) (Lun=0}) Z 2725 (4, <01 Lz, <0}
i=k ,j=1

1 - 2,2 3 S 2,2
5 2 Tt <oy e <0 5 D 7105 <0y e <0)

i,j=1 1,5=1

The largest eigenvalue is max{A;(0), A2(0)}. Combining the results together, we have with proba-
bility at least 1 — 4 exp (—m/c’),

1 3
M <||K(0)|| <=M
L < ) < S
where M = max{E;L»Flxzxil;{i{zoi]éi%>o}7 2= 1x£L 11;{;{§0i](l)]{»11<0} } . O

K ANALYSIS ON OPTIMIZATION DYNAMICS FOR MULTIPLE TRAINING
EXAMPLES

In this section, we discuss the optimization dynamics for multiple training examples. We will see
that by confining the dynamics into each eigendirection of the tangent kernel, the training dynamics
is similar to that for a single training example.

Since x; is a scalar for all ¢ € [n], with the homogeneity of ReLU activation function, we can
compute the exact eigenvectors of K (¢) for all ¢ > 0. To that end, we group the data into two sets
S, and S_ according to their sign:

Sy ={i:x;>0,ien]}, S_:={i:x;<0,i€][n]}.
Now we have the proposition for the tangent kernel K (the proof is deferred to Appendix H.5):

Proposition 7 (Eigenvectors and low rank structure of K). For any u,v € R™, rank(K) < 2.
Furthermore, p,, py are eigenvectors of K, where p1; = ;1 ;cs,y, P2,i = Tilyies_y,fori € [n].

Note that when all z; are of the same sign, rank(X) = 1 and K only has one eigenvector (either
P, or p, depending on the sign). It is in fact a simpler setting since we only need to consider one
direction, whose analysis is covered by the one for rank(K) = 2. Therefore, in the following we
will assume rank(K) = 2. We denote two eigenvalues of K (¢) by A1(t) and A\a(¢) corresponding
to p; and p, respectively, i.e., K (t)p; = A (t)p1, K(¢)py = A2(t)p,. Without loss of generality,
we assume A1 (0) > Ay(0).
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By Eq. (5), the tangent kernel K at step ¢ is defined as:
Kij(t) = (Vvgi(t), Vvg; (1)) + (Vugi(t), Vug; (1))

1 & o
= — > (@®)® + (0s(1)*) 25 L, 012,20} L{ue 01,205, Vi j € [1].
k=1

Similar to single example case, the largest eigenvalue of of tangent kernel is bounded from 0:

Proposition 8. For any § € (0,1), if m > c'log(4/5) where ¢ is an absolute con-
stant, with probability at least 1 — 6, M/2 < Apax(K(0)) < 3M/2 where M =

2, 2 2.2
max{ ti=1 T >0 e 201 207 =1 %5 %5 L e, <0} M {a; <0}

i1 @ ;>0 ’ iy @i, <0y

The proof can be found in Appendix J.

For the simplicity of notation, given p, m € R", we define the matrices K, mand Qp m:

Epm(t) == ((g(t) - y) @m)" K(1) ((g(t) — y) ©m)pp,
Qp.m(t) = ((g(t) —y) ©m)" (g(t) © m) pp”

It is not hard to see that for all ¢, K ,, and Qp », are rank-1 matrices. Specially, p is the only
eigenvector of K, », and Qp m.

With the above notations, we can write the update equations for g(¢) — y and K (¢) during gradient
descent with learning rate 7:

Dynamics equations.

,'72

g(t + 1) —y=|1- 77K(t) + E (Qplmur (t) + memf (t)) (g(t) - Y)a (22)
Rg ()
n? 4n
K(t + ]') = K(t) + E (Kppm-%— (t) + Kp2,m_ (t)) - E (qum-%— (t) + QpZ,m_ (t))’ (23)

Ry (t)

where m, m_ € R" are mask vectors:
my ;i = ljes,y, m—;i = les 3.

Now we are ready to discuss different three optimization dynamics for multiple training examples
case, similar to the single training example case in the following.

