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Abstract

We study adaptive message-driven recruitment
on social networks, motivated by digital public-
health deployments in which growth relies on non-
monetary behavioral nudges rather than paid re-
ferral incentives. We introduce a sequential influ-
ence model in which a decision maker repeatedly
broadcasts one of several message types (or no
message) to the currently active population; each
broadcast has instantaneous, label-dependent ef-
fects that temporarily boost recruitment probabili-
ties along social ties whose relationship contexts
match the message. Policies are evaluated using
a discounted active-mass objective that rewards
both scale and timeliness, capturing the value of
early engagement and equity-weighted reach. We
show that optimizing such policies is computa-
tionally intractable even under strong structural
simplifications, and that the problem is hard to
approximate along two natural dimensions: max-
imizing recruitment within a fixed time horizon,
and minimizing time to reach a target recruitment
level. On the positive side, we analyze a natural
adaptive policy that greedily maximizes expected
one-step gain, and establish a parameterized ap-
proximation guarantee in terms of an instance-
dependent amplification parameter that quanti-
fies how strongly recruitment can compound over
time. Finally, we illustrate our theoretical find-
ings through experiments on synthetic networks
and recruitment scenarios derived from real-world
data.

1. Introduction
Our work draws from two complementary lines of public-
health research. The first shows that non-monetary digital
nudges, such as text messages, reminders, and message
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framing, can meaningfully affect health-related behaviour
(Lester et al., 2010; Milkman et al., 2021; Dai et al., 2021;
Chiam et al., 2024). The second shows that public-health in-
terventions can be amplified by leveraging social networks,
peer-to-peer influence, and trusted community leaders (Va-
lente, 2012).

Recent algorithmic work in public health has also high-
lighted that such interventions often give rise to sequential
decision-making problems: platforms must decide, over
time, how to allocate limited outreach effort as the target
population evolves (Verma et al., 2023). Motivated by this
perspective, we study message-driven recruitment on social
networks. Rather than paying users or directly selecting new
participants, a platform repeatedly broadcasts non-monetary
nudges to currently active users, with the goal of encourag-
ing themto recruit others through existing social ties.

This setting departs from classical influence maximization
(Kempe et al., 2003), where the decision-maker typically
selects seed. In our setting, interventions are often global
(broadcast to all currently active users), transient (affecting
only the current interaction window), and context-dependent
(effective only for certain relationships or behavioral con-
texts). For example, a reminder or notification may success-
fully induce one user to engage or recruit peers in a family
or workplace setting, while having little effect in other con-
texts. This combination of indirect control, heterogeneous
responses, and evolving network effects makes principled
intervention design fundamentally challenging.

Case study: HIV care in South Africa. South Africa
operates one of the world’s largest HIV treatment programs,
serving millions of individuals monthly. Despite this scale,
prevalence remains critically high, and key populations,
such as men and adolescents, may be systematically less
likely to engage with traditional clinic-based services. Struc-
tural barriers such as limited operating hours, discrimination,
and the perception of clinics as non-friendly spaces hinder
or delay access to care (UNAIDS, n.d.; Cornell et al., 2011;
Colvin, 2019; Sileo et al., 2019; Cornell et al., 2021). To
bridge this gap, additional efforts are needed, including the
use of digital tools such as chatbots, to serve as a comple-
mentary layer of health infrastructure capable of reaching
underserved communities (Van Heerden et al., 2023; Chen
et al., 2025; Mbewe et al., 2026).
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Optimizing Message-Driven Recruitment on Networks

Our work is motivated by an ongoing field trial in KwaZulu-
Natal (Bill & Melinda Gates Foundation, 2024) to improve
delivery of HIV care, with a central objective to extend
access to underserved populations. As resources are limited,
network growth must be driven by non-monetary behavioral
nudges — by optimizing the content, framing, and timing
of messages — to encourage existing users to recruit peers
within their social graph.

Our approach. We formalize this setting as a sequential
decision process on a labeled social network; see Section 3
for details and Fig. 1 for an illustration. At each round, a
decision-maker selects a broadcast message that temporar-
ily modifies recruitment probabilities along edges whose
relationship context matches the message. Recruitment then
proceeds stochastically, expanding the active population
over time. The objective is to maximize a discounted no-
tion of active mass, capturing both scale and timeliness
of engagement, and reflecting the importance of early and
sustained reach.

This formulation departs from classical influence maximiza-
tion (Kempe et al., 2003). Rather than selecting seed nodes,
the decision-maker must adaptively steer an ongoing dif-
fusion process through global interventions. Because each
action simultaneously affects many edges and interacts with
the evolving active set, the resulting objective is highly
non-submodular, and standard approximation guarantees no
longer apply.

A central difficulty is the presence of amplification effects:
activating one individual may unlock substantial down-
stream recruitment opportunities. While desirable in prac-
tice, this creates strong intertemporal dependencies and
makes the optimization problem both computationally in-
tractable and hard to approximate. From a deployment
perspective, this raises a key question: when can simple,
interpretable policies be trusted, and when do such systems
require more complex long-horizon planning?

Our contributions.

• Hardness: We show that optimizing message-driven
recruitment is NP-hard even under strong structural
restrictions, and difficult to approximate under natural
objectives such as maximizing recruitment within a
fixed horizon or minimizing time to reach a target.

• Parameterized guarantees: We analyze a simple
adaptive greedy policy and show that its performance
is governed by an interpretable amplification parameter.
When amplification is limited — a regime consistent
with high-friction, real-world settings — the greedy
policy achieves a constant-factor approximation.

• Empirical validation: Experiments on synthetic and

real-world inspired networks demonstrate that ampli-
fication governs both problem difficulty and the effec-
tiveness of simple policies.

Collectively, our work reframes influence maximization
around the optimization of transient, non-monetary inter-
ventions applied to dynamic sets of users. It provides a
principled theoretical foundation for understanding when
such message-driven recruitment can be efficiently opti-
mized and when worst-case network structures render the
problem inherently hard.

2. Related work
Influence maximization and diffusion on networks. A
large body of work studies the problem of influence max-
imization, where the goal is to select an initial set of seed
nodes so as to maximize the expected spread of influence
under a diffusion model; see the seminal work of (Kempe
et al., 2003) and the extensive literature that follow. The
two canonical diffusion models in this literature are the
Independent Cascade (IC) and Linear Threshold (LT) mod-
els. In the IC model (Goldenberg et al., 2001a;b), influence
propagates through independent probabilistic trials along
directed edges: when a node u first becomes active, it gets
a single chance to activate each currently inactive neigh-
bor v with probability pu,v. In the LT model (Granovetter,
1978; Schelling, 2006), each node v draws a latent thresh-
old and becomes active once the cumulative influence from
its active neighbors exceeds this threshold. A key reason
these models became standard is that, under either IC or LT,
the expected spread as a function of the seed set is mono-
tone submodular, yielding a (1 − 1/e)-approximation via
a greedy algorithm (Kempe et al., 2003). This structural
property has enabled a rich algorithmic literature, including
scalable estimators and near-linear-time algorithms based
on sampling and reverse-reachable sets (Borgs et al., 2014;
Guo et al., 2022). Subsequent works also studied multi-
round variant of IC model (Yan et al., 2011; Yadav et al.,
2016), allowing influence attempts to recur over time.

Many variants of influence maximisation have been stud-
ied in the literature. The two models most closely related
to ours are those of (Yu et al., 2020), where the action
space consists of adding edges to the graph, and (Lin et al.,
2017), where actions boost the activation probabilities of
selected nodes. Both frameworks capture the intuition that
the decision-maker cannot directly activate nodes; instead,
actions increase the likelihood of activation in a manner con-
tingent on neighbouring nodes also being active—otherwise,
the introduction of new edges or boosted probabilities has
no effect. The key distinction from our model is that their ac-
tions are inherently local, affecting specific nodes or edges,
whereas our actions correspond to sending messages that
exert a global effect across the entire network.
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Optimizing Message-Driven Recruitment on Networks

Much like (Yan et al., 2011; Yadav et al., 2016), our setting
considers a multi-round influence dynamics where influence
attempts are not exhausted after a single exposure: active
users may repeatedly attempt to recruit inactive neighbors
across rounds, with success probabilities that depend on
the message broadcast in that round. However, our set-
ting is fundamentally different from classic influence max-
imization: instead of selecting a seed set (or repeatedly
selecting additional seeds), our action is a global broadcast
message that instantaneously modifies recruitment proba-
bilities on many edges simultaneously in a label-dependent
manner. This repeated-attempt, message-modulated influ-
ence departs from the classical IC/LT framework and de-
stroys the submodularity structure that underpins the classi-
cal (1− 1/e) guarantees.

Adaptive and sequential influence under non-
submodular actions. Our problem is inherently
sequential: decisions are taken over time, the active
set evolves stochastically, and future actions adapt to
observed activations. This places our work in the broad
space of adaptive influence maximization and sequential
decision-making on graphs, including adaptive seeding
and multi-round interventions. A unifying framework
for many of these problems is adaptive submodularity
(Golovin & Krause, 2011), which extends submodular
guarantees to certain stochastic, adaptive decision problems.
When adaptive submodularity holds, greedy policies retain
approximation guarantees analogous to the non-adaptive
case.

Unfortunately, while our problem is inherently sequential
and adaptive, it crucially does not satisfy adaptive submod-
ularity: broadcasting a message affects many edges simulta-
neously through their labels, and the marginal value of an
action can increase as the active set grows, due to amplifica-
tion effects whereby newly activated users unlock additional
high-impact recruitment opportunities in future rounds. As
a result, the diminishing-returns property fails even in ex-
pectation. This rules out standard adaptive greedy analyses
and motivates both our hardness results and our alternative,
instance-dependent approximation guarantees based on an
amplification parameter.

3. Model
Notation. For any integer n, we write [n] to denote the
set {1, 2, . . . , n}. The set of natural numbers is denoted by
N, and N≥2 = {2, 3, . . .}. Sets are denoted in bold (e.g.,
V,E), and graphs in calligraphic font (e.g., G). Expecta-
tions over the full stochastic evolution induced by a policy π
are denoted by Eπ[·], while EA[· | S, ℓ] denotes expectation
over the one-step activation randomness given state S and
broadcast message ℓ. 1[·] denotes the indicator function.

3.1. The Message-Driven Recruitment (MDR) Model

We are given a directed social network G = (V,E) and a
finite set of message types L. Each node v ∈ V represents
an individual and has a nonnegative weight wv ≥ 0. For any
subset X ⊆ V, we write w(X) =

∑
v∈X wv . Node weights

allow us to encode heterogeneous value or priority (e.g.,
emphasizing under-served populations); the special case
wv ≡ 1 corresponds to maximizing the expected number of
recruited individuals.