Monotonic convergence: sub-critical learning rates (n < 2/X;(0)). We use the key observation
that when ||g(¢)|| is small, i.e., O(1), and || K (¢)|| is bounded, then || Rg(t)|| and || Rk (¢)]] are of the
order o(1). Then the dynamics equations approximately reduce to the ones of linear dynamics for
multiple training examples:

gt+1) —y = (I —nK(t)+0(1)) (g(t) —y),
K(t+1)=K()+o(1).
At initialization, ||g(0)|] = O(1) with high probability over random initialization. By the choice
of the learning rate, we will have for all ¢ > 0, [|[I — nK(t)|| < 2, hence ||g(¢t) — y|| decreases

exponentially. The cumulative change on the norm of tangent kernel is o(1) since | Rk (t)|| =
O(1/m) and the loss decreases exponentially hence Y || Rx (¢)|| = O(1/m) -log O(1) = o(1).

Catapult convergence: super-critical learning rates (2/;(0) < 7 < min{2/X2(0),4/A1(0)}).
We summarize the catapult dynamics in the following:

30



Published as a conference paper at ICLR 2024

Restate Theorem 3 (Catapult dynamics on multiple training examples). Supposing Assumption 1
holds, consider training the NQM Egq. (10) with squared loss on multiple training examples by GD.
Then,

1. withn € [/\2;(5)7 /\22—(5)} , the catapult only occurs in eigendirection p;: IT; £ increases to

the order of (M) then decreases to O(1);

logm

2. withn € [ /\2;55), Af(&}’ the catapult occurs in both eigendirections p; and p,: II;L for

logm

i = 1, 2 increases to the order of ) (M> then decreases to O(1),

where e = © (I%).

The proof can be found in Appendix L.

For the remaining eigendirections ps, - - - , p,,, i.€., the basis of the subspace orthogonal to p, and
Pp,, we can show that the loss projected to this subspace does not change during training in the
following proposition. It follows from the fact that K, Rg(t) and R (t) are orthogonal to p;p! for
1=3,--,n.

Proposition 9. V¢t > 0, I, L(¢t) = I, L(0) fori =3,--- ,n.

Once the catapult finishes as the loss decreases to the order of O(1), we generally have 1 > 2/,
and 7 > 2/)\y. Therefore the training dynamics fall into linear dynamics, and we can use the same
analysis for sub-critical learning rates for the remaining training dynamics.

Divergence: (1) > Nmax = 4/A1(0)). Similar to the increasing phase in the catapult convergence,
initially ||g(¢) —y|| increases in direction p, and p, since linear dynamics dominate and the learning
rate is chosen to be larger than 7)..;;. Also, we approximately have 1 > 4/\;(¢) at the end of the
increasing phase, by a similar analysis for the catapult convergence. We consider the evolution of
K (t) in the direction p,. Note that when ||g(#)|| increases to the order of ©(y/m), g(t) ® m will
be aligned with p;, hence with simple calculation, we approximately have

L~ [EQINIAR

pi Rx(t)p - n(A1(t) —4n) > 0.

Therefore, A1 (t) increases since p! K (¢t + 1)p; = pT K(t)p, + pT Rk (t)p; > pT K(t)p;. As
aresult, ||[I — nK(t) + Rg(t)|| becomes even larger which makes ||g(t) — y|| grows faster, and
ultimately leads to divergence of the optimization.

L PROOF OF THEOREM 3

As the tangent kernel K has rank 2 by Proposition 7, the update of weight parameters w is in a
subspace with dimension 2. Specifically,
0g oL
—n— —I|t ,
15w g( )
where Jg /0w has rank 2. Therefore, to understand the whole training dynamics, it is sufficient to
analyze the dynamics of the loss in eigendirection p; and p,.

w(t+1)=w(t)

We will analyze the dynamics of the loss £ and the tangent kernel K confined to p; and p,. It
turns out that the dynamics in each eigen direction is almost independent on the other hence can be
reduced to the same training dynamics for a single training example.

We start with eigendirection p, . For dynamics equations Eq. (22) and (23), we consider the training
dynamics confined to direction p; and we have

ML) = (1= nAi(t) + pY Rg(D)py) THL(E) = ra (T L(1),
)\1(t + 1) = )\1(t> +p{RK(t)p1,
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where we use the notation IT; £(t) = 1 (g(t) — y,p;)°.

We further expand p? Rg (t)p; and p? Ri (t)p, and we have

2 2 2
P Re(®pr = “ILL(E) + - {(8() = ¥) @ miy O my).