Each directed edge (u, v) ∈ E represents a potential recruit-
ment relationship and is associated with (i) a baseline recruit-
ment probability pu,v ∈ [0, 1], and (ii) a (possibly empty)
set of labels L(u, v) ⊆ L. Labels represent relationship con-
texts under which a broadcast message may be persuasive
(e.g., work, school, family, partner, community,
religion). Allowing multiple labels per edge accommo-
dates multi-context relationships, e.g., a coworker who is
also a friend.

Time is discrete and indexed by rounds t ∈ N≥1. Let
S(t) ⊆ V denote the set of active (recruited) individuals at
the start of round t. The initial seed set is S(1). Once a node
becomes active, it remains active permanently.

At each round t, the decision maker broadcasts a single
global message ℓ(t) ∈ L ∪ {∅}, where ∅ denotes sending
no message. As illustrated in Fig. 1, a broadcast instan-
taneously modifies recruitment probabilities only on those
directed edges whose labels match the broadcasted message;
all other edges use their baseline probabilities. Boosts apply
only for the current round and do not persist. See Fig. 1 for
an illustration.

Instantaneous boosting. At round t, broadcasting a mes-
sage ℓ ∈ L ∪ {∅} induces a round-specific edge probability
p
(t)
u,v ∈ [0, 1], which depends only on the baseline proba-

bility pu,v, the edge label set L(u, v), and the message ℓ.
Boosts are instantaneous and do not persist across rounds.
Two canonical boosting rules are possible.

Additive boosting. Given boosting parameters B = {βℓ ≥
0 : ℓ ∈ L}, define

p(t)u,v = min{1, pu,v + βℓ · 1{ℓ ∈ L(u, v)}, pℓu,v}

Multiplicative boosting. Given boosting parameters B =
{κℓ ≥ 1 : ℓ ∈ L}, define

p(t)u,v = min{1, pu,v · κ1{ℓ∈L(u,v)}
ℓ }

Recruitment dynamics. Given an active set S ⊆ V and
a broadcast message ℓ, each inactive node v ̸∈ S becomes
newly active independently with probability qv(S, ℓ) ∈
[0, 1]. We assume that recruitment attempts are repeated
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Round 1: ℓ(1) = Family Round 2: ℓ(2) = Work Round 3: ℓ(3) = ∅

Figure 1. Double circle are active nodes. At each round t, a single global message ℓ(t) is broadcast (shown at the top of each figure).
Directed edges whose label matches ℓ(t) receive a probability boost (shown as colored arrows); all other edges use baseline probabilities.
Boosts are instantaneous and do not persist across rounds. Activations are stochastic and permanent.

across rounds: as long as u ∈ S and v ̸∈ S, node u may
attempt to recruit v in every round, with success probabil-
ity determined by the message broadcast in that round. A
canonical instantiation of this process is a repeated-attempt
variant of the Independent Cascade (IC) model. Under this
model, qv(S, ℓ) = 1 −

∏
u∈S(1 − pu,v(ℓ)), where pu,v(ℓ)

is the message-dependent recruitment probability on edge
(u, v) in the current round. This dynamics reflects message-
driven recruitment settings in which referrals are episodic
and non-exhaustive, and where exposure in one round does
not preclude future influence.

Let A(t) ⊆ V denote the random set of nodes newly acti-
vated in round t. For a fixed state-message pair (S, ℓ), the
expected newly activated weight in one round is

E
A
[w(A) | S, ℓ] =

∑
v ̸∈S

qv(S, ℓ) · wv (1)

Under a policy π which picks ℓ given S, the active set
evolves according to S(t+1) = S(t) ∪A(t).

Objective. Fix a horizon T ∈ N≥2 and a discount factor
γ ∈ (0, 1). The discounted active-mass objective is

RT (π) = E
π

[
T∑

t=1

γt−1 · w(S(t))

]
(2)

Since the contribution of the initial seed set S(1) is policy-
independent, we work with the normalized objective

R̃T (π) = RT (π)− w(S(1))

T∑
t=1

γt−1 (3)

For algorithmic analysis, it is convenient to define the value-

to-go

VT (S) = max
π

E
π

[
T∑

t=1

γt−1

· E
A(t)

[
w(A(t)) | S(t), ℓ(t)

] ∣∣∣∣S(1) = S

]

which captures the maximum expected discounted new acti-
vation achievable over T rounds starting from state S.

Definition 3.1 (MDR). Given a labeled directed graph
G = (V,E), baseline recruitment probabilities {pu,v},
boost parameters B, an initial seed set S(1), horizon T , and
discount factor γ, the goal is to compute a policy π that se-
lects a broadcast message ℓ(t) ∈ L ∪ {∅} at each round t so
as to maximize the expected normalized objective R̃T (π).

4. Hardness
We establish computational lower bounds showing that
MDR is difficult even under substantial simplifications. In
contrast to classical influence maximization under IC/LT,
where submodularity yields a (1− 1/e) greedy guarantee,
our broadcast control acts globally and can create ampli-
fication effects that destroy (adaptive) submodularity. In
particular, we prove NP-hardness under strong structural
restrictions and show strong inapproximability results for
both (i) minimizing time to reach a target recruitment level
and (ii) maximizing recruitment within a fixed horizon.

To do so, we first define the decision version of MDR.
Recall from Definition 3.1 that an instance of MDR can
be parameterized by (G,S,L,B, T, κ) — a directed graph
G, a set of initial seed nodes S, a set of message la-
bels L, a set of boosting parameters B, and number of
rounds T . Throughout this section, we focus on the
unit-weight case wv ≡ 1 and measure performance by
the expected number of new activations over a horizon.
Given an initial active set S ⊆ V and a policy π, define
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OT (S, π) = Eπ

[∑T
t=1 |A(t)| | S(1) = S

]
, where A(t) is

the set of nodes newly activated in round t.

Definition 4.1 (MDR decision version). Given an instance
(G,S,L,B, T, κ), decide whether there exists a policy π
such that OT (S, π) ≥ κ.

Our NP-hardness result follows from reducing two known
NP-hard problems (shortest common supersequence and
minimum set cover) to Definition 4.1. Both reductions hold
even with unit node weights. The former reduction holds
even when the input graph is a tree with message set size
|L| = 2 while the latter reduction holds even on a star graph.

Theorem 4.2 (NP-hardness on trees with two messages).
Suppose all nodes are unit weight, i.e., wv = 1 for all
v ∈ V. The decision problem in Definition 4.1 is NP-hard
even under either structural restriction: (i) G is a tree and
the message set has size two (|L| = 2), (ii) G is a star graph.

Theorem 4.2 shows that hardness is not driven by dense
graphs, large action spaces, or heterogeneous weights. Even
when the diffusion is restricted to a tree and the deci-
sion maker chooses between two broadcast types, deciding
whether one can recruit a target number of individuals in
expectation is NP-hard.

Given the NP-hardness of MDR, a natural question is
whether approximation algorithms exist. The problem is
inherently bi-criteria: one may either (A) fix a desired re-
cruitment level and seek to minimize the number of rounds
required, or (B) fix a time horizon and seek to maximize
the expected number of recruited individuals. We show
that both formulations are hard to approximate in a strong
sense by giving approximation-preserving reductions from
minimum set cover and k-densest subgraph, thereby inher-
iting their known inapproximability bounds in each of the
bi-criteria dimensions.

(A) Fixed target, minimize time. For a target κ ∈ N,
define the optimal number of rounds as T ⋆(κ) = min{T ∈
N≥1 : ∃π with OT (S, π) ≥ κ}.

Theorem 4.3 ((1− ε) lnn-inapproximability for time-to–
target). For every constant ε > 0, unless P = NP, no
polynomial-time algorithm can approximate T ⋆(κ) within
a factor better than (1− ε) lnn. This hardness holds even
with unit node weights.

(B) Fixed horizon, maximize recruitment. For a fixed
horizon T ∈ N, define the optimal expected number of new
activations as κ⋆(T ) = maxπ OT (S, π).

Theorem 4.4 (Strong inapproximability for recruitmen-
t-at-horizon). Assuming the Exponential Time Hypothesis
(ETH), there exists a universal constant c > 0 such that no
polynomial-time algorithm can approximate κ⋆(T ) within

a factor better than n−1/(log logn)c . Equivalently, under
ETH, there is no polynomial-time algorithm that always
returns a policy achieving expected recruitment at least
n−1/(log logn)c · κ⋆(T ).

Theorem 4.3 and Theorem 4.4 rule out efficient worst-case
guarantees that are independent of instance structure: even
if one is willing to approximate, optimizing recruitment
over time is hard both when (i) the objective is to minimize
the number of rounds to reach a target and when (ii) the
objective is to maximize recruitment within a fixed hori-
zon. These results motivate our parameterized analysis in
Section 5, which identifies regimes where simple adaptive
policies admit provable performance bounds.

5. Parameterized approximation for a natural
greedy algorithm

Our hardness results in Section 4 motivate approximation
guarantees under additional structural control. Here, we an-
alyze a natural myopic policy and show that its performance
can be bounded in terms of a single amplification parame-
ter that quantifies how much activating one individual can
increase future recruitment opportunities.

Greedy policy. Fix tie-breaking (e.g., lexicographic)
so the policy is deterministic. At each round t ≥ 1,
given the current active set S(t), the greedy policy broad-
casts ℓ

(t)
greedy ∈ argmaxℓ∈L∪{∅} EA(t)

[
w(A(t)) | S(t), ℓ

]
.

Equivalently, at each step, greedy always chooses an action
attaining the one-step expected gain g(S) defined as:

g(S) = max
ℓ∈L∪{∅}

E
A
[w(A) | S, ℓ] (4)

Amplification parameter. We quantify how sensitive one-
step recruitment is to enlarging the active set. Define the
global problem amplification parameter ρ ∈ [0,∞) as:

ρ = max
S⊆V,v /∈S

ℓ∈L∪{∅},wv>0

1

wv
·

(
E
A
[w(A) | S ∪ {v}, ℓ]− E

A
[w(A) | S, ℓ]

)
(5)

Intuitively, the parameter ρ measures the maximum addi-
tional immediate recruitment potential unlocked by activat-
ing one unit of weight, and serves as a global Lipschitz
constant controlling how sensitive next-round recruitment
is to changes in the active set. Small ρ corresponds to di-
minishing or limited amplification, whereas large ρ captures
worst-case instances, such as those in our hardness construc-
tions (Section 4), where activating a single node can unlock
a large number of otherwise unreachable recruits in the next
round.