2n 4n
PfRK@Mh::;ﬂhE@XnM@)*4)*;5<@@)*Y)®ﬂthycﬂn+%
Analogous to the transformation for Eq. (11) and (12) as we have done in the proof of Theorem 1,
we let
2

2 2
w(t) = SLILLE), wilt) = = {(8(t) ~y) Oma,y ©ma), vi(t) = gh(b).
Then the dynamic equations can be written as:
ui(t 4 1) = (1= v1(t) + ur(t) + wi(t)*ur (8), (24)
U1 (t + 1) = V1 (t) — ul(t) (4 — U1 (t)) — 4w1(t) (25)

Note that at initialization, ||g()|| = O(v/1) with high probability, hence we have u;(0) = O ()

and w1 (0) = O () (we omit the factor n as n is a constant). Furthermore, w1 (t)| = © %%Et) .

L
m
Therefore, both the dynamic equations and the initial condition are exactly the same with the ones

for a single training example (Eq. (13) and (14)). Then we can follow the same idea of the proof of
Theorem 1 to show the catapult in eigendirection p; .

Similarly, when we consider the training dynamics confined to p,, we have
un(t 4 1) = (1 — va(t) + ua(t) + wa(t))?us(t), (26)
Ug(t + 1) = Ug(t) - ’ILQ(t) (4 — Ug(ﬁ)) — 4w2(t), 27

where
21 n?
ua(t) = TLTL(), wa(t) = T {(8(t) ~y) Omoy Omo), valt) = mha(h).

Then the same analysis with Theorem 1 can be used to show the catapult in direction p,.

Note that when 2/X2(0) > 4/X1(0), the learning rate is only allowed to be less than 4/ (0)
otherwise GD will diverge, therefore, there will be no catapult in direction p,.

M  SPECIAL CASE OF QUADRATIC MODELS WHEN ¢(x) = 0

In this section we will show under some special settings, the catapult phase phenomenon also hap-
pens and how two layer linear neural networks fit in our quadratic model.

We consider one training example (x,y) with label y = 0 and assume the initial tangent kernel
A(0) = Q(1). Letting the feature vector ¢(x) = 0, the quadratic model Eq.(3) becomes:
1
gw) = SywIS(@)w.
For this quadratic model, we have the following proposition:
Proposition 10. With learning rate % <n< ﬁ, if Y(x)? = ||z||* - I, g(w) exhibits catapult
phase.

Proof. With simple computation, we get
g(t+1) = (1= nA(t) +y°[lz]*(9(1))*) 9(2),
At +1) = A(t) = llz]*(9(1)*(4 = nA(®)).

We note that the evolution of g and A is almost the same with Eq. (11) and Eq. (12) if we regard
~ = 1/m. Hence we can apply the same analysis to show the catapult phase phenomenon. [
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It is worth pointing out that the two-layer linear neural network with input z € R? analyzed in
( ) that

1
fU,v;z) = ﬁvTUa},

where v € R™, U € R™*% is a special case of our model with w = [Vec(U)”, vT]T, v=1/y/m

and
_ 0 Im®x md+m
HE <Im®mT 0 > € Rm+m,

N EXPERIMENTAL SETTINGS AND ADDITIONAL RESULTS

N.1 VERIFICATION OF NON-LINEAR TRAINING DYNAMICS OF NQMS, I.E., FIGURE 3

We train the NQM which approximates the two-layer fully-connected neural network with ReLU
activation function on 128 data points where each input is drawn i.i.d. from N'(—2, 1) if the label is
—1 or N'(2,1) if the label is 1. The network width is 5, 000.

N.2 EXPERIMENTS FOR TRAINING DYNAMICS OF WIDE NEURAL NETWORKS WITH
MULTIPLE EXAMPLES.

We train a two-layer fully-connected neural network with ReLU activation function on 128 data
points where each input is drawn i.i.d. from N (—2, 1) if the label is —1 or A/(2, 1) if the label is 1.
The network width is 5, 000. See the results in Figure 5.

350
2300
10" 300 K
=2 I
g 102 €050 LR =0.20 3 LR =0.20
> g LR=0.38 a0 LR =038
] @00 ® LR=045 ) = LR=045
‘®10t 2 S
g g » LR=0.60 = + LR=0.60
© 150 2 100
10" - a8>
100 @
0
0 20 40 60 80 100 0 20 40 60 80 100 0 2 40 60 80 100
lteration Iteration lteration
(a) Training loss (b) Largest eigenvalue of tangent  (c) Second largest eigenvalue of
kernel tangent kernel

Figure 5: Training dynamics of wide neural networks for multiple examples case with different
learning rates. Compared to the training dynamics of NQMs, i.e., Figure 3, the behaviour of of top
eigenvalues is almost the same with different learning rates: when n < 0.37, the kernel is nearly
constant; when 0.37 < 1 < 0.39, only A;(¢) decreases; when 0.39 < 1 < Mmax, both A;(¢) and
A2(t) decreases. See the experiment setting in Appendix N.2.

N.3 TRAINING DYNAMICS CONFINED TO TOP EIGENSPACE OF THE TANGENT KERNEL

We consider the corresponding dynamics equations (15) and (16) for neural networks:
ft+1) —y = —nK(t) + Re (1)) (£(t) — y), (28)
K({t+1)=K(t) — Rk(t). (29

Note that for NQMs, R¢(t) and Ry (t) have closed-form expressions but generally for neural net-
works they do not have.

We consider the training dynamics confined to the top eigenvector of the tangent kernel p, (¢):

(py (1), £t +1) —y) = (I —nAi(t) + ()" Re(t)py (1)) (p1 (1), £(t) — y),
pi()TK({t+Dp,(t) = M(t) — pr ()" Ric(t)py (2).

33



Published as a conference paper at ICLR 2024

We conduct experiments to show that p; (£)7 Re(t)p, (t) and p, (t)T Rk (t)p, (t) scale with the loss
and remain positive when the loss is large. Furthermore, the loss confined to p; can almost capture
the spike in the training loss.

In the experiments, we train a two-layer FC and CNN with width 2048 and 1024 respectively on 128
points from CIFAR-2 (2 class subset of CIFAR-10) and SVHN-2 (2 class subset from SVHN-10).
The results for NQM can be seen in Figure 6 and for neural networks can be seen in Figure 7.

r
Training loss

i [ s ; i [ g i [ § i G
Iteration Iteration Iteration Iteration

(a) FC on CIFAR-2 (b) CNN on CIFAR-2 (c) FC on SVHN-2 (d) CNN on SVHN-2

Figure 6: Training dynamics confined to the top eigenspace of the tangent kernel for NQM:s.

1 [ 5 o 2 i [ s i [ 3 1] 12 3 i G
Iteration Iteration Iteration Iteration

(a) FC on CIFAR-2 (b) CNN on CIFAR-2 (c) FC on SVHN-2 (d) CNN on SVHN-2

Figure 7: Training dynamics confined to the top eigenspace of the tangent kernel for wide
neural networks.

N.4 TRAINING DYNAMICS OF GENERAL QUADRATIC MODELS AND NEURAL NETWORKS.

As discussed at the end of Section 3, a more general quadratic model can exhibit the catapult phase
phenomenon. Specifically, we consider a general quadratic model:

1
glwim) = wT o) + SrwT S()w.
We will train the general quadratic model with different learning rates, and different -y respectively,
to see how the catapult phase phenomenon depends on these two factors. For comparison, we also
implement the experiments for neural networks. See the experiment setting in the following:

General quadratic models. We set the dimension of the input d = 100. We let the feature vector
o(x) = x/||x| where z; ~ N(0,1) i.i.d. for each i € [d]. We let X be a diagonal matrix with
¥, € {—1,1} randomly and independently. The weight parameters w are initialized by N (0, I).
Unless stated otherwise, v = 1073, and the learning rate is set to be 2.8.

Neural networks. We train a two-layer fully-connected neural networks with ReLU activation

function on 20 data points of CIFAR-2. Unless stated otherwise, the network width is 104, and the
learning rate is set to be 2.8.

See the results in Figure 8.
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Figure 8: General quadratic models have similar training dynamics with neural networks when
trained with super-critical learning rates. Panel (A): experiments on general quadratic models.
Smaller v or larger learning rates lead to larger training loss at the peak. Larger learning rates make
tangent kernel decrease more. Panel (B): experiments on two-layer neural networks. Larger width
(corresponding to smaller ) and larger learning rates have similar effect on the training loss at the
peak and decrease of tangent kernel norm with quadratic models. Note that width or -y seems to have
no effect on the tangent kernel norm at convergence.