5



275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329

Optimizing Message-Driven Recruitment on Networks

Given the definitions above, we can show the following
parameterized approximation guarantee for πgreedy. Note
that no assumption is made on the value of the amplifica-
tion parameter ρ; if ρ is large, the approximation ratio will
degrade accordingly.
Theorem 5.1 (Parameterized approximation for πgreedy).
Fix an MDR instance with horizon T ∈ N≥2 and discount
factor γ ∈ (0, 1). Then, the greedy policy πgreedy achieves

R̃T (πgreedy) ≥ α(T, γ, ρ) ·max
π

R̃T (π)

where the approximation factor is

α(T, γ, ρ) =
1∑T−1

k=0 (γ · (1 + ρ))
k
· 1− γ

1− γT−1

Interpreting α(T, γ, ρ). The factor
∑T−1

k=0 (γ(1 + ρ))k

arises from how a one-step gain at time t can be amplified
(by at most a factor 1+ρ per additional step) and discounted
(by γ per step). When γ · (1 + ρ) < 1, amplification decays
faster than discounting, yielding a constant-factor guarantee.
As γ · (1+ρ) approaches or exceeds 1, early activations can
unlock increasingly large future gains, and the guarantee
degrades with horizon. Meanwhile, the ratio 1−γ

1−γT−1 =
1∑T−1

t=1 γt−1
can be treated as a finite-horizon normalization

or horizon-truncation penalty; this ratio approaches 1− γ
as the horizon T increases.

Proof sketch (see Section B.1). The proof has two steps.
First, we introduce an auxiliary discounted new-activation
objective HT (π) := Eπ[

∑T−1
t=1 γt−1w(A(t))] and show

that greedy attains a 1/
∑T−1

k=0 (γ(1 + ρ))k fraction of the
optimal HT . This uses a Bellman decomposition plus a
Lipschitz bound implied by ρ. Second, we relate R̃T (π)
to HT (π) via simple geometric bounds on the coefficient
Γt =

∑T
i=t+1 γ

i−1 multiplying w(A(t)) in R̃T . Combin-
ing the two steps yields the stated approximation factor.

We complement our parameterized upper bound with a hard-
ness guarantee for the greedy policy πgreedy.
Proposition 5.2 (Lower bound for πgreedy). Fix horizon
T ∈ N≥2 and discount factor γ ∈ (0, 1). Then, for every
ϵ > 0 and ρ > 1+ ϵ, there exist an instance of MDR where
greedy policy πgreedy achieves

R̃T (πgreedy) ≤ α′(T, γ, ρ) ·max
π

R̃T (π)

where the approximation factor is

α′(T, γ, ρ)

= α(T, γ, ρ− ε) · (1− γT−1) · (1 + 2ε) · (2− γ − γT )

(1− γ)3

In other words, Proposition 5.2 tells us that the parameter-
ized bound of Theorem 5.1 is optimal up to constant factors
for any fixed discount factor γ.

Proof sketch (see Section B.2). We will construct an
MDR instance defined over a graph G = (V,E) with
n = T + 2T nodes and T + 1 labels such that the greedy
policy πgreedy achieves

R̃T (πgreedy) ≤
(1 + 2ε) · (2− γ − γT )

(1− γ)2

while an optimal policy πOPT achieves

R̃T (πOPT) ≥
1∑T−1

k=0 (γ · (1 + ρ− ε))
k

Thus, establishing our result.

6. Experiments
We benchmark our proposed GREEDY policy against several
natural baselines—EMPTY, RANDOM, and GREEDY-OVER-
RANDOM—on both synthetic and real-world graphs for
MDR under discounted rewards. The policies are defined
as follows.

• GREEDY: The greedy policy defined in Section 5,
which at each round selects the action that maximises
the one-step expected gain.

• EMPTY: Selects no labels, (i.e. ∅), at every round.

• RANDOM: Selects a label uniformly at random at each
round.

• GREEDY-OVER-RANDOM: For each candidate action,
estimates the expected discounted reward by fixing that
label in the current round and simulating RANDOM
for all remaining rounds; the action with the highest
estimated reward is selected.

Average Amplification Parameter. Motivated by the am-
plification parameter ρ in Section 5, we consider the notion
of average unboosted amplification factor. For u ∈ V, let
N(u) = {v ∈ V | (u, v) ∈ E} be the out neighbours of
u. Then, define the unboosted amplification parameter of u
ρ′(u) ∈ [0,∞) as:

ρ′(u) =
∑

v∈N(u)

pu,v · w(v)
w(u)

Then, the average unboosted amplification parameter of an
instance G is:

ρ′ =
1

|V|
∑
u∈V

ρ′(u) =
1

|V|
∑
u∈V

∑
v∈N(u)

pu,v · w(v)
w(u)
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Synthetic Dataset We extend the Stochastic Block Model
(Holland et al., 1983) and its weighted variant (Ng & Mur-
phy, 2021) to allow edges to carry labels. We assume that
each node is assigned independently to one of Q latent
clusters. Conditioned on these cluster assignments, all re-
maining aspects of the network are generated independently
across ordered node pairs: the presence of a directed edge,
its associated baseline probability, and its set of labels are
each drawn independently from distributions that depend
only on the clusters of the two endpoints. Further details are
provided in Section C.1.

Email-EU Dataset We use the Email-EU dataset (Lin
et al., 2017; Leskovec et al., 2007), which consists of ap-
proximately 1,000 nodes and 25,600 directed edges, where
an edge represents an email exchange between members of
a large European research institution. Each node belongs
to exactly one of 42 departments within the institution. For
each edge, we draw the baseline recruitment probability
from a uniform distribution, and assign the edge label as the
target node’s department index modulo 10; this aggregation
ensures that each action affects a sufficiently large fraction
of nodes.

In all experiments, we fix the number of labels to |L| = 10
and use multiplicative boosting with κℓ = 2 for all ℓ ∈ L.
The initial seed set consists of 0.5% of the nodes, sampled
uniformly at random.

6.1. Results

Effect of the Average Unboosted Amplification ρ′. In
Fig. 2, we can see that for both the synthetic and Email-EU
dataset, as ρ′ increase, the performance gains of GREEDY
over RANDOM decreases. This can be explain by the fact
that at high ρ′, even without sending any message in the
EMPTY policy, there is a good chance that an unactivated
node will become activated, hence there is less need for
sending effective messages.

We also observe that under the EMPTY policy, for the same
value of ρ′, node activations occur at a much faster rate in
the synthetic experiments than in the Email-EU experiments.
We attribute this difference to structural properties of the
synthetic graphs: nodes are more easily reachable and there
are effectively no hard-to-reach nodes.

Specifically, across 5,000 synthetically instances from the
stochastic block model, all nodes are always reachable from
the initial seeds, even when the average degree is set to 20
(which is lower than the average degree of approximately 25
in the Email-EU dataset). Moreover, the maximum shortest-
path distance from the initial seed nodes is at most 3. In
contrast, in instances generated from the Email-EU network,
the expected number of unreachable nodes is 39.8, and the
maximum distance from the initial seed nodes to a reachable

node is 5.

Performance of GREEDY-OVER-RANDOM We run
GREEDY-OVER-RANDOM with the number of simulated
trajectories set to s ∈ {5, 10, 15, 20}. We evaluate the rel-
ative improvement of both GREEDY and GREEDY-OVER-
RANDOM against RANDOM in terms of the discounted re-
ward RT , using a discount factor γ = 0.95.

As shown in Fig. 3, while GREEDY-OVER-RANDOM con-
sistently outperforms RANDOM, it also consistently under-
performs GREEDY. Moreover, increasing the number of
simulated trajectories does not appear to yield systematic
performance improvements. A plausible explanation is that
RANDOM is highly suboptimal and therefore provides a
poor baseline for guiding greedy action selection.

Finally, we note that GREEDY-OVER-RANDOM incurs a
substantially higher computational cost than GREEDY. The
per-round runtime of GREEDY-OVER-RANDOM is O(ℓ · s ·
T · (|V|+ |E|)), where T denotes the number of remaining
timesteps, compared to O(ℓ(|V|+ |E|)) for GREEDY.

7. Conclusion and Discussions
We introduced a model for adaptive message-driven recruit-
ment on labeled social networks with instantaneous broad-
cast effects, and studied its algorithmic foundations. Our
hardness results show that even when the underlying net-
work structure and recruitment parameters are fully known,
optimizing adaptive broadcast policies is computationally
intractable in general. At the same time, our parameter-
ized analysis identifies a regime in which a simple adaptive
policy admits provable guarantees: when the amplification
parameter ρ is small, myopic maximization of one-step ex-
pected gain achieves a constant-factor approximation over
long horizons, whereas large ρ captures instances where
long-horizon planning can be dramatically more valuable.

An important limitation of our formulation is that it assumes
full knowledge of the social network and recruitment prob-
abilities. In practice, deployments rarely know G upfront,
and the most relevant edges — who talks to whom, in which
contexts, and with what responsiveness to which messages
— are only partially observed and may shift over time. Our
results suggest that this is not merely a technical nuisance:
the problem is already hard even with complete information,
so partial-information settings will require new algorithmic
ideas beyond exact optimization.

Several directions appear particularly promising. First, one
can study learning-augmented and online variants in which
the decision maker must simultaneously learn influence pa-
rameters (or even the network) while optimizing broadcasts,
potentially under bandit feedback. Second, realistic deploy-
ments may impose additional constraints (fairness or equity

7
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Figure 2. Synthetic dataset, for ρ′ ∈ {0.125, 0.25, 0.5, 0.75} (top) and Email-EU dataset, for ρ′ ∈ {0.25, 0.5, 0.75, 1} (bottom).
Expected number of activated nodes over time under three policies: EMPTY, RANDOM, and GREEDY.

Figure 3. Relative improvement over RANDOM as a function of
the target unboosted amplification ρ′.

constraints across subpopulations, limits on message fatigue,
or budgets on the number of broadcasts), which interact non-
trivially with amplification. Finally, the label structure itself
could be learned or refined from data, connecting message
design and causal modeling to sequential control. We view
the present work as a first step toward a principled theory of
adaptive broadcast optimization for real-world recruitment
systems.
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A. Deferred proofs
We complement our algorithmic guarantees with hardness results showing that MDR is computationally difficult even under
substantial simplifications.

We first state the decision variant of MDR.

MDR

Input: An instance I = (G,S,L,B, T, κ), consisting of a graph G = (V,E), an initial seed set S ⊆ V, a message
set L with boosting parameters B, number of rounds T and a target number of newly activated nodes κ ∈ N.

Question: Does there exist a policy π such that the expected number of newly activated nodes after T rounds is at
least κ? In other words, does there exists π such that

OT (S, π) ≥ κ?

A.1. NP-hardness under structural restrictions

We first define the notion of an boosted and unboosted activation

Definition A.1 (Boosted and Unboosted Activation). Consider an activation event in which node u activates node v at round
r. We call this event a boosted activation if the message ℓr broadcast in round r satisfies ℓr ∈ L(u, v), and an unboosted
activation otherwise, i.e.,

ℓr /∈ L(u, v).

We note by the linearity of expectation, the expected number of new nodes activated is the sum of the expected number of
boosted and unboosted activation. Now, we bound the expected number of such activations over T rounds for any policy, as
a function of the maximum unboosted propagation probability.

Lemma A.2. Suppose that for every ordered pair (u, v), the unboosted propagation probability satisfies

p(u,v) ≤
ε

n(n− 1)T
.

Then, for any policy π, the expected total number of unboosted activations over T rounds is at most ε.

Proof. Fix an arbitrary policy π. Consider a single round r. For any ordered pair (u, v), the probability that (u, v) forms an
unboosted activation in round r is at most p(u,v) ≤ ε

n(n−1)T . Since there are at most n(n− 1) ordered pairs of nodes, the
expected number of unboosted activations in round r is at most

n(n− 1) · ε

n(n− 1)T
=

ε

T
.

By linearity of expectation, the expected total number of unboosted activations over T rounds is at most

T · ε
T

= ε.

This bound holds for any policy π, completing the proof.

We note that by Markov’s inequality, the probability that no unboosted activations occur is at least 1− ε.

Next, we show that MDR remains NP-hard even in a highly restricted setting: the underlying graph G is a tree, all node
weights are unit (wv ≡ 1), and the message set has size two (|L| = 2).

Theorem A.3. MDR is NP-hard even when the underlying graph G is a tree, all node weights are unit (wv ≡ 1), and the
message set has size two (|L| = 2)

11
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Proof. For clarity, in our following reduction, the graph G is a forest. This can be easily extended to a tree by adding a new
root node and connecting it to the root of each subtree in G via edges with propagation probability 1, and allowing one
additional round.

We reduce from the shortest common supersequence problem over binary alphabet (SCSB). The shortest common superse-
quence is known to be NP-hard even over a binary alphabet.(Räihä & Ukkonen, 1981).

SHORTEST COMMON SUPERSEQUENCE OVER BINARY ALPHABET (SCSB)

Input: An instance I = (S, κ) consisting of a binary alphabet Σ = {0, 1}, a collection of strings S =
{s1, s2, . . . , sm} with si ∈ Σ∗, and a target length κ ∈ N.

Question: Does there exist a string w ∈ Σ∗ of length κ such that every string si ∈ S is a (not necessarily contiguous)
subsequence of w?

Let I1 be an instance of SCSB. Then, let n =
∑

i∈[m] 1 + si.

We construct instance I2 of MDR with a graph of n nodes and |S| starting node. Let pe = 1
2n(n−1)T for all e ∈ E, and let

βℓ = 1− 1
2n(n−1)T under additive boosting and βℓ = 2n(n− 1)T under multiplicative boosting for all messages ℓ ∈ L.

In other words, each edge has a propogation probability of 1
2n(n−1)T if unboosted and a propogation probability of 1 if

boosted.

For each string s ∈ S, write
s = ps(1) ◦ ps(2) ◦ · · · ◦ ps(|s|),

where ps(i) denotes the ith (from the left) character of s. Next, for each string s ∈ S , we construct a directed path subgraph
Gs consisting of |s|+ 1 nodes

n(s,0), n(s,1), . . . , n(s,|s|).

For each i ∈ {1, . . . , |s|}, we add a directed edge (n(s,i−1), n(s,i)) and assign it the label

L(n(s,i−1), n(s,i)) = {ps(i)}.

. . .

n(s,0) n(s,1) n(s,|S|)L(n(s,0), n(s,1)) L(n(s,1), n(s,2)) L(n(s,|s|−1), n(s,|s|))

Initially active

Figure 4. SCSB chain graph for Gs, where L(n(s,i−1), n(s,i)) = {ps(i)} for i ∈ {1, . . . , |s|}.

Let G =
⊎

s∈S Gs be a collection of all subgraphs Gs. We define the set of seed nodes to be the first node of the path graph
corresponding to each string s ∈ S. That is,

S = {n(s,0) | s ∈ S}.

Note that the constructed graph G is a forest, since it is formed by a collection of path subgraphs. In addition, all node
weights are unit, and the message set L = {0, 1} has size two.

We now show that I1 = (S, κ) is a YES instance of SCSB if and only if I2 = (G,S,L,B, κ, n− |S|) is a YES instance of
MDR.

(⇒) If I1 is a YES instance of SCSB, then there exists a string w of length of length κ such that every string si ∈ S is a
subsequence of w. Let πw be the policy that relay messages in the order of w. We now show that under this policy, all nodes
in G are activated and hence OT (S, πw) = n− |S|.

Fix any s ∈ S. As s is a subsequence of w, there exists a strictly increasing sequence of indices

(r1, r2, . . . , r|s|) ⊆ [|w|]

such that ps(i) = wri for every i ∈ [|s|]. We now show by induction that, , the node ns,i in the subgraph Gs is active after
round ri.

12
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Base case. At round r1, the node n(s,0) is active since n(s,0) ∈ S is a seed node. Moreover, because

wr1 = ps(1) ∈ L(n(s,0), n(s,1)),

the node n(s,1) becomes active after round r1.

Inductive step. Assume that node n(s),i) is active after round ri for some i ∈ {1, . . . , |s| − 1}. Since ri < ri+1, the node
n(s,i) remains active during round r(i+1). Furthermore, because

wri+1 = ps(i+ 1) ∈ L(n(s,i), n(s,i+1)),

the node n(s,i+1) is activated after round ri+1.

By induction, all nodes ns,i for i ∈ {0, . . . , |s|} are active after T rounds. Therefore, the constructed instance I2 is a
YES-instance.

(⇐). Assume I2 is a YES-instance of MDR. Then there exists a policy π such that

OT (S, π) ≥ n− |S|.

Since pe = 1
2n(n−1)T for all e ∈ E, Lemma A.7 implies that for any policy (and in particular for π), the expected number of

unboosted activations over T rounds is at most 0.5. Since, OT (S, π) ≥ n− |S|, the expected number of boosted activations
is at least n− |S| − 0.5 . For each trajectory, as the number of boosted activations is integral for each realisation, there must
be a trajectory with n− |S| boosted activations.

Let w = w1w2 · · ·wκ be the sequence of messages broadcast by π in one such trajectory with n− |S| boosted activation,
where wt is the message sent in round t ∈ [κ]. Fix any s ∈ S and consider its path n(s,0) → n(s,1) → · · · → n(s,|s|). For
each i ∈ {1, . . . , |s|}, the node n(s,i) must be activated at some round ri ≤ T via the incoming edge (n(s,i−1), n(s,i)), and
this activation must be boosted. Since L(n(s,i−1), n(s,i)) = {ps(i)}, boosting this edge in round ri implies

wri = ps(i).

Moreover, because n(s,i) cannot be activated before n(s,i−1), we can choose the rounds so that 1 ≤ r1 < r2 < · · · < r|s| ≤
T . Hence s is a subsequence of w. Since s was arbitrary, every string in S is a subsequence of w, and |w| = T = κ.
Therefore I1 is a YES-instance of SCSB.

A.2. Hardness of Approximation

We now turn to the inapproximability of MDR. The problem is inherently bi-criteria, involving two competing parameters:
the expected number of activated nodes κ and the number of rounds T . Consequently, approximation hardness arises along
two natural dimensions, depending on which parameter is treated as fixed.

In the first direction, we fix a target number of expected activated nodes κ and seek to minimize the number of rounds T
required to achieve this coverage. We show that this variant is hard to approximate within any factor better than log(n) of
the optimum.

In the second direction, we fix the time horizon T and aim to maximize the number of nodes that can be activated within T
rounds. Under the Exponential Time Hypothesis (ETH), we show that no algorithm can achieve an approximation guarantee
of n−1/(log logn)c of the optimum for some universal constant c > 0. This rules out polylogarithmic approximation
guarentees under ETH.

To establish these inapproximability results, we formulate and analyze appropriate gap versions of the decision problem
associated with MDR.
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GAP-α-MDR (FIXED k, MINIMIZE T )

Input: A parameter α ∈ R>1 and an instance I = (G,S,L,B, T, κ), consisting of a graph G = (V,E), an initial
seed set S ⊆ V, a message set L with boosting parameters B, and a target number of newly activated nodes κ ∈ N.

Promise : Let T ⋆(I) denote the minimum number of rounds T for which there exists a policy π with

OT (S, π) ≥ κ.

The input instance satisfies either

YES: T ⋆(I) ≤ T or NO: T ⋆(I) ≥ α · T,

Question: Decide whether the instance is a YES-instance or a NO-instance.

Theorem A.4 ((1-ε)lnn-Inapproximability for Fixed k). For every constant ε > 0, there is no polynomial time algorithm
for GAP-(1− ε) lnn-MDR (FIXED k, MINIMIZE T ). Equivalently, unless P = NP, no polynomial-time algorithm can
approximate the minimum number of rounds T ⋆(I) within a factor better than (1− ε) lnn, where n := |V|.

Proof. We reduce from the Set Cover problem. Dinur and Steurer (Dinur & Steurer, 2014) show that for every constant
ε > 0, SET COVER is inapproximable in polynomial time within a factor (1− ε) ln |U |, where |U | denotes the universe size.

GAP-α-SET COVER

Input: An instance I = (U,F , k) consisting of a universe U with |U | = n, a family of subsets F =
{F1, . . . , Fm} ⊆ 2U , and an integer k ∈ N.

Promise : Let OPT(I) denote the minimum number of sets whose union equals U . The instance satisfies either

YES: OPT(I) ≤ k or NO: OPT(I) ≥ α · k.

Question: Decide whether the instance is a YES-instance or a NO-instance.

Let I1 = (U,F , k) be an instance of Gap-α-SET COVER. We construct an instance I2 of Gap-α-MDR in the following
ways:

We construct instance I2 of MDR with a graph of n = |U |+ 1 nodes and 1 starting seed node n0. Add a message type for
each subset in F . In other words, let L = F . Let pe = 1

2n(n−1)T for all e ∈ E, and let βℓ = 1− 1
2n(n−1)T under additive

boosting and βℓ = 2n(n − 1)T under multiplicative boosting for all messages ℓ ∈ L. In other words, each edge has a
propogation probability of 1

2n(n−1)T if unboosted and a propogation probability of 1 if boosted.