N.5 TEST PERFORMANCE OF f, fiin AND fquad, I.E., FIGURE 2(B) AND FIGURE 4

For the architectures of two-layer fully connected neural network and two-layer convolutional neural
network, we set the width to be 5,000 and 1, 000 respectively. Specific to Figure 2(b), we use the
architecture of a two-layer fully connected neural network.

Due to the large number of parameters in NQMs, we choose a small subset of all the datasets. We
use the first class (airplanes) and third class (birds) of CIFAR-10, which we call CIFAR-2, and select
256 data points out of it as the training set. We use the number 0 and 2 of SVHN, and select 256 data
points as the training set. We select 128, 256, 128 data points out of MNIST, FSDD and AG NEWS
dataset respectively as the training sets. The size of testing set is 2, 000 for all. When implementing
SGD, we choose batch size to be 32.

For each setting, we report the average result of 5 independent runs.

N.6 TEST PERFORMANCE OF f, fiin AND fquad IN TERMS OF ACCURACY

In this section, we report the best test accuracy for f, fii, and fquad corresponding to the best test
loss in Figure 4. We use the same setting as in Appendix N.5.

N.7 TEST PERFORMANCE OF f, fiin AND fquad WITH ARCHITECTURE OF 3-LAYER FC

In this section, we extend our results for shallow neural networks discussed in Section 4 to 3-layer
fully connected neural networks. In the same way, we compare the test performance of three models,
f» fuin and fquaa upon varying learning rate. We observe the same phenomenon for 3-layer ReLU
activated FC with shallow neural networks. See Figure 12 and 13.

We use the first class (airplanes) and third class (birds) of CIFAR-10, which we call CIFAR-2, and
select 100 data points out of it as the training set. We use the number 0 and 2 of SVHN, and select
100 data points as the training set. We select 100 data points out of AG NEWS dataset as the training
set. For the speech data set FSDD, we select 100 data points in class 1 and 3 as the training set. The
size of testing set is 500 for all.

For each setting, we report the average result of 5 independent runs.
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Figure 9: Best test accuracy plotted against different learning rates for fy,.4, f, and fii,. Left
panel: 2-layer FC on MNIST trained with GD. Right panel: 2-layer FC on AG NEWS trained with
GD.
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Figure 10: Best test accuracy plotted against different learning rates for f a4, f, and fii,. Left
panel: 2-layer FC on CIFAR-2 trained with SGD. Right panel: 2-layer CNN on SVHN trained with
GD.
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Figure 11: Best test accuracy plotted against different learning rates for f .4, f, and fii,. Left
panel: 2-layer FC on FSDD trained with GD. Right panel: 2-layer CNN on CIFAR-2 trained with
GD.

N.8 TEST PERFORMANCE WITH TANH AND SWISH ACTIVATION FUNCTIONS

We replace ReLLU by Tanh and Swish activation functions to train the models with the same setting
as Figure 4. We observe the same phenomenon as we describe in Section 4.
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Figure 12: Best test accuracy plotted against different learning rates for f .4, f, and fii,. Left
panel: 3-layer FC on CIFAR-2 trained with GD. Right panel: 3-layer FC on SVHN-2 trained with
GD.
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Figure 13: Best test accuracy plotted against different learning rates for f .4, f, and fii,. Left
panel: 3-layer FC on FSDD-2 trained with GD. Right panel: 3-layer FC on AG NEWS trained with
GD.
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Figure 14: Best test loss plotted against different learning rates for f.q, f, and fii,. We choose
2-layer FC as the architecture and train the models on AG NEWS with GD.
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Figure 15: Best test loss plotted against different learning rates for f,..q, f, and fii,. We choose
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2-layer FC as the architecture and train the models on FSDD with GD.
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Figure 16: Best test loss plotted against different learning rates for f,,.q, f, and fi,. We choose

2-layer CNN on CIFAR-2 with GD
T

NN
®  Quadratic
Linear
-=-- Critical LR

p) 3 1
Learning rate

(a) Swish activation function

2-layer CNN on CIFAR-2 with GD

0.83

%
&

Best Test Loss

0.80

0.79

NN

®  Quadratic

Linear
-=-- Critical LR
L

2

3 i
Learning rate
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2-layer CNN as the architecture and train the models on CIFAR-2 with GD.
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Figure 17: Best test loss plotted against different learning rates for f .4, f, and fii,. We choose

2-layer CNN on SVHN with GD
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2-layer CNN as the architecture and train the models on SVHN with GD.
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