For each u ∈ U , we add a node ne to G. Then, we add an edge (n0, nu) such that the label of (n0, nu) is the all the subsets
F ∈ F such that u ∈ F .

L(n0, nu) = {F ∈ F | u ∈ F}

We now show that I1 = (U,F , k) is a YES instance of Gap-α-SET COVER. if and only if I2 = (G,S,L,B, k, n− 1) is a
YES instance of Gap-α-MDR.

(⇒) If I1 is a YES instance of Gap-α-SET COVER, then there exists a collection of subsets C ⊆ F such that |C| ≤ k and⋃
F∈C F = U . Then, let π be the policy that relay messages that correspond to the subsets in C (in any order). We now

show that under this policy, all nodes in G are activated and hence Ok(I2) = n.

Fix an element u ∈ U . By assumption, there exists a F ∈ C such that u ∈ F . Let r be the round where the message
corresponding to F was sent. Hence, in round r, n0 was active since n0 was a seed node and F ∈ L(n0, nu) = {F ∈ F |
u ∈ F}. Hence, node nu is active after round k. As all nodes are activated after round k, I2 is a YES instance.

(⇐) If I1 is a NO instance of Gap-α-SET COVER, then for all collections of subsets C ⊆ F such that |C| ≤ αk − 1,⋃
F∈C F ̸= U .
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...

n0

nu1

nu|u|

L(
n0
, nu1

)

L(n
0 , n

u
|u| )

Initially
active

Figure 5. Set cover reduction where U = {u1, . . . , u|u|}, where L(n0, nuj ) = {Fi ∈ F | uj ∈ Fi} for j ∈ {1, . . . , |u|}

Suppose, I2 is not a NO instance of Gap-α-MDR. Then there exists a policy π such that

Oαk−1(S, π) ≥ κ′ = n− 1.

Lemma A.7 implies that for any policy (and in particular for π), the expected number of unboosted activations over T rounds
is at most 0.5. Since, OT (S, π) ≥ n− 1, the expected number of boosted activations is at least n− 1.5. For each trajectory,
as the number of boosted activations be integral for each realisation, there must be a trajectory with n− 1 boosted activation.

Let w = w1w2 · · ·wαk−1 be the sequence of messages broadcast by π in one such trajectory with n− 1 boosted activation,
where wt is the message sent in round t. Fix u ∈ U . As nu was activated through a boosted activation, then there must
be a wi ∈ w such that wi ∈ L(n0, nu). Hence, as L(n0, nu) = {F ∈ F | u ∈ F}, this implies that u ∈ wi. Since, u
was arbitrary, every element u ∈ U is contained by some subset wi ∈ w and there is a collection of subset w such that
|w| ≤ αk − 1 and

⋃
F∈w F ̸= U and we have arrived at a contradiction.

Observe that the reduction preserves the approximation gap: a cover of size at most k corresponds to a policy achieving
activation within k rounds, while any solution requiring at least αk sets translates to requiring at least αk rounds. Moreover,
since the constructed graph has n = |U |+ 1 nodes, the universe size and the instance size differ only by a constant factor.
Consequently, the (1− ε) lnn inapproximability bound for SET COVER is preserved under the reduction.

GAP-α-MDR (FIXED T , MAXIMIZE κ)

Input: An instance I = (G,S,L,B, T, κ), consisting of a graph G = (V,E), an initial seed set S ⊆ V, a message
set L with boosting parameters B, a fixed number of rounds T ∈ N, and a target number of newly activated nodes
κ ∈ N.

Promise : Let κ⋆(I) denote the maximum expected number of newly activated nodes achievable within T rounds,
i.e.,

κ⋆(I) := max
π

OT (S, π).

The input instance satisfies either

YES: κ⋆(I) ≥ κ or NO: κ⋆(I) ≤ κ

α
.

Question: Decide whether the instance is a YES-instance or a NO-instance.

Theorem A.5 (Strong Inapproximability for Fixed T ). Assuming the Exponential Time Hypothesis, there exists a universal
constant c > 0 such that there is no polynomial time algorithm for GAP-α-MDR (FIXED T , MAXIMIZE κ) for

α = n1/(log logn)c ,
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where n := |V|. Equivalently, under ETH, no polynomial-time algorithm can approximate κ⋆(I) within a factor better
than n−1/(log logn)c .

Proof. We reduce from the densest k subgraph (DkS). Manurangsi (Manurangsi, 2017) show that for that under the
epxonential time hypothesis, there is no polynomial time algorithm that approximates DkS to within a n−1/(log logn)c factor
of the optimum, where c > 0 is a universal constant independent of n.

GAP-α-DKS

Input: An instance I = (G, k,M) consisting of an undirected graph G = (V,E) with |V | = n, an integer k ∈ N,
and a threshold M ∈ N.

Promise : Let
OPT(I) := max

S⊆V, |S|=k
|E(S)|

denote the maximum number of edges induced by any k-vertex subgraph. The instance satisfies either

YES: OPT(I) ≥ M or NO: OPT(I) ≤ M

α
.

Question: Decide whether the instance is a YES-instance or a NO-instance.

Let I1 = (G1 = (V1, E1), k,M) be an instance of Gap-α-DKS. Without loss of generality, assume that k ≥ 2 and hence
OPT(I) ≥ 1. We construct an instance of I2 of Gap-α/2-MDR in the following ways:

We construct instance I2 of MDR with a graph of n = |E1| · (k3 − k2 + k3|E1|) nodes. Add a message type for each
node u ∈ v1. In other words, L = V1. In our reduction, the first k message sent correspond to the selection of the k-vertex
subgraph S.

For each edge e ∈ E, we create a gadget of 2 components, Ce
1 with k3 − k2 node, and Ce

2 with k3|E1| nodes.

Let e = (u, v). Ce
1 consists of k(k − 1) disjoint directed path subgraphs each of length k. Path graph g(e,i,j) represents

the case where u is the ith message selected and v is the jth message selected for a total of k(k − 1) path subgraphs. Path
subgraph g(e,i,j) consisting of k + 1 nodes

n((e,i,j),0), . . . , n((e,i,j),k).

For each x ∈ {1, . . . , k}, we add a directed edge (n((e,i,j),x−1), n((e,i,j),x)) and assign it the label

L
(
n((e,i,j),x−1), n((e,i,j),x)

)
=


{u}, if i = x,

{v}, if j = x,

V1, otherwise.
.

Ce
2 consists of k3|E1| nodes that is activated if any of the path subgraph is activated. For all combinations (e, i, j) and all

n′ ∈ Ce
2 , add an edge between n((e,i,j),k) and n′ such that L(n((e,i,j),k), n

′) = V1.

The active nodes are n((e,i,j),0) for all combinations of (e, i, j) for all edges e ∈ E1.

Let pe = 1
n2(n−1)T for all e ∈ E, and let βℓ = 1 − 1

n2(n−1)T under additive boosting and βℓ = n2(2n − 1)T under
multiplicative boosting for all messages ℓ ∈ L. In other words, each edge has a propogation probability of 1

n2(n−1)T if
unboosted and a propogation probability of 1 if boosted.

We now show that I1 = (G1, k,M) is a YES instance of Gap-α-DKS if and only if I2 = (G,S,L,B, k + 1,Mk3|E1|) is a
YES instance of Gap-α/2-MDR.

(⇒) If I1 is a YES instance of Gap-α-DKS, then there exists a subgraph S ⊆ V1 such that |S| ≤ k and |E(S)| ≥ M .
Then, let π be the policy that relay messages that correspond to the nodes in S and send any non-empty message at round
k + 1. We now show that under this policy, for every edge in e ∈ E(s), all edges in Ce

2 are activated for a minimum of
Mk3|E1| nodes.
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. . .
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. . .
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(e,i,j)
i−1

n
(e,i,j)
i

n
(e,i,j)
j−1

n
(e,i,j)
jn

(e,i,j)
k

L(n
(e,i,j)
0 , n

(e,i,j)
1 ) = V1 L(n

(e,i,j)
i−2 , n

(e,i,j)
i−1 ) = V1 L(n

(e,i,j)
i−1 , n

(e,i,j)
i ) = {u}

L(n
(e,i,j)
i , n

(e,i,j)
i+1 ) = V1

L(n
(e,i,j)
j−2 , n

(e,i,j)
j−1 ) = V1

L(n
(e,i,j)
j−1 , n

(e,i,j)
j ) = {v}L(n

(e,i,j)
j , n

(e,i,j)
j+1 ) = V1L(n

(e,i,j)
k−1 , n

(e,i,j)
k ) = V1

Initially active

Figure 6. Path graph g(e,i,j). All messages are V1 except for the messages right before n
(e,i,j)
i and n

(e,i,j)
j , which are {u} and {v}

respectively. In this manner, n(e,i,j)
k will be activated only if messages u and v are broadcasted at timesteps i and j respectively.

Let e = (u, v). As e ∈ E(S), both the nodes u and v is part of the subgraph S. Hence, there is a round i where message
corresponding to u is chosen and a round j where node v is chosen. After k timesteps, all nodes in the path subgraph g(e,i,j)
is activated. As n((e,i,j),k) is active after timestep k, and L(n((e,i,j),k), n

′) = V1 for all n′ ∈ Ce
2 . As long as the message

chosen in timestep k + 1 is not the empty message, all nodes in Ce
2 will be activated.

Hence, as there are k3|E1| nodes in Ce
2 for all e ∈ E(S) and |E(S)| ≥ M , the policy π activates at least Mk3|E1| nodes

after k + 1 timesteps and I2 is a YES instance.

(⇐) If I1 is a NO instance of Gap-α-DKS, then for all subgraph S ⊆ V1 such that |S| ≤ k and |E(S)| ≤ αM . Suppose,
I2 is not a NO instance of Gap-α-MDR. Then there exists a policy π such that

Ok+1(S, π) ≥
2Mk3|E1|

α
.

We now split the cases based on whether in the realisation there was an unboosted activation or not. Let E be the event when
under π there is no unboosted activation and Ē be the event when under π there is at least 1 unboosted activation. By the
linearity of expectation:

Ok+1(S, π) = Pr(E) · E [Ok+1(S, π) | E ] + Pr(Ē) · E
[
Ok+1(S, π) | Ē

]
Since unboosted probabilities are at most 1

n2(n−1)T , Lemma A.7 implies that for any policy (and in particular for π), the
expected number of unboosted activations over T rounds is at most 1

n . Hence, by Markov’s Inequality, P(Ē) ≤ 1
n . As the

number of newly activated nodes is upper bounded by the number of nodes, E
[
Ok+1(S, π) | Ē

]
≤ n and hence the term

Pr(Ē) · E
[
Ok+1(S, π) | Ē

]
≤ 1

Furthermore, as Pr(E) ≤ 1, after rearranging the terms, we have that

E [Ok+1(S, π) | E ] ≥ Ok+1(S, π)− 1 ≥ 2Mk3|E1|
α

− 1 >
Mk3|E1|

α
+ |E1|(k3 − k))

where the last inequality holds as we only consider the case when k ≥ 2 and hence M ≥ 1.

As |
⋃

e∈E1
Ce

1 | = |E1|(k3 − k)) and E [Ok+1(S, π) | UB] > Mk3|E1|
α + |E1|(k3 − k)), this implies that the number of

activated nodes in
⋃

e∈E1
Ce

2 is more than Mk3|E1|
α . Let E′ ⊆ E1 be the set of edges such that at least 1 node in C2

e is
activated. By Pigeonhole Principle, as |Ce

2 | = k3|E1| for all e ∈ E1 we establish that |E′| > M/α.
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1
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n′
3

n′
k3·|E1|

All k(k − 1) path graphs
chains from Ce

1

Biclique Ce
2 with

k3 · |E1| nodes on the right side

Figure 7. DKS blow up.

Fix e ∈ E1 and let e = (u, v). We note that if n′ ∈ C2
e is only active after timestep k + 1 if and only there exists i, j ∈ [k]

such that n((e,i,j),k) is active after timestep k. Furthermore, as we are in the case where there are no unboosted activations,
if n((e,i,j),k) is active after timestep k, then the ith message must be u and the jth message must be v. Let S ⊆ V1 be the
subgraph that contains all the nodes sent as a message in the first k timestep of policy π in the realistation when there are no
unboosted activation. We note that u, v ∈ S and (u, v) ∈ E(S).

Hence, as E′ is the set of edges such that at least 1 node in Ce
2 is activated, E′ ⊆ E(S). Thus, |S| ≤ k and |E(S)| ≥

|E′| > M/α contradicting our premise that I1 is a NO instance.

One subtlety is that the number of nodes in the constructed instance I2 is larger than the number of vertices in the original
DKS instance I1. Let n0 := |V1| and let n := |V| denote the number of nodes in the constructed graph G. Suppose there
were a polynomial-time algorithm that approximates MDR within a factor

N−1/(log logN)c0

for some constant c0 > 0. Since n = poly(n0), we have log logn = Θ(log log n0) and hence there exists a constant c1 > 0
such that

n−1/(log logn)c0 ≥ n
−1/(log logn0)

c1

0 .

Therefore, such an algorithm would yield an approximation for DKS that contradicts the inapproximability of Manu-
rangsi (Manurangsi, 2017). Consequently, MDR inherits the same n−1/(log logn)c - inapproximability, when stated in terms
of the input size of MDR.
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A.3. A technical lemma: unboosted activations are negligible when base probabilities are tiny

Definition A.6 (Boosted vs. unboosted activation). Consider an activation event in which u activates v in round t via the
edge (u, v). This activation is boosted if the broadcast ℓ(t) satisfies ℓ(t) ∈ L(u, v), and unboosted otherwise.

Lemma A.7 (Bounding unboosted activations). Let n := |V|. Suppose every directed edge (u, v) has unboosted propagation
probability at most

pu,v ≤ ε

n(n− 1)T
.

Then for any policy π, the expected total number of unboosted activations over T rounds is at most ε.

Proof. Fix any policy π and any round t. For each ordered pair (u, v), the probability that an unboosted activation occurs
along (u, v) in round t is at most pu,v. There are at most n(n − 1) ordered pairs, so the expected number of unboosted
activations in round t is at most n(n− 1) · ε

n(n−1)T = ε
T . Summing over t = 1, . . . , T and using linearity of expectation

yields the claim.

A useful corollary is that if ε ≤ 1/2, then with constant probability no unboosted activations occur. Formally, let U be the
(random) number of unboosted activations over T rounds. Then E[U ] ≤ 1/2, so by Markov, Pr[U ≥ 1] ≤ 1/2 and hence
Pr[U = 0] ≥ 1/2.

B. Greedy proof
B.1. Proof of Theorem 5.1

To prove Theorem 5.1, we rely on the following helper lemmas.

Lemma B.1. Fix an MDR instance with horizon T ∈ N≥2 and discount factor γ ∈ (0, 1). For any policy π, we have

R̃T (π) = E
π

[
T−1∑
t=1

w(A(t)) · Γt

]
(6)

where Γt =
∑T

i=t+1 γ
i−1 = γt ·

∑T−t−1
j=0 γj = γt · 1−γT−t

1−γ , for 1 ≤ t ≤ T − 1.

Proof. For t ∈ [T−1], recall that the random set of newly activated nodes A(t) = S(t+1)\S(t) and S(t) = S(1)∪
⋃t−1

i=1 A
(i).

By construction, the sets A(1), . . . ,A(t) are mutually disjoint, so w(S(t)) = w(S(1)) +
∑t−1

i=1 w(A
(i)). Multiplying γt−1

and summing over t ∈ [T ], we get

T∑
t=1

γt−1 · w(S(t)) =

T∑
t=1

γt−1 ·

(
w(S(1)) +

t−1∑
i=1

w(A(i))

)
(From above)

= w(S(1)) ·

(
T∑

t=1

γt−1

)
+

T−1∑
t=1

w(A(t)) ·

(
T∑

i=t+1

γi−1

)
(Rearranging and interchanging order of summation)

= w(S(1)) ·

(
T∑

t=1

γt−1

)
+

T−1∑
t=1

w(A(t)) · Γt (Definition of Γt)
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Taking expectations on both sides, we see that

E
π

[
T∑

t=1

γt−1w(S(t))

]
= E

π

[
w(S(1)) ·

(
T∑

t=1

γt−1

)
+

T−1∑
t=1

w(A(i)) · Γt

]

= w(S(1)) ·

(
T∑

t=1

γt−1

)
+ E

π

[
T−1∑
t=1

w(A(i)) · Γt

]
(Linearity of expectation and since the first term is independent of π)

Eq. (6) then follows by recalling the definitions of R̃T (π) and RT (π) from Eq. (3) and Eq. (2).

Lemma B.2. Fix any horizon T ∈ N≥2 and initial active set S ⊆ V. We have

VT (S) = max
ℓ∈L∪{∅}

{
E

A(1)

[
w(A(1)) + γ · VT−1(S

(1) ∪A(1))

∣∣∣∣ S(1) = S, ℓ

]}
Proof. We will prove it by showing that inequality holds in both directly separately, thus establishing equality.

Fix an arbitrary message ℓ ∈ L ∪ {∅} and consider any policy π whose first action given S(1) = S is ℓ(1) = ℓ. Observe that

E
π

[
T∑

t=1

γt−1 · E
A(t)

[w(A(t)) | S(t), ℓ(t)]

∣∣∣∣ S(1) = S

]

= E
π

[
E

A(1)

[
w(A(1)) | S(1), ℓ(1)

]
+ γ ·

T−1∑
s=1

γs−1 · E
A(s+1)

[
w(A(s+1)) | S(s+1), ℓ(s+1)

]]
(Pulling out first term and re-indexing)

≤ E
π

[
E

A(1)

[
w(A(1)) | S(1), ℓ(1)

]
+ γ · VT−1(S

(1) ∪A)

∣∣∣∣ S(1) = S, ℓ(1)
]

(Definition of VT−1(S
(1) ∪A))

= E
A(1)

[
w(A(1)) + γ · VT−1(S

(1) ∪A)

∣∣∣∣ S(1) = S, ℓ(1)
]

(Since policy π picks ℓ(1))

Thus,

VT (S) = max
π

E
π

[
T∑

t=1

γt−1 · E
A(t)

[w(A(t)) | S(t), ℓ(t)]

∣∣∣∣ S(1) = S

]

≤ E
A(1)

[
w(A(1)) + γ · VT−1(S

(1) ∪A)

∣∣∣∣ S(1) = S, ℓ(1)
]

(From above)

≤ max
ℓ∈L∪{∅}

{
E

A(1)

[
w(A(1)) + γ · VT−1(S

(1) ∪A(1))

∣∣∣∣ S(1) = S, ℓ

]}

To establish equality, we now show that VT (S) ≥ maxℓ∈L∪{∅}

{
EA(1)

[
w(A(1)) + γ · VT−1(S

(1) ∪A(1))

∣∣∣∣ S(1) = S, ℓ

]}
.

Fix an arbitrary message ℓ ∈ L ∪ {∅}. Consider the policy that broadcasts ℓ in the first round, then after observing
S(2) ∪ S(1) ∪A(1), follows an optimal length T − 1 policy from state S(2). By definition, this continuation achieves value
exactly VT−1(S

(1) ∪A(1)), for each realized A(1). Therefore, the expected value of this composite policy is exactly

E
A(1)

[
w(A(1)) + γ · VT−1(S

(1) ∪A(1))

∣∣∣∣ S(1), ℓ

]
Since this is achievable for every fixed ℓ ∈ L ∪ {∅}, it is also achievable for the maximizing ℓ, implying that

VT (S
(1)) ≥ max

ℓ∈L∪{∅}
E

A(1)

[
w(A(1)) + γ · VT−1(S

(1) ∪A(1))

∣∣∣∣ S(1), ℓ

]
In other words, VT (S) = maxℓ∈L∪{∅}

{
EA(1)

[
w(A(1)) + γ · VT−1(S

(1) ∪A(1))

∣∣∣∣ S(1) = S, ℓ

]}
, as desired.
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Lemma B.3 (Lipschitzness of the one-step gain under ρ). For any active set S ⊆ V, subset A ⊆ V \ S, and any message
ℓ ∈ L ∪ {∅}, we have

E
A′

[g(S ∪A) | S, ℓ] ≤ g(S) + ρ · w(A) (7)

Proof. The claim holds trivially when A = ∅ since EA′ [g(S) | S, ℓ] = g(S) and ρ ≥ 0. Now, suppose A ̸= ∅ and
enumerate its elements as A = {v1, . . . , vr}. Let us define the following sequence of active sets S(j) = S ∪ {v1, . . . , vj}
for j ∈ {0, 1, . . . , r} with S(r) = S ∪A. By definition of ρ (see Appendix B.2), we have that

E
A′

[
w(A′) | S(j), ℓ

]
− E

A′

[
w(A′) | S(j−1), ℓ

]
≤ ρ · wvj (8)

for all j ∈ {1, . . . , r}. Therefore, telescoping yields

E
A′

[w(A′) | S ∪A, ℓ]− E
A′

[w(A′) | S, ℓ] = E
A′

[
w(A′) | S(r), ℓ

]
− E

A′

[
w(A′) | S(0), ℓ

]
=

r∑
j=1

(
E
A′

[
w(A′) | S(j), ℓ

]
− E

A′

[
w(A′) | S(j−1), ℓ

])
≤

r∑
j=1

ρ · wvj (By Eq. (8))

= ρ · w(A)

In other words, EA′ [w(A′) | S ∪A, ℓ]− EA′ [w(A′) | S, ℓ] ≤ ρ · w(A).

Recall from Eq. (4) that g(S) = maxℓ∈L∪{∅} EA[w(A) | S, ℓ] for any active set S and message ℓ. Let ℓ∗ ∈
argmaxℓ∈L∪{∅} EA[w(A) | S, ℓ] so that g(S ∪A) = EA[w(A) | S ∪A, ℓ∗]. Then,

g(S ∪A) = E
A′

[w(A′) | S ∪A, ℓ∗]

≤ E
A′

[w(A′) | S, ℓ∗] + ρ · w(A)

≤ max
ℓ∈L∪{∅}

E
A′

[w(A′) | S, ℓ] + ρ · w(A)

= g(S) + ρ · w(A) (By definition of g(S))

This concludes the proof.

Lemma B.4. Fix any arbitrary horizon t ∈ N≥1 and initial active set S. We have Vt(S) ≤ ct · g(S) where ct =∑t−1
k=0 (γ · (1 + ρ))

k.

Proof. We prove by applying induction on t.

Base case (t = 1). Fix an arbitrary active set S ⊆ V. By definition of V1(S) and g(S) (see Eq. (4)), we have

V1(S) = max
π

E
π

[
E

A(1)
[w(A(1)) | S(1), ℓ(1)]

∣∣∣∣ S(1) = S

]
= max

ℓ∈L∪{∅}
E
A
[w(A) | S, ℓ] = g(S)

Furthermore, since c1 =
∑0

k=0 (γ · (1 + ρ))
k
= 1, we have V1(S) = c1 · g(S).

Inductive case (t ≥ 2). Suppose the claim holds for t− 1, i.e., Vt−1(S
′) ≤ ct−1 · g(S′) for any active set S′ ⊆ V. Fix an
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arbitrary active set S ⊆ V. Then,

Vt(S
(1)) = max

ℓ∈L∪{∅}

{
E

A(1)

[
w(A(1)) + γ · Vt−1(S

(1) ∪A(1))

∣∣∣∣ S(1) = S, ℓ

]}
(From Lemma B.2)

≤ max
ℓ∈L∪{∅}

{
E

A(1)

[
w(A(1)) + γ · ct−1 · g(S(1) ∪A(1))

∣∣∣∣ S(1) = S, ℓ

]}
(By induction hypothesis)

≤ max
ℓ∈L∪{∅}

{
E

A(1)

[
w(A(1)) + γ · ct−1 ·

(
g(S(1)) + ρ · w(A(1))

) ∣∣∣∣ S, ℓ]} (From Eq. (7))

= γ · ct−1 · g(S) + max
ℓ∈L∪{∅}

{
E

A(1)

[
(1 + γ · ct−1 · ρ) · w(A(1))

∣∣∣∣ S, ℓ]}
(Since γ · ct−1 · g(S) is independent of ℓ)

= γ · ct−1 · g(S) + (1 + γ · ct−1 · ρ) · max
ℓ∈L∪{∅}

E
A(1)

[
w(A(1))

∣∣∣∣ S, ℓ] (Since (1 + γ · ct−1 · ρ) ≥ 0)

= γ · ct−1 · g(S) + (1 + γ · ct−1 · ρ) · g(S) (Definition of g(S))
= (1 + γ · ct−1 · (1 + ρ)) · g(S)

It remains to show that ct = (1 + γ · ct−1 · (1 + ρ)). Observe that

ct =

t−1∑
k=0

(γ · (1 + ρ))k = 1 + γ · (1 + ρ) ·
t−2∑
k=0

(γ · (1 + ρ))k = 1 + γ · (1 + ρ) · ct−1

This completes the proof.

We are now ready to prove Theorem 5.1.

Theorem 5.1 (Parameterized approximation for πgreedy). Fix an MDR instance with horizon T ∈ N≥2 and discount factor
γ ∈ (0, 1). Then, the greedy policy πgreedy achieves

R̃T (πgreedy) ≥ α(T, γ, ρ) ·max
π

R̃T (π)

where the approximation factor is

α(T, γ, ρ) =
1∑T−1

k=0 (γ · (1 + ρ))
k
· 1− γ

1− γT−1

Proof. Let us define the discounted new-activation objective as

HT (π) = E
π

[
T−1∑
t=1

γt−1 · w(A(t))

]
= E

π

[
T−1∑
t=1

γt−1 · E
A(t)

[
w(A(t)) | S(t), ℓ(t)

]]

where the second equality is because we have Eπ[w(A
(t))] = Eπ

[
EA(t)

[
w(A(t)) | S(t), ℓ(t)

]]
for all t ∈ [T ], via the law

of iterated expectations. By definition, we see that VT (S1) = maxπ HT (π).

By definition of πgreedy, we choose ℓ
(t)
greedy ∈ argmaxℓ∈L∪{∅} EA(t) [w(A(t)) | S(t), ℓ(t)]. In other words, by definition of

g(S(t)) (see Eq. (4)), we have EA(t) [w(A(t)) | S(t), ℓ(t)] = g(S(t)) for all t along the execution trajectory of πgreedy. So,

HT (πgreedy) = E
πgreedy

[
T−1∑
t=1

γt−1 · g(S(t))

]
(Definition of HT (πgreedy))

≥ E
πgreedy

[
g(S(1))

]
(Keep only the t = 1 term)

≥ g(S(1)) (g(S(1)) is a deterministic term)
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Meanwhile, Lemma B.4 tells us that Vt(S) ≤ ct · g(S), where ct =
∑t−1

k=0 (γ · (1 + ρ))
k for any horizon t ∈ N≥1. Putting

together, we see that
max
π

HT (π) = VT (S1) ≤ cT · g(S1) ≤ cT ·HT (πgreedy) (9)

Let us now relate HT with R̃T using Lemma B.1. Recall that R̃T (π) = Eπ

[∑T−1
t=1 w(A(t)) · Γt

]
, where Γt = γt · 1−γT−t

1−γ .

For γ ∈ (0, 1), observe that Γt

γt−1 decreases in t, so γ = ΓT−1

γt−1 ≤ Γt

γt−1 ≤ Γ1

γt−1 = γ · 1−γT−1

1−γ . So, we see that

R̃T (π) = E
π

[
T−1∑
t=1

w(A(t)) · Γt

]
≥ E

π

[
T−1∑
t=1

w(A(t)) · γt−1 · ΓT−1

γt−1

]
= γ ·HT (π) (10)

R̃T (π) = E
π

[
T∑

t=1

w(A(t)) · Γt

]
≤ E

π

[
T−1∑
t=1

w(A(t)) · γt−1 · Γ1

γt−1

]
= γ · 1− γT−1

1− γ
·HT (π) (11)

Let π∗ be any optimal policy attaining maxπ HT (π). Then,

R̃T (πgreedy) ≥ γ ·HT (πgreedy) (From Eq. (10))

≥ γ · 1

cT
·max

π
HT (π) (From Eq. (9))

≥ γ · 1

cT
·HT (π

∗) (Definition of π∗)

≥ γ · 1

cT
· 1

γ · 1−γT−1

1−γ

· R̃T (π
∗) (From Eq. (11))

=
1

cT
· 1− γ

1− γT−1
· R̃T (π

∗)

Therefore, we have R̃T (πgreedy) ≥ 1
cT

· 1−γ
1−γT−1 · R̃T (π

∗) = α(T, γ, ρ) ·maxπ R̃T (π) as claimed.

B.2. Proof of Proposition 5.2

To prove Proposition 5.2, we rely on the following helper lemma.
Lemma B.5. For any integer T ≥ 1 and any γ ̸= 1, we have

T∑
k=1

(k + 1)γk−1 =
2− γ − (T + 2)γT + (T + 1)γT+1

(1− γ)2
.

Proof. Fix an arbitrary γ ̸= 1. Define

G(γ) :=

T∑
k=0

γk =
1− γT+1

1− γ
(γ ̸= 1).

Differentiating both sides with respect to γ gives

G′(γ) =

T∑
k=1

k γk−1.

Using the quotient rule on 1−γT+1

1−γ ,

G′(γ) =
(−(T + 1)γT )(1− γ)− (1− γT+1)(−1)

(1− γ)2

=
−(T + 1)γT + (T + 1)γT+1 + 1− γT+1

(1− γ)2

=
1− (T + 1)γT + TγT+1

(1− γ)2
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Since
∑T

k=1(k+ 1)γk−1 =
∑T

k=1 k · γk−1 +
∑T

k=1 γ
k−1 = G′(γ) +

∑T
k=1 γ

k−1, it remains to add
∑T

k=1 γ
k−1 to G′(γ)

above. Since
∑T

k=1 γ
k−1 = 1−γT

1−γ , we have

T∑
k=1

(k + 1)γk−1 = G′(γ) +

T∑
k=1

γk−1 =
1− (T + 1)γT + TγT+1

(1− γ)2
+

1− γT

1− γ
=

2− γ − (T + 2)γT + (T + 1)γT+1

(1− γ)2

establishing Lemma B.5.

We now prove Proposition 5.2

Proposition 5.2 (Lower bound for πgreedy). Fix horizon T ∈ N≥2 and discount factor γ ∈ (0, 1). Then, for every ϵ > 0
and ρ > 1 + ϵ, there exist an instance of MDR where greedy policy πgreedy achieves

R̃T (πgreedy) ≤ α′(T, γ, ρ) ·max
π

R̃T (π)

where the approximation factor is

α′(T, γ, ρ)

= α(T, γ, ρ− ε) · (1− γT−1) · (1 + 2ε) · (2− γ − γT )

(1− γ)3

Proof. We will construct an MDR instance defined over a graph G = (V,E) with n = T + 2T nodes and T + 1 labels
such that the greedy policy πgreedy achieves

R̃T (πgreedy) ≤
(1 + 2ε) · (2− γ − γT )

(1− γ)2

while an optimal policy πOPT achieves

R̃T (πOPT) ≥
1∑T−1

k=0 (γ · (1 + ρ− ε))
k

Thus, establishing our result.

Let ε′ = ε
n(n−1)T 2∆ where ∆ = w(G). For every edge e ∈ E, let w(e) = ε′. Choose boosting parameters so that if an

edge is boosted, its probability becomes 1. For example, under additive boosting set βℓ = 1− 1
ε′ for both ℓ ∈ {0, 1}; under

multiplicative boosting set κℓ =
1
ε′ .

Then, we construct G = (V,E) as follows:

• Initially, there is one active node n0 with w(n0) = 1.

• Let G = {g1, . . . , gn}. Treat n0 as g0. For i ∈ [T ], w(gi) = 1 + ε− ε′ and we add an edge between gi−1 and gi with
label L(gi−1, gi) = {0}

• Let S1 = {s} contains 1 node with weight 1 and we add an edge between n0 and s with label L(n0, s) = {1}

• For i ∈ {2, . . . , T}, we create Si recurssively through the following process. For u ∈
⋃

j∈[i−1] Sj , we add a node u′ to
Sj such that w(u′) = ρ′ · w(u). Add an edge between u and u′ with label L(u, u′) = {i}

Justifying the parameter ρ For u ∈ V, let N(u) = {v ∈ V | (u, v) ∈ E} be the list of outgoing neighbours of u. Let,
pu,v(ℓ) be the edge weight of (u, v) when messege ℓ is sent. We note that

max
u∈V,

ℓ∈L∪{∅}

∑
v∈N(u) pu,v(ℓ) · w(v)

w(u)
≥ max

S⊆V,v /∈S
ℓ∈L∪{∅},wv>0

1

wv
·
(
E
A
[w(A) | S ∪ {v}, ℓ]− E

A
[w(A) | S, ℓ]

)

We now show that for all u ∈ V, maxℓ∈L∪{∅}

∑
v∈N(u) pu,v(ℓ) ·w(v)

w(u) ≤ ρ
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• n0 has 2 neighbours, 1 with weight 1 + ε− ε′ and 1 with weight ρ′. As the edge label between any 2 outgoing edges
from n0 are disjoint, and 1 + ε− ε′ ≤ ρ′ (as 1 + ε− ε′ ≤ ρ):

max
ℓ∈L∪{∅}

∑
v∈N(n0)

pn0,v(ℓ) · w(v)
w(n0)

≤ ε′ + ρ′ < ρ

• For gi ∈ G, gi has 1 outgoing neighbour with weight 1 + ε− ε′.

max
ℓ∈L∪{∅}

∑
v∈N(gi)

pgi,v(ℓ) · w(v)
w(gi)

= 1 < ρ

• For all nodes u ∈
⋃

i∈[T ] Si, node u has at most T outgoing neighbours all of weight ρ′w(u) and the edge label any 2
outgoing edges from e are disjoint

max
ℓ∈L∪{∅}

∑
v∈N(u) pu,v(ℓ) · w(v)

w(u)
≤ (T − 1)ε′ + ρ′ < ρ

as ε′ < ε
T

Upper Bound on R̃T (πgreedy): Let E be the event when under π there is no unboosted activation and Ē be the event when
under π there is at least 1 unboosted activation. By the linearity of expeectation

R̃T (πgreedy) = R̃T (πgreedy | E) Pr(E) + R̃T (πgreedy | Ē) Pr(Ē)

≥ R̃T (πgreedy | E) Pr(E) + R̃T (πgreedy | Ē)

By Lemma A.7, Pr(Ē) ≤ ε
Tδ . Furthermore, as the maximum possible reward is less than Tδ, that means that

R̃T (πgreedy | E) Pr(E) ≤ ε

To evluate R̃T (πgreedy | Ē), we note that the greedy policy would send the label 0 at everytime step. Consequently, the
active nodes after timestep t ∈ [T ] is

S(t) = {n0} ∪ {gi | i ∈ [t]}

Thus, the discounted reward at timestep t is

γt−1 · w(S(t)) = γt−1 · (1 + t(1 + ε− ε′)) ≤ γt−1(t+ 1)(1 + ε)

R̃T (πgreedy | Ē) ≤
T∑

k=1

(1 + ε)(k + 1)γk−1

= (1 + ε)
2− γ − (T + 2)γT + (T + 1)γT+1

(1− γ)2
(by Lemma B.5)

= (1 + ε)
2− γ − γT − (T + 1)γT + (T + 1)γT+1

(1− γ)2

≤ (1 + ε)
2− γ − γT

(1− γ)2
(as γ < 1)

Hence, as 2−γ−γT

(1−γ)2 > 1,
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R̃T (πgreedy | E) Pr(E) + R̃T (πgreedy | Ē) ≤ ε+ (1 + ε)
2− γ − γT

(1− γ)2

≤ (1 + 2ε)(2− γ − γT )

(1− γ)2

Lower Bound on R̃T (πOPT): Consider the fixed policy of sending the sequence of messages (1, . . . , T ). We first note
that for all t ∈ [T ],

⋃
i∈[t] Si ⊆ S(t). We now prove by induction that w(S(t)) ≥ (1 + ρ′)t−1 for all t ∈ [T ]. We show this

by proving that w(
⋃

i∈[t] Si) = (1 + ρ′)t−1 for all t ∈ [T ]

• Base Case: When t = 1, w(S1) = 1 = (1 + ρ′)0.

• Inductive Step: Assume w(
⋃

i∈[t] Si) = (1 + ρ′)t−1 for all t ∈ [k] for some 1 ≤ k < T . Then, we note that
w(Sk+1) = ρ′ · w(

⋃
i∈[t] Si) = ρ′ · (1 + ρ′)t−1. Hence,

w

 ⋃
i∈[k+1]

Si

 = w

 ⋃
i∈[k]

Si

+ w(Sk+1) = (1 + ρ′)k−1 + ρ′ · (1 + ρ′)k−1 = (1 + ρ′)k

Thus,

R̃T (πOPT) =
∑
t∈[T ]

γt−1 · w(S(t))

≥
∑
t∈[T ]

γt−1 · (1 + ρ′)t−1

=
∑
t∈[T ]

(γ · (1 + ρ′))t−1

=
∑
t∈[T ]

(γ · (1 + ρ− ε′))t−1

≥
∑
t∈[T ]

(γ · (1 + ρ− ε))t−1

C. Experimental Details
C.1. Weighted Stochastic Block Model with Labels.

We extend the Stochastic Block Model (Holland et al., 1983) and Weighted Stochastic Block Model (Ng & Murphy, 2021)
to include labels. Let G = (V,E) be a directed social network on n := |V| nodes and let L be a finite set of message types.
Fix a number of clusters Q ∈ N.

• Cluster assignments and node weights. Let π = (π1, . . . , πQ) be a probability vector, i.e., πq ≥ 0 for all q ∈ [Q]

and
∑Q

q=1 πq = 1. Each node v ∈ V is assigned a cluster

zv ∼ Categorical(π).
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• Edge existence. For each ordered pair of distinct nodes u, v ∈ V with u ̸= v, a directed edge from u to v is generated
according to

Au,v ∼ Bernoulli
(
ρzu,zv

)
,

where ρ ∈ [0, 1]Q×Q is a block connectivity matrix. If Au,v = 0, then (u, v) /∈ E.

• Baseline recruitment probabilities. Conditioned on the event that Au,v = 1, the baseline recruitment probability
associated with edge (u, v) is sampled as

pu,v ∼ F (p)
zu,zv ,

where F
(p)
q,r is a distribution supported on [0, 1] that depends only on the clusters of u and v. If Au,v = 0, we set

pu,v = 0.

• Edge labels. Conditioned on Au,v = 1, the edge (u, v) is assigned a (possibly empty) set of labels

L(u, v) ⊆ L,

drawn from a block-dependent distribution

L(u, v) ∼ F (L)
zu,zv , F (L)

q,r is a distribution over 2L.

If Au,v = 0, we set L(u, v) = ∅.

• A convenient special case assumes independent label inclusion: for each label ℓ ∈ L,

P
(
ℓ ∈ L(u, v) | zu = q, zv = r

)
= θq,r,ℓ,

where θq,r,ℓ ∈ [0, 1]. Under this parameterization, labels are drawn independently across ℓ ∈ L.

C.2. Graph Generation Details

Synthetic graph generation. We generate directed graphs with n = 1000 nodes using the WSBM with label model.

• Clusters: Q = 4 clusters with independent assignments zv ∼ Categorical(1/4, 1/4, 1/4, 1/4).

• Target degree: d ∈ {10, 20, 30}. Block connectivity ρi,i = x, ρi,j = x/3 for i ̸= j, with x = 2d
|V| ensuring

E[|N(u)|] ≈ d.

• Baseline recruitment: pu,v ∼ U(0, β) with β = 2ρ
d , yielding E[ρ′(u)] = ρ′.

• Edge labels: |L| = 10 labels, included independently with probabilities θzu,zv ∼ U(0, 0.15).

We now show that setting x = 2d
|V| ensures E[|N(u)|] ≈ d and setting β = 2ρ

d ensures E[ρ′(u)] = ρ′.

Proposition C.1. If x = 2d
|V| , then E[|N(u)|] ≈ d

Proof. As nodes are assigned independently and uniformly to one of the Q = 4 clusters, for a fixed node u, by linearity of
expectation,

E[|N(u)|] =
∑

v∈V\{u}

E[1E(u, v)].

Conditioning on whether u and v belong to the same cluster,

E[1E(u, v)] = Pr(zu = zv) E[1E(u, v) | zu = zv] + Pr(zu ̸= zv) E[1E(u, v) | zu ̸= zv]

=
1

4
x+

3

4

x

3
=

x

2
.
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Thus,

E[|N(u)|] = (|V| − 1)
x

2
≈ |V|x

2
.

Setting x = 2d
|V| , gives

E[|N(u)|] ≈ d

Proposition C.2. If the average degree is d and β = 2ρ
d , then average unboosted amplification parameters will ρ′.

Proof. Suppose we have a target ρ′. Recall that

ρ′ =
1

|V|
∑
u∈V

ρ′(u).

Since E[ρ′(u)] is identical for all u ∈ V, it suffices to ensure E[ρ′(u)] = ρ′. Indeed,

E[ρ′(u)] =
∑

v∈V\{u}

E[1E(u, v)] · E[pu,v]

= d · β
2
,

where the final equality follows from the definition of the expected degree d and the fact that E[pu,v] = β/2. Hence, after
rearranging the terms, it suffices that β = 2ρ

d

C.3. Experimental Results Data

Trajectories at different values of ρ′ and average degree d

Figure 8. d = 10 (top), d = 20 (middle), and d = 30(bottom). Synthetic dataset, for ρ′ ∈ {0.125, 0.25, 0.5, 0.75} Expected number
of activated nodes over time under three policies: EMPTY, RANDOM, and GREEDY.
